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In this article we establish stochastic comparisons between normalized spacings of
generalized order statisticBhese comparisons allow us to extend and unify some
results obtained by other authors for ordinary order statistics and record values
Furthermorewe can compare spacings of different modelks, between ordinary
order statistics and sequential order statistiesord values and Pfeifer’s record
values and so forth.

1. INTRODUCTION

Generalized order statisticgOS9 have been of interest during the last few years
because of the known models they includee Kamp§12]), which are importantin
Reliability Theory and other statistics fields

Order statistics and record values are widely used in statistical modeling and
inferenceand they can be embedded in the concept of gOSs as a general framework
for models of ordered random variables.’s). In Reliability, the(n—r + 1)th-order
statistic represents the life length of someut-of-n system
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Record values are closely connected with the occurrence times of some corre-
sponding nonhomogeneous Poisson process and are used in shock. Dtiueds
various models of orderedur’s are introduced in Kampgdl 2], such as order statis-
tics with nonintegral sample sizeequential order statistideh record valuesPfei-
fer's record modek,, record from nonidentical distributionsnd orderedyv.’s which
arise from truncation of distributions

These models can be applied in Reliability Thediyr instancesequential or-
der statistics are an extension of ordinary order statistics and they describe certain de-
pendencies or interactions among the components of the system caused by failures of
themselvesLikewise, the different types of record values extend the model of ordi-
nary record values andonsequentlythey are more flexible in practical situatians

Some results on distribution propertieharacterization of distributionand
inequalities for moments of gOSs have been given in Kahig Likewise Ah-
sanullah1,2] studied the gOSs from two-parameter exponential and uniform dis-
tributions Keseling[13] characterized continuous distributions by conditional
expectations of gOS®nd Gajek and OkolewskB,9] gave bounds for expected
values of gOSs

On the other handther articles have been devoted to the study of orderings
among order statistics or record valuigsorder to compare the reliability of differ-
ent systems and certain aging processes for instanceBarlow and Proschd6],

Gupta and Kirmanf10], Kochar[17,18], Shaked and Shanthikumg22], Ragab
and Amin[21], Khaledi and Kocha[r15], and BelzuncgFrancq Ruiz, and RuiZ 7].

Particularly many researchers have obtained stochastic comparison results
among spacings of order statistics and record valBadow and Proschalb] and
Kochar and Kirmanf20] compared normalized spacings of order statistics from a
random sample with decreasing failure re#R) distribution In the case of two
samplesKochar[19] and Khaledi and Kochdrl4] established comparisons be-
tween spacings of order statistics when the populations were ordered and one of
them belonged to a certain aging cladsl and Wei 11] considered the problem of
stochastic comparisons of generalized spacings according to various kinds of sto-
chastic orderin addition Kochar[17] obtained sufficient conditions to compare
spacings of record values in the stochastic arder

The purpose of this article is to establish some stochastic comparison results
among normalized spacings of gOSs formed from two distributioasd G. We
show that the results obtained are general in the sense that they hold for many or-
dered random variablescluding ordinary order statistics and record valuas-
thermorewe can compare spacings of different modeks, between ordinary order
statistics and sequential order statistlmstween record values and Pfeifer’s record
values and so forth.

In Section 2we define the concept of generalized order statistics and recall the
definition of some stochastic orders and aging clasiseSection 3we study the
preservation of some orderings between gOSs based on one and two distributions
Finally, in Section 4 normalized and simple spacings of gOSs are compared and
different applications of these results are given

https://doi.org/10.1017/50269964802164059 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964802164059

ORDERINGS OF GENERALIZED ORDER STATISTICS 473

2. DEFINITIONS AND PREVIOUS RESULTS

First, we give the definition of theth gOS based on a distribution functiBrusing
its marginal density functignvhich was introduced originally in Kamp$2] through
the definition of uniform gOS
Let the functiong,,(x), m € R, be defined as follows
1 1-1Q-x"1) ifm#-1
m+1
On(Xx) = for all x € [0,1). (2.2)

