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In this article, we observe that processes with the uniform order statistics property
~UOSP! can be characterized by the condition that their firstn epoch times have a
joint ,`

#-spherical density, n $ 1+ Some related results, and some further properties
of ,`

#-spherical densities, are also given+We also extend some of the results regard-
ing the UOSP to the more general~not necessarily uniform! order statistics prop-
erty+ Finally, we develop a theory of discrete-time discrete-state processes with the
UOSP, where the need to consider multiple jumps, at a single time point, arises+

1. INTRODUCTION AND PRELIMINARIES

An n-dimensional density functionf of the form

f ~x1, x2, + + + , xn! 5 fS max
1#i#n

xiD, ~x1, x2, + + + , xn! [ R1
n (1.1)
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~where f :R1 r R1 is some function! is called ,`-spherical+ Note that if
X1,X2, + + + ,Xn have an,`-spherical density, thenX1,X2, + + + ,Xn must be exchange-
able+ Some typical equiprobability contours of a bivariate,`-spherical density are
depicted in Figure 1a+ The density functiong of the corresponding order statistics is
given by

g~x1, x2, + + + , xn! 5 Hc~xn! if 0 # x1 # x2 # {{{ # xn

0 otherwise,
(1.2)

where

c [ n! f+

In this article, any density of the form ofg in ~1+2!, for somec, will be called
,`

#-spherical+ Note that if X1,X2, + + + ,Xn have an ,`
#-spherical density, then

X1 # X2 # {{{ # Xn with probability 1+ Some typical equiprobability contours of
a bivariate,`

#-spherical density are depicted in Figure 1b+

Remark 1.1:From Figure 1b, it is obvious that ifX1 and X2 have a bivariate
,`

#-spherical density, then the conditional distribution ofX1, given thatX2 5 t ~for
anyt . 0!, is uniform~0, t !+ Similarly, also the conditional distribution ofX1, given
thatX1 # t andX2 . t, is uniform~0, t !+ Later in this article, it will be shown that
these results hold also in the more general multivariate case+

Figure 1. Equiprobability contours+
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With any set of nonnegative random variables that satisfyX1 # X2 # {{{ # Xn

with probability 1, we may associate the nonnegative increments

Z1 5 X1, Z2 5 X2 2 X1, + + + , Zn 5 Xn 2 Xn21+

The densitiesfX andfZ , of X5 ~X1,X2, + + + ,Xn! andZ5 ~Z1,Z2, + + + ,Zn!, respectively,
are related by the equation

fX ~x1, x2, + + + , xn! 5 fZ~x1, x2 2 x1, + + + , xn21 2 xn!, 0 # x1 # x2 # {{{ # xn+

It follows thatX has an,`#-spherical density if and only iffZ is of the form

fZ~z1, z2, + + + , zn! 5 wS(
i51

n

ziD, ~z1, z2, + + + , zn! [ R1
n , (1.3)

for some functionw; densities of this form are called Schur-constant~see Spizzi-
chino@17# !+This equivalence is useful for the purpose of identifying random vectors
with ,`

#-spherical densities+
A counting processN5 $N~t !, t [ @0, It !% is said to be anonhomogeneous pure

birth processwith intensity~or rate! functionsri $ 0 if

$N~t !, t [ @0, It !% has the Markov property, (1.4)

P$N~t 1 Dt ! 5 i 1 16N~t ! 5 i % 5 ri ~t !Dt 1 o~Dt !, i $ 0, (1.5)

P$N~t 1 Dt ! . i 1 16N~t ! 5 i % 5 o~Dt !, i $ 0+ (1.6)

Here and in the following, It may bè + Nonhomogeneous pure birth processes have
been extensively used recently as a modeling tool in reliability theory and statistics;
see, for instance, some references in Shaked, Spizzichino, and Suter@16, pp+ 275–
276# +Also, sequential order statistics, as described in Kamps@13, Sect+ 1+3# , can be
easily seen to have the same distribution as the first epoch times of a nonhomo-
geneous pure birth process+

Shaked et al+ @16# showed that if a random vectorX 5 ~X1,X2, + + + , Xn! has an
,`

#-spherical density function of the form~1+2!, then there exists a nonhomogeneous
pure birth process whose firstn epoch timesT1 # T2 # {{{ # Tn satisfy

~T1,T2, + + + ,Tn! 5st ~X1,X2, + + + ,Xn!+

Recall that a process$M~t !, t [ @0, It !% is called a stationarymixed Poisson
processif there exists a unit rate homogeneous Poisson process$K~t !, t [ @0, It !% and
a nonnegative random variableW, independent ofK, such that

$M~t !, t [ @0, It !% 5st $K~Wt!, t [ @0, It !%+

Grandell@7# provides a detailed coverage of the theory and applications of mixed
Poisson processes+

We will also use in the sequel the notion of amixed uniform sample process+
In order to define it, let It , ` and letU1,U2, + + + be a sequence of independent

UNIFORM ORDER STATISTICS PROPERTY 277

https://doi.org/10.1017/S0269964804183010 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964804183010


uniform~0, It ! random variables+ Let L be a positive integer-valued random variable,
independent of theUi ’s+ GivenL 5 l, let $M~t !, t [ @0, It !% be the empirical distri-
bution function based onU1,U2, + + + ,Ul + The unconditional process$M~t !, t [ @0, It !%
will be called a mixed uniform sample process+ Here, and in the rest of the article,
“empirical distribution function” means thenonnormalizedversion of it; that is, if
we call$M~t !, t [ @0, It !% an empirical distribution function, we mean that for every
t [ @0, It !, the valueM~t ! is the number of observations in the underlying sample that
are less than or equal tot+

We now define theuniform order statistics property~UOSP!+We will say that
a~finite or infinite! sequence of nonnegative random variablesX1 # X2 # {{{ has the
UOSP if for anyk $ 1 and for anyt . 0 such thatP$Xk # t, Xk11 . t % . 0, the
conditional distribution ofX1,X2, + + + ,Xk, given thatXk # t andXk11 . t, is the joint
distribution ofk order statistics from a uniform~0, t ! distribution+ Furthermore, con-
sider a point process$M~t !, t [ @0, It !% with right-continuous sample paths, such that
almost surelyM~0! 5 0, andM~t ! ,` for all t [ @0, It !+Denote byT1 # T2 # {{{ the
jump times of the process+ The processM is said to have the UOSP if for every
t [ @0, It ! and k $ 1 such thatP$M~t ! 5 k% . 0, the conditional distribution of
T1,T2, + + + ,Tk, given thatM~t ! 5 k, is the joint distribution ofk order statistics from a
uniform~0, t ! distribution+

From Remark 1+1 it is seen that ifX1 and X2 have a bivariate,`#-spherical
density, then they have the UOSP+ Later, in Section 2, it will be shown that this is the
case also in the more general multivariate case+

