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Abstract

Starting from the Karoubi multiplicativeK-theory, we construct a Chern-Weil
theory adapted to isolated conical singularities. The Chern character takes
its values in the intersection cohomology of Goresky-MacPherson. We also
propose an integer intersection K-theory for such singularities.
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1. Introduction

Singularities are not homotopy invariants and so classical cohomology theories can
be irrelevant in the singular setting. Many modifications of classical homology
have been proposed to address this problem. Analysts often consider complexes
of differential forms on the open regular part with a controlled behavior near the
singular part, the control being L2 or Lp or polar, [7], [16], [5], [4].

In 1980, a more geometric point of view was developed by Marc Goresky and
Robert MacPherson who introduced the notion of intersection homology, in which
rational Poincaré duality remains true for stratified varieties, [10]. Intersection
cycles are those which are sufficiently transverse with the singular part. The defect
of transversality is controlled by a sequence Np of integers called the perversity.

The two points of view, analysis and geometry, give the same type of invariants.
This results from several de Rham theorems that identify the dual of the real
intersection homology with Lp-forms, [7], [16], or with polar forms, [5], [3]. The
behavior of differential forms near the singularities is related to perversity.

In this paper we build K-theories adapted to spaces with isolated conical
singularities.

According to the spirit of non commutative geometry, [8], the natural way
to define a K-theory related to such controlled differential forms would be to
consider the K-theory of a commutative algebra whose Hochschild homology
consists precisely of these forms. But the asymptotically controlled forms are not
an algebra, so they cannot be the Hochschild homology of an algebra. For instance
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178 A. LEGRAND & D. POUTRIQUET

it is proved in [6] that you must consider Hochschild homology with coefficients
to obtain the intersection complex of polar forms, and the algebra structure is lost
(see [9] for a “non commutative” study). So we replace the usual K-theories which
have been considered in this situation by an adaption of multiplicative K-theory to
intersection homology.

In the first part of the paper we define a real intersection K-theory using vector
bundles which admit a connection whose curvature form satisfies some constraints
near the singularities. These bundles belong to an adaptation of the multiplicative
K-groups introduced by Max Karoubi in 1990.

Multiplicative K-groups are intermediate between algebraic K-groups and
topologicalK-groups, [12]. These intermediateK-groups give a general framework
in which it is possible to define secondary characteristic classes for bundles with
additional structures when the base is a closed manifold, [11], [13].

Let us recall that a multiplicative K-group for a closed manifold is associated
with a characteristic class P and a family of sub-complexes of the de Rham complex
for this manifold. Such a group is the abelian group which is generated by the
equivalence classes of triples .E;r;!/ where E is a vector bundle equipped with a
connection r and ! is a suitable odd differential form. In terms of the Chern-Weil
theory, suitable means that the closed even form P.r/�d! defines homology class
belonging to the cohomology of the sub-complexes, [12] (also Section 2). In this
paper we are only concerned with the Chern character.

We adapt the Karoubi multiplicative K-theory for manifolds with boundary,
(Subsection 2.1) and we apply this theory to the manifold with boundary QX which
is obtained by excising the singular points of the conical manifold X .

Let Np be a perversity. Using suitable constraints on the boundary we define a
subcomplex of the de Rham complex of QX which represents an intersection complex
for X (Subsection 2.2). The associated Karoubi (multiplicative) Chern character
takes its values in the real intersection cohomology and gives us an intersection
Chern character “à la Chern-Weil”.

But the Karoubi multiplicative groups are not Z-modules of finite type (as can
be seen from Theorem 2.1). The associated real theory is not finite-dimensional and
cannot be isomorphic to the real intersection cohomology. We modify the Karoubi
construction to get real K-groups which are finite-dimensional vector spaces
(Proposition 3.1). Now, the corresponding Chern character ch is an isomorphism
(Theorem 3.1). Let q denote the integer determined by the complementary
perversity to Np, [10]. The previous real construction associated to the intersection
complex with perversity Np is denoted by Kq;R.eX/.

In the second part of the paper we propose an integer lattice for the previous
theory and define an integer “intersection K-theory” of finite type denoted by
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IK Np.X/. As already noted, it cannot be the Karoubi multiplicative theory. We
still consider the manifold with boundary QX . Our intersection bundles (also called
admissible bundles) are triples .E;F;t/ where E and F are vector bundles on QX ,
F is a sub-bundle of E, the restriction of F to the boundary is trivial and t is a
given trivialization of this restriction. Moreover we assume that ch�.E/ and ch�.F /
satisfy suitable conditions depending on the perversity (Definition 4.1).

Then we define in a natural way the intersection Chern character ch0 of an
intersection bundle .E;F;t/ with range in the rational intersection cohomology
IH even
Np .X;Q/, using the Chern characters of the bundles E and F=t , (Proposition

4.3). We prove the following theorem:

Theorem 4.1 The intersection Chern character ch0 induces an isomorphism

ch0˝ 1 W IK Np.X/˝Q! IH even
Np .X;Q/:

The intersection bundles have exactly the structure needed to be equipped with
a connection (called admissible) and define multiplicative bundles in the sense of
Karoubi. Our main theorem is the following.

Theorem 4.2 A q-admissible bundle .E;F;t/ always admits an admissible con-
nection r over E. For all admissible connections over E there exists a form
! 2 �odd .eX/ such that .E;r;1;!/ is a real multiplicative bundle. The class on
Kq;R.eX/ of this multiplicative bundle does not depend on the class of the admissible
bundle on IK Np.X/ and we have the relation

ch0˝ 1R.ŒE;F;t �˝ 1/D ch.ŒE;r;1;!�/:

Thus the real multiplicative theory Kq;R defines an intersection Chern-Weil
theory.

We conclude with some computations. In particular the local computation in
intersection K-theory (i.e. the cone case) has exactly the same behavior as in
intersection homology (Corollary 5.1).

A part of these results was mentioned in [14] (see also [15]).

2. Multiplicative K-theory and intersection cohomology

Max Karoubi, [12], built new K-theory groups called multiplicative K-theory
groups for closed manifolds. These groups are parametrized by a family of sub-
complexes of the de Rham complex. The cohomology of these sub-complexes is a
receptacle for an adapted Chern character called the multiplicative Chern character.
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The family reduced to the whole complex gives topological K-theory. We will
briefly extend these constructions for manifolds with a connected boundary. Then
we build an “intersection" sub-complex such that the associated multiplicative
Chern character takes its values in the intersection cohomology of the conical
singular manifold obtained by clutching the boundary to a point.

2.1. Multiplicative K-theory of manifolds with boundary

Recall the construction of multiplicative K-theory, [12]. We shall extend this
construction to manifolds with boundary, a situation which is more relevant to us.

Let us consider a compact manifold eX with boundary L. A differentiable object
on eX means the restriction to eX of a differentiable object on any open manifold
with cylindrical ends which extends eX . To simplify, we only consider a single
subcomplex F?.eX/ of the de Rham complex �?.eX/. We impose that F0.eX/ ¤ 0
and denote eF�.eX/D F�.eX/C d�?.eX/ where d is the differential of �?.eX/.

