
Canad. J. Math. Vol. 00 (0), 2026 pp. 1–39 
http://dx.doi.org/10.4153/S0008414X26102612
© Canadian Mathematical Society 2026

Zigzags and free adjunctions

Lorenzo Riva and Martina Rovelli

Abstract. We construct an explicit combinatorial model of the functor which adds right adjoints to
the morphisms of an∞-category, and we speculate on possible extensions to higher dimensions.

1 Introduction

1.1 Motivation: adding adjoints

Fix an (∞, 𝑛)-category 𝒞 and two 𝑘-morphisms 𝑓 : 𝑥 → 𝑦 and 𝑔 : 𝑦 → 𝑥 in 𝒞

between parallel (𝑘−1)-morphisms 𝑥 and 𝑦.Then 𝑓 is a left adjoint of 𝑔 (and 𝑔 is a right
adjoint of 𝑓 ) if there are (𝑘 +1)-morphisms 𝜂 : id(𝑥) → 𝑔◦𝑘 𝑓 and 𝜀 : 𝑓 ◦𝑘 𝑔 → id(𝑦)
in𝒞 satisfying the triangle equations

(𝜀 ◦𝑘 id( 𝑓 )) ◦𝑘+1 (id( 𝑓 ) ◦𝑘 𝜂) ≃ id( 𝑓 ), (id(𝑔) ◦𝑘 𝜀) ◦𝑘+1 (𝜂 ◦𝑘 id(𝑔)) ≃ id(𝑔).

(When 𝑛 = 2 and 𝑘 = 1 one recovers the notion of an adjunction in an (∞, 2)-
category, which is detected by a classical adjunction in the homotopy 2-category.) If, in
addition,𝒞 is symmetric monoidal, then we can similarly define a notion of left/right
adjoints (more commonly called duals) for objects.

Given anyhomotopy commutativemonoid 𝑆 (i.e. 𝑆 is anE∞-algebra in the∞-category
𝔖 of spaces) we can ask the following question: what is the smallest symmetric
monoidal (∞, 𝑛)-category 𝐹𝑛,adj (𝑆) such that (1) 𝑆 is contained in the space of objects
of 𝐹𝑛,adj (𝑆) and (2) for 0 ≤ 𝑘 < 𝑛, all 𝑘-morphisms of 𝐹𝑛,adj (𝑆) have a left and
right adjoint? Notice that this is a purely categorical property, so it is very surpris-
ing that the answer, at least in a special case, appears to be purely geometric: the
cobordism hypothesis [BD95, Lur09] asserts that, when 𝑆 = 𝐴1 is generated by a single
element, 𝐹𝑛,adj (𝐴1) is equivalent to the (∞, 𝑛)-category Bordfr𝑛 whose 𝑘-morphisms
are 𝑛-framed compact 𝑘-manifolds with corners. A reference for this statement can
be found in [Lur09] and the arguments depend crucially on decomposing manifolds
into suitable handles, each of which witnesses an adjunction.

We can imagine a different strategy: first build 𝐹𝑛,adj (𝑆) for any 𝑆 with purely cate-
gorical or combinatorial tools, and then exhibit an explicit equivalence 𝐹𝑛,adj (𝐴1) ≃
Bordfr𝑛 , thus bypassing the need to show that Bordfr𝑛 has the desired universal property.
Variations of this strategy have been used in dimensions 𝑛 ≤ 3 for this and similar
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2 L. Riva and M. Rovelli

problems – see, for example, [Abr96, SP09, Juh18] – but they rely on our understand-
ing of low-dimensional manifolds. Nevertheless, it is interesting to think whether we
can exploit some partial knowledge of high-dimensional manifolds, like their handle
decompositions, to make this strategy work. The question then turns to: how do we
build 𝐹𝑛,adj (𝑆)?

In this paper we answer this question in the slightly different context of freely adding
right adjoints to the morphisms of an (∞, 1)-category𝒞. We can describe an (∞, 2)-
category 𝐹2,ladj (𝒞) informally as follows:

(0) its objects are the objects of𝒞;

(1) its 1-morphisms are formal horizontal zigzags of 1-morphisms of 𝒞, with
composition given by concatenation;

(2) its 2-morphisms are generated under vertical composition by formal horizontal
zigzags of commutative squares in𝒞, subject to the condition that the first and
last vertical legs of each zigzags are invertible, with a minimal set of relations.

For example, given any 1-morphism 𝑓 of 𝒞, pictured as an arrow 𝑓 = (𝑥 𝑓−−→ 𝑦),
there should be a corresponding 1-morphism 𝑓 ′ going in the opposite direction of 𝑓 ,

pictured as 𝑓 ′ = (𝑦 𝑓←−− 𝑥), and since we are enforcing that 𝐹2,ladj (𝒞) be an (∞, 2)-
category we must also have composites of the form

𝑔′ ◦1 𝑓 = (𝑥 𝑓−−→ 𝑦
𝑔←−− 𝑧), ℎ ◦1 𝑔′ ◦1 𝑓 = (𝑥 𝑓−−→ 𝑦

𝑔←−− 𝑧
ℎ−−→ 𝑤),

and so on. The generating 2-morphisms of 𝐹2,ladj (𝒞) are of the form

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦1 𝑦2 𝑦3 𝑦4 𝑦5

𝑓1

≃ 𝑔1

𝑓2

𝑔2

𝑓3

𝑔3

𝑓4

≃

ℎ1 ℎ2 ℎ3 ℎ4

where each individual square is a commutative square in 𝒞 and the left and right
vertical morphisms are invertible. In particular, given each 𝑓 in 𝒞 we have two
2-morphisms

𝜂 𝑓 :=
𝑥 𝑥 𝑥

𝑥 𝑦 𝑥

𝑓

𝑓 𝑓

𝜀 𝑓 :=
𝑦 𝑥 𝑦

𝑦 𝑦 𝑦

𝑓

𝑓

𝑓
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Zigzags and Free Adjunctions 3

which exhibit 𝑓 as a left adjoint of 𝑓 ′: one of the triangle equations is depicted as

𝑥 𝑥 𝑥 𝑦

𝑥 𝑦 𝑥 𝑦

𝑥 𝑦 𝑦 𝑦

𝑓

𝑓

𝑓 𝑓

𝑓

𝑓

𝑓

≃
𝑥 𝑥 𝑥 𝑦

𝑥 𝑦 𝑦 𝑦

𝑓 𝑓

𝑓

𝑓

≃
𝑥 𝑦

𝑥 𝑦

𝑓

𝑓

where the first equivalence is obtained by composing the diagram vertically and
the second by composing it horizontally (we can do this since 2-morphisms in an
(∞, 2)-category satisfy the interchange law), and the other triangle equation is similar.
Constructions of this type have appeared in the literature to answer similar ques-
tions about adding adjoints – see, for example, Dawson-Paré-Pronk’s work on strict
2-categories of fences [DPP03] or Cnossen-Lez-Linskens’ work on span 2-categories
[CLL25] – or inverses – see Dwyer-Kan’s hammock localization of simplicial cate-
gories [DK80] or the general calculus of fractions [GZ67]. Moreover, using work of
Loubaton-Ruit [LR25] on the universal property of the double∞-category of squares
in𝒞, it’s not surprising to find that the (∞, 2)-category that we described above also
has some kind of universal property.

1.2 Main results

Describing an (∞, 2)-category using its 𝑘-morphisms hides a lot of data and does not
make clear whether the construction accounts for higher coherence data. The first
main result is that this informal description can be upgraded to a formal one:

Theorem A (Definition 3.8, Lemma 4.8, Proposition 4.9) There is a functor Z2
+ :

ℭ𝔞𝔱 (∞,1) → ℭ𝔞𝔱 (∞,2) such that, for any𝒞 ∈ ℭ𝔞𝔱 (∞,1) ,

(0) the space of objects ofZ2
+ (𝒞) is the space of objects of𝒞;

(1) the space of 1-morphisms of Z2
+ (𝒞) is the space of formal horizontal zigzags of

1-morphisms of𝒞, with composition given by concatenation;

(2) the space of 2-morphisms ofZ2
+ (𝒞) is generated under vertical composition by the space

of formal horizontal zigzags of commutative squares in 𝒞, subject to the condition that
the first and last vertical legs of each zigzag are invertible, with a minimal collection of
relations.

Moreover, there is an inclusion 𝑖 : 𝒞 →Z2
+ (𝒞) (natural in𝒞) which sends all 1-morphisms

of𝒞 to 1-morphisms with a right adjoint inZ2
+ (𝒞).

Theminimal collection of relationsmentioned in (2) is the one inherited from the rela-
tions of composition in𝒞, and they all arise from the definition ofZ2

+ (𝒞) as a certain
colimit of 2-simplicial spaces. Explicitly, let 𝛼 be a 2-morphism ofZ2

+ (𝒞) presented

2026/09/14 18:30
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4 L. Riva and M. Rovelli

as a zigzag of commutative squares in𝒞, and assume there are two adjacent commu-
tative squares in this presentation that have the same orientation; then 𝛼 is equivalent
to the zigzag obtained by replacing the two squares with their actual composite as a
commutative square in𝒞. Pictorially, all zigzags containing

𝑥1 𝑥2 𝑥3

𝑦1 𝑦2 𝑥3

𝑓1

𝑔1

𝑓2

𝑔2 𝑔3

ℎ1 ℎ2

can be replaced by zigzags containing

𝑥1 𝑥3

𝑦1 𝑥3

𝑓2◦1 𝑓1

𝑔1 𝑔3

ℎ2◦1ℎ1

and the same goes for zigzags with the opposite orientation.

Secondly, we show thatZ2
+ (𝒞) is universal with respect to that property:

Theorem B (Corollary 4.13, Corollary 4.14) Consider the functor 𝜏1 (−)ladj : ℭ𝔞𝔱 (∞,2) →
ℭ𝔞𝔱 (∞,1) which computes the sub-∞-category containing only the 1-morphisms which are left
adjoints. ThenZ2

+ is a left adjoint of 𝜏1 (−)ladj, with the inclusion𝒞 → Z2
+ (𝒞) as the unit:

for any (∞, 2)-category𝒟,

Map(Z2
+ (𝒞),𝒟) ≃ Map(𝒞, 𝜏1𝒟

ladj).

In particular there is an equivalenceZ2
+ ([1]) ≃ Adj, where [1] is the walking 1-morphism

and Adj is the walking adjunction.

In the discussion following Corollary 4.14 we showwhy the above theorem also has a
surprisingly geometric analogue using the well-known geometric formulation of the
walking adjunction Adj from [RV16].

This zigzag construction can be extended to higher dimensions. Indeed, the functor
Z2
+ is part of a family of functors Z𝑛+1

+ : ℭ𝔞𝔱 (∞,𝑛) → ℭ𝔞𝔱 (∞,𝑛+1) such that the 𝑘-
morphisms ofZ𝑛+1

+ (𝒞) can be similarly described as zigzags – see Definition 3.8. We
show that eachZ𝑛+1

+ adds right adjoints:

Theorem C (Proposition 5.3) Fix 𝑛 ≥ 1. For any 𝒞 ∈ ℭ𝔞𝔱 (∞,𝑛) there is a map 𝒞 →
Z𝑛+1
+ (𝒞) which, for 1 ≤ 𝑘 ≤ 𝑛, sends every 𝑘-morphism in𝒞 to a 𝑘-morphism which has

a right adjoint inZ𝑛+1
+ (𝒞).

The problem of whether Z𝑛+1
+ (𝒞) is initial with respect to this property remains

undecided, but we expect this partial result:
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Zigzags and Free Adjunctions 5

ConjectureD (Conjecture 5.7) Fix 𝑛 ≥ 1. For any 1 ≤ 𝑘 ≤ 𝑛+1, the space of 𝑘-morphisms
of Z𝑛+1

+ (𝒞) is generated under composition by the 𝑘-morphisms of 𝒞 and the adjunction
(co)units for lower-dimensional morphisms of𝒞.

1.3 Future work

Ultimately we hope to connect our zigzag construction with the cobordism hypoth-
esis. Here we sketch our strategy and our hopes for future results. Consider 𝐹𝑘 , the
free E𝑘-algebra in spaces on a single (non-identity) generator. Using the stabilization
hypothesis (see, for example, [Hau18, Proposition 10.11]), 𝐹𝑘 induces an (∞, 𝑘)-
category 𝐵𝑘𝐹𝑘 with a contractible space of 𝑗-morphisms for all 0 ≤ 𝑗 < 𝑘 . Then
Z𝑘+𝑛
+ (𝐵𝑘𝐹𝑘) is an (∞, 𝑘 + 𝑛)- category with a contractible space of 𝑗-morphisms

for all 0 ≤ 𝑗 < 𝑘 , and thus it induces an E𝑘-monoidal (∞, 𝑛)-category 𝑇 𝑘,𝑛 :=
Ω𝑘Z𝑘+𝑛

+ (𝐵𝑘𝐹𝑘). Our results tell us that 𝑇 𝑘,𝑛 has left adjoints for all 𝑗-morphisms
when 0 ≤ 𝑗 ≤ 𝑛− 1, and Corollary 5.4 further ensures that those left adjoints are also
right adjoints when 𝑗 ≤ 𝑛 − 2. This is a similar property to that of the oriented tan-
gle category Tangor𝑘,𝑛, an E𝑘-monoidal (∞, 𝑛)-category constructed in [AF17] whose
𝑗-morphisms are compact oriented 𝑗-manifolds with corners with an embedding in
R𝑘+ 𝑗 .

Conjecture E (Conjecture 5.8) For any 𝑘, 𝑛 ≥ 1 there exists a map 𝑇 𝑘,𝑛 → Tangor𝑘,𝑛
sending the generator ∗ ∈ 𝐹𝑘 ⊆ 𝑇 𝑘,𝑛 to the object ({0} ↩→ R𝑘) ∈ Tangor𝑘,𝑛.

At the end of Section 5 we give an idea of how this map can be constructed. Tak-
ing colimits as 𝑘 → ∞ we would obtain a map colim𝑘 𝑇

𝑘,𝑛 → Bordor𝑛 , the oriented
cobordism category. We hope that we can use this map to get a better grasp on the
latter (∞, 𝑛)-category and on the oriented cobordism hypothesis – in particular, we’d
like to investigate how close this map is to being an equivalence.

1.4 Organization of the paper and notation

While our main results are framed in the language of (∞, 𝑛)-categories, the technical
work is donewith iterated Segal spaces; to get back the results one just has to startwith
an iterated Segal space that is, in addition, complete. We start by recalling some cate-
gorical notions in Section 2, mostly concerning the theory of iterated Segal spaces.We
prove a general formula that extracts a globular 𝑛-uple Segal space (equivalently, an 𝑛-
fold Segal space) from any 𝑛-simplicial space, and we use that formula in Section 3 to
construct the zigzagification functorZ𝑛

+ . In Section 4we prove the universal property
ofZ2

+ by exploiting some results about generating spaces of 2-morphisms. Finally, in
Section 5 we discuss the general case and talk about future work on the connection
with the tangle hypothesis.

Apart from the use of Segal spaces we work mostly model independently, meaning
that we do not choose any preferred model for ∞-categories or ∞-groupoids. For
each 𝑛 we fix an ∞-category ℭ𝔞𝔱 (∞,𝑛) of (∞, 𝑛)-categories and set 𝔖 := ℭ𝔞𝔱 (∞,0) ,
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6 L. Riva and M. Rovelli

which we call the ∞-category of spaces; we also fix an ∞-category ℭ𝔞𝔱𝑛 of strict 𝑛-
categories, with𝔖𝔢𝔱 := ℭ𝔞𝔱0, and we fix an inclusion ℭ𝔞𝔱𝑛 ↩→ ℭ𝔞𝔱 (∞,𝑛) . There is a
truncation functor 𝜏𝑚 : ℭ𝔞𝔱 (∞,𝑛) → ℭ𝔞𝔱 (∞,𝑚) for each𝑚 ≤ 𝑛which is a right adjoint
to the canonical inclusion ℭ𝔞𝔱 (∞,𝑚) ⊆ ℭ𝔞𝔱 (∞,𝑛) . In any (∞, 𝑛)-category we have
composition operations−◦𝑘 − for each 1 ≤ 𝑘 ≤ 𝑛 (where the subscript 𝑘 denotes that
we are composing in the 𝑘th direction, i.e. along a shared (𝑘 − 1)-morphism) and an
identity operation id(−) which takes a 𝑘-morphism to its identity (𝑘 + 1)-morphism.
We use 𝜕0 and 𝜕1 to denote the source and target operations, respectively. We use
(−)op𝑖 : ℭ𝔞𝔱𝑛 → ℭ𝔞𝔱𝑛 to denote the functor switching the source and target of 𝑖-
morphisms. We use ≃ to denote an equivalence between 𝑘-morphisms in whatever
ambient (∞, 𝑛)-category we are working in.
We denote by ∆ the category of simplices, whose objects [𝑡] ∈ ∆ are the ordered
sets 0 < 1 < · · · < 𝑡 and whose morphisms are the order-preserving functions. This
category comes with a canonical map 𝑦 : ∆ → ℭ𝔞𝔱1 (the Yoneda embedding ∆ ↩→
Fun(∆op,𝔖𝔢𝔱) factors through the nerve functor ℭ𝔞𝔱1 → Fun(∆op,𝔖𝔢𝔱)) and we
tend to think of [𝑡] as its image under this map. An object of the product∆𝑛 is denoted
by [𝑡], where 𝑡 = (𝑡1, . . . , 𝑡𝑛) is an 𝑛-tuple of non-negative integers. Tuples of the
form (𝑎, . . . , 𝑎) will be abbreviated as 𝑎𝑛. We write ∆𝑛,op for (∆𝑛)op.

1.5 Acknowledgements

We kindly thank Chris Schommer-Pries, Stephan Stolz, Dan Freed, and Tomer
Schlank for enlightening conversations about this work.The first author is generously
supported by the Simons Foundation on Global Categorical Symmetries (SFI-MPS-
GCS-00008528-09) and the Center for Mathematical Sciences and Applications. We
are also deeply grateful to the referee for spotting many mistakes and providing
helpful suggestions to improve the manuscript’s readability.

