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Abstract

In the 1980s, Erdds and Sés initiated the study of Turan problems with a uniformity condition on the
distribution of edges: the uniform Turan density of a hypergraph H is the infimum over all d for which any
sufficiently large hypergraph with the property that all its linear-size subhypergraphs have density at least
d contains H. In particular, they asked to determine the uniform Turin densities of K~ and K{”. After
more than 30 years, the former was solved in [Israel J. Math. 211 (2016), 349 - 366] and [J. Eur. Math.
Soc. 20 (2018), 1139 - 1159], while the latter still remains open. Till today, there are known constructions
of 3-uniform hypergraphs with uniform Turdn density equal to 0, 1/27, 4/27, and 1/4 only. We extend
this list by a fifth value: we prove an easy to verify sufficient condition for the uniform Turdn density to be
equal to 8/27 and identify hypergraphs satisfying this condition.

Keywords: hypergraphs; uniform Turan density
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1. Introduction

Turan problems, which ask for the minimum density threshold for the existence of a certain sub-
structure, are one of the most fundamental kind of problems in extremal combinatorics. Formally,
the Turdn density of a graph G is the infimum over all d such that every sufficiently large n-vertex
graph with d (g) edges contains G as a subgraph. The classical theorems of Mantel [16] and Turan
[27] determine the Turdn density of complete graphs. For general graphs, Erdds and Stone [9]
proved that the Turdn density of any r-chromatic graph is equal to ﬁ, see also [7]. While the sit-
uation is well-understood in the graph setting, the analogous questions in the hypergraph setting
are among the most challenging problems in extremal combinatorics. Erdés [5] offered $1 000
for determining the Turan density of all complete k-uniform hypergraphs for k > 3 and $500 for
determining the Turdn density of any single complete k-uniform hypergraph (with at least k + 1

vertices). Even determining the Turan density of KS), the complete 3-uniform hypergraph with
4 vertices, has resisted all attempts for its resolution since its formulation 80 years ago [27]; we
refer to 3, 10, 18] for partial and related results, and also to the surveys by Keevash [13] and
Sidorenko [26].

Most of the known and conjectured extremal constructions for Turan problems have large
independent sets, that is, linear-size sets of vertices with no edges. This led Erdés and Sés [6, 8]
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to propose studying Turan problems with the additional requirement that the edges of the host
hypergraph are distributed uniformly. Formally, the uniform Turdn density of a k-uniform hyper-
graph H is the infimum over all d such that for every ¢ > 0, there exists 7y such that the following
holds: every k-uniform hypergraph Hy with n > ng vertices such that any subset of n’ > en vertices

of Hy spans at least d(,;;) edges contains H as a subgraph. So, unlike in the case of Turan prob-
lems, uniform Turdn problems require host hypergraphs to possess the required edge density on
all linear-size vertex subsets. We remark that the notion is interesting for k-uniform hypergraphs
with k > 3 only, since it can be shown that the uniform Turan density of every graph is equal to 0
(this follows e.g. from [25, Theorem 1]).

Erdés and Sos also asked to determine the uniform Turdn density of the two smallest non-

trivial 3-uniform hypergraphs: the complete 3-uniform hypergraph Kf) with four vertices and the
3-uniform hypergraph Kf)_, which is the hypergraph Kf) with an edge removed. Determining
the uniform Turan density of Kf) remains a challenging open problem though it is believed that
a 35-year-old construction of Rodl [25] showing that the uniform Turan density of Kf) is at least

1/2 is optimal [19]. On a positive note, the uniform Turan density of Kf’)f was shown to be
equal to 1/4 by Glebov, Volec, and the third author [12] using arguments based on the flag alge-
bra method of Razborov [17] and by Reiher, R6dl, and Schacht [23] using direct combinatorial
arguments.