A multiplicative bundle over eX is a triple .E;r;!/ where E ! eX is a bundle
over eX , r a connection over E, and ! 2�odd .eX/ such that ch.r/�d! 2 F�.eX/.
Let us consider two multiplicative bundles � D .E;r;!/ and �0 D .E 0;r 0;!0/. A
morphism � 7�! �0 is given by an isomorphism of vector bundles ˛ W E

�
! E 0

verifying the following condition :

!i �!
0
i D

Z 1

0

chi Œ.1� t /r C t˛
�r 0�dt mod eF i .eX/

D ‚.r;˛�r 0/ mod eF i .eX/
where ‚.r;˛�r 0/ is the first transgression. The multiplicative bundles and their
morphisms form a category. We denote by ŒE;r;!� the isomorphism class of
.E;r;!/. Let K.eX/ be the Grothendieck group of the abelian semigroup for the
Whitney sum of isomorphism classes of multiplicative bundles,

ŒE;r;!�C ŒE 0;r 0;!0�D ŒE˚E 0;r ˚r 0;!C!0�:

Forgetting the odd form ! and the connection r, we define a homomorphism u W

K.eX/ ! K.eX/ with range in the classical K-theory group. The multiplicative
Chern character ch WK.eX/!H even.F�.eX// is defined by

ch.ŒE;r;!�/D Œch.r/� d!�:

We define a morphism v WH odd .��.eX/=F�.eX//!K.eX/ by v.cl.!//D ŒT;@;!��
ŒT;@;0� where cl.!/ is the class of ! 2�odd .eX/ such that d! 2 F�.eX/ and @ is the
de Rham connection of a trivial bundle T .

As in the multiplicative K-theory of M. Karoubi, [12], the multiplicative Chern
character extends to a morphism of exact sequences.
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Theorem 2.1 Let eX be a compact manifold with a boundary and let F?.eX/ be a
subcomplex of ��.eX/. We have the following commutative diagram of Z-modules
whose rows are exact (ev D even):

K1.eX/ ch�
! H odd

�
��.eX/
F�.eX/

�
v
�! K.eX/ u

�! K.eX/ ch�
�!H ev

�
��.eX/
F�.eX/

�
# ch� #D # ch� # ch� #D

H odd .��.eX// !H odd
�
��.eX/
F�.eX/

�
�! H ev.F�.eX// �! H ev.��.eX// �!H ev

�
��.eX/
F�.eX/

�
:

The map ch� is defined by the classical Chern character, we have chj .�/ 2
H 2j�1.eX IR/ for the odd case and chj .�/ 2H 2j .eX IR/ for the even case.

2.2. Multiplicative Chern character and intersection cohomology

Let eX be a N -dimensional compact manifold with boundary which is a connected
closed manifold L. We denote by X D eX=L the associated pseudomanifold
with one isolated conical singularity and by IH�p .X IK/, where K is a field, the
intersection cohomology of Goresky-MacPherson with coefficients in K associated
with any perversity Np such that NpN D p, [10]. We have the following result where
q DN �pN � 2, [2] :

IH i
p.X IK/D

8<
:
H i .eX IK/ for i � q

Im.H i .eX;LIK/!H i .eX IK// for i D qC 1

H i .X IK/ for i � qC 2 :

(1)

Starting from the de Rham complex ��.eX/ of eX , we will construct an intersection
complex of X , i.e. a complex whose cohomology is the real intersection cohomol-

ogy ofX . Let��.X/D kerŒ��.eX/ restriction! ��.L/� and consider the subcomplex
F�Np.eX/���.eX/ such that

F�Np.eX/ W 0!�0.eX/! ��� !�q.eX/!�qC1.X/C d�q.eX/!�qC2.X/! ��� !�N .X/ :

Proposition 2.1 Let Np be a perversity and denote q DN �pN �2. The subcomplex
F�Np.eX/ � ��.eX/ is an intersection complex for X associated to the perversity Np,
i.e. we have an isomorphism H�.F�Np.eX//Š IH�p .X IR/.
Proof: From the definition of F�Np.eX/ we have

H i .F�Np.eX//D
�
H i .��.eX// for i � q

H i .��.X// for i � qC 2 :

Now consider the case i D q C 1. By the natural map � W H qC1.F�Np.eX// !
H qC1.��.eX// the class of the closed .qC1/-formwCd˛ 2�qC1.X/Cd�q.eX/D
FqC1
Np .eX/ is associated to the class Œw� 2 H qC1.��.eX// which in fact belongs
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182 A. LEGRAND & D. POUTRIQUET

to ImŒH qC1.��.X// 7! H qC1.��.eX//�. The map � is surjective, and Œw� D 0

if w D dˇ where ˇ 2 �q.eX/, i.e. Œw� D 0 in H qC1.F�Np.eX//. Hence � is an
isomorphism.

To complete this section let us consider the intersection complex F?
Np.
eX/. It

results from Proposition 2.1 and from Theorem 2.1 that the associated multiplicative
Chern character takes its values in the intersection cohomology. This gives a Chern-
Weil definition of an “intersection Chern character”.

Corollary 2.1 As above let X D eX=L be a N -dimensional compact pseudoman-
ifold, with one isolated conical singularity. Denote by K Np.eX/ the multiplicative
K-theory group associated with the intersection subcomplex F?

Np.
eX/. The multi-

plicative Chern character ch.ŒE;r;!�/ D Œch.r/ � d!� takes its values in the
intersection cohomology group IH even

Np .X;R/ where the perversity Np is such that
pN D N � q � 2. This multiplicative Chern character lifts up the classical Chern
character

K Np.eX/ u
! K.eX/

# ch # ch

IH even
Np .X;R/ ! H even.X;R/ :

3. Real intersection K-theory

Let us come back to Theorem 2.1. The first line is an exact sequence of Z-modules
where the group H odd

�
��.eX/
F�.eX/

�
is a R-vector space. So K Np.eX/ is not a Z-module

of finite type unless the connecting homomorphism is 0. Then the R-vector space
K Np.eX/˝Z R is not finite dimensional and cannot be isomorphic to IH even

Np .X;R/,
which is finite dimensional.

The classical Chern character ch�˝R is an isomorphism. We plan to keep this
important property within the intersection cohomology theory. We will modify the
multiplicative K-theory of M. Karoubi and construct a real intersection K-theory
with a Chern character that becomes an isomorphism. More precisely we will
modify the construction of K.eX/ to get a finite dimensional R-vector space structure
such that the first exact sequence of Theorem 2.1 induces an exact sequence of R-
vector spaces.

This construction does not use that F?.eX/ is an intersection complex. We
will add this hypothesis when we compare the real multiplicative theory with the
intersection cohomology.
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3.1. Real multiplicative bundles

In order to obtain objects that admit a multiplication by real numbers, we will
modify the definition of multiplicative bundles.

