Mathematika 59 (2013) 87-118  © University College London
doi:10.1112/S0025579312001015

THE RESONANCE METHOD FOR LARGE
CHARACTER SUMS

BOB HOUGH

Abstract. 'We consider the size of large character sums, proving new lower
bounds for A(N, q) =sup, ., mod g [> ", ~nx ()| in almost all ranges of N. The
proofs use the resonance method and saddle point analysis.

§1. Introduction. Let g be a large modulus and let N < g. Thinking of
the character sum S(N, x) = an n X(n) as a function of the non-principal
Dirichlet character x mod ¢, set A(N, ¢) for its L°°-norm,

> xm

n<N

A(N,q)=|IS(N, X)lloc = sup
X#xo mod g

Non-trivial upper bounds for A(N, g) are of great interest in number theory
due to the wealth of applications, but such bounds have proven formidable:
essentially the only results in this direction are the classical Pélya—Vinogradov
inequality (non-trivial for N > ,/q log q), Burgess’s work [1] (N > ¢ 1/4+€) and
the work of Graham and Ringrose [3], which is effective in a wider range, but
only when ¢ has many small factors.

In this paper we consider instead what lower bounds may be given for large
character sums. An easy bound comes from the L?-norm

VN <5 [IS(N, )l < AN, q). N <(1-28)q,

while in [4], Granville and Soundararajan have improved on this forall N < /g
by estimating with the L*-norm, k = [log ¢/log N |. When log N is very small
this yields impressive results, but for N a power of g, N =¢? with 0 <6 < 1,
the estimate obtained is of shape A(N, ¢) > /N (log ¢)A®, improving on the
trivial one by only a power of log g. In our primary result we repair this defect,
proving a bound of

I
AN, @) =VNexp((1+o) [(1—6)—2L ) N—¢’ 0<6<1.
log log ¢q

ey

This result is in keeping with the available omega result for the corresponding
Dirichlet L-functions at the central point.

Our proof of (1) adapts the resonance method, which was originally

introduced by Soundararajan [12] to produce the best known large values
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of L-functions on the half line, and has subsequently been applied in several
other contexts (see [9, 11]). Actually, as we will explain in the next section, the
resonance method strictly contains the moment estimate of [4], and so we update
the previously known bounds on A(N, ¢) in almost all ranges of N.

When studying large character sums, the range in which log N = (log ¢)?,
0 =1/24 o(1) appears to mark a transition in the behavior. For instance, a
conjecture of Farmer et al [2] on the extreme values of L-functions on the half
line would imply the upper bound

A(N, ) < VN exp((1/+/2 + o(1))y/log q log log q),

which gives the square-root cancelation estimate A(N, g) <p,e N 1/2+€ for
log N = (log ¢)? for any 6 > 1/2, but gives nothing for # < 1/2. By contrast,
in [4] it is demonstrated that A(N, ¢) > N'/2+%® 5 > 0 whenlog N = (log ¢)¢
with 8 < 1/2. Our results also follow this dichotomy. Thus, although above we
stated (1) only for N a fixed power of ¢, in Theorem 3.1 we show that the result
actually holds when log N > (log ¢)'/?(log log ¢)!/>*°(D. Our Theorem 3.2
treats the transition region and Theorem 3.4 considers small N, with log N =
(log ¢)? for 6 < 1/2.

In order to highlight our results in the small range, we first pause to briefly
describe the somewhat different situation of large real character sums. An

analogue of A(N, g) for real characters is
Z < n ) '
n<N

where D denotes the set of fundamental discriminants. An idea going back to
Littlewood [8] is that one can generate large sums involving real characters by
considering those D in prescribed residue classes modulo Q =[] p<pP P> with
the residues chosen to ensure that (D/p) =1 for all p < P. Since, by this
arrangement, (D/n) =1 whenever n is composed of primes smaller than P,
the character sum has a large positive bias on these P-smooth numbers, and
one hopes to prove that the remaining part of the sum is of smaller magnitude
(actually the positive bias is on numbers that are P-smooth after division by a
square, an important distinction when the sum is long). This idea was carried
out in [4] in parallel to the estimate for A(N, ¢), with comparable and generally
stronger results.

An obvious barrier for the size of the parameter P in Littlewood’s method
is P =log g, since taking P = c log g requires working with D in the range
g <|D| <2g modulo Q =gt°(M)_ Although there are many square residues
for D modulo Q, a ¢ larger than 1 requires a subtle understanding of their
distribution. In fact, in [4], ¢ =1/3 is chosen for technical reasons. With
P=clogq,c<1, and log N = (log q)?, 6 < 1/2, the number of numbers
less than N that are P-smooth after division by a square is, up to constants,
the same as the number that are actually P-smoothf. Thus, in the range

Ar(N, q) = sup
DeD,q<|D|<2q

+ When 6 > 1/2 the additional numbers make up a dominant proportion.
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log N = (log ¢)?, 0 < 6 < 1/2, [4] obtains

1
AR(N, q)}W(N, —logq>, Uy = > L

3 n<x,pln=p<y

and it would seemingly require a great effort to make this method yield, for any
fixed 6 < 1/2, the same result with 1/3 replaced by a constant a little greater
than 1. Meanwhile, we prove in Theorem 3.4 that for all sufficiently large ¢,

A(N,q) = W(N, (c(®) —e)logq),  log N = (logq)’

with ¢ increasing, c¢(#) — oo as 8 — 1/2 and ¢(0) > 0.39829 > 1/3. Our
bounds for A(N, g) are also generally stronger than those presently known for
ARr(N, g) in the other regimes. Corresponding improvements for Ar(N, g) are,
however, available.

§2. Discussion of method. In the next section we will give precise
statements of our results; here we outline the resonance method for character
sums, and its advantage over the previous methods in the general and real
character setting.

Observe that by pairing L with L!, we may write

2
A(N, ¢)* = sup (ISCN, 017, w())

, 2
w(x)2£0 lwGO @

and therefore a lower bound is obtained by restricting the class of functions w.
In the resonance method, the “resonating” weight w is required to be the square
of a Dirichlet polynomial with multiplicative coefficients,

2
> rmxm|

n<g/N

w(x) = r multiplicative.

Expanding the sums and using the orthogonality of characters, one is led to
the maximization of the ratio of two forms in variables indexed by the primes.
When N is sufficiently large compared to ¢, in the regime log N > (log ¢)'/>*¢,
this optimization problem is closely related to the one solved by Soundararajan
in [12] and so our proof of (1) is by a reduction to the earlier result. When
log N < (log q)'/?>~¢ the optimization problem changes, becoming more closely
related to the distribution of smooth numbers, and so in this regime we use ideas
from that theory, e.g. the saddle point analysis developed in [6].

As regards the relation to previous work, note that with the choice of weights

(Z X(n)>k_1 2

n<N

w(yx) =

we recover the previous L2k egtimate for A(N, q), while, in the context of real
characters, a choice of

2

w(x) =

[Ta+xp)

p<P
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yields the result for Ar(N, ¢g). Thus the resonance method can be understood
as simultaneously optimizing the two seemingly unrelated methods used to treat
large real and general character sums in [4].

§3. Statement of results. We streamline our presentation by assuming that
the modulus ¢ is prime. The restriction is needed only when the character sum is
quite long: when N > ¢?/3 it becomes advantageous to use Pélya’s “Fourier
expansion” for primitive character sums to transform sums of length N into
dual sums of length g/N. Here the assumption that ¢ is prime ensures that all
non-trivial x mod ¢ are primitive. However, using the same techniques without
passing to the dual sum, it is possible to obtain new results on A(N, g) for
composite ¢ whenever N < ¢!~¢. The interested reader may find the details in
[7].

