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Estimates for strongly singular operators
along curves

Magali Folch-Gabayet and Ricardo A. Séenz

Abstract. For an appropriate function f on the plane, we study the operator
e27riy(t)
(1)
where ¢ is convex and y and y are functions defined near the origin such that y(¢) — 0 and |y(t)| —
oo as t — 0. We give sufficient regularity and growth conditions on y and y for its multiplier to

be a bounded function, and thus for the operator to be bounded on L*(R?). We also consider its
boundedness on L? (R?),1< p < oo.

Tf(xy) =tim [ ety - 9(0) S,

1 Preliminaries

In trying to generalize the Calder6n-Zygmund method of rotations to kernels with
nonstandard homogeneity, we are led to the study of the Hilbert transform along
curves. This work was started by Fabes and Riviére in [FR66]. See [Ste86] for a very
nice explanation of the difficulties on dealing with such operators.

It is known that

Hof() =PV, [ g™

is bounded on L? for certain well-curved ¢ in R4 (see [CNSW99, NRW74, NRW76,
SW78]). However, when the singularity is given by a power greater than one, say #[¢|*
with & > 0, it can be proved that the operator is bounded as long as a sufficiently rapid
oscillatory term is involved. Indeed, consider the operator

it B
62711t

1
(1) Tupf(ey) =lim [ f(x=ty-g(0)dt

for the curve t — (¢, ¢(t)) with ¢(t) = t*, k > 2. Zielinski [Zi85] (k = 2) and Chan-
darana [Cha96] (k > 2) proved that T, g is bounded on L*(R?) if and only if

B > 3a.
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2 M. Folch-Gabayet and R. A. Sdenz

Chandarana also proved that the operator T, g is bounded on L?(IR?) as long as
B >3aand

(1) 1 _P(B+2)-
BBa+p+2) p /3(3oc+/5+2)

This range of exponents was improved by Chen et al. in [CFWZ08], who proved that
the operator (1.1) is bounded on L?(R?) if f > 3a and

3(x< Zﬂ 3a
269" 2

They also extended this result to operators

1.2)

2mt B

ﬂf(x)—hmf flx-d(1) S et

where ®(t) is a curve in R” of the form ®(t) = (¢*1,...,t*), and concluded the
analogous result that T:fﬁ is bounded on L*(R") if B > (n +1)a and is bounded on
L? if
(n+Da < 1 < 2ﬂ—(n+l)(x'
28 2p

Other authors have studied the boundedness of the operators 7> ; on diverse function
spaces, as Sobolev, Wiener, Besov spaces, and a-modulation spaces (see, for instance,
[LG14, SXX21, WY17]).

Chen et al. considered in [CDZ17] curves ¢~ (t,$(t)), where ¢ is a convex
function, with ¢(0) = ¢’(0) = 0, that satisfies the condition

(C1) there exists 8 > 0 such that 8 < 8+ 2 and t°¢"(¢) is increasing in (0,1).

They proved the boundedness on L? (R?) of the operator (1.1) for p satisfying (1.2). In
[LY18], Li and Yu proved that the operator (1.1) is bounded on L?(IR?), for the same
D, if the curve satisfies the following conditions:

(C2) foreachjeN,¢”(t)>0and ¢ () >00n (27771,277), and

(C3) there exist constants C; > C; > 0 such that, for each j e N,

()

Cih'(t) < —2% < GH' (1)

on (27771,277), where h(t) = t¢'(t) - ¢(t)

They also proved the existence of a function ¢ that satisfies conditions (C2) and (C3),
but not (C1).
In this work, we discuss the boundedness of the operator

Zmy(t)
y(t )

along a convex curve ¢ — (t, ¢(t)), where ¢ satisfies the condition
(C) ¢"(t)>0and ¢"(t)>00n(0,1).

13) TGy =tim [ Gty p(0)
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Note that we no longer require ¢(0) nor ¢'(0) to be 0, nor any of the conditions (CI)

or (C3) above. We observe that any function ¢(¢) = ¢" satisfies condition (C) if k > 2,

butnotif1 < k < 2. In this latter case, however, ¢ satisfies condition (C3) on the whole

interval.
We allow the singularity y(¢) to be much worse than a power, say of the order of

t — e™V/* or worse. The authors have studied oscillatory integrals with such kernels

previously in [FG99, FGSI19]. We assume that the functions y € C*((0,1]) and y €

C*((0,1]) satisty the following:

(al) y,v, and their derivatives y’,9",y"”, and ¢’ are all monotone. For conve-
nience, we also assume that y”(t) > 0 for t € (0,1], y” is strictly decreasing,
lim;_o y"(#) = oo and that " (1) =1, as well as y(¢) > 0.