2 Categorical preliminaries

We start by recalling some of the theory of iterated Segal spaces and their specializa-
tions all the way to complete globular 𝑛-uple Segal spaces. The only original results
are in Section 2.3 and serve a purely technical (though vital) role in the paper, so the
readers who are familiar with iterated Segal spaces should feel free to skip to the next
section and refer back to the new results when needed.

2.1 Iterated Segal spaces

Fix an∞-category𝒜 with finite limits.

Definition 2.1 A Segal object in 𝒜 is a functor 𝑋 : ∆op → 𝒜 such that, for every 𝑛,
the canonical projectionmap 𝑋𝑛 → 𝑋1×𝑋0 · · · ×𝑋0 𝑋1 induced by the inert inclusions
[1] ↩→ [𝑛] is an equivalence; this is referred to as the Segal condition. We denote by
Seg(𝒜) the full sub-∞-category of Fun(∆op,𝒜) spanned by the Segal objects in𝒜.
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Zigzags and Free Adjunctions 7

Remark 2.1 Limits in Seg(𝒜) are computed pointwise. In particular, Seg(𝒜) has all
finite limits.

Definition 2.2 The∞-category Seg𝑛 (𝒜) of 𝑛-uple Segal objects in𝒜 is defined induc-
tively as follows:

• Seg0 (𝒜) := 𝒜;

• Seg1 (𝒜) := Seg(𝒜);
• Seg𝑛 (𝒜) := Seg(Seg𝑛−1 (𝒜)) for 𝑛 ≥ 2.

We will mostly concentrate on the case𝒜 = 𝔖, for which we now set up some termi-
nology. An object Seg𝑛 (𝔖) is called an 𝑛-uple Segal space. By unravelling the definition
we see that an 𝑛-uple Segal space 𝑋 is an 𝑛-simplicial space 𝑋 : ∆𝑛,op → 𝔖 satisfying
the Segal condition in each variable independently. We call 𝑋𝑡 := 𝑋 ([𝑡]) the space of
𝑡-morphisms of 𝑋 . It will be helpful to call elementary those tuples 𝑡 consisting only of
0s and 1s, and for elementary tuples their dimension is the sum

∑
𝑖 𝑡𝑖 (equivalently, the

number of entries of 𝑡 equal to 1).

The Segal condition allows us to define composition operations among 𝑡-morphisms
in 𝑋 . For 𝑛 = 1, for example, we have a span

𝑋1 ×𝑋0 𝑋1
≃←−− 𝑋2 → 𝑋1

where the second map is induced by the active inclusion [1] � {0, 2} ↩→ [2]. We
denote the resulting map 𝑋1 ×𝑋0 𝑋1 → 𝑋1 by − ◦1 −. Similarly, for 𝑛 ≥ 2 and any 𝑖
we have a span

𝑋•,...,1,...• ×𝑋•,...,0,...• 𝑋•,...,1,...•
≃←−− 𝑋•,...,2,...• → 𝑋•,...,1,...•

induced by the same maps as before but in the 𝑖th factor of ∆, whose composite we
denote by − ◦𝑖 −. All these “composition” operations are appropriately unital and
associative, and the associativity includes relations between compositions in differ-
ent directions.The units are induced by the maps 𝜋 : [1] → [0] in∆; the operation of
precomposing by 𝜋 in the 𝑖th factor is denoted by id𝑖 (−) and increases the dimension
of a morphism by 1. We also have boundary operations, induced by the inclusions
𝜃0, 𝜃1 : [0] → [1]; precomposing by 𝜃𝑙 in the 𝑖th factor is denoted by 𝜕𝑙𝑖 , and this
operation lowers the dimension by 1. We call 𝜕0𝑖 ( 𝑓 ) and 𝜕1𝑖 ( 𝑓 ) the source and target of
𝑓 in the 𝑖th direction, and we call id𝑖 ( 𝑓 ) the identity of 𝑓 in the 𝑖th direction.

2.2 Globularity

We are going to introduce some extra conditions that one can impose on multisim-
plicial objects. Once again, we fix an∞-category𝒜 with finite limits.

Lemma 2.2 Let 𝐹 : 𝒟 → ℰ be a functor of ∞-categories with a right adjoint 𝐺 , and let
𝒟0 ⊆ 𝒟 andℰ0 ⊆ ℰ be full sub-∞-categories such that 𝐹0 := 𝐹 |𝒟0 factors throughℰ0. If
𝐺0 := 𝐺 |ℰ0 factors through𝒟0 then 𝐺0 is a right adjoint of 𝐹0.
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8 L. Riva and M. Rovelli

Proof Let 𝑑 ∈ 𝒟0 and 𝑒 ∈ ℰ0. Then

ℰ0 (𝐹0 (𝑑), 𝑒) ≃ℰ(𝐹0 (𝑑), 𝑒) ≃ 𝒟(𝑑, 𝐺 (𝑒)) ≃ 𝒟(𝑑, 𝐺0 (𝑒)) ≃ 𝒟0 (𝑑, 𝐺0 (𝑒))

where the last equivalence holds because, by assumption,𝐺0 (𝑒) ∈ 𝒟0. ■

Proposition 2.3 Let 𝑖 : ∆𝑛−1,op ≃ ∆𝑛−1,op × {0} ↩→ ∆𝑛,op denote the functor [𝑡] ↦→
[𝑡, 0]. The evaluation functor ev0 := 𝑖∗ : Fun(∆𝑛,op,𝒜) → Fun(∆𝑛−1,op,𝒜) given by
𝑋 ↦→ 𝑋•,...,•,0 admits a left and a right adjoint:

(L) its left adjoint 𝑖! : Fun(∆𝑛−1,op,𝒜) → Fun(∆𝑛,op,𝒜) sends 𝑋 to the functor
[𝑡, 𝑢] ↦→ 𝑋𝑡 which is constant in the last variable;

(R) its right adjoint 𝑖∗ : Fun(∆𝑛−1,op,𝒜) → Fun(∆𝑛,op,𝒜) sends 𝑋 to the functor
[𝑡, 𝑢] ↦→ (𝑋𝑡 )×(𝑢+1) , with projections as face maps and diagonals as degeneracy maps.

The left adjoint is fully faithful. Moreover, the evaluation functor restricts to ev0 :
Seg𝑛 (𝒜) → Seg𝑛−1 (𝒜) and the adjunctions 𝑖! ⊣ ev0 ⊣ 𝑖∗ restrict to adjunctions at the
level of iterated Segal objects.

Proof The object [0] ∈ ∆op is initial, so ev0 is simply the functor which takes the
limit in the last factor of ∆; therefore (L) follows. From the formula we see that the
unit of 𝑖! ⊣ ev0 is an equivalence, implying that 𝑖! is fully faithful. For (R) we just have
to show that we can right Kan extend along 𝑖: indeed, the pointwise formula for right
Kan extensions gives us

(RKan𝑖 (𝑋))𝑡 ,𝑢 ≃ lim
[𝑡 ,𝑢]→[𝑠,0]
in ∆𝑛+1,op

𝑋𝑠 ≃ lim
[0]→[𝑢]

in ∆

𝑋𝑡 ≃ 𝑋𝑢+1
𝑡 ,

where the limit exists since we assumed that𝒜 had all finite limits.

The formulas show that ev0𝑋 , 𝑖!𝑋 , and 𝑖∗𝑋 satisfy the Segal conditions in all coordi-
nates whenever 𝑋 does, so all these functors restrict appropriately. The last claim fol-
lows using Lemma 2.2 since Seg𝑛 (𝒜) is a full sub-∞-category of Fun(∆𝑛,op,𝒜). ■

Since the left adjoint 𝑖! is fully faithful we have a diagram of inclusions of full sub-∞-
categories:

𝒜 Seg1 (𝒜) Seg2 (𝒜) · · · Seg𝑛−1 (𝒜) Seg𝑛 (𝒜)

𝒜 Fun(∆op,𝒜) Fun(∆2,op,𝒜) · · · Fun(∆𝑛−1,op,𝒜) Fun(∆𝑛,op,𝒜)

Definition 2.3 Wesay that a functor 𝑋 : ∆𝑘,op → 𝒜 is constant if it belongs to the sub-
∞-category 𝒜, or equivalently if the canonical map 𝑋0,...,0 → 𝑋𝑡 is an equivalence
for every [𝑡] ∈ ∆𝑘 .

Definition 2.4 Let 1 ≤ 𝑘 ≤ 𝑛. We say that 𝑋 ∈ Fun(∆𝑛,op,𝒜) is globular at height 𝑘 if,
for every [𝑡] ∈ ∆𝑘−1, the (𝑛 − 𝑘 − 1)-simplicial object 𝑋𝑡 ,0,• is constant. We say that
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Zigzags and Free Adjunctions 9

𝑋 is globular up to height 𝑘 if it globular at heights 1, 2, . . . , 𝑘 . Denote by Glb𝑛,𝑘 (𝒜) ⊆
Fun(∆𝑛,op,𝒜) the full sub-∞-category spanned by the 𝑛-simplicial objects which are
globular up to height 𝑘 and by GlbSeg𝑛,𝑘 (𝒜) the further sub-∞-category spanned by
the 𝑛-uple Segal objects which are globular up to height 𝑘 . If 𝑋 ∈ Glb𝑛,𝑛 (𝒜) we just
say that it is globular.

Remark 2.4 If 𝑋 ∈ Seg𝑛 (𝒜), to check if it is globular at height 𝑘 it is enough to verify
the constancy condition for elementary tuples 𝑡, i.e. those containing only 0s and 1s.

If 𝑋 is globular up to height 𝑘 then it is globular up to height 𝑘 − 1, so we have a
diagram of inclusions

GlbSeg𝑛,𝑛 (𝒜) GlbSeg𝑛,𝑛−1 (𝒜) GlbSeg𝑛,𝑛−2 (𝒜) · · · GlbSeg𝑛,1 (𝒜) Seg𝑛 (𝒜)

Glb𝑛,𝑛 (𝒜) Glb𝑛,𝑛−1 (𝒜) Glb𝑛,𝑛−2 (𝒜) · · · Glb𝑛,1 (𝒜) Fun(∆𝑛,op,𝒜)

=

=

Note also that every 𝑛-simplicial object is globular at height 𝑛, since the 0-uple Segal
object 𝑋𝑡 ,0, being just an object of𝒜, is always constant. Thus the top left and bottom
left horizontal maps in the diagram are equalities.

After unpacking the definition, we see that an 𝑛-uple Segal space which is globular up
to height 𝑘 is determined by the data of

• spaces 𝑋0𝑛 , 𝑋1,0𝑛−1 , 𝑋1,1,0𝑛−2 , . . . , 𝑋1𝑘 ,0𝑛−𝑘 of 𝑖-morphisms for 0 ≤ 𝑖 ≤ 𝑘 ,

• an (𝑛 − 𝑘)-uple Segal space 𝑋1𝑘 ,•,...,• whose (0, . . . , 0)-morphisms are the 𝑘-
morphisms of 𝑋 ,

• appropriately unital and associative composition operations.

It turns out that globular 𝑛-uple Segal objects are also known by a different name.
Consider the ∞-category 𝑆𝑛 (𝒜) of 𝑛-fold Segal objects in 𝒜 (see [Hau18, Definition
4.4]) defined inductively as follows:

• 𝑆0 (𝒜) := 𝒜,

• 𝑆1 (𝒜) := Seg(𝒜),

• 𝑆𝑛 (𝒜) ⊆ Seg(𝑆𝑛−1 (𝒜)) is the full subcategory spanned by those functors 𝑋 :
∆op → 𝑆𝑛−1 (𝒜) such that 𝑋0 is constant, i.e. the map 𝑋0,0𝑛−1 → 𝑋0,𝑡 is an
equivalence for any [𝑡] ∈ ∆𝑛−1.

Proposition 2.5 For any 𝑛 ≥ 0 there is an equivalence between GlbSeg𝑛,𝑛 (𝒜) and the∞-
category of 𝑛-fold Segal objects in𝒜, and this equivalence commutes with their inclusion into
Seg𝑛 (𝒜).

2026/09/14 18:30

Downloaded from https://www.cambridge.org/core. 15 Nov 2026 at 17:28:43, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core


10 L. Riva and M. Rovelli

Proof Since both GlbSeg𝑛,𝑛 (𝒜) and 𝑆𝑛 (𝒜) are full sub-∞-categories of Seg𝑛 (𝒜),
it will be enough to show that GlbSeg𝑛,𝑛 (𝒜) admits the same inductive defini-
tion as 𝑆𝑛 (𝒜). The cases 𝑛 = 0 and 𝑛 = 1 are clear. For 𝑛 ≥ 2, an 𝑋 ∈
Seg(GlbSeg𝑛−1,𝑛−1 (𝒜)) ⊆ Fun(∆𝑛,op,𝒜) has the property that the (𝑛−1)-uple Segal
object 𝑋1 is globular at height 𝑘 for 1 ≤ 𝑘 ≤ 𝑛 − 1, which holds if and only if 𝑋 is
globular at height 𝑘 for 2 ≤ 𝑘 ≤ 𝑛. By definition, 𝑋0 is constant if and only if 𝑋
is globular at height 1. Hence 𝑋 ∈ GlbSeg𝑛,𝑛 (𝒜) if and only if, as a Segal functor
𝑋 : ∆op → GlbSeg𝑛−1,𝑛−1 (𝒜), the value 𝑋0 is constant. ■

We choose to avoid using the term “𝑛-fold Segal space” in the rest of the paper, despite
it being established in the literature. This is mostly because it can be easily confused
with “𝑛-uple Segal space” and because we feel that the adjective “globular” is a better
descriptor for the condition satisfied by 𝑛-fold Segal spaces.

2.3 Underlying globular objects

In [Hau18, Proposition 4.12] it is shown that the inclusion of 𝑛-fold Segal objects into
𝑛-uple Segal objects1 admits a right adjoint𝑈𝑛. Therefore, given Proposition 2.5, the
inclusion GlbSeg𝑛,𝑛 (𝒜) ⊆ Seg𝑛 (𝒜) also admits a right adjoint. In this subsection we
will produce a chain

Fun(∆𝑛,op,𝒜) → Glb𝑛,1 (𝒜) → Glb𝑛,2 (𝒜) → · · · → Glb𝑛,𝑛−1 (𝒜) → Glb𝑛,𝑛 (𝒜)

of right adjoints to the inclusions Glb𝑛,𝑘 (𝒜) ⊆ Glb𝑛,𝑘−1 whose composite is the
right adjoint of the inclusion Glb𝑛,𝑛 ⊆ Fun(∆𝑛,op,𝒜); by Proposition 2.5, the lat-
ter is equivalent to the right adjoint𝑈𝑛 of [Hau18] after restricting to the 𝑛-uple Segal
objects.

Proposition 2.6 For every 𝑛 ≥ 1 and 1 ≤ 𝑘 ≤ 𝑛, the inclusion Glb𝑛,𝑘 (𝒜) ⊆
Glb𝑛,𝑘−1 (𝒜) has a right adjoint 𝑅𝑛

𝑘 : Glb𝑛,𝑘−1 (𝒜) → Glb𝑛,𝑘 (𝒜).

Proof We concentrate first on the case 𝑘 = 1. The inclusion Glb𝑛,1 (𝒜) ⊆
Fun(∆𝑛,op,𝒜) corresponds to that of those functors ∆op → Fun(∆𝑛−1,op,𝒜) whose
value at 0 is constant, meaning we have a pullback square

Glb𝑛,1 (𝒜) Fun(∆𝑛,op,𝒜)

𝒜 Fun(∆𝑛−1,op,𝒜)

𝑋 ↦→𝑋0 𝑋 ↦→𝑋0,•,...,•

The top map has a right adjoint 𝑅𝑛
1 by [Hau18, Lemma 4.14]: indeed, the bottom map

admits a right adjoint (Lemma 2.2), the right vertical map is a cartesian fibration by a
slight modification of [Hau18, Lemma 4.15], and the diagram is a pullback.

1A word of warning when checking the reference: Haugseng uses the notation Cat𝑛 (𝒜) for 𝑛-
uple Segal objects and Seg𝑛 (𝒜) for 𝑛-fold Segal objects, while we use Seg𝑛 (𝒜) for the former and
GlbSeg𝑛,𝑛 (𝒜) for the latter.
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By induction on 𝑛 and 𝑘 we can assume that the inclusion Glb𝑛−1,𝑘−1 (𝒜) ⊆
Glb𝑛−1,𝑘−2 (𝒜) admits a right adjoint 𝑅𝑛−1

𝑘−1 . The induced map
Fun(∆op,Glb𝑛−1,𝑘−1 (𝒜)) → Fun(∆op,Glb𝑛−1,𝑘−2 (𝒜)) admits a right adjoint
𝑃 sending 𝑋 : ∆op → Glb𝑛−1,𝑘−2 (𝒜) to 𝑅𝑛−1

𝑘−1 (𝑋•) : ∆
op → Glb𝑛−1,𝑘−1 (𝒜) ([Hau18,

Lemma 4.18]). Thanks to Lemma 2.2, to show that 𝑃 restricts to a right adjoint

𝑅𝑛
𝑘 : Glb𝑛,𝑘−1 (𝒜) → Glb𝑛,𝑘 (𝒜)

it will be enough to show that, for all 𝑋 : ∆op → Glb𝑛−1,𝑘−2 (𝒜), if 𝑋0 is constant
then 𝑃(𝑋)0 is constant. But 𝑃(𝑋)0 ≃ 𝑅𝑛−1

𝑘−1 (𝑋0) ≃ 𝑋0 because 𝑋0 (being constant) is
already globular up to height 𝑘 − 1, so 𝑅𝑛−1

𝑘−1 fixes it; therefore 𝑃(𝑋)0 is constant and
we’re done. ■

Proposition 2.7 The right adjoints 𝑅𝑛
𝑘 : Glb𝑛,𝑘−1 (𝒜) → Glb𝑛,𝑘 (𝒜) restrict to right

adjoints 𝑅𝑛
𝑘 : GlbSeg𝑛,𝑘−1 (𝒜) → GlbSeg𝑛,𝑘 (𝒜) to the inclusion GlbSeg𝑛,𝑘 (𝒜) ⊆

GlbSeg𝑛,𝑘−1 (𝒜).