As discussed in the introduction, our results split into a long, transition and
short range. Our theorem in the long regime is as follows.

THEOREM 3.1. Let q be a large prime and let 4,/log q log, q logy g <
log N and N = q° with & < 2/3. Then

A(N, q) = ﬁexp((l 1 o(1)) W)

log, g

q q (1—0)loggq
a(39) > R on(0- o 500

These bounds markedly improve those of [4, Theorems 6-8] for A(N, ¢) in
the corresponding range. Our bound is also larger than the one for real characters
in [4, Theorem 10]:

Ar(N, q) = Wexp<(1 o1y Y108 q).

log, g

Also,

Next we consider the transition range log log N = (% 4+ 0(1)) loglog q.

THEOREM 3.2. Let q be a large prime and let log N = t./log q log, g with
7 = (log, 9)°WD . Define A and t' by solving

Then

1
AN, q) > Wexp((l +o()A(x + 1) 1(:’:‘;)_
2

For dual sums of length q /N instead define A and t’ by
o0 d * d
ﬁr:/ ef"—x, r’:/ efx—;c.
A X A X
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With this new definition we have

q q "\ [logg
A(ﬁ’q)2\/;6Xp<(1+0(1))A<I+E) 10g2q>'

Remark. With respectto A(N, q), as T — 00, At — 0 and AT’ — 1, so that
for growing T we obtain

A(N,q))ﬁexp((l—o(l)) 11(:’:2), T = oo.
2

Meanwhile, as 7 — 0, A — oo and T ~e~4/A, ©/ ~ e~ /A? so that for small
T we obtain

AN, q)}ﬂexp((l—o(l))r(—log 7) ll(j’gg‘;), 0.
2

These results should be compared to [4, Theorem 5], where, in the same
range, it is shown that there exists a constant ¢ > 0 such that

log(1 1
A(N, q) = ~+/N exp ct+r ogl+7) [logg .
1+12 | logyq

Although the constant ¢ is not explicitly given, our result is asymptotically
stronger for T — 0 and t — oo. Our result for the dual sum A(g/N, g) gives a
comparable improvement to [4, Theorem 8§].

Finally, we consider the range of small N, (log q)O(l) <N < e\/@ , Where
our result is closely related to the distribution of smooth numbers. For reference,
recall that for N in this range, the counting function W (N, 6 log ¢) for 6 log g-
smooth numbers satisfies

W(N, 0logqg)=N exp(—ulogu — ulog,(u + 2) + u + o(u)),
log N
U=—"——,
log(6 log q)

uniformly in 1 < 6 <« N/log g. The following corollary summarizes our main
qualitative results on A(N, ¢) in this range.

COROLLARY 3.3. Let q be a large prime and suppose thatlog N = (log ¢)°
forafixed) <6 < 1/2. Then

A(N, q) 2 V(N, (k(1—0)+0o(1)) log q),
where Kk (t) is defined by

I'(1—1/200@Q/t — 1)

€ =2116w ", G = r'(3/21)

3)
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The function k(1 — 0) is increasing for 6 € (0, 1/2) with limg_g «(1 —0) =
8/e3=0.3982965...andk(1 —0) ~1/(4—80) as6 1 1/2.
When 0 is growing¥ with q, for log N = \/log g exp(—(log, q)°M),

1—o(1)

A(N, q) =2 W(N, log q log, q).

Remark. Granville and Soundararajan have conjectured [4, Conjecture 1]
that character sums are well approximated by their restricted sum over smooth
numbers, in the sense that

doxtm= Y x(m)+o(¥(N,y)

n<N n<N
pln=p<y

when y = (log ¢ + (log N)?)(log log ¢)* for some constant A. Their work
shows that if the conjecture is to be true, one must take A > 0, while the above
corollary improves this to A > 1.

The results of this corollary may be compared to [4, Theorem 4], its
corollaries, and the result [4, Theorem 9] for real characters.

Corollary 3.3 is a direct consequence of the following more technical
theorem, which also contains results on the dual problem of long character sums

A(g/N, q).

THEOREM 3.4. Let g be a large prime and assume that 0 <log N < ,/log q.
Keep the definitions of k(t) and G(t) in (3). Let 0 > 1/2 solve

_ (logg)'™°

log N = 21 —o) G(o)°.

Then
A(N, q) 2V (N, (1+0(1))k(o)logq).
Leto' > % solve
1 1—o’
log N = (log q)

- 21D 4 /(r"
(1= o) (o)

Then
A(i, q) > ﬁ‘ll(N, (1/2+ o(1))k(0”) log q).
N N
Furthermore, if log N < log% q logy 104 then

log lo W (N, lo
AL g) > va glogg (N, logq)
N log(log N /(log log q)) N

t The o(---) notation in this statement may be read as follows: for each §(¢) tending
to 0 with growing ¢, there exists an €(g), also tending to O, such that for log N =

v/1og g exp(—(log, q)‘s(q)), we have
A(N, g) = W(N, log g logy ““ g).

A careful quantification of our proof shows that e(g) > log, g/logs g, and, to within lower-order
terms, this is attained.
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By taking N =0(1) in the last bound we recover Granville and
Soundararajan’s result in [5] that for every large prime g there exists a non-trivial
character x mod ¢ having character sum of size much greater than /g log log q.
Assuming the generalized Riemann hypothesis, Montgomery and Vaughan [10]
have given a matching upper bound so that this result is best possible, up to the
constant.

The dual bound may be compared to [4, Theorems 8 and 11] for real
characters.

§4. The large N regime. We first consider Theorem 3.1. Following (2), we
prove the basic proposition.

PROPOSITION 4.1. Let q be a large prime and 1 < N < q. Set x =q/N.
Let r(n) be a non-negative multiplicative function supported on squarefree n.
Then

A(N, ¢)* + O(N)
>N Z r(ny)r(ng)

ny,np<N max(nl, n2) |:g<x/max(n| ny)
(n1,n2)=1 (g,n1n2)=1

rg) /H(l +r(p) )}

Proof. Define a “resonator” R(x) = (1//qg — 1) anx r(n)x (n). Plainly

/ZIR(X)I )

AN, 9> Y [RGOI?

XFX0

x(n)
n<N

By orthogonality of characters, the denominator is )

wex T2 <1, (1 +

r( p)z). Meanwhile, the numerator is

2
> o)

n<N

Yo rmormy) Y 1—|R(x0)

my,my<x ni,na SN

(n1n2,q)=1
miny=mjyny

By Cauchy-Schwarz, |R(x0)|* < (x/(q — 1)) Y.<, r(m)? and therefore the
negative term contributes O(N) to the ratio (4). In the main term, let g =
(m1, my), h = (n1, ny) and replace m; := m; /g to obtain

Y rmormy Y r@* Y1

my,mp<x g<x/max(my,my) h<N /max(my,m7)
(my,mz)=1 (g,mimz)=1

r(my)r(my)
LD s B SR
max{mj, m g<x/max(mj,mp)
(m1,mp)=1 (g.mima)=1

which proves the proposition. O
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When the character sum is very long it is convenient to use Pélya’s Fourier
expansion (see [10, Lemma 1]) to work with a dual sum.
Recall that a character x is said to be even (respectively, odd) if x(—1) =1

(respectively, x (—1) = —1). For sums of primitive characters Pélya proved that
T x(h h
> xm=25 % %)(1 - e<_ﬁ)> +0(+gH " log ), (5)
n<g/N i<
h#0

where e(x) = 2™ and t(x) is the usual Gauss sum, of size |t(x)| = Ja-

Choose H = /Ngq log g and define

S(x) = Z @(1 - c(%)) c(x) =cos(2mx).

lhI<H
h#0

If x is even S(x) = 0, but for odd primitive characters x we have

_ Vi ﬁ)
> xm —2n|S(X)|+0< v ) (6)

n<q/N

A(ﬁ,q) Vi upIS(x)|+0(\/z>. (N

Using this relation we now prove a dual version of the main proposition.