1
log( —— if m=—1
Og(l—x) if m

DerINITION 2.1: LetnEN,1=r=n k=1 m...,m,_1 ER,and M, = Ej-n;sl m,
1=s=n-—1, be parameters such that

ve=k+n—s+Ms=1 forallse{l,...,n—1},
ml: m2: cee :mr*l:m

and letm= (my,...,m,_,) ifn=2 (M & R arbitrary if n =1). The marginal density
function of the rth gOS X, m x) based on F is given by

(0 = en(FODF(X), (2.2)
where

(X) = —— (11— igri(x), x€(0,1) (2.3)

gor:n (r _ 1)! m b b b -

and g, = IT{_1 ;.

Note that the corresponding marginal distribution function oftiegOS based
onFis

Fr (%) = rn(F (), (2.4)

where

o1
brin(X) = 1= ¢4 (1= )k M 3 gh(x), x€(01).  (2.5)

i—ollCGja
Letm; = --- = m,_1 = 0 andk = 1; then Eq. (2.2) reduces to the density of
ther th ordinary order statistic of a random sample with distribution fundtioloet
m;, = --- =m,_, = —1 andk € N; then the model okth record values is obtained

Let us now recall the definitions of some stochastic orderings and aging classes
that we will use in this articlesee for instance Shaked and Shanthikumg2].
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Let XandY be the absolutely continuous.iwith lifetime distributiond= andG,
respectivelyand withf andg their probability density functiondt is said thatX is
smaller than in the stochastic ordering = Y, if F(x) = G(x) for all x, where
F(x) =1 — F(x) andG(x) = 1 — G(x) are the survival functions ok and,
respectivelyThis is equivalentt&[ ¢ (X)] = E[¢(Y)] for all increasing functiorp
for which the expectations exists$is said thatX is smaller tharY in the failure rate
ordering X =, Y, if G(x)/F(x) is increasing irx. It is said thatX is smaller than
Y in the reversed failure rate ordering <., Y, if G(x)/F(x) is increasing irx. It
is said thaX is smaller tharY in the likelihood ratio orderingX =, Y, if g(x)/f (x)
is increasing inx, and X is said to be smaller tha¥ in the dispersive ordering
X =aisp Y if F7X(B) — F (a) =G *(B) — G *a) whenever 0< a = 8 < 1,
whereF ~1 andG ! are the right-continuous inverses@andG, respectively

The relationships among these orderings are shown in the following diagram

X=,Y = X=,Y
O O
X=nY = X=.Y.

For conveniencenve writeF =g,4e,G instead olX =g, qe; Y, Where=g,q4eriS 0ne
of the above stochastic orders

On the other handt is said thatF is increasingdecreasingfailure rate IFR
(DFR), if F(x+ a)/F(x) is decreasingincreasingin x for alla= 0; F is decreasing
(increasing reversed failure ratdDRF (IRF), if F(x + a)/F(x) is decreasingin-
creasing in x for all a = 0; andF is increasingdecreasinglikelihood ratiq ILR
(DLR), if f(x+ a)/f(x) is decreasingincreasing in x for all a = 0.

Remark 2.1:Bagai and Kochalr3] proved the following result that relates the fail-
ure rate and dispersive orderings and which will be used in this articie F <, G
and eithefF or G is DFR thenF =4, G; (ii) if F =45, G and eithef or G is IFR,
thenF =, G.

We conclude this section by describing some results of different authors on
orderings among certain models of gO®sdinary order statisticsecord values
etc) and particularly among their spacings

Let X, n = X0 = -+ = X(n,n) be the order statistics of a random samyle
Xz, ..., Xp from a distributionF, and letYy m) = Yo,m = -+ = Yimm) be the order
statistics of arandom sampfg, Y-, ..., Y,from another distributio. Then C;.,=
(n —i+ 1)(X(i,n) - X(i—l,n)) andDj:m = (m - ] + 1)(Y(j,m) - Y(j—l,m)) are called
normalized spacings from andG, respectively