Proof The case 𝑘 = 1 holds for the same reasons as in Proposition 2.6 since
the constant diagram map 𝒜 ↩→ Fun(∆𝑛−1,𝒜) factors through Seg𝑛−1 (𝒜) and
since the map Seg𝑛 (𝒜) → Seg𝑛−1 (𝒜) evaluating at [0] on the first coordi-
nate is a cartesian fibration (again by [Hau18, Lemma 4.15]). Assume by induc-
tion that 𝑅𝑛−1

𝑘−1 (𝑋) satisfies the Segal condition whenever 𝑋 does. Then, if 𝑋 ∈
GlbSeg𝑛,𝑘−1 (𝒜) ⊆ Fun(∆op,GlbSeg𝑛−1,𝑘−2 (𝒜)) is written as a Segal presheaf 𝑌 :
∆op → GlbSeg𝑛−1,𝑘−2 (𝒜), we have that 𝑅𝑛

𝑘 (𝑋)𝑠,𝑡 ≃ 𝑅𝑛−1
𝑘−1 (𝑌𝑠)𝑡 ; thus 𝑅

𝑛
𝑘 (𝑋) satisfies

the Segal condition in the first coordinate since 𝑅𝑛−1
𝑘−1 preserves all limits and in the

remaining coordinates by the induction hypothesis. Hence 𝑅𝑛
𝑘 restricts to a functor

GlbSeg𝑛,𝑘−1 (𝒜) → GlbSeg𝑛,𝑘 (𝒜) and the claim follows by Lemma 2.2. ■

Corollary 2.8 The composite

𝑅𝑛 := 𝑅𝑛
𝑛𝑅

𝑛
𝑛−1 · · · 𝑅𝑛

2 𝑅
𝑛
1 : Seg𝑛 (𝒜) → GlbSeg𝑛,1 (𝒜) → · · · → GlbSeg𝑛,𝑛 (𝒜)

is a right adjoint to the inclusion Glb𝑛,𝑛 (𝒜) ⊆ Seg𝑛 (𝒜), and it is equivalent to the right
adjoint𝑈𝑛 under the identification of Proposition 2.5.

We also have a relatively explicit formula for 𝑅𝑛
𝑘 (𝑋) in terms of 𝑋 generalizing

[Hau18, Remark 4.13].

Definition 2.5 Let 𝜏𝑘 : Fun(∆𝑛,op,𝒜) → Fun(∆𝑘,op,𝒜) denote the functor which
evaluates at [0] in the last 𝑛 − 𝑘 coordinates: (𝜏𝑘𝑋)𝑡 ≃ 𝑋𝑡 ,0 for any [𝑡] ∈ ∆𝑘 . We call
𝜏𝑘𝑋 the truncation of 𝑋 to height 𝑘 .

Remark 2.9 Notice that 𝜏𝑘 restricts to truncation functors

Seg𝑛 (𝒜) → Seg𝑘 (𝒜), Glb𝑛,𝑙 (𝒜) → Glb𝑘,𝑙
′ (𝒜), GlbSeg𝑛,𝑙 (𝒜) → GlbSeg𝑘,𝑙

′ (𝒜)

where 𝑙′ = 𝑙 if 𝑙 ≤ 𝑛 − 𝑘 and 𝑙′ = 𝑘 if 𝑙 ≥ 𝑛 − 𝑘 .
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12 L. Riva and M. Rovelli

Proposition 2.10 Fix 2 ≤ 𝑘 ≤ 𝑛 + 1 and let 𝑋 ∈ Glb𝑛,𝑘−1 (𝒜). Denote by 𝑒 :
Fun(∆𝑛,op,𝒜) → Fun(∆𝑛−1,op,𝒜) the functor evaluating the 𝑘th coordinate at [0] , and
let 𝑟 be its right adjoint. Then the commutative square

𝑅𝑛
𝑘 (𝑋) 𝑋

𝑟 (𝜏𝑘−1𝑋) 𝑟 (𝑒𝑋)

in Fun(∆𝑛,op,𝒜) is a pullback.

Proof Firstwewill show that 𝑃 := 𝑋×𝑟 (𝑒𝑋) 𝑟 (𝜏𝑘−1𝑋) ∈ Glb𝑛,𝑘 (𝒜) by showing that
𝑃𝑢,0,𝑣 ≃ 𝑃𝑢,0𝑛−𝑘 for any 𝑢 ∈ ∆𝑘−1 and 𝑣 ∈ ∆𝑛−𝑘−1. A quick computation shows that

(𝑟 (𝜏𝑘−1𝑋))𝑢,0,𝑣 ≃ 𝑋𝑢,0𝑛−𝑘 , (𝑟 (𝑒𝑋))𝑢,0,𝑣 ≃ 𝑋𝑢,0,𝑣

and so
𝑃𝑢,0,𝑣 ≃ 𝑋𝑢,0,𝑣 ×𝑋𝑢,0,𝑣 𝑋𝑢,0𝑛−𝑘 ≃ 𝑋𝑢,0𝑛−𝑘 ≃ 𝑃𝑢,0𝑛−𝑘 .

Now note that if𝑌 ∈ Glb𝑛,𝑘 (𝒜) then

Map(𝑌, 𝑟 (𝜏𝑘−1𝑋)) ≃ Map(𝑒𝑌, 𝜏𝑘−1𝑋) ≃ Map(𝜏𝑘−1𝑌, 𝜏𝑘−1𝑋)

and

Map(𝑌, 𝑟 (𝑒𝑋)) ≃ Map(𝑒𝑌, 𝑒𝑋) ≃ Map(𝜏𝑘−1𝑌, 𝑒𝑋) ≃ Map(𝜏𝑘−1𝑌, 𝜏𝑘−1𝑋).
since 𝑒𝑌 ≃ 𝜏𝑘−1𝑌 by the globularity of 𝑌 at height 𝑘 . The equivalences are seen to
commute with the map 𝑟 (𝜏𝑘−1𝑋) → 𝑟 (𝑒𝑋), so

Map(𝑌, 𝑃) ≃ Map(𝑌, 𝑋) ×Map(𝑌,𝑟 (𝑒𝑋) ) Map(𝑌, 𝑟 (𝜏𝑘−1𝑋)) ≃ Map(𝑌, 𝑋)

naturally in𝑌 ∈ Glb𝑛,𝑘 (𝒜), which implies that 𝑃 ≃ 𝑅𝑛
𝑘 (𝑋). ■

2.4 Segalification

Fromnowonwewill focus on the case𝒜 = 𝔖which is central to the aimof this paper;
nevertheless, most of what will appear can be generalized to the case of an arbitrary
∞-topos.

Recall that since Seg(𝔖) is obtained from the presheaf ∞-category Fun(∆op,𝔖) by
localizing at the Segal maps, Seg(𝔖) is a reflective sub-∞-category of Fun(∆op,𝔖),
meaning that there is a left adjoint L : Fun(∆op,𝔖) → Seg(𝔖) to the inclusion.
We call L the Segalification functor. The inclusion Seg𝑛 (𝔖) ⊆ Fun(∆𝑛,op,𝔖) is also
reflective and so comes with its own Segalification functor L : Fun(∆𝑛,op,𝔖) →
Seg𝑛 (𝔖).

Definition 2.6 The Segalification functor in the 𝑘th coordinate is the functor L𝑘 :
Fun(∆𝑛,op,𝔖) → Fun(∆𝑛−1,op, Seg(𝔖)) defined by

Fun(∆𝑛,op,𝔖) ≃ Fun(∆𝑛−1,op, Fun(∆op,𝔖)) L◦−−−−→ Fun(∆𝑛−1,op,𝔖)
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where the first equivalence moves the 𝑘th copy of ∆op to the right-hand side of
Fun(−,−).

Note that we can apply L𝑘 iteratively, one 𝑘 at a time, to obtain a func-
tor Fun(∆𝑛,op,𝔖) → Fun(∆𝑛,op,𝔖). This functor is not equivalent to L :
Fun(∆𝑛,op,𝔖) → Fun(∆𝑛,op,𝔖). Indeed, for any 𝑘 ≠ 𝑙 , L𝑙L𝑘𝑋 is Segal in the 𝑙th
coordinate but is not guaranteed to be Segal in the 𝑘th coordinate – this is essentially
because L𝑙 might not preserve finite limits. There is a partial fix for this:

Fact 2.11 ([BS24, Lemma 2.15]) Assume that 𝑋 ∈ Glb𝑛,𝑛 (𝔖) satisfies the Segal condition
in the first 𝑘 − 1 coordinates. Then L𝑘𝑋 remains globular (i.e. L𝑘𝑋 ∈ Glb𝑛,𝑛 (𝔖)) and
satisfies the Segal condition in the first 𝑘 coordinates.

Thus if we Segalify a globular presheaf one coordinate at a time we don’t have to
worry about the Segal condition breaking at any point. The fix can be strengthened
to presheaves that are globular only up to height 𝑘 ; in fact, the following result was
the main drive to develop the definition of Glb𝑛,𝑘 (−) in the first place.

Proposition 2.12 Assume 𝑋 ∈ Glb𝑛,𝑘−1 (𝔖) satisfies the Segal condition in the first 𝑘 − 1
coordinates. Then L𝑘𝑋 remains in Glb𝑛,𝑘−1 (𝔖) and satisfies the Segal condition in the first
𝑘 coordinates.

An immediate consequence is:

Corollary 2.13 If 𝑋 ∈ Fun(∆𝑛,op,𝔖) then

(𝑅𝑛
𝑛 ◦ L𝑛 ◦ 𝑅𝑛

𝑛−1 ◦ L𝑛−1 ◦ · · · ◦ 𝑅𝑛
1 ◦ L1)(𝑋)

is a globular 𝑛-uple Segal space.

The proof of Proposition 2.12 is a straightforward modification of the proof of [BS24,
Lemma 2.15]; we will write it down anyway, both for ease of reference and because
we will make use of the intermediary Fact 2.14 in later parts of the paper.

Definition 2.7 Thewedge 𝐴∨𝐵 of twobipointed categories (𝐴, 𝑎0, 𝑎1) and (𝐵, 𝑏0, 𝑏1)
is the bipointed category (𝐴 ⊔𝑎1=𝑏0 𝐵, 𝑎0, 𝑏1). A necklace is an iterated wedge 𝑁 =
[𝑛1] ∨ [𝑛2] ∨ · · · ∨ [𝑛𝑘] where each representable [𝑛] carries the bipointing (0, 𝑛).
We denote by N the category whose objects are necklaces and whose morphisms are
maps of bipointed categories.

Fact 2.14 ([BS24, Observation 1.16, Proposition 1.17]) The Segalification functor L :
Fun(∆op,𝔖) → Seg(𝔖) can be computed pointwise as

(L𝑋)𝑡 ≃ colim
(𝑁1 ,...,𝑁𝑡 ) ∈N𝑛,op

Map(𝑁1 ∨ 𝑁2 ∨ · · · ∨ 𝑁𝑡 , 𝑋).
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14 L. Riva and M. Rovelli

In particular, L(𝑋)0 ≃ 𝑋0 and the space of 1-morphisms of L𝑋 is

(L𝑋)1 ≃ colim
𝑁 ∈Nop

Map(𝑁, 𝑋) ≃ colim
[𝑛1 ]∨···∨[𝑛𝑘 ]

𝑋𝑛1 ×𝑋0 · · · ×𝑋0 𝑋𝑛𝑘

and so any 1-morphism of L𝑋 can be written (possibly non-uniquely) as a formal composition
of points of 𝑋1.

Fact 2.15 ([BS24, Lemmas 1.27, 2.14]) Suppose 𝐹 : Nop → Seg(𝔖) is a functor such that
𝐹 (−)0 : Nop → 𝔖 is constant. Then colim

𝑁 ∈Nop
𝐹 (𝑁) is a Segal space.

Proof If 𝑖 ≤ 𝑘 − 2 and [𝑡] ∈ ∆𝑖 then (L𝑘𝑋)𝑡 ,0,• ≃ L𝑘−𝑖−1 (𝑋𝑡 ,0,•); but 𝑋𝑡 ,0,• is
a constant (𝑛 − 𝑖 − 1)-simplicial space (since 𝑋 is globular up to height 𝑘 − 1) and
hence an (𝑛 − 𝑖 − 1)-uple Segal space, so it is fixed under Segalification. Therefore
(L𝑘𝑋)𝑡 ,0,• ≃ 𝑋𝑡 ,0,• ≃ 𝑋𝑡 ,0𝑛−𝑖 ≃ (L𝑘𝑋)𝑡 ,0𝑛−𝑖 and so L𝑘𝑋 is also globular up to height
𝑘 − 1.

By construction L𝑘𝑋 is Segal in the 𝑘th coordinate. To prove it remains Segal in the
𝑖th coordinate, for 𝑖 < 𝑘 , we just have to show that (L𝑘𝑋)𝑡 ,•,𝑢,𝑙,𝑣 is a Segal space when
𝑙 = 0, 1, where we have fixed [𝑡] ∈ ∆𝑖−1, [𝑢] ∈ ∆𝑘−𝑖−1, and [𝑣] ∈ ∆𝑛−𝑘 . For 𝑙 = 0
there is nothing to do: L𝑘 fixes the space of objects (Fact 2.14) and so (L𝑘𝑋)𝑡 ,•,𝑢,0,𝑣 ≃
𝑋𝑡 ,•,𝑢,0,𝑣 is clearly Segal. For 𝑙 = 1, Fact 2.14 gives us

(L𝑘𝑋)𝑡 ,•,𝑢,1,𝑣 ≃ colim
[𝑛1 ]∨···∨[𝑛 𝑗 ]∈Nop

𝑋𝑡 ,•,𝑢,𝑛1 ,𝑣 ×𝑋𝑡,•,𝑢,0,𝑣 · · · ×𝑋𝑡,•,𝑢,0,𝑣 𝑋𝑡 ,•,𝑢,𝑛 𝑗 ,𝑣

as presheaves on ∆. We can now apply Fact 2.15: each 𝑋𝑡 ,•,𝑢,𝑙,𝑣 is Segal by assump-
tion (as 𝑖 < 𝑘 ) and the Segal condition is preserved under pullbacks, so each
𝑋𝑡 ,•,𝑢,𝑛1 ,𝑣 ×𝑋𝑡,•,𝑢,0,𝑣 · · · ×𝑋𝑡,•,𝑢,0,𝑣 𝑋𝑡 ,•,𝑢,𝑛 𝑗 ,𝑣 is a Segal space; moreover, plugging • = 0
yields

𝑋𝑡 ,0,𝑢,𝑛1 ,𝑣×𝑋𝑡,0,𝑢,0,𝑣 · · ·×𝑋𝑡,0,𝑢,0,𝑣𝑋𝑡 ,0,𝑢,𝑛 𝑗 ,𝑣 ≃ 𝑋𝑡 ,0𝑛−𝑖×𝑋𝑡,0𝑛−𝑖
· · ·×𝑋𝑡,0𝑛−𝑖

𝑋𝑡 ,0𝑛−𝑖 ≃ 𝑋𝑡 ,0𝑛−𝑖

since 𝑋 is globular at height 𝑖 for 𝑖 ≤ 𝑘 − 1. The fact implies that the colimit is again a
Segal space, so we’re done. ■

2.5 A brief comment on completeness

There is an additional condition that one can impose on globular 𝑛-uple Segal spaces,
called completeness, which we won’t dwell much on.They key property we need is that
the full sub-∞-category of GlbSeg𝑛,𝑛 (𝔖) spanned by the complete objects is a model
of the ∞-category of (∞, 𝑛)-categories; this was proven for 𝑛 = 1 in [JT07] and for
arbitrary 𝑛 in [Bar05]. In other words, we have a fully faithful functor ℭ𝔞𝔱 (∞,𝑛) ↩→
GlbSeg𝑛,𝑛 (𝔖) with a left adjoint 𝐶 : GlbSeg𝑛,𝑛 (𝔖) → ℭ𝔞𝔱 (∞,𝑛) called the completion
functor. This is good news for us since the (∞, 𝑛)-category we are interested in should
have amapping-out universal property, so we can reasonably construct it as𝐶 (𝑋) for
some 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖). Then, instead of studying 𝐶 (𝑋) closely, we can study the
spaceMap(𝐶 (𝑋),𝒟) of functors into an (∞, 𝑛)-category𝒟 by studying the (possibly
simpler) equivalent space Map(𝑋,𝒟).

2026/09/14 18:30

Downloaded from https://www.cambridge.org/core. 15 Nov 2026 at 17:28:43, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core


Zigzags and Free Adjunctions 15

In light of this equivalence, from now on we will use the term “(∞, 𝑛)-category” to
mean “complete globular 𝑛-uple Segal space”.Wewill also treat every strict 𝑛-category
as an (∞, 𝑛)-category and thus as a globular 𝑛-uple Segal space.

Remark 2.16 There is a functor 𝑤 : ∆𝑛 → ℭ𝔞𝔱𝑛 which sends [𝑡] to the walking 𝑡-cell.
It is uniquely determined by the following three properties:

(a) 𝑤(𝑘) := 𝑤([1, . . . , 1, 0, . . . , 0]) is the walking 𝑘-morphism;

(b) if 𝑡 = (𝑟, 0, 𝑠) then 𝑤(𝑡) = 𝑤(𝑟, 0);

(c) 𝑤 is co-Segal: it sends the Segal maps to pushouts.

It can be verified that the composite 𝑤 : ∆𝑛 → ℭ𝔞𝔱𝑛 ⊆ ℭ𝔞𝔱 (∞,𝑛) → GlbSeg𝑛,𝑛 (𝔖)
satisfies

Map(𝑤(𝑡), 𝑋) ≃ Map([𝑡], 𝑋) ≃ 𝑋𝑡

for any globular 𝑛-uple Segal space 𝑋 .

2.6 Adjoint morphisms

We conclude this section with a few definitions.

Definition 2.8 Denote by Adj the universal 2-category containing an adjunction 𝑓 ⊣
𝑔 (see, for example, [RV16]). Explicitly, Adj is generated by two objects 𝑥, 𝑦, two 1-
morphisms 𝑓 : 𝑥 → 𝑦, 𝑔 : 𝑦 → 𝑥, and two 2-morphism 𝜂 : id(𝑥) ⇒ 𝑔 𝑓 , 𝜀 : 𝑓 𝑔 ⇒
id(𝑦) satisfying the triangle equations

(𝜀 ◦1 id( 𝑓 )) ◦2 (id( 𝑓 ) ◦1 𝜂) = id( 𝑓 ), (id(𝑔) ◦1 𝜀) ◦2 (𝜂 ◦1 id(𝑔)) = id(𝑔).