Consider the quadruples .E;r;a;!/ where E is a vector bundle over eX , r a
connection over E, a 2R and ! an odd form of �?.eX/ such that

ach�.r/D d! mod F?.eX/:
When a ¤ 0, .E;r; !

a
/ is a multiplicative bundle and when a D 0, ! defines an

arbitrary cocycle of �?.eX/=F?.eX/. There is no relation between the connection r
and the form !.

Two elements .E;r;a;!/ and .E 0;r 0;a0;!0/ are said to be equivalent if one of
the two following conditions are satisfied (the notations are those of Subsection 2.1):

- .C1/ a D a0 ¤ 0 and the multiplicative bundles .E;r; !
a
/ and .E 0;r 0; !

0

a0
/ are

isomorphic;

- .C2/ a D a0 D 0 and there exists a finite sequence of elements aj 2 R and
a finite sequence of automorphisms ˛j of a trivial bundle over eX such that
! �!0 D

P
j aj‚.@;˛

�
j @/ modulo eF?.eX/.

This relation is an equivalence relation, that we denote by � and ŒE;r;a;!� is the
class of a quadruple .E;r;a;!/. The .C2/ condition expresses that the classes of
type ŒE;r;0;!� only depend on the form !. We will keep the pair .E;r/ within the
current notation for reasons of homogeneity. It is possible to choose .E;r/D .T;@/
a trivial bundle with the de Rham connection.

Proposition 3.1 Let us consider the Z-module spanned by all classes of quadruples
ŒE;r;a;!� and the sub-module spanned by elements of the following types

- .T1/ : ŒE;r;a;!�C ŒE;r;a0;!0�� ŒE;r;aC a0;!C!0� ;

- .T2/ : ŒE;r;a;!�C ŒE 0;r 0;a;!0�� ŒE˚E 0;r ˚r 0;a;!C!0� :

The quotient Z-module is a R-vector space when equipped with the following
product (b 2R)

bŒE;r;a;!�D ŒE;r;ba;b!�:

The zero element of this R-vector space is the class of any quadruple .E;r;0;0/.

Before proving the proposition let us define the real multiplicative K-theory.

Definition 3.1 The R-vector space of Proposition 3.1 is called the real multi-
plicative K-theory group of eX and is denoted by KR.eX/. The correspondence
ŒE;r;!� 7! ŒE;r;1;!� defines a natural morphism K.eX/!KR.eX/.
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Proof: Let us verify that the relations induced by elements of type .T1/ are
compatible with the relation �. This is clear when the real coefficient is zero. If

not, let us consider .E;r;a;!/ ˛� .E1;r1;a;!1/ and .E;r;a0;!0/
ˇ
� .E1;r1;a

0;!01/

where a;a0 are non zero and ˛;ˇ W E Š E1 are the underlying isomorphisms. First
we claim that it is possible to suppose ˛ D ˇ. Introduce !02 such that .E;r;a0;!0/ ˛�
.E1;r1;a

0;!02/. Then .E1;r1;a
0;!02/ and .E1;r1;a

0;!01/ are equivalent, so the
multiplicative bundles .E1;r1;

!02
a0
/ and .E1;r1;

!01
a0
/ are equivalent and !01

a0
�

!02
a0

belongs to eF?.eX/. To verify this, pick a vector bundle E 01 such that E1˚E 01 Š T
is trivial and consider the relation

0D ŒE1;r1;
!01
a0
�� ŒE1;r1;

!02
a0
�� ŒE 01;r

0
1;�

!02
a0
�C ŒE 01;r

0
1;�

!02
a0
�D ŒT;@;w�� ŒT;@;0�

where w D !01
a0
�
!02
a0

modulo F?.eX/. According to the first exact sequence of
Theorem 2.1, w 2 eF?.eX/, hence our claim.
Now suppose ˛ D ˇ. If aC a0 is nonzero the following relations

!

a
�
!1

a
D ‚.r;˛?.r1// mod NF?.eX/

!0

a0
�
!02
a0
D ‚.r;˛?.r1// mod NF?.eX/

involve
!C!0

aC a0
�
!1C!

0
2

aC a0
D

a

aC a0
.
!

a
�
!1

a
/C

a0

aC a0
.
!0

a0
�
!02
a0
/D‚.r;˛?.r1// mod NF?.eX/:

This proves the equivalence .E;r;aC a0;! C !0/ � .E1;r1;aC a0;!1 C !02/, as
well the relations induced by the elements of type .T2/ are also compatible with �.

To finish let us verify that the product with b 2 R is well defined. This is
clear when a D 0. Let .E;r;a;!/ � .E 0;r 0;a;!0/ with a ¤ 0 and b 2 R?. The
equivalence .E;r;ba;b!/ � .E 0;r 0;ba0;b!0/ (i.e. bŒE;r;a;!� D bŒE 0;r 0;a;!0�)
follows from the relation:

b!

ba
�
b!0

ba
D
!

a
�
!0

a
D‚.r;˛?.r 0// mod NF?.eX/:

Elements of type .T1/ or .T2/ are stable by real number multiplication so KR.eX/ is
a R-vector space.

3.2. Exact sequence and real intersection K-theory for isolated conical
singularities

Define the real multiplicative Chern character by

ch.ŒE;r;a;!�/D ach.r/� d!:
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With an additional homological property on F�.eX/ we will see that ch is an
isomorphism.

The rational cohomology H even.eX IQ/ � H even.��.eX// defines a natural
rational lattice in the cohomology groups H even.��.eX// such that H even.eX IQ/˝
RŠH even.��.eX//.

In this section we will suppose that the subcomplex Feven.eX/ � �even.eX/
verifies similar homological hypothesis, that is there exists a rational lattice AQ �

H even.F�.eX// such that AQ ˝Q R Š H even.F�.eX// and such that the map
wR WH

even.F�.eX//!H even.��.eX// is induced by a Q-linear map wQ W AQ!

H even.eX IQ/ between the lattices

H even.F?.eX// wR
! H even.��.eX//

"Š "Š

AQ˝Q R
wQ˝1R
! H even.eX IQ/˝Q R:

Let us denote by

- uR W KR.eX/!K.eX/ ˝ R the forgetful homomorphism given by
uR.ŒE;r;a;!�/D ŒE�˝a where ŒE� denotes theK-theory class of the bundle
E;

- vR W H
odd

�
��.eX/
F�.eX/

�
! KR.eX/ such that vR.cl.!// D ŒT;@;1;!�� ŒT;@;1;0� D

ŒT;@;0;!�.