Thus

PROPOSITION 4.2. Let g be prime, N < q/log2 q and set

1 /g
X = —.
2loggV N

Let r(n) be a multiplicative function supported on squarefree numbers. Then

2
. 7 q r(myp)r(moy)ymimy
<A<N’ q) " O(\/;>) > N Z max(mj, mz)3

my,my<min(x,N /2)

(my,mz)=1
rg) /H<1+r<p) )}

X [
g<x/max(mi,my)
(g,mimz)=1

Proof: Weuse (7). Set R(x) = (1//g — 1) Y, r(m)x(m). Then
sup [SGOIF = IR(X)S(X)IZ/ > IRGOI.
X X X

The denominator is bounded by [ p(l +r( p)z) while the numerator is equal to
Z (1 —c(1/N))(1 —c(n2/N))

niny

E r(mp)r(my)
my,my<x 0F|ny |, In2| <H
miny=mon| mod q

https://doi.org/10.1112/50025579312001015 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579312001015

THE RESONANCE METHOD FOR LARGE CHARACTER SUMS 95

Because x H < g /2, the congruence modulo ¢ is possible only if 7] and n; have
the same sign. Discarding those (positive) terms with max(ny, ny) > N/2, the
numerator is

>N YT rmorimy) Y mim

my,my<x O<ny,np<N/2
nymay=nymj

—4

=N"* > rm)rmymim,
my,my<x

(my,mz)=1

D DR LD DI
g<x/max(my,my) h<N /(2 max(my,m3))
(g,mimz)=1

1 Z r(myp)r(mz)mymy Z

2
_ 0
> N max(mq, ms)3 r(8)

my,my<min(x,N/2) g<x/max(my,my)
(m1,mp)=1 (g.mymz)=1

4.1. Choice of resonator, and some lemmas. Let either x =¢q/N for
A(N, g) or x=(1/21logg)/q/N for A(g/N, q). In either case, set A =

J1og x log log x and, as in [12], define a multiplicative function r(n) at prime
powers by

A

———— 22 < p<exp((log 1)?)
r(p)=1{ /plogp
0

otherwise,
r(p") =0, n>=2.

We also define a multiplicative function ¢ by 7 (p") =r(p")/(1 4+ r( p")z).
The following two estimates are extrapolated from those used in [12, proof
of Theorem 2.1].

LEMMA 4.3. Assume that z > exp(3A log log A). As x — oo, we have

t(m) 1P\ _ .
; W3 ]‘[(1 + ﬁ) —eXp((l +0(1))210gk)- ®)

p

Also, for o = 1/(log 1)?,

—a r(ml)r(m2) ) t(m) 5 i
) Z —(dvm%:z)zlr(d) d /<Z ﬁ) Zr(d)

1

5—a
mi,my<z (Mmy)?2 m<x
(my,mz)=1

<exp(—(1 +o(1))M).

(log log x)*

Proof. First (8): by “Rankin’s trick”, for any « > 0O the sum is

]:[<1 + %) + 0(z‘“ ];[<1 + ;(;i))
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The main term is of the desired size [12, top of p. 6] so it suffices to bound the
error. Choose o = 1/(log 1)3. Then the ratio of the error term to the main term

is
t(p))/< t(p)> o < t(p)( o >)
< 1+ 1+ < exp —\p 1)),
© 1;[< pi_“ p2 - Xp: \/ﬁ

and since o log p < 1/log A for all p with ¢(p) # 0, the logarithm of the right-
hand side is bounded by

t 1 1
a(—logz+22w)ga(—logz+21 Z —),
VP

p<ellogh)? P

which tends to —oco as x — oo.
Now (9): by our calculation for (8), the denominator of (9) is

(p)
(I4+o(1)) <1+—) (1+r(p)?).
e

Meanwhile, the double sum in the numerator is bounded by

< Z t(my)t(mz) Zr(d)zd“

1
mim<z (Mmim2)2~% 73
(my,mp)=1

2
< (]‘[(1 n ;(”))) [0 + 2.

p p

Therefore the ratio in (9) is

(L1 (p)p T 14 r(p)*p®

e (Y (L,
s\ 14 1(p)p2 s\ L+r(p)
and this has logarithm
lo
—a log x + 2« Z r(p)—gp+a Z r(p)?log p.
A2< p<exp((log A)?) ﬁ A2< p<exp((log A)?)

Substituting the definition of r(p) and «, and using the prime number theorem,
the last expression is bounded by —A2(1 + 0(1))/10g5 A O

We record one more elementary estimate.

LEMMA 4.4. Uniformly in y > 1 and for any k > 0,
d)t(d)?
) RDUD” _ 14 o1) (x— o). (10)
d< d
Yy
(d,k)=1
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Proof. The sum ist

w@did)y?* iy B
I+ > T—1+O(k Z—dz(logd)2>_l+0(l)' 0

M<d<y d>)2
(d,k)=1

Combining the above two lemmas we obtain our basic estimate.
LEMMA 4.5. Uniformly inz > 1,
2
t(m1)t(ma)mimy 1 1(m)
2 P e\ )
. max(my, my) log z \ £= Jm
(my1,mp)=1

In particular, for log z > 3X log log A, we have

§ Lt exp(a +0(1))L),

3
i< max(my, mjp) log A
(my,mz)=1

Proof. The left-hand side is equal to
t(m)t(mp)mimy
> Y. u@)

3
mmms,  max(my,ma)? -, =

Z 1(my)t(ma)mimy Z u(d)e(d)?

max(ml, 71’12)3 d

mi,mo<z d<z/max(my,my)
(d,mimy)=1
t(my)t(ma)mimy
=(1+o() Y. ; (11
mi <, max(mi, mp)-
by (10) of Lemma 4.4. This last sum is
tm)\> 1 t(m)\?
> > (X M)e(x
O<k<logz “z/ek+l<m<z/ek Vm logz ms<z Vm
by Cauchy—Schwarz. O

4.2. Proof of Theorem 3.1.  Recall that we set either x = g/N for A(N, q),
or x =(1/21log q)«/q/N for A(q/N, q) and in either case A = ,/log x log, x.

