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1. Introduction

It is not known whether or not odd perfect numbers can exist. However it is known
that there is no such number below 103% (see Brent[1]). Moreover it has been proved
by Hagis[4] and Chein[2] independently that an odd perfect number must have at
least 8 prime factors. In fact results of this latter type can in principle be obtained
solely by calculation, in view of the result of Pomerance[6] who showed that if NV is
an odd perfect number with at most % prime factors, then

N < (4k)an” (1)

Pomerance’s work was preceded by a theorem of Dickson[3] showing that there can
be only a finite number of such N. Clearly however the above bound is vastly too
large to be of any practical use. The principal object of the present paper is to
sharpen the estimate (1). Indeed we shall handle odd ‘multiply perfect’ numbers in
general, as did Kanold[5], who extended Dickson’s work, and Pomerance. Our
result is the following.

THEOREM. Let a > 1 be a rational number. Let N be an odd number with at most k
prime factors, and suppose that
o(N) = aN.
Then
N < (4d)*,

where d 1is the denominator of a. In particular, if a =2, so that N is an odd perfect
number, then
N <4,

Our estimate shows that (V) > loglog N for any odd perfect number, so that such
integers cannot have a smaller than average number of prime factors. While the
bound for N is clearly much less than that given by Pomerance, it is, unfortunately,
still too large for practical use.
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2. A4 preparatory lemma

We begin our argument with the following lemma.

LemMmA 1. Let r be a positive integer and let n,,...,n, be integers such that
1 < n, <...<n,. Suppose that a/b is a rational number in the range
' 1 a ™t 1
1'[(1——)<—< H(l———). (2)
i=1 m) b i=1 ny
Then

T
IIn, < (4a)? 1.
i=1

The proof is by induction on r. When r = 1 we see from (2) that

We therefore deduce that
n, < a+1 < da = (4a)¥,
as required.
For the induction step we begin by showing that some integer », must satisfy

n; < 2%1gq. (3)
We observe that
r—1
1211 (1—l) >2,
i=1 ny b
whence b > a+1 as before. Then, if every n, satisfies n, > 21 q, we will have
“a_
a+1" b
r
(-2
i=1 7y
r
>1-3 1
=17
[22)
>1—qag Y 271
i=1
1
=1——.
2a

Since 2a = a+ 1 this is a contradiction.
We now take k to be the smallest integer ¢ for which (3) holds. Thus

Ny ...y < nf < (25 g)k (4)
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and so, in the case k = r, we have
r
IIn, < (@ a). (5)
=1

When 1 € k < r—1 we will have

i (-2)< <1 0-)

where

It therefore follows from the induction assumption that

r—1 gty ks k P |
IT »; < (4a') = (4a) (H nz) ,

i=k+1 i=1
whence

r o k ork
[, < o™ (1Tn) -
i=1 i=1

In view of (4) we therefore have

r
M= < (4a)2""—1(2k+1 a)lc2'_".
=1

This estimate also holds when k = r, as one sees from (5). It remains to check that
42771 g2 < g271

and

r—k_ r—k T
a2 1 ak2 < (1/2 1

for 1 < k < r. These bounds however follow from the estimates

k(k+1)
2

1+ £2% and 14+k<2%

This completes the proof of the lemma.

3. The induction lemma

Our next result provides the induction step for the proof of our theorem. In order
to state the lemma we introduce the notation

n©$)y=1I1p

pes
for any finite set S of primes p.

LeMMa 2. Let N be an odd number divisible by a set S of primes, and suppose that

alv) _

n
->1.
N d
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Then N is the product of two coprime factors U and V with the following properties.

(i) w(V)(=v, say) is at least 1.
(ii) U is divisible by a set T' of primes, where v+ # T—# .8 (= w, say) is non-negative.
(iii) o(U)/U = v/8, with da(V)|é.