The real multiplicative K-theory satisfies (compare with Theorem 2.1 ) :

Theorem 3.1 Suppose that the subcomplex F�.eX/ � ��.eX/ satisfies the rational
homological property defined above. Then we have the following diagram of exact
sequences of R-vector spaces (ev D even)

K1.eX/˝R
ch�˝1
! H odd

�
��.eX/
F�.eX/

�
vR
�! KR.eX/ uR

�! K.eX/˝R
ch˝1
�! H ev

�
��.eX/
F�.eX/

�
Š# ch�˝ 1 #D # ch� Š# ch�˝ 1 #D

H odd .��.eX// ! H odd
�
��.eX/
F�.eX/

�
�! H ev.F�.eX// �! H ev.��.eX// �!H ev

�
��.eX/
F�.eX/

�
:

In particular
ch� WKR.eX/!H ev.F�.eX//

is an isomorphism.

Before giving the proof of this theorem, let us come back to the intersection
cohomology theory. If in Subsection 2.2 we start with C �.eX IQ/ instead of
��.eX/, the result of Proposition 2.1 holds and we get a rational intersection
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186 A. LEGRAND & D. POUTRIQUET

complex IqC �.eX IQ/� C �.eX IQ/. The cohomology of IqC �.eX IQ/ is the rational
intersection cohomology and it follows from the commutative diagram

IH�Np .X;R/ŠH
�.F?

q .
eX// ! H�.��.eX//ŠH�.eX;R/

" "

IH�Np .X;Q/ŠH
�.IqC

�.eX IQ// ! H�.eX IQ/ŠH�.eX;Q/
that the intersection complex F?

q .
eX/ satisfies the above rational homological

property. Theorem 3.1 implies:

Corollary 3.1 Let X be an N -dimensional pseudomanifold with one isolated
conical singularity. Denote by K Np;R.eX/ the real multiplicativeK-theory associated
to the particular subcomplex F?

Np.
eX/ defined in Section 2.2. Then the real

multiplicative Chern character

ch� WK Np;R.eX/! IH even
Np .X;R/

defined by ch�.ŒE;r;a;!�/D Œach�.r/� d!�, is an isomorphism.

For the proof of Theorem 3.1 we use the following computations.

Lemma 3.1 (We recall that F0 ¤ 0).

1. Let E˚E 0 D T be a trivial bundle and r 0 a connection over E 0, then

.ŒE;r;a;!�� Œrk.E/;@;a;0�/C .ŒE 0;r 0;a;�!�� Œrk.E 0/;@;a;0�/D 0

and thus

ŒE;r;a;!�� Œrk.E/;@;a;0� D�.ŒE 0;r 0;a;�!�� Œrk.E 0/;@;a;0�/

D ŒE 0;r 0;�a;!�� Œrk.E 0/;@;�a;0�:

2. ŒE;r;aC b;!�D ŒE;r;a; a!
aCb

�C ŒE;r;b; b!
aCb

�:

3. For all q positive integer, the following relation holds

ŒqE;qr;a;qw�D ŒE;r;qa;qw�D qŒE;r;a;w� :

4. Let ri D rk.Ei /, r D
P
f inite ri and

P
f inite riai D ra, thenX

f inite

ŒEi ;ri ;ai ;!i �D Œr;@;a;0�C
X
f inite

ŒEi ;ri ;ai ;!i �� Œri ;@;ai ;0� :

5. In the previous formula the ai ’s can be assumed to be rationally free.

First let us give the proof of Theorem 3.1.
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Proof: Let us verify that in the first sequence the composition of two homomor-
phisms is 0. In the commutative diagram the fourth and fifth vertical arrows are
obviously isomorphisms, thus .ch ˝ 1/ ı uR D 0 D uR ı vR. Notice that vR

is the composition of v with the natural homomorphism K.eX/ 7! KR.eX/ and so
vR ı .ch�˝ 1/D 0 results immediately from Theorem 2.1.

Now let us prove exactness at K.eX/˝R. Let x D
P
i2I ŒEi �˝ ai 2K.

eX/˝R

such that x 2 ker.ch˝ 1/. The ai ’s can be chosen rationally independent. The
real vector space V DH�.��.eX/=F?.eX// contains a rational vector subspace A�
V which is the image of the rational subspace H�.eX;Q/ � H�.��.eX// by the
map H�.��.eX// ! H�.��.eX/=F?.eX//. Let

P
aiRi D 0 be a vanishing linear

combination where Ri D ch�ŒEi � 2 A (for � > 0). Let Bk be a basis (over Q)
of A. Decompose Rj D

P
k rj;kBk where, by hypothesis, the rj;k’s are rational

numbers. We deduce that
P
i;kairi;kBk D 0. The rational homological property

of F?.eX/ implies that the Bk’s are independent over R, hence, for all k, the sumP
i;kairi;k D 0. The rational linear independence of the ai ’s implies ri;k D 0 for

all i;k. Thus for all i , we have Ri D ch�ŒEi �D 0 and the exactness of the Karoubi
sequence (2.1) gives x D uR.

P
i2I ai ŒEi ;ri ;1;!i �/.

Now let us prove exactness at KR.eX/. According to (4) and (5) of 3.1, we can
write an element x 2KR.eX/ as

x D Œr;@;a;0�C
X
i2I

ŒEi ;ri ;ai ;wi �D
X
i2I

.ŒEi ;ri ;ai ;wi �� Œri ;@;ai ;0�/

where I is a finite set, ri D rk.Ei /, r D
P
i2I ri ,

P
i2I riai D ra, and the ai ’s

are rationally independent. Suppose x 2 keruR. Then the relation uR.x/ DP
i2I .ŒEi � � Œri �/˝ ai C Œr�˝ a D 0 holds. So there exist integers ki ¤ 0 such

that the bundles kiEi ’s are trivial over eX and r D 0. For each integer i , there exists
an isomorphism ˛i W kiEi Š Ti such that:

ŒkiEi ;kiri ;ai ;kiwi �� Œkiri ;@;ai ;0�D ŒTi ;@;ai ;�i �� ŒTi ;@;ai ;0�D ŒTi ;@;0;�i �

with �i D ki!i C ai
Z 1

0

ch�.t@C .1� t /˛
?
i ri /dt . The relations

ki ŒEi ;ri ;ai ;wi �� ki Œri ;@;ai ;0� D ai ŒTi ;@;1;�i �� ai ŒTi ;@;1;0�

ŒEi ;ri ;ai ;wi �� Œri ;@;ai ;0� D ai
ki
.ŒTi ;@;1;�i �� ŒTi ;@;1;0�/;

imply that

x D
X
i2I

ai

ki
vR.cl. N�i //D vR

 X
i2I

ai

ki
cl. N�i /

!
:
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Finally let c D cl.!/ 2H odd .�?.eX/=F?.eX// such that vR.c/D 0. According
to condition .C2/, there exists a finite sequence of aj 2 R and a finite sequence of
automorphisms ˛j of a trivial bundle over eX such that ! D

P
j a;‚.@;˛

�
j @/moduloeF?.eX/, and c D .ch�˝ 1/

�P
j ˛j ˝ aj

�
.

It remains to prove Lemma 3.1.