In addition to Kf)f, there are very restricted families of 3-uniform hypergraphs whose uniform
Turan density is known exactly. Reiher, R6dl, and Schacht [21] classified 3-uniform hypergraphs
with uniform Turdn density equal to 0. The first, third, and fifth authors [11] constructed a
family of 3-uniform hypergraphs with uniform Turan density equal to 1/27. Finally, Buci¢,
Cooper, Mohr, Munha Correia, and the third author [1] determined the uniform Turan density of
3-uniform tight cycles of length at least five (the density is equal to 4/27, if the length is not divis-
ible by three, and it is 0 otherwise). Lastly, the approach from [23] was extended to a broader
family of hypergraphs with uniform Turan density equal to 1/4 [2, 15]. Hence there are only four
values known to be the uniform Turan density of some hypergraph, and those are 0, 1/27, 4/27,
and 1/4. For further exposition, we refer the reader to the survey by Reiher [19] on uniform Turdn
densities of hypergraphs, which also includes results from, for example, [20, 22, 24] on stronger
notions of uniform density.

Our main result is an easy to verify sufficient condition for a 3-uniform hypergraph H to have
uniform Turdn density equal to 8/27. We then identify 3-uniform hypergraphs H that satisfy this
condition, and so we add 8/27 to the list of known uniform Turan densities. Since we mostly
deal with 3-uniform hypergraphs, for the rest of the paper we drop the adjective 3-uniform when
we talk about 3-uniform hypergraphs except for those places where we wish to emphasize that a
considered hypergraph is 3-uniform in the interest of clarity (e.g. in the statements of lemmas and
theorems).

To state our condition, we need the notion of a palette, which is inspired by the construction
of Rodl from [25]; we also refer the reader to the survey [19] for further details on the notion.
A palette is a set of ordered triples of colours. For example, the simplest palette is the palette
®y = {(, B, ¥)}, which consists of a single triple of mutually distinct colours denoted by «, 8,
and y. More complex examples of palettes are the palettes ®3 and ®g, which are defined below
before the statement of Theorem 3. If ® is a palette, we say that an n-vertex hypergraph H is
®-colourable if there exists an ordering v1, . . ., v, of the vertices of H and a colouring of pairs
of the vertices of H with colours appearing in the palette ® such that if the vertices v;, v; and v,
1 <i<j<k<n,form an edge of H, then the triple (cjj, ¢k, ci¢) is contained in ® where ¢;; is the
colour of the pair v; and v}, cj is the colour of the pair v; and vy, and cj is the colour of the pair v;
and vg.

Having defined the notions of a palette and a ®-colourable hypergraph, we can state the above
mentioned characterization of hypergraphs with the uniform Turan density equal to 0.
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Theorem 1 (Reiher, R6dl, and Schacht [21]). The uniform Turdn density of a 3-uniform hyper-
graph H is equal to 0 if and only if H is ®g-colourable.

Palettes also provide a method for lower bound constructions, which we present next; also see
the survey [19]. We remark that a recent result of the last author [14], which is discussed in the
concluding section, asserts that colourability by palettes fully determines uniform Turdn densities.
To present the lower bound construction method using palettes, we need an additional definition:
the density of a palette ®, which consists of ordered triples of colours, is |®|/k> where k is the
number of colours appearing in the triples of ®. For example, the density of the palette &g is

1/27.
Fix a palette ® with density d and an integer n. Let k be the number of colours appearing in
the triples of ®. We will construct an n-vertex hypergraph H,, with vertices vy, . . ., v, as follows.

Colour each pair of vertices uniformly at random with one of the k colours appearing in the triples
of ® and include an edge formed by vertices v;, Vjs and vk, 1 <i<j <k <mn,ifthetriple (c,-j, Cik» Cik)
is contained in ® where c;; is the colour of the pair v; and v}, ¢ is the colour of the pair v; and
vk, and cj is the colour of the pair v; and vg. It is not hard to show that for every ¢ > 0 and § > 0,
there exists an integer n such that the following holds with positive probability: every subset of

n' > en vertices of H, spans at least (d — 8)(’;/) edges. This construction yields that the uniform
Turan density of any hypergraph that is not ®-colourable must be at least the density of ®. We
state this conclusion as a proposition.

Proposition 2. Let ® be a palette. If a 3-uniform hypergraph H is not ®-colourable, then the
uniform Turdn density of H is at least the density of .

Using Proposition 2 applied to the palette @, we derive from Theorem 1 that the uniform
Turan density of any hypergraph H is either 0 or at least 1/27 (recall that the construction of
hypergraphs with uniform Turan density equal to 1/27 was given in [11], so this jump value is the
best possible).

To state our main result, we need the following two palettes, which we fix for the rest of the
paper (the subscripts denote the number of triples contained in the palettes).

