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Abstract
We investigate trace and observability inequalities for Laplace eigenfunctions on the d-dimensional torus T4, with
respect to arbitrary Borel measures u. Specifically, we characterize the measures y for which the inequalities

/|u|2d,u$/|u|2dx (trace), /|u|2d,u2/|u|2dx (observability)

hold uniformly for all eigenfunctions u of the Laplacian. Sufficient conditions are derived based on the integrability
and regularity of u, while necessary conditions are formulated in terms of the dimension of the support of the
measure. These results generalize classical theorems of Zygmund and Bourgain—Rudnick to higher dimensions.
Applications include results in the spirit of Cantor-Lebesgue theorems, constraints on quantum limits, and control
theory for the Schrodinger equation. Our approach combines several tools: the cluster structure of lattice points on
spheres; decoupling estimates; and the construction of eigenfunctions exhibiting strong concentration or vanishing
behavior, tailored respectively to the trace and observability inequalities.
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1. Introduction
1.1. Trace and observability inequalities

Ford > 2and A € VN = {yn : n € N}, let S¢~! = Z¢ n AS9"!. The eigenspace associated to the
eigenvalue —47212 of the Laplacian A on the torus T¢ = R¢/Z¢ is given by

E,= { Z upe™ X g e C, Vk € sj—l}.
kes¢!

Let P(T9) be the set of Borel probability measures on T¢. For u € P(T4), let €, resp. ¢, be the
infimum of all € € [0, o] resp. ¢ € [0, oo] such that for all u € U .5 Ex, there holds

/Tl|u|2duSG/Td |u]>dx, resp. /Tl|u|2dx§c/Td |u|? dp. (1.1)

If the first inequality holds for some € < oo, then we say that the frace inequality (of toral eigenfunctions)
holds true for u. If the second inequality holds for some ¢ < oo, then we say that the observability
inequality (of toral eigenfunctions) holds true for u.

1.2. State of the art
Known results are as follows: the trace inequality holds if

o d=2anddu = fdx, where f € L?>(T¢). This was proved by Zygmund [39].

od>2andjiel ﬁ, where 7 : Z¢ — C denotes the Fourier transform of . This is a consequence of
the work by Jakobson [28], see also Aissiou [1].

o d =2,3 and u is the superficial measure on a nonempty open subset of a smooth (d = 2) or analytic
(d = 3) hypersurface with nonvanishing Gaussian curvature. This was proved by Bourgain and
Rudnick [10].

o d > 2 and u is the superficial measure on a nonempty open subset of a rational hyperplane (i.e., a
hyperplane whose normal vector has rationally dependent coordinates). This is due to Huang and
Zhang [26].

The observability inequality holds if

o d =2anddu = 1 dx where E is a Borel set of positive Lebesgue measure. This is due to Zygmund
[38], and implies the same for du = f dx where f € L'(T¢9).

o d > 2 and du = 1g dx where E is a nonempty open set. This is due to Connes [19] and implies the
same for continuous densities.

The observability inequality does not hold if supp u is contained in the zero set of an eigenfunction.
This obstruction prompts the definition of the semiclassical observability inequality, which requires
the existence of ¢ € [0,00) and Ay € [0, o) such that the second estimate in (1.1) holds for all
uely do<aevi Ea- The optimal constant ¢ as 49 — oo is denoted ¢}y

o The semiclassical observability inequality holds if d = 2,3 and yu is the superficial measure on a
nonempty open subset of an analytic hypersurface with nonvanishing Gaussian curvature, a result by
Bourgain and Rudnick [10].

By contrast, the semiclassical observability inequality does not hold if u is supported on a rational
hyperplane, or on a cylinder of the type {(x1,...xq) € T : (x1,...x;) € Z}, where k < d — 1 and Z
the zero set of an eigenfunction in T*. Indeed, there are eigenfunctions with arbitrarily large eigenvalues
vanishing on such sets. The semiclassical observability inequality does not hold either for measures
supported on general hyperplanes, as a consequence of a Diophantine approximation argument.
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Finally, the very recent manuscript [14] by two of the authors of the present paper addresses the
question of observability for the time-dependent Schrodinger equation (with potential) on the torus,
which is closely related to the observability of eigenfunctions. This paper shows that, under rather weak
conditions, trace inequality implies observability inequality. In particular, it shows that (weak forms
of) uniform L? bounds (p > 2) for eigenfunctions imply observability from Borel sets with positive
measures.

1.3. Broader context

The trace inequality studied in this manuscript is uniform in A. Some toral eigenfunction bounds,
however, do grow with 4, and a complementary line of research aims at finding optimal estimates in this
regime [5, 9, 26]. One can also consider quasimodes, that is, functions with narrow spectral localization
[24, 22].

This trace inequality has a natural counterpart in Euclidean spaces. Choosing p as a probability
measure on RY, the problem is to find conditions on u such that the Fourier extension operator g >
F(gdosa-1) (where F is the Fourier transform on R?) is a bounded map from L>(S9!) to L?(du)
(note that the parameter A disappears by scale invariance). A sufficient condition on u was conjectured
by Mizohata and Takeuchi and was very recently disproved [15], see also [16] and references therein
for positive results.

Eigenfunction bounds have also been investigated for general compact Riemannian manifolds. Uni-
versal estimates are known [13, 37] and are usually saturated on spheres.

Similarly, one can ask about observability inequalities for general compact Riemannian manifolds.
The answer depends strongly on the global geometry of the manifold. For instance, observability
inequalities from nonempty open sets hold true on surfaces with negative curvature [30, 21], but not on
spheres, where highest weight spherical harmonics may concentrate on great circles.

Finally, a last line of research consists in adding a potential on the torus and asking for observability
inequalities; for this we refer to [14].

1.4. Necessary conditions

We now present our main results. Readers may refer to Subsection 1.6 for notations and conventions
used in their statements and throughout the paper.
Recall that a Borel measure u on T is upper a-regular if

w(B,(x0)) <r% VxgeT9, Vre(0,1),

where B, (xg) is the (geodesic) ball on T4 centered at x with radius .
We obtain the following necessary conditions for the trace and observability inequalities.

Theorem 1.1 (Necessary condition for the trace inequality). Let d > 2. If the trace inequality holds for
u € P(TY), then u is upper (d —2)-regular, and hence the Hausdor{f dimension of its support is > d —2.

This result is proved in Section 5, see that section for more precise and improved necessary conditions
on u in low dimensions d = 2, 3, 4.

Theorem 1.2 (Necessary condition for the observability inequality). Let d > 2. If the observability
inequality holds for u € P(T?), then the Minkowski dimension of its support is > d — 2.

This result is proved in Section 6, see that section for more necessary conditions on measure u
supported on d —2 and d — 3 dimensional hypersurfaces. For both results, the number d —2 corresponding
to the power law in #S97! ~; 1972 plays a crucial role (this equivalence is true in dimension > 5, but
fluctuations appear in smaller dimensions).
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1.5. Sufficient conditions

Is the (d — 2 + €)-regularity (where € > 0) also sufficient for the trace inequality to hold? This is
conceivable since we do not have counter-examples. Notice that the trace inequality for (d — 2 + ¢€)-
regular measures implies two major conjectures in the field (see Subsection 2.2 for more on various
open questions):

o The trace inequality for hypersurfaces [11];
o The estimate for eigenfunctions: ||u|lLr < ||ull;2 if p < % proposed in [5, 8].

As far as the observability inequality goes, some curvature assumptions are certainly needed beyond
the Minkowski dimension condition, as can be seen in the case of flat hypersurfaces.
We now turn to the sufficient conditions we are able to prove.

1.5.1. Fourier decay

In Sections 4 and 7, using point counting techniques and dimension induction, we establish the trace and
observability inequalities when certain Fourier decay conditions hold for u. In the following theorems
(Hk )k eza denote Fourier series of .