The interest of processes with the UOSP was pointed out in Crump@3# , where
it was shown that they have the Markov property+ From Puri@15# , it follows that
if a process$M~t !, t [ @0,`!% ~note that hereIt 5`! has the UOSP, then it has to be
a stationary mixed Poisson process+ On the other hand, for a finite It, if a process
$M~t !, t [ @0, It !% has the UOSP, then it has to be a mixed uniform sample process+
It is worthwhile to note that a mixed sample process on@0, It ! ~here It is finite! might
also be a stationary mixed Poisson process+ However, in Deffner and Haeusler@4# ,
it is shown that not all mixed sample processes can be represented as stationary
mixed Poisson processes+

In the present article, we observe that processes with the UOSP can be charac-
terized by the condition that their firstn epoch times have a joint,`

#-spherical den-
sity, n $ 1+ Some related results are also given+We also extend some of the results
regarding the UOSP to the more general~not necessarily uniform! order statistics
property; in particular, we characterize such processes in terms of the joint density
of the firstn epoch times~for anyn!+ Finally, we develop a theory of discrete-time
discrete-state processes with the UOSP, where the need to consider multiple jumps,
at a single time point, arises+ Because of the need to consider both unit jumps and
multiple jumps~at each discrete time point!,we are led to study two different notions
of discrete UOSP+

Other results that are related to those in the present article can be found in
Benczur@1# , in a recent paper by Iglesias, Matús̆, Pereira, and Tanaka@10# , and in
references cited therein+
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2. CHARACTERIZATIONS OF PROCESSES WITH THE UOSP
BY MEANS OF ,`-SPHERICAL DENSITIES

We start this section with an interesting property of random vectors with,`-
spherical densities+ It will be seen later that this property is closely related to the
UOSP of the underlying random variables+

Proposition 2.1: If X1,X2, + + + ,Xn have an,`-spherical density f of the form (1.1),
then any k-dimensional marginal of f is also an,`-spherical density, k# n.

Proof: By the exchangeability off and backward induction, it suffices to prove that
the marginal densityfn21 of ~X1,X2, + + + ,Xn21! is ,`-spherical+ Now, we write

fn21~x1, x2, + + + , xn21! 5E
0

`

fS max
1#i#n

xiD dxn

5E
0

max
1#i#n21

xi

fS max
1#i#n

xiD dxn 1E max
1#i#n21

xi

`

fS max
1#i#n

xiD dxn

5 S max
1#i#n21

xiDfS max
1#i#n21

xiD1E max
1#i#n21

xi

`

f~xn! dxn;

that is, for ~x1, x2, + + + , xn21! [ R1
n21,we have thatfn21 is a function of max1#i#n21 xi

only+ n

In a similar manner, the following result can be obtained+

Proposition 2.2: If X1 # X2 # {{{ # Xn have an,`
#-spherical density as in (1.2),

then so do X1 # X2 # {{{ # Xk for any k# n.

Proposition 2+2 leads to the following natural question of “extendibility”: If
X1 # X2 # {{{ # Xn have an,`#-spherical density as in~1+2!, can they be the firstn
variables of a collectionX1 # X2 # {{{ # Xn # Xn11 that have an,`#-spherical
density inR1

n11? In order to answer this question, denote the joint density of
X1 # X2 # {{{ # Xn as

fX1,X2, + + + ,Xn
~x1, x2, + + + , xn! 5 cn~xn!, 0 # x1 # x2 # {{{ # xn,

and supposing thatX1 # X2 # {{{ # Xn # Xn11 also have an,`#-spherical density,
denote it by

fX1,X2, + + + ,Xn,Xn11
~x1, x2, + + + , xn, xn11! 5 cn11~xn11!,

0 # x1 # x2 # {{{ # xn # xn11+

Obviously,

cn~xn! 5E
xn

`

cn11~xn11! dxn11, (2.1)
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from which

cn11~x! 5 2
d

dx
cn~x!+

It follows thatX1 # X2 # {{{ # Xn is ,`
#-spherically extendable if and only ifcn is

differentiable and nonincreasing+
Regarding the functioncn, it is worthwhile to note that it is related to the density

function fXn
of Xn; it is easy to verify that

fXn
~x! 5

xn21

~n 2 1!!
cn~x!, x $ 0+

Next, we show that any random vector with an,`
#-spherical density has the

UOSP, and vice versa+

Proposition 2.3: The random variables X1 # X2 # {{{ # Xn have an,`
#-spherical

density as in (1.2) if and only if they have the UOSP.

Proof: First, suppose thatX1 # X2 # {{{ # Xn have an,`#-spherical density as in
~1+2!+ Fix a t . 0+ By Proposition 2+2, it is seen that it suffices to show that the
conditional distribution ofX1,X2, + + + ,Xn21, given thatXn21 # t andXn . t, is the
joint distribution ofn 2 1 order statistics from a uniform~0, t ! distribution+

Denote byfX1,X2, + + + ,Xn216Xn21#t,Xn.t the conditional density ofX1,X2, + + + ,Xn21,
given thatXn21 # t andXn . t+ Let 0# x1 # x2 # {{{ # xn21 # t+ Then,

fX1,X2, + + + ,Xn216Xn21#t,Xn.t ~x1, x2, + + + , xn21! 5

E
t

`

c~xn! dxn

P$Xn21 # t,Xn . t %
;

that is, for eacht, it is seen thatfX1,X2, + + + ,Xn216Xn21#t,Xn.t ~x1, x2, + + + , xn21! is constant
over the region$~x1, x2, + + + , xn21!60# x1 # x2 # {{{ # xn21 # t % + In other words, the
conditional densityfX1,X2, + + + ,Xn216Xn21#t,Xn.t is the density ofn 2 1 order statistics
from a uniform~0, t ! distribution+

Conversely, suppose thatX1 # X2 # {{{ # Xn have the UOSP+ Fix a t . 0+ Let
0 # x1 # x2 # {{{ # xn21 # t+ Then, on one hand,

fX1,X2, + + + ,Xn216Xn21#t,Xn.t ~x1, x2, + + + , xn21! 5

E
t

`

f ~x1, x2, + + + , xn21, xn! dxn

P$Xn21 # t,Xn . t %

and, on the other hand,

fX1,X2, + + + ,Xn216Xn21#t,Xn.t ~x1, x2, + + + , xn21! 5
~n 2 1!!

t n21 ;

280 M. Shaked, F. Spizzichino, and F. Suter

https://doi.org/10.1017/S0269964804183010 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964804183010


that is,

E
t

`

f ~x1, x2, + + + , xn21, xn! dxn 5
~n 2 1!!

t n21 P$Xn21 # t,Xn . t %+ (2.2)

Differentiating ~2+2! with respect tot, it is seen that when 0# x1 # x2 # {{{ #
xn21 # t, then f ~x1, x2, + + + , xn21, t ! does not depend on the actual values of
x1, x2, + + + , xn21+ n

A straightforward modification of the proof of Proposition 2+3 yields the fol-
lowing result+

Proposition 2.4: The random variables X1 # X2 # {{{ # Xn have an,`
#-spherical

density as in (1.2) if and only if the conditional distribution of X1,X2, + + + ,Xk, given
that Xk11 5 t, is the joint distribution of k order statistics from a uniform~0, t ! dis-
tribution, for all k# n21 and t. 0 for which the above conditional distribution is
defined.