As usual, we call 𝑓 the left adjoint, 𝑔 the right adjoint, 𝜂 the unit, and 𝜀 the counit. An
adjunction of 1-morphisms in an (∞, 𝑛)-category𝒞 is a map Adj→ 𝒞.

Definition 2.9 Let 𝒞 be an (∞, 𝑛)-category and let 1 ≤ 𝑘 ≤ 𝑛 − 1. An adjunction of
𝑘-morphisms in𝒞 is an adjunction of 1-morphisms inMor𝑘−1 (𝒞), the (∞, 𝑛− 𝑘 +1)-
category of (𝑘 − 1)-morphisms in 𝒞. If 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖) has completion 𝒳, an
adjunction of 𝑘-morphisms in 𝑋 is an adjunction of 𝑘-morphisms in𝒳.

Remark 2.17 If 𝑋 is not complete we can still compute the adjunctions in it without
first completing it: they are given as inDefinition 2.8 except that the triangle equations
only have to hold up to an invertible higher morphism. If 𝑋 is complete then higher
invertiblemorphisms are equivalent to identities, so the problem of distinguishing the
two definitions does not arise.

We borrow the following terminology from [DPP03]:
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16 L. Riva and M. Rovelli

Definition 2.10 Let 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖). We say that 𝑋 is k-sinister if every 𝑘-
morphism of 𝑋 extends to an adjunction of 𝑘-morphisms in 𝑋 for which it is a left
adjoint. We say that 𝑋 is sinister if it is 𝑘-sinister for all 𝑘 = 1, . . . , 𝑛 − 1.

3 Squares and zigzags

In this section we will define our main object of interest, a functor Z𝑛+1
+ :

GlbSeg𝑛,𝑛 (𝔖) → GlbSeg𝑛+1,𝑛+1 (𝔖) such that the morphisms of Z𝑛+1
+ (𝑋) are cer-

tain zigzag diagrams in 𝑋 . First we will have to introduce an auxiliary functor Sq𝑛 :
GlbSeg𝑛,𝑛 (𝔖) → Seg𝑛 (𝔖), the higher square functor, which we then modify a bit to
obtainZ𝑛+1

+ .

3.1 Lax cubes

We borrow the following result from [Cam23, Theorem A]:

Proposition 3.1 For any 𝑛 ≥ 1 there is a functor − ⊗ − : ℭ𝔞𝔱 (∞,𝑛) × ℭ𝔞𝔱 (∞,𝑛) →
ℭ𝔞𝔱 (∞,𝑛) which turnsℭ𝔞𝔱 (∞,𝑛) into a closedmonoidal∞-categorywith unit [0] , the terminal
(∞, 𝑛)-category.

Definition 3.1 Denote by □𝑛 : ∆𝑛 → ℭ𝔞𝔱 (∞,𝑛) the composite

𝑦 ⊗ · · · ⊗ 𝑦 : ∆𝑛 ↩→ (ℭ𝔞𝔱 (∞,1) )𝑛 ↩→ (ℭ𝔞𝔱 (∞,𝑛) )𝑛 → ℭ𝔞𝔱 (∞,𝑛)

of the 𝑛-fold product of the canonical map 𝑦 : ∆ ↩→ ℭ𝔞𝔱 (∞,1) with the tensor
product ⊗ from Campion’s theorem. We call □(𝑛) := □𝑛 (1, . . . , 1) ∈ ℭ𝔞𝔱 (∞,𝑛) the
𝑛-dimensional lax cube.

Lemma 3.2 The functor □𝑛 has the following properties:

(1) it factors through gaunt strict 𝑛-categories;

(2) it is co-Segal: its values are given by iterated pushouts of the values of elementary 𝑛-tuples,
and these pushouts can be computed strictly or weakly;

(3) for any 𝑎, 𝑏 ≥ 0 such that 𝑎 + 𝑏 = 𝑛 − 1 there is a commutative diagram

∆𝑛−1 ℭ𝔞𝔱 (∞,𝑛−1)

∆𝑎 × {[0]} × ∆𝑏

∆𝑛 ℭ𝔞𝔱 (∞,𝑛)

≃

□𝑛−1

□𝑛

Proof The first property follows from the fact that ⊗ restricts to the usual Gray
tensor product of strict 𝑛-categories. The second property holds since the Yoneda
embedding 𝑦 : ∆ → ℭ𝔞𝔱 (∞,1) is co-Segal and ⊗ preserves colimits in each variable;
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Zigzags and Free Adjunctions 17

that the pushouts can be computed strictly is spelled out in detail in [Cam23].The third
property is a reformulation of the fact that [0] is the unit of ⊗. ■

Our next order of business is to understand□(𝑛) for all 𝑛; thanks to the two properties
above this is enough to understand□𝑛 (𝑡) for all 𝑡.The description of□(𝑛) that we will
use is a small modification of the one presented in [AABS02] with the only difference
occurring in the sign rule that determines the orientation of the boundary of a given
𝑘-morphism of □(𝑛). This will be made clearer once we have defined the objects of
interest and stated the characterization.

We fix a combinatorial 𝑛-cube 𝐼𝑛, the 𝑛-fold product of the combinatorial interval
𝐼 = {0, 1}. Let 𝑝0 = {0} and 𝑝1 = {1}.

Definition 3.2 A 𝑘-dimensional face 𝑓 of 𝐼𝑛 is a word 𝑎1𝑎2 · · · 𝑎𝑛 of length 𝑛 in
the alphabet {𝑝0, 𝑝1, 𝐼} containing exactly 𝑘 many copies of 𝐼 . For two faces 𝑓 =
𝑎1𝑎2 · · · 𝑎𝑛 and 𝑔 = 𝑏1𝑏2 · · · 𝑏𝑛, we say that 𝑓 is contained in 𝑔 and write 𝑓 ⊆ 𝑔 if
𝑎𝑖 ≠ 𝑏𝑖 implies 𝑏𝑖 = 𝐼 .

Remark 3.3 The characteristic map of a face 𝑓 is the injective function 𝜒 𝑓 : 𝐼𝑘 → 𝐼𝑛

defined as the product 𝜑1 × 𝜑2 × · · · × 𝜑𝑛, where

𝜑𝑖 =

{
𝑝𝑙 ↩→ 𝐼 if 𝑎𝑖 = 𝑝𝑙 ,

id𝐼 if 𝑎𝑖 = 𝐼

is either an inclusion or the identity map on 𝐼 . Geometrically, a face 𝑓 = 𝑎1𝑎2 · · · 𝑎𝑛
with 𝑎𝑖 ∈ {𝑝0, 𝑝1, 𝐼} corresponds to the subset

∏
𝑖 𝑎𝑖 ⊆ 𝐼𝑛, which is also the image

of 𝜒 𝑓 .

Definition 3.3 We define the parity 𝜎( 𝑓 , 𝑔) of 𝑓 relative to 𝑔 for a 𝑘-dimensional face
𝑓 contained in a (𝑘 + 1)-dimensional face 𝑔 of 𝐼𝑛.

• If 𝑘 = 𝑛− 1 then 𝑔 = 𝐼𝑛 and 𝑓 contains exactly one copy of 𝑝𝑙 , say in coordinate
𝑟 , for some 𝑙 ∈ {0, 1}. The parity of 𝑓 is the number 𝜎( 𝑓 , 𝐼𝑛) := 𝑟 + 𝑙 + 𝑛
computed modulo 2.

• If 𝑘 < 𝑛 − 1 then the characteristic map of 𝑓 factors through that of 𝑔 via a
function 𝐼𝑘 → 𝐼𝑘+1. In this case we set 𝑛 = 𝑘 + 1 and treat 𝑔 as 𝐼𝑛, 𝑓 as a face of
𝑔 of dimension 𝑛 − 1 = 𝑘 , and apply the previous definition.

Remark 3.4 An equivalent way to compute 𝜎( 𝑓 , 𝑔) is as follows. Take the word 𝑔 =
𝑏1 · · · 𝑏𝑛 and erase all 𝑛 − 𝑘 − 1 copies of 𝑝𝑙 , leaving only the 𝑘 + 1 copies of 𝐼 . Say
that those copies of 𝑝𝑙 were 𝑏𝑖1 , . . . , 𝑏𝑖𝑛−𝑘−1 . Now erase from 𝑓 = 𝑎1 · · · 𝑎𝑛 the entries
𝑎𝑖1 , . . . , 𝑎𝑖𝑛−𝑘−1 , which were all copies of 𝑝

𝑙 since 𝑓 ⊆ 𝑔. Now the resulting word has
length 𝑘 + 1 and contains 𝑘 copies of 𝐼 and a single 𝑝𝑙 , say in the new coordinate 𝑟 .
The number 𝜎( 𝑓 , 𝑔) is precisely 𝑟 + 𝑙 + (𝑘 + 1).
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18 L. Riva and M. Rovelli

Fact 3.5 (Reformulation of [AABS02, Theorem 1.3]) For any 𝑛, □(𝑛) is a strict gaunt finite
𝑛-category with the following properties:

(a) if𝐺𝑛
𝑘 denotes the set of 𝑘-dimensional faces of 𝐼

𝑛 then there is an injection from𝐺𝑛
𝑘 ↩→

𝑀𝑛
𝑘 to the set of non-degenerate 𝑘-morphisms of □(𝑛);

(b) if 𝑓 ∈ 𝐺𝑛
𝑘 , the source/target of 𝑓 when treated as a 𝑘-morphism of □(𝑛) is the (unique)

composition of the even/odd (𝑘−1)-dimensional faces of 𝑓 , where the parity is calculated
relative to 𝑓 ;

(c) the subset𝐺𝑛
𝑘 and the identity 𝑘-morphisms of lower dimensional morphisms freely gen-

erate𝑀𝑛
𝑘 under composition, where freely means that the only relation is the cancellation

of identities.

Remark 3.6 As mentioned before, the only change we made from the construction
in [AABS02] is in how the parity of a face is defined; translating the definition given
right before theirTheorem 1.3we see that they set it to be𝜎( 𝑓 , 𝐼𝑛) = 𝑟+𝑙+1, without
the contribution of the dimension 𝑛. Thus our parity corresponds with theirs when 𝑛
is odd and is opposite to theirs when 𝑛 is even. The parity only changes the direction
of the even-dimensional morphisms, so one can pass from one model to the other by
applying (−)op2 ,op4 ,... . We will explain later why our definition works better for our
purposes.

Example 3.7 Here are the first three values of □(𝑛). These can be computed from
Fact 3.5 or looked up – for example, they appear in [Cam23, Figure 1].

(0) □(0) is the terminal category [0], which we draw like this: •.

(1) □(1) is the walking arrow [1], which we draw like this: • • .

(2) □(2) is the walking lax commutative square, which we draw like this:
• •
• •
⇓ .

(3) We draw □(3) as two 2-categories connected by a 3-morphism:

• •
• •

•
• •

⇓
⇓

⇓
⇛

• •
•

• •
• •

⇓
⇓

⇓

Corollary 3.8 Let 𝐹 (𝑛) denote the poset of 𝑘-dimensional faces of 𝐼𝑛 for 0 ≤ 𝑘 < 𝑛, ordered
by containment. Then there is a functor 𝐹 (𝑛) → ℭ𝔞𝔱 (∞,𝑛) , 𝑓 ↦→ □(dim 𝑓 ) whose colimit
𝜕□(𝑛) ∈ ℭ𝔞𝔱 (∞,𝑛) is the underlying sub-(𝑛 − 1)-category of □(𝑛). In particular we have a
colimit decomposition

□(𝑛) ≃ 𝜕□(𝑛) ⊔𝑤 (𝑛−1)⊔𝑤 (𝑛−1) 𝑤(𝑛)

where 𝑤(𝑛) is the walking 𝑛-morphism.

2026/09/14 18:30

Downloaded from https://www.cambridge.org/core. 15 Nov 2026 at 17:28:43, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core


Zigzags and Free Adjunctions 19

Proof This is immediate from the fact that the 𝑘-dimensional faces of 𝐼𝑛 generate
all the 𝑘-morphisms of □(𝑛), and that the compositions are all free (i.e. obtained by
pasting walking 𝑘-morphisms together). ■

3.2 Some maps of lax cubes

The advantage of having an explicit description of □(𝑛) is that mapping out of it
becomes easier. In this subsection we will study “collapse” maps 𝜅(𝑛) : □(𝑛) → 𝑤(𝑛)
onto the walking 𝑛-morphism.

First recall that 𝑤(𝑛) has exactly two non-degenerate parallel 𝑘-morphisms for 0 ≤
𝑘 < 𝑛 and a single 𝑛-morphism. Label the unique 𝑛-morphism by 𝐽𝑛 and label the two
𝑘-morphisms via thewords 𝐽𝑘𝑞𝑙 ; with respect to the (one or two) (𝑘+1)-morphism(s)
in𝑤(𝑛), the one with 𝑙 = 0 is the source and the one with 𝑙 = 1 is the target. Note that
the source and target of 𝐽𝑘𝑞𝑙 are given by 𝐽𝑘−1𝑞0 and 𝐽𝑘−1𝑞1, respectively. Now, for
a face 𝑓 of 𝐼𝑛 of dimension smaller than 𝑛 there exists a unique pair (𝑘 𝑓 , 𝑙 𝑓 ) such that
the word representing 𝑓 begins with 𝐼𝑘 𝑓 𝑝𝑙 𝑓 . Note that dim 𝑓 ≥ 𝑘 𝑓 since there could
be some more copies of 𝐼 in the word representing 𝑓 that appear after 𝑝𝑙 𝑓 .

Definition 3.4 Define 𝜅(𝑛) on a generator 𝑓 of □(𝑛) by

𝜅(𝑛)( 𝑓 ) := iddim 𝑓 −𝑘 𝑓 (𝐽𝑘 𝑓 𝑞𝑙 𝑓 )

if dim 𝑓 < 𝑛 and 𝜅(𝑛)(𝐼𝑛) := 𝐽𝑛. Composition in □(𝑛) is free so we are forced to
define 𝜅(𝑛) ( 𝑓 ◦𝑘 𝑔) := 𝜅(𝑛)( 𝑓 ) ◦𝑘 𝜅(𝑛)(𝑔) for arbitrary morphisms 𝑓 , 𝑔 of □(𝑛).

Example 3.9 It might be instructive to draw what happens when 𝑛 = 2 and 𝑛 = 3
(𝜅(𝑛) is the identity when 𝑛 ≤ 1). This is 𝜅(2):

• •
• •
⇓ 𝜅 (2)−−−→ • •⇓

We interpret the colors as telling us where each component is sent to. For example,
the red colored dots and arrow on the left are all sent to the red dot on the right, and
the top blue arrow on the left is sent to the top blue arrow on the right.

This is 𝜅(3):

• •
• •

•
• •

⇓
⇓

⇓
⇛

• •
•

• •
• •

⇓
⇓

⇓

𝜅 (3)−−−→ • •⇛

Obviously, in both examples, whenever a 𝑘-morphism 𝑓 on the left has the same color
as a 𝑗-morphism 𝑔 on the right and 𝑗 < 𝑘 then we are indicating that 𝑓 is sent to the
corresponding identity 𝑘-morphism of 𝑔.
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20 L. Riva and M. Rovelli

Proposition 3.10 The associations above make 𝜅(𝑛) into a functor □(𝑛) → 𝑤(𝑛) of 𝑛-
categories.

Proof Composition is taken care of, as are identities, so we just have to check that
𝜅(𝑛) preserves the sources and targets of the generatingmorphisms.Wewill only treat
the case where dim 𝑓 = 𝑘 𝑓 , as the general case can be deduced from it. If dim 𝑓 = 𝑘 𝑓

then 𝑓 starts with 𝐼𝑘 𝑓 𝑝𝑙 𝑓 and contains no other copies of 𝐼 .Then 𝜅(𝑛)( 𝑓 ) = 𝐽𝑘 𝑓 𝑞𝑙 𝑓 , so
we have to verify that the source of 𝑓 is sent to 𝐽𝑘 𝑓 −1𝑞0. Now, the even subfaces of 𝑓
come in two flavors: there’s the one which starts with 𝐼𝑘 𝑓 −1𝑝0𝑝𝑙 𝑓 , which 𝜅(𝑛) sends
to 𝐽𝑘 𝑓 −1𝑞0, and the other ones all start with 𝐼𝑎𝑝𝑐 𝐼𝑏𝑝𝑙 𝑓 , which forces 𝜅(𝑛) to send
them to some identity of a lower dimensional morphism. Therefore the composition
of the even subfaces of 𝑓 , i.e. the source of 𝑓 , is sent to a composition of 𝐽𝑘 𝑓 −1𝑞0 with
some identities of lower dimensional morphisms; but the only composition of that
form available in𝑤(𝑛) returns 𝐽𝑘 𝑓 −1𝑞0, which is what we needed.The same argument
applied to 𝐼𝑘 𝑓 −1𝑝1𝑝𝑙 𝑓 shows that the target of 𝑓 is sent to 𝐽𝑘 𝑓 −1𝑞1. ■

We want to extend 𝜅(𝑛) to a natural transformation of functors □𝑛 → 𝑤. To do this
we will need the following technical lemma:

Lemma 3.11 Let 𝐹, 𝐺 : ∆𝑛 → ℭ𝔞𝔱𝑛 be Segal functors valued in strict 𝑛-categories; in
particular, the Segal maps are isomorphisms, not just equivalences. Let 𝜎, 𝜏 : [0] → [1] and
𝜌 : [1] → [0] be the three maps in∆ between [0] and [1] , and let 𝛾 : [1] → [2] denote the
unique active map. Let {𝛼𝑡 : 𝐹 (𝑡) → 𝐺 (𝑡) | 𝑡 is an elementary 𝑛-tuple} be a collection of
maps defined for elementary 𝑛-tuples. Extend 𝛼𝑡 : 𝐹 (𝑡) → 𝐺 (𝑡) to non-elementary 𝑛-tuples
via the Segal maps:

𝛼𝑡 := colim
𝑒→𝑡

𝛼𝑒 : 𝐹 (𝑡) � colim
𝑒→𝑡

𝐹 (𝑒) → colim
𝑒→𝑡

𝐺 (𝑒) � 𝐺 (𝑡)

where the colimit is taken over all inert map 𝑒 → 𝑡 with 𝑒 elementary. Then𝛼𝑡 for 𝑡 ∈ ∆𝑛 form
the components of a natural transformation 𝛼 : 𝐹 → 𝐺 if and only if the natural diagram

𝐹 (𝑠) 𝐺 (𝑠)

𝐹 (𝑡) 𝐺 (𝑡)

𝛼𝑠

𝐹 (𝜑) 𝐺 (𝜑)
𝛼𝑡

commutes for all 𝑠, 𝑡, 𝜑 with the following properties:

(1) 𝑠 = (𝑎, 𝑠𝑖 , 𝑏) and 𝑡 = (𝑎, 𝑡𝑖 , 𝑏) with 𝑎 and 𝑏 both elementary tuples;

(2) 𝜑𝑖 : [𝑠𝑖] → [𝑡𝑖] is one of 𝜎, 𝜏, 𝜌, or 𝛾;

(3) 𝜑 𝑗 = id for all 𝑗 ≠ 𝑖.