Let z = min(N, x)%. Since we assume that log N > 4,/log g log, g logs g this
guarantees that z > exp(3A log, 1).
In view of Propositions 4.1 and 4.2, both the bound for A(N, ¢g) and
A(g/N, q) will follow from the estimate
r(ny)r(n)niny

3 [
nip,na<z max(m ’ n2) g<x/max(np, nz)
(n1,n2)=1 g.nim)=

log x
exp((2+0(1)) )

log, x

r(g)Z/ [Ta+rp)? >]

T Here and throughout a flat indicates that summation is restricted to squarefree numbers.
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Applying Rankin’s trick, the sum over g on the left is

2 X - 2
[T a+rm >+0<(—max(ml’m2)) [] a+r?p )).

ptmymy pmimy
Thus we obtain the desired main term of
t(my)t (ma)mymy 1 t(m)\? A
) > 1 1)) ——
Z Y R— > log 2 <Z ﬁ) exp| (1 + of ))1ng

my,my<z m<z
(my,mp)=1

with an error term of

—1

2 —a r(myp)r(my)(mimy

(l;[(l—i-r(P) )) x m;< N
(my,mp)=1

)l+a

> r@%*

(g,mim2)=1

By Lemmas 4.3 and 4.5, the ratio of this error term to the main term is bounded
by log z times the expression in (9), and thus this ratio is o(1).

§5. Structure of argument for shorter sums. For transition and small N we
use the following variant of Proposition 4.1.

PROPOSITION 5.1. Let q be a large prime, N < ,/q and x =(q — 1)/N.
Let r(n) be a non-negative completely multiplicative function. Write

Zf,il r(n)?

B=F"——.
anx/N r(n)2

(12)
Then :
AN, @)= 0+ ) r(w).

n<N
Proof. Choose the “resonator” R(x) = (1/4/qg — 1) anx r(n)x (n). Plainly

AN = Y RGO Y. xn [ 3 IRGOR,
X

XFX0 n<N

By orthogonality of characters, the denominator is » | r(n)?. Meanwhile the

numerator is

n<x

Y IRGOP Y xm) = RGP Y xo(n)

X n<N n<N

= Z Z r(m)r(mn) — O(Z r(n)z)

n<N m<x/n n<x

after applying Cauchy—Schwarz to the error term. Since r is non-negative and
completely multiplicative, this proves the proposition. O
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As before, we also use a dual version of the above proposition to treat long
sums, of length ¢ /N (N small).

PROPOSITION 5.2. Let g be a large prime, N < ./q, H=/qN loggq,
x=¢q/2H and N' < H a parameter. Let r be a non-negative completely
multiplicative function and put

D WY O
N anx/N’ r(n)Z'
We have
q q Vg 1 r(n) n
s(a) o)+ Ty = mP-AR)

Specializing to N' = N /2 we obtain

q /4 NI
Al =, > 0( —>—|——— nr(n).
(N q) N N? By n;N/Z

Proof. Define the “resonator” R(x) = (1/+/q — 1) anx r(n)x(n). Then
(recall (6))

AN, q)+ 0( 1) > Y up 1500)]
N Ty
> g > IRGOPS0 [ Y IRGOP.
X X

The denominator is ) r(n)?. Since x = ¢/2H, the sum in the numerator is

n<x
3 Q-c®/N) C,(f‘/ ) Y )
0#|h|<H ny,ny<x

nih=n; mod ¢

B LTI S

O0<h<H n<x/h

Since all terms in the numerator are positive, we can discard those & > N’ to
obtain the result. O

5.1. Outline of proofs, and lemmas. ~We now provide an outline of the
argument used in proving Theorems 3.2 and 3.4, and review the facts that we
will need from the theory of smooth numbers.

After introduction of the multiplicative function r(n), the proofs proceed in
the same three steps.

(A) Letx be the length of the resonator and N the length of the sum. We check
that

Yo ormP=+o) [Ja—r(mH7!
p

n<x/N

so that B in Proposition 5.1 may be taken as 1 4+ o(1).
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(B) From Proposition 5.1 and part (A) it follows that A(N, g) = an N T (n).
We determine the asymptotic shape of this sum via the Perron integral

1 o+ioco d
> rm=5— f RON' =, R&)=[[a-rpp ™!
P

ngN o—ioo

and a saddle point calculation.

(C) We analyze the various implicitly defined parameters that arise in the
saddle point calculation of part (B) in order to obtain explicit lower bounds
for A(N, q).

Remark. Via the saddle point method, the condition
Y rm? = —-o0(1) Y rn)?
n<x/N n
in step (A) is closely related to the condition at primes

Zl ”(P)2
0gp— > < log x.
)

Typically part (B) leads to an asymptotic Zn< y7(m)=c-N?, and from there
to Y N sp ) =c-(N/p)?. Thus applying Lagrange multipliers to the
optimization problem

maximize: Z r(n)

n<N

subject to: Z r(n)? =1 +o(1)) Z r(n)?

n<x/N
suggests the heuristic solution

rip) . A
(1 =r(p»H?  pllogp’
which guides our choice of resonator functions.

(13)

The bound in the first step (A) is accomplished by an appeal to the following
simple lemma.

LEMMA 5.3. Let fi(n) be a sequence of non-negative, completely
multiplicative functions satisfying fi;(n) <1, and let y; — 0o be a growing
sequence of parameters. Define

(log log y;)*
Q= —""
log y;
Suppose that
Z log p fi(p) <log y; — log yi
> L— fi(p) " loglog yi
and
> Fe)fpf* =o(l), i—o0.

klog p>log y;/(log log y;)*
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Then
> fitmy =1 +o0(1) Zﬁ(n) i — o0.

n<y;
Proof. By Rankin’s trick,

Z fi(n) = Zﬁ(n)—l— 0<yl Zﬁ(n)n“i).
n<yi n=1

The logarithm of the ratio between the error term and the main term is

1—fi(p)
—a; log y; + log <—a> (14)
1;[ 1= filp)p®

The logarithm of the infinite product is

fi(p)k kot —2 Ji(p)
Y T [pR — 11 < (1+ O(log e Y log p————
22"k [p I<( (log log™= yi))er a 2P )

(p) pkei
n Z Ji(p)p
k log p>log y; /(log log y;)*

log yi log y;
(10g y; — 0 D,
% ( 8V T foglogyr | ((log ogy2)) " ol

which proves that the quantity in (14) tends to —oo as i — o0. O

The analysis in steps (B) and (C) is connected to the corresponding analysis
of smooth numbers contained in [6]. Recall that we set W(x, y) =#{n < x:
pln = p < y} for the number of y-smooth numbers less than x. The generating
function is

ts=[]a-p™H7",
p<y
with logarithm and logarithmic derivatives given by

Y(s, y)=logi(s, y), Vs, y)=(— l)J—W(s y), Jj=0,1,2,....

Let o = a(x, y) > 0 solving ¥ (¢, y) =log x be the saddle point. The basic
result is as follows.

THEOREM 5.4. Uniformly in the range x > y > 2, we have
og

T P e )]

a2 (e, )
Proof. This is [6, Theorem 1.6]. d

The first stage in the proof of Theorem 5.4 is to write

1 a—+100 ds
W(x,y) = 2_7[1/ Z(s, y)x* .
o

—i00
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and to truncate the integral at some height 7. The following lemma, which we
use, is essentially the one given in [6] to bound the error from truncation.

LEMMA 5.5. Let f(n) be a bounded, non-negative arithmetic function
with Dirichlet series F(s) =Y oo, f(n)/n®, which converges absolutely at
s =009 > 0. Uniformlyinx 22, T > 1,0 2 09and 0 <t < T we have

1 o+it x5
Zf(n):—/ F(s)—ds + R

< 271 Jo_ir

where R is bounded by

F it
R<<1+x"F(a)<T_2+ sup MlogT).
<<t F(o)

Proof. See [6, Lemma 3.3]. |

For the purpose of making comparisons in Theorem 3.4 the asymptotic
behavior of log W (x, y) suffices. The following is a simple consequence of the
analysis in [6].