Theorem 1.3. Let d > 2. The trace and observability inequalities hold for i € P(T?) if for some € > 0:

—~ 2—d—
k| < [k,

Note that the decay rate d — 2 in the previous theorem is sharp, see Remark 7.3. If d > 5, this theorem
can be improved to reach a condition which shares the same scaling invariance as (d — 2)-regular
measures.

Theorem 1.4. For d > 5, the trace and observability inequalities hold for u € P(T¢) if

ZZj(d_z) sup || < oo.
=0 Ik|e[2i 27411

1.5.2. Sobolev regularity
In Section 8, we turn to Sobolev functions, for which a key tool is the £> decoupling theorem of Bourgain
and Demeter [9].

Theorem 1.5. Let d > 2. The trace and observability inequalities hold for i € P(T?) if for some € > 0:
du=fdv, fewT(T9).

When d = 2, the condition may be relaxed to f € WP (T¢) for any p > 1. In applications, it is
often most relevant to choose f = 1g in the above theorem, and the question becomes to characterize
sets E such that 1z € W€P(T4). It is explored in Appendix A.

1.6. Notations

The following notations are used throughout the paper.

o For any set of parameters A, we write f <4 g resp. f 24 g if, for some finite constant C > 0
depending solely on A, the inequality f < Cg resp. f > Cg holds. We write f ~4 gifboth f <4 g
and f >4 g hold. We will also use C4, without further specification, to denote a finite and strictly
positive constant depending solely on A. Therefore, the relations f <4 g and f >4 g are respectively
equivalentto f < Cag and f > Cag.

o We will use || - [|z2(g,) to denote the L?-norm with respect to the measure u. We will use || - ||;2 to
denote the L-norm with respect to the Lebesgue measure on the torus T¢.

o For any distribution u on T¢, we denote by ) = de e 27k Xy (x) dx (k € Z%) its Fourier coefficients.
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2. Perspectives
2.1. Implications of the trace and observability inequalities
The trace and observability inequalities studied here are not only intrinsically interesting but also have

various implications.

2.1.1. Cantor-Lebesgue theorems and spherical summation of Fourier series
If E is a measurable subset of T4, observability for the measure 1 dx is defined as the following property

2
Z |ck|2s Z CkeZn'ik-x

[k P=n IkP=n LXE)

, VYneN O)

We saw that this statement was known if d = 2 and E is Borel with positive measure [38] or d > 3

and E is open (and nonempty) [19]. Itis also true if 1g is in we (T9) as proved in the present article.
For completeness, we give a nontrivial example of such a set in Appendix A, see also [32] for the proof
of the von Koch snowflake S ¢ R? such that 15 € W*!(R?) for any s € (0,2 — {23). The observability
(O) has the following corollary

Z Ck627r1k-x

|k|>=n

n—oo n—oo
0 = ) el =50
L2(E) |k|2=n

Cantor—Lebesgue theorems refer to a pointwise version of the above, namely

Z k2R 0 vy e B = Z lex? =5 0. (CL)

[k [>=n |k [2=n

As observed in [38], Egorov’s theorem implies that condition (O), when satisfied on measurable sets
of positive Lebesgue measure, yields (CL) for such sets. In particular, when d = 2, condition (CL)
holds for every set with positive Lebesgue measure. Separately, Connes [19] applied Baire’s category
theorem to show that (O) on open sets implies (CL) for open sets. Thus, if d > 3, then (CL) holds for
all nonempty open sets. Cantor-Lebesgue theorems are a crucial step in proving uniqueness of Fourier
series by spherical summation. A key result in this theory is the following

lim kTR ZT v, v eT! = cp=fr, VkeZ9.

n—0o
|k|2<n

under the assumption that f € L' (T¢) and everywhere finite. This is due to Ash and Wang [2] following
Bourgain [6]. How much the assumption “for all x € T¢” can be relaxed to “for all x € E”, for some set
E, is not well-understood; the complements of such sets E are known as sets of uniqueness for spherical
summation. We refer to the reviews [20, 3] for more on Cantor-Lebesgue theorems and uniqueness of
Fourier series by spherical summation.

2.1.2. Trace and observability for the 2Schriidinger equation on the torus
By using orthogonality in time of ¢/*™ " with n € N, it follows that (see, e.g., [23, 14]):

1
-1 2 itA/(2 2 2
& ol s/o /Td"’” 10 o2 dpr di < €pluol2.

If du = 1g dx, then the Hilbert Uniqueness Method of Lions [31] gives the equivalence of the exact
controllability of the Schrodinger equation from E with the nonvanishing of the constant on the left-hand
side. We refer to [14] for an overview of the observability of the Schrodinger equation on the torus.
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2.1.3. Quantum measures

By definition, a quantum measure on T is a weak-+ limit, in the space of Radon measures, of a sequence
|u,,|2 dx, where u,, € E,, are L?-normalized and A, — o0 as n — o0. On T¢, quantum measures are
absolutely continuous with respect to the Lebesgue measure due to Bourgain, see [28] and [36] where
additional properties are also proved. It is natural to ask whether trace and observability estimates
for eigenfunctions have a counterpart for quantum measures. Formally, for a quantum measure f, it is
tempting to write

|ul* dpe u)? du
c;l < liminf inf /Td— < fdu < limsup sup /Td— <€, 2.1
2 2
VN3 100 UEEQ de |u|* dx Td Vi3 1—s00 HEE, [er |ue|* dx

but this remains to be justified carefully — even giving a meaning to [er f du is not obvious if dyu is
not given by an L™ density. This can be done in the framework which we now describe.

Suppose that X is a Banach space of distributions on T¢. We say that the space X satisfies the uniform
trace inequality if for all u € | .5 E1 and ¢ € X, there holds

(lul®, )] <x llgllx-

By this and using C*(T9) c X’, a sequence of L?-normalized eigenfunctions (u,), satisfies
llun|?llx- < 1. By the Banach—Alaoglu theorem, the sequence (|u,|?), converges, up to a subsequence,
with respect to the weak-+ topologies in both X’ and the space of Radon measures on T¢ to some f € L!.
This is the density of a quantum measure.

This proves the validity of (2.1) when u € X, for in this case one has

(fou) = lim / lenl? .
n—oo Td

An explicit example of X is given by X = we s (T?) (Theorem 8.1). A natural function space
for which the uniform trace inequality holds is the completion of C*°(T¢) with respect to the norm
[llell] = €. See [14] for further developments of this idea.

2.2. Open questions

We gather here some open questions if d > 3 in increasing order of difficulty and describe how they
relate to each other.

(1) Does the observability inequality hold on T¢ (d > 3) if du = 1g dx, where E is a set of positive
Lebesgue measure?

(2) Does the trace inequality hold on T¢ for the superficial measure of
(a) a smooth hypersurface if d > 4 (conjectured in [11]); or
(b) a smooth surface of codimension two if d > 5?

(3) Same question for the observability inequality under an appropriate curvature condition.

(4) Does there exist a strict Young function F (which is by definition a positive, finite, convex and
superlinear function) such that for all L%-normalized u € U VT E,,

/ F(lu]?)dx <12
Tci

The validity of this statement (for some F') is conjectured in [14] and implies the existence of another
strict Young function G such that the trace inequality holds for all measures of the type du = f dx
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provided that

/Tdc(f)dx@o.

Indeed, letting G be the Legendre transforms of F, then Young’s inequality gives:
|ul?f dx < / F(Jul*) dx +/ G(f)dx.
Td Td Td

(5) Does the trace inequality hold on T¢ for measures of the type f dx with f € LP(T¢) with p > %?
This was conjectured in [5, 8].

(6) Does the trace inequality hold on T¢ for general (d — 2 + €)-regular measures? This question arises
naturally in light of the results obtained in the present paper.