Proof One direction is clear. For the other, we need to show that all naturality
diagrams commute. It’s enough to check this for face and degeneracy maps, as they
generate ∆𝑛 under composition. A face map is the product of identities together with
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a map [𝑘] → [𝑘 +1] whose image misses the value 𝑖; if 𝑖 = 0 we can write this map as

[𝑘 − 1] � [0] ⊔[0] [𝑘 − 1]
𝜏⊔id−−−→ [1] ⊔[0] [𝑘 − 1] � [𝑘],

if 𝑖 = 𝑘 + 1 we can write it as

[𝑘 − 1] � [𝑘 − 1] ⊔[0] [0]
id⊔𝜎−−−−→ [𝑘 − 1] ⊔[0] [1] � [𝑘],

and if 1 ≤ 𝑖 ≤ 𝑘 we can write it as

[𝑘 − 1] � [𝑖] ⊔[0] [1] ⊔[0] [𝑘 − 𝑖 − 2]
id⊔𝛾⊔id−−−−−−→ [𝑖] ⊔[0] [2] ⊔[0] [𝑘 − 𝑖 − 2] � [𝑘] .

Similarly, a degeneracy map is the product of identities together with a map of the
form [𝑘 + 1] → [𝑘] with some 𝑖 in the codomain having exactly two preimages; we
can always write the last map as

[𝑘] � [𝑖] ⊔[0] [1] ⊔[0] [𝑘 − 𝑖 − 1]
id⊔𝜌⊔id−−−−−−→ [𝑖] ⊔[0] [0] ⊔[0] [𝑘 − 𝑖 − 1] � [𝑘 − 1] .

Thus we can observe that the naturality diagram of a face or degeneracy map is a
colimit of naturality diagrams of maps which are products of identities and one of
𝜎, 𝜏, 𝜌, 𝛾. If the latter all commute, which is the assumption in the claim, then all their
colimits commute; thus all naturality diagrams commute, concluding the proof. ■

Proposition 3.12 There is a natural transformation 𝜅 : □ → 𝑤 of functors ∆𝑛 →
ℭ𝔞𝔱 (∞,𝑛) such that the component of 𝜅 at (1, . . . , 1) is given by 𝜅(𝑛).

Proof First we define 𝜅𝑡 on elementary 𝑛-tuples 𝑡 as follows: if 𝑡 = (1, 0, 𝑠) with 𝑠
an elementary (𝑛 − 𝑘)-tuple (so there are 𝑘 − 1 many 1s at the start of 𝑡), then

𝜅𝑡 : □(𝑡) → □(1, 0) ≃ □(𝑘 − 1) 𝜅 (𝑘−1)−−−−−→ 𝑤(𝑘 − 1) ≃ 𝑤(1, 0) ≃ 𝑤(𝑡)

where the first map is induced by the projection 𝑠→ 0, the second is the equivalence
of Lemma 3.2, and the last two are the equivalences in Remark 2.16. Now we can
define 𝜅𝑡 for non-elementary 𝑡 by extending along the Segal decomposition of □(𝑡)
and 𝑤(𝑡). Using the lemma, to prove that 𝜅𝑡 is natural in 𝑡 it will be enough to prove
that the square

□𝑛 (𝑠) 𝑤(𝑠)

□𝑛 (𝑡) 𝑤(𝑡)

𝜅𝑠

□𝑛 (𝜑) 𝑤 (𝜑)
𝜅𝑡

commutes for all 𝑠, 𝑡, 𝜑 with the following properties:

(1) 𝑠 = (𝑎, 𝑠𝑖 , 𝑏) and 𝑡 = (𝑎, 𝑡𝑖 , 𝑏) with 𝑎 and 𝑏 both elementary tuples;

(2) 𝜑𝑖 : [𝑠𝑖] → [𝑡𝑖] is one of 𝜎, 𝜏, 𝜌, or 𝛾;

(3) 𝜑 𝑗 = id for all 𝑗 ≠ 𝑖.

The cases 𝜑𝑖 ∈ {𝜎, 𝜏, 𝜌} follow immediately from the definition of 𝜅𝑡 . For 𝜑𝑖 = 𝛾,
𝑠 = (𝑎, 1, 𝑏), and 𝑡 = (𝑎, 2, 𝑏) we have two cases
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(1) If 𝑎 starts with 𝑘 many 1s followed by at least one 0 then we can rewrite the
diagram as

□(𝑎, 1, 𝑏) □(𝑘) 𝑤(𝑘) 𝑤(𝑎, 1, 𝑏)

□(𝑎, 2, 𝑏) □(𝑘) 𝑤(𝑘) 𝑤(𝑎, 2, 𝑏)

�

�

𝑓 �

where 𝑓 is the map

□(𝑎, 2, 𝑏) � □(𝑎, 1, 𝑏) ⊔□(𝑎,0,𝑏) □(𝑎, 1, 𝑏) → □(𝑘) ⊔□(𝑘 ) □(𝑘) ≃ □(𝑘).

This ends up being equivalent to the projection □(𝑎, 2, 𝑏) → □(𝑘) induced by
the map (𝑎, 2, 𝑏) → (1, 0, . . . , 0), so the left square commutes. The other two
obviously commute as well, and so the original diagram commutes.

(2) If 𝑎 = 1 then we may as well assume 𝑏 = 1, since the case where 𝑏 contains a
0 can be turned into a lower dimensional case where 𝑏 does not contain any 0s.
Assume the 2 appears in coordinate 𝑘 + 1. Then the diagram reads

□(𝑛) 𝑤(𝑛)

□(𝑛) ⊔□(1,0,1) □(𝑛) □(𝑛) ⊔□(𝑘 ) □(𝑛) 𝑤(𝑛) ⊔𝑤 (𝑘 ) 𝑤(𝑛)

𝜅 (𝑛)

𝜅 (𝑛)⊔𝜅 (𝑘) 𝜅 (𝑛)

That this diagram commutes can be verified on the generators of □(𝑛) and it’s
mainly just an exercise in understanding the notation, sowe leave it to the reader.

■

Example 3.13 To see how 𝜅 is defined on elementary representables in low dimen-
sional cases we refer the reader to Example 3.9. There, the left red face is sent to the
left red vertex of 𝑤(3), and the map doing that is precisely 𝜅0,1,1 : 𝜅(0, 1, 1) →
𝑤(0, 1, 1) � 𝑤(0); similarly for the right olive face. The front face is collapsed to an
edge via the map 𝜅1,0,1, and similarly for the back face, while the top and bottom faces
are sent to copies of 𝑤(2) via 𝜅1,1,0.

3.3 Higher square functor

Definition 3.5 The higher square functor Sq𝑛 : Glb𝑛,𝑛 (𝔖) → Seg𝑛 (𝔖) is defined by
currying the functor

∆𝑛,op×GlbSeg𝑛,𝑛 (𝔖) (□
𝑛 )op×id−−−−−−−→ ℭ𝔞𝔱op(∞,𝑛)×GlbSeg

𝑛,𝑛 (𝔖) ⊆ GlbSeg𝑛,𝑛 (𝔖)op×GlbSeg𝑛,𝑛 (𝔖)
Map(−,−)
−−−−−−−−→ 𝔖

to a functor GlbSeg𝑛,𝑛 (𝔖) → Fun(∆𝑛,op,𝔖), which ends up landing in Seg𝑛 (𝔖).

Remark 3.14 For any 𝑋 ∈ Glb𝑛 (𝔖) the 𝑡-morphisms of Sq𝑛 (𝑋) satisfy

Sq𝑛 (𝑋)𝑡 ≃ Map(□𝑛 (𝑡), 𝑋).
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Thus, given the description of Fact 3.5, we can think of points of Sq𝑛 (𝑋)𝑡 as certain
iterated cubical diagrams in 𝑋 .

Example 3.15 In the case 𝑛 = 2 the (𝑎, 𝑏)-morphisms of Sq2 (𝑋) are easy to draw in
terms of the morphisms of 𝑋 : they are diagrams in 𝑋 of the form

• • • •
• • • •
• • • •

⇓ ⇓ ⇓
⇓ ⇓ ⇓

with 𝑎 columns and 𝑏 rows of 2-morphsims⇒, each one going between two compos-
ite 1-morphisms.The composition of two diagrams is given by pasting them together
and then composing the resulting 2-morphisms.

Remark 3.16 Recall that there is a natural transformation 𝜅 : □𝑛 → 𝑤 (Proposi-
tion 3.12). From the definition of Sq𝑛 we see that 𝜅 induces a natural transformation
of functors from the inclusion GlbSeg𝑛,𝑛 (𝔖) ⊆ Seg𝑛 (𝔖) to the higher square func-
tor Sq𝑛 : GlbSeg𝑛,𝑛 (𝔖) → Seg𝑛 (𝔖), which we denote by 𝜅∗. In particular we have a
map 𝜅∗𝑋 : 𝑋 → Sq𝑛 (𝑋) for any 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖) which we call the canonical inclu-
sion. Indeed, it can be shown that 𝜅∗𝑋 induces an equivalence 𝑋 ≃ 𝑈𝑛Sq𝑛 (𝑋) between
𝑋 and the underlying fully globular 𝑛-uple Segal space of Sq𝑛 (𝑋).

Example 3.17 In the case 𝑛 = 2, by examining Example 3.9 we see that the canonical
inclusion sends a 2-morphism 𝛼 : 𝑤(2) → 𝑋 of 𝑋 to the (1, 1)-morphism 𝜅2𝑋 (𝛼) ≃
𝛼 ◦ 𝜅(2) : □2 → 𝑤(2) → 𝑋 of Sq2 (𝑋) obtained by thickening 𝛼 in the vertical
direction:

• •⇓ ↦→ • •
• •
⇓

For arbitrary 𝑛 the picture is very similar: an 𝑛-morphism is taken to a thickened
version of itself that fits in a cubical mold.

Next we introduce signatures for the square functor.

Definition 3.6 Consider the walking span

Λ : − ← 0→ +

and its iterated productΛ𝑛. An object of 𝑏 ∈ Λ𝑛, called a signature, is an 𝑛-tuple valued
in {−, 0,+}. For each symbol 𝑠 ∈ {−, 0,+} we define a functor 𝐹𝑠 : ∆→ ∆:

• 𝐹+ is the identity functor;

• 𝐹− is the functor reversing the linear order of each element of ∆;

• 𝐹0 is the constant functor on [0].

Thus for every signature 𝑏 ∈ Λ𝑛 we get a functor 𝐹𝑏 =
∏

𝑖 𝐹𝑏𝑖 : ∆𝑛 → ∆𝑛.
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Definition 3.7 The higher square functor with signature 𝑏 ∈ Λ𝑛, denoted Sq𝑛𝑏 :
GlbSeg𝑛,𝑛 (𝔖) → Seg𝑛 (𝔖), is defined by currying the functor

∆𝑛,op×GlbSeg𝑛,𝑛 (𝔖)
( (□𝑛 )op◦𝐹op

𝑏
)×id

−−−−−−−−−−−−−→ ℭ𝔞𝔱op(∞,𝑛)×GlbSeg
𝑛,𝑛 (𝔖) ⊆ GlbSeg𝑛,𝑛 (𝔖)op×GlbSeg𝑛,𝑛 (𝔖)

Map(−,−)
−−−−−−−−→ 𝔖

to a functor GlbSeg𝑛,𝑛 (𝔖) → Fun(∆𝑛,op,𝔖) which ends up landing in Seg𝑛 (𝔖).

Remark 3.18 Explicitly, say that 𝑏 has a 0 in coordinates 𝑧1 < 𝑧2 < · · · < 𝑧𝑝 and a −
in coordinates 𝑚1 < 𝑚2 < . . . < 𝑚𝑞 ; then

Sq𝑛𝑏 (𝑋) ≃ 𝐼𝑧𝑝 · · · 𝐼𝑧2 𝐼𝑧1 (Sq𝑛−𝑝 (𝜏𝑛−𝑝𝑋)
op𝑚1

,op𝑚2
,...,op𝑚𝑞 )

where 𝐼𝑟 : Seg𝑘 (𝔖) → Seg𝑘+1 is the left adjoint of the evaluation functor at [0] on the
𝑟th factor of∆.This follows from the fact that□𝑛 (𝑡, 0) ≃ □𝑛−𝑝 (𝑡) for any (𝑛−𝑝)-tuple
𝑡. In particular, for any 𝑐 = (𝑎, 𝑏) ∈ Λ𝑚 × Λ𝑛 we have

𝜏𝑚Sq𝑚+𝑛𝑐 (𝑋) ≃ Sq𝑚+𝑛𝑎,0 (𝑋) ≃ Sq𝑚𝑎 (𝜏𝑚𝑋).

Remark 3.19 The assignment 𝑏 ↦→ Sq𝑛𝑏 is functorial over Λ
𝑛: there are maps

Sq𝑛𝑏1 ,...,0,...,𝑏𝑛 (𝑋) → Sq𝑛𝑏1 ,...,−,...,𝑏𝑛 (𝑋), Sq𝑛𝑏1 ,...,0,...,𝑏𝑛 (𝑋) → Sq𝑛𝑏1 ,...,+,...,𝑏𝑛 (𝑋),

where we changed the 𝑖th coordinate, and these maps pairwise commute for different
values of 𝑖.

3.4 Zigzagification

Fix 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖). Since in particular 𝑋 ∈ GlbSeg𝑛+1,𝑛+1 (𝔖), for every 𝑏 ∈ Λ𝑛

we can construct the (𝑛 + 1)-uple Segal space Sq𝑛+1𝑏,+ (𝑋), naturally in 𝑏 and 𝑋 . Let
𝑍𝑛+1
+ (𝑋) ∈ Fun(∆𝑛+1,op,𝔖) denote the presheaf obtained by taking the pointwise

colimit of Sq𝑛+1𝑏,+ (𝑋):

𝑍𝑛+1
+ (𝑋)𝑡 := colim

𝑏∈Λ𝑛

(
Sq𝑛+1𝑏,+ (𝑋)𝑡

)
.

Note that 𝑍𝑛+1
+ (𝑋) is not an (𝑛 + 1)-uple Segal space, since the colimit was taken

only pointwise. At this point we could apply the Segalification functor L𝑛+1 from
Section 2.4 but doing so naively would not yield the desired result. Instead, consider
the following:

Definition 3.8 Let 𝑋 ∈ GlbSeg𝑛 (𝔖). The (positive) zigzagification of 𝑋 is

Z𝑛+1
+ (𝑋) := (𝑅𝑛+1

𝑛+1L𝑛+1𝑅
𝑛+1
𝑛 L𝑛 · · · 𝑅𝑛+1

1 L1)(𝑍𝑛+1
+ (𝑋)),

which is a globular (𝑛 + 1)-uple Segal space by Corollary 2.13.

Remark 3.20 The canonical inclusion 𝜅∗𝑋 : 𝑋 → Sq𝑛+1 (𝑋) extends to a map 𝑋 →
Z𝑛+1
+ (𝑋) of globular 𝑛-uple Segal spaces: this is because 𝑋 is already globular and

Segal, and so applying 𝑅𝑛
𝑖 and L 𝑗 does not affect it.
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Remark 3.21 There is a negative zigzagification Z𝑛+1
− (𝑋) of 𝑋 as well, obtained by

replacing the + with a − in the definition of 𝑍𝑛+1
+ (𝑋). It can be readily seen that

𝑍𝑛+1
− (𝑋) ≃ (𝑍𝑛+1

+ (𝑋))op𝑛+1 and so Z𝑛+1
− (𝑋) ≃ Z𝑛+1

+ (𝑋)op𝑛+1 since segalification
and globularization commute with taking opposites.

Proposition 3.22 For any 0 ≤ 𝑘 ≤ 𝑛 we have

𝜏𝑘Z𝑛+1
+ (𝑋) ≃ (𝑅𝑘

𝑘L𝑘 · · · 𝑅𝑘
1L1) (𝜏𝑘𝑍𝑛+1

+ (𝑋)) ≃ (𝑅𝑘
𝑘L𝑘 · · · 𝑅𝑘

1L1) (𝑍 𝑘 (𝜏𝑘𝑋))

where 𝑍 𝑘 (𝑌 )𝑡 ≃ colim
𝑏∈Λ𝑘

(
Sq𝑘𝑏 (𝑌 )𝑡

)
for any 𝑌 ∈ GlbSeg𝑘,𝑘 (𝔖).

Proof The first equivalence is a consequence of the fact that L 𝑗 and 𝑅𝑚
𝑗 commute

with evaluation at [0] for any 𝑗 and 𝑚. For the second equivalence, write

𝑍𝑛+1
+ (𝑋)𝑡 ≃ colim

𝑐∈Λ𝑛−𝑘−1
colim
𝑏∈Λ𝑘

(
Sq𝑛+1𝑏,𝑐,+ (𝑋)

)
𝑡
.