2v+w

(iv) 48I1(T) < (4dTI(S))* .
We begin the proof of the lemma by observing that

(1)

is either equal to 1 (if 8 is empty) or has even numerator when written as a fraction
in lowest terms. On the other hand d/n = N/o(N) is less than 1 and has odd
numerator when written as a fraction in lowest terms. It follows that

1\  d
I1 (1 ——) *—.
pes P n
This is the crucial point at which we use the fact that N is odd.
We first examine the case in which

11 (1—1) > é (6)
pes p n
Since
1 N d
-2t
PIN P U(N) n
it follows that
T1 (1 —1) < i <1,
pIN, pgS r; n
where
d=d[lp=d1(S), ' =n]]@-1). (7)
pPeS pesS

We therefore see that the primes p|N have a non-empty subset " = {p,, ..., p,}, say,
which is disjoint from S, and for which

w 1 4 w—1
fi(i-2)< <T(1-2) .
i=1 A y 2
Lemma 1 therefore applies and shows that
s < (4d’)*1
and hence w w
IS U 8) < (4d)? 1I(S)%. 9)
Moreover the first inequality of (8), together with the definitions (7), shows that
Il (1 —1) <2
peSuySs’ v n
As before we cannot have equality here, so that

I1 (1—1)<é. (10)

peSuys’ P n
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When (6) does not hold, so that

(-3

peS P

we see that in fact (9) and (10) hold with w =0 and 8§’ = J.
We now observe that

1—p“’(")'1<cr(N) n
pesus 1—p' N &

where for every prime p we take e(p) to be the exponent of p in N. We therefore have

”
n
N —p~®h) <,
peSU S’ d
where

d=d J] p=dl8uUS), »"=n [1 (p—1). (11)

peS Y S’ peSUS’

Moreover (10) shows that »”/d” < 1. We can therefore apply Lemma 1 in the same
way as before to show that § U §” contains a non-empty subset ", say, such that

1 (1—p @) <=

peS”
and
H pe(z))+l < (4d”)2”—1, (12)
pesS”
where v = #8”. If we now put
V = H pE(p)’
peS”

U=N/Vand T = (S U 8')\S’, we see that U and V certainly have properties (i) and
(i1) of Lemma 2. Moreover

where

d=d [l (p*™*-1).

pes”
Thus do(V) |4 as required for property (iii). Finally
8 < d(4d”)¥
< d(4dT1(8))2* @™V,
by (12), (11) and (9). It therefore follows from (9) that
46TI(T) < 46TI(S U §")
< 4d(4dT1(S))2 "~ (44)2° 1 [1(S)2”
Qv+

= (4dIl(8))* ",

as required for property (iv) of Lemma 2.
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4. Completion of the Proof

We can now finish the proof of the theorem. We shall take N, « and k as in the
statement of the theorem and apply Lemma 2 repeatedly, starting with

N=N, S8S=8=¢, and a=mn,/d,

In general we shall apply Lemma 2 to N, S;, n, and d;, and produce the next set of
valuesasN,,, = U, S,,, = T, n;,, = v,and d;;, = §. The numbers v and w which occur
will be denoted v(i+1) and w(é+ 1) respectively. Moreover we shall label the values
of V that arise by taking N, = UV =N, , V,,,. From property (i) of the lemma we see
that the process will terminate in s < k steps, by producing a value N, = 1. We will
then have N=V, ...V, and

N< o) = o(R)...o(V)]d,,

by repeated application of property (iii) of the lemma. Moreover, part (iv) of Lemma
2 shows that

v(i+1)+w(1+l)

4d;4y T1(8y4y) < (44, T1(S,)) ;
so that a trivial induction argument yields

4d, T1(S,) < (4dy TI(S,))7,

where

2 =3 (w(@) +w(d)).
=1
It therefore follows that
N < (4d)%.

However, as v(i) = w(V}), we have Z (i) = w(N) < k. Moreover, since
w(t) =v@)+#8,—#85,_,,(1 <1 <)
and S, =8, = &, it follows that

s

Sw z)—}:v +Z#S Z#Si Zv w(N) < k.

=1 =1 i=1 i=1

Thus X < 2k, and the theorem follows.
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