(a.2) There exists C > 0 such that, for s > 1,

"' (" @)l < Cly™ (¥ ().

(a.3) Forsmall p > 0, there exists C > 0 such that
Y (6) < Gy (0.

(a.4) There exists C > 0 such that
< Cb/,"(t)|l/3
(f)

These assumptions are satisfied by y(t) = t# and y(t) = t**1 if « and  satisfy, as
in [Cha96], B > 3a. Assumption (a.4) is not satisfied by our example y(t) = e'* and
y(t) = e7/?" in [FGS19], but it is satisfied by the function y(t) = e”'/?*. Alternatively,
it is satisfied by the pair of functions y(t) = e¥/* and y(t) = e”V/*.

1.1 Existence

It is not hard to see that the limit in (1.3) exists for, say, f € C2°(R?). Indeed, if we
write

(s)= fs e () gy,
0
for 0 < &’ < &, we can integrate by parts to obtain
r'e) 4,
O
PO gy d Sty =40)
y(1) : dt y(1)

The first term in (1.4) goes to zero as &', ¢ — 0 because, by the van der Corput’s lemma
[Ste93, Proposition 2 in section 1.2 of chapter VIII],

[ rG=ty-9(0)

(14) =fx-ty-¢(1))—=

ry

| ( )| //(t)l/z
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and therefore, using assumptions (a.3) and (a.4) and the fact that f is bounded,

r@| .
v

1
//(t)l/z

1
ZOL

|y",(t)|1/3 S

‘f(x—t y=o(t)—-<

ast — 0.
For the second integral in (1.4), we note that

sl—w(t)if(x —Ly- (/)(t))

i wn
Uty =9
< [ rol o
13 « [ty =o)L e

and the first integral in (1.5) goes to 0 as above, because the derivatives of f and ¢
are also bounded. For the second integral, choose € N such that y”71(2/*1) <& <
Y’ 1(21). As 0 < & < e <y"1(2"), we have, using the fact that f is bounded,

STl 3= o[ o

Y@ y/ © ] Y2
< r(t drsy = [
L | ( |‘ (t)z‘ JZ:; 2i/2 y-1(2041)

where we have again used the van der Corput’s lemma so

v/ ()
e

11-1741 1 _ 1
AT T
Now, as ¥ is monotone, we have
f //—1(2}‘) ‘ 1
@) l/f(t)2 vy 1(21”)) y((@)

< |YW(Y" 1(2]+1))|1/3’

where we have also used (a.4). Using (a.3), we see that the integral is then bounded by

31 gan3/2-p 1 1
_= (9il3 < =
;21'/2(2] ) Z 2B S0

-

which goes to 0 as I - oo (and thus as &', & — 0).

2 L? boundedness

We will prove the following theorem.

Theorem 2.1  The operator T given by (1.3) extends to a bounded operator on L*(R?).
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In order to prove the L?> boundedness of operator (1.3), we need to prove that its

multiplier
1) m“n)i[QMWM4pwm>W LyeR
. b 0 w( t) bl b bl
is bounded. We write (2.1) as the integral
2.2) /‘Zmﬁo dt
0 y(t)’

where g(t) = y(t) — &t — n¢(t). If we let
G(s) = fsezmg(t)dt,
0

then we can also write (2.2) as
[1 G'(1) 4,
o y(1)

The boundedness of (2.2) will follow from estimates to G, obtained by van der Corput’s
lemma provided we can prove that the derivatives of ¢ can be bounded from below,
uniformly for € and # in proper subsets of R*. The derivatives of the function g are
given by

g =y (1) = &E-n¢'(1),
and

gP(0)=yP () —ngP (1), p=2.3.

We thus observe that bounds from below for g’, g”, or g’”’ will depend on the signs
of £ and 7. We prove then the boundedness of (2.2) by splitting in cases.