CD3 = {(Oll) :31> w)) (Ol2> w, )’2)> (a)a ﬂ3> V3)}
dg ={(x,y,2z) suchthatx e {B,y},ye{o, y}and z € {o, B} }

Note that the density of the palette g is 8/27.
We are now ready to state our main result, which provides a condition that guarantees that the
uniform Turadn density of a hypergraph is equal to 8/27.

Theorem 3. The uniform Turdn density of every ®3-colourable 3-uniform hypergraph that is not
dg-colourable is 8/27.

Since the density of the palette ®g is 8/27, Theorem 3 follows from Proposition 2 and
Theorem 10, which is proven in Section 3. In Section 4, we present a construction of hypergraphs
that are ®3-colourable but not ®g-colourable, which establishes the existence of hypergraphs with
uniform Turan density equal to 8/27.

2. Preliminaries

In this section, we introduce the terminology related to partitioned hypergraphs. This framework,
which is presented by Reiher in the survey [19], encapsulates hypergraph regularity arguments
while avoiding some of the technicalities of a direct application of the Hypergraph Regularity
Lemma.

An N-partitioned hypergraph H is a 3-uniform hypergraph such that its vertex set is partitioned
to sets Vjj, 1 <i<j <N, and for every edge e of H, there exist indices 1 <i <j < k < N such that
one vertex of e is from Vj;, one from Vi and one from Viy. An (i, j, k)-triad is the set of all edges of
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H that have exactly one vertex in each of the sets Vi, Vjx and Vi; note that each edge of H belongs
to exactly one triad. If v is a vertex of Vj;, we write d,-jﬁ x(v) for the number of edges of the (4, j, k)-
triad that contain v divided by | V| - |Vjx|; we use djx . ;(v) and dj;_, j(v) analogously. Finally, the
density of an (i, j, k)-triad is the number of edges forming the triad divided by [Vjj| - [Vi| - [Vik|,
and the density of an N-partitioned hypergraph H is the minimum density of a triad of H.

An N-partitioned hypergraph Hq with parts Vij, 1 <i < j < N, embeds an n-vertex hypergraph
H with vertices vy, . . . , vy, if it is possible to choose distinct 1 <ay, ..., a, <N corresponding to
the vertices of H and vertices w;; € Vaia for 1 <i < j < nsuch thatif vertices v;, vj, and v of H form
an edge, then {w;;, wjr, wir} is an edge in the (a;, a;, ax)-triad of Ho. Reiher [19] provided a general
statement that reduces proving an upper bound on the uniform Turan density of a hypergraph H
to embedding H in partitioned hypergraphs.

Theorem 4 (Reiher [19, Theorem 3.3]). Let H be a 3-uniform hypergraph and d € [0, 1]. Suppose
that for every § > 0 there exists N such that every N-partitioned hypergraph with density at least
d + 8 embeds H. Then, the uniform Turdn density of H is at most d.

We remark that an extension of this general statement yields that the uniform Turan density
of a hypergraph H and any of its blowups are the same.

We next state four lemmas given in [1, Section 4], which we cast using our terminology; the
lemmas were implicitly proven in [21] using a direct iterative approach, and alternative proofs
based on Ramsey’s Theorem can be found in [11]. The lemmas are instances of the following
metastatement: if a sufficiently large set Iy C [N] is given and every triad of an N-partitioned
hypergraph H with indices from Iy has a linear-size set of ‘good’ vertices (for instance such a
property might be having a high degree in the triad), then there is a large set of indices I C I
such that there is a universal choice of vertices that are good with respect to all triads with indices
from I.

The first of the lemmas, which we prove for illustrative purposes, is the instance of the
metastatement in the case when good vertices come from the set Vj; of a (i, j, k)-triad.

Lemma 5 (Buci¢, Cooper, Kral’, Mohr, and Munhd Correia [1, Lemma 4.3]). For every ¢ > 0 and
n, there exists ng such that the following holds for every N-partitioned hypergraph H with N > n,
everylp € {1,..., N} with |Iy| > no, and every choice of subsets Wiy C Vi, i <j <k, i,j, k € Iy such
that |Wijk| > &|Vik|: there exist I C Ip with |I| > n and yy, i <Kk, i, k € I, such that y; € Wiy for all
jeIsuchthati<j<k.

