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Abstract

Let s be a fixed positive integer constant and let ε be a fixed small positive number. Then, provided
that a prime p is large enough, we prove that, for any set M ⊆ F∗p of size |M| = �p14/29� and integer
H = �p14/29+ε�, any integer λ can be represented in the form

m1

xs
1
+

m2

xs
2
+

m3

xs
3
≡ λ mod p with mi ∈ M and 1 � xi � H, i = 1, 2, 3.

When s = 1, we show that, for almost all primes p, if |M| = �p1/2� and H = �p1/2(log p)6+ε�, then any
integer λ can be represented in the form

m1

x1
+

m2

x2
≡ λ mod p with mi ∈ M and 1 � xi � H, i = 1, 2.
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1. Introduction

1.1. Motivation. The problem of distribution of elements of sets involving products
and sums of intervals and arbitrary sets in finite fields has been a subject of
extensive investigation (see, for example [1–6, 9]). We continue studying this problem
and consider some questions related to binary and ternary congruences modulo a
sufficiently large prime number p, which involve products and inverses of elements
from short intervals or arbitrary sets.

Let Fp denote the finite field of residue classes modulo p. Throughout the paper,
we always assume that Fp is represented by the set {0, 1, . . . , p − 1} and we freely
alternate between equations in Fp and congruences modulo p. We also use ε > 0 to
be an arbitrarily small real number.
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LetM be an arbitrary subset of F∗p := Fp \ {0} with M = #M elements, let X ⊆ F∗p
be an arbitrary interval of length H and let s be a fixed positive integer. It is known
from [6] that if

H > p17/35+ε, M > p17/35+ε.

then the number T6(λ) of solutions of the congruence
m1

xs
1
+

m2

xs
2
+

m3

xs
3
+

m4

xs
4
+

m5

xs
5
+

m6

xs
6
≡ λ mod p with mi ∈ M, xi ∈ X, i = 1, . . . , 6,

satisfies

T6(λ) =
H6M6

p
(1 + O(p−δ)),

where δ > 0 depends only on s and ε. In [6, Section 1.2], an open question has
been posed to obtain an asymptotic formula for the five-term analogue of T6(λ) with
H = M = o(p1/2).

1.2. Main results. The first result of our present paper deals with the solubility
problem of the corresponding congruence with three summands, assuming that the set
X starts from the origin. Although our result does not provide an asymptotic formula,
we can still prove the existence of solutions.

In what follows, we useH to denote the set of the first H positive integers: that is,

H = {1, 2, . . . , H}.

We also recall thatM is an arbitrary subset of F∗p with M = #M elements.

THEOREM 1.1. Let M = �p14/29� and H = �p14/29+ε�. Then any integer λ can be
represented in the form

m1

xs
1
+

m2

xs
2
+

m3

xs
3
≡ λ mod p mi ∈ M, xi ∈ H , i = 1, 2, 3.

We note that the problem of obtaining an asymptotic formula for the number of
representations of λ in the form given by Theorem 1.1 is still an open problem.

We now consider the problem of solubility of the corresponding congruence with
two summands, with M and H of the critical size p1/2+o(1). The case s � 2 turns out to
be very hard and currently we cannot say much about it. Here, we restrict ourselves to
the case s = 1.

IfM is a set of M consecutive integers, then the question is reduced to the problem
of the ratio of two intervals. This problem was considered in [3–5]. In this case, it
is known from the proof of [5, Theorem 1.7] and [4, Lemma 5] that if M > cp1/2,
H > cp1/2, then, for some suitable positive constant c, any integer λ can be represented
in the form

m1

x1
+

m2

x2
≡ λ mod p,
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[3] Binary and ternary congruences 239

with m1, m2 ∈ M and x1, x2 ∈ H . However, the method of the aforementioned works
does not apply for arbitrary setsM.

Our next result deals with a binary congruence for arbitrary setsM ⊆ F∗p for almost
all prime moduli p. As usual, we denote the number of primes not exceeding X by
π(X).

THEOREM 1.2. Let 0 < ε < 0.1 and let X � 2. The following holds for all but
π(X)/X0.01ε primes p � X. Let M = �p1/2� and H = �p1/2(log p)6+ε�. Then any integer
λ can be represented in the form

m1

x1
+

m2

x2
≡ λ mod p, mi ∈ M, xi ∈ H , i = 1, 2.

We now consider the binary problem with ratios of two intervals. First, we observe
that if N < p1/2, then all irreducible fractions

m
x

, 1 � m, x � N,

are distinct modulo p. Furthermore, the number of such fractions is asymptotically
equal to 6N2/π2. (For the best known error term, see [10, Ch. V, Section 5,
Equation (12)].) Hence, if N = �cp1/2�, where c > π/

√
12, then

#
{m

x
mod p : 1 � m, x � N

}
> p/2

and, by the pigeonhole principle, we get the representability of any integer λ in the
form

m1

x1
+

m2

x2
≡ λ mod p,

with

1 � m1, m2, x1, x2 �
⌊√

(π2/12 + ε)p
⌋
.

