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In this article we observe that processes with the uniform order statistics property
(UOSB can be characterized by the condition that their firspoch times have a
joint £Z-spherical densifyn = 1. Some related resultand some further properties

of £5-spherical densitiegire also giveniWe also extend some of the results regard-
ing the UOSP to the more genefabt necessarily uniforjnorder statistics prop-
erty. Finally, we develop a theory of discrete-time discrete-state processes with the
UOSR where the need to consider multiple jumpsa single time pointarises

1. INTRODUCTION AND PRELIMINARIES
An n-dimensional density functiohof the form

f(Xq, X0yenny Xn) = ¢(1rr<1ia<>r<1xi>, (X1, X2,...,Xn) € RY (1.1)
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Ficure 1. Equiprobability contours

(where ¢p: R, — R, is some functioh is called ¢.-spherical Note that if
X1, Xs,..., X, have anf .-spherical densitthenXy, X,, ..., X,, must be exchange-
able Some typical equiprobability contours of a bivaridte-spherical density are
depicted in Figure 1& he density functiomg of the corresponding order statistics is
given by

Y(Xy) FO=X=%=--- =X,

9(Xg, Xz, 005 Xn) = { (1.2)

0 otherwise

where

Y =nlo.

In this article any density of the form of in (1.2), for somey, will be called
€=-spherical Note that if X;, X,,..., X, have an{z-spherical densitythen
Xy =X, = ... = X, with probability 1 Some typical equiprobability contours of
a bivariatef Z-spherical density are depicted in Figure 1b

Remark 1.1:From Figure 1bit is obvious that ifX; and X, have a bivariate
{5-spherical densitythen the conditional distribution of;, given thatX, = t (for
anyt > 0), is uniform(0, t). Similarly, also the conditional distribution of;, given
thatX; =t andX, > t, is uniform(0, t). Later in this articleit will be shown that
these results hold also in the more general multivariate. case
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With any set of nonnegative random variables that saksfy X, = --- = X,
with probability 1, we may associate the nonnegative increments
Zy = Xy, Zy =Xy = Xy veny Zy =Xy~ Xn-1-

The densitie$ andf,, of X = (X, X,, ..., X,) andZ = (Z4, Z,, ..., Z,), respectively
are related by the equation

f(Xp, Xy s Xn) = f2(X0, Xo = Xp, oo, X1 = %), O=SX =X = --- =X,

It follows thatX has anfZ-spherical density if and only i is of the form

fZ(Zl’ZZ’-"’Zn) :(P<22i>’ (219225---’ZH)ER19 (13)
i=1

for some functionp; densities of this form are called Schur-const@#e Spizzi-
chino[17]). This equivalence is useful for the purpose of identifying random vectors
with €Z-spherical densities

A counting procesdl = {N(t), t € [0, {)} is said to be monhomogeneous pure
birth processwith intensity(or rate functionsr; = 0 if

{N(t), t € [0, )} has the Markov property (1.4)
P{N(t+ At) =i +1|N(t) =i} = r;(t)At + o(At), i =0, (1.5)
P{N(t+ At) >i+1|N(t) =i} = o(At), i=0. (1.6)

Here and in the followingf may beco. Nonhomogeneous pure birth processes have
been extensively used recently as a modeling tool in reliability theory and statistics
see for instancesome references in Shakegbizziching and Sutef16, pp. 275—
276]. Also, sequential order statisticas described in Kamg43, Sect 1.3], can be
easily seen to have the same distribution as the first epoch times of a nonhomo-
geneous pure birth process

Shaked et al[16] showed that if a random vectdr= (X;, X5, ..., X,) has an
{5-spherical density function of the for(t.2), then there exists a nonhomogeneous
pure birth process whose firstepoch timedl, = T, = ... = T, satisfy

(Tl, T2a s aTn) st (Xla X2, LR Xn)

Recall that a procesidM(t), t € [0, 1)} is called a stationaryixed Poisson
processf there exists a unit rate homogeneous Poisson prdégss, t € [0, f)} and
a nonnegative random variablé independent oK, such that

{M(t), t € [0, D)} = {K(Wt), t € [0, T)}.

Grandell[7] provides a detailed coverage of the theory and applications of mixed
Poisson processes

We will also use in the sequel the notion ofraxed uniform sample process
In order to define itlet f < co and letU,,U,,... be a sequence of independent
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uniform(0, f) random variabled et L be a positive integer-valued random variable
independent of th&);’s. GivenL = |, let{M(t), t € [0, {)} be the empirical distri-
bution function based od,,Us,, ...,U,. The unconditional proces$#(t), t € [0, )}
will be called a mixed uniform sample procesterg and in the rest of the article
“empirical distribution function” means theonnormalizedrersion of it that is if
we call{M(t), t € [0, f)} an empirical distribution functiarwe mean that for every
t€ [0, T), the valueM(t) is the number of observations in the underlying sample that
are less than or equal to

We now define theuniform order statistics propertfUOSP. We will say that
a(finite or infinite) sequence of nonnegative random variables X, < --- hasthe
UQOSP if for anyk = 1 and for anyt > 0 such thaP{X, = t, X,,; > t} > 0, the
conditional distribution oK, X,, ..., X, given thatX, = t andX,,, > t, is the joint
distribution ofk order statistics from a unifor(9, t) distribution Furthermorecon-
sider a point procegd (t), t € [0, )} with right-continuous sample patfsich that
almost surelyM (0) = 0, andM (t) < co forall t € [0, ). Denote byT, = T, < --- the
jump times of the proces3he procesdM is said to have the UOSP if for every
t € [0,f) andk = 1 such thatP{M(t) = k} > 0, the conditional distribution of
T, To,..., Ty, given thatM (t) = k, is the joint distribution ok order statistics from a
uniform(0, t) distribution

From Remark 1 it is seen that ifX; and X, have a bivariate 5-spherical
densitythen they have the UOSPater, in Section 2it will be shown that this is the
case also in the more general multivariate case