COROLLARY 5.6. Let u =log x/logy. When u < ./y and for |k| <1 we

have
W(x, e O(log™!
log 2L €Y) _ <" + Olog u))u(logu +log,(+2)). (15
(x, y) log y
Proof. Theorem 1.2 of [6] gives, for any fixed € > 0, and uniformly in y > 2,
I<u<y'™,

log(¥ (x, y)/x) = {1 + O(exp{—(log u)*>~})} log p ()
with p (1) the Dickman—de Bruijn function. Corollary 2.3 of [6] gives, foru > 1,
1 2
o) = exp{—u(log u+log,(u+2)—1+ 0(%)) }
ogu

Combining these evaluations proves the corollary. O

§6. The transition range, proof of Theorem 3.2. In this section we set
1

logN =< log% q logzj q. We assume that 7 > log, A q for some large constant
A, and we may assume that 7 < log; ¢ since the case of larger T is contained in
Theorem 3.1.

We treat the main case A(N, ¢) and the dual case A(g/N, g) simultaneously.
In the first place put x = ¢/N and in the dual case choose x = /g/N log™! g.

1
In either case, set A = log% X 10g2j x and define the completely multiplicative
function r(n) by
A 22 2
—_ < p <exp(log” 1)
r(p)=q p2logp
0 otherwise.
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The generating function is defined for 9i(s) > O by R(s) = ]_[p(l — r(p)/ps)’l;
it has logarithm and derivatives
o dl
¢o(s) =log R(s), ¢j(s) = (—D’W(ﬁo(S)-
Let o0 > 0 solving ¢1(0) = log N be the saddle point. We localize o as follows.

LEMMA 6.1. Let
log N =t log!/? ¢ log;/2 q with (log, <t logs g.

Then o satisfies

1 2
1_0 logs 4 <0<l+ﬂ,
2 log, ¢ 2 logyq

Moreover, in the range
1 log% q

1 loo2 a1~ ! ! ’
(logy g log3q) " <o 2<10g2q

we have e=00g3 @) <t <Klog,q.

Proof. When o < % since log N =¢(0) < /log g log, g log; ¢ and
¢2 () is decreasing in o > 0,

L V10g g log, glogs g

2 P ()

1 Alogp 5
¢2(§> > > > A log? A

A2<p<exp(log? 1)

sothat 1/2 — 0 < log; q/log, q.
Meanwhile, in the range (log, g log§ q)_l <o —1/2< logg q/log, q

o0

log N = ¢1(0) ~ A > ! ~/( e X (16)

1
>+to _ X
A2<p<exp(log?») P : 20—1)log 2

by partial summation against the prime number theorem. Since T ~ log N/A in
the case of A(N, g) and t ~ log N/+/2 in the dual case of A(N/q, q), both
the upper bound for ¢ and the second statement of the lemma are deduced by

estimating
00 d 1 lo 2 1
/ et ata=—+ﬂando=—+(logquog§qu- -
Q20—1) log A x 2 logq 2
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The standard facts that we require regarding R(s) near its saddle point are
contained in the following lemma.

LEMMA 6.2. Continue to let o solve ¢1(c) =log N. Uniformly in
1 log?
0<°g3q><a—1/z< 849
log, ¢ log, ¢
we have the following estimates regarding the functions ¢ ;.

(1) |g3(0 +it)| < ¢3(0).
(2) ¢2(0) < log N log? .
(3) Forlt| < logf2 A,

Rgo(0) — do(o +iN]> P2 (o).
(4) Forall t satisfying log_2 A < |t| < exp((log 220 and § > 0, we have
Rgo(0) — do(o + if)] >5 min(r*, DA! .

Proof. The first three items are straightforward, so we show the proof of (4).
For |t| < 1 write
A

Rgo(o) — do(o +iN] > Y ————[1 —cos(t log p)]
AM<p<i3 p§+” 10g p
(1 _Pit) log Pi| 2,1-8
> 9f|: —— 5 | >st7A
logZ A A2<Z:1)<k3 pl+/2

by partial summation against the prime number theorem.
When |¢| > 1 choose Y = exp((log 1) 1/6) and write

. A
Rlgo(o) — go(o +11)] > Z —————[1 —cos(t log p)]

1
Y<p<Y? pTHT log p
lo .
s A“55}t{ > =l p“’]}
Y<p<Y?
5 2172 (log ¥ + O(1) + Oc(t exp(—(log ¥)*/5~))).
This suffices in view of the restriction on ¢. O

We now proceed to the proof of Theorem 3.2.

Step A.  We apply Lemma 5.3 with y = x/N. Recall that « = log% vi/log y;.

”(P)2 2 2 1
E log p——— < (1 + O(log; ¢))A E
1—r(p)? plogp
A2<p<exp(log? 1)

< (14 0(log? ¢))2*[(2log 1) ™! —log™2 2]
log x logy x

A2 <p<exp(log? 1)

<logx — (1 —o(1))
log, x
Since log N = 0(log%+€ x), the first condition in Lemma 5.3 is satisfied.
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Meanwhile, for some ¢ > 0,
SR S
22<p<exp(log? 1) k>log y/log p log} y
« exp(log? 1) (log &) ~cogy/10g3 ) — (1)

so that the second condition is also satisfied. Thus by Lemma 5.3,

Y rm?=U+0(1) ) rmn)?

n<x/N

and therefore

AN, )= +o(1) Y r(n), A(%,q) >>x—§ 3 nr).
n<N n<N/2

Step B. We have the following asymptotic expansions of an N T (@),
an N hr(n).
PROPOSITION 6.3. Let o > 0 be the unique solution to ¢1(c) =log N. We
have
NOe0(@)

n;v T Ty ;N " T o)

Given Lemma 5.5 and the estimates in Lemma 6.2, this is a straightforward
application of the saddle point method. One consequence is that

Zn<N/2 nr(n) = anN nr(n).

Step C. By (2) of Lemma 6.2, ¢(0)= 10g0<1) g, and therefore
Proposition 6.3 implies that for o > 0 solving ¢ (o) = log N we have

N1+0 ed0(0)

A(N, q) > NO ePo(0)+0(log, t])’ A(%, C]) > \/WqNae%(UH_O(lOgZ 8

The error terms are negligible, so it suffices to determine N° and ¢ (o).
By Lemma 6.1, we have

1 2
1 o(logsa <G<l+°g3q_
2 log, g 2 logyq

We first show that for N such that o < 1/2 + 1/log, g log% q,

1
AN, q) 2«/Nexp<(1+0(1)) 1::‘2) (17
2

q q log g
(10> ffon(n s 328,
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Note that foro < 1/2 4 1/log, g log% g, (16) in the proof of Lemma 6.1 shows

that
log N > /log g log, g log, g

so that 7 >> log, ¢ for all such N. Since At — 0 and At" — 1 as t — oo, the
bounds (17) verify the theorem in this range.

Foro <1/2,(1/2 — o) log N = o(y/log x /log, x), while

1 1 A log x
>0l ) =2 > ~ | '
%0(@) ¢0(2> Z plog p ™ 2log A log, x

A2< p<exp(log? 1)

Combining these estimates, we obtain (17) for the case o < % Meanwhile, in
the range % <o < % + log;1 q log;2 q, we have

$0(3) — ¢o(0) < (0 — D1 (D).