There is much literature on sample spacinfygsm the study of them in the
context of empirical processes to their applications in goodness-of-fit téste
thatX n) — X(i—1,n) represents the time between flle and(i + 1)th failures when
nindependent and identically distributéd.d.) items are put to a life tesFurther
it may be considered as the additional lifetime to be gained on usifig-am)-out-
of-n system rather than &m — i + 1)-out-of-n system(see Kirman{16]).
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For one sample and under the assumption@iastDFR, Barlow and Proschan
[5] proved thatD;.,, =gt Dj+1.m @NdDj.m+1 =5t Dj.m fOr j = 1,...,m — 1, whereas
Kochar and Kirman[i20] strengthened idem results to the failure rate and dispersive
orderings Kochar[19] and Khaledi and Kochdrl4] considered the problem of
stochastic comparisons of the spacings of two samthedfirst one in the particu-
lar case of = j andn = m. In Khaledi and Kochaf14], it was shown that i <,

=) Gand if eitherF or Gis DFR thenC;., = (=) Dj.nforalli=jandj —i =

m — n. If, instead F =, G and if eitherF or G is DLR, thenC,., =, D;., for all
i =jandj —i = m— n. Hu and Wei[11] have extended some of the above results
comparing generalized spacings of ordinary order statistics of one sample and two
samples

Let X, (1),---> XL(r)>--- @NdY xy, ..., YL (r), ... be the record values based on the
sequencesX,)ner and(Y,)ner of i.i.d. r.v.’s with distribution functionsF andG,
respectivelyKochar[17] proved that ifF =45, G, thenX (nix) — XL =st Yimn+k) —
YL, andifF =, Gand eitheF or Gis DFR thenX (n+k) — XL =st YL(n+k — YL

3. ORDERINGS BETWEEN GENERALIZED ORDER STATISTICS

In this sectionwe first study conditions on the parameters to compare gOSs based
on the same distributigrand then based on two different distributioAs conse-
quenceswe obtain the preservation of the stochast&ilure rate and likelihood
ratio ordering under the formation of gQ®¢hich extend the preservation results of
other authors

For that we will denoteMm = (my,...,My 1), My = - =M, _; =m m =
(Mmy,...,mpy ), my=-..=mg_;=m yrl Ky+n,—ri+ M, ,andy/,, =k, +n,—
r,+ My,

The following theorem extends some results of Bapat and Kddhand Ragab
and Amin[21] on ordinary order statistic&Gupta and Kirman[10] and Kochar
[17,18] on record valugsand Ragab and Amif21] onk record valueslin addition
Kamps[12] proved the result whem= m'.

THEOREM 3.1: Let X, n mi,) and X, n, .k, b€ gOSs based on an absolutely
continuous distribution function F. Then, X, m ;) =i X(r,, n, v,k fOrallro=ry,
Y, = Vi, andm=m = -1

Proor: If m=m’' > —1, we have to prove that

Xt 000 (X) C-a(fi =D (m+ 1)t (F(x)7="7 (L-F™ ()=
= X r2 £} —
fX(rl,nl,mk1>(X) Cr—a(r = D! (m' + 1=t (1—Fm™(x)t

is increasing i for all r, = r; andy,, = v/, so itis sufficient to prove that

(1- Fmi(x)r
(1 _ [fm+1(x))r171

is increasing irx. (3.2)
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Since 1- F™?' =<, 1—F™ " forallm=m > —1, we have that
A-—Fm™YHn-t< 1-F™r2=1 forallr,=ry; (3.2)

therefore Eq. (3.1) holds from Eq (3.2) and the implication among orderings
SIr = Srh~

Using the same arguments whar= m' = —1 andm > m’ = —1, the required
result follows u

Next, theorems are devoted to stochastic comparisons of gOSs from distribu-
tion functionsF andG. The first theorem is immediate taking into account ),
the definition of the stochastic ordend thatp,.,(X) is a distribution functiorisee
Kamps[12]).