Proof. Consider ¢ > 0 and n, and let g be the Ramsey number such that every 2-edge-coloured
n-uniform complete hypergraph with ng vertices contains a monochromatic complete hypergraph
with K = max{n? — n+ 1, [n/e] + 2} vertices. Fix an N-partitioned hypergraph H with N > n,
theset Iy C {1,..., N}such that |Iy| > ng, and the subsets W,-jk C Vir, i <j <k, i,j, k € Iy such that
|Wijkl > €| Vigl.

We now construct an auxiliary 2-edge-coloured #-uniform complete hypergraph with vertex
set Ip such that the edge formed by indices i} < - - - < iy, i1, . . ., iy € I, is coloured blue if the sets
WiLinin» k=2, ..., n — 1, have a non-empty intersection, and it is coloured red otherwise, that is,
the intersection of the sets W, ; i, k=2,...,n — 1, is the empty set. By the choice of ny, there
exists a K-element set ] C Iy such that all edges formed by the elements of ] have the same colour.
Leti; < --- < ig be the elements of J.

First suppose that the common colour of the edges formed by the elements of J is red.
By a simple averaging argument, the set V; ; contains a vertex that is contained in at least

e(K=2)|Vigix |
TK'IK =e(K—2)>nsets Wi i ix> k€(2,...,K—1}; let x be any such vertex of V;, ;.

However, any n — 2 indices i, k € {2,..., K — 1}, such that x € W ; ;. together with i; and ix
form a blue edge. Hence, the common colour of the edges formed by the elements of ] cannot be
red.
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We next show that the set I = {i1, int1, i2n+1> - . - » in—1)n+1} has the property from the state-
ment of the lemma. To do so, we need to find elements y;, ;, foralla,be {1,n+1,...,(n — n+
1} such that a < b. Fix such i, and . Since the edge of the auxiliary complete hypergraph formed
by the (b —a)/n+1<n elements iy, igry,...,ip and any n — (b —a)/n — 1 elements among
Aails---»Aarn—1 is blue, the sets W, ; ;,, k=a+n,...,b— n, have a non-empty intersection,
and we set y;, ;, to be any element contained in their intersection.

The next two lemmas are the instance of the metastatement in the cases when good vertices
come from the set Vij and the set ij of a (i, §, k)-triad, respectively.

Lemma 6 (Buci¢, Cooper, Kral’, Mohr, and Munha Correia [1, Lemma 4.4]). For every ¢ > 0 and
n, there exists ny such that the following holds for every N-partitioned hypergraph H with N > ny,

every Io € {1,. .., N} with |Io| > no, and every choice of subsets Wiy C Vi, i <j <k, i, j, k € Iy such
that |Wi| > e|Vjj|: there exist 1 C Iy with |I| > n and aij, i <}, i,j € I, such that a;j € Wi for all
k €I such that k > j.

Lemma 7 (Buci¢, Cooper, Kral’, Mohr, and Munha Correia [1, Lemma 4.5]). For every ¢ > 0 and
n, there exists ny such that the following holds for every N-partitioned hypergraph H with N > ny,
everylp €{1,..., N} with |Iy| > no, and every choice of subsets Wiy C Vi, i <j <k, i,j, k € Ip such
that |Wij| > &|Vi|: there exist I C Io with |I| > n and By, j <k, j, k € I, such that Bj. € Wi for all
i€lsuchthati<j.

The last lemma is an extension to the setting when good vertices come from the set Vj; of a
(a, i, j)-triad, a (i, b, j)-triad and (4, j, ¢)-triad, that is, which vertices are good depends on all three
triads.

We conclude this section with another lemma proven in [1, Section 4].

Lemma 8 (Buci¢, Cooper, Kral’, Mohr, and Munha Correia [1, Lemma 4.2]). For every ¢ > 0 and
n, there exists ng such that the following holds for every N-partitioned hypergraph H with N > ny,
every In € {1, ..., N} with |Iy| > ng, and every choice of subsets ngc C Vij where a, b, c,i,j€ Iy
and a <i<b<j<csuch that |W{}bc| > | Vij|: there exist I C Iy with |I| > n and w;j, i <j, i,j €1,
such that w;; € Wi‘;-bcfor alla,b,celsuchthata<i<b<j<c

3. Embedding

This section is devoted to showing that every sufficiently large hypergraph with uniform den-
sity larger than 8/27 contains any fixed ®3-colourable hypergraph H as a subhypergraph. We
start with the following simple lemma, which can be found as [11, Lemma 6]; we include a short
proof for completeness. Recall that d;; . (v) is the number of edges of a (i, j, k)-triad that contain
v divided by |Vit| - [Vik|, and djy, ;(v) and dj_, j(v) are used analogously.