From Proposition 2+3 we get the following characterization of processes that
have the UOSP property+

Theorem 2.5: A point process N5 $N~t !, t [ @0, It !% has the UOSP if and only if
its first n epoch times T1 # T2 # {{{ # Tn have a joint,`

#-spherical density for every
n $ 1 such that P$Tn , `% 5 1.

We thus see that for a point processN5 $N~t !, t [ @0,`!% , the following prop-
erties are equivalent:

~i! N is a stationary mixed Poisson process+
~ii ! N has the UOSP+

~iii ! The firstn epoch times ofN have a joint,`#-spherical density, n $ 1+

The equivalence of properties~i! and~ii ! has already been known in the litera-
ture for a long time~see, for instance, references in Puri@15# !+ It is worthwhile
to mention that in a recent proof of the equivalence of properties~i! and ~ii ! in
Hayakawa@8# , the equivalence of the first two conditions with property~iii ! is es-
sentially implicit+ Namely, in the proof of her Theorem 3+2, Hayakawa@8# obtained
the fact that the joint density function of the firstn interepoch intervals ofN, eval-
uated at the point~ y1, y2, + + + , yn! $ 0, depends only on(i51

n yi ; in other words, the
density is Schur-constant; see~1+3!+ As we have mentioned earlier, a sequence of
interepoch intervals satisfies the above property if and only if the corresponding first
n epoch times have a joint,`

#-spherical density, n $ 1+
Asequence of positive random variables$Y1,Y2, + + + , % is called,1-isotropic~see,

for example,Berman@2# or Hayakawa@8# ! if and only if for everyn$1, the random
variables
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Y1

(
i51

n

Yi

,
Y2

(
i51

n

Yi

, + + + ,
Yn

(
i51

n

Yi

are distributed as a setU1,U2, + + + ,Un of independent uniform~0,1! random variables,
conditioned on(i51

n Ui 5 1+ From a result of Berman@2# ~given as Theorem 2+1 in
Hayakawa@8# !, it follows that a sequence of positive random variables$Y1,Y2, + + + %
is ,1-isotropic if and only if the joint density function of any finite number of theYi ’s
is Schur-constant+We can therefore restate Theorem 2+5 as follows+

Theorem 2.6: A point process N5 $N~t !, t [ @0, It !% has the UOSP if and only if for
every n$ 1 such that P$Tn , `% 51, the first n epochs times T1 # T2 # {{{ # Tn of
N satisfy that

T1

Tn

,
T2

Tn

, + + + ,
Tn21

Tn

are distributed as the order statistics of n2 1 independent uniform~0,1! random
variables.

3. SOME COMMENTS ON THE GENERAL OSP

In this section we extend some of the UOSP results in Section 2 to the more general
order statistics property~OSP! that will be defined shortly+ These extensions entail
generalizations of the notions of,`-spherical and,`#-spherical densities+

Let a : @0,`! r @0,`! be a differentiable, strictly increasing function such that
a~0! 5 0+ This function will be fixed throughout this section+ Denote bya21 the
inverse ofa, and bya' , its derivative+ If X1,X2, + + + ,Xn have the joint density given in
~1+1!, then

~ FX1, FX2, + + + , FXn! 5 ~a21~X1!,a21~X2!, + + + ,a21~Xn!! (3.1)

has the density given by

Df ~x1, x2, + + + , xn! 5 fSaS max
1#i#n

xiDD)
i51

n

a'~xi !, ~x1, x2, + + + , xn! [ R1
n ,

(3.2)

which is a generalization of~1+1!+ The density functionIg of the corresponding order
statistics is given by

Ig~x1, x2, + + + , xn! 5 5c~a~xn!! )
i51

n

a'~xi ! if 0 # x1 # x2 # {{{ # xn

0 otherwise,

(3.3)

which is a generalization of~1+2!+
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We now define theorder statistics property~OSP!, which is a generalization of
the UOSP+ Let $Ft %t$0 be a family of distribution functions such thatFt has the
support@0, t # +We will say that a~finite or infinite! sequence of nonnegative random
variables FX1 # FX2 # {{{ has the OSP with respect to$Ft %t$0 if for any k $ 1 and
for any t . 0 such thatP$ FXk # t, FXk11 . t % . 0, the conditional distribution of
FX1, FX2, + + + , FXk, given that FXk # t and FXk11 . t, is the joint distribution ofk order

statistics based on a sample fromFt + Furthermore, consider a point process
$ GM~t !, t [ @0, It !% with right-continuous sample paths, such that almost surely
GM~0! 5 0 and GM~t ! , ` for all t [ @0, It !+ Denote by ET1 # ET2 # {{{ the jump times

of the process+ The process GM is said to have the OSP with respect to$Ft %t$0 if for
everyt [ @0, It ! andk $ 1, such thatP$ GM~t ! 5 k% . 0, the conditional distribution
of ET1, ET2, + + + , ETk, given that GM~t ! 5 k, is the joint distribution ofk order statistics
based on a sample fromFt +

Let GM 5 $ GM~t !, t [ @0,`!% be a point process with right-continuous sample
paths, such that almost surelyGM~0! 5 0 and GM~t ! , ` for all t [ @0,`!+ Denote
m~t ! 5 E @ GM~t !# , t $ 0, andg 5 lim tr`m~t !+ From Puri@15# it follows that if the
process GM has the OSP with respect to some$Ft %t$0 andg 5`, then GM has to be a
nonstationary mixed Poisson process; that is,

$ GM~t !, t [ @0,`!% 5st $K~Wm~t !!, t [ @0,`!%,

whereK is a unit rate homogeneous Poisson process andW is a positive random
variable, independent ofK+ On the other hand, if g , `, then GM has to be a mixed
sample process with the kernel function

F~x! 5
m~t !

g
, t $ 0;

that is, GM can be represented as the empirical distribution of a sample of a random
size from the above distributionF+

Using the transformation~3+1! or its inverse, it is possible to obtain results about
the OSP from results about the UOSP and vice versa+ For example, if FX1, FX2, + + + , FXn

have a joint density functionDf of the form~3+2!, then anyk-dimensional marginal
of Df is also of that form, k # n ~this statement is a generalization of Proposition 2+1!+
A generalization of Proposition 2+3 is the following+

Proposition 3.1: The random variablesFX1 # FX2 # {{{ # FXn have a density of the
form (3.3) if and only if they have the OSP with respect to$Ft %t$0, where

Ft ~s! 5
a~s!

a~t !
, 0 # s# t+ (3.4)

From Proposition 3+1 we get the following generalization of Theorem 2+5+

Theorem 3.2: Let a: @0,`! r @0,`! be a differentiable, strictly increasing func-
tion such that a~0! 5 0, and for t$ 0, let Ft be defined by (3.4). A point process
$ GM~t !, t [ @0, It !% has the OSP with respect to$Ft %t$0 if and only if for every n$ 1
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such that P$ ETn , `% 5 1, its first n epoch timesET1 # ET2 # {{{ # ETn have a joint
density of the form (3.3).