Note that, generally speaking, the sizes of the intervals cannot be taken as o(p1/2).
Indeed, it is easy to see that the congruence

m1

x1
+

m2

x2
≡ −1 mod p

has no solutions in positive integers m1, m2, x1, x2 below
√

p/3. Moreover, the
congruence

m1

x1
+

m2

x2
≡ 0 mod p

has no solutions in positive integers m1, m2, x1, x2 below
√

p/2.
We now consider the case of two arbitrary intervals. More precisely, let I andJ be

subsets of F∗p consisting of N consecutive integers. Then, it follows from [4, 5] that the
representability holds when N > cp1/2 for some suitable constant c.
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Therefore, it is interesting to find the best possible constant c in the problem of
binary congruences with a ratio of intervals. Here, following the argument of [4, 5],
we show that, for arbitrary intervals I and J of length �cp1/2�, one can take c =

√
8.

THEOREM 1.3. Let I and J be subsets of F∗p comprising �
√

8p� consecutive integers
modulo p. Then any integer λ can be represented in the form

m1

x1
+

m2

x2
≡ λ mod p, with m1, m2 ∈ I, x1, x2 ∈ J .

1.3. Notation and conventions. We recall that U = O(V), U 	 V and V 
 U are
all equivalent to the statement that |U| � cV holds with some constant c > 0.

Any implied constants in symbols O, 	 and 
 may occasionally, where obvious,
depend on the integer parameters � and s, the real parameter ε > 0 and the fixed
constant c, and are absolute otherwise.

Given two quantities U and V > 0, we write U = o(V) and U = Vo(1) to mean that
|U| � ψ(V)V and |U| � Vψ(V), respectively, for some function ψ such that ψ(V)→ 0 as
V → ∞.

We also use U � V to mean that |U| < V po(1).
Given a set X, we use |X| to denote its cardinality.
For a positive integer N, as usual, π(N) denotes the number of primes p � N, while,

for a real z and a prime p, we use the notation ep(z) = exp(2πiz/p).

2. Auxiliary lemmas

We recall that s is a fixed positive integer constant,M ⊆ F∗p with M = |M| < p1/2

andH = {1, 2, . . . , H} mod p.

LEMMA 2.1. Assume that

M = |M| < p1/2, H = |H| < p1/2.

Then, for the cardinality of the set

M ·H−s = {mh−s mod p : m ∈ M, h ∈ H},

we have the bound

|M · H−s| 
 min{MH/log p, H2/log2 p}.

PROOF. Let J be the number of solutions of the congruence

m1q−s
1 ≡ m2q−s

2 mod p, m1, m2 ∈ M, q1, q2 ∈ R,

where R is the set of primes fromH . We have

R = |R| 
 H
log p

. (2.1)
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We claim that,

J � s(M2 +MR).

If m1 = m2, then qs
1 ≡ qs

2 mod p and we have at most sMR possibilities in this case.
Let m1 � m2 be fixed. Denoting λ ≡ m1m−1

2 � 1 (mod p), we have

(q1q−1
2 )s ≡ λ mod p. (2.2)

Clearly, q1 � q2 for each solution to (2.2). It follows that, for any fixed λ, there are
at most s different values for q1q−1

2 modulo p. But, for each such value of q1q−1
2 , the

primes q1 and q2 are defined uniquely. Indeed, if there are two such pairs of primes
q1 � q2 and r1 � r2, then

q1r2 ≡ q2r1 mod p.

Since both sides are positive integers less than p, this congruence becomes an equality
q1r2 = q2r1, which implies that q1 = r1 and q2 = r2. Therefore, when m1 � m2, and
thus λ � 1, the congruence (2.2) has at most s solutions (q1, q2), which leads to the
term sM2 in the bound on J.

Now we use the standard relationship between the number of solutions and the
cardinalities, which follows from the Cauchy-Schwarz inequality: that is,∑

m∈M

∑
q∈R

1 =
∑

λ∈M·R−s

∑ ∑
m∈M, q∈R

mq−s≡λ mod p

1 �
√
|M · R−s|J,

where R−s = {q−s : q ∈ R}. We now derive that

|M · H−s| � |M · R−s| � sM2R2

s(M2 +MR)

 min{R2, MR},

which, together with (2.1), concludes the proof. �

We also need the following result given by [6, Theorem 1.2].

LEMMA 2.2. Let s be a fixed positive integer and let integers K and H be such that

0 < K + 1 < K + H < p.