Lemma9. Forevery e > 0 and n, there exists ng such that the following holds for every N-partitioned
hypergraph H with N > ny: there exist I C {1, ..., N} with |I| > n and reals a, b and c such that the
following holds for all i, j, k € I such that i < j < k:

[{v € Vij with dij_x(v) > &}|

a< <a-+e,
[Viil

)< I{v € Vix with djy_,(v) > ¢}

< <b+e¢, and
[Vik|

I{v € Vix with dig_.;(v) > ¢}
c< <c+e.
| Vik]
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Proof. Fix ¢ € (0,1) and n, and let K= [¢~! + 1|°. Let ny be such that every K-edge-coloured
complete 3-uniform hypergraph with ng vertices contains an n-vertex monochromatic complete
hypergraph; such ng exists by Ramsey’s Theorem. Let H be an N-partitioned hypergraph with
N > ng, and set

[{v € Vj; with dijﬁk(v) > e}

Sk = >
v |Vij|
[{v € Vi with djg_, ;(v) > €}
Sik—i = » and
[Vikl
. [{v € Vi with dy_,;(v) > &}
ik—i =
e [Vikl

We next construct an auxiliary K-edge-coloured complete 3-uniform hypergraph H' with N
vertices: the colour of the edge formed by the i-th, j-th and k-th vertex of H' is the triple
(Lsij_)k/sj, Lsik—i/€1, Lsik%j/sj). By the choice of N, there exist a subset I C {1,..., N} with
|I| = n and a triple (a, b, ¢) such that all edges formed by the i-th, j-th and k-th vertex of H' have
the colour (a, b, c) whenever i, j, k € I. Since the set I and the reals a- ¢, b - ¢, and ¢ - ¢ have the
properties given in the statement of the lemma, the proof of the lemma is finished. 0

We are now ready to prove the main result of this section.

Theorem 10. Let H be a 3-uniform hypergraph. If H is ®3-colourable, then the uniform Turdn
density of H is at most 8/27.

Proof. Fix a ®3-colourable hypergraph H and let n be the number of vertices of H. By Theorem 4,
it is enough to show that for every § > 0, there exists Ny such that every Ny-partitioned hypergraph
with density at least 8/27 4 § embeds H. Fix § € (0, 1). We next choose values Ny, . . ., Ng such
that No > N1 > - - - > N7 > Ng. To do so, set ¢ = §/20, Ng = n, and the values of Ny, ..., Ny as
follows.

« N7 is the value of ny from Lemma 5 applied with ¢ and Ng.

o N is the value of ny from Lemma 7 applied with ¢ and Ny.

N5 is the value of ng from Lemma 5 applied with ¢ and Ng.

o Ny is the value of ny from Lemma 6 applied with ¢ and Ns.

« Nj is the value of ny from Lemma 7 applied with ¢ and Ny.

N is the value of ny from Lemma 6 applied with ¢ and N3.

o Nj is the value of ny from Lemma 8 applied with ¢ and N;.

o Ny is the value of np from Lemma 9 applied with 2¢ and Nj.

For this value of Ny, we will show that every Ny-partitioned hypergraph with density at least

8/27 + § embeds H.

Fix an Ny-partitioned hypergraph Hy with density at least 8/27 4 8. By Lemma 9, there exist
I C{1,..., Ny} with |I;| > N and reals a, b, and ¢ such that

< [{v € Vi with dj;_,x(v) > 2¢}]
- Vil

- [{v € Vi with djg_,;(v) > 2¢}|

- Vil

- I{v € Vix with dx, j(v) > 2¢}

- [Vikl

foralli,jkelandi<j<k.