Example 3.3:The linear birth~Yule! processN 5 $N~t !, t $ 0% , with initial popu-
lation sizek, is a nonhomogeneous pure birth process~see~1+4!–~1+6!! with inten-
sity functions

ri ~t ! 5 l~k 1 i !, i 5 0,1, + + + ,

wherel . 0 is some constant+ Let T1 # T2 # {{{ # Tn be the firstn jump times ofN+
The joint density function ofT1,T2, + + + ,Tn, evaluated atx1 # x2 # {{{ # xn, can be
computed as follows~see, e+g+, ~2+5! in Shaked et al+ @16#; there is there an easily
correctable mistake in the indexing!:

fT1,T2, + + + ,Tn
~x1, x2, + + + , xn! 5 F)

i51

n

l~k 1 i 2 1!GexpH2(
i51

n E
xi21

xi

l~k 1 i 2 1! duJ ,
wherex0 [ 0+ A straightforward algebra yields~for x1 # x2 # {{{ # xn!

fT1,T2, + + + ,Tn
~x1, x2, + + + , xn! 5 F)

i51

n

~k 1 i 2 1!Gexp$2l~k 1 n!xn%F)
i51

n

l exp$lxi %G;
that is, fT1,T2, + + + ,Tn

is of the form ~3+3! with a~x! 5 elx 2 1 and c~a! 5
@) i51

n ~k 1 i 2 1!#0~1 1 a!k1n+ Now, from Proposition 3+1 it follows that N has
the OSP with respect to$Ft %t$0, where

Ft ~x! 5
elx 2 1

elt 2 1
, 0 # x # t+

Applying the inverse of the transformation~3+1!, it follows thatelT1 21,elT2 21, + + +
have the UOSP+ The latter result was obtained in Neuts and Resnick@14# by means
of a straightforward, but lengthy, computation+

An interesting application in Bayesian inference in which densities of the form
~3+2! arise naturally is described next+ Let Q 5 ~Q1,Q2, + + + ,Qn! be a vector of inde-
pendent and identically distributed positive parameters, and letV ~which may be a
random variable or a random vector! be an observation whose distribution depends
on Q only through max1#i#n Qi ; that is, suppose that the joint density ofQ is of
the form

fQ~u1,u2, + + + ,un! 5 )
i51

n

h~ui !, ~u1,u2, + + + ,un! [ R1
n , (3.5)

whereh is some density function on~0,`!, and that the conditional density ofV
givenQ 5 ~u1,u2, + + + ,un! is of the form

fV 6Q~vvvv6u1,u2, + + + ,un! 5 wSvvvv;max
1#i#n

uiD
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for some functionw+ Then, by Bayes’ formula, the conditional density ofQ, given
V 5 vvvv, is given by

fQ6V ~u1,u2, + + + ,un6vvvv! @ wSvvvv;max
1#i#n

uiD)
i51

n

h~ui !; (3.6)

that is, givenV 5 vvvv, this density is of form~3+2!+ A particular application in relia-
bility theory is described in the following example+

Example 3.4:Considerr componentsD1,D2, + + + ,Dr whose lifetimes are denoted
by V1,V2, + + + ,Vr , respectively+ Suppose that a parallel system ofn identical com-
ponents, with independent lifetimesQ1,Q2, + + + ,Qn, supports the performance of
D1,D2, + + + ,Dr ; that is, suppose that when the supporting parallel system is up, then
the failure rate of eachDj is l0, whereas when the supporting parallel system is
down, the failure rate of eachDj is l1, wherel0 , l1+Assume that the joint density
of Q1,Q2, + + + ,Qn is given by~3+5!+ Then, the conditional density of~Q1,Q2, + + + ,Qn!,
given ~V1,V2, + + + ,Vr !, is of the form~3+6!+ It follows from Proposition 3+1 that the
conditional distribution of the orderedQi ’s, given~V1,V2, + + + ,Vr !, has the OSP with
respect to$Ft %t$0, where

Ft ~s! 5
H~s!

H~t !
, 0 # s# t

~H is the distribution function associated withh!+

4. DISCRETE UOSP AND DISCRETE ,`-SPHERICAL DENSITIES

Inspired by the UOSP for processes with continuous interepoch intervals, Huang
and Shoung@9# have introduced a corresponding property for discrete-time point
processes~i+e+, processes with discrete interepoch intervals and unit step jumps!+ In
this section, we will describe this property and a modification of it that is useful in
some applications+We will then derive some discrete analogs of the results in Sec-
tion 2+ It turns out that in the discrete case, it is also of interest to consider processes
that can have jumps larger than unity at the jump epochs; thus, we will also obtain
further results that have no continuous analogs+

First, we introduce some notation and terminology that are used in this section
and point out some simple observations+ In this section, we use the notationN for
$1,2, + + + % +

Let Z1,Z2, + + + ,Zn beN-valued random variables and set

X1 5 Z1,

X2 5 Z1 1 Z2,

I

Xn 5 Z1 1 Z2 1 {{{ 1 Zn+ (4.1)
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Thus, X1,X2, + + + ,Xn are alsoN-valued and they satisfy

P$X1 , X2 , {{{ , Xn% 5 1+

If we denote bypZ andpX the discrete densities of~Z1,Z2, + + + ,Zn! and~X1,X2, + + + ,Xn!,
respectively, then, obviously,

pX ~x1, x2, + + + , xn! 5 pZ~x1, x2 2 x1, + + + , xn 2 xn21!, 0 , x1 , x2 , {{{ , xn,

and

pZ~z1, z2, + + + , zn! 5 pX ~z1, z1 1 z2, + + + , z1 1 z2 1 {{{ 1 zn!,

zi . 0, i 5 1,2, + + + , n+

If , on the other hand, Z1,Z2, + + + ,Zn areN ø $0%-valued random variables and
X1,X2, + + + ,Xn are as defined in~4+1!, thenX1,X2, + + + ,Xn are alsoN ø $0%-valued
and they satisfy

P$X1 # X2 # {{{ # Xn% 5 1+

In this case, the discrete density functions of~Z1,Z2, + + + ,Zn! and ~X1,X2, + + + ,Xn!
satisfy

pX ~x1, x2, + + + , xn! 5 pZ~x1, x2 2 x1, + + + , xn 2 xn21!, 0 # x1 # x2 # {{{ # xn,

and

pZ~z1, z2, + + + , zn! 5 pX ~z1, z1 1 z2, + + + , z1 1 z2 1 {{{ 1 zn!,

zi $ 0, i 5 1,2, + + + , n+

We will say that a discrete joint densityp on ~N ø $0%!n @respectivelyNn# is
Schur-constantif

p~z1, z2, + + + , zn! 5 wS(
i51

n

ziD, zi $ 0 @respectivelyzi . 0# , i 5 1,2, + + + , n,

(4.2)

for some functionw, and that it is,`-sphericalif

p~z1, z2, + + + , zn! 5 fSmax
i51

n
ziD, zi $ 0 @respectivelyzi . 0# , i 5 1,2, + + + , n,

for some functionf+ A discrete joint densityp on ~N ø $0%!n will be called
,`

#-spherical if

p~z1, z2, + + + , zn! 5 Hc~zn! if 0 # z1 # z2 # {{{ # zn

0 otherwise
(4.3)
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for some functionc+ A discrete joint densityp onNn will be called,`
,-spherical if

p~z1, z2, + + + , zn! 5 Hc~zn! if 0 , z1 , z2 , {{{ , zn

0 otherwise
(4.4)

for some functionc+ Obviously, the abovepZ is Schur-constant on~N ø $0%!n

@respectivelyNn# if and only if pX is ,`
#-spherical@respectively,`,-spherical# +

The following result is a discrete analog of Proposition 2+1+ Its proof is a straight-
forward modification of the proof of Proposition 2+1 and is therefore omitted+

Proposition 4.1: If the discrete random variables X1,X2, + + + ,Xn have an,`-
spherical density f on~N ø $0%!n [respectivelyNn], then any k-dimensional mar-
ginal of f is an,`-spherical density on~N ø $0%!k [respectivelyNk], k # n.