The interest of processes with the UOSP was pointed out in C{@inmvhere
it was shown that they have the Markov propefyom Puri[15], it follows that
if a proces{M(t), t € [0,00)} (note that heré= co) has the UOSRhen it has to be
a stationary mixed Poisson proce®n the other handor a finite f, if a process
{M(t), t € [0, T)} has the UOSRhen it has to be a mixed uniform sample process
It is worthwhile to note that a mixed sample proces$@i) (heret is finite) might
also be a stationary mixed Poisson procétmwvever in Deffner and Haeusld#],
it is shown that not all mixed sample processes can be represented as stationary
mixed Poisson processes

In the present articlave observe that processes with the UOSP can be charac-
terized by the condition that their firatepoch times have a joidt;-spherical den-
sity, n = 1. Some related results are also giveéve also extend some of the results
regarding the UOSP to the more gendradt necessarily uniforinorder statistics
property in particular we characterize such processes in terms of the joint density
of the firstn epoch timegfor anyn). Finally, we develop a theory of discrete-time
discrete-state processes with the UQ&IRere the need to consider multiple jumps
at a single time pointarises Because of the need to consider both unit jumps and
multiple jumps(at each discrete time pointve are led to study two different notions
of discrete UOSP

Other results that are related to those in the present article can be found in
Benczur{1], in a recent paper by Iglesia¥latis Pereiraand Tanak410], and in
references cited therein

https://doi.org/10.1017/50269964804183010 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964804183010

UNIFORM ORDER STATISTICS PROPERTY 279

2. CHARACTERIZATIONS OF PROCESSES WITH THE UOSP
BY MEANS OF {.-SPHERICAL DENSITIES

We start this section with an interesting property of random vectors #jth
spherical densitiedt will be seen later that this property is closely related to the
UOSP of the underlying random variables

ProprosiTION 2.1: If X4, X,,..., X, have anf-spherical density f of the form (1.1),
then any k-dimensional marginal of f is also é&g-spherical density, k n.

Proor: By the exchangeability dfand backward inductiqiit suffices to prove that
the marginal densitf,_, of (X4, X,..., Xy_1) is €,-spherical Now, we write

[e'e]
fao1(Xe, Xos .0y Xnog) = J

0

JO1<.<n1 ¢< max Xi> dx, +Jmax Xi¢< max xi> dx,

=i= =i=
l=i=n 1=i=n-1 1=i=n

d)( maxxi> dx,

1=i=n

(o 2 ) ) + g 800 05

1=i=n—1
thatis for (X4, Xo,..., Xp—1) € R, we have that,_; is a function of max.=,_1 X;
only. ]
In a similar mannetthe following result can be obtained

PRrOPOSITION 2.2: If X1 = X, = ... = X,, have an¢Z-spherical density as in (1.2),
thensodo X=X, = --- = X, forany k=n.

Proposition 22 leads to the following natural question of “extendibilityf
X; =X, = --- = X, have ar¢;-spherical density as if1.2), can they be the firat
variables of a collectioX; = X, = ... = X, = X,,;, that have arfZ-spherical
density inRT™*? In order to answer this questiodenote the joint density of
Xi=Xp=..- =X,as

fy, 3, 3, (X1s X2y ooy Xn) = (X)), 0=xX,=X= -+ =X,

and supposing that, = X, = ... = X, = X,,.; also have aif;-spherical density
denote it by

%o X X2 (X1 X25 e 0s Xny Xni1) = Pnga(Xnia)s

0=X1=X =+ =Xy = Xps1.

Obviously

lﬂn(xn) = f ¢n+l(xn+l) dXn 1, (21)
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from which

__4d
¢n+1(x) - dX lﬂn(X)-

It follows thatX; = X, = ... = X, is €5-spherically extendable if and onlyf, is
differentiable and nonincreasing

Regarding the functiot,, it is worthwhile to note that it is related to the density
functionfy of X,; it is easy to verify that

n—1

(n—21)!

fy (X) = Pa(x),  x=0.
Next, we show that any random vector with &i-spherical density has the
UOSR and vice versa

ProposITION 2.3: The random variables %= X, = ... = X,, have anf;-spherical
density as in (1.2) if and only if they have the UOSP.

Proor: First, suppose thaX; = X, = ... = X, have anfz-spherical density as in
(1.2). Fix at > 0. By Proposition 22, it is seen that it suffices to show that the
conditional distribution ofXy, X,, ..., X,,_1, given thatX,,_, = t andX, > t, is the
joint distribution ofn — 1 order statistics from a unifor(®, t) distribution

Denote byfy x, .. x. ,x. ,=tx.t the conditional density oKXy, X5,..., X, 1,
given thatX,,_; =tandX, >t Let0=x; =X, = --- =X,_1 =t. Then

ftwlﬁ(xn)dxn

Py 1 =1 Xy > 1}

Fo X X 21X =t Xt (X X2y ey Xpog) =

thatis for eacht, itis seen thafy x, . x. ,x, ,=tx>t(X1,Xz,...,X,-1) IS CONStant
over the regiod(Xy4, Xz, ..., Xn—1)|0=X; =X, = - -+ = X,_1 =t}. In other wordsthe
conditional densityfy ., . x. ,x, ,=txt iSthe density oh — 1 order statistics
from a uniform(0, t) distribution

Converselysuppose thaX; = X, = ... = X, have the UOSFix at > 0. Let
0=X1=Xp,= - =X,_1 =t. Then on one hand

f f(X17 X27-~~’Xn—17 Xn) dxn
t

P{X, 1=t X, >t}

X 11X 1=t Xt (X1, Xos ey Xnog) =

,,,,,

(n—l)!_

fo 3% 21X =t Xt (X1, X2,y e ey Xpog) = —t“’l ;

https://doi.org/10.1017/50269964804183010 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964804183010

UNIFORM ORDER STATISTICS PROPERTY 281

that is

o (n—1)!
f(le X250y Xn—1, Xn) an = tn_l P{xnflst Xr‘l > t} (22)
t

Differentiating (2.2) with respect ta, it is seen that when & x; = x, = -+ =
Xn—1 = t, then f(Xq, Xs,...,Xy_1,t) does not depend on the actual values of
X1, X2y ooy Xp—1. |

A straightforward modification of the proof of PropositiotB%yields the fol-
lowing result

ProprosITION 2.4: The random variables %= X, = --- = X, have anfz-spherical
density as in (1.2) if and only if the conditional distribution of X,, ..., X, given
that X1 = t, is the joint distribution of k order statistics from a unifo(@t) dis-
tribution, for all k= n — 1 and t> 0 for which the above conditional distribution is
defined.