The implications between positive answers to the above questions are as follows
6) = ) = @) = () and 6) = (2).

The only nontrivial implication is (4) = (1) which is proved in [14]. Question (6) is the most
difficult. It would already be very interesting to have more nontrivial examples of (d — 2 + €)-regular
measures for which the trace inequality holds. The only example we currently know of is provided by
Theorem 7.1, see Remark 7.2

3. Preliminaries
3.1. Classical definitions

Let M(T9) be the space of signed Radon measures on T¢. By the Riesz representation theorem, we have
the duality M (T9) = C(T?)’ where C(T¢) is the space of continuous real-valued functions on T¢. The
set of Borel probability measures on T is

P(T) = {p € M(T) : >0, u(T9) = 1}.

For E c T¢ and s > 0, the s-dimensional Hausdorff measure of E is defined by
HP(E) = sup inf{ (diamU,)* : E C U,, diamU, < 6}.
6>0 Za: LQJ

The Hausdorff dimension of E is then defined by
dimg(FE) = inf{s > 0 : H*(E) = 0}.

Let Ns(E) denote the minimal number of closed balls of radius ¢ > 0 needed to cover E. Then the
upper Minkowski dimensions is defined as

-— logNs(E
dimp(E) := limsup Og—IS().
6—0 _10g6

3.2. Elementary properties of the trace and observability inequalities

The following lemma gives the basic structures of the set of measures satisfying the trace and observ-
ability inequalities respectively. Its proof is straightforward and will be omitted. For convenience in the
statements, we extend the trace and observability inequalities to general Borel measures in an obvious
way (i.e., we abandon the requirement that the measure be a probability measure).
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Lemma 3.1. Let y1, v be positive Borel measures on T¢. Then

e}

€, > |uland ¢y = |
C.<Candc, 2c¢,ifu<v.

-1 -1 -1 ;
Coprby < al, +bC, and Caprby S A6 + be;Vifa,b > 0.

Q:Txo#,u =G, and T #u = Cu where Ty, is the translation by x, € R4,

o O

o

o

€y < min(|v|€,, [u]€,) and ¢}, = min(|v|c;', |ulc;").

pxv =

3.3. Some results on lattice points on spheres

In the remaining of the paper, we denote

Ng(2) = #8971, Na(A,7) = sup #(S¢™' n B, (xp)).

X0 cRd

In other words N;(1) is the number of integer points on AS4~! and N4 (A, r) is the largest possible
number of integer points on spherical caps of radius < 7 on 1841
The following lemma will be useful.

Lemma 3.2 (Sphere with more points than average). For any R > 0, there exists A € [R—1, R+1]NVN
such that Ng(2) zq 1972

Proof. This is an immediate consequence of the pigeonhole principle. O

Next, we turn to classical results on the number of lattice points on spheres centered at 0, for which
we refer to [25, 27, 4] and references therein.

Theorem 3.3 (Cardinality of S/‘{‘l). The following estimates hold:

Nyr(Q) < exp{Cln/l/lnln/l}for some C > 0.

N3(2) < AlnAlnlnA and limsup,_,,, N3(1)/(A1lnln ) > 0.
0 < N4(A) < 2?Inln A and limsup,_,, N4(1)/(AInln ) > 0.
Ng(A) ~3 2972 forall d > 5.

O O O O

Next, we recall upper bounds on the number of integer points on spherical caps. These upper bounds
easily follow from the estimates obtained by Bourgain and Rudnick [11, Appendix A].

Lemma 3.4 (Counting lattice points in caps). For d > 3 and r > 1, we have

o Ifd >3, then Ngy(A,r) <e 17972 for e > 0.
o Ifd =5, then Ng(A, 1) Sg.e A4+ 216r973+€ for e > 0.

Considering now lattice points on spheres which are possibly lower-dimensional and not centered
at zero, we record the following lemma, which only incurs a sub-polynomial loss compared to the best
possible estimate.

Lemma 3.5 (Counting lattice points on lower-dimensional spheres [26], Lemma 4). If2 < d < n and
ifo{’] is a (d — 1)-sphere embedded in R™ with radius A, then for any € > 0

#(STINZ") Sa,e AHE.

The following lemma, originally stated by Connes [19] for the case d = n, remains valid for any
(d —1)-sphere embedded in R". This is because the proof relies solely on volume estimates of spherical
caps, which are invariant under translation.

Lemma 3.6 (Clustering for lattice points on spheres [19], Lemma 1.). If2 < d < n and if Sj‘f‘l isa
(d —1)-sphere embedded in R™ with radius A, then one may cover S/dl_1 NZ" by its subsets (24)q Where
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each Qg lives in an affine subspace of dimension < d — 1 and, if @ # (3, then
dist(Qq, Qg) 24 A2/ (D!,

Connes constructed this partition by viewing S¢~! as a graph: two distinct points p,q € S¢~! are
connected by an edge if [p — g| <q A%/(@*D'. The clusters (Q,), are then defined as the connected
components of this graph. Particularly, when d = 2, this lemma, which was first stated by Jarnik [29]
(see also [18] for an improvement), implies

#Q, <2, diamQ, <13, Vva. 3.1

3.4. A result on Fourier transforms of measures
Lemma 3.7. If u € P(T9) satisfies limy_co fix = 0, then sup,.q |fx| < 1.

Proof. We argue by contradiction and assume that || = 1 for some k € Z¢ \ {0}. Then ¢>™k* = (i

for some 6 € R and all x € supp u. Hence e?" VKX = ¢iNO for all N € N \ 0. Therefore iy = e'N?
and thus |Zy x| = 1. This contradicts the hypotheses of the lemma. O

4. The case of dimension 2

It is instructive to consider first the case of the two-dimensional torus. The following theorem combines
the results of Zygmund [38] and Bourgain and Rudnick [10]. The proofs are short and elegant, and they
are a source of inspiration throughout the present paper.

Theorem 4.1. When d = 2, the following statements hold:

(i) The trace inequality and the semiclassical observability inequality hold true if

k] < |kI7€, Yk € Z7. 4.1
(ii) The trace inequality and the observability inequality hold true if

du= fdx, feL*(T?.

2nik-x

Proof. For u(x) = Zkeszz_l uye in E,, write

2 P 5
/2 |u|”du = Hi-¢UglUe.
B k,LeS)

The trace inequality: If du = fdx with f in L2, then (fix);cz2 € €> by Parseval’s theorem.
Furthermore, any £ € Z? can be represented as k — £ with k, £ € 5/11 in at most two different ways. With
the Cauchy—Schwarz inequality, this gives

. 12 12
IR O W B O W YE T RN

k.CeS) k.leS) k.teS}

If |1k | < |k|™€, we use Jarnik’s lemma (Lemma 3.6 or, more precisely, (3.1)) which gives a splitting
of S} into sets (Q,) such that #Q, < 2 and dist(Qq, Qg) 2 A'/3 for a # B. Write

Z ﬁk—fﬁkzzz Z ﬁk—{fﬁkﬁ_€+z Z Z k—ciiniic. 4.2)

k,feS/‘l a k,leQq a#f keQ, €Qp

https://doi.org/10.1017/fms.2026.10199 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10199

10 N. Burgq et al.

By the Cauchy—Schwarz inequality and the bound ﬁS/ll = Ni (1) <S¢ A€/* for any € > 0, we deduce

Z ﬁk—zﬁkﬁ_f Z Z ﬁk—eﬁkz Z Z Z ﬁk—é’ﬁki

k,fGSA a k,leQ, a#f keQ, (eQp

Se D D |+ AP Y (]

a k,beQq, k.teS}

< D sup#Qa ) [+ PN Y [l <

@ KeQq kes)