2.1 Casen<0

In this case, we consider the second derivative g”. For # < 0,

g (1) =y"(t) = n¢"(t) > y" (1),

because ¢”(t) > 0. Hence, by van der Corput’s lemma,

| ( )| //( t)l/z
We integrate by parts to obtain

G, GG, [ GOV
b o m G ) b yar

The limit is bounded because, using assumptions (a.3) and (a.4),

G(t) 1 /// 1/3
|V/(t)‘ //(t)l/z (€] Eas y”(t)P/3 <1
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For the integral, we partition the interval (0,1] in the intervals
y//—l((zj’ 2j+1])’

j=0,1,2..., and we use the monotonicity of y, so ¥’ doesn’t change sign. Thus,

LG(ow (1) O
|f y(t)? dt| Z/rr 1(2;+1) V/(t ‘dt

o ~y"TI(2)
< Z ' (t) ‘ ¢
i yr1(20%) )/”(t 1/2 (t)2
L [y,
S = / Y- 1(21+1) 1//(t
S | 1
Ll Mo
oo 1 5 .
< z 7/|Y”,(Y” 1(2]+1))‘1/3
=0
<3 L(zﬂs/z—p))lﬂ B PP
P jl2 £ 2jp/3

2.2 Casen>0

In this case, both ¢’ and ¢” might be zero. Since both y” >0 and ¢" >0, y”
decreasing and ¢" is increasing, for 7 > 0, we will have that

g'(1) =y"(t) —ne" (1)

will have a unique zero in (0,1) if #¢” (1) > 9" (1) = 1.
Let t be the zero of g’ (¢) if 7¢" (1) > 1; otherwise, let to = 1. Hence, t, satisfies

¥ (to) = n¢" (to)
iftg <1, orl>n¢" (1) if t; = 1. Either way we have the estimate
(2.3) Y (to) 2 n¢" (to).
Let I € N be such that
(2.4) YR <t <y (2D).

We thus split integral (2.2) as

yrr—l (2l+2) 7 yu—l(zl—l) 7 1 7
f G(t)dt+f G(t)dt+f G(t)dt,
0 V’(t) yr1(2142) I/’(t) yr1(2i1) ‘/’( t)
where the third integral is nonzero onlyif I > 1 (if [ = 0, the second integral is only over
the interval [y”"~1(4), 1], of course). We estimate each of these integrals separately.
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2.2.1 The first integral

Here, we integrate over  such that 0 < t < y”"~!(2'*2). For such ¢, we have, using the
monotonicity of " and ¢"(¢), (2.3) and (2.4),

y”(t) > 21+2 =2. 21+1 _ zy//(y//—l(zlﬂ))
> Zy”(to) > 2ﬂ¢,’(t0) > 277(/5”(1’).
Hence

g'(1) > EV”(t)

over 0 < t < y"~1(2'*2), and by van der Corput’s lemma,

|G( )| "(t)l/z
over this interval. We can therefore estimate the first integral as in Section 2.1.

2.2.2 The third integral

If I > 1, we integrate over y"~1(2!~1) < t < 1. This implies that ¢, < 1 so, in particular,
y"(to) = n¢" (ty). Using the monotonicity of y”" and ¢"(¢), and (2.4),

n" (1) 20" (1) =y"(t0) 22' =2y (y"(2'™)) 25" (1),
so we have again, by van der Corput’s lemma,
| (t)| n(t)l/z
and we proceed as above.
2.2.3 The middle integral
We finally integrate over the interval that contains t,. Since —# < 0 and ¢"”’ > 0, we
have
g (1) =y"(1) = n¢™ (1) <y"'(1).

Thus,
lg” (O] = y™ (1)].

for y"~1(2'*2) < t <" 1(2'"!). By van der Corput’s lemma (see the corollary to
Proposition 2 in [Ste93, VIIL.1.2]), we obtain

// 1(21 1) eznlg(t)d 1 1
IS .
vy vty 1 g e

Thus, by hypothesis (a.4),
// 1(21 1) eZTHg(t) 1
di| < . -1 2l+2 1/3’
| ey vty 1% sl 0@

which is bounded by a constant by assumption (a.2).
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3 Arresult on sharpness

Assume that y satisfies assumptions (a.1)-(a.3). We prove that, under assumption
(b.4), there exists C > 0 and a small 4 > 0 such that, for t € (0,1],

) < O

assumption (a.4) is sharp, in the sense that, if we assume
(b.5), the quotient
1
[y (Olly™ (63
is unbounded,

then the multiplier is not bounded for any curve ¢(¢) satisfying hypothesis (C) above.
Indeed, it fails for the parabola.