Proof: 1. Let us remark that, modulo a coboundary, we have ch.r C r 0/ D
rk.T / 2 Z D F0. Thus ch.r 0/ D �ch.r/ modulo .FC coboundaries/ and
ch.r/ D dw implies that ch.r 0/ D �dw modulo .FC coboundaries/. Hence
ŒE 0;r 0;a;�w� is well defined. Now

QD .ŒE;r;a;w�� Œrk.E/;@;a;0�/C .ŒE 0;r 0;a;�w�� Œrk.E 0/;@;a;0�/

verifies
Q D ŒECE 0;r Cr 0;a;0�� ŒT;d;a;0�

D ŒT;d;a;0�� ŒT;d;a;0�

D 0

and ŒE 0;r 0;a;�w�D�ŒE;r;a;w�D ŒE;r;�a;�w�.
2. and 3. are immediate.
4. results from the following computationP

f initeŒri ;d;ai ;0� D
P
f initeai Œri ;d;1;0�D

P
f initeairi Œ1;d;1;0�

D arŒ1;d;1;0�D aŒr;d;1;0�D Œr;d;a;0� :

5. Let us prove that it is possible to reduce the number of ai as long as they
are not Q-free. Consider a relation

P
f initeqiai D 0 where the qi ’s are all

non zero integers. We divide by the product of the qi ’s so the relation becomes
a1=p1 D �

P
i>1ai=pi D S . The sign of the ai ’s can be chosen so that pi > 0 for

all i . The relation

ŒE1;r1;a1;w1�
3
D Œp1E1;p1r1;

a1

p1
;w1�

2
D
X
i>1

�
p1E1;p1r1;�

ai

pi
;�
aiw1

piS

�

implies X
f inite

ŒEi ;ri ;ai ;wi �� Œri ;d;ai ;0�

D
X
i>1

�
p1E

0
1CpiEi ;p1r

0
1Cpiri ;

ai

pi
;wi C

aiw1

piS

�
�
X
i>1

Œpiri ;@;
ai

pi
;0�:

In this last relation the number of ai decreased.
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4. Integer intersection K-theory of isolated conical singularities

We propose an integer intersection K-theory underlying the previous real intersec-
tion K-theory and build an associated intersection Chern character.

4.1. Admissible bundles and integer intersection K-theory

The integer multiplicative theory of M. Karoubi is not of finite type. We follow
another way to define an integer theory.

Consider again an integer 0 � q � N , a perversity Np such that pN D N � q �
2, a manifold eX with boundary L and X D eX=L the associated pseudomanifold
with one conical singularity. The following constructions and results are valid for
compact pairs of CW-complexes .eX;L/ such that the point L=L 2 eX=L admits a
conical neighborhood with base L.

Definition 4.1 Let q � 0 be a fixed integer. A q-admissible bundle over eX is a triple
.E;F;t/ such that :

1. F ! eX is a subbundle of E! eX such that

chj ŒE�D chj ŒF � if 2j � qC 2 ;

chj ŒF �D 0 if 0 < 2j � qC 1 :

2. The restriction FjL of F over L is trivial and t W FjL ! C rk.F / 	 L is a
trivialisation.

3. Moreover, if q is odd, we assume that ch.qC1/=2.EjL/D 0.

In particular chj .EjL/ D 0 when 2j � qC 1 and we say that E is rationally q-flat
over the boundary.
The bundle deduced from F ! eX by collapsing FjL in one fibre over L=L, using t ,
is denoted by F=t !X .

The Whitney sum endows the set of q-admissible bundles with a semigroup
structure

.E;F;t/˚ .E 0;F 0;t 0/D .E˚E 0;F ˚F 0;t ˚ t 0/ :

We say that two q-admissible bundles .E;F;t/ and .E 0;F 0;t 0/ are isomorphic
if there exists an isomorphism ˛ W .E;F /! .E 0;F 0/ of pairs such that ˛ restricted
to FjL is exactly t 0�1 ı t W FjL ! F 0jL. In particular the following diagram is
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commutative
E

˛
! E 0

" "

FjL
˛jL
! F 0

jL

# t # t 0

L	Cn D
! L	Cn :

This relation is compatible with Whitney sum. Let us denote the associated
symmetrized group by eIK Np.X/ and the isomorphism class of .E;F;t/ by ŒE;F;t �.

Let us recall that an automorphism of the trivial bundle t W Cn 	L 7! Cn 	L

defines an element ofK1.L/ and all elements ofK1.L/ admit such a representation
for n large enough.

The cofibration L � eX 7! eX=L D X determines the following commutative
diagram

K1.eX/ ! K1.L/
ı
! K0.X/ ! K0.eX/

# ch� # ch� # ch� # ch�

H odd .eX;Q/ ! H odd .L;Q/
ı
! H even.X;Q/ ! H even.eX;Q/

where ıŒt �D Œn=t � and thus ıch�Œt �D chŒn=t� (n denotes the trivial bundle of rank
n and Œn� its K-theory class).

Introduce Sq the subgroup of eIK Np.X/ spanned by the formal differences
Œn;m;t �� Œn;m0;t 0� with m;m0 � n and t , t 0 such that

ıchj t D ıchj t
0 D 0 when 2j � qC 2

(recall that chj WK1.eX/!H 2j�1.eX IQ/).
Notation 4.1 Let IK Np.X/ D

eIK Np.X/
Sq

be the quotient group. We still denote by

ŒE;F;t � the elements of this quotient group.

The class ŒE;F;t � of an admissible bundle .E;F;t/ has the following character-
ization.

Proposition 4.1 (Stable equivalence). Two q-admissible bundles .E;F;t/ and
.E 0;F 0;t 0/ are in the same class in IK Np.X/ if and only if there exist positive integers
n;p1;p2 with p1;p2 � n and two automorphisms ti W Œpi � ! Œpi �, i D 1;2, with
ıchj ti D 0 when 2j � qC 2, such that

.E˚n;F ˚p1;t ˚ t1/Š .E
0˚n;F 0˚p2;t

0˚ t2/:
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The proof of this proposition follows from the classical one according to the
following properties.

Lemma 4.1 1. For all q-admissible bundles .E;F;t/ there is a q-admissible
bundle .E 0;F 0;t 0/ such that .E˚E 0;F ˚F 0;t ˚ t 0/Š .n;m;id/.