We will now define the UOSP for a~finite or infinite! sequence of discrete non-
negative random variablesX1,X2, + + + +Two different definitions are needed depending
on whether theXi ’s can or cannot be equal to each other+ If P$0, X1 , X2 , {{{ %51,
then we say that they have the UOSP~,! if for discrete 0, x1 , x2 , {{{ , xk # t
we have

P$X1 5 x1,X2 5 x2, + + + ,Xk 5 xk6Xk # t,Xk11 . t % 5S t

kD21

;

that is, conditional onXk # t andXk11 . t, the random variablesX1 , X2 , {{{ , Xk

are distributed as the order statistics of a sample of sizekdrawn from the set$1,2, + + + , t %
without replacement+ If , on the other hand, P$0 # X1 # X2 # {{{% 51, then we say
that theseXi ’s have the UOSP~#! if for discrete 0# x1 # x2 # {{{ # xk # t we have

P$X1 5 x1,X2 5 x2, + + + ,Xk 5 xk6Xk # t,Xk11 . t % 5St 1 k

k D21

;

that is, conditional onXk # t andXk11 . t, the random variablesX1 # X2 # {{{ # Xk

are distributed as the order statistics of a sample of sizekdrawn from the set$0,1, + + + , t %
with replacement+ ~The latter claim follows from the fact thatSt 1 k

k D is the number of
ways thatk objects can be put intot 1 1 cells; see, e+g+, Feller@6, p+ 38# +!

The following result is a discrete analog of Proposition 2+3+Again we omit the
proof, as it is a straightforward modification of the proof of Proposition 2+3+

Proposition 4.2: The discrete random variables0 , X1 , X2 , {{{ , Xn [re-
spectively0 # X1 # X2 # {{{ # Xn] have an,`

,-spherical density as in (4.4) [re-
spectively,`

#-spherical density as in (4.3)] if and only if they have the UOSP~,!
@respectively UOSP~#!# +

An analog of Proposition 2+4 can also be stated and proven+
In the following, we will now study two kinds of discrete-time discrete-state

process: those that have only unit step jumps and those that are more general+We
start with discrete-time point processes that have only unit step jumps+ Let $A~t !,
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t50,1, + + + % be such a process withA~0![0+We assume thatP$ lim tr`A~t !5`%51+
The distributional properties of$A~t !, t 5 0,1, + + + % can be equivalently described by
means of either one of three sequences of random variables:

• The times of the unit jumpsT1,T2, + + + ; that is, Tk 5 t m A~t 2 1! 5 k 2 1 and
A~t ! 5 k, 1 # k # t ~here 0, T1 , T2 , {{{ with probability 1!+

• The interepoch intervalsZ1,Z2, + + + ; that is, Zk 5 Tk 2 Tk21, k $ 1, where
T0 [ 0 ~hereZk . 0, k $ 1, with probability 1!+

• The jump indicatorsI1, I2, + + + ; that is, It 5 A~t ! 2 A~t 2 1!, t $ 0+

A process$A~t !, t 5 0,1, + + + % as above will be said to have the UOSP~,! if T1,T2, + + +
have this property+

We now recall a definition and a result from Huang and Shoung@9# +

Definition 4.3 @9, p+ 72#: A discrete-time discrete-state process$A~t !, t 5 0,1, + + + %
is called amixed geometric processif there exists a random variableQ that takes
on values in~0,1! such that, given thatQ 5 u, the interepoch intervals Z1,Z2, + + +
of $A~t !, t 5 0,1, + + + % are independent and identically distributed with probabilities
Pu$Zk 5 z% 5 u~12 u!z21, z$ 1, k $ 1.

Theorem 4.4 @9, p+ 73#: A discrete-time discrete-state process$A~t !, t 5 0,1, + + + %
with unit step jumps, such that A~0! 5 0 and P$ lim tr`A~t ! 5 `% 5 1, has the
UOSP~,! if and only if it is a mixed geometric process.

We can now obtain the following result; part of it is a discrete analog of
Theorem 2+5+

Theorem 4.5: Let $A~t !, t 5 0,1, + + + % be a discrete-time discrete-state process with
unit step jumps such that A~0! 5 0 and P$ lim tr`A~t ! 5 `% 5 1. The following
statements are equivalent:

(i) The process$A~t !, t 5 0,1, + + + % has the UOSP~,!.
(ii) The process$A~t !, t 5 0,1, + + + % is a mixed geometric process.

(iii) The interepoch intervals Z1,Z2, + + + ,Zk have a Schur-constant density on
Nk for every k$ 1.

(iv) The epoch times T1,T2, + + + ,Tk have a joint,`
,-spherical density onNk

for every k$ 1.
(v) The jump indicators I1, I2, + + + , It are exchangeable for every t$ 1.

Proof: The equivalence~i! m ~ii ! is Theorem 4+4+ The equivalence~i! m ~iv! fol-
lows from Proposition 4+2+ The equivalence~iii ! m ~iv! follows from the comment
after~4+4!+

~i! n ~v!: Fix a t $ 1+ Let ~i1, i2, + + + , i t ! [ $0,1% t + Suppose thatk of the i j ’s are
one and that the othert 2 k indicators are zero+ Then, for some 0, t1 , t2 , {{{ ,
tk # t, we have

$I1 5 i1, I2 5 i2, + + + , It 5 i t % 5 $T1 5 t1,T2 5 t2, + + + ,Tk 5 tk,Tk11 . t %+
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So,

P$I1 5 i1, I2 5 i2, + + + , It 5 i t %

5 P$T1 5 t1,T2 5 t2, + + + ,Tk 5 tk6Tk # t,Tk11 . t %P$Tk # t,Tk11 . t %

5
P$Tk # t,Tk11 . t %

S t

kD
,

where the second equality follows from the assumption thatT1,T2, + + + ,Tk have the
UOSP~,!; that is, P$I15 i1, I25 i2, + + + , It 5 i t % does not depend on the actual values
i1, i2, + + + , i t , but only on the relatedk+ Thus, I1, I2, + + + , It are exchangeable+

~v! n ~ii !: From the de Finetti theorem there exists a probability measureP on
~0,1! such that

P$I1 5 i1, I2 5 i2, + + + , It 5 i t % 5E
0

1

uk~12 u! t2k dP~u!, (4.5)

for any t $ 1, wherek is the number ofi j ’s that are one+
Now, fix a k$1 and a~z1, z2, + + + , zk! [ Nk+Denotet5(j51

k zj + Then, from ~4+5!
we get

P$Z1 5 z1,Z2 5 z2, + + + ,Zk 5 zk% 5E
0

1

uk~12 u! t2k dP~u!