<a+2e,

<b+2¢, and

c <c+ 2e,
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We next show that a + b+ ¢ is at least 2 4 3¢, which we later show to imply that for every
choice of k<i<k <j<Kk’ from I, the set V;; contains linearly many vertices v such that
dij_)ku(v) > 2¢, d,-j_)k(v) > 2¢, and d,-j_>k/(v) > 2¢. Consider any of the triads, say the (1,2, 3)-
triad. Let A be the set of all vertices v € V1, with dj,_,3(v) > 2¢, B the set of all vertices v € V53
with dp3—1(v) > 2¢, and C the set of all vertices v € V13 with d;3_.,(v) > 2e. Since each vertex of
V12 \ Aisinat most 2¢ - | Va3| - | V13| edges of the (1, 2, 3)-triad, each vertex of V3 \ Bis in at most
2¢ - | V1| - | V13| edges of the (1, 2, 3)-triad, and each vertex of V13 \ Cisin at most 2¢e - | V2| - | Vo3|
edges of the (1, 2, 3)-triad, the (1, 2, 3)-triad has at most

|Al - IB| - |C| 4 6¢ - | V12| - V13| - | Vas| < (abe + 12¢) - |Via| - [Vi3] - [ Vas]

edges. Since the density of the Ny-partitioned hypergraph Hy is at least 8/27 + §, if follows
that abc + 12¢ is at least 8/27 + § = 8/27 + 20¢ and so abc > 8/27 + 8¢. Using the Inequality of
Arithmetic and Geometric Means, we obtain that

a+b+c>3vabc>3Y8/27 + 8¢ >3(2/3+¢) =2+ 3¢.

Our next step is to apply Lemma 8 to identify vertices wj; such that dj ./ (wy) > 2e,
dij k(wij) > 2¢, and d;;_, p (w;j) > 2¢ for every choice of k <i < k' <j<k” from a suitable index
set I; the vertices w;j will correspond to the colour w from the palette ®3. To apply the lemma, we
define sets Wi’;k/k” C Vjj for i,j,k, k', k" € Iy such that k <i <k <j<k". Consider such k <i <
K <j <K' Let A be the set of all v € Vj; with dj;_, x#(v) > 2¢, B the set of all vertices v € Vj; with

dij_)k(v) > 2¢, and C the set of all vertices v € Vj; with d,-j_>k/(v) > 2¢e.Let my, d € {0, 1, 2, 3}, be the
number of vertices of V;j; contained in exactly d sets among A, B, and C. Observe that

(@a+b+ 0|Vl <|Al + |B| + |C| = my + 2my + 3m3 < 2(my + my) + 3m3 < 2|Vjj| + 3ms,

which implies that there are at least % |Vijl > €| Vij| vertices of Vj; contained in AN BN C.
We set Wf;k/k” =ANBNC. Lemma 8 implies that there exist I C I} with || > N> and w;; € Vj;,
i,je I, and i <j, such that w; € ng,k” for all i,j,k, k', k" € I, such that k<i <k <j<k”.In
particular, it holds that dj;_, x(wjj) > 2¢ for all i,j € I, i < j, and k € I\ {i, j} (regardless whether
k<i<ji<k<jori<j<k).

Our next goal is to identify vertices that will correspond to the colours «! and B of the palette
®;. To identify those corresponding to the colour &', we will apply Lemma 6. Consider i, j, k € I
such thati < j < k and let Wj; be the set of all vertices v € Vj; contained together with w; in at least
&|Vik| edges of the (i, j, k)-triad. Since the number of edges containing wy in the triad (i, j, k)-triad
is at most

IWiikl - | Viel + €l Vii \ Wikl - Vil < Wil - | Vil + €l Vil - [Vigl
and djx_, j(wix) > 2¢, we obtain that Wjj contains at least | V;;| vertices. Lemma 6 yields that there
exist Iy C I, with |I3] > N3 and otilj € Vi, i,jels, and i < j, such that ozilj and w;; are contained
together in at least | Vx| edges of the (i, j, k)-triad for all i, j, k € I such thati < j < k.