Since

1 1
¢1<§>~)» Z — =< ilog, A,

A2<p<exp(log? 1)

1 log x
¢0(§>—¢0(0)=0< : )
0g, x

Thus we also have (17) foro < 1/2 + 1/log, ¢ log§ q.

this shows that

We now consider the case logz_] q 10g3_2 qg<o— % < 10g2_1 q log% q.Let A

solve
log N /“x’ _ydx
= c —_—
A X

A

and let A" = (20 — 1) log A. By putting in standard explicit estimates in (16) of

Lemma 6.1, it is readily seen that A ~ A’ even in the case A — 0 with growing

quset KLlogyg=A2 loggo(l) q). Thus

log N =11 N+ 1+ (D)AlogN
o 10 = — 10 0 .
: 2 s 2log A
Meanwhile, the prime number theorem gives
1 log2 Y dy
do(a) ~ A > — ~a / ed-on @
A2<p<exp(log? 1) p§+a log p 2log A y

and after a change of variables, this says that

1y, [ L dx 1\, [® _.dx
o——|A e —5~|lo—5 A e —.
2 20-Yylogs X 2 A x

https://doi.org/10.1112/50025579312001015 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579312001015

THE RESONANCE METHOD FOR LARGE CHARACTER SUMS 107

Since A ~ (o0 — %)2 log A and recalling that we set 7/ = fjo e~ (dx/xz), we
obtain ¢g(c) ~ At’'A/2 log A. Thus

AlogN = At/)
NO ebo(o) :N% 1 1 ,
© exp| (1+o(1) 2 log A +210g)x

which proves the theorem.

§7. Short character sums, proof of Theorem 3.4. We quickly dispose of the
case of small N, log N < log% q log;10 q forboth A(N, g) and A(q/N, q). The

main work of Theorem 3.4 will then be to consider the range log§ q logy 04 <
log N = o(y/log q log, q).

7.1. Case of small N. When log N < log% q logs_]0 g, notice that for all
n < N log g, the number of prime divisors of n counted with multiplicity
satisfies Q2(n) < log% q logy 10°4. Thus for completely multiplicative function
r defined at primes by

1

1—(ogy )2 1<p<—24

r(p) = 10g2 q
0 otherwise,

we have r(n) =1 — o(1) for all smooth n < N log g that satisfy pln = p <

log g /logg q.
For this choice of r we check that
lo
Zlogp z\logzq Y lgp<—=L
(p) s log, ¢
p<logg/log; q
and

2
Z r(p)kak log; q/(1/4) log q
k log p>(1/4) log q/log3 q

< log g log, g(1 — logy 2 g)210e4/19554 — (1),
so that by Lemma 5.3,
Yo rm? =0 +o) [JA-rpH~".
p

ngq%
In particular, choosing x = ¢/N, we have
> = +o0(1) Y rm?
n

n<x/N

and so by Proposition 5.1,

AN, q) = (1+o(1) > rim) > (1 +0(1))W<N, llogsq )

n<N ngq
z (1 +o(1)¥(N, logq).
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Choosing x = (1/log g)+/q/N and setting N' = N log g, we have
Yo rmP=0+o0(1) ) rn?,
n

n<x /N’

and so by Proposition 5.2 we obtain

()2 5, 20(3)

n<N loggq
1 —c(@n/N)
svg  y  lmeem
n<N log g n
pln=>p<log q/log] ¢
N log log ¢

q
~— Y (N, 1
> N (V. log q)log(log N/log log q)

by following [4, proof of Theorem 11, p. 394] in the last step.

7.2. Main case. Henceforth we assume that

log% q 10g3_10 q <log N = o(y/log g log, g).

We will describe the analysis of A(N, g) in detail. Afterwards we will sketch
the necessary modifications in order to handle the dual case of A(g/N, q).
Throughout this subsection x = (¢ — 1)/N, € =€(gq) > 0 is a parameter
tending to 0 as ¢ - o0 and M = (1 —€)logqg. We choose the resonator
coefficients »(n) = ry (n) in accordance with the heuristic solution (13), where
here 0 = o (N, q) > 1/2 4 1/log q is the location of the relevant saddle pointf.
Thus we define r,(n) to be completely multiplicative, with values given at

primes by
()= fo [ L),
M

with 0 < f5(x) < 1 the unique continuous solution to the equations

) <%)“ /w fo)
T2 \y ) T2 =1
(I = fo(x)9) x o 1—=/fo()
Note that the second equation implicitly defines the constant ¢, .

The following basic properties of the function f, are straightforward to
establish.

LEMMA 7.1. For each o € (%, 1), the function f, satisfies the following
propetrties.
(1)  fy is smooth, decreasing, and a bijection (0, co) — (0, 1).
2 fo(x) <(co/x).
+ The analysis is somewhat complicated by the fact that the resonator function and the saddle point

are mutually dependent.
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(3) min(1/2, 1/4(x/co)/?) <1 = fo(x) < (x/co)"/2.
(4) The value of c; is

T'(3/20)
(1 —1/20)[2/o — 1)

Co =
In particular, ¢ < 1, cg — % asotlandcy ~ 2o — 1) aso | %
(5) The Mellin transform of fy is

s T'(1/2 = 5/20)'(2s/o + 1)
20 ['(3/2+3s/20) ’

which converges absolutely in 0 < N(s) < o. In particular,

fols) = f ” fox)x* "l dx =
0

R |
fg(l —U): mca .

(6) The Mellin transform of g5 (x) = f (x)*/(1 — f5(x)?) is

IO =1, _ g (1 —s/20)0(2s/0 — 1)
g(S)—/O gLr)x" dx = - T (3s/20) :

This integral converges absolutely in o /2 < N(s) < 20.

Proof. To compute the integrals, substitute

dx 4f 1
7__[1—f2+f

LEMMA 7.2. Uniformly in % < 0 < 1 there is a constant ¢ > 0 such that

}df. O

ct? . 1
fal_0'+1t) < 1+(1_0)2 |t|<Z
fol—0) L sl
4
Proof. This follows on Taylor expanding f (s)abouts =1—o. O

We now follow the outline at the beginning of §5.1 to complete the proof.

Step A. We apply Lemma 5.3 with y, =x /N, a = (log log y)?/log y.
Recall that we assume o > 1/2 4 1/log, g and have set M = (1 — ¢) log q.
For € > C/log loggq, C fixed but sufficiently large, we have, uniformly in

% <o <1,
fa(”/M)2
Z ogp )2 = Z W
_ b 3(s) ds
2mi (%-4-0) ¢ ¢
x  log(x/N)
< M(1+ O(exp(—y/log M) < log - — Toglogq
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by shifting the contour into the standard zero-free region for zeta and passing
the pole at 1 of —¢’/¢. Thus the first condition of the lemma is satisfied.
Meanwhile,

k log p>log(x/N)/(log log ¢)*

5 (1= (1 = f, (p/M)?))leea/log1 4
1= fo(p/M)?

<
p<exp(log3 M)
Z fo(p/M)*p®

* T fo(p/MY2p

p>exp(log® M)

Substituting the lower bound (Lemma 7.1(3)) for 1 — f,; in the first sum and the
upper bound (Lemma 7.1(2)) for f, in the second sum proves that each sum is
o(1), uniformly in 0 > 1/2 + 1/log, q. This verifies the second condition of
Lemma 5.3. It follows that

Y rem?=A+oM) [ -res(pH". g — oo,
n<x/N P
uniformly for o € [1/2 4 1/log, ¢q, 1].

Before proceeding to steps B and C we prove a sequence of lemmas regarding
the multiplicative function 7.