From Proposition 3 we get the following characterization of processes that
have the UOSP property

THEOREM 2.5: A point process N= {N(t), t € [0, )} has the UOSP if and only if
its first n epoch times = T, = --- = T, have ajoint{Z-spherical density for every
n =1 such that RT, < oo} = 1.

We thus see that for a point procé$s- {N(t), t € [0,00)}, the following prop-
erties are equivalent

(i) Nis a stationary mixed Poisson process
(i) N hasthe UOSP
(i) The firstn epoch times oN have a jointt 5-spherical densityn = 1.

The equivalence of propertiés and(ii) has already been known in the litera-
ture for a long time(see for instance references in Puiil5]). It is worthwhile
to mention that in a recent proof of the equivalence of propeftieand (ii) in
Hayakawd 8], the equivalence of the first two conditions with propefity) is es-
sentially implicit Namely in the proof of her Theorem.2, Hayakawd 8] obtained
the fact that the joint density function of the firsinterepoch intervals af, eval-
uated at the pointys, Ys, ..., Y») = 0, depends only oX{_, v;; in other wordsthe
density is Schur-constarngee(1.3). As we have mentioned earljea sequence of
interepoch intervals satisfies the above property if and only if the corresponding first
n epoch times have a joirt;-spherical densityn = 1.

Asequence of positive random variab{&g Yo, ..., } is calledf{,-isotropic(see
for exampleBerman 2] or Hayakawd®8]) if and only if for everyn =1, the random
variables
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i Y, Yn
n > n scery N
Y XY XY
i=1 i=1 i=1

are distributed as a sb,U,, ..., U, of independent uniforit®, 1) random variables
conditioned o>, ; U; = 1. From a result of Bermaf2] (given as Theorem.2 in
Hayakawd 8]), it follows that a sequence of positive random variaMsY,, ...}
is €,-isotropic if and only if the joint density function of any finite number of this
is Schur-constaniVe can therefore restate Theorerh as follows

THEOREM 2.6: A point process N={N(t),t € [0, )} has the UOSP if and only if for
every n= 1 such that RT, < oo} = 1, the first n epochs times E T, = --. =T, of
N satisfy that

E E Tnfl

T T T,

are distributed as the order statistics of-nl independent uniforii®,1) random
variables.
3. SOME COMMENTS ON THE GENERAL OSP

In this section we extend some of the UOSP results in Section 2 to the more general
order statistics propertyfOSP that will be defined shortlyThese extensions entail
generalizations of the notions éf,-spherical and Z-spherical densities

Leta:[0,00) — [0,00) be a differentiablgstrictly increasing function such that
a(0) = 0. This function will be fixed throughout this sectioBenote bya™! the
inverse ofa, and bya’, its derivative If X4, X,,..., X, have the joint density givenin
(1.1), then

(X1, %oy .., X)) = (@7 H(Xy),a 1(Xyp),...,a (X)) (3.1)

has the density given by

f(Xy, Xoyeey X)) = ¢< <maxx >>Ha (%), (X1, X2,..., X,) E RT,

(3.2)
which is a generalization d@f..1). The density functior of the corresponding order
statistics is given by

a(Xn)) a’ Xi fo=x=%x,= s =X,
g(xl7 X27"'7Xn) = llj( |]-:Il ( ) 1 2 (33)
0 otherwise

which is a generalization df..2).
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We now define the@rder statistics propertyOSP, which is a generalization of
the UOSPLet {F};=o be a family of distribution functions such thit has the
supporf0, t]. We will say that finite or infinite) sequence of nonnegative random
variablesX; = X, = --- has the OSP with respect {6}~ if for any k = 1 and
for anyt > 0 such that{X, = t, X,,, > t} > 0, the conditional distribution of
X, X5,..., X, given thatX, = t and X, > t, is the joint distribution ofk order
statistics based on a sample frof. Furthermore consider a point process
{M(t), t € [0,1)} with right-continuous sample pathsuch that almost surely
M(0) = 0 andM(t) < oo for all t € [0, ). Denote byT; = T, = --- the jump times
of the processThe proces$/ is said to have the OSP with respect g}~ if for
everyt € [0, ) andk = 1, such thaP{M(t) = k} > 0, the conditional distribution
of T, T5,..., T, given thatM(t) = k, is the joint distribution ofk order statistics
based on a sample froR.

Let M = {M(t), t € [0,c0)} be a point process with right-continuous sample
paths such that almost surelyi(0) = 0 andM(t) < oo for all t € [0,c0). Denote
m(t) = E[M(t)], t = 0, andy = lim_,.,m(t). From Puri[15] it follows that if the
processVl has the OSP with respect to sofifg}—o andy = oo, thenM has to be a
nonstationary mixed Poisson procgidest is

{M(t), t € [0,00)} =5 {K(Wm(1)), t € [0,c0)},

whereK is a unit rate homogeneous Poisson processVdiisl a positive random
variable independent oK. On the other handf y < oo, thenM has to be a mixed
sample process with the kernel function

that is M can be represented as the empirical distribution of a sample of a random
size from the above distributidf.