THEOREM 3.2: If F =4 G, then X n mx =st Yir.nm k-
THEOREM 3.3: If F =i, G, then X n.mk =tr Yir.n,m k-

Proor: The failure rate functiom/ , m« of the rth gOSX n m« based orF is
given by

1 f(x) o Y(F(x))
(r=1! 1—F(x) r-1

henmi(X) =

gh(F(x))

j=0):Cr—j—1

(cf. Kamps[12, Remark 11]). SinceF =, G = F =, G andf(x)/(1 — F(x)) =
g(x)/(1— G(x)) for all x, it is sufficient to prove that the function

gh (1)

: is increasing ir. (3.3)
,,

o

i=0):Cr—j—1

gh(t)

Finally, note that Eq(3.3) is equivalent to showing that

1
'Cr j— lgrrnJ 1(t)

is decreasing im,

which follows sincegy(t) is increasing irt. u
THEOREM 3.4: If F = G, then X n mx =r Yir.nmk forallm=0.

Proor: Using the definition of the likelihood orderingqs (2.2) and(2.3), we need
to prove that

HNenmo® _ @n(GIK) _ (G(x) )( On(G(X) ) 9(x)
Bnme ¥ @nlFOOF0 \F(X) Im(FO) ) F(X)
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is increasing inx. Then from the assumptiof =, G and the implication among
orderings=s,, = =,,, it is sufficient to see that

(_gm(G(x)) )rl is increasing irx
Im(F (X))
for all m= 0; that is
1-G™ )\t o
(T’“%x)) is increasing irx. (3.4)
Finally, Eq. (3.4) holds because of the implicatién=, G=1—-F™!=<,1-Gm"?
for all m= 0 and the relationship among orderinggs = <. u

Taking into account the previous theorem easily obtain the following re-
sults on preservation of orderings under the formation of gOSs with different pa-
rameters and based éhandG, which extend the results of Singh and Vijayasree
[23] and Ragab and AmifR21] on ordinary order statistics

THeorEM 3.5: If F =g G, then X . mk) Sst Y,mmky fOr al ro =1y,
Yo, = Vi, andm=m = —1.

THeorEM 3.6: If F =i G, then X . mk) =nr Y,k fOr all ro =y,
Yo, = Vi, andm=m = —1.

THeorEM 3.7: If F =, G, then X . mk) =i Y.k, fOr al ry = ry,
Yr, = Vi, and m=m’ = 0.

4. ORDERINGS BETWEEN SPACINGS

In this sectionwe establish stochastic comparisons among spacings of gOSs from
restricted families of distributions

For that we define normalized spacings of gOSs from two absolutely continu-
ous distribution function& andG by U, ., =y (X, n, mky) — Xr,—1n, mk,)) @nd

Vr2:n2 = 'Yr’z(Y(rz,nz,ﬁ’, ko) T Y(rsz nz,ﬁ',kz)) for2= r=ny and 2= M, =ny.
First we state Remark.8 of Kamps[12] about the Markov chain property of
gOSs
Remark 4.1:The gOSSX(, n. mk), I = 2,...,n form a Markov chain with transition
probabilities
If(t) Yr
P(Xi,nmi = tXe—Lnmw =9) = % )
From this remarkthe survival function of the normalized spacjhy.,, of gOSs
is given by
_[ X e
F (— +y
_ f Yr
F = ————— | do,_1..(F(y)). 4.1
Uy (X) . E(y) ¢r—1:n(F(Y)) (4.1)
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Now, we give a theorem that will be used for proving the various results of this
section and in which we give sufficient conditions to compare conditional spacings
of gOSs in the failure rate order

THEOREM 4.1: Let F =, G and either F or G be DFR. Then, far, = y/, and
y=0,

Uy,rlzn1 = (Url:n1|x(rlfl, ng, Mky) = Y) Shr (Vr2:n2|Y(r271, Ny, M, ky) = y) = Vy, IPHON

Proor: The result can be obtained as LemmH B) of Khaledi and Kochal4] and
taking into account that the failure ratesldf, ., andV, ..., are given by

X X
r.U)',r1:n1(x) = rF <_ + y) and rVy,rz:nz(X) = rG <_ + y>7
ry r
whererg andrg are the failure rates d¥ andG, respectively ™

The following theorem establishes the stochastic order among spacings of two
samples of gOSsvhen the distribution functions are ordered in the hazard rate order
and one of them is supposed to have a decreasing failure rate function

THEOREM 4.2: Let F=,,, G and either F or G be DFR. Then, U, = V,,.,, for all

r=r, 7y, =y, andm=m = —1.