Proposition 3.1  Under hypotheses (a.1)-(a.3), (b.4), and (b.5), the multiplier m(&, 1)
for the parabola ¢(t) = t* is unbounded.

Proof Lett, — 0 such that
1
— 00
|1//(tn)||)’”/(tn)|l/3

Now, for each n, set

1 4 ! 14
Wﬂzi)’ (tn) and En =y (tn) =y (tu)tn-

Note that this implies that g’ (¢,) = g"(#,) = 0. We claim that |m (&, ,,)| = oo.
Fix n € N and choose I = I(n) € N such that

y//—1(21+1) <t, < y/l—l(zl).
Let h € C*((0,1)) be a cutoff function such that

(1) supph c [y//—1(21+3)) y"_l(Zl_z)];

(2) ]’l(l’) =1lon [yll—l(21+2), y"_l(Zl_l)];

(3) h is increasing on [y”1(2*3),y"1(2'*?)] and decreasing on
[)/”_1 (21—1)’ y"_l(Zl_z)],

Hence, with the notation used above,

LG, YR G (1)
m(En i) = f Ok fo o (- ho)r

y//—l (21—2) /
+ f G(t) h(t)dt
pr1(2143) V,(t)

! G'(t)
(3.1) N fy oy ey (RO
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To estimate the first integral, we integrate by parts to obtain

y” 1( Hz) /( ) I—

—lim——= +

=0 y(t) Cy()?

17— 1(21+2) G(t) ,
(3.2) h _[// 1(21+3) w(t) (t)dt

As in Section 2.2.1,if 0 < t < y"~1(21+?),
y”(t) > 21+2 _ zyll(y//—l(zlJrl)) > zyll(tn) _ 4’1,1)

s0 g’ () =y"(t) - 21, > 37" (t) and, by van der Corput’s lemma,

GO S i

So, by hypothesis (b.4),
|G(t) ‘ < 1 '
y(O) 17y (D)k

This implies that the limit in (3.2) is zero, as well as the third integral is bounded, as

// 1(21+z)
|f GO (t)dt‘
1-1(2143) v/(t)

u 1(21+2)
< e
y1(2143) llj(t)
because & is increasing from 0 to 1 in the interval [y”~1(2/+3), y"~1(21*2)].

For the second integral in (3.2), we decompose the interval (0, y”~!(2/*2)] and use
the fact that y is monotone, as in Section 2.1, to obtain

-1 21+2

y
W (t)dt s l[ W (t)dt =27,
y//—1(21+3)

21

—l

‘[ "'(2l+2)G(t)1l/)(t) (- k(D) )dt| [uyt(w) ()||w((t§1‘dt

o] f II (2]) 1 W (t) ‘
jria Sy y () (1)

~

1 y/l—l(zj t
< Z . [ ( ) ‘
i 2]/ yr1(2041) w(t

§i2]%| 1 1 |

L 2Rl @) v @)
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1
< Z 2]/2 //(yl/ 1(2]+1))1/2 u

j=l+2
S i L (i i P
j=l+2 2]/2 j=l+2 27K

The third integral in (3.1) can be estimated similarly. We conclude then that both of
these integrals are bounded.
Now, since g'(t,) = g"(t,) = 0, we have the asymptotic estimate
Y"1 (217 L2mig(t) 2mig(tn)
() dt~
yrri@) y(t) y(ta) (y" (ta))Y

for the second integral in (3.1), where C is independent of # (see, e.g., equations (4),
(17), and (20) in [Erd56, Section 2.9]). By the construction of the t,, we have that

[m (&, 1)| = 00

as n — oo. ]

4 An extension to L? spaces

In this section, we consider the operator
e2miy(t)
(4.1) Tf(x,y) = llm/ flx-ty- ¢(t))t91//(t)1 5 dt,
for 0 < 6 < 1,and y and y satisfy hypotheses (a.1)-(a.4) above, as well as assuming that
v>0,¢",¢" >0. We also make the following assumption on y"":

(a.5) There exists a constant & > 0, with (1+ &)? < 2, such that, for 0 < < £,

' (1) 2 2y"((1+&)t).