2. All elements of eIK Np.X/ can be written ŒE;F;t �� Œn;m;id �.

Proof: 1. Let F0 ! X be a bundle such that F=t ˚ F0 is trivial. Consider the
pull back F 0 of F0 over eX with t 0 a trivialisation of F 0

jL
. The trivialisation t 0

is defined modulo an isomorphism between the fiber over the singular point and
Crk.F 0/. Changing this isomorphism does not alter the class because the group
Urk.F 0/.C/ is connected. Hence F=t ˚F 0=t 0 D m is trivial. Now let us choose F1
such that F ˚F1 DE and let F 01 be such that F1˚F 01 Dm1. Then

.E 0 D F 01˚F
0;F 0;t 0/˚ .E;F;t/D .E 0 D F 01˚F

0;F 0;t 0/˚ .F1˚F;F;t/

D .mCm1;m;id/:

2. The second assertion is proved using the first one by the same argument as in the
classical K-theory.

Now let us construct admissible bundles. We define a homomorphism
IK Np.X/! K.eX/ by associating to an admissible bundle .E;F;t/ the class ŒE� 2
K.eX/ of the bundle E. By hypothesis E is rationally q-flat over the boundary
(see Definition 4.1). Conversely let E ! eX be a bundle rationally q-flat over the
boundary. We will prove that a stable multiple of this bundle provides us with the
first term of an admissible bundle.

Proposition 4.2 Consider a bundle E ! eX rationally q-flat over the boundary.
Then there exist integers p;n and bundles F1 and F2 over eX such that

- pE˚nD F1˚F2,

- .F2/jL is trivial,

- .pE˚n;F2;t / is q-admissible for any trivialisation t of .F2/jL.

Proof: Denote by ŒE�Q the rational class of the bundle E. The elements of K.eX/
can be written ŒE��Œn�. Thus the elements ofK.eX/˝Q can be written 1=p.ŒE�Q�
Œn�Q/D .ŒE�� Œn�/˝ 1=p. Hence :

- for all classes C 2 K.eX/˝Q, there are integers p;n and a bundle E such that
pC D ŒE�Q� Œn�Q.
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- ŒE�Q D ŒF �Q implies that ŒE�� ŒF � is a torsion element and there is an integer
k such that k.ŒE�� ŒF �/D 0. Thus there is an integer m such that kECmD
kF Cm. In particular if ŒE�Q D Œrk.E/�Q there are two integers k;m such
that kECmD k.rk.E//Cm is trivial.

Define G1 D ch�1� .˚2j�qC1H
2j .eX;Q// and G2 D ch�1� .˚2j�kC2H

2j .eX;Q//
then K.eX/ ˝Q D G1 ˚ G2. Given a bundle E ! eX rationally q-flat over the
boundary we have ŒE�Q D C1CC2, where Ci 2Gi , with the relations :

- .chjL/2j .C1/jL D 0 for 2j D qC 1 (empty condition if q is even);

- .chjL/2j .C2/jL D 0 for 2j � qC 2.

Now let us introduce :

- an integer p1 such that p1C1 D ŒE1�Q� Œn1�Q;

- an integer p2 such that p2C2 D ŒE2�Q� Œn2�Q.

The bundle .E2/jL is rationally trivial and there are integers q;m such that
q.E2/jL C m is trivial. Set E 02 D qE2 C m and p0 D p1p2q, F 01 D p2qE1,
F 02 D p1qE2Cp1m and n0 D p1qn2Cp2qn1Cp1m. Then

p0ŒE�QDp
0.C1CC2/D Œp2qE1˚p1E

0
2�Q� Œp2qn1Cp1qn2Cp1m�Q

D ŒF 01˚F
0
2�Q� Œn

0�Q :

4.2. Intersection Chern character

We will define in a natural way the intersection Chern character of an admissible
bundle .E;F;t/ with range in the rational intersection cohomology. This Chern
character is rationally an isomorphism (Theorem 4.1). Admissible bundles are just
what you need to define multiplicative bundles (Theorem 4.2) and the associated real
multiplicative Chern character (see Corollary 3.1) computes the rational intersection
Chern character. Recall thatN is the dimension of the singular manifoldX D eX=L.

Proposition 4.3 Let Np be a perversity and Nq be the complementary perversity and
let 0 < q D qN �N � 2. Then the intersection Chern character

ch0 W IK Np.X/! IH even
Np .X;Q/

with range in the rational intersection cohomology of X is defined by

ch0ŒE;F;t �D˚j ch
0
j ŒE;F;t �
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where

ch0j ŒE;F;t � WD

�
chj ŒE� 2H

2j .eX;Q/ 8 2j � qC 1

chj ŒF=t� 2H
2j .X;Q/ 8 2j � qC 2 :

Proof: The intersection Chern character is well defined because ch0 vanishes on
Sq . This follows from the fact that the differences Œn;m;t � � Œn;m0;t 0�, such that
chj .Œn=t �/D chj .Œn=t

0�/D 0 for 2j � qC 2, span Sq , and their rank is n�nD 0.
To prove that ch0ŒE;F;t � 2 IH even

Np .X;Q/, the only point we have to check is
that for q odd, ch qC1

2

ŒE� 2 Im.H qC1.X;Q/ 7! H qC1.eX;Q//. This results from
the following commutative diagram using ch qC1

2

ŒEjL�D 0 :

K.X/DK.eX=L/ ! K.eX/ ! K.L/

# ch qC1
2

# ch qC1
2

# ch qC1
2

H qC1.X;Q/ ! H qC1.eX;Q/ ! H qC1.L;Q/ :

The admissible bundles give a convenient integer intersectionK-theory because
of the following result.

Theorem 4.1 The intersection Chern character ch0 induces an isomorphism

ch0˝ 1 W IK Np.X/˝Q 7! IH even
Np .X;Q/:

Proof: Denote q DN �pN � 2. Let us show the surjectivity.
Suppose 0 < 2j � q. Let c 2 IH 2j

Np .X;Q/DH
2j .eX;Q/. For degree j D 0 the rank

gives the result. Because ch˝ 1 W K.eX/˝Q 7! H even.eX;Q/ is an isomorphism,
it follows that c D ch�.

1
n
.ŒE�Q � Œk�Q// D

1
n
chj ŒE� where 1

n
.ŒE�Q � Œk�Q/ 2

K.eX/˝Q with chi ŒE�D 0when i ¤ 0;j . Now there are two positives integers p,m
and a subbundle F2 such that .F2/jL is trivial and for all trivialisation t of .F2/jL, we
have ŒpE˚m;F2;t � 2 IKq.X/ (Proposition 4.2). Let us compute ch0i ŒpE˚m;F2;t �.

For 2i � qC1, we have ch0i ŒpE˚m;F2;t �D chi ŒpE˚m�D pnc when i D j
and 0 otherwise.

For 2i > q C 1, ch0i ŒpE ˚m;F2;t � D chi ŒF2=t� and we know that chi ŒF2� D
pchi ŒE� D 0. Consider the commutative diagram where the vertical arrows are
isomorphisms,

K1.L/˝Q
b
! K.eX=L/˝Q ! K.eX/˝Q

# ch�˝ 1 # ch�˝ 1 # ch�˝ 1

H odd .L;Q/ ! H even.eX=L;Q/ ! H even.eX;Q/ :
The class ŒF2=t�Q belongs to the image of K1.L/˝Q by the boundary operator b
of the first exact sequence. So there exists a trivialisation t0 such that ŒF2=t0�Q D 0.
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Indeed t 0t�1 2 K1.L/ acting via the boundary operator on ŒF=t�Q gives ŒF=t 0�Q.
Consider �=k 2K1.L/˝Q such that b.�/D kŒF2=t�Q and define t0 by the relation
��1 D t0t

�1. Hence we have chi ŒpE˚m;F2;t0�D 0.
Thus all classes c 2 IH 2j

Np .X;Q/ where 0 < 2j � q belong to the range of ch0.