2:N2

Proor: The proof is similar to that of Theorem22in [14] using Theorem .5 and
that the survival functions df, ., andV,,.,, can be written as

_ X Tr
FIl —+y
f Y.
R

Fu,0, (0 = F) Ay, 1, (F(Y))
and
_[ X Vi,
G ( - + y)
_ _ yrz -
Gvrz:nz(x) _~f]R G_(y) d(ﬁrzfl:nz(G(y))-

Note that ifm = (0,...,0), m'= (0,...,0), andk; = k, = 1, we obtain Theo-
rem 12 of [19] and Theorem 2 of [14] on the ordering of spacings of ordinary
order statisticsand if m= (—1,...,—1), m'= (—1,...,—1), andk; = k, = 1, we
obtain Corollary 2 of [17] on record values

Analogously in the next theoremmwe establish comparisons in the stochastic
order between spacings of gQ3sen the distribution functions are ordered in the
reversed hazard rate order and one of them has increasing reversed failure rate
function
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The proof is immediate taking into account Theorei dnd the equivalences
X=pYe —X=, -Y and X&€IRFo —X & DFR

THeorEM 4.3: Let F =, G and either F or G be IRF. Then, W, = Z,.\,
forallr,=ry,y, =y, andm=m' = —1,where RW=t)=G(-t)and (Z=t) =
F(-t).

In particular we obtain the next corollary for spacings of ordinary order statis-
tics, which is a particular case of Corollaryl3of [11] whenj =i+ 1, g=p + 1,
p=i,andp—i=m-n.

CorOLLARY 4.4: Let F=,, G and either F or G be IRF. Then,
(N =11+ DY —rr2.:0) — Yn—ririny)
=gt (N =12+ D) (Xin,—r,42,n,) = Xiny—r,+1,ny))
forallr,=r,andnp—ro=n; —ry.

Proor: Takingm= (0,...,0), m'= (0,...,0), andk; = k, = 1 in Theorem 8, we
have that

(N =11+ DWirpny = Wr—1np) Sst (M= T2+ D(Zir,0,) = Zir,—1.0y)
forallr,=r; andn, —r, = n, — r4. Finally, the required result follows from the fact
Wiy =st ~Yiy-riiny  and Z, ) =st = Xin,-rp+1ny)- u
Let us see now comparisons between spacings of gOSs when their populations

are ordered in the likelihood ratio orderingor that we shall need the following
lemma of Kochar and Kirman0].

LeEMmMA 4.5: Letyq(X,y) andi,(X, y) be positive real-valued functions such that

(i) forys =y, (X, ¥2)/h2(X,yy) is increasing in x,
(i) forys =y, ¥1(X, ¥2)/2(X, y1) is increasing in X,
(iii) for each fixed % ¢1(X, y)/>(X, y) is increasing in y.

Then, for functiong, andy, satisfying the above conditions; Z, Z, implies that
E[ (X, Z5)]/E[¢2(x,Z1)] is increasing in X, provided the expectations exist.

THeOREM 4.6: Let F =, G and either F or G be DFR. Then, U, =u Vi,
forallr,=ry, 5, = v/, andm=m'=0.

Proor: The result follows as Theorem2of [14] using Lemma % and that the
ratio of the survival functions o¥, .,, andU may be rewritten as

ryng

E [lpl(X,VV(rz—L ro—1) )]
Ely(X, Z(rl—l,rl—l))] ’
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where
. Cr272 1 G ;g v
(X, y) = (- D! (m 4+ 1)1 (G(X/yr, + Y=,
_ Crfz 1 |f + Y
lpZ(X’ Y) - (I’l—l)' (m_i_l)rl,l ( (X/7r1 y)) Ly

and W and Z are random variables with distribution functiohky(y) = 1 —
G™*1(y) andH,(y) =1 — F™(y), respectively [

Note that Theorem.2 of [19] and Theorem 2 of [14] can be obtained from
Theorem 46 takingm = (0,...,0), m'= (0,...,0), andk; = k, = 1.