Parallel to the study of smooth numbers in [6], our analysis of sums involving
o (n) relies on properties of the generating Dirichlet series

-1
Ry (s) =H(1 _ r"lfp)) R =l-0

s
p

and its logarithm and logarithmic derivatives

i
$0,0 (s) =1og Ry (s), $jo(s)= (—1)JE¢O(S)’ Jj>0,

on the line M (s) = o. Note that explicitly

bio®) =3 log/ p3 il (r;—’”) (j>0).
p n=1

It will be convenient to work with the “non-multiplicative” approximations

S ji—1
qzj,a(S):Z A(”)fo’(n/M) log] n‘

nS

(18)

n=1
Our first lemma demonstrates that ¢ ;18 in fact a strong approximation to ¢;.
LEMMA 7.3. Lets = o + it. Uniformly in
1 1 1

~ 4 <o<l— ,
2 T logyq ~7 Y T logag
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we have )
~ log/ M
[jo(s) —@jo(s) K Y2013

Proof. We have

19j.0(s) — Pjo(s) =

Z log/ p Z ni=1 fo(p/M)" —nsfa(P”/M) ‘
V4
P

n=2

o o111 =fo(p/M)"| +11 = fo(p" /M)
j—1
Zn pre

n=2

<D log/ p
p

S
. p n
<3 sl (57| (5 5%)
- M = pre
. o) njfl pn
+ Zlog]pz o 1_fa<ﬁ>
P n=2

and the claimed bound follows on bounding the absolute value terms by the
minimum of 1 and the upper bound given in (3) of Lemma 7.1. O

s

We will impose ¢1,,(0) =log N, with the effect that s = o is the saddle
point in the Perron contour for an N To(n).  Our next lemma gives the
relationship between N and o.

LEMMA 7.4. We have, uniformly in 1/242/log, g <o <1 and |t| <
log, g,

{/
¢

+ O(M' =7 exp(—/log M)).
In particular, for o solving ¢1,(c) =1log N, the bounds logg 10g3_10q <
log N < /log q imply that

1 1 1
(1—-0)> 0839 and (a——) > 839 as g — oo.
log, g 2 log, ¢

P1o(0 +ir) = fo(l —0 —in)M' ™7 — 2 (5 +ir)

Proof. 1t suffices to prove the corresponding result for $1 since the previous
lemma implies that the resulting error is contained in the error term. To prove
this lemma, write

Frolo +in= - / (—%(s +o+ ir))MSﬁ,(s) ds,
(3)

2mi
shift contours, and use the standard zero-free region for ¢. O

We also require control of the other small derivatives ¢;(0), j=
0,1,2,....

https://doi.org/10.1112/50025579312001015 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579312001015

112 B. HOUGH
LEMMA 7.5. Suppose that o varies with q in such a way that
(1 —-o0)log, g — oo, (20 —1)logy g > 00 asq — oo.
Then ¢j o (o) ~ ¢o,0(0) logé q as q — oo.
Proof. Fix Y such thatlog Y =log M + \/logM/(T—l). Then
By = 3 AL /M) log/~" (n)

nO’

n

- _ o
< do.o(0) log/ ¥ + ) Am) fo (n/i{) log/~!(n)

n>Y

(7Y < (M) ad gy s
s X an o = )
\Mm n g 200 — 1

the sum on the right is bounded by

Since

logj_1 Y

Meo) STyt

) R M 20—1
<log/ 'Y i, —o)M'O. (7)

20—1
< log/~! Y¢31(o)<7> (19)

(note that ¢, < 1), and this is 0(@1,0(0) log/ “ly). In particular, applying this
with j =1 gives

$1.6(0) < 0.5 (0) log Y + 0(¢1.5(0))

and so ¢1,(0) < (1 + 0(1))(;30,0(0) log, q. Reinserting this above yields the
general upper bound ¢; » (0) < (1 +0;(1))¢o,o (o) (log, g).
Now choose Z so that log Z =log M — \/log M /(1 — o). Then

An) fo(n/M)
> A

n° logn

¢i.o(0) > log/ Z[éo,a(a) -

n<Z
Bounding f, < 1 and using log Z > 1/(1 — o), we have

3 A®) fo (n/M) z'e
n’ logn (1—-o0)logZ

Ml*O' 7 l—-0o
S U -o)logm (M)

o) (Z\'"7 - AN
<o (M) <<¢o,a(0)<ﬁ> = 0($0.6(0)).

n<Z

Thus q~5 o (o)~ (]30,0(0) logj M. This completes the proof, since Lemmas 7.3
and 7.4 imply that, for each j, ¢; (o) ~ qgj,a(o*). O
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The final lemma needed for step B guarantees decay of the generating
function R, (o + it) away from the real axis. This is a standard ingredient of
the saddle point method.

LEMMA 7.6. Let ¢1 5(0) =log N. Then uniformly for N varying in the
range log% q 10g3_10 q <log N < ,/log q, we have
R[d0.0 (@) — Po.o (0 +ir)]

¢ (0), lt] < (log Y)™!
> 1 1.0(0) min(t2/(1 — 0)2, 1)
log M +31log, M/(20 — 1)’

where log Y =log M + /log M /(20 — 1).

Proof. For all t, we have

(ogV) ' <|t|] <M

R Go,0 (0) = Go,0 (0 +iD)] = RO (| costrog m). (20)

— n’ logn

For |t| < (log Y)~! this is

> Pdro(0) — 0(:2 3 AW o (/M) 1°g”>

o
n>Y n

20—1
> r2¢32,g<o)(1 - 0((%) )) > 220 (0),

by bounding the tail as in the previous lemma.
For (log Y)~! < |t| < M, the expression (20) is at least as large as

Lm{z w(l RS M}

logY = n
. Al —o —it)M™it
> ﬁt{fg(l—o)Ml—“(l—f“( 0 i) )
log¥ fo(l—0)

+ C—,(cr +ir) — é“—/(a) + 0(¢3 (a)<%)2d_l>
¢ ¢ Ly

+ O(M' =7 exp(—+/log M))}.

We thus obtain _
$1.0(0) min(*/(1 —0)*, 1)

20
(20) > og

by applying Lemma 7.2. O

Recall that we denote the logarithmic derivatives of ¢ (s, y) by
o dJ .
Y(s, y) =log (s, y), wj(s,y)z(—l)]ml/f(& y), Jj=0,1,2,...,
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and note that

A(n) log/~!
Uils,y) = Z (n) o% (n).
n:pln=p<y "

In step C of our proof we will show that

> ro(m) ~ WN, (14 0(1)k (o) log q)

n<N

withk (o)!=7 = (1 — G)ﬁ, (1 — o) as in the theorem by making the comparison
.o (s)~Yi(s, kM) for s nearo.
The following is an analogy of Lemma 7.5 for v ; (o, k M).

LEMMA 7.7. Assume that o satisfies % <o <1and (o — %) log M — oo,
(1—-0)logM — o0 as g — oco. Then for k()= =(1-— J)ﬁ,(l —0) as
above,

Vo, kM)~ yo(o, kM) log/ M.

Proof. In analogy with (18), introduce the non-multiplicative approximation

A(n) logj_1 n

nS

Vs, kM) = Z

n<kM

In the range 1/2 + 1/log M < o <1 — 1/log M, the uniform bound
W) (0, kM) = (o, kM) < M7~ log/ M

is straightforward to establish along the lines of Lemma 7.3.
Since ¥ (o, k M) ~ (o, kK M), the proof is completed by

A(n) logj*l n (kM)!=° logj*1 M

n? |

1/~/j(c7, kM) = Z

n<kM

The following essential lemma proves ¢; (o) ~ (o, kM), j =1, 2.