< +

The observability inequality: Similarly, we reuse (4.2) and estimate

XY A

a#f keQ, (€Qp

< JZklzas k>, pel?
Tl Ceastae R s ke

The important point is that the right-hand side goes to zero as 4 — co. There remains the first sum in
the above equation. We analyze the following two cases separately:

o If Q, = {p} is a singleton, then clearly

D0 Fkddiviic = iy |,

a k,leQ,

o If Q4 = {p, q} is a doubleton, then

- A= i~ 2~ o~ - .=
Z Z Hi—cuge = |up|™ + lug|” + ptp—g (uptty +uguy)
@ ke,

= (1 - |ﬁp—q|)(|’7p|2 + |ﬁq|2)
This estimate is uniform among all such Q, since by Lemma 3.7, we have

1- |ﬁpfq| >1— sup |ug|>0.
kez2\0

This proves the semiclassical observability for both cases (i) and (ii). In the case (ii), there re-
mains to prove the observability for eigenfunctions with bounded eigenvalues. This is immediate, since
trigonometric polynomials cannot vanish on sets of positive Lebesgue measure. O

Remark 4.2. A number of remarks and consequences are of interest.

o The condition (4.1) is satisfied if u is given by a smooth density on a smooth curve with nonvan-
ishing curvature — this was the original motivation of Bourgain and Rudnick. Since the zero set of
eigenfunctions of the Laplacian can include curves of nonzero curvature, this example shows that
the observability inequality can be satisfied in the limit 4 — oo although it is not satisfied for small
values of A.

o If € is the optimal polynomial decay rate of the Fourier transform of the measure in (4.1), then 2¢ is
called the Fourier dimension of the measure, see Mattila [33] for many examples and an introduction
to this theory.

o We prove that the trace inequality constant €, is bounded by sup, |k ||k|€ and |||, > in assertions (i)
and (ii) respectively. The semiclassical observability constant ¢,; is bounded by (1 — supy, | ]!
in both cases.
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o The assertion (i) implies observability for any probability measure of the form du = fdx with
f € L'. Indeed, let fy; = min{f, M} with M > O sufficiently large, then fj; € L?> and f > fy;. The
observability inequality for f3; implies that for f.

Remark 4.3. The above theorem can be extended rather straightforwardly to the following cases

o Superficial measures supported on nonsmooth curves, du = dor. One may assume either I" is twice
continuously differentiable with nonvanishing curvature, or I" is convex and rely on [17] to obtain
decay for the Fourier transform.

o Functions in Sobolev spaces W€-? with € > 0 and p > 1 (clearly it gives new results only when
p € [1,2)). To show this, it suffices to use Jarnik’s lemma as above, and notice that the Sobolev
regularity gives polynomial gain in A while the number of lattice points on the circle is subpolynomial.

Motivated by these results, it is natural to investigate whether the trace and observability inequalities
extend to broader classes of measures and sets. In particular, the following cases are of interest and open
to the best of our knowledge:

o Trace inequality: Densities belonging to L? (T?) for 1 < p < 2.

o Trace inequality: Densities in L” (X), where £ T is a smooth curve.

o Observability inequality: Subsets of a smooth curve £ ¢ T? with nonvanishing curvature, provided
these subsets have positive measure.

o Trace and observability inequalities: Measures supported on sets with Hausdorff dimension strictly
greater than 1.

5. Necessary conditions for the trace inequality

We will show in this section that probability measures which are (d — 2)-regular are critical to have the
trace inequality. The first examples which come to mind are

o du = f dx where f is smooth away from x = 0 and f(x) ~ |x|™2 near x = 0.
o du = ¢ dor where I is a smooth (d — 2)-dimensional manifold and ¢ € C*(T").

Our idea is to use concentration properties of the so-called Bourgain eigenfunctions. Precisely, these
are eigenfunctions of the form

Pa,x(x) = Z e2mik-(x=x0) 3 e VN, x € T9. 5.1
kes¢!

Clearly [[¢a,x,llz2 = YVNa(A) and @, x,(x0) = Ng(1). Notice that, there exists co > 0 such that, if
x € B, (xg) with rA < co, then cos(27k - (x — xo)) > % for all k € S¢~. For such x,

Na(Q). (5.2)

| —

P ()] = [Rpa (@)= D cos(2rk - (x - xp)) >
kesd!

Proposition 5.1. If d > 3 and if the trace inequality holds for u € P(T?), then u is upper (d — 2)-
regular, that is, t(By(x0)) < r4=2 for all v > 0 and xo € T¢. Consequently,

dimpg (suppu) = d - 2.

Proof. Choosing co > 0 as above. By Lemma 3.2, when r > 0 is sufficiently small, there exists
A€ [cor~!,2cor~'INVNsuch that Ny (1) 24 2472, For such A and x( € T¢, define Pax, € Eqasin(5.1).
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By (5.2) and the trace inequality for y, there holds

1 2
;wmw=/ W%———/Wmlw
( ) By (x0) Ng()? Jpa 75

1 2
Sy —— dt=—< ——= <
H Na(2)? /Td {28 Ng(1) ~ ad=2 47

Applying Frostman’s Lemma we conclude the proof. O

(5.3)

When d = 2, the above proposition holds true, but the statement “u is upper 0-regular” is trivial. In
the following proposition, we obtain a nontrivial estimate.

Proposition 5.2. Let d = 2. There exists C > 0 such that, if the trace inequality holds for u € P(T9),
then for any r € (0, 1) and xo € T2, we have

c
(B, (x0)) < rimdm

Proof. We follow a line of argument already appearing in [23]. Let P, be the product of all prime
numbers which are = 1(mod 4) and < n. By [34] and [35], we have In P, ~ n. For r > 0, choose n such
that VP,_; < 1/r < +/P,, then n ~ In(1/r). Then there holds

\/P_ns%gsgs—“m(rlm. (5.4)
n-1

Next, let 7, be the number of prime numbers < n which are = 1(mod 4) and recall that, by the prime
number theorem for arithmetic progressions, 7, ~ n/Inn.

Let » > 0 be sufficiently small and let 2 = v/P,,. By (5.4), we have 1/r < 1 < +/In(1/r)/r. Let
p = r/+/In(1/r). We claim that, when r < e~! (which is always the case since ris sufficiently small), there
holds p < r < p+/in(1/p). Indeed, by definition p < r/Vine = r and r = p+fiIn(1/r) < p+/In(1/p).
Combining these estimates gives

1
pyIn(1/p)

Therefore, by Jacobi (see [25]) and the definition of the primorial P,, letting d;(n) be the number
factors of n that are = j(mod 4), then for some C,C’,C"” > 0,

<isi.
P

NZ(/U = 4(d1(Pn) - d3(Pn)) = 4d1(Pn)

=4 %2 > 4% 2Cn/lnn > /lC’/Inln/l > pfc"/lnln(]/p). (55)

For xo € T2, define ©a,x, as in (5.1). Fix a sufficiently small 6 > 0 (independent of r or 1) such that,
by (5.2), if x € Bsp(x0), then [¢a x,(x)| 2 N2(2). Arguing as in (5.3) gives

< p=C"/min(1/p). O
N> (1)

M (B Sp (XO)) =
When d = 3, 4, the number N4 (1) exceeds A9~2 by an arbitrarily large factor. This causes the failure
of the trace inequality for these critical measures, as is stated in the following theorem.

Proposition 5.3. When d = 3,4 the trace inequality does not hold for u € P(T?) if for all A € VN,
there exists x,; € T¢ such that

(B (xa)) 2 4274, (5.6)
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Remark 5.4. It is known that (Theorem 3.3), for d = 3, 4, there exists (1,),>0 € VN such that

Nd(/ln)

m ———— 5.7
n—eo 14-21n1p 2, o7

From the proof below, one immediately sees that the condition (5.6) can be relaxed to

lim sup (B ;1 (x,,)) A4 > Inln A, = co.
Proof. Let A, satisfy (5.7) and define ¢, = ¢a,,.x,, as in (5.1). By (5.2), there exists 6 € (0, 1) such
that that |, (x)| 2 Na(1,) for all x € Bs-1(xa,). Therefore, as n — oo,

1
Nq (/ln)
We conclude this section with the following proposition, which excludes the possibility of observ-
ability on linear subspaces of codimension 2. Unlike previous examples, whose constructions relied on
eigenfunctions concentrating at a point, the proof here involves a sequence of eigenfunctions concen-
trating along the entire subspace. For simplicity, the subspace considered is aligned with the coordinate
axes; however, the argument should extend to arbitrary rational linear subspaces of codimension 2.