Using the transformatiof8.1) or its inverseit is possible to obtain results about
the OSP from results about the UOSP and vice vdteaexampleif X;, X5, ..., X,
have a joint density functiohof the form(3.2), then anyk-dimensional marginal
of fis also of that formk < n (this statement is a generalization of Propositid).2
A generalization of Proposition.2is the following

ProposiTION 3.1: The random variableX; = X, = .- = X,, have a density of the
form (3.3) if and only if they have the OSP with respedifg~,, where

_as)
Fi(s) = 2’ 0O=s=t. (3.4)

From Proposition 3 we get the following generalization of Theorens.2

THEOREM 3.2: Let a:[0,00) — [0,00) be a differentiable, strictly increasing func-
tion such that 40) = 0, and for t= 0, let K, be defined by (3.4). A point process
{M(t), t € [0,T)} has the OSP with respect {6}~ if and only if for every r= 1
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such that BT, < co} = 1, its first n epoch timed; = T, = --- = T, have a joint
density of the form (3.3).

Example 3.3:The linear birth(Yule) processN = {N(t), t = O}, with initial popu-
lation sizek, is a nonhomogeneous pure birth procese(1.4)—(1.6)) with inten-
sity functions

Rt =Ak+i), i=01...,

whereA > 0 is some constantetT, =T, = --- = T, be the firstn jump times of\.
The joint density function ofy, T,,..., T,,, evaluated ax; = X, = --- =< X,, can be
computed as followsgsee e.g., (2.5) in Shaked et al[16]; there is there an easily
correctable mistake in the indexing

fron 1 (Xt Xayen oy X)) = {H AMKk+i— l)] exp{—Z | Ak+i—1) du],
i=1 i=1 Jx_,
wherex, = 0. A straightforward algebra yielddor x; = x, = --- = X,)
from, 1 (Xt Xy oy X) = [H(k+ i — 1)] exp{—A(k + n)xn}{ﬂ Aexp{)\xi}};
i= i=1

i=1

that is fr 1, v is of the form (3.3) with a(x) = e™ — 1 and y(a) =
[TIL.(k + i — 1)]/(1 + a)**". Now, from Proposition 3L it follows thatN has
the OSP with respect td~ }1~o, Wwhere

e —1

Ft(x) = e/\t _ 17

O=x=t.

Applying the inverse of the transformatié® 1), it follows thate*™ — 1, e*™= — 1, ..
have the UOSPThe latter result was obtained in Neuts and Reshilel by means
of a straightforwargbut lengthy computation

An interesting application in Bayesian inference in which densities of the form
(3.2) arise naturally is described neket ® = (0,,0,,...,0,) be a vector of inde-
pendent and identically distributed positive parametans letV (which may be a
random variable or a random vectde an observation whose distribution depends
on @ only through max.;-,®;; that is suppose that the joint density @f is of
the form

f®(017 92,~~-’0n) = H h(G,), (61’ 02"'~56n) € R:‘—’ (35)
i=1

whereh is some density function ofD,c), and that the conditional density df
given® = (64,6,,...,60,) is of the form

fV\@(v‘el,HZw--aan) = @(U; max 0i>

1=i=n
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for some functionp. Then by Bayes’ formulathe conditional density o®, given
V = v, is given by

fory (61,0, ... 6a[0) o2 @ (0 max 6, [T N(6)); (3.6)
=I=n i=1

that is givenV = v, this density is of form(3.2). A particular application in relia-
bility theory is described in the following example

Example 3.4:Considerr component®,, D,,...,D, whose lifetimes are denoted
by V.,V,, ...,V,, respectively Suppose that a parallel systemrofdentical com-
ponents with independent lifetime®,, 0,,...,0,, supports the performance of
D,,D,,...,D;; that is suppose that when the supporting parallel system,ishem

the failure rate of each; is A, whereas when the supporting parallel system is
down the failure rate of eacB; is A,, whereA, < A;. Assume that the joint density
of 04, 0,,...,0,is given by(3.5). Then the conditional density df®4, 0,,...,0,),
given (Vy,V,,...,V,), is of the form(3.6). It follows from Proposition 3L that the
conditional distribution of the ordere@k’s, given(V,, Vs, ...,V,), has the OSP with
respect tdF; }~o, where

_ H(s)
Ft(s)—m, O0=s=t

(H is the distribution function associated with

4. DISCRETE UOSP AND DISCRETE {.-SPHERICAL DENSITIES

Inspired by the UOSP for processes with continuous interepoch intekadng
and Shound9] have introduced a corresponding property for discrete-time point
processe§.e., processes with discrete interepoch intervals and unit step juimps
this sectionwe will describe this property and a modification of it that is useful in
some applicationdNVe will then derive some discrete analogs of the results in Sec-
tion 2 It turns out that in the discrete cas#as also of interest to consider processes
that can have jumps larger than unity at the jump eppiths we will also obtain
further results that have no continuous analogs

First we introduce some notation and terminology that are used in this section
and point out some simple observatiohsthis sectionwe use the notatioi¥ for
{1,2,...}.

LetZq,Z,,...,Z,beN-valued random variables and set

Xy =124,
Xo =24+ 2y,
Xn=21+2Z,+ -+ + Z,. 4.2
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Thus X4, Xs,..., X, are alsaN-valued and they satisfy
P{X1< X2< v K Xn}:]..

If we denote byp, andpy the discrete densities 24, Z,, ..., Z,) and( Xy, X, ..., Xn),
respectivelythen obviously

Px (X1, X255 Xn) = Pz(Xp, X2 = Xgs e, Xn = Xno1), 0 <Xg <Xp < v <Xy,
and
P2(21,22,...,20) = Px(Z1, Zu + 25, ., i+ 2o+ -+ + 2,),
z>0,i=12,...,n

If, on the other handZ,, Z,, ..., Z, areN U {0}-valued random variables and
X1, X5, ..., X, are as defined i4.1), thenXy, X,,..., X, are alsoN U {0}-valued
and they satisfy

P{X;=X,=-..=X,}=1

In this casethe discrete density functions 0Z,, Z,,...,Z,) and(Xy, Xs,..., Xn)
satisfy

Px (X1, X225 Xn) = Pz(Xg, X2 = Xg5 ey Xn = X1, 0=X;=X= - =X,
and
Pz(Z1,25,...,2,) = Px (21,21 + 25y .., 21 + 25+ -+ + Z,),
z=0i=12,...,n.
We will say that a discrete joint densipyon (N U {0})" [respectivelyN"] is