5E
0

1F)
j51

k

@u~12 u!zj21#G dP~u!;

that is, the process$A~t !, t 5 0,1, + + + % is a mixed geometric process+ n

The equivalence~ii ! m ~iii ! is a well-known de Finetti-type theorem~see, for
example, Diaconis and Freedman@5, p+ 414# !+ Also, it can be viewed as a discrete
analog of Theorem 1+44 in Spizzichino@17# +

Using Theorem 4+5, one can obtain interesting discrete Schur-constant,
,`

,-spherical, and exchangeable densities+ The following example illustrates this+

Example 4.6:Let Q in Definition 4+3 have the beta density with parametersa . 0
andb . 0+ Then, the Schur-constant joint discrete density of the firstk $ 1 inter-
epoch intervals is given by

P$Z1 5 z1,Z2 5 z2, + + + ,Zk 5 zk%

5E
0

1

uk~12 u!(i51
k zi2k G~a 1 b!

G~a!G~b!
ua21~12 u!b21 du

5
G~a 1 b!

G~a!G~b!

G~a 1 k!GSb 1 (
i51

k

zi 2 kD
GSa 1 b 1 (

i51

k

ziD , zi $ 1, i 5 1,2, + + + , k+

UNIFORM ORDER STATISTICS PROPERTY 289

https://doi.org/10.1017/S0269964804183010 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964804183010


This density~actually the density of~Z1 21,Z2 21, + + + ,Zk 21!! is a special case of
the beta-compound negative multinomial density~see Johnson,Kotz, and Balakrish-
nan @11, p+ 104# !; see also Example 4+9+ The marginal density ofZ1 ~which, by
exchangeability, is the marginal density of eachZi ! is given by

P$Z1 5 z% 5
G~a 1 b!

G~a!G~b!

G~a 1 1!G~b 1 z2 1!

G~a 1 b 1 z!
, z$ 1+ (4.6)

This density~actually the density ofZ1 2 1! is a special case of the beta-negative-
binomial density, which is also called the Markov–Pólya density; see Johnson,
Kotz, and Kemp@12, pp+ 242–243# , but note the different notation; for example, for
a . 1, they denote~2a!! 5 10~a 2 1!! , and for any nonzeroa andb, they denote
Sa

bD 5 a!0~b!~a 2 b!! ! , where fora . 0, they use the notationa! 5 G~a 1 1!+
The,`

,-spherical joint discrete density of the firstk$1 epoch times is given by

P$T1 5 t1,T2 5 t2, + + + ,Tk 5 tk%

5
G~a 1 b!

G~a!G~b!

G~a 1 k!G~b 1 tk 2 k!

G~a 1 b 1 tk!
, 1 # t1 , t2 , {{{ , tk+

Finally, the exchangeable joint density of the firstt $ 1 indicators can be computed
as follows:

P$I1 5 i1, I2 5 i2, + + + , It 5 i t %

5E
0

1

u(j51
t i j ~12 u! t2(j51

t i j
G~a 1 b!

G~a!G~b!
ua21~12 u!b21 du

5
G~a 1 b!

G~a!G~b!

GSa 1 (
j51

t

i jDGSb 1 t 2 (
j51

t

i jD
G~a 1 b 1 t !

, ~i1, i2, + + + , i t ! [ $0,1% t+

Marginally, eachIj is a Bernoulli random variable with parametera0~a 1 b!+
In the case whenQ is a uniform~0,1! random variable~i+e+, a 5 b 51!,we have

P$Z1 5 z1,Z2 5 z2, + + + ,Zk 5 zk% 5

k!S(
i51

k

zi 2 kD!

S(
i51

k

zi 1 1D!

, zi $ 1, i 5 1,2, + + + , k;

in particular,

P$Z1 5 z% 5
1

z
2

1

z1 1
, z$ 1+
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The,`
,-spherical joint discrete density of the firstk $ 1 epoch times is then

P$T1 5 t1,T2 5 t2, + + + ,Tk 5 tk% 5
k!~tk 2 k!!

~tk 1 1!!
, 1 # t1 , t2 , {{{ , tk,

and the exchangeable density of the firstt $ 1 indicators is then

P$I1 5 i1, I2 5 i2, + + + , It 5 i t % 5

S(
j51

t

i jD!St 2 (
j51

t

i jD!

~t 1 1!!
, ~i1, i2, + + + , i t ! [ $0,1% t+

Marginally, eachIj is then a Bernoulli random variable with parameter1
2
_ +

We now proceed to the study of nondecreasing discrete-time discrete-state pro-
cesses that can have jumps larger than unity at the jump epochs+ These can be de-
scribed by allowing the interepoch intervals between the “unit jumps” to be equal to
zero with a positive probability so that an actual jump of sizej . 0 corresponds to a
sequence ofj consecutive interepoch intervals of size 0+ Thus, let $B~t !, t 5 0,1, + + + %
be such a process~here,we allow jumps at time 0, so we do not require thatB~0! 5 0
here!+ The distributional properties of$B~t !, t 5 0,1, + + + % can be equivalently de-
scribed by means of either one of three sequences of random variables:

• The interepoch intervals between “unit jumps”Z1,Z2, + + + ; that is, B~t ! 5
k m (i51

k Zi # t and(i51
k11 Zi . t, k $ 0, t $ 0 ~here, theZi ’s can be equal to

zero with positive probability!+
• The times of the “unit jumps”T1,T2, + + + ; that is, Tk 5 (i51

k Zi , k $ 1 ~here
consecutiveTk’s may be equal to each other with positive probability!+

• The jump amountsJ0, J1, + + + ; that is, J05 B~0!, andJt 5 B~t ! 2 B~t 21!, t $1
~here, of course, the Jt ’s can be equal to zero with positive probability and
they can also be larger than one!+

Aprocess$B~t !, t50,1, + + + % , as above,will be said to have the UOSP~#! if T1,T2, + + +
have this property+

A process$B~t !, t 5 0,1, + + + % , as above~i+e+, which can have jumps larger than
unity!, can be a discrete-time discrete-state mixed uniform sample process+ In order
to define it formally, let It ,` be a positive integer and letU1,U2, + + + be a sequence
of independent random variables distributed uniformly on$0,1, + + + , It % + Let L be a
positive integer-valued random variable, independent of theUi ’s+ GivenL 5 l, let
$B~t !, t 5 0,1, + + + , It % be the empirical distribution function based onU1,U2, + + + ,Ul +
The unconditional process$B~t !, t50,1, + + + , It % will be called a discrete-time discrete-
state mixed uniform sample process+ Such processes are useful in studies where the
discrete uniform distribution can model some real phenomenon, and a sample, of a
size that cannot be predetermined in advance of the experiment, is taken from that
distribution+

For processes, as above, that can have general~rather than unit! jumps,we have
the following equivalent conditions+
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Theorem 4.7: Let $B~t !, t 5 0,1, + + + % be a nondecreasing discrete-time discrete-
state process. The following statements are equivalent:

(i) The process$B~t !, t 5 0,1, + + + % has the UOSP~#!.
(ii) The process$B~t !, t 5 0,1, + + + , It % is a mixed uniform sample process for

every It $ 0 such that P$B~s! . B~ It ! for some s. It % 5 1.
(iii) The interepoch intervals Z1,Z2, + + + ,Zk have a Schur-constant density on

~N ø $0%!k for every k$ 1 such that P$B~t ! $ k for some t$ 1% 5 1.
(iv) The epoch times T1,T2, + + + ,Tk have a joint ,`

#-spherical density on
~N ø $0%!k for every k$ 1 such that P$B~t ! $ k for some t$ 1% 5 1.