‘/q[:d |¢n|2dﬂ 2 Nd(/ln)/«l(Bg,l;ll(x/ln,)) >s1InlnAd, — co. o

Proposition 5.5. For d > 3, the trace inequality fails for u € P(T4) if
suppu C S={x €T : x; =x, = 0}.

Proof. Forn > 0, let 4,, = VP,, where the primorial P,, is defined in the proof of Proposition 5.2. By

(5.5), we have lim,,_,o N2(1,,) = 0. For x = (x1,...,x4) € T¢, put
gn (x) — Z 627ri(k1x1+k2)c2) .
(k1,kp) €S}

Then ||gnllz2 = VN2(4,) and g, (x) = N2 (4,,) for x € S. We conclude with

2
2(x0)]“d
G i
noo [ lgn(x)Pdx  noe

6. Necessary conditions for the observability inequality

Before considering general measures, see Proposition 6.6, we start with the case of superficial measures
on submanifolds.

Proposition 6.1 (Necessary conditions for observability on local manifolds). Let d > 3 and let S c T¢
be a compact, nontrivial and smooth submanifold of integer dimension 8 < d — 2. There exists an
€ > 0 such that for any xo € S, the observability inequality does not hold for the probability measure
Uxo.e € P(T9) defined by

LB, (xo)ns dHP

d X0,€ — AR h o~ ~ ov .
Hxo-€ = 2B(B (x0) N S)

Precisely, for any xo € S, there exists an increasing sequence (A,)ns0 in VN and a sequence of
L2-normalized eigenfunctions (Un)n>0 with u, € E,, such that

lim / [t dityy.c = 0. (6.1)
Td

n—oo
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Proposition 6.2 (Necessary conditions for observability on global manifolds). Let d > 3 and S c T¢
be a compact, nontrivial, smooth submanifold of integer dimension B8, where 8 < d — 2 for d = 3,4
and 8 < d -3 for d > 5. Then the observability inequality does not hold for the probability measure
u € P(TY) defined by

1s

= dHP.
(s Mt

du

Precisely, there exists an increasing sequence (An)nso in VN and a sequence of L*-normalized
eigenfunctions (un)n>0 with u,, € E,, such that

lim [ |un|>du=0. (6.2)

n—oo Jpd

Remark 6.3. From our proofs, the convergence rates of (6.1) and (6.2) are faster than any negative
power of 4,,. Consequently, no observation estimates can hold even with loss of derivatives.

Proof of Proposition 6.1. Since S is compact, there exists €y > 0 such that for any xo € S, the submani-
fold S is parametrized as Sy, = {(x’, ¢(x")) : x’ € 9B} near x(, where B C R is the unit ball centered
at the origin, and ¢ : R¥ — R4 a smooth and xo-dependent function.

For k € S/‘{_l, the trace of the eigenfunction e?7*k** on S, is 27k (. ¢(x) Next, let y € C>(RA)
be such that it equals to one in the unit ball B and is supported in 2B. When 0 < € < %60, fora, € C
where k € S47!, one defines g4 € C(RF) as

g/z(x')=/\((x—’) Z a2
€
kes{!

Since supp g4 C 2€B, we may naturally regard it as a 4eZ/-periodic function, so that it lives henceforth
in Tfe = RA /4€7P. Expanding it in Fourier series, one writes

’ - il x' =~ o~ €
gax) = (4e)F T M), B0 = ). axAS(k,0),
tezf kes/({fl

where the linear coefficients are

.x, A - ’ ’
A€ k,0) = (_) =2migox' 2mik (X, ¢(X")) dx’.
(0= [, x(E)ermioe

de

We will fix parameters 0 < € < 5 depending solely on d and 5. Then we will find an increasing
sequence of 4, and a sequence of nontrivial constants (af(") keS8 j -1 such that the Fourier coefficients
g, (€) vanish when |£| < nd,. This leads to solving the linear systems:

g, (0) = Z aMAS (k,0)=0, €eZP, |t] <na,. (6.3)
kes¢!

The number of equations is <g 7°4# and the number unknowns (which are (af{") c k€ Sf{;l)) is
N4(A,). By Lemma 3.2, we may choose A, such that Ny(2,) 24 2272, Since 8 < d — 2, if 57 is small
and n is large, the system (6.3) admits a nontrivial solution (a](cn) ck e S/‘f‘l), which we may further

assume to be normalized in 52(8/‘{‘1).
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Fix these solutions. By Lemma 6.4 below, since € < n, if |£| > nd,, then forall N > 0,
|AS, (k.0 Sap.g.enn V.

For N > d, by the Cauchy—Schwartz inequality, this leads to

~ 172 - -
B, O1< (D) 145,06 0F) " Sappenn 107N Na(d) Saq 1072

kes¢!
Recalling that g, (£) = 0 when |£| < n4d,, by Parseval’s identity we deduce

2 - 2 —4N+B _ 3N
181 lGags oo D) B (OF Sapemn 4™ < 2.1,
€ €120,

Finally, letting u,,(x) = Zkesfll—l a,i")ez”ik"‘ € E,,, then

”un”iZ(ﬂxOYE) <B.e ”g/l"”iz(T‘f) Sd.B.¢.e.n.N J;N. ]
Lemma 6.4. If0 < € < i and || > nA, then for all N € N, there holds
|A§ (ka £)| Sd,ﬁ,go,e,n,N |€|7N .
Proof. Write k = (k’, k”") € ZP x Z4F and let Y (x7) = (k" - 4%) -x"+ k" - p(x"). Then
_ x’ 2riy e ,(x7) ’
A%h@_/ld—y o) ay
! AL

Since |k'| < |k| =4 < ‘%l, to conclude, we integrate by part and use the estimate:

1]

€

Rz 1 (E - ). o
€ 7
Proof of Proposition 6.2. By the compactness of S, there exists € > 0 and a finite open cover-
ing § = UK, S; where, for each j, there exists a smooth function ¢; : R¥ — RY# such that
Si={(x',¢j(x") : x" € B)} under a certain system of coordinates.
We proceed as in the proof of Proposition 6.1 and let

’ ’ € "
Vg )] =|(K = 2 k- V)| 2

. 4 . ’ ’ . L 7
G =x(T) D aret et < 4o Y g ).
keS¢t tezh

Fix an increasing sequence (1,,), >0 such that

o If d =3,4,then Ny(1,) = A, InlnA,;
o Ifd > 5, then Ny(A,) 2q 19472

Setting n = 1, we solve the following linear systems:

g, (=0, teZP, |l < 1<j<K.

Now the number of equation is <g K /lff . It is smaller than N4(4,,), the number of the unknowns (which
are (ag)), under the assumption of the proposition (eitherd = 3,4and 8 < d—2ord > 5Sand 8 < d-3).
Hence, for large n, we find an £ normalized solution (@ke sd-1 to this system.
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To conclude, one defines the eigenfunction u, € E,, as previously, apply the previously obtained
estimates of u,, on each coordinate patch, and combines these estimate:

2 E 2 E 12 -N
”u””Lz(dy) < ||1S.iu””L2(dy) S,B,E ”gfln”LZ(Tﬁ) $d,,3,<ﬁ,6,7],N K/ln . o
4e

1<j<K 1<j<K
Remark 6.5. Propositions 6.1 and 6.2 (the latter under the requirement 8 < d — 3) can be extended
to a general compact Riemannian manifold M of dimension d. In this generalization, eigenfunctions

are replaced by quasimodes of Ay, the Laplacian on M. Specifically, for some ¢ > 0, one considers
functions in the space

Eqs = @ ker(=Ap — p).