Then, for any fixed positive integer �, the following bound holds:
∑
m∈M

∣∣∣∣∣
∑

K+1�x�K+H

ep(amx−s)
∣∣∣∣∣ � HM

( p

MH2�/(�+1) +
1
M

)1/(2�)
.

Finally, we recall the following statement from [3, Theorem 3]; we refer the reader
to [7, Ch. 3] or [8, Section 4.2] for the background on characters.

LEMMA 2.3. Let c be a positive constant and let

Q = (log X)c, Δ > 0, Δ→ 0 as X → +∞.
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Then, for all but

O(X2c−1−4(logΔ)(log Q)−1
e−log X/100c log log X)

positive integers k � X, the inequality∣∣∣∣∣
∑
q�Q

q prime

χ(q)
∣∣∣∣∣ � π(Q)Δ

holds for any primitive multiplicative character χ modulo k.

We note that, for a prime modulus k = p, all nontrivial characters are primitive.

3. Proof of the theorems

PROOF OF THEOREM 1.1. Let

D =M ·H−s.

By Lemma 2.1,

|D| 
 min{MH/log p, H2/log2 p} = MH/log p.

It suffices to prove the solubility of the congruence

d1 + d2 +
m
xs ≡ λ mod p, (3.1)

with

d1, d2 ∈ D, m ∈ M, x ∈ H .

Using the orthogonality of exponential functions and expressing the number T of
solutions of (3.1) via exponential sums, we see that

T =
∑
d1∈D

∑
d2∈D

∑
m∈M

∑
x∈H

1
p

p−1∑
a=0

ep(a(d1 + d2 + mx−s − λ)).

Next, changing the order of summation and separating the term corresponding to
a = 0, we obtain

T =
1
p

p−1∑
a=0

∑
d1∈D

∑
d2∈D

∑
m∈M

∑
x∈H

ep(a(d1 + d2 + mx−s − λ)) =
|D|2HM

p
+ O(E), (3.2)

where

E =
1
p

∣∣∣∣∣
p−1∑
a=1

∑
d1∈D

∑
d2∈D

∑
m∈M

∑
x∈H

ep(a(d1 + d2 + mx−s − λ))
∣∣∣∣∣

�
1
p

p−1∑
a=1

∣∣∣∣∣
∑
d∈D

ep(ad)
∣∣∣∣∣
2∣∣∣∣∣
∑
m∈M

∑
x∈H

ep(amx−s)
∣∣∣∣∣.
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From Lemma 2.2 with � = 3,∣∣∣∣∣
∑
m∈M

∑
x∈H

ep(amx−s)
∣∣∣∣∣ � HM

( p

MH3/2 +
1
M

)1/6
.

Observing that

p

MH3/2 +
1
M
	 p

MH3/2 and
p−1∑
a=0

∣∣∣∣∣
∑
d∈D

ep(ad)
∣∣∣∣∣
2
= p|D|,

we get

E � HM
p1/6

pM1/6H1/4

p−1∑
a=0

∣∣∣∣∣
∑
d∈D

ep(ad)
∣∣∣∣∣
2

= HM
p1/6

M1/6H1/4 |D| =
|D|2HM

p
× Δ,

where

Δ =
p7/6

|D|M1/6H1/4 < p−0.1ε.

Inserting this into (3.2), yields

T = (1 + o(1))
|D|2HM

p
,

and the result follows. �

PROOF OF THEOREM 1.2. In Lemma 2.3, we take

c = 6 + ε, Q = (log X)6+ε, Δ = (log X)−1−0.1ε.

Then we have at most O(X1−0.6ε/(6+ε)) exceptional positive integers k � X. Hence, for
π(X)(1 + O(X−0.05ε)) primes p with X1/2 < p � X, the inequality∣∣∣∣∣

∑
q�Q

χ(q)
∣∣∣∣∣ � π(Q)(log X)−1−0.1ε (3.3)

holds for any nonprincipal character χ modulo p.
Let

D = {m/h : m ∈ M, h ∈ {1, . . . , �0.01p1/2�}}.

Note that if X1/2 < p � X, h � [0.01p1/2] and q � (log X)6+ε, then hq � p1/2(log p)6+ε.
We now prove that if (3.3) holds for some p with X1/2 < p � X, then the cardinality

of the set

G = {d/q mod p : d ∈ D, q � (log X)6+ε}
satisfies

|G| = (1 + o(1))p. (3.4)
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This implies that

G + G = Fp,

which, together with G ⊆ M/H mod p, yields the desired result.
By Lemma 2.1,

|D| 
 p

log2 p
. (3.5)

Let Gc = F∗p \ G. Thus, (3.4) is equivalent to |Gc| = o(p).
By the definition of G, there is no solution to the congruence

d ≡ qy mod p, d ∈ D, q � Q, y ∈ Gc.