When 2j D q C 1 (q odd) the same arguments as the previous ones imply that
c 2 IH

qC1
Np .X;Q/ belongs to the range of ch0.

Suppose now 2j � q C 2. Then c 2 IH 2j
Np .X;Q/ D H 2j .X;Q/ and there exists

1

n
.ŒF2�Q � Œk�Q/ 2 K.X/˝Q such that ch. 1

n
.ŒF2�Q � Œk�Q// D chj .

1
n
.ŒF2�Q �

Œk�Q// D c. Let us denote by F 7! eX the pull back of F2 7! X . The bundle FjL
admits a trivialisation t such that ŒF=t� D ŒF2�. The triple .F;F;t/ is admissible
because FjL is trivial and chi ŒF �D 0 for all 0 < i � qC 1. The surjectivity results
from the relation

ch0.ŒF;F;t �Q� Œk;k;id �Q/D chj .ŒF=t�Q� Œk�Q/D nc:

Now let us show that ch0 is injective. Let z D 1
r
.ŒE;F;t �Q � Œn;m;id �Q/ 2fIK.X/˝Q. Suppose that

0D ch0j . Nz/D

�
chj ŒE�˝

1
r
D 0 for 2j � qC 1

chj ŒF=t�˝
1
r
D 0 for 2j � qC 2 ;

and let F1 be a bundle such that F˚F1 DE. The Chern character verifies chj ŒE�D
0 D chj ŒF1� when 0 < 2j � qC 1 and chj ŒF=t� D 0 when 2j � qC 2. Therefore
chj ŒF �D 0 when j > 0. There exist integers p;s;p0;s0;n;n0 such that Œp0F 01˚ s

0�D

Œn0� and ŒpF ˚ s�D Œn�, and

pp0ŒE;F;t �˚ Œps0Cp0s;p0s;id �

D Œp0nCpn0Cps0Cp0s;p0nCp0s;pp0t ˚ id �D Œm;n1;t1�:

As ıchj t1 D ıchj t D chj ŒF=t�D 0 for all 2j � qC2, we obtain ŒE;F;t � 2 Sq , and
thus ch0 is injective.

Now let us show that the intersection Chern character is determined by the real
multiplicative character of a suitable connection.

A connection r on the first argument E of an admissible bundle .E;F;t/ is
called admissible if:

- r induces a connection r0 over F ,

- the restriction of r0 over a collar neightborhood U of the boundary can
be identified with the pull back connection t�@ where @ is the de Rham
connection on the trivial bundle U 	Crk.F /.
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Theorem 4.2 A q-admissible bundle .E;F;t/ always admits an admissible con-
nection r over E. For all admissible connections over E there exists a form
! 2 �odd .eX/ such that the triple .E;r;1;!/ is a real multiplicative bundle. The
class on Kq;R.eX/ of this multiplicative bundle does not depend on the class of
.E;F;t/ on IK Np.X/ and we have the relation

ch0˝ 1R.ŒE;F;t �˝ 1/D ch.ŒE;r;1;!�/:

Proof: An admissible connection is obtained in the following way: choose a
connection r0 over F extending the connection t�@ and consider any connection
r1 over a sub-bundle F1 such that F ˚F1 DE. Then r D r0Cr1 is an admissible
connection over E D F ˚F1.

Let r be an admissible connection over E. We will construct the form !� such
that chj .r/D d!j modulo F�q .eX/.
- For 2j � q we define !j D 0.

- For 2j � qC2 the relation Œchj .r/�D Œchj .rF /� 2H even.��.eX// implies that
there is a .2j � 1/-form !j such that chj .r/� chj .rF /D d!j .

- For 2j D qC1 (q odd), we have chj .r/jL D d..!j /jL/ because chj .EjL˝1/D 0
and the .q C 1/-form chj .r/� d!j restricted to L is 0 and thus belongs to
FqC1
q .eX/.

Thus .E;r;1;!/ is a real multiplicative bundle such that chj .E;r;1;!/ D
.chj .r/� d!j / 2 F�q .eX/ which is the relation of the theorem. As ch and ch0˝ 1
are isomorphisms (Theorems 3.1 and 4.1), the class ŒE;r;1;!� 2 Kq;R.eX/ is well
defined.

5. Some computations of intersection K-theory groups

The notations are those of the previous section.

5.1. Intersection K-theory for extremal perversities

The previous constructions are associated to a perversity Np but only depend on the
integer q D N �pN � 2 that can be considered as the complementary perversity Nq
(i.e. q D qN ) in the sense of Goresky-MacPherson, [10]. Notice that the previous
K-theory constructions are valid for 0 � q � N D dim.X/. Let us remark that
q D 0 corresponds to the total perversity Np D tot but q D N D dim.X/ is not
a Goresky-MacPherson perversity. Only 0 � q � N � 2 is allowable for a Chern
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character with values in the intersection cohomology of Goresky-MacPherson. For
q D N we note Np D �2 the “ complementary perversity”. It is not a Goresky-
MacPherson perversity.

Proposition 5.1 Let X be a pseudomanifold with an isolated conical singularity. If
the group K.eX/ (or H even.eX;Z/) is torsion-free, we have the isomorphisms

IKtot .X/ŠK.X/ I IK�2.X/ŠK.
eX/:

Without the torsion-free assumption we can only assume the inclusions

K.X/� IKtot .X/ I K.eX/� IK�2.X/:
Proof: Let p W eX 7! eX=L D X be the projection. The pull back p�E ! eX of
a locally trivial bundle E ! X restricted to the boundary L is trivial. Given an
isomorphism u W Es 7! Crk.E/ of the fibre of E over the singularity s D L=L with
a numerical space, we define a trivialisation

tu W p
�E=LDEs 	L

u�1
�!Crk.E/ 	L:

The class Œp�.E/;p�.E/;tu� 2 IKtot .X/ does not depend on the isomorphism
u chosen because GLrk.E/.C/ is connected. We define a homomorphism ' W

K.X/ 7�! IKtot .X/ by 'ŒE� D Œp�.E/;p�.E/;tu�. Conversely  W IKtot .X/ 7�!
K.X/ is defined by  ŒE1;F;t � D ŒF=t�C Œrk.E1/� rk.F /�. The relation  ı ' D
idK.X/ is evident and ' W K.X/ 7�! IKtot .X/ is a monomorphism. Moreover
the relations '. ŒE1;F;t �/ D .ŒF C Œrk.E1/ � rk.F /�;F;t/ and ch�.ŒE1�/ D

ch�.ŒF C Œrk.E1/�rk.F /�/ (since q D 0) imply the first isomorphism because ch�
is a monomorphism when K.eX/ is torsion-free, [1]. Now we compute IK�2.X/.
The following homomorphisms

K.eX/ u
! IK�2/.X/

v
! K.eX/

E 7! ŒE;0;id �

ŒE;F;t � 7! ŒE�

satisfy v ı u D id
K.eX/ and u ı v.ŒE;F;t �/ D ŒE;0;id � (ch.ŒF �/ D rk.F / and

ŒE;F;t �D ŒE;0;id � because of the definition of S
dimeX , see Section 4). This proves

the second isomorphism.