UE(L2=6,22+5)
Indeed, at least along a sequence A,, — oo, the lower bound
dimEq s 2m,6 1972
follows directly from Weyl’s law:
#{Aeo(-A): A< A}~y AL

In the preceding proofs, the only torus-specific ingredient is the explicit form of the eigenfunctions on T¢,
which makes it possible to precisely identify the oscillatory behavior of the traces g,. This structure
enables the integration by parts argument in Lemma 6.4. However, on a general compact Riemannian
manifold, this exact eigenfunction description can be replaced by suitable approximate representations
of quasimodes (see, e.g., [37, Chapter5] and [12, Lemma 2.3]).

We now turn to the case of general measures. The reader can refer to Section 3 for a definition of the
upper Minkowski dimension.

Proposition 6.6 (Necessary conditions for observability for general measures). If d > 3 and
dimy;(supp p) < d — 2, then the observability inequality does not hold true. Equivalently, there exists a
sequence of L*>-normalized eigenfunction {u,}, where u,, € E 2, With 1, — oo, such that

lim |un|*dp = 0.

n—oo Td
We start with a preparatory lemma.

Lemma 6.7. For all 2 > 1, all ¢ € Z9 and all xo € T, there exists a linear Sunctional ape x, :
C®(T?) — C such that, if u € C®(T%) is L*-normalized and satisfies ity = 0 for |k| > A, then for all
R > 0andall N € N, there holds

Sd,N /ld/ZR—N'

u(x) _ Z a,/l’g(u)ebrif-/lx

[€]<R

sup
42| x—xp|<1

Proof. Up to a translation, we may assume that xo = 0. Let y € CZ"(R") be supported in %B =
{x eR?: |x| < 1}. Foru € C*(T9), let

g(y) = X(y)u(ﬁ) =x(y) Z i e miky I
kezd

https://doi.org/10.1017/fms.2026.10199 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10199

Forum of Mathematics, Sigma 17

Since supp g C %B, we may extend it periodically to T¢ and still denote this extension by g. Let (g¢);czd
be Fourier coefficients of g and let i be the Fourier transform of y in R%. Then, define

—~ —~ . _pY. PR k
@a,,x (1) =8¢ = Z Uk ‘/‘dX(Y)ezm(k//l g) Ydy = Z Mk)((f— 3)
kezd T kezd

Now assume that iz = 0 when |k| > A. By the Cauchy—Schwartz inequality and the rapid decay of
X, one deduces that, for all N > 0,

— k2\-N -
Bl s lZ Y (1+]e= 2 ) = Al i .
lk|<a

This implies that, for all R > 1, we have

sup <

42)x|<1

u(x) _ Z §6627ril’~/lx

|[€|<R

gy) = Y Bee?™?

[€]<R

- d/2 p-N
< Z 8l Span APRN. o
L® |¢|>R

Proof of Proposition 6.6. Let ¢ be a Schwartz function in R? such that (Z € C>(RY) and satisfies
(&) =1for|§] <2.Ford =1, let® € C*®(T9) be such that ®; = q/ﬁ\(k//l) for k € Z¢. Particularly
@, =1 when |k| < 2. Consequently, if u € E,, then

|u|2du=/ <I>*(|MI2)du=/ 2 d(® » ).
Td Td Td

By the Poisson summation formula and Fourier rescaling properties, one has
_ ~k 2nik-x _ 3d
o) = 3 d(7)e =2 Y (A - g)).
kezd qezd

From this, one immediately sees that ® is concentrated near Z¢ (i.e. 0 € T¢). Quantitatively, letting
B -1:c (0) = {x € T¥ : dist(x,0) < A7!*€}, then the following estimates hold:

o |®(x)| Sg,a A9 forx € By-14e (0);
o |®(x)| S¢.d,N,e AN for N >0andx ¢ B -1+¢ (0).

Therefore, to conclude the proof it is enough to show that there exist e > 0 and a sequence of
L2-normalized eigenfunctions u, € E,, with 4, — oo such that

lim . |un|* du =0,  where u& = A9 . 1g _1.c(0) * M-

—00
n T

Letg = ﬁM(supp ) and choose € > 0 such that 8+2de < d—2. Then, from the Minkowski dimension
definition, we note that there exists K <4, 4#7€ and (x;) ]Kz . in T such that

supp p,, C B -1+¢ (0) +suppp C U B o1 6(x;).
1<j<K

Let @q,¢,x; be defined as in Lemma 6.7. For any n € N we can find an L?-normalized eigenfunction
u™ € E, satisfying the following conditions:

@0 @) =0, 1< j<K, |0 <2 (6.4)
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Interpreting (6.4) as a linear system in the unknowns (i[,((”) ke s the number of unknowns is Ny (4,),

which satisfies Ns(1,) 2 1972 for a suitably chosen sequence (1,,) (see Lemma 3.2). In contrast, the
number of equations satisfies the bound <; K19€ <4, /1'2+2d6. Since S+2de < d -2, for this sequence
and sufficiently large n, a nontrivial solution always exists.

For such u™, by Lemma 6.7, forall j € {1,...,K}and N > 0, there holds [u™ (x)| <q.n A

forx €e B A1/6 (x). Therefore, taking N large, one obtains as n — oo:

d[2-eN
n

/ Junl® duy, < Z ||u||L°°(B Y (x,))xlun(B/I]/G('xj))

1<j<K
- 2de)+(d-2eN
San p. AdEEN e g fRAOHERN) g, o
1<j<K

7. Pointwise Fourier decay

Theorem 7.1. Let d > 3. The observability inequality and the trace inequality hold true for u € P(T9)
if, for some € > 0, it satisfies the Fourier decay estimate:

|| s |k|7(472e), (7.1)

Remark 7.2. A typical example of measures satisfying (7.1) is given by du = f dx with the density
f being smooth except at the origin, where it behaves as | f(x)| ~ |x|€~2, see Remark 7.3 for a related
example. Note that such a measure is upper (d — 2 + €)-regular.

Remark 7.3. The decay rate d — 2 in the statement is sharp for the trace inequality. More precisely, for
any € > 0, one may construct a probability measure u € P(T¢) with Fourier decay |fix| < |k|~(¢=2~€)
such that the trace inequality does not hold. We define the measure by setting du = C f dx where C > 0
is a normalizing constant that makes u a probability measure and

S =D pelx+k), vre[0,D)?,  ge(x)=eFF/xe vxeRY

kezd

A straightforward computation leads to fy = ¢ (0) = & > 0 and f = e (k) ~g.e |k|"@2) for all
k € Z4 \ {0}. We conclude the invalidity of the trace 1nequahty by applying Proposition 5.1, noticing
that f is not upper d — 2-regular. For d = 3,4 one may set € = 0 by applying Proposition 5.3.

Our proof relies on the cluster structure of S/‘{_l , and more specifically on Lemma 3.6 due to Connes
[19], which enables a dimensional reduction. The core idea is as follows. If Sﬁl‘l = gy Qg is the
decomposition given by Lemma 3.6, then for any u € E,, we have

”””iz(d’u) = fik—cTiyite = Z Z fik—cTiyiic + Z Z fik—ctixite.  (1.2)

kfgsg] @ k,leQqy a#f keQq, (€Qp

Because the clusters €, are well separated and the measure u exhibits Fourier decay, the cross-cluster
interaction (the second term) is expected to be small and can be treated as an error term. It therefore
suffices to establish the trace and observability inequalities for functions whose frequencies lie within a
single cluster Q. Since each cluster is contained in a lower-dimensional sphere, this structure naturally
supports an inductive argument on the dimension.