Schur-constanif

n
p(24,25,...,2,) = go<2 zi>, z, = O[respectivelyz, > 0],i=1,2,...,n,
i=1

(4.2)
for some functionp, and that it is..-sphericalif
P(Z1,2Z2,...,20) = ¢<mjalxzi>, z; = O[respectivelyz; > 0],i=1,2,...,n,
for some function¢. A discrete joint densityp on (N U {0})" will be called
{5-spherical if
lﬁ(Zn) Ifo 5215225 SZn

(4.3)

24,70y, 20) = .
P(22,2, ") {O otherwise
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for some functiony. A discrete joint densityp on N" will be called{¢;-spherical if

P(z,) f0<z3<z,< -+ <z,

4.4
0 otherwise (4.4)

p(zl’ Zoyenn, Zn) = :

for some functiorys. Obviously the abovep, is Schur-constant ofN U {0})"
[respectivelyN"] if and only if px is €Z-sphericalrespectivelyl5-spherical.

The following resultis a discrete analog of Propositioh &s proof is a straight-
forward modification of the proof of Proposition2and is therefore omitted

ProrosiTION 4.1: If the discrete random variables;XX,,..., X, have an{_-
spherical density f ofiN U {0})" [respectivelyN"], then any k-dimensional mar-
ginal of f is an{_.-spherical density ofiN U {0})* [respectivelyN¥], k < n.

We will now define the UOSP for dinite or infinite) sequence of discrete non-
negative random variableg, X5, .... Two different definitions are needed depending
onwhether th&;’s can or cannot be equal to each othielP{0 < X; < X, < --- } =1,
then we say that they have the UOSB if for discrete 0< x; < X, < --- < X =t
we have

t -1
PIX1 = Xg, Xo = Xp, oo, X = Xl X = 1, Xy >t} = <k> ;
that is conditional onX, = t andX,.; > t, the random variables; < X, < --- < X,
are distributed as the order statistics of a sample okdeawn from the s€ftL, 2, ..., t}
without replacementf, on the other hand®®{0 = X; = X, = ---} =1, then we say
that theseX;’s have the UOSP=) if for discrete 0= x; = X, = --- = x, =t we have

t+ k\ 1
PIX1 = X, Xo = Xp, o, X = X X = 1, Xy >t} = K ;

that is conditional onX, = t andX,; > t, the random variable$; = X, = ... = X,
are distributed as the order statistics of a sample okgizawn from the s€f0,1, ..., t}
with replacement The latter claim follows from the fact thé‘tf( k) is the number of
ways thatk objects can be put into+ 1 cells seg e.g., Feller[6, p. 38].)

The following result is a discrete analog of PropositioB 2gain we omit the
proof, as it is a straightforward modification of the proof of Propositiod. 2

ProrosiTION 4.2: The discrete random variablds < X; < X, < --- < X, [re-
spectively0 = X; = X, = ... = X,] have an{3-spherical density as in (4.4) [re-
spectivelyl -spherical density as in (4.3)] if and only if they have the UQSP
[respectiely UOSP(=)].

An analog of Proposition.2 can also be stated and proven

In the following we will now study two kinds of discrete-time discrete-state
processthose that have only unit step jumps and those that are more geweral
start with discrete-time point processes that have only unit step jupep$A(t),
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t=0,1,...} be such aprocess wi{0) =0. We assume th&{lim,_, ., A(t) = co} = 1.
The distributional properties ¢fA(t), t =0,1,...} can be equivalently described by
means of either one of three sequences of random variables

e The times of the unit jumps$,, T»,...; thatis Ti=to A(t—1) =k—1and
Alt) =k 1=k=t(here0< T, < T, < --- with probability 1.

e The interepoch intervalg,, Z,,...; that is Z, = T, — T,_1, kK = 1, where
To= 0 (herez, > 0, k= 1, with probability 1).

e The jump indicators$, I,,...; thatis I; = A(t) — A(t—1),t=0.

AprocesqA(t),t=0,1,...} as above will be said to have the UOSP) if Ty, T, ...
have this property
We now recall a definition and a result from Huang and Shd@ng

DEFINITION 4.3[9, p. 72]: Adiscrete-time discrete-state procg#gt), t=0,1,...}

is called amixed geometric procesbthere exists a random variabl@ that takes
on values in(0,1) such that, given tha® = 0, the interepoch intervals ZZ,,...

of {A(t),t=0,1,...} are independent and identically distributed with probabilities
P{Zy=2t=60(1-6)71z=1, k=1

THEOREM 4.4 [9, p. 73]: A discrete-time discrete-state procdgst), t = 0,1,...}
with unit step jumps, such that(® = 0 and P{lim._,.,A(t) = oo} = 1, has the
UOSP(<) if and only if it is a mixed geometric process.

We can now obtain the following resulpart of it is a discrete analog of
Theorem 2.

THEOREM 4.5: Let{A(t),t=0,1,...} be a discrete-time discrete-state process with
unit step jumps such that(® = 0 and P{lim,_,,A(t) = oo} = 1. The following
statements are equivalent:

(i) The procesgA(t),t=0,1,...} has the UOSR<).
(ii) The procesgA(t),t=0,1,...} is a mixed geometric process.
(iii) The interepoch intervals £Z,,...,Z, have a Schur-constant density on
N for every k= 1.
(iv) The epoch times;JT,,..., T, have a joint{;-spherical density oiNX
for every k= 1.
(V) The jump indicatorsyl|,,..., |, are exchangeable for everyt 1.

Proor: The equivalencé) < (ii) is Theorem 4. The equivalencé) < (iv) fol-
lows from Proposition £. The equivalencéiii) < (iv) follows from the comment
after(4.4).