We remark that assumption (a.5) is analogous to assumption (a.4) in [FGS19], which
stated that

“there exist € > 0, A > 1+ ¢ such that y’(¢) > Ay’ ((1+ ¢)t) for for 0 < ¢ < ¢y

It is expected, as we are now working along the curve ¢t — (¢, ¢(t)), to require a
stronger condition to the corresponding one in [FGS19], so this time we need to
assume such condition on y".

Using the fact that y” is decreasing, we can rewrite (a.5) as

t<y" (2" ((1+e)t)
and, by substituting y” ((1+ €)t) by s, we obtain

(4.2) Y (s) < (1+€)y" 1 (2s)

-1

for large s > 1. Together with the fact that y""~" is decreasing, we obtain that

(4.3) Y TH(2s) <y 7H(s) sy (2s)
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for large values of s, so 7! (s) and y”~*(2s) have comparable sizes. This is analogous
to the fact that |y (y"~!(s))| and |y"’(y"~*(2s))| also have comparable sizes, as, from
assumption (a.2), we have that

(4.4) G Y G @S Y G))-
Remark 4.1.  'The function y(t) = t7, with > 0, also satisfies assumption (a.5).
Indeed, y'(t) = B(B +1)t P2
y"(1) = (1+e)F2y"((1+ )1) 2 2" ((1+ €)t)
if we choose (1 + £)P*? = 2, which satisfies (1+ ¢)? < 2 because 8 > 0.

aft

Remark 4.2.  Functions y such that y” is of the form y”(¢) = ce?/*, for o > 0, also

satisty (a.5). Indeed,
y'(1) = etiey"((1+e)t) > 2" ((1+€)t)
for & =log2"? <2/2 —laslongas t < ¢/(3(1+¢)).

Lemma 4.3  There exist constants C > 0 and & > 0 such that, for small t > 0,

| ///(t)| > Cy”(t)

Proof = We first proceed as in [FG99] to verify that

(4.5) |yll/(t)‘ y ( )

Indeed, as ¢ — —y""'(¢) is decreasing, we have

(1+e)t 1
—y"(t) et > f -y (s)ds =y (1) =y (L)) 2 2y" (1)
t
by assumption (a.5). So we obtain
1y"(t)
nr t > .
Ol 5=
The lemma will follow from (4.5) once we establish the existence of § > 0 such that

” 0
(4.6) y'(1)z Tl (t)

To verify this, observe that, by assumption (a.S),
" to n, n+l 1
2%y (¢t C —_—
Y ((1+£)”) (to) = (1+e) to/(1+ &)+
for every n € N, where C = tyy" () /2. For t € (0, ty), choose n such that
to to
<t< .
(1+¢)n+t (1+¢)n
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Then (1+&)"*! > to/t and hence n +1 > log(t,/t)/log(1 + €), which implies

1
() = ()

where

_log(2/(1+¢))

~ log(1+¢)
because 2 > (1 + ¢)%. Therefore, as y” is decreasing,

to fo\* 1 c’
4.7 12 t 12 > v - .
(47) y()>y((1+£)n)_6(t) =
If we choose 6 = (a —1)/(1 + ), we obtain
" " C' 170 " (¢ 0
Y(t)>y(t)8.(t1+a) :C% |

Remark 4.4.  Substituting ¢ by y”/~!(s) in Lemma 4.3, we obtain
)/”_1 (S)|ym(yu—1 (S))|1/3 > 56/3’
which guarantees, in particular, that for any € > 0, the series
i 1
i=0 ( m=1( 2])|Y”’(Y” 1(2]))|1/3)

The existence of the limit in (4.1) can be verified analogously to the existence of the
limit in (1.3) above. From the proof of Theorem 2.1, in particular, the estimates for the
multiplier (2.2), we obtain the following result.

Corollary 4.5 Under assumptions (a.1)-(a.5), the operator (4.1) is bounded on
LP(R?) if
(4.8)

1+60
<—<—.
2

N =
S| -

Remark 4.6. We take a moment to note that our result in Corollary 4.5 is consistent
with previous known results for the operator (1.1). If we write t**! as ty(#)1=?, with

y(t) =t
then the condition 8 > 3a/(1 - 0) implies
c B -3« ,
B
so we see that the operator (1.1) is bounded on L?(R?) if 8 > 3« and
7<7+ﬂ—30¢ _ 2B -3a
p 2 2P 2B
which is of course (1.2) by duality.