Analogouslyif the distributions are likelihood ordered and one of them has an
increasing reversed failure rate functjome get the next resulit follows from
Theorem 46 and the equivalences

F<,Go F=, -G and F€EIRFo —F€DFR

THeoreM 4.7: Let F =, G and either F or G be IRF. Then, W, =u Z,.n,
forallr,=ry, v, =v/,,and m=m’ =0, where RW=t)=G(— t)and Pz=t)=
F(—t).

In particulay we obtain the next corollary for spacings of ordinary order statistics
CoRrROLLARY 4.8: Let F=, G and either F or G be IRF. Then,
(N =11+ D (Yin,—r,+2.n) = Yin—ri+1ny)
=h (N2 =12+ D (Xin,—r,42,n) = Xiny—r,+1,n,))
forallr,=r,andnp—ro=n; —ry.

Normalized spacings from a DFR distribution are DER it is shown in Theo-
rem 115 of[12]. Thus from Theorem 46 and Remark 2 we obtain the following
corollary.

CorOLLARY 4.9: Let F =, G and either F or G be DFR. Then, U, =gisp Viin,
forallr,=ry, v, =vy/,,and m=m' = 0.

Note that ifF =, G, F is DFR andGis IFR, thenF =, G. Thus we can apply
Theorem 46 and Corollary 8, obtaining in the first casesufficient conditions to
preserve the failure rate order under the formation of spacings of.gOSs

However there are examples of distributioRsand G such that- =, G, F is
IFR, andG is DFR wheread- %, G (see Example .3 of [19]). Therefore Theo-
rem 46 is not applicableln this setting Hu and Wei[11] established some com-
parison results between normalized spacings of ordinary order statiglich we
extend to the model of gOSs in the following theorem and corollaries
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THEOREM 4.10: If there exists an exponential random variable Z with distribution
function H, such that F=y, H; =y, G, then .., =u V. ., for all parameters

(ry, Ny, M ky) and(rp, np, M, ky) such thatm + 1)~ *(m’ + 1)"2~1 = 0.

Proor: The result can be obtained as Theoregh@ [11] taking into account that
the ratio of the survival functions of,.,, andU, ., can be written agsee proof of

Theorem 46)
C(ry: nZ)E[(Z}l(X,VV(erl,rzfl))]
C(r13 nl)E[l/Afz(X, Z(rlfl,rlfl))]’
where
Clrying) = —2 2
i) = o e
Clryiny = —=2 1
:'n = )
r:Ng (r]_ _ 1)| (m + 1)rl,1
Jn(x,y) = (G(x/vi, + y)) "
and

Fo(x,y) = (F(X/ye, + ¥) ™™ n

As a consequence of Theorem @ we easily obtain the next corollary when the
distributions are ordered in the reversed failure rate ordering just taking into account
the equivalences

F SrhG<:> —F Ehr -G
and

F € IFR(DFR) & —F € DRF(IRF).

CoroLLARY 4.11: Let F=,,G. Ifone of Fand G is IRF and thgvother is DRF, then
W, in, =nr Zr,n, for all parameters(ry, ny, Mk;) and (rp,n,, m',k,) such that
(m+ D)2 (m + 1)1 =0, where RW=1t) = G(-t)and P(Z=t) = F(-t).

Now, using Theorem 40, Remark 21, and that normalized spacings of gOSs
from a DFR distribution have the DFR propeniye get the next corollary on pres-
ervation of the dispersive ordering under the formation of spacings of.gOSs

CoroLLARY 4.12: Let F=4,G. Ifone of F and G is IFR and the other is DFR, then
Urin, =disp Viin, fOr all parameters(ry, ny, M k;) and (r,,np, m', ky) such that
M+ DY (m +1)=21=0.