(v) The jump amounts J0, J1, + + + , Jt have a Schur-constant density on
~N ø $0%!t11 for every t$ 0 such that P$B~s! . B~t ! for some s. t % 51.

Proof: The equivalence~i! m ~iv! follows from Proposition 4+2+ The equivalence
~iii ! m ~iv! follows from the comment after~4+4!+

~i! n ~ii !: The proof of this statement is a modification of the proof of Theo-
rem 4 of Puri@15# + Fix an integer It $ 0 and setL 5 B~ It !+ From the assumption
that$B~t !, t 5 0,1, + + + % has the UOSP~#! it follows that, givenL 5 l, the jump times
T1 # T2 # {{{ # Tl of $B~t !, t 5 0,1, + + + , It % are distributed as the order statistics of a
sample of sizel from a uniform distribution on$0,1, + + + , It %; that is, $B~t !, t50,1, + + + , It %
is an empirical distribution function corresponding to a sample of sizel from a
uniform distribution on$0,1, + + + , It % +

~ii ! n ~i!: Fix a It $ 0 and letL 5 B~ It !+ Given L 5 l, we have that$B~t !,
t 5 0,1, + + + , It % is an empirical distribution function corresponding to a sample of
sizel from a uniform distribution on$0,1, + + + , It % + Let T1 # T2 # {{{ # Tl be the jump
points of this empirical distribution~some of theTi ’s might be equal to each other if
a jump is larger than unity!+ TheseTi ’s obviously have the UOSP~#!+

~i! n ~v!: Fix a t $ 0+ Let ~ j0, j1, + + + , j t ! [ ~N ø $0%!t11 be a possible realization
of ~J0, J1, + + + , Jt !+ Set

a1 5 min$l 60 # l # t, j l $ 1%,

a2 5 min$l 6a1 , l # t, j l $ 1%,

I

ak 5 min$l 6ak21 , l # t, j l $ 1%;

these are the corresponding realized epochs of actual jumps—obviously, there is a
finite numberkof them+Now we describe the corresponding realization of the epoch
timestm’s of the zero and nonzero jumps+

The first tm ~ It1, say! is equal toa1+

The nextja1
2 1 of thetm’s are all equal toIt1+

The nexttm ~ It2, say! is equal toa2+

The nextja2
2 1 of thetm’s are all equal toIt2+

I
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The nexttm ~ Itk, say! is equal toak+

The lastjak
2 1 of thetm’s are all equal toItk+

Note that above we have described

p [ k 1 (
u51

k

~ jau
2 1! 5 (

v50

t

jv

epoch timestm’s; the second equality here follows from the fact thatjv’s with indices
different thanau are all zeros+ Let us order thesetm’s as 0# t1 # t2 # {{{ # tp ~note
that tp # t !+ Then,

$J0 5 j0, J1 5 j1, + + + , Jt 5 j t % 5 $T1 5 t1,T2 5 t2, + + + ,Tp 5 tp,Tp11 . t %+ (4.7)

So,

P$J0 5 j0, J1 5 j1, + + + , Jt 5 j t %

5 P$T1 5 t1,T2 5 t2, + + + ,Tp 5 tp6Tp # t,Tp11 . t %P$Tp # t,Tp11 . t %

5
P$Tp # t,Tp11 . t %

St 1 p

p D ,

where the second equality follows from the assumption thatT1,T2, + + + ,Tp have the
UOSP~#!; that is,P$J05 j0, J15 j1, + + + , Jt 5 j t % does not depend on the actual values
j0, j1, + + + , j t , but only on p 5 (v50

t jv + Thus, J0, J1, + + + , Jt have a Schur-constant
density+

~v! n ~iv!: Fix a k $ 1 and 0# t1 # t2 # {{{ # tk+ Let

«1 5 1,

«i 5 min$l 61 # l # k, tl . t«i21
%, i 5 2,3, + + + , h;

that is, t«1
, t«2

, {{{ , t«h
are the different values in the sequencet1 # t2 # {{{ #

tk+ Obviously, h above is finite ~it satisfies h # k!+ Now, define tk values
j0, j1, + + + , j tk21 as follows: Let

j t«i
5 «i11 2 «i , i 5 1,2, + + + , h 2 1,

and let the othertk 2 h 1 1 valuesjm’s be zero+ Also, let

a 5 max$b $ 06 tk 5 tk2b% 1 1;
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that is, a is the number of the lasttn’s in the sequencet1 # t2 # {{{ # tk that are equal
to each other+ Obviously, 1 # a # k+ Then,

$T1 5 t1,T2 5 t2, + + + ,Tk 5 tk% 5 $J0 5 j0, J1 5 j1, + + + , Jtk21 5 j tk21, Jtk $ a%+ (4.8)

Note that

(
m50

tk21

jm 1 a 5 j t«1
1 j t«2

1 {{{ 1 j t«h21
1 a 5 «h 2 1 1 a 5 k;

the last equality follows by noting that«h is the index of the~first! largest value in the
sequencet1 # t2 # {{{ # tk and the number oftn’s that are equal tot«h

is a+ Therefore,

P$T1 5 t1,T2 5 t2, + + + ,Tk 5 tk% 5 (
jtk5a

`

P$J0 5 j0, J1 5 j1, + + + , Jtk21 5 j tk21, Jtk 5 j tk%+

Since~J0, J1, + + + , Jtk! has a Schur-constant density on~N ø $0%!tk11, it follows that
there exists a functionwtk such that

P$T1 5 t1,T2 5 t2, + + + ,Tk 5 tk% 5 (
jtk5a

`

wtkS(
i50

tk21

j i 1 j tkD
5 (

jtk50

`

wtkS(
i50

tk21

j i 1 a 1 j tkD
5 (

j50

`

wtk~k 1 j !+

Thus, for a fixed k $ 1, when 0# t1 # t2 # {{{ # tk, the probabilityP$T1 5 t1,
T25 t2, + + + ,Tk5 tk% depends only ontk; that is, T1,T2, + + + ,Tk have a joint,`#-spherical
density on~N ø $0%!k+ n