(i) = (v): Fixat=1. Let (i, ip,...,i;) € {0,1}". Suppose thak of thei;’s are
one and that the othér kindicators are zerdrhen forsome 0< t; <t, < --- <
t =t, we have

Ui=ipl=ip. k=i ={Ti=t, L =t,..., T =t, Ty > th
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Sa

P{ly=i,l=ls..., 1, =i}
= P{le t, L=1,...,T,= tk|TkS t,Teiq > t}P{TkS t, Ty > t}
 P{T=tT >t}

t I

k
where the second equality follows from the assumption Thak,, ..., T, have the
UOSP(<); thatis P{l, =iy, 1,=ls,...,l; =i} does not depend on the actual values
i1,is,...,1, but only on the related. Thus I, 1,,...,1; are exchangeahle

(v) = (ii): From the de Finetti theorem there exists a probability meadume
(0,1) such that

1
P{ly=li,l=10s...,1 =i :fo 61— 0)tkdI1(h), (4.5)

for anyt =1, wherek is the number of;’s that are one
Now, fixak=1and &zy, z,,..., z,) € NK. Denotet = Z}‘zl z,. Then from(4.5)
we get
1

P{lezl,ZZZZZa“-’Zk:zk}:f k(1 —6)kdII(9)

0

1 k
-| [ (01— 0)4 1]
o |j=1

that is the proces$A(t), t = 0,1,...} is a mixed geometric process n

dI1(o);

The equivalencéii) < (iii ) is a well-known de Finetti-type theore(aeg for
example Diaconis and Freedmd, p. 414]). Also, it can be viewed as a discrete
analog of Theorem.44 in Spizzichind17].

Using Theorem 4%, one can obtain interesting discrete Schur-constant
{-sphericaland exchangeable densitid$e following example illustrates this

Example 4.6:Let O in Definition 4.3 have the beta density with parameters 0
andp > 0. Then the Schur-constant joint discrete density of the first 1 inter-
epoch intervals is given by

PlZ,=2,,2,=12,,...,Zk= %}

1 K . Tla+B) B
k _ E|:12| k -2 = M7 pga—-1 _ B—1
fo 6%1-9) T (a)T(B) 6= (1~ 6)""do

k
et p) F(a+k)T<B+i212i —k)

- T@r® r<a+ﬁ+§k‘,z->

, z=1lLi=12,... .k
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This density(actually the density ofZ, —1,Z, —1,...,Z,— 1)) is a special case of
the beta-compound negative multinomial den&se JohnsqiKotz, and Balakrish-
nan[11, p. 104]); see also Example.4 The marginal density oZ, (which, by
exchangeabilityis the marginal density of ead) is given by

. T(e+p) T(e+Dr(p+z-1 _
P{Zl—z}—r(a)r(ﬁ) Tatfis z=1. (4.6)

This density(actually the density oZ; — 1) is a special case of the beta-negative-
binomial density which is also called the Markov—Pdélya densigee Johnsgn
Kotz, and Kemg 12, pp. 242—243, but note the different notatigifor examplefor
a> 1, they denotg—a)! = 1/(a — 1)!, and for any nonzera andb, they denote
(Z) = al/(bl(a— b)!), where fora > 0, they use the notatioal =T'(a + 1).
The(;-spherical joint discrete density of the fiks& 1 epoch times is given by

P{Tl = tl,Tzztz,---,Tk:tk}

_ T(a+p) T(a+KI(B+t—k)
S T(a)T(B) T(a+B+t)

, =St << <t

Finally, the exchangeable joint density of the fitst 1 indicators can be computed
as follows

Plly=liyl=la..., 1 =i}

st . T(a+p)
= Dic1ii(1 — gt Zj=rif —— 7 ga— _ -
foﬁ (1-0) rarg Y(1-6)# 1 do

F<a+iij>r<ﬁ+t_iij>
_Tla+p) i-1 L (iyip..niy) € {0,100
I'(a)T'(B) Fla+pB+1)

Marginally, eachl; is a Bernoulli random variable with parametef(a + 8).
In the case whe® is a uniform(0,1) random variabléi.e., « = 8 = 1), we have

o Za-)
<i-klzi+l>! ,

P{Z]_ZZl,ZZZZz,...,Zk:Zk}: Zi21,i=l,2,...,k;

in particular

P{Z,=2} = z=1.

N |~

1
z+1’
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The €5-spherical joint discrete density of the filst= 1 epoch times is then

Kt K)!

P{T]_:tl,T2:t2,...,Tk:tk}— (t —I—l)l , 1§t1<t2<---<tk,
k .

and the exchangeable density of the first 1 indicators is then

(t+1)! ’

Pili=lig,l=lp.., I =i} = (ig,iz,...,0) €{0,1}"4

Marginally, eachl; is then a Bernoulli random variable with parameter

We now proceed to the study of nondecreasing discrete-time discrete-state pro-
cesses that can have jumps larger than unity at the jump epbloese can be de-
scribed by allowing the interepoch intervals between the “unit jumps” to be equal to
zero with a positive probability so that an actual jump of $ize0 corresponds to a
sequence gfconsecutive interepoch intervals of siz&@us let{B(t),t=0,1,...}
be such a proceghere we allow jumps at time (50 we do not require th&(0) =0
here. The distributional properties dB(t), t = 0,1,...} can be equivalently de-
scribed by means of either one of three sequences of random variables

e The interepoch intervals between “unit jumps;, Z,,...; that is B(t) =
ko Sk .,z <tandSi1Z >t k=0,t= 0 (here theZ’s can be equal to
zero with positive probability

e The times of the “unit jumpsT,,T,,...; thatis T, = Sk ,Z, k=1 (here
consecutivel,’'s may be equal to each other with positive probabijlity

e The jump amountdy, Ji,...; thatis Jy=B(0),andJ, = B(t) - B(t—1),t=1
(here of course the J;’s can be equal to zero with positive probability and
they can also be larger than gne

AprocesgB(t),t=0,1,...}, as abovewill be said to have the UOSE) if Ty, T, ...
have this property