5.2. Relation between intersection K-theory and K-theory

We will extend to all perversities the comparison with the K-theory. Following [1]
let us denote by Kp.eX/ � K.eX/ the kernel of ˚2j<pchj W K.eX/! H even.eX IQ/
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and by pK.eX/�K.eX/ the kernel of ˚2j>pchj WK.eX/!H even.eX IQ/.
We let also K1p.L/ �K

1.L/ and pK1.L/ �K1.L/ as being, respectively, spanned
by the elements Œn;t � 2 K1.L/ such that chj Œn;t � D 0 for 2j < p, respectively for
2j > p (chj takes its values in H 2j�1.eX IQ/).
Proposition 5.2 Let eX be a manifold with a boundary L, and let X D eX=L be the
associated pseudomanifold with a conical singularity. Suppose that H?.L;Z/ and
H?.eX;Z/ are free. Then the following sequence is exact

K1.L/
qC1K1.L/

'
! IK Np.X/

 
! KqC2.eX/˚ qC1K.eX/ ˛

! K.L/
qK.L/

classŒn;t � 7! Œn;n;t �� Œn;n;id � �˚ �0 7! class.�C �0/jL
ŒE;F;t � 7! ŒF �� Œrk.F /�˚ ŒE�� ŒF �C Œrk.F /� :

Proof: Firstly let us verify that the homomorphisms '; are well defined. Let
.E;F;t/ be a q-admissible bundle. For 0 < 2j � q C 1 the relation chj .ŒF � �
Œrk.F /�/ D 0 holds and of course ch0.ŒF � � Œrk.F /�/ D 0. It results that ŒF � �
Œrk.F /� 2 KqC2.eX/. For 2j � q C 2, we have chj .ŒE� � ŒF � C Œrk.F /�/ D 0

and ŒE� � ŒF �C Œrk.F /� belongs to qC1K.eX/. Finally, if .E;F;t/ 2 Sq , the two
components of  are zero and  is well defined.
With respect to how ' is defined, the group qC1K1.L/ is embedded in Sq , and ' is
well defined.
To prove ˛ ı D 0 consider .E;F;t/ admissible. Then

˛ ı .ŒE;F;t �/ D ˛.ŒF �� rk.F /˚ ŒE�� ŒF �C rk.F //

D class.ŒFjL�� rk.F /C ŒEjL�� ŒFjL�C rk.F //
D class.ŒEjL�/:

For all integer j , such that 2j � qC 1, chj ŒEjL�D 0. Thus ŒEjL� 2 qK.L/. Hence
the class clŒEjL� 2

Kq.L/
qK.L/

is zero and Im � ker˛.
Now consider .�˚ �0/ 2 ker˛. Thus .�C �0/jL 2 qK.L/, so for all j , such that
2j � qC 1, chj .�C �0jL/D 0. As �˚ �0 2KqC2.eX/˚ qC1K.eX/ it results that

�
chj Œ�˚ �

0�D chj Œ�� 82j � qC 2

chj Œ��D 0 82j � qC 1 :

Moreover we know that chj Œ� ˚ �0�jL D 0 D chj Œ�jL� when 2j � q C 1 and
chj Œ�jL� D 0 when 2j � q C 1. Thus, for all j 2 N the class chj Œ�jL� is 0. Let
�D ŒE1�� Œn1� (so rk.E1/D n1) and �0 D ŒE2�� Œn2�. AsH?.L;Z/ is free, .ch�/jL
is injective by [1]. Therefore there exists an integer n, such that .E1˚n/jL is trivial.
Let E DE1˚E2˚n, F DE1˚n and choose a trivialisation t of .E1˚n/jL. Then
.E;F;t/ is a q-admissible triple. A simple computation gives:

 .ŒE;F;t �� Œn;n;id �� Œn1Cn2;n1;id �/D �˚ �
0:
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The relation ' ı D 0 is a consequence of the following equalities

 ı'Œn;t �D  .Œn;n;t ��Œn;n;id �/D .n�n/˚.n�nCn/�.n�n/˚.n�nCn/D 0:

Now let ŒE;F;t ��Œn;m;id � 2 ker . We get .ŒF ��Œrk.F /�/˚.ŒE��ŒF �CŒrk.F /�/D
0˚ n 2 KqC2.eX/˚ qC1K.eX/. As H even.eX;Z/ is free, E, F are stably trivial and
there exist p and a trivialisation .E ˚ p;F ˚ p/

u
! .rk.E/˚ p;rk.F /˚ p/ such

that ŒE˚p;F ˚p;t ˚ id �D Œrk.E/˚p;rk.F /˚p;.t ˚ id / ı u�1�. This implies
the equalities

'.rk.E/˚p;.t ˚ id / ıu�1/

D ŒE˚p;F ˚p;t ˚ id �� Œrk.E/˚p;rk.E/˚p;id �

D ŒE;F;t �� Œrk.E/;rk.E/;id �

and the relation Im' D ker .

Finally, consider X D cL D
Œ0;1Œ	L

f0g 	L
the cone over a connected compact

differentiable manifold L, so eX D Œ0;1Œ	L. For all integers q, we have qK.eX/ D
qK.L/ and Kq.eX/DKq.L/ and the exact sequence of Proposition 5.2 becomes

K1.L/
qC1K1.L/

'
! IK Np.cL/

 
!KqC2.L/˚

qC1K.L/
˛
!

K.L/
qK.L/

:

Since qK.L/� qC1K.L/, it is clear that ker˛ D qK.L/. Because U.n/ is connected
it is possible to push t along Œ0;1� and we see that Œn;n;t � D Œn;n;id �. Thus ' D 0
and IK Np.cL/D qK.L/.

To summarize, we proved, for intersection K-theory, the following local
computation:

Corollary 5.1 Let L be a C1 connected compact manifold of dimension N � 1
such that H?.L;Z/ is free. Then the following results hold:

1. IKtot .cL/D Z:

2. IK Np.cL/D qK.L/ for 0 < q DN �pN � 2.

3. IK�2.cL/DK.L/:

Final remark. When L D SN�1, we have no topological singularity, because
cL D BN is the open N -ball. For any Goresky-MacPherson perversity it results
from Corollary 5.1 that IK Np.cSN�1/ D Z. Without topological singularities the
intersection K-theory is identical to the classical K-theory.
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