Then applying 𝜏𝑘 turns each Sq𝑛+1𝑏,𝑐,+ (𝑋) into Sq𝑘𝑏,0 (𝑋) ≃ Sq𝑘𝑏 (𝜏𝑘𝑋) by Remark 3.18
and the outermost colimit becomes a constant colimit at Sq𝑘𝑏 (𝜏𝑘𝑋). ■

Using the formula for L𝑘 given in Fact 2.14 and the previous proposition we can
describeZ𝑛+1

+ (𝑋) informally as follows:

• its objects are the objects of 𝑋 ;

• its 1-morphisms are zigzags 1-morphisms of 𝑋 ;

• its 2-morphisms are obtained by taking all lax commutative squares in 𝑋 , form-
ing globular zigzags in the first direction, and then forming zigzags of those in
the second direction;

• its 3-morphisms are obtained by taking all lax commuative cubes in 𝑋 , forming
globular zigzags in the first direction, then forming globular zigzags of those in
the second direction, and finally forming zigzags of those in the third direction;

• its 𝑘-morphisms, in general, are iterated zigzags of lax commutative 𝑘-cubes in 𝑋
where the zigzags are taken in order from the first direction to the 𝑘th direction.

4 Free adjoints and zigzagification

In this section we will prove that the functor Z2
+ : GlbSeg1,1 (𝔖) → GlbSeg2,2 (𝔖)

freely adds right adjoints to themorphisms of a Segal space.Themain technical hurdle
is to show that, in a technical sense, Z2

+ (𝑋) is generated by the adjunction data. We
first prove some helpful results about generating spaces in globular Segal spaces.

4.1 Some results on generators

Definition 4.1 Let 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖) be a globular 𝑛-uple Segal space. Let 𝐴 ↩→ 𝑋1𝑛

be a monomorphism. Recall that the Segal condition gives us composition operations
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− ◦ 𝑗 − on 𝑋1𝑛 for 1 ≤ 𝑗 ≤ 𝑛. We say that 𝐴 generates 𝑋 under composition if it has the
following properties:

(1) for all 0 ≤ 𝑘 ≤ 𝑛 − 1, the iterated identity map id(−) : 𝑋1𝑘 ,0𝑛−𝑘 → 𝑋1𝑛 factors
through 𝐴;

(2) the smallest subspace of 𝑋1𝑛 which contains 𝐴 and is closed under all the
composition operations is 𝑋1𝑛 .

We call the 𝑘-morphisms 𝑓 ∈ 𝐴 the generating 𝑘-morphisms.

Remark 4.1 The first condition implies that 𝐴 is closed under the source and target
maps, as those land in the morphisms of dimension strictly lower than 𝑛. In particu-
lar, if ∆𝑛,op

el denotes the full subcategory of ∆𝑛,op spanned by the elementary 𝑛-tuples
(recall that these are the ones whose entries are in {0, 1}), then 𝐴 determines a functor
𝐴el : ∆𝑛,op

el → 𝔖 with 𝐴el
1𝑛 ≃ 𝐴 and 𝐴el

𝑒 ≃ 𝑋𝑒 for any other elementary 𝑒 ≠ 1𝑛.

Remark 4.2 Let 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖). Any functor 𝑊 : ∆𝑛,op
el → 𝔖 with a map to

𝑊 → 𝑋 |∆𝑛,op
el

can be extended to a functor 𝑀 (𝑊) : ∆𝑛,op → 𝔖with a map 𝑀 (𝑊) →
𝑋 that returns the given map upon restricting to∆𝑛,op

el . Indeed, for any [𝑡] ∈ ∆𝑛,op we
can define

𝑀 (𝑊)𝑡 :=
(

lim
[𝑒]→[𝑡 ]

𝑊𝑒

)
×(

lim
[𝑒]→[𝑡 ]

𝑋𝑒

) 𝑋𝑡 ↩→ 𝑋𝑡

where the limits are taken over elementary 𝑛-tuples 𝑒; it’s not hard to see that𝑀 (𝑊)𝑡
is natural in 𝑡 and that the projections to 𝑋𝑡 define the induced map 𝑀 (𝑊) ↩→ 𝑋 . In
the case𝑊 = 𝐴el, 𝑀 (𝐴el) is the 𝑛-simplicial space whose value at 𝑡 is the subspace of
𝑋𝑡 all of whose elementary components (the projections to 𝑋𝑒) land in 𝐴.

Proposition 4.3 Let 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖) and let 𝐴 ↩→ 𝑋1𝑛 generate 𝑋 under composition.
Then there is a sequence of 𝑛-simplicial spaces

𝑀 (𝐴el) = 𝑀 (𝐴(1)el) ↩→ 𝑀 (𝐴(2)el) ↩→ 𝑀 (𝐴(3)el) ↩→ · · ·

whose colimit is equivalent to 𝑋 .

Proof Fix a 𝑝 ≥ 1 and let 𝐼𝑝 denote the category of inert maps [𝑒] → [𝑝𝑛] in ∆𝑛

such that 𝑒 is an elementary 𝑛-tuple. Define the space

𝐴(𝑝) := im

(
lim

( [𝑒]→[𝑝𝑛 ] ) ∈𝐼𝑝
𝐴el
𝑒 → lim

( [𝑒]→[𝑝𝑛 ] ) ∈𝐼𝑝
𝑋𝑒

≃−−→ 𝑋𝑝𝑛
𝑐−−→ 𝑋1𝑛

)
↩→ 𝑋1𝑛

as the essential image of the total composition map 𝑐 : 𝑋𝑝𝑛 → 𝑋1𝑛 (induced by the
function [1] � {0, 𝑝} → [𝑝] in all coordinates) with its domain restricted so that the
elementary components of each 𝑓 ∈ 𝑋𝑝𝑛 come from 𝐴. Informally (but correctly),
we think of 𝐴(𝑝) as the subspace of 𝑋1𝑛 containing those morphisms which can be
obtained starting from 𝐴 by doing at most 𝑝 iterated compositions in each direction
(so a total of 𝑛𝑝 compositions). Note that since 𝐴 generates 𝑋 and 𝐴 ⊆ 𝐴(𝑝) for any
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𝑝, 𝐴(𝑝) also generates 𝑋 . Using Remark 4.1 and Remark 4.2 we can extend 𝐴(𝑝) to
𝑀 (𝐴(𝑝)el). It’s clear that 𝐴(1) ≃ 𝐴 and hence that 𝑀 (𝐴(1)el) ≃ 𝑀 (𝐴el), and the
induced maps come from the inclusions 𝐴(𝑝) ↩→ 𝐴(𝑝 + 1) obtained, for example, by
composing with identities at the last step in every direction.

Finally we need 𝑋 ≃ colim
𝑝→∞

𝑀 (𝐴(𝑝)el). This is a filtered colimit, so it will be enough

to show that every 𝑡-morphism 𝑓 of 𝑋 appears at some point in 𝑀 (𝐴(𝑝)el)𝑡 for
some 𝑝. Indeed, by the Segal condition, it is sufficient for the elementary components
{ 𝑓𝑎}𝑎=1,...,𝑏 of 𝑓 (the order is irrelevant, the important thing is that all of them are
listed) to appear at some stage; since each of those appears at some stage 𝑝𝑎 by the
assumption that 𝐴 generates 𝑋 , we can take 𝑝 = max{𝑝𝑎}. ■

Proposition 4.4 Let 𝑋,𝑌 ∈ GlbSeg𝑛,𝑛 (𝔖) and let 𝐴 ↩→ 𝑋1𝑛 generate 𝑋 under
composition. Then the canonical map

Map(𝑋,𝑌 ) → Map(𝑀 (𝐴(1𝑛)el), 𝑌 )

is a monomorphism of spaces.

Proof Amap 𝐹 : 𝑋 → 𝑌 is uniquely determined by its compatible components 𝐹𝑡 :
𝑋𝑡 → 𝑌𝑡 (see, for example, the end formula for natural transformations in [GHN17,
Proposition 5.1]).Wewill show that each of those components is uniquely determined
by its restriction to 𝑀 (𝐴(1)el)𝑡 . For notational simplicity we will fix 𝑛 to be 1 (so that
the tuple 𝑡 becomes just 𝑡), trusting that the reader won’t have any troubles extending
the argument to an arbitrary 𝑛.

By naturality and the Segal condition, themap 𝐹𝑡 : 𝑋𝑡 → 𝑌𝑡 is uniquely determined by
the maps 𝐹1 and 𝐹0; the latter is also determined by 𝐹1 via the map id(−) : 𝑋0 → 𝑋1,
so we will focus on the former. Since 𝑋1 ≃ colim

𝑝→∞
𝐴(𝑝) we have that 𝐹1 is determined

by 𝐹1 (𝑝) : 𝐴(𝑝) → 𝑌1. Consider now the composition map

𝐴(1) ×𝑋0 · · · ×𝑋0 𝐴(1)︸                       ︷︷                       ︸
𝑝 copies

→ 𝑋1 ×𝑋0 · · · ×𝑋0 𝑋1 ≃ 𝑋𝑝 → 𝑋1

whose essential image is 𝐴(𝑝). Postcomposing with 𝐹1 and using the Segal condition
on𝑌 gives a commutative square

𝐴(1) ×𝑋0 · · · ×𝑋0 𝐴(1)︸                       ︷︷                       ︸
𝑝 copies

𝑌1 ×𝑌0 · · · ×𝑌0 𝑌1︸              ︷︷              ︸
𝑝 copies

𝐴(𝑝) 𝑌1

𝐹1 (1)×𝑝

𝐹1 (𝑝)

which implies that 𝐹1 (𝑝) is uniquely determined by 𝐹1 (1). Combining these obser-
vations, we deduce that 𝐹 : 𝑋 → 𝑌 is uniquely determined by 𝐹 |𝑀 (𝐴(1)el ) :
𝑀 (𝐴(1)el) → 𝑌 , as needed. ■
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28 L. Riva and M. Rovelli

4.2 Adjoints from zigzags of commutative squares

Fix a Segal space 𝑋 . We want to apply the above results to the case ofZ2
+ (𝑋) so that

we can simplify the space of maps out ofZ2
+ (𝑋). Before tacklingZ2

+ (𝑋) directly, let’s
start by understanding Sq2 (𝑋). Any 1-morphism 𝑓 : 𝑥 → 𝑦 of 𝑋 gives rise to two
special (1, 1)-morphisms of Sq2 (𝑋), depicted as commutative squares □2 → 𝑋 in 𝑋 :

𝐸 𝑓 :=
𝑥 𝑦

𝑦 𝑦

𝑓

𝑓 𝐻 𝑓 :=
𝑥 𝑥

𝑥 𝑦

𝑓

𝑓

By pasting the squares together we can see that they satisfy

𝐸 𝑓 ◦1 𝐻 𝑓 ≃ id2 ( 𝑓→) and 𝐸 𝑓 ◦2 𝐻 𝑓 ≃ id1 ( 𝑓 ↓)

where 𝑓→ and 𝑓 ↓ are, respectively, the (1, 0)-morphism and the (0, 1)-morphism in
Sq2 (𝑋) induced by the 1-morphism 𝑓 of 𝑋 . In this situation say that 𝑓→ and 𝑓 ↓ are
companions, which is a notion that can be defined for arbitrary double Segal spaces
(Definition 5.1). In fact, Sq2 (𝑋) is universal with respect to those double Segal spaces
that admit certain companions. We will discuss this in more detail in Section 5.

Remark 4.5 Part of proving the universality of Sq2 (𝑋) involves showing that the
(1, 1)-morphisms of the form 𝐸 𝑓 , 𝐻 𝑓 , and id2 ( 𝑓 ) generate all (1, 1)-morphisms
under composition. This follows from a straightforward calculation: for any commu-
tative square determined by 𝑔 ◦1 𝑓 ≃ 𝑘 ◦1 ℎ in 𝑋 we have

𝑤 𝑥

𝑦 𝑧

𝑓

ℎ 𝑔

𝑘

≃

𝑤 𝑥 𝑥 𝑥

𝑤 𝑥 𝑥 𝑧

𝑤 𝑦 𝑦 𝑧

𝑦 𝑦 𝑦 𝑧

𝑓

◦1 𝑔

𝑓 𝑔

◦2

ℎ

ℎ ◦1
𝑘

𝑘

≃ (id2 (𝑘→)◦1𝐸ℎ)◦2 (𝐻𝑔◦1id2 ( 𝑓→)).

Analogous results hold in Sq2−+ (𝑋): for every 1-morphism 𝑓 op1 of 𝑋op1 (where we use
the superscript (−)op1 to denote that 𝑓 is the original 1-morphism in 𝑋) there are 2-
morphisms 𝐸 𝑓 op1 and 𝐻 𝑓 op1 satisfying 𝐻 𝑓 op1 ◦1 𝐸 𝑓 op1 ≃ id2 (( 𝑓 op1 )→) and 𝐸 𝑓op1

◦2
𝐻 𝑓 op1 ≃ id1 (( 𝑓 op1 )↓), and these (1, 1)-morphisms plus the identities generate the
whole space of (1, 1)-morphisms under composition. For notational convenience we
will use 𝑓← to denote ( 𝑓 op1 )→.
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Proposition 4.6 For any 1-morphism 𝑓 : 𝑥 → 𝑦 in 𝑋 there is an adjunction 𝑓→ ⊣ 𝑓← in
Z2
+ (𝑋) with unit 𝜂 = 𝐻 𝑓 op1 ◦1 𝐻 𝑓 and counit 𝜀 = 𝐸 𝑓 ◦1 𝐸 𝑓 op1 .

Proof The first step is to ensure that 𝑓→, 𝑓←, 𝜂, and 𝜀 are valid morphisms in
Z2
+ (𝑋). Recall that

Z2
+ (𝑋) := (𝑅2

2L2𝑅
2
1L1)

(
𝑍2
+ (𝑋)

)
, 𝑍2

+ (𝑋)𝑡 := Sq2++ (𝑋)𝑡 ⊔Sq20+ (𝑋)𝑡 Sq
2
−+ (𝑋)𝑡 .

Thespace of 1-morphisms ofZ2
+ (𝑋) contains the space 𝑍2

+ (𝑋)1,0 and so, in particular,
𝑓→ ∈ Sq2++ (𝑋)1,0 and 𝑓← ∈ Sq2−+ (𝑋)1,0 are valid 1-morphisms. The space of (1, 1)-
morphisms of L1𝑍

2
+ (𝑋) contains 𝑍2

+ (𝑋)1,1, hence it contains 𝐻 𝑓 , 𝐸 𝑓 ∈ Sq2++ (𝑋)1,1
and𝐻 𝑓 op1 , 𝐸 𝑓 op1 ∈ Sq2−+ (𝑋)1,1 and therefore it contains the (free) compositions 𝜂 and
𝜀. Note also that 𝜂 and 𝜀 are already globular: if 𝜕01 𝑓 ≃ 𝑥 and 𝜕11 𝑓 ≃ 𝑦 then

𝜕01𝜂 ≃ 𝜕01𝐻 𝑓 ≃ id2 (𝑥) ≃ 𝜕11𝐻 𝑓 op1 ≃ 𝜕11𝜂, 𝜕01 𝜀 ≃ 𝜕01𝐸 𝑓 op1 ≃ id2 (𝑦) ≃ 𝜕11𝐸 𝑓 ≃ 𝜕11 𝜀.

Therefore 𝜂, 𝜀 ∈ (𝑅2
1L1𝑍

2
+ (𝑋))1,1 and so 𝜂, 𝜀 ∈ Z2

+ (𝑋)1,1.

Now we have to show that the triangle equations hold. The argument is the same for
both equations, sowewill onlywrite down one of them.More precisely, wewill prove
that there is some 𝛼 ∈ (L1𝑍

2
+ (𝑋))1,2 whose projections to (L1𝑍

2
+ (𝑋))1,1 are

𝛼01 ≃ id2 ( 𝑓→) ◦1 𝜂, 𝛼12 ≃ 𝜀 ◦1 id2 ( 𝑓→), 𝛼02 ≃ id2 ( 𝑓→),

where 𝛼𝑖 𝑗 ∈ (L1𝑍
2
+ (𝑋))1,1 denotes the restriction of 𝛼 along the map {𝑖, 𝑗} → [2]

in the second coordinate; moreover, each 𝛼𝑖 𝑗 is globular (as can be seen by computing
the vertical boundaries) and so 𝛼 belongs to (𝑅2

1L1𝑍
2
+ (𝑋))1,2. The existence of this 𝛼

is enough to prove the triangle equations because, inZ2
+ (𝑋),𝛼 is turned into awitness

for an equivalence 𝛼12 ◦2 𝛼01 ≃ 𝛼02.