Note that, in order for the error term to be small, one needs A to be sufficiently large. More precisely,
it turns out from the proof that, one only needs diam supp u to be sufficiently large. This leads to the
consideration, for r > 0, of the following space:

Ty = {u € C*(T¢) : diam supp @ < r}.
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In other words 7, is the space of all trigonometric polynomials whose Fourier supports have
diameters < r. The following lemma establish quadratic estimates for trigonometric polynomials in 75,
and it will be used in both this and the next section.

Lemma 7.4. If supp u is not contained in the zero set of any nonzero trigonometric polynomial, then
uniformaly for all u € Ty, there holds

||’4||L2(d,1) ~d.ur lullp2-

Proof. Indeed, by the translation invariance of these norms in the Fourier space, we only need to consider
trigonometric polynomials whose Fourier supports are within the 27 neighborhood of the origin. Such
functions form a finite dimensional space. Therefore, there exist the maximum and the minimum of the
continuous function

we {LA(T) : ullge = 1) > flullZsyg, -

Finally, by the assumption that supp u is not contained in the support of any nonzero trigonometric
polynomials we have that the minimum is nonzero, concluding the proof. O

Remark 7.5. This lemma applies to any u € P(T¢) that satisfies (7.1). Indeed, by [33, Theorem 2.8
and Section 3.6], it implies

dimy supp ¢t > dimpsuppu > 2(d —2+¢€) >d - 1.

In the following, we first present a proof for the d = 3 case (the proof for the general case will be
given afterwards). A related result is implicit in [1 1], where the authors consider measures with Fourier
decay |k|~! and rely on the oscillatory structure of the Fourier coefficients. In our setting, we assume
slightly faster decay, of the form |k|~(1*€), which enables a simpler argument.

Proof of Theorem 7.1 for d = 3. By Lemma 7.4, it remains to establish the trace and observability
estimates for eigenfunctions with diam supp # > r for some sufficiently large r.

For any such L?-normalized eigenfunction u € E,, one has A 3 r. By Lemma 3.6, write S/% =Uqe Qo
where each Q, lives in an affine subspace of dimension < 2 and dist(Q,, 2g) > CA*/* some C > 0
whenever @ # . Then we invoke the decomposition formula (7.2). We firstly estimate the second
summand. Let j; = max{j € N : 2/ < CA*/*'}. Then

Z Z Z [ik—cligite| < Z |\Gk—clixiic] < Z Z |\Gk—clixiie

a#B KeQ, (<0 k=C|>Ca2 J>ia 2 <lk—2| <21
~ ~ 12 =2
< > omax el YL (@ +lac?)
—d 2j<|&|<2i! . .
JZzja : 2/ <|k—€]<27+1
< Z N3(/1,2j+l)2, max | e
_— J < <2J
= <lél<
Se ) A x a7 ¢ N 97Tl = o(1), .
iz iz

To conclude, we use the following claim: for each «, there holds

Z fix—ciixii ~u Z |k | (7.3)

k,£€Qq keQ,
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Indeed, even though we are in the d = 3 setting, the sets (Q,), each lies within a two dimensional
affine hyperplane and is thus contained in a circle of radius r,. Therefore the exact same proof as
Theorem 4.1 (for the Fourier decay case) applies. This proof establishes the trace inequality and the
semiclassical observability, that is, the observability inequality holds when r,, is sufficiently large. The
full observability is guaranteed by Lemma 7.4. O

We now turn to the general case d > 3. Our idea is to perform mathematical induction on the affine
dimension of supports of eigenfunctions.

Definition 7.6. For any Q C R4, we denote by dim,g Q the dimension of the affine hull of Q, that is,
dim,g Q equals the dimension of the smallest affine subspace in R? that contains Q.

Proof of Theorem 7.1 for d > 3. By Lemma 7.4, it remains to establish the trace and observability
estimates for eigenfunctions with diam supp # > r for some sufficiently large r.

We will achieve this by using mathematical induction on the affine dimension of supp . Precisely,
we will prove the following statement: if r is sufficiently large, then for all n € {1, ..., d} and any toral
eigenfunction u satisfying diam supp & > r and dim,g supp & = n, there holds

||u||L2(d;4) ~d.n,u,r ||M”L2(Td)' (7.4)

We use mathematical induction. First we prove the case n = 1. In this case #supp & < 2 and we denote
suppt = {k,(}. Let 6 > 0 be such that sup;cza\o [£(€)| < 1 - & (Lemma 3.7). Then, as in Section 4,

llull} > 2 /d lul? dpe = lax | + [ |* + 2pax—ctixine > 6 ([ |* + Jize|?) = 6lull7,.-
T

We now prove the induction step n = n + 1 with n < d — 1. Fix any L?-normalized eigenfunction
u € E, with dim,gsupp# = n + 1. Now suppu is contained in an n-sphere of radius p > r. By
Lemma 3.6, we write supp & = |J, Qq where dimyg Q, < n for all @ and dist(Q,, Qg) > C,p D!
for some C,, > 0 whenever @ # . Then we invoke the decomposition formula (7.2) and for each @, we
use the induction hypothesis and obtain

~ o~ = ~ 12 2
DD Beclikiiy ~ams Y, Y ikl = llull},

a k,leQ, a keQ,

To estimate the second summand term in (7.2), we let j; = max{j € N : 2/ < C,s*/'} and write

Z |Ak—ciixite] < Z Z |Bk—ctixite|

lk—€]>cq_1 214! JZjp 2 <[kt <2
~ 2~
= Z max gl Y (@l fael)
V=lgl<2 2 <|k—£|<2i*!
< Z sup #(suppd N Bymi(k)) X max  |fgl.
Jj=zjp kesuppi 2/ <|g]=2%!

Next, we separate the discussion of the two cases:n=d —landn < d — 1:

o If n.=d - 1, then #(supp & N Byjs1 (k)) < Ng(4,2/*1) <54 12742 and A = p > r. Therefore, the
error term is bounded by

Z /lf/dlzj(d—z) X 2—j(d—2+6) < Z 2—]6/2 — Z 2—jE/2 — O(I)r—>oo~
Jzja Jzja Jzjr
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o Ifn <d-2,then #(supp N Byjs (k)) <, 2" < 2(d-2)j by the area method. Therefore, the error
term is bounded by

Z 2(d=2)j ¢ n=j(d=2+€) < Z i€ — Z -j€ — 0(1)y Se0.
JZJjp JZJp J2Jr

We finish the induction process by combining these estimates above and formula (7.2). They yield
the following estimate:

Z ﬁk—[ﬁkﬁf ~d,n,é I+ o(l)r—><>0~ ]
k,tes¢!

When d > 5, we can relax the decay condition on .

Theorem 7.7. For d > 5, the trace and observability inequalities hold if u satisfies

Zzﬂd—?) sup  |fze| < oo. (1.5)
= |¢lel2i 241

Proof. The proof follows the same outline as before, with only minor adjustments noted below:

o The condition (7.5) implies the Fourier decay |uz| = o(|é |‘<d_2))§_>oo. Therefore we still have
dimy supp ¢ > d — 1 to apply Lemma 7.4.

o Inthe n = d — 1 case, we use the finer estimate Ny (1,2/*!) <4 ¢ A~127(d=1) 4 ge/dlnj(d=3+€) Gipce
it suffices to sum over those j with 1%/?¢' < 2/ < A, we may further bound Ng(1,2/+") < 2/(4=2),
Therefore, the error term is bounded by

Z 27(d=2 qup ) < Z 21D max 1 Zg] = 0(1)rSeo-
i>ja 2/ <|&|<2i+! =, 2|2

o Inthe n < d —2 case, it suffices to notice that, by keeping maxy; <|g| <2+ | £ in the summation, the
remainder term satisfies the same estimate:

2, Y sup ] = oDy,
J>jr 2/ <& <27 o

8. Sobolev regularity

In this section we prove observability and trace inequalities under suitable Sobolev regularity assump-
tions of the measure. They are closely related to the estimates with subpolynomial loss

2(d+1)

lellzr < A% Hull2, p < ===

for any eigenfunction u € E,. If d = 3, this estimate was mentioned without proof in [7], and was
generalized to d > 3 through the £> decoupling theorem [9].