>

https://doi.org/10.4153/50008439526102008 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439526102008

Strongly singular operators 13

Proof of Corollary 4.5. We follow the idea in [CDZ17] and formally write T'f =
Y720 Tjf, where

77—-1 j .
Y27 eZmy(t)

TR = [ oy PG =00 5 gl

yu—l (2j+1)

and we estimate the L' and L norms of each T}, j > 0.
For the L! norms, we start with the trivial estimate

Y2 1
y//—l(zj)
~ yu—l (2j+1)9w(y//—1(2j+1 ) )1—9

[ 1T plddy < a1

[ £l
Using (a.4) and (4.4), we have

1 "y rn— j - "y - i -
WSW (@)L sy (T (20)) O

and, by (4.3), we have
Y@ 2y @),
so we have the estimate
(4.9) 1Tl Y @) (" (@),
For the L? norm, we estimate the supremum of its multiplier
=150 '

with the same notation as above. Integrating by parts,

PSR | ' €20 ) BN | Vi €0
A5 y//—l(zj)()w(yu—l(zj))l—e y/r—1(2j+1)0v/(yn—1(2j+1)1—9

Y@ o (1= 0)y/ (1)
(4.10) + fy"-l(ziﬂ) G(t)(t9+11//(t)1_9 + telll(t)z_e )dt

Again, by Van der Corput’s lemma,
1
YO
Using (a.4) again, each of the first two terms in (4.10) is estimated by

G(8)] 5

G(y"'(?)) | L O @))e0n
y//—l(Zj)ew(y//—1(2j))1—0 ~ yu—l (2)‘)6|y/n(y/r—1(2j))|1/3
1

S yu—l(2j)9|y///(y//—1(2j))|9/3
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and, also using (4.3) and (4.4),

G(y//—1(2j+1)) ‘ p |ym(y//—1(2j+1))|(1—9)/3
y//—l (2j+1)9w(),//—1(2j+1))1—9 ~ y/l—1(2j+1)9|ym(yu—l(2j+1))|1/3
1

y//—l(2j)6|ym(yl/—1(2j))|6’/3 .

Similarly, we estimate the integral by

Y@ G(1)8 ANCONN (€[(5]
U g€ [ it
n1(2i1) 9y (t) @) 94y (t)
Y2 |yt ¢ (1-60)/3
< / ly"" (®)] dt

yre1(2H t6+1|ym(t)|l/3

7AN

. 1 " 1(2]) 1
~ |y”’()”’_1(2j+1))|9/3 /):nfl(zj+1) ﬁ t
1
y//—l(2]‘)9|y///(y//—1(2j))|6/3’

where we have again used (4.4), and, using the fact that y is monotone (and thus
increasing),

/. "OGOA-OVD) 4 J Lo

yr-1(24) tﬂw( t)279 y1(2041) t9 w(t)270

dt

) 1 e v
N y//—l(2j+1)9|y///(y//—1(2j+1))|1/3 yr1(204) w(t)z—e

1 1
S )/"_1(2j+1)9|)/"'()/"_1(2j+1))|1/3 1l/(y//—l(2j+l))l—9
1
S y//—l(2j+1)9|y///(y//—1(2j+1))|6/3
1

S y//—l(zj)e|y///(y//—1(2j))|0/3‘
We therefore conclude that
1
// 1(2])9|ym(y// 1(2]))|6/3

(4.11) Tl S

By interpolation, if 0 < 7 <1and

1 1-71

— =T+ —,

p
then T; is bounded on L? (R*) with norm

I Tjlleere < ITHlE S I THIEE 12
(4.12) < 1
yl/—l(2j)9—r|y///(y//—l(2j))|(6—r)/3 :
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By Remark 4.4, the series

o oo 1
| TillLo—re S . :
j;) J j;) yllfl(Z])G*Tb;///(y//fl(2]))|(971)/3

converges as long as 0 > 7, that is,

5 Discussion

In [FG99], the author proved that the operator

2miy(t)
eidt
10y ()

is bounded on L?(R) as long as y, ¥ satisfy assumptions that are analogous to our
assumptions (a.1)-(a.5) (as discussed in this article) and p satisfies

(5.1) fotim [ pe-n

1 1 1+86
< =<,
27p7 2
for 0 < 0 < 1. Thus, a natural question is whether Corollary 4.5 is true for the endpoint
case
1 1+6
P2
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