Consider the following points of 𝑍2
+ (𝑋)1,2:

𝛽1 := (𝐻 𝑓 , id2 ( 𝑓→)) ∈ Sq2++ (𝑋)1,1 ×Sq2++ (𝑋)1,0 Sq
2
++ (𝑋)1,1 ≃ Sq2++ (𝑋)1,2,

𝛽2 := (𝐻 𝑓 op1 , 𝐸 𝑓 op1 ) ∈ Sq2−+ (𝑋)1,1 ×Sq2−+ (𝑋)1,0 Sq
2
−+ (𝑋)1,1 ≃ Sq2−+ (𝑋)1,2,

𝛽3 := (id2 ( 𝑓→), 𝐸 𝑓 ) ∈ Sq2++ (𝑋)1,1 ×Sq2++ (𝑋)1,0 Sq
2
++ (𝑋)1,1 ≃ Sq2++ (𝑋)1,2,

where we have encoded a point 𝛾 of Sq2±,+ (𝑋)1,2 as the pair (𝛾01, 𝛾12) consisting of
the two projections to Sq2±,+ (𝑋)1,1 corresponding to the spine of [2] (we can do this
since Sq2 (−) is a double Segal space). Note that we have

𝜕11 𝛽1 ≃ ( 𝑓 ↓, id2 (𝑦)) ≃ 𝜕01 𝛽2, 𝜕11 𝛽2 ≃ (id2 (𝑥), 𝑓 ↓) ≃ 𝜕01 𝛽3

in Sq20+ (𝑋)0,2 and so we can form the horizontal composition 𝛼 := 𝛽3 ◦1 𝛽2 ◦1 𝛽1
in L1𝑍

2
+ (𝑋). Since 𝛼 ∈ Sq2++ (𝑋)1,2 ×Sq2++ (𝑋)0,2 Sq

2
++ (𝑋)1,2 ×Sq2++ (𝑋)0,2 Sq

2
++ (𝑋)1,2, the

formula for L1 in Fact 2.14 tells us that we can compute the components of 𝛼 as the
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free composition of the components of the 𝛽𝑖 . Therefore

𝛼01 ≃ (𝛽3)01 ◦1 (𝛽2)01 ◦1 (𝛽1)01 ≃ id2 ( 𝑓→) ◦1 𝐻 𝑓 op1 ◦1 𝐻 𝑓 ≃ id2 ( 𝑓→) ◦1 𝜂,
𝛼12 ≃ (𝛽3)12 ◦1 (𝛽2)12 ◦1 (𝛽1)12 ≃ 𝐸 𝑓 ◦1 𝐸 𝑓 op1 ◦1 id2 ( 𝑓→) ≃ 𝜀 ◦1 id2 ( 𝑓→),
𝛼02 ≃ (𝛽3)02 ◦1 (𝛽2)02 ◦1 (𝛽1)02 ≃ 𝐸 𝑓 ◦1 id1 ( 𝑓 ↓) ◦1 𝐻 𝑓 ≃ id2 ( 𝑓→),

which is exactly what we needed. ■

Remark 4.7 Here is a short diagrammatic explanation of the proof of Proposition 4.6
and why it’s not as straightforward as it could be. Write the diagram

𝑥 𝑥 𝑥 𝑦

𝑥 𝑦 𝑥 𝑦

𝑥 𝑦 𝑦 𝑦

𝑓

𝑓

𝑓 𝑓

𝑓

𝑓

𝑓

representing a formal vertical composite of two 2-morphisms inZ2
+ (𝑋), with the top

row representing id2 ( 𝑓→) ◦1 𝜂 and the bottom row representing 𝜀 ◦1 id2 ( 𝑓→). If we
didn’t have to worry about globularity then we could simply use the interchange law
for double Segal spaces, which holds inZ2

+ (𝑋), to compute the vertical composition
of each column first and then compose the resulting (1, 1)-morphisms horizontally.
In our setting, however, we can only perform vertical compositions of globular (1, 1)-
morphisms (as the L2 in Z2

+ (𝑋) = (𝑅2
2L2𝑅

2
1L1𝑍

2
+)(𝑋) comes after the 𝑅2

1), and the
individual squares in each column of the diagram are not globular. Fortunately we can
show that there is a pre-existing relation in (𝑅2

1L1𝑍
2
+) (𝑋) which allows us to bypass

the interchange law and still obtain the desired result.

4.3 Generators for zigzags

We have just shown that the canonical inclusion 𝑋 → Z2
+ (𝑋) promotes every

1-morphism of 𝑋 to a left adjoint. We will now prove that the (co)units of these
adjunctions are enough to generateZ2

+ (𝑋) under composition.

Lemma 4.8 Every 2-morphism ofZ2
+ (𝑋) can be written as a vertical composition of zigzags

𝜎𝑘 ◦1 𝜎𝑘−1 ◦1 · · · ◦1 𝜎1, where

(a) each 𝜎𝑖 is in Sq2++ (𝑋)1,1 or Sq2−+ (𝑋)1,1,

(b) 𝜕01𝜎1 and 𝜕11𝜎𝑘 are identities, and

(c) the compositions ◦1 are computed in L1𝑍
2
+ (𝑋).

Proof This is a restatement of the formula for L1 and L2 in Fact 2.14 and the place-
ment of these functors in the definitionZ2

+ (𝑋) = (𝑅2
2L2𝑅

2
1L1𝑍

2
+) (𝑋). Namely, first

2026/09/14 18:30

Downloaded from https://www.cambridge.org/core. 15 Nov 2026 at 17:28:43, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core


Zigzags and Free Adjunctions 31

we use L1 to form the zigzags, then 𝑅2
1 to ensure that each zigzag is globular, and then

we use L2 to compose these zigzags freely. ■

Proposition 4.9 Each zigzag𝜎𝑘 ◦1𝜎𝑘−1 ◦1 · · · ◦1𝜎1 as above can be written, inZ2
+ (𝑋), as

a composition of 2-morphisms of the form 𝜂 𝑓 = 𝐻 𝑓 op1 ◦1 𝐻 𝑓 , 𝜀 𝑓 = 𝐸 𝑓 ◦1 𝐸 𝑓 op1 , id2 ( 𝑓→),
or id2 ( 𝑓←).

Proof We will use the same strategy as in the proof of Proposition 4.6: we will find
some 𝛼 ∈ (𝑅2

1L1𝑍
2
+)(𝑋)1,2 such that 𝛼01 and 𝛼12 are free horizontal compositions of

things of the form 𝜂 𝑓 , 𝜀 𝑓 , id2 ( 𝑓→), or id2 ( 𝑓←) and such that 𝛼02 is the zigzag. With-
out loss of generality we may assume that the (1, 1)-morphisms 𝜎𝑖 alternate between
being in Sq2++ (𝑋) and Sq2−+ (𝑋), i.e. we compose everything that is already composable
in the starting double categories. To simplify the proof we will assume that 𝑘 = 2 𝑗 is
even and that 𝜎1 ∈ Sq2++ (𝑋)1,1, but exactly the same argument will produce a proof
for the other three cases.

First write every 𝜎2𝑖−1 and 𝜎2𝑖 , for 𝑖 = 1, . . . , 𝑗 , as commutative squares:

𝜎2𝑖−1 ≃
𝑤𝑖 𝑥𝑖

𝑦𝑖 𝑧𝑖

𝑓𝑖

ℎ𝑖 𝑔𝑖

𝑘𝑖

𝜎2𝑖 ≃
𝑥̂𝑖 𝑤̂𝑖

𝑧𝑖 𝑦̂𝑖

𝑔̂𝑖

𝑓𝑖

ℎ̂𝑖

𝑘̂𝑖

Since the pairs (𝜎2𝑖−1, 𝜎2𝑖) and (𝜎2𝑖 , 𝜎2𝑖+1) are composable wemust have 𝑔̂𝑖 ≃ 𝑔𝑖 and
ℎ̂𝑖 ≃ ℎ𝑖+1 for all valid values of 𝑖. Now use Remark 4.5 to write

𝜎2𝑖−1 ≃ (id2 (𝑘→𝑖 )◦1𝐸ℎ𝑖 )◦2 (𝐻𝑔𝑖◦1id2 ( 𝑓→𝑖 )), 𝜎2𝑖 ≃ (𝐸ℎ̂
op1
𝑖
◦1id2 ( 𝑘̂←𝑖 ))◦2 (id2 ( 𝑓←𝑖 )◦1𝐻𝑔̂

op1
𝑖
).

In particular we have 𝛼2𝑖−1 ∈ Sq2++ (𝑋)12 and 𝛼2𝑖 ∈ Sq2−+ (𝑋)12 such that

(𝛼2𝑖−1)01 ≃ 𝐻𝑔𝑖 ◦1 id2 ( 𝑓→𝑖 ), (𝛼2𝑖)01 ≃ id2 ( 𝑓←𝑖 ) ◦1 𝐻𝑔̂
op1
𝑖

,

(𝛼2𝑖−1)12 ≃ id2 (𝑘→𝑖 ) ◦1 𝐸ℎ𝑖 , (𝛼2𝑖)12 ≃ 𝐸ℎ̂
op1
𝑖
◦1 id2 ( 𝑘̂←𝑖 ),

(𝛼2𝑖−1)02 ≃ 𝜎2𝑖−1, (𝛼2𝑖)02 ≃ 𝜎2𝑖 ,

and so we have 𝛼 := 𝛼2 𝑗 ◦1 𝛼2 𝑗−1 ◦1 · · · ◦1 𝛼2 ◦1 𝛼1 ∈ (L1𝑍
2
+ (𝑋))1,2. By assumption

the zigzag 𝜎𝑘 ◦1 · · · ◦1 𝜎1 is globular and therefore ℎ1 and ℎ̂ 𝑗 are identities, which
also implies that 𝛼 is globular, i.e. 𝛼 ∈ (𝑅2

1L1𝑍
2
+ (𝑋))1,2. Finally, we must verify that

(†) 𝛼01 and 𝛼02 are composites of (co)units and identities and that (‡) 𝛼02 is the zigzag
we started with. Notice that for any 𝑎, 𝑏 ∈ {0, 1, 2} we have

𝛼𝑎𝑏 ≃ (𝛼2 𝑗 )𝑎𝑏 ◦1 (𝛼2 𝑗−1)𝑎𝑏 ◦1 · · · ◦1 (𝛼2)𝑎𝑏 ◦1 (𝛼1)𝑎𝑏
by the formula in Fact 2.14; this immediately implies (‡). For (†), note that

(𝛼2 𝑗 )01◦1 (𝛼2 𝑗−1)01◦1· · ·◦1 (𝛼1)01 ≃ id2 ( 𝑓←𝑗 )◦1𝜂𝑔 𝑗◦1id2 ( 𝑓→𝑗 ) · · · id2 ( 𝑓←1 )◦1𝜂𝑔1◦1id2 ( 𝑓→1 )

since 𝑔̂𝑖 ≃ 𝑔𝑖 and

(𝛼2 𝑗 )12◦1 (𝛼2 𝑗−1)12◦1· · ·◦1 (𝛼1)12 ≃ 𝐸ℎ̂
op1
𝑗
◦1id2 ( 𝑘̂←𝑗 )◦1id2 (𝑘→𝑗 )◦1𝜀ℎ 𝑗◦1· · ·◦1𝜀ℎ1◦1id2 ( 𝑘̂←𝑗 )◦1id2 (𝑘→𝑗 )◦1𝐸ℎ1 .
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32 L. Riva and M. Rovelli

Together with the fact that 𝐸ℎ1 and 𝐸ℎ̂
op1
𝑗

are identities (since ℎ1 and ℎ̂ 𝑗 are identities)
these two equations prove (‡), and so we’re done. ■

Lemma 4.8 and Proposition 4.9 allow us to conclude the following generation result:

Corollary 4.10 Let 𝐴 ↩→Z2 (𝑋)1,1 denote the space containing all the 2-morphisms of the
form

(1) id(id(𝑥)) for 𝑥 ∈ 𝑋0,

(2) id( 𝑓→) and id( 𝑓←) for all 𝑓 ∈ 𝑋1,

(3) 𝜂 𝑓 and 𝜀 𝑓 , as defined in Proposition 4.9, for all 𝑓 ∈ 𝑋1.

Then 𝐴 generatesZ2
+ (𝑋) under composition.

Corollary 4.11 If𝒟 is a sinister 2-category and𝐹 : 𝑋 → 𝒟 is amap from a Segal space, the
induced map 𝐹 : Z2

+ (𝑋) → Z2
+ (𝒟) factors through the canonical inclusion𝒟→Z2

+ (𝒟).

Proof It’s enough to show that the generating morphisms of Z2
+ (𝑋) are sent to

morphisms in 𝒟. This is obvious for objects. Morphisms coming from 𝑋 are sent
to morphisms in 𝒟 by construction. If 𝑓← is a morphism coming from 𝑋op1 then
𝐹 ( 𝑓←) ≃ (𝐹 ( 𝑓 ))←, and the latter is equivalent to any right adjoint 𝑔 of 𝐹 ( 𝑓 ) in 𝒟

via the invertible 2-morphism represented by the zigzag

𝑦 𝑥 𝑥

𝑦 𝑦 𝑥

𝐹 ( 𝑓 )

𝐹 ( 𝑓 ) 𝜂

𝑔

in Z2
+ (𝒟). The same holds for the (co)units, since 𝐹 (𝐸 𝑓 ) and 𝐹 (𝐻 𝑓 ) are equivalent

to the (co)units 𝜀 and 𝜂 of an adjunction 𝐹 ( 𝑓 ) ⊣ 𝑔 using [RV16, Theorem 4.4.18]. ■

4.4 Universal property

In this subsection we will prove our main result:

Theorem 4.12 Let𝒟 be a sinister (∞, 2)-category. Then, for any Segal space 𝑋 , the map

𝑖∗ : Map(Z2
+ (𝑋),𝒟) → Map(𝑋,𝒟) ≃ Map(𝑋, 𝜏1𝒟)

obtained by precomposing with the canonical inclusion 𝑖 : 𝑋 → Z2
+ (𝑋) is an equivalence of

spaces.

Proof To show that 𝑖∗ is a monomorphism, let 𝐹 : Z2
+ (𝑋) → 𝒟 be a functor and

consider 𝐸 := 𝑖∗ (𝐹). By Corollary 4.10 the map

Map(Z2
+ (𝑋),𝒟) → Map(𝑀 (𝐴(1)el),𝒟)
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is a monomorphism; recall that 𝐴 contains all of 𝑋0, 𝑋1, 𝑋
op1
1 , and the (co)units of

the adjunctions 𝑓→ ⊣ 𝑓←. Therefore the inclusion 𝑋 → Z2
+ (𝑋) factors through

𝑀 (𝐴(1)el), and we can ask whether the map

Map(𝑀 (𝐴(1)el),𝒟) → Map(𝑋,𝒟) ≃ Map(𝑋, 𝜏1𝒟)

is a monomorphism, which will imply that 𝑖∗ is a monomorphism. The fiber of this
map over a functor 𝐸 : 𝑋 → 𝜏1𝒟 is seen to be equivalent to

∏
𝑓 ∈𝑋1 Adj𝒟 (𝐸 ( 𝑓 )),

where, for any 𝑔 ∈ 𝒟1,0

Adj𝒟 (𝑔) ≃ Map(Adj,𝒟) ×𝒟1,0 {𝑔}

is the space of adjunction data that have 𝑔 as a left adjoint. But since𝒟 is sinister each
of these spaces is non-empty and, therefore, contractible by [RV16, Theorem 4.4.18].
Hence the fiber over 𝐸 is contractible, as desired.

For essential surjectivity, wewill produce an explicit section of 𝑖∗ onpath components.
First note that there is a map 𝑝 : Z2

+ (𝜏1𝒟) → 𝒟 such that its restriction to 𝜏1𝒟 is the
inclusion 𝑗 : 𝜏1𝒟→ 𝒟: indeed, 𝑗 induces a mapZ2

+ (𝜏1𝒟) → Z2
+ (𝒟) which factors

as Z2
+ (𝜏1𝒟) → 𝒟 → Z2

+ (𝒟) thanks to Corollary 4.11, and the restriction to 𝜏1𝒟
returns 𝑗 by construction. Now we have a map

𝑝∗ ◦ Z2
+ : 𝜋0Map(𝑋, 𝜏1𝒟) → 𝜋0Map(Z2

+ (𝑋),Z2
+ (𝜏1𝒟)) → 𝜋0Map(Z2

+ (𝑋),𝒟)

such that 𝑖∗ ◦ 𝑝∗ ◦Z2
+ ≃ 𝑝∗ ◦ 𝑖∗ ◦Z2

+ ≃ id, i.e. 𝑝∗ ◦Z2
+ is a section of 𝑖∗. This concludes

the proof. ■

The following are immediate consequences of Theorem 4.12:

Corollary 4.13 Let𝒟 be any (∞, 2)-category and let 𝜏1𝒟ladj ⊆ 𝜏1𝒟 denote the full sub-
∞-category containing the 1-morphisms which are left adjoints in𝒟. Then the inclusion 𝑋 →
Z2
+ (𝑋) induces an equivalence

Map(Z2
+ (𝑋),𝒟) ≃ Map(𝑋, 𝜏1𝒟ladj).

Corollary 4.14 There is an equivalenceZ2
+ ([1]) ≃ Adj between the zigzagification of the

walking arrow and the free adjunction.

The last corollary can be gleamed from the graphical representation of the 2-
morphisms of Z2

+ ([1]). Indeed, in this setting we have exactly two generating 2-
morphisms, 𝜂 and 𝜀, the unit and counit for the adjunction 𝑓→ ⊣ 𝑓←. On top of the
zigzags representing id2 ( 𝑓→), id2 ( 𝑓←), id1 ( 𝑓 ), 𝜂 and 𝜀we can draw lines connecting
the midpoints of the arrows in each commutative diagram, as in Figure 1.
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• •

• •

• •

• •

• •

• •

• • •

• • •
• • •

• • •

Figure 1:The identities, the unit and the counit as zigzags (in black) and as curves (in red)..

Using this graphical notation, one of the triangle equations reads

• • • •

• • • •

• • • •

≃
• •

• •

and the other is similar. After pasting these drawings together using zigzags we re-
obtain the graphical calculus for Adj of [RV16, Section 3.1] and of [DPP03, Section 6,
Example 2].

5 Higher-dimensional behavior of zigzagification

Weconclude the paperwith a speculative sectionwhereweprovide a fewobservations
about the general case ofZ𝑛+1

+ (𝑋) for 𝑋 ∈ Glb𝑛,𝑛 (𝔖) and hint at a possible universal
property.

5.1 Adjoints from zigzags of lax commutative (𝑛 + 1)-cubes

Recall briefly how we built right adjoints of 1-morphisms 𝑓 ∈ 𝑋1 in Z2
+ (𝑋): we

first produced a companionship for 𝑓→ in Sq2 (𝑋), which in particular gave us com-
mutative squares 𝐸 𝑓 and 𝐻 𝑓 , and then glued those commutative squares with their
horizontal opposites to obtain (co)units 𝜀 and 𝜂 for the adjunction 𝑓→ ⊣ 𝑓←.

Proposition 5.1 Every 𝑘-morphism 𝛼 of 𝑋 has a right adjoint inZ𝑛+1
+ (𝑋).

The proof of this statement is similar to that of Proposition 4.6. By induction, using
Proposition 3.22, the low-dimensional adjunctions (𝑘 < 𝑛) are taken care of in
Z𝑘+1
+ (𝜏𝑘𝑋), so we can assume 𝑘 = 𝑛.

Definition 5.1 Let𝑌 ∈ Seg𝑛+1 (𝔖).

• If 𝑛 = 1, a (1-dimensional) companionship in 𝑌 is the data of 𝑓 ∈ 𝑋1,0, 𝑔 ∈ 𝑋0,1,
and 𝐻, 𝐸 ∈ 𝑋1,1 satisfying 𝐸 ◦1 𝐻 ≃ id1 (𝑔) and 𝐸 ◦2 𝐻 ≃ id2 ( 𝑓 ).
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• If 𝑛 ≥ 2, a (𝑛-dimensional) companionship is a companionship in the double Segal
space𝑌1,...,1,•,•.