AprocesgB(t),t=0,1,...}, as abovdi.e., which can have jumps larger than
unity), can be a discrete-time discrete-state mixed uniform sample prdoessger
to define it formally let f < oo be a positive integer and Iek,U,, ... be a sequence
of independent random variables distributed uniformly{6i,...,t}. LetL be a
positive integer-valued random variabledependent of th&J);’s. GivenL = |, let
{B(t),t=0,1,...,T} be the empirical distribution function based dp Us,...,U;.
The unconditional proce$B(t),t=0,1,..., {} will be called a discrete-time discrete-
state mixed uniform sample proceSsich processes are useful in studies where the
discrete uniform distribution can model some real phenomgaioth a sampleof a
size that cannot be predetermined in advance of the experimaaken from that
distribution

For processesis abovgthat can have gener@hther than unjtjumps we have
the following equivalent conditions
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THEOREM 4.7: Let{B(t),t= 0,1,...} be a nondecreasing discrete-time discrete-
state process. The following statements are equivalent:

(i) The proces$B(t),t=0,1,...} has the UOSR=).
(i) The procesgB(t),t=0,1,...,t} is a mixed uniform sample process for
everyt = 0 such that RB(s) > B(f) for some s> i} = 1.
(iii) The interepoch intervals £Z,,...,Z, have a Schur-constant density on
(N U {0})* for every k=1 such that RB(t) = k for some & 1} = 1.
(iv) The epoch times {JT,,..., T, have a joint {Z-spherical density on
(N U {0})* for every k=1 such that RB(t) = k for some & 1} = 1.
(v) The jump amountsyll,...,J; have a Schur-constant density on
(N U {0} for every t= O such that KB(s) > B(t) for some s> t} = 1.

Proor: The equivalencé) < (iv) follows from Proposition £. The equivalence
(iii) & (iv) follows from the comment afte@.4).

(i) = (ii): The proof of this statement is a maodification of the proof of Theo-
rem 4 of Puri[15]. Fix an integerf = 0 and sef. = B(f). From the assumption
that{B(t),t=0,1,...} has the UOSP=) it follows that givenL = |, the jump times
T,=T,=..-=Tof{B(t),t=0,1,..., T} are distributed as the order statistics of a
sample of sizéfrom a uniform distribution 00,1, ..., t}; thatis {B(t),t=0,1,...,t}
is an empirical distribution function corresponding to a sample of kizem a
uniform distribution on{0,1, ..., t}.

(i) = (i): Fix at = 0 and letL = B(f). GivenL = |, we have tha{B(t),
t=0,1,...,f} is an empirical distribution function corresponding to a sample of
sizel from a uniform distribution ok0,1,...,t}. LetT, =T, =< --. =T, be the jump
points of this empirical distributiofsome of thel;’s might be equal to each other if
a jump is larger than uni}y TheseT;’s obviously have the UOSE=).

(i) = (v): Fixat=0. Let(jo, j1,...,j1) € (NU{0})* be a possible realization
of (Jp, Jy,...,J). Set

a;=min{l[0=1=tj =1},

a, = min{l|a; <1 =t,j, =1},

ag=min{l|g_; <=t =1}

these are the corresponding realized epochs of actual jumps—obyitheslyis a
finite numberk of them Now we describe the corresponding realization of the epoch
timest,,’s of the zero and nonzero jumps

The firstt,, (f;, say is equal toa;.

The next,, — 1 of thet,,’s are all equal td;.

The nextt,, (f5, say is equal tows.

The nextj,, — 1 of thet,,’s are all equal tdj.
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The nextt,, (f,, say is equal towy.

The lastj,, — 1 of thet,,’s are all equal tdy.

Note that above we have described
k t
p=k+ X (j,~D=21],
u=1 v=0

epoch timeg,,’s; the second equality here follows from the fact fh&twith indices
different thany, are all zerosLet us order thesg,sas 0=t =t, = .- = t, (note
thatt, = t). Then

{‘JO = jO’Jl = jl’”-’\]t = Jt} = {Tl = tl’TZ = t2’---’Tp = tp,Tp+1 > t} (47)
Sq
Pllo=Joh=Jn..c. k=)
= P{Tl = tl’TZ = tz,...,Tp = tp|Tp = t,Terl > t}P{Tp = t,Tp+1 > t}
P{T,=t,Tp 1 >t}
t+p ’
p
where the second equality follows from the assumption Thak, ..., T, have the
UOSP(=);thatis P{Jy=]jg,J1=]1,..., J =j:} does not depend on the actual values
jo,1---»Jt, but only onp = X! _4j,. Thus Jo,Js,...,J have a Schur-constant

density
(V) = (iv): Fixak=land 0=t =t,= --- =t Let

81:1,

g=min{lll=l=kt>t, } i=23...,h;

thatist, <t < ... <t, are the different values in the sequetgest, = --- =
t.. Obviously h above is finite (it satisfiesh = k). Now, define t, values
JosJis-++»jy—1 as follows Let

jt = &+17 &, i:172"'~’h_1’

and let the othet, — h + 1 valueg,'s be zeroAlso, let

a=max{b=0|t, =t _,} +1;
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that is ais the number of the last’s in the sequence =t, = --- =t that are equal
to each otherObviously 1 = a = k. Then

{M=t,T,= Sh=td={b=joh =], k-1=,-vd, =al. (4.8)
Note that

t—1
Dmta=j +ij, + -+, ta=e—lt+a=k
m=0

the last equality follows by noting thay, is the index of théfirst) largest value in the
sequence, =t, = --- =t and the number df’s that are equal tg, isa. Therefore

P =t, To=1t,....,Ti=t} = 2 P{Jo=Jo, I =J1s-e» d1=Jo-1 &, =i )-
iy=a

Since(Jo, Js,..., J,) has a Schur-constant density @ U {0})«**, it follows that
there exists a functiog, such that

t-1
PTi=t,T,=t...,k=t} = 2 ¢tk( > i +th>

y=a

t—1
E §Dtk<2 Ji +a+]tk)

th*O

oo

= 2 GDtk(k +j).
j=0
Thus for a fixedk = 1, when 0=t; = t, = --- = t,, the probabilityP{T; = t,,
T,=t,,..., Ty ="t} depends only oty; that is T;, T», .. ., Ty have a jointt Z-spherical
density on(N U {0}k u