We next apply Lemma 7 to identify the vertices corresponding to the colour 8. For i, j, k € I
such that i < j <k, we set Wi to be the set of all vertices v € Vj; that form together with ocl.lj and

wi an edge of the (i, j, k)-triad; note that Wjj contains at least e[ Vji| vertices. Hence, Lemma 7
implies that there exist I C I3 with |I4] > N4 and ,BJ.Ik € Vik, jo k € I, and j < k, such that ailj, 'lek’
and wj; form an edge of the (4, j, k)-triad for all i, j, k € I4 such that i <j < k. In particular, the
vertices ailj, 'lek’ and wj of the (i, j, k)-triad indeed correspond to the colours a!, B!, and w of the

palette ®3.
In the completely analogous way, we apply Lemmas 6 and 5 (in this order) to obtain Iy € I with
|Is] > N, ozizj, i,j€lgand i< j,and yii, i,k € I, and i < k, such that ozizj, wjk, and yl.i form an edge

of the (4, j, k)-triad for all i, j, k € I such that i < j < k, and so the vertices oeizj and /35 correspond
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to the colours a? and 82 of the palette ®3. Then, we apply Lemmas 7 and 5 to obtain I C I with
|I3] > N, ﬂﬁ(,j, kels,andj <k, and yii, i, k € Is and i < k, such that wy, ,3}3(, and yii form an edge

of the (i, j, k)-triad for all 4, j, k € I3 such that i < j < k; again, the vertices afj and ,33 correspond to

the colours a® and > of the palette ®3.

We now argue that the Ny-partitioned hypergraph Hjy embeds the hypergraph H. By the
assumption of the theorem, the hypergraph H is ®3-colourable. Let vy, . . ., v, be the vertices of H
listed in the order such that there exists a choice of ¢;; € {w, ol Yo, y2, B3, y3) 0 ell, ..., n)
such that if vertices v;, Vjs and v, 1 <i<j<k<mn, form an edge of H, then (cij, Cik> cix) € Ps3.
Let a;, i € {1, ..., n}, be the i-th smallest index contained in Ig (note that Ig has at least Ng =n
elements). For 1 <i < j < n, set w;; among the vertices of Vj; as follows:

waiaj if Cij =w,

1 gl

aiaj ifcj=a’,

1 e gl

aia; 1fc,J_ﬁ s

— 2 if ci: = o?
Wij = | %0, if cjj =o”,

2 2
yaiaj if Cij =Y

3 e _ B3
Baia; if ¢;j = B, and

30 3
Vaiaj ifcij=y".

The choice of the vertices w;j, ozilj, ﬂi}, ozfj, yijz-, 3, and yi;-, i,j € I and i < j, yields that if vertices v;,
Vjs and v, 1 <i <j <k <mn, form an edge of H, then the vertices Wij, Wik, and wj form an edge of
the (a;, aj, ay)-triad. We conclude that the Ny-partitioned hypergraph Hy embeds H and the proof
of theorem is finished. O

4. Construction

In this section, we identify examples of 3-uniform hypergraphs that are ®3-colourable but not ®g-
colourable. The key step in the construction is the following proposition. Recall that a hypergraph
is linear if any two edges have at most one vertex in common.

Proposition 11. Suppose that there exists an n-vertex m-edge 5-uniform linear hypergraph such that
n! < (10/9)™. Then, there exists an n-vertex (3m)-edge 3-uniform hypergraph that is ®3-colourable
but not dg-colourable.

Let us first discuss which hypergraphs satisfy the assumption of Proposition 11. Observe that
any edge-maximal 5-uniform linear hypergraph with n vertices has at least

(g) _ n(n—1) _ 2
() w0

edges. It follows that if n is sufficiently large, then any edge-maximal 5-uniform linear hypergraph
with n vertices satisfies the assumption of Proposition 11. In particular, there exist constants ¢ < C
such that for any # and m with Cnlogn < m < cn?, there exists an n-vertex m-edge 5-uniform
linear hypergraph satisfying the assumption of Proposition 11.

An explicit small example of a 5-uniform hypergraph satisfying the assumption can be obtained
from the 5-dimensional affine space F2 of order 5. Recall that the vertices of 2 are 5-dimensional
vectors over the 5-element field Fs5 and any five-element set {a + x - b, x € Fs} where a, b € F2
and b #(0,0,0,0,0) is a line; note that each line corresponds to 5 - 4 =20 distinct choices of a
and b and every pair of points is contained together in exactly one line. The vertex set of the
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Hy

Figure 1. Theillustration of the construction of the 3-uniform hypergraph H from the 5-uniform hypergraph Ho.

sought 5-uniform hypergraph is formed by the n = 5° = 3 125 points of the space and each of the

m= % = %(g) =488 125 lines of the space forms an edge. It is easy to check that n! <
(10/9)".