Remark 5.2 The content of Remark 4.5 is that every (1, 0)-morphism of Sq2 (𝑋)
extends to a 1-dimensional companionship.

Proposition 5.3 If 𝑋 ∈ GlbSeg𝑛,𝑛 (𝔖) then every (1𝑛, 0)-morphism of Sq𝑛+1 (𝑋) extends
to an 𝑛-dimensional companionship. In particular, every 𝑛-morphism𝛼 of 𝑋 has a right adjoint
𝛼← inZ𝑛+1

+ (𝑋).

Proof Using the fact that the Gray tensor product has a right adjoint (see [Cam23]),
say 𝐴 ⊗ − ⊣ 𝑅𝐴, we see that Sq𝑛+1 (𝑋)1𝑛−1 ,•,• is equivalent to Sq2 (𝜏2𝑅□(𝑛−1) (𝑋)). By
definition, 𝑛-dimensional companionships in the former are 1-dimensional compan-
ionships in the latter, and so we’re done by Remark 5.2.

An 𝑛-morphism 𝛼 of 𝑋 induces (1𝑛, 0)-morphisms 𝛼→ of Sq𝑛+1 (𝑋) and 𝛼← of
Sq𝑛+1 (𝑋)op𝑛 , together with a companionship between 𝛼→ and the (1𝑛−1, 0, 1)-
morphism 𝛼↓ in Sq𝑛+1 (𝑋). Note that 𝛼→ and 𝛼← are globular up to height 𝑛 and
𝛼↓ is globular up to height 𝑛 − 1, meaning that the companionship extends to
(𝑅𝑛+1

𝑛−1L𝑛−1 · · · 𝑅𝑛+1
1 L1𝑍

𝑛+1
+ ) (𝑋). Now the same argument used in Proposition 4.6

(with 𝑅2
1L1 replaced by 𝑅𝑛+1

𝑛 L𝑛) shows that the the companionship data for 𝛼→ gives
two (𝑛 + 1)-morphisms 𝜀𝛼 and 𝜂𝛼 ofZ𝑛+1

+ (𝑋) satisfying the triangle equations. ■

Corollary 5.4 For 𝑘 ≤ 𝑛 − 1, every 𝑘-morphism 𝛼 of 𝑋 has an ambidextrous adjoint in
Z𝑛+1
+ (𝑋): the 𝑛-morphism 𝛼← satisfies 𝛼→ ⊣ 𝛼← and 𝛼← ⊣ 𝛼→.

Proof The construction ofZ𝑛+1
+ (𝑋) is invariant under the application of (−)op𝑘 for

𝑘 ≤ 𝑛 − 1, meaning that Z𝑛+1
+ (𝑋)op𝑘 ≃ Z𝑛+1

+ (𝑋). This is because Sq𝑛+1𝑏,+ (𝑋)op𝑘 ≃
Sq𝑛+1𝑏′ ,+ (𝑋) with 𝑏′𝑖 = 𝑏𝑖 for 𝑖 ≠ 𝑘 and 𝑏′𝑘 = −𝑏𝑘 . Under these equivalences, 𝛼→ is
sent to 𝛼← and viceversa. But in Z𝑛+1

+ (𝑋)op𝑘 we have 𝛼← ⊣ 𝛼→, and so the claim
follows. ■

Remark 5.5 In fact, we believe that, for 𝑘 ≤ 𝑛 − 1, every 𝑘-morphism of Z𝑛+1
+ (𝑋)

has an ambidextrous adjoint. Such 𝑘-morphisms are given by taking 𝑘 zigzags of lax
commutative 𝑘-cubes in 𝜏𝑘𝑋 of signature (𝑏, 𝑐) ∈ Λ𝑘 . Each cube has a counterpart
obtained by considering the same cube but with signature (𝑏,−𝑐) ∈ Λ𝑘 . Rewriting
the 𝑘 zigzags with the counterparts yields the desired adjoint, with (co)units obtained
using the companionships of each cube.

5.2 On generators

The proof of Proposition 4.9 depends on a certain decomposition result for (1, 1)-
morphisms of Sq2 (𝑋), which is one part of the following universal property of Sq2:
paraphrasing the results of [LR25] (and deliberately omitting issues of completeness
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36 L. Riva and M. Rovelli

for simplicity’s sake), Sq2 (𝑋) is initial among those double Segal spaces which admit a
map from 𝑋 that sends every 1-morphism 𝑓 to a (1, 0)-morphism with a companion.

It follows that ifwewanted to prove a generators-and-relations result forZ𝑛+1
+ (𝑋)we

could start by showing a similar universal property for Sq𝑛+1. At the moment, how-
ever, it is unclear what such a property would say. In Definition 5.1 we defined an
𝑛-dimensional companionship for an (𝑛 + 1)-uple Segal 𝑌 to be a companionship in
𝑌1,...,1,•,•, but we could reasonably form different double Segal spaces out of 𝑌 , such
as𝑌•,•,1,...,1 or𝑌•,1,...,1,•, and ask for companionships there. Let’s call them alternative
companionships to distinguish them from those of Definition 5.1. It turns out that, in
general, Sq𝑛+1 (𝑋) admits some alternative companionships. For example, in Sq3 (𝑋)
we have that every (1, 0, 1)-morphism admits a companion (0, 1, 1)-morphism; not
every (1, 1, 0)-morphism admits a companion (0, 1, 1)-morphism, but those (1, 1, 0)-
morphisms that are globular up to height 1 (i.e. that come from 2-morphisms of 𝑋) do.
In fact, implicit in the proof of Proposition 5.1 is the fact that every 𝑘-morphism of 𝑋 ,
when considered as a (1𝑘 , 0𝑛+1−𝑘)-morphismof Sq𝑛+1 (𝑋) via the canonical inclusion,
admits a companion (1𝑘−1, 0, 1, 0𝑛−𝑘)-morphism.

The evidence from low dimensional cases and some wishful thinking leads us to
formulate the following

Conjecture 5.6 Let 𝑋 ∈ GlbSeg𝑛,𝑛 (𝑋) and let 𝑘 ≤ 𝑛 + 1. The space of (1𝑘 , 0𝑛+1−𝑘)-
morphisms of Sq𝑛+1 (𝑋) is generated under composition by the 𝑘-morphisms of 𝑋 and the
companionship (co)units for lower-dimensional morphisms of 𝑋 .

The claim would be but one step in the proof of a possible universal property for
Sq𝑛+1 (𝑋), stating something along the lines of “Sq𝑛+1 (𝑋) is initial among those
(𝑛 + 1)-uple Segal spaces which admit a map from 𝑋 sending every 𝑘-morphism to a
(1𝑘 , 0𝑛+1−𝑘)-morphism with a (suitable) companion”.

For our purposes, the claim gives us a grasp on the 𝑘-morphisms of Z𝑛+1
+ (𝑋)

when 𝑋 ∈ GlbSeg𝑛+1 (𝑋): since the companionship (co)units in each Sq𝑛+1𝑏,+ (𝑋) glue
together to form (co)units for adjunctions of 𝑘-morphisms inZ𝑛+1

+ (𝑋), we expect the
following:

Conjecture 5.7 Let 𝑋 ∈ GlbSeg𝑛,𝑛 (𝑋) and let 𝑘 ≤ 𝑛 + 1. Then the space of 𝑘-morphisms
of Z𝑛+1

+ (𝑋) is generated under composition by the 𝑘-morphisms of 𝑋 and the adjunction
(co)units for lower-dimensional morphisms of 𝑋 .

According to the conjecture, mapsZ𝑛+1
+ (𝑋) → 𝒟 to a sinister (𝑛 + 1)-category are

determined by their restriction to 𝑋 . It remains a mystery if we can go the other way,
i.e. if we can producemapsZ𝑛+1

+ (𝑋) → 𝒟 frommaps 𝑋 → 𝒟, because we have little
to no knowledge about the relations among adjunction (co)units in dimensions 𝑛 ≥ 2.
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5.3 Relation to cobordisms and future work

Asmentioned in Section 1, our initialmotivationwas to produce a combinatorial con-
struction for the cobordism higher category Bordfr𝑛 . It turns out thatZ𝑛

+ can be used to
approximate a different but closely related higher category, the E𝑘-monoidal (∞, 𝑛)-
category of embedded oriented tangles. Here is a brief explanation of how this works.
More details on this topic will be presented in future work.

Consider 𝐹𝑘 , the free E𝑘-algebra in 𝔖 on one generator. Under the equivalence
between E𝑘-algebras and 𝑘-fold monoids in cartesian monoidal ∞-categories (see,
for example, [Hau18, Proposition 10.11]), 𝐹𝑘 induces a globular 𝑘-uple Segal space
𝐵𝑘𝐹𝑘 with a contractible space of 𝑗-morphisms for all 0 ≤ 𝑗 < 𝑘 . ThenZ𝑘+𝑛

+ (𝐵𝑘𝐹𝑘)
is a globular (𝑘 + 𝑛)-uple Segal space with a contractible space of 𝑗-morphisms for
all 0 ≤ 𝑗 < 𝑘 , and thus it induces an E𝑘-monoidal globular 𝑛-uple Segal space
𝑇 𝑘,𝑛 := Ω𝑘Z𝑘+𝑛

+ (𝐵𝑘𝐹𝑘).

We claim that the 𝑗-morphisms of 𝑇 𝑘,𝑛 can be turned into the data of compact ori-
ented 𝑗-dimensional manifolds with corners. First note that 𝐹𝑘 can be modeled by
the space Conf(𝑘) of embeddings of points in (0, 1)𝑘 , the open unit 𝑘-cube; the E𝑘-
monoidal structure is given by pasting two cubes along a face and then rescaling.
Paths in this space are isotopies of embeddings, paths between paths are isotopies
between isotopies, and so on. In particular, any map 𝑓 : [0, 1]𝑟 → Conf(𝑘) from
the closed 𝑟-cube can be “realized” as an oriented manifold: first factor 𝑓 as a map
[0, 1]𝑟 → Emb(𝑚, (0, 1)𝑘) into the space of embeddings of 𝑚 points {𝑝1, . . . , 𝑝𝑚}
into (0, 1)𝑘 , and then define

𝑀 𝑓 := {(𝑥, 𝑦) ∈ [0, 1]𝑟×(0, 1)𝑘 | 𝑦 = 𝑓 (𝑥)(𝑝𝑖) for some 𝑖 = 1, . . . , 𝑚} ⊆ [0, 1]𝑟×(0, 1)𝑘 ⊆ R𝑟+𝑘

Note that the interior of 𝑀 𝑓 is abstractly diffeomorphic to the disjoint union of 𝑚
copies of (0, 1)𝑟 , but 𝑀 𝑓 might have a non-trivial corner structure.

Now consider a map 𝛼 : □𝑘+ 𝑗 → 𝐵𝑘𝐹𝑘 ≃ 𝐵𝑘Conf(𝑘) of (∞, 𝑘 + 𝑗)-categories.
Composing with the inclusion𝑤(𝑘 + 𝑗) → □𝑘+ 𝑗 gives us a specific (𝑘 + 𝑗)-morphism
of 𝐵𝑘Conf(𝑘). For 𝑗 = 0 this corresponds to a point of Conf(𝑘), for 𝑗 = 1 this
is a path in Conf(𝑘), for 𝑗 = 2 it’s a path between paths, and so on. In general it
corresponds to a certain map 𝑎 : [0, 1] 𝑗 → Conf(𝑘) and thus, via the realization, a
compact oriented 𝑗-dimensional manifold with corners 𝑀𝑎 . The boundary of 𝑀𝑎 is
given by the realization of the faces of □𝑘+ 𝑗 along 𝛼.

The discussion above can be summarized by saying that (𝑘 + 𝑗)-dimensional mor-
phisms of Sq𝑘+ 𝑗 (𝐵𝑘𝐹𝑘) can be turned into compact oriented 𝑗-dimensional mani-
folds with corners embedded in R𝑘+ 𝑗 . Similarly, a (𝑘 + 𝑗)-dimensional morphism
𝛼 of Sq𝑘+ 𝑗𝑏 (𝐵

𝑘𝐹𝑘) gives the same manifold 𝑀𝑎 as the corresponding morphism 𝛼′

in Sq𝑘+ 𝑗 (𝐵𝑘𝐹𝑘) but we introduce a “formal orientation” depending on the parity of∑
𝑖 𝑏𝑖 : if the latter is even then the orientation of 𝑀𝑎 matches that of 𝑀𝑎′ and if the

latter is odd then the orientation of 𝑀𝑎 is the opposite one.

Ultimately, our hope is the following:
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Conjecture 5.8 The above association from maps □𝑟 → 𝐵𝑘𝐹𝑘 to manifolds yields a map
𝑇 𝑘,𝑛 = Ω𝑘Z𝑘+𝑛

+ (𝐵𝑘𝐹𝑘) → Tangor𝑘,𝑛 into the E𝑘-monoidal (∞, 𝑛)-category of oriented
tangles defined in [AF17].

Analyzing this map might provide more insight into the tangle hypothesis, an E𝑘-
monoidal analogue of the cobordism hypothesis, formulated in [AF17] and proven
conditionally on a different conjecture about factorization homology. As explained in
the introduction, taking colimits would yield a map colim𝑘 𝑇

𝑘,𝑛 → Bordor𝑛 that might
help us understand the oriented version of the cobordism hypothesis.

References

[AABS02] Fahd Ali Al-Agl, Ronald Brown, and Richard Steiner. Multiple categories: the equivalence of a
globular and a cubical approach. Adv. Math., 170(1):71–118, 2002.

[Abr96] Lowell Abrams. Two-dimensional topological quantum field theories and Frobenius algebras.
J. Knot Theory Ramifications, 5(5):569–587, 1996.

[AF17] David Ayala and John Francis. The cobordism hypothesis. arXiv:1705.02240, 2017.

[Bar05] Clark Barwick. (∞, 𝑛)-Cat as a closed model category. ProQuest LLC, Ann Arbor, MI, 2005.
Thesis (Ph.D.)–University of Pennsylvania.

[BD95] John C. Baez and James Dolan. Higher-dimensional algebra and topological quantum field
theory. J. Math. Phys., 36(11):6073–6105, 1995.

[BS24] Shaul Barkan and Jan Steinebrunner. Segalification and the Boardman-Vogt tensor product.
arXiv:2301.08650, 2024.

[Cam23] Timothy Campion. The Gray tensor product of (∞, 𝑛)-categories. arXiv:2311.00205, 2023.

[CLL25] Bastiaan Cnossen, Tobias Lenz, and Sil Linskens. Universality of span 2-categories and the
construction of 6-functor formalisms. arXiv:2505.19192, 2025.

[DK80] W. G. Dwyer and D. M. Kan. Calculating simplicial localizations. J. Pure Appl. Algebra, 18(1):17–
35, 1980.

[DPP03] Robert Dawson, Robert Paré, andDorette Pronk. Adjoining adjoints. Adv.Math., 178(1):99–140,
2003.

[GHN17] David Gepner, Rune Haugseng, and Thomas Nikolaus. Lax colimits and free fibrations in ∞-
categories. Doc. Math., 22:1225–1266, 2017.

[GZ67] P. Gabriel andM. Zisman. Calculus of fractions and homotopy theory, volume Band 35 of Ergebnisse
der Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas]. Springer-Verlag
New York, Inc., New York, 1967.

[Hau18] Rune Haugseng. Iterated spans and classical topological field theories. Math. Z., 289(3-4):1427–
1488, 2018.

[ JT07] André Joyal and Myles Tierney. Quasi-categories vs Segal spaces. In Categories in algebra, geom-
etry and mathematical physics, volume 431 of Contemp. Math., pages 277–326. Amer. Math. Soc.,
Providence, RI, 2007.

[ Juh18] András Juhász. Defining and classifyingTQFTs via surgery.QuantumTopol., 9(2):229–321, 2018.

[LR25] Félix Loubaton and Jaco Ruit. On the squares functor and the Gaitsgory-Rozenblyum conjec-
tures. arXiv:2507.07807, 2025.

2026/09/14 18:30

Downloaded from https://www.cambridge.org/core. 15 Nov 2026 at 17:28:43, subject to the Cambridge Core terms of use.

https://arxiv.org/abs/1705.02240
https://arxiv.org/abs/2301.08650
https://arxiv.org/abs/2311.00205
https://arxiv.org/abs/2505.19192
https://arxiv.org/abs/2507.07807
https://www.cambridge.org/core


Zigzags and Free Adjunctions 39

[Lur09] Jacob Lurie. On the classification of topological field theories. In Current developments in
mathematics, 2008, pages 129–280. Int. Press, Somerville, MA, 2009.

[RV16] Emily Riehl and Dominic Verity. Homotopy coherent adjunctions and the formal theory of
monads. Adv. Math., 286:802–888, 2016.

[SP09] Christopher John Schommer-Pries. The classification of two-dimensional extended topological field
theories. ProQuest LLC, AnnArbor,MI, 2009. Thesis (Ph.D.)–University of California, Berkeley.

Center for Mathematical Sciences and Applications, Harvard University, Cambridge, USA

e-mail: lorenzo@cmsa.fas.harvard.edu.

Department of Mathematics and Statistics, University of Massachusetts Amherst, Amherst, USA

e-mail: mrovelli@umass.edu.

Department of Mathematics and Statistics, University of Ottawa, Ottawa, Canada

e-mail: mrovelli@uottawa.ca.

2026/09/14 18:30

Downloaded from https://www.cambridge.org/core. 15 Nov 2026 at 17:28:43, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core

	Introduction
	Motivation: adding adjoints
	Main results
	Future work
	Organization of the paper and notation
	Acknowledgements

	Categorical preliminaries
	Iterated Segal spaces
	Globularity
	Underlying globular objects
	Segalification
	A brief comment on completeness
	Adjoint morphisms

	Squares and zigzags
	Lax cubes
	Some maps of lax cubes
	Higher square functor
	Zigzagification

	Free adjoints and zigzagification
	Some results on generators
	Adjoints from zigzags of commutative squares
	Generators for zigzags
	Universal property

	Higher-dimensional behavior of zigzagification
	Adjoints from zigzags of lax commutative (n+1)-cubes
	On generators
	Relation to cobordisms and future work

	References