It is of interest to compare the statement in TheoreB(W with the one in
Theorem 47(v). The condition on the jump variables in the former is exchangeabil-
ity, whereas in the lattethe condition on the jump variables is that they have a
Schur-constant densitiowever in the setup of Theorem$, these two conditions
are the same because for binary random varial¥ekur-constant density and ex-
changeability are equivalent conditions

Itis also of interest to compare the statement in Theoréitiidwith the one in
Theorem 47(ii). It is seen that in the discrete-time caee mixed geometric pro-
cess is a natural tool for characterizing processes that have unit step jumps and are
unboundegdwhereas the mixed uniform sample process plays a similar role for char-
acterizing processes that can be bounded and that can have jumps larger than unity

Remark 4.8:Aninteresting relationship exists between proce$s¢s), t=0,1,...}
such thatP{lim_, A(t) = oo} = 1 with the UOSP(<) and processe$B(t),
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t=0,1,...} suchthaP{lim._,. B(t) = oo} = 1 with the UOSR=). LetZ,, Z,,... be
the interepoch intervals ¢fA(t), t = 0,1,...} as in Theorem 4(iii ). Define

Z=z-1 i=12,..., (4.9)

and let theZ{’s be the interepoch intervals of a procd&t), t = 0,1,...} as in
Theorem 47(iii). If the Z,, Z,, ..., Z, have a Schur-constant density §h for each
k=1, then so dd&Z}, Z,...,ZL on (N U {0})%, and vice versaWe thus see that the
transformatioryZ; — Z; described aboveand its inversgenable us to go back and
forth between processes that have the UQSPand the UOSR<), provided they
satisfyP{lim_, . A(t) = oo} =1 andP{lim_ . B(t) = oo} = 1.

The transformatiofé.9) indicates that unbounded processes with unit step jumps
(asin Theorem &) that satisfy any of the equivalent conditions in Theorefadso
satisfy a version of the statement in Theorem(i4). A continuous-time analog of
this observation is Theorem&in Grandell[7].

We will now obtain a relationship among discrete Schur-constant densities that
is a discrete analog dR.1). This will be used in the sequdlet W;,W,,... be a
sequence of random variables taking on valueN io {0}, such that the density
function of(Wy, W, ..., W,) is of the form(4.2) where the functior there is denoted
here bye,, n=1,2,.... Then for anyp = 1 and(wy,W,,...,w,) € (N U {0})P,
we have

p
‘Pp(EWJ) = P{W1:W19W2:W2"~"Wp:Wp}
=1

= 2 PIWL = Wy, Wo = Ws, ., W, = W, W, = W}

that is

ep(v) = 2 @pialv+w), p=Lov=0. (4.10)
w=0

Next, we express the joint density of the jump amoults, ..., J; by means of
the densities of the interepoch intervé|s. For this purposdet us assume that the
density of(Z,, Z,, ..., Z,) is of the form(4.2) where the functiorp there is denoted
here byg,, n=1,2,.... Fort = 0, fix a (jo,j1,...,j1) € (N U {Oh'*! and let
S i, = p. If p=0, then we have

P{J=0,3,=0,...,J, =0} = P{Z, > t}, t=0. (4.11)
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On the other handf p =1, then
P{lh=jo,h=jn..»d =i} =P{lh=pJd=0,...,3=0}
= P{Z]_:0,22:0,...,Zp:0,Zp+1>t}

= 2 €0p+1(k)

k=t+1
= > opra(t+1+Kk)
k=0

= @p(t+1)
=P{Z,=0,2,=0,...,Z, 1,=0,Z,=t+1},

(4.12)
where the first equality follows from the fact th@k, J,, ..., J;) has a Schur-constant
densitythe second equality essentially follows fr@#7), and the next to last equal-
ity follows from (4.10).

In a similar mannemve can express the joint density of the interepoch intervals
Z1,Z5, ...,Z by means of the densities of the jump amouhs Fork =1, fix a
(21, 25,...,20) € (N U{0OP* and letS¥_,z, = w. If w= 0, then we have

P{21:O,ZZZO,...,ZkZO}:P{Jozk}, k=1

On the other handf w =1, then it can be showtin a manner similar to the proof of
(4.12) (but using(4.8) rather than(4.7)), that

PiZ,=2,2,=12,,....,Zk=2}=P{3=0,3,=0,...,J, = 0,J,_1 = k..

Theorem 47 and the transformatiagd.9), together with the above observations
enable us to obtain interesting Schur-constant densiti€& an {0})*. The follow-
ing example illustrates this

Example 4.9:Let ® and theZ;’s be as in Example .8 and letZ's be defined by
(4.9). Then itis a simple matter to see that the Schur-constant density of thdfirst
Z{’s is given by

k
F(a+B) a+ k)F<ﬁ+iElzi>
P{Zi=12,,2=12,,....Z[ =27} = T (a)T(B)
il

’

k
a-l—,B-l—k-i—ZZi)

i=1
z=0,i=12,...,k (4.13)

This density is a special case of the beta-compound negative multinomial density
(see Johnson et.dll1, p. 104]).
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In order to find the joint density of the first- 1 = 1 jumps amountd,, J,..., J,

we usg4.12). Fixat=0and(jo, j1,...,j:) € (NU {0 and denot&,_j, = p.
If p=1, then by (4.12) and(4.13), we have

P{‘]O:jO’lejlw--"Jt:jt}
= P{2,=0,2,=0,...,Z,_,=0,Z, =t + 1}
t
INa-+ j, IT(B+t+1
_ T(a+p) < vi—:oj> (B )

T(@)I(B) F(a+/3+t+ ijv-l—l) .

v=0

If p=0, then by (4.11), the corresponding probabili§{J,=0,J;, =0,...,J, = 0}
is a sum of expressions of the for(@h6).
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