We now prove Proposition 11.

Proof of Proposition 11. Fix an n-vertex m-edge 5-uniform linear hypergraph Hy such that n! <
(10/9)™. We construct the n-vertex (3m)-edge 3-uniform hypergraph H in a random way. The
vertex set of H is the same as that of Hy. In each edge e of Hy choose two vertices v and v/ randomly
(independently of the other edges) and include to H as edges the three triples containing v, v' and
one of the three remaining vertices of e; see Fig. 1 for an illustration of the construction. We
now verify that the hypergraph H is ®3-colourable and that it is not ®g-colourable with positive
probability.

We start by verifying that the hypergraph H is ®3-colourable. Fix any order vy, . . ., v, of the
vertices of H (and so of Hp). If a pair of vertices v; and v; of Hp is not contained in an edge of
Ho, choose ¢;; arbitrarily. Otherwise, consider any edge e of Hy, and let v; and v;, i < j, be the two
vertices chosen in the construction of H. Set ¢;j = w. For each of the three remaining vertices of
e, say vy, set cjx =a! and Ckj = Blifi<k<j,set ¢y =a? and = y? if k < i, and set ¢ = >
and Cjk = y3ifk> j- Since the hypergraph H is linear, the values of ¢;j, 1 <i <j <n, are well-
defined. It is straightforward to verify that if {v;, vj, v}, 1 <i <j <k <n, is an edge of H, then
(cij» Cik> cik) € P3. Hence, the hypergraph H is ®3-colourable.

We next show that the hypergraph H is not ®g-colourable with positive probability. Fix any
order v, . .., v, of the vertices of H. Since the 5-uniform hypergraph Hj is linear, the hypergraph
H is not ®3-colourable with respect to the fixed order vy, ..., v, if and only if the 5-uniform
hypergraph Hy has an edge {v4, vp, Ve, Vg, Ve}, 1 <a < b < c <d < e<n, such that the two cho-
sen vertices in the construction of H are the vertices v, and v;. Indeed, if Hy has such an
edge, then there is no choice of a colour ¢y such that (cup, cpg> Cag) € Ps, (Cpes Ceds Chd) € Ps»
and (cpg» Cde> pe) € Ps. And if Hp has no such edge, we can choose the colours of the pairs of
the vertices v, vp, Ve, V4, Ve within each edge of Hy and this choice does not affect the choices
within other edges of Hy as the hypergraph Hj is linear. Hence, for any fixed order of the vertices
V1> ..., Vy, the probability that there exists an assignment of colours to the pairs of vertices such
that (clj, Cik> cik) € g for every edge {v;, Vi 1 <i<j< k <n, of Hyp is equal to (9/10)™. The
union bound implies that the probability that there exists a vertex ordering that admits such an
assignment of colours to the pairs of vertices is at most n! - (9/10)" < 1, that is, the hypergraph H
is not ®g-colourable with probability at least 1 — n! - (9/10)™ > 0. O

5. Conclusion

We are aware of several follow-up results concerning the uniform Turan densities of 3-uniform
hypergraphs, and we would like to briefly mention the one that we believe to be the most surpris-
ing. Proposition 2 asserts that if a hypergraph H is not ®-colourable for a palette ® with density
d, then the uniform Turdn density of H is at least d. Since all known extremal constructions for
uniform Turdn densities are based on palette colouring constructions, see [19], it is natural to ask
whether this is a general phenomenon. In the subsequent work [14], the fifth author shows that for
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every § > 0 every sufficiently large partitioned hypergraph with density d contains a partitioned
subhypergraph with density d — § that can be associated with a palette colouring construction. It
follows that the uniform Turdn density of any 3-uniform hypergraph H is equal to the supremum
over all d such that H is not ®-colourable for some palette & with density d. This result brings a
powerful tool for determining the uniform Turan densities of hypergraphs; for example, it was
shown that every tight cycle of length at least five is ®-colourable for every palette & with den-
sity larger than 4/27 by Cooper in 2018 [4], but the uniform Turan density of tight cycles was
determined only 5 years later [1].
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