Theorem 8.1. For d > 3, the trace and observability inequality holds true if du = g dx where g €
we s (T9) for some € > 0. Furthermore, under the same assumption, this trace inequality is uniform

in the sense that for all toral eigenfunctions:

[ e < el Tl 8.1)
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Remark 8.2. Itis interesting and relevant in applications to apply this theorem to characteristic functions
of sets, that is, du = 1g dx. In Appendix A, we explore the case where C is a fat Cantor set and prove
that 1 € We€-! for suitable € > 0. See also [32] for the fractional Sobolev regularity of 1g¢ where S C R2
is the von Koch snowflake.

Remark 8.3. Since now the measure y is absolutely continuous with respect to the Lebesgue measure
on T4, Lemma 7.4 applies.

We chose to provide first a separate proof for the case d = 3 which relies on elementary tools. It is
then generalized to the case d > 3 with the help of the £ decoupling theorem [9].

Proof of Theorem 8.1 for d = 3. The proof follows the same structure as that of Theorem 7.1, specifi-
cally the proof for the d = 3 case. That is, we apply the cluster decomposition and invoke the formula
(7.2). We now estimate the second summand in (7.2). We first observe that, by Lemma 3.5, for all e > 0
it holds

>ooimePs Y #{£+8H 08 x Il

[k—€]|>CA2/4 |&]>C 24

AT EeP s Y lePele.

|¢[>C0/ |¢[>C0

Hence, by the Cauchy Schwarz inequality and using g € H€,

— 1/2 12
Z |ﬁk—fﬁkﬁ€|S( Z |/7k—f|2) ( Z |b7kb7£|2)

[k—¢]>CA2/% [k—]>CA2/4 |k—]>CA2/4

1/2
se( D |§|25|ﬁg|2) lull2: = 0(Dases.

|€1>Ca

Then for each @, we obtain the estimate (7.3) by the exact same proof as in Theorem 4.1 (the case with
L? densities). Particularly, the constant for the trace inequality is bounded by ||g||z. O

We now turn to the general case d > 3 using the decoupling theory [9].

Proof of Theorem 8.1 for d > 3. It remains to establish (7.4) for any toral eigenfunction u satisfying
diamsuppz > r, where r is sufficiently large, and dim,g suppu = n. Regarding the uniform trace
inequality, we will also show that (8.1) for such eigenfunctions.

We use mathematical induction. The case n = 1 is the same as in the proof of Theorem 7.1. We now
prove the inductive step n = n+1 withn < d—1. We perform the cluster decomposition on the n-sphere
that supports , where u is an L?-normalized eigenfunction. Let p be the radius of this sphere, then
p 2 r. Recall that these clusters are well-separated: if @ # f, then dist(Qq,Qg) > N = C,p ("2,
Let Py be a smooth spectral projector onto the frequency set {k € Z% : |k| < N}, and write

/|u|2gdx=/ |u|2PNgdx+/ ul2(1 - Bx)g d. (82)
T‘l Td T‘l

To bound the first term on the right-hand side of (8.2), we use

/Td |u|*Pn g dx = Z Z PN &y_clxlie.

a k,leQ,
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Since Q,, is contained in an affine n-plane, we may apply the inductive hypothesis for each «

DNl Sams ), Pngucilkiic Sams IPNgI L an D 1kl
keQy k,6eQq keQq

We now bound the second term in the right-hand side of (8.2). We first observe that for s > 0 and
p € [1, ), there holds

”PN ||W°"P—>W”P Sd,s,p la H(l - PN)g||WS*P—>LP Sd,s,p N~°.

Using this, the Holder’s inequality, the decoupling theorem [9, Theorem 2.2] we conclude

Jul(1 =By ) () dv < [lul® o (1 =Pr)gll apt Sace N2 ull211(1 = B)gll aps
Td Ld-1 L2 L2

—€/2 2 2
S N7PIlZI =Pagll, can < llaligl, cap = o(Drmw o

A. Sobolev regularity of sets
A.1. The basic question

From our discussions in Section 2, a natural question is to characterize the Sobolev regularity of
measurable sets. Recall that, for s € [0, o), p € [0, 00) and an open set G C R4, the fractional Sobolev
space W5-P(G) is defined as

W*P(G) = {f € LP(G) : [flws» < oo},

where [ f]ws.r is the Gagliardo seminorm given by

_ 1/p
[flws.p = (/G Gwdxdy) ) (A.1)

|x _ y|d+sp

Applying (A.1) to the characteristic function of £ C G, we see that if sp < 1, then

1 1/p
2 [ [ —,dxdy] — e lpyery.
e Jae v - ylr+d S

Since we are interested in the range sp < 1, we will focus in the following on the case p = 1.

Lellws.r) =

A.2. The example of the fat Cantor set

We construct the fat Cantor set, a modified version of the classical ternary Cantor set such that at the
(n + 1)-th step we remove 2" sets of size a”*! where & € (0, 1/3). In the classical construction of the
Cantor set one chooses a = 1/3.

We construct the fat Cantor set with parameter a by an iterative process. Let Cy = [0, 1]. Suppose
that for n € N, we are given C, as a disjoint union of 2" closed intervals {C k’"}iil of length larger
than o”. Let I, is the unique open subinterval of Cy , with the same center of Cy , and of length ™l
Then write

Cion \ Ik,n = Cok—1,n+1 U Cok _nat
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as a disjoint union of closed intervals with length larger than %(a” —a™!) > o' Then define

Cpn+1 C Cp, as the union of {Cy 41 }i:l. Finally, we define

Ca=(Cn=() U Gn=C\lJ U tm (A2)

n>0 n>01<k<2n n>01<k<2n

Lemma A.l. If o € (0,1/3) and € € (0,1 +In2/Ina), then 1¢ \ (0,1} € we1(0,1).
Proof. LetC =Cq4 \ {0, 1}. By (A.1) and (A.2), we have
1
Mellwen = [ [ e dvdy = Ioaelwen M, ey
W= Je .\ lx = y|i+e ©.Deliw ,;)1 ke W

For each term in the summation, we compute

n+l 1

1 @ 1
= [ [ w7
W= e Do, 1 = yl*e 0 antl Jx — y|l*e

a(n+1)(1—e) + (1 _ a,n+1)1—e -1 B a,(n+1)(1—e)
e(l-¢) T e(l-¢)

A

Therefore, if € € (0,1 +In2/In @), then

|IIC||[W5,1 < (1 Zznﬂ (D) (=€) o i

A.3. An example of an irregular set

Forn > 3, let h, = (1 FITTIE then 3,53 hy < ln2

ap_1 — a, = 2h, and lim,,_, a, = 0. Then, let

We may construct a sequence (a,),>3 such that

A= U(a”,an +hy) € (0,3).

n>3

Lemma A.2. We have 14 ¢ W€1(0,3) for any € > 0.
Proof. Since a,_| — a, = 2hy,, the following estimate holds true

an+hy, an-1 1 an+hy, an+2hy,
Ialliwer = / / . _dxd / / dx dy
L ] Z an an+hy, |x =yl I+e an anthy, |x — y| Jx - y|i+e

n>4

2h, 1-€
2-2
=> drdy = =—"— 3" h}"¢ = co.
/ / = y|1+e e(l-e) &4 D

n>4 hn

n>4
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