It is of interest to compare the statement in Theorem 4+5~v! with the one in
Theorem 4+7~v!+ The condition on the jump variables in the former is exchangeabil-
ity, whereas in the latter, the condition on the jump variables is that they have a
Schur-constant density+ However, in the setup of Theorem 4+5, these two conditions
are the same because for binary random variables, Schur-constant density and ex-
changeability are equivalent conditions+

It is also of interest to compare the statement in Theorem 4+5~ii ! with the one in
Theorem 4+7~ii !+ It is seen that in the discrete-time case, the mixed geometric pro-
cess is a natural tool for characterizing processes that have unit step jumps and are
unbounded,whereas the mixed uniform sample process plays a similar role for char-
acterizing processes that can be bounded and that can have jumps larger than unity+

Remark 4.8:An interesting relationship exists between processes$A~t !, t50,1, + + + %
such thatP$ lim tr`A~t ! 5 `% 5 1 with the UOSP~,! and processes$B~t !,
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t 5 0,1, + + + % such thatP$ lim tr`B~t ! 5`% 51 with the UOSP~#!+ Let Z1,Z2, + + + be
the interepoch intervals of$A~t !, t 5 0,1, + + + % as in Theorem 4+5~iii !+ Define

Zi
' 5 Zi 2 1, i 5 1,2, + + + , (4.9)

and let theZi
'’s be the interepoch intervals of a process$B~t !, t 5 0,1, + + + % as in

Theorem 4+7~iii !+ If the Z1,Z2, + + + ,Zk have a Schur-constant density onNk for each
k $ 1, then so doZ1

' ,Z2
' , + + + ,Zk

' on ~N ø $0%!k, and vice versa+We thus see that the
transformationZi r Zi

' described above, and its inverse, enable us to go back and
forth between processes that have the UOSP~,! and the UOSP~#!, provided they
satisfyP$ lim tr`A~t ! 5`% 5 1 andP$ lim tr`B~t ! 5`% 5 1+

The transformation~4+9! indicates that unbounded processes with unit step jumps
~as in Theorem 4+5! that satisfy any of the equivalent conditions in Theorem 4+5 also
satisfy a version of the statement in Theorem 4+7~ii !+ A continuous-time analog of
this observation is Theorem 6+6 in Grandell@7# +

We will now obtain a relationship among discrete Schur-constant densities that
is a discrete analog of~2+1!+ This will be used in the sequel+ Let W1,W2, + + + be a
sequence of random variables taking on values inN ø $0% , such that the density
function of~W1,W2, + + + ,Wn! is of the form~4+2! where the functionw there is denoted
here bywn, n 5 1,2, + + + + Then, for any p $ 1 and~w1,w2, + + + ,wp! [ ~N ø $0%! p,
we have

wpS(
j51

p

wjD 5 P$W1 5 w1,W2 5 w2, + + + ,Wp 5 wp%

5 (
w50

`

P$W1 5 w1,W2 5 w2, + + + ,Wp 5 wp,Wp11 5 w%

5 (
w50

`

wp11S(
j51

p

wj 1 wD;
that is,

wp~v! 5 (
w50

`

wp11~v1 w!, p $ 1, v$ 0+ (4.10)

Next,we express the joint density of the jump amountsJ0, J1, + + + , Jt by means of
the densities of the interepoch intervalsZi ’s+ For this purpose, let us assume that the
density of~Z1,Z2, + + + ,Zn! is of the form~4+2! where the functionw there is denoted
here bywn, n 5 1,2, + + + + For t $ 0, fix a ~ j0, j1, + + + , j t ! [ ~N ø $0%!t11 and let

(v50
t jv5 p+ If p 5 0, then we have

P$J0 5 0, J1 5 0, + + + , Jt 5 0% 5 P$Z1 . t %, t $ 0+ (4.11)
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On the other hand, if p $ 1, then

P$J0 5 j0, J1 5 j1, + + + , Jt 5 j t % 5 P$J0 5 p, J1 5 0, + + + , Jt 5 0%

5 P$Z1 5 0,Z2 5 0, + + + ,Zp 5 0,Zp11 . t %

5 (
k5t11

`

wp11~k!

5 (
k50

`

wp11~t 1 1 1 k!

5 wp~t 1 1!

5 P$Z1 5 0,Z2 5 0, + + + ,Zp21 5 0,Zp 5 t 1 1%,

(4.12)

where the first equality follows from the fact that~J0, J1, + + + , Jt ! has a Schur-constant
density, the second equality essentially follows from~4+7!, and the next to last equal-
ity follows from ~4+10!+

In a similar manner, we can express the joint density of the interepoch intervals
Z1,Z2, + + + ,Zk by means of the densities of the jump amountsJi ’s+ For k $ 1, fix a
~z1, z2, + + + , zk! [ ~N ø $0%!k and let(v50

k zv5 w+ If w 5 0, then we have

P$Z1 5 0,Z2 5 0, + + + ,Zk 5 0% 5 P$J0 $ k%, k $ 1+

On the other hand, if w$1, then it can be shown, in a manner similar to the proof of
~4+12! ~but using~4+8! rather than~4+7!!, that

P$Z1 5 z1,Z2 5 z2, + + + ,Zk 5 zk% 5 P$J0 5 0, J1 5 0, + + + , Jw22 5 0, Jw21 5 k%+

Theorem 4+7 and the transformation~4+9!, together with the above observations,
enable us to obtain interesting Schur-constant densities on~N ø $0%!k+ The follow-
ing example illustrates this+

Example 4.9:Let Q and theZi ’s be as in Example 4+6 and letZi
'’s be defined by

~4+9!+ Then, it is a simple matter to see that the Schur-constant density of the firstk
Zi
'’s is given by

P$Z1
' 5 z1,Z2

' 5 z2, + + + ,Zk
' 5 zk% 5

G~a 1 b!

G~a!G~b!

G~a 1 k!GSb 1 (
i51

k

ziD
GSa 1 b 1 k 1 (

i51

k

ziD ,
zi $ 0, i 5 1,2, + + + , k+ (4.13)

This density is a special case of the beta-compound negative multinomial density
~see Johnson et al+ @11, p+ 104# !+
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In order to find the joint density of the firstt11$1 jumps amountsJ0, J1, + + + , Jt ,
we use~4+12!+ Fix a t $ 0 and~ j0, j1, + + + , j t ! [ ~N ø $0%!t11 and denote(v50

t jv5 p+
If p $ 1, then, by ~4+12! and~4+13!, we have

P$J0 5 j0, J1 5 j1, + + + , Jt 5 j t %

5 P$Z1
' 5 0,Z2

' 5 0, + + + ,Zp21
' 5 0,Zp

' 5 t 1 1%

5
G~a 1 b!

G~a!G~b!

GSa 1 (
v50

t

jvDG~b 1 t 1 1!

GSa 1 b 1 t 1 (
v50

t

jv1 1D +
If p5 0, then, by ~4+11!, the corresponding probabilityP$J0 5 0, J1 5 0, + + + , Jt 5 0%
is a sum of expressions of the form~4+6!+
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