Hence, using the orthogonality of multiplicative characters and expressing the number
of solutions (which is zero) via sums of characters χ modulo p,

0 =
∑
d∈D

∑
q�Q

∑
y∈Gc

1
p − 1

∑
χ mod p

χ(d−1qy).

Changing the order of summation and separating the term that corresponds to the
principal character χ = χ0, we derive

π(Q) · |D| · |Gc| �
∑
χ�χ0

∣∣∣∣∣
∑
q�Q

χ(q)
∣∣∣∣∣
∣∣∣∣∣
∑
y∈Gc

χ(y)
∣∣∣∣∣
∣∣∣∣∣
∑
d∈D

χ(d−1)
∣∣∣∣∣.

Using (2.3) to estimate the sum over q � Q, and then following the standard procedure
with an application of the Cauchy–Schwarz inequality, yields

π(Q) · |D| · |Gc| � π(Q)(log X)−1−0.1εT1/2
1 T1/2

2 , (3.6)

where

T1 =
∑

χ mod p

∣∣∣∣∣
∑
y∈Gc

χ(y)
∣∣∣∣∣
2
= (p − 1)|Gc|

and

T2 =
∑

χ mod p

∣∣∣∣∣
∑
d∈D

χ(d−1)
∣∣∣∣∣
2
= (p − 1)|D|.

Therefore, from (3.6),

|D||Gc| � (p − 1)(log X)−1−0.1ε|D|1/2|Gc|1/2.

Thus,

|Gc| � p2

|D|(log X)2+0.2ε .
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This, together with (3.5), implies that

|Gc| 	 p

(log X)0.2ε = o(p),

and thus establishes (3.4) and finishes the proof of Theorem 1.2. �

REMARK 3.1. It is well known that, under the generalised Riemann hypothesis (GRH)
a version of Lemma 2.3 holds for all moduli (see [8, Equation (13.21)]). Thus, under
the GRH, we have a version of Theorem 1.2 that holds for all sufficiently large p.

PROOF OF THEOREM 1.3. Let

I = {L + 1, . . . , L + �
√

8p�} and J = {K + 1, . . . , K + �
√

8p�}.

Denote

W = {m/x mod p : m ∈ I, x ∈ J},

and let Wc = Fp \W. It suffices to prove that |Wc| < p/2. Indeed, in this case,
|W| > p/2 and the claim then follows from the pigeonhole principle.

Let N = �
√

2p� and note that 2N � �
√

8p�. Clearly, for t ∈ Wc, there is no solution
to the congruence

m1 + m2 ≡ (x1 + x2)t mod p,

with positive integers m1, m2, x1, x2 satisfying

m1 ∈ [L + 1, L + N], x1 ∈ [K + 1, K + N], m2 � N, x2 � N.

As in the proof of Theorem 1.1, we write the number of solutions of this congruence
(which is zero) in terms of exponential sums and see that

0 =
1
p

p−1∑
a=0

L+N∑
m1=L+1

N∑
m2=1

K+N∑
x1=K+1

N∑
x2=1

∑
t∈Wc

ep(a(m1 + m2 − (x1 + x2)t)).

Separating the term corresponding to a = 0 and following the standard procedure, we
derive

N4|Wc| �
p−1∑
a=1

S1(a)S2(a)
( ∑

t∈Wc

T1(at)T2(at)
)
, (3.7)

where

S1(a) =
∣∣∣∣∣

L+N∑
m1=L+1

ep(am1)
∣∣∣∣∣, S2 =

∣∣∣∣∣
N∑

m2=1

ep(am2

∣∣∣∣∣
and

T1(at) =
∣∣∣∣∣

K+N∑
x1=K+1

ep(−atx1)
∣∣∣∣∣, T2(at) =

∣∣∣∣∣
N∑

x2=1

ep(−atx2)
∣∣∣∣∣.
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Now, we observe that

∑
t∈Wc

T1(at)T2(at) �
p−1∑
t=0

T1(at)T2(at) =
p−1∑
t=0

T1(t)T2(t).

Therefore, applying the Cauchy–Schwarz inequality, we obtain

∑
t∈Wc

T1(at)T2(at) �
( p−1∑

t=0

T2
1 (t)
)1/2( p−1∑

t=0

T2
2 (t)
)1/2
= pN.

Analogously,

p−1∑
a=1

S1(a)S2(a) =
p−1∑
a=0

S1(a)S2(a) − N2 � pN − N2.

Inserting these estimates into (3.7), we derive

|Wc| � (p − N)p

N2 =
p
2
· 2p − 2N

N2 .

Since N2 + 2N = (N + 1)2 − 1 > 2p − 1 and N2 + 2N � 2p, we see that

N2 > 2p − 2N,

which implies that |Wc| < p/2. �
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