LEMMA 7.8. Continue to set k(o)™ = (1 — or)ﬁ,(l —0a). We have,
uniformly in 1/2 +2/logM <o < 1:

(1) ¢1,0(0) = Y1(a, kM) = O(M'~ exp(—/log M));
) $0.0(0) — Yo(o, kM) = O($1,,(0)/((20 — 1) log” M)).

Proof. Tt suffices to check this for ¢ and . To prove the first statement, write

2mi

~ ~ 1 ! . s
$10(0) —Yi(0 kM) = 5 /(1)(—%@ + 0)>Ms[fa(s) - %] ds
2

and note that the two poles, at s =1—0 and s =0, are nullified by the
difference. Shift contours.
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For the second, recall that

—0

pi1(0)~ fo(1—c)M'™" and f,(1—0) with ¢, >

-9
2(1 —o0) 20 — 1

We have

$0.0(0) — Yolo, kM)
-y AW o/ =1 3 An) fr(n/M)

neM n’ logn nom n? logn
1 A(n)(fo(n/M) — 1) An) fo(n/M)
~logM |:ng:M n? i n>2/c:M n? :|
+ 0( Z AT ~ ({a(n/M)I |1()g{1 n— log*1 M|>
n<kM n
+ 0( Z —A(n)fgo(n/M) |log_1 n— log_1 M|>.
n=>kM n

The bracketed term is
1 ~ -
fog 31 1.0 (@) = (o edD) = O(M'~7 exp(—+/log M)),

which is permissible since

(kM= — 1
®1,6(0) ~Y1(o, kM) ~ —
— O

In the first error term, we use |1 — f, (n/M)| < (n/ce M)°/? for n < c; M, and
bound trivially |1 — fo(n/M)| < 1 for n > c, M to obtain

(ceM)' =% llogco| +1 (kM) = |logk| + 1
l—0/2 log?M l—0  log>M

In the second error term we bound f, (n/M) < (ce M /n)? to obtain

< (kM) —° (c_g)0|:|log/<|+1 N 1 ]
20 —1 \ « log>M (20 —Dlog?M ]|

Since 1/(20 — 1)(¢s/x)° is bounded as o | % and |logcy|, |log k| K
1/(20 — 1), these errors are also permissible. O

We now finish the proof of the main case of Theorem 3.4 for A(N, g).

Step B. In the following proposition we evaluate an N Fo(n).
PROPOSITION 7.9. Let % <o < 1solvelog N = ¢1,,(0). Then

N eb0.0(0)

,,% o e
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Proof. Choose T =log N log2 M, 5 =1 — o and apply Lemma 5.5 and the
second bound of Lemma 7.6 to deduce that

1 l1—0o
> rm) = Noev"oﬁ(‘”{— / exp(it log N + ¢o.o (0 + if)
o 27 J_(1-0)

dt 1
— o — 4+ 0
P0.0( ))0+1t <logM,/logN)

+0 —clog N loglog N
X 0g 10 .
P\log M +310g, M/20 — 1)) 8%

Since ¢ 5(0) ~log N log M, the errors are genuinely smaller than the main
term. Now |¢935(0 +1f)| < ¢3.4(0) ~ log2 M log N holds for all ¢. Splitting
the integral accordingly at |¢| = logfz/3 M logfl/3 N,and |t| =1/log Y with Y
as in Lemma 7.6 we obtain the main term by Taylor expanding ¢¢ on the interval
around 0, and error terms in the remaining part of the integral. O

Step C. The following proposition compares an Nto(m)toW(N, k(0)M),
allowing us to complete the proof of the theorem.

PROPOSITION 7.10. Let k(') be defined by k'~ = (1 — o)ﬁ,(l —0). As
before, let log N = ¢1 5 (o). We have

anN ro (n) log N
logl ——————||=0\ —————— |-
W(N, k(0)M) (20 — 1) log~ M
Proof (Deduction of theorem). By Corollary 5.6, so long as |#| <1 and

10| logy g — 00 as g — oo,

WU(N, ek (0)M) 6 logN log N
~ 0O, .
U(N, c(0)M)  log Mlog M £ log M

log

Therefore, since (20 — 1) log(log N/ log M) — oo, Proposition 7.10 estab-
lishes that there is some x’ = (1 + o(1))« for which A(N, q) > W(N, «'M). O

Proof of Proposition 7.10. Define N by log N =1 (0, kM). Then
2 _n<n To (1) 2y T(0) (N, kM)
log| =———— )| < |log| ———— )|+ [log| ————
W(N, kM) W(N, kM) W(N, kM)
=1+1l

We first consider /. By Proposition 7.9 applied to ), y r5(n) and
Theorem 5.4 applied to \II(I\NJ , kM), we have

I =|o(p1.0(0) — Yi(o, kM) + ¢o.6(0) — Yo(o, kM)
— 3llog ¢, () — log Y2 (o, kM)]| + o(1).
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Since ¢2 (o) ~ Y2(o, k M) ~log N log M, the bounds of Lemma 7.8 give

- 0(log N log(log N /log M))
B (20 — 1) log> M '

For 11, let « solve ¥{ (o, k M) =1log N so that, by Theorem 5.4,

Il =0 log N —alog N + yo(o, kM) — Yo(er, kM)
— Hlog ¥2(0, kM) — log Yra (e, k M)] + o(1).

Now by the mean value theorem,

llog N —log N| = |1 (0, kM) — ¥ri(a, kM)| = |0 — a| - Y2 (y, kM),
[Yo(o, kM) — Yro(at, kM)| = o — | - Y1 (', kM),

for some y, y’ between o and o. Moreover, log N ~ log N so
Yoy, kM) ~ Yo (a, k M) ~ Y2(o, kM) ~log N log M

and therefore

lp1(0) — Y1(o, kM)|
_ —+/log M).
o ol < IOgNlogM L exp( og M)

Combining these estimates completes the proof, since

) log N
II<<J|10gN—10gN|+|J—oz|10gN+o(1):0< og )

exp(—+/log M)

7.3. Dual case A(q/N, q). In this section we take x = (1/log g)/q/N,
M = (1/2 — €) log g and define the completely multiplicative function r, (n) by

re(p) = fo (p/M).
A calculation exactly analogous to the one in part (A) above proves that for €
tending sufficiently slowly to 0,

Y e =040 ] —ra(mH
p

n<2x/N
so that, by the second part of Proposition 5.2,
A vz
(N ) > Z nrg(n).
n<N /2

The evaluation of ), /2 "o (n) by a Perron integral yields

N o—+ico N\?
2L (5)
2 o—ioco 2
the only difference between this integral and the one evaluated in Proposition 7.9
is the factor of 27 and the fact that 1/s has been replaced by 1/(s + 1) in
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denominator. Exactly the same method as there yields, for o solving

P1.0(0) =log N —log 2,

(N /2)!toeb0.0(@)

a( )"’ .
;/ Y 0+ o)/ 27 @)

It then follows that for «’ (o) solving K= - a)f(l —0),

A(%, 61) > %EW(N, (1 + o) (0)M).

Since M = (1 — o(1))(log g /2), therefore,

1.

10.

11.
12.

Bob

1
A(%, q) > %w(M <5 + 0(1)>K(0) log q).
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