Finally, we give sufficient conditions to preserve the likelihood ratio ordering
under the formation of spacings of gQSs
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THeorem 4.13: Let F =, G and either F or G be DLR. Then, U =, V...,
forallr,=ry, v, =y, andm=m' =0.

Proor: Note that the ratio of the density functions\f.,,, andU, ., is given by

rq:ing

C(ry: ) E[g(X/yi, + Wir,—1, rz—l))(é‘(x/’)’r'2 + V\/(rz—l,rz_l)))y’yfl]
Clry:n)ELF(X/ye, + Zoy 1.0, 1) (FO/¥e, + Zr 10y -1) 7 2]

which can be expressed as

E[l/;l(x’vv(rz—l,rz—l))]
E[a(x, Z(rl—Lrl—l))]’
where J1(x,y) = C(r2:n)g(x/y!, + Y(G(x/y!, + y)*="* and J(x,y) =

C(ry: n) f(X/ye, + y)(lf(x/yrl + y))*=" 1. From Lemma 4, the result follows
as Theorem 4. [ |

(4.2)

Once againTheorem 23 of [14] can be obtained from Theoremi1& taking
m=(0,...,0), mM=(0,...,0), andk; = k, = 1.

Remark 4.14:The results given in this section also hold for simple spacings of gOSs
Urlznl = x(rl, Ny, Mky) x(rlfil, ny, M ky) andVrZ:n2 = Y(rz,nz,'rﬁ’, ko) T Y(rzfl, Ny, M, ky)*

To conclude this worjwe show some practical applications of the results of this
section comparing spacings of the same ordergdnodel and comparing spacings
of different ordered.v. models

5. APPLICATIONS

1. Choosingm = (—1,...,—1), m'=(—1,...,—1), andk; = k, = 1 in Theo-
rem 42, we get comparisons in the stochastic order between spacings of
record valuesLet us consider two systems formed from two different types
of i.i.d. componentsgi.e., with distribution functiond= andG). This result
allows us to compare the waiting times between two consecutive failures of
the components of a system with the waiting times between another two
consecutive failures of the components of the other systémewise sup-
pose that the systems are subject to shocks viewed as realizations of two
different sequences ofiid. random variables with distribution functiofs
andG, respectivelyThen we can compare stochastically the waiting times
between consecutive shocks of both systems or the intensity differences be-
tween consecutive shocks of the two systems

2. Given positive real numbers,, ..., a, andg,..., B, we takem; = (n, —
i+Da—(—Dap—Li=L....m—Lk=a,, m=M—i+1)B —
(n,—i)Biv1—1,i=1,...,n,— 1, andk, = a,, to obtain the sequential order
statistics based oR,(x) =1 — (1 — F(x))*s, 1= s= n. This model is more
flexible and adequate for describifig — r + 1)-out-of-n systems than or-
dinary order statistichecause it takes a specific dependence structure into
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considerationlf some component of the system faithis may have an in-
fluence on the life-length distributions of the remaining componehét is
considern components with life-length distributioR;. At time x, we ob-
serve the first failureThen we suppose that the remaining components
possess the life-length distributiéf truncated on the left at, and so on
From results of Section &ve can compare the additional lifetime to be gained
on using a modifiedn, — r,)-out-of-n, system rather than a modifiéd, —

r, + 1)-out-of-n; systemboth formed fronF¢(x) =1 — (1 — F(x))%s, with

the additional lifetime to be gained on using a modifieg— r,)-out-ofn,
system rather than a modifiéd, — r, + 1)-out-of-n, system both formed
from Go(x) =1 — (1 — G(X))%s.

3. Choosing suitable parametdsee Kamp$12]), we can compare spacings
of Pfeifer’s record values and we obtain similar comments to those made in
Application 1, but each shock is now allowed to influence the magnitude of
the subsequent on®loreover we can obtain this kind of application in a
more general shock model usikgrecords

4. Finally, choosing suitabl&, m’, k;, andk,, we can establish comparisons
between the spacings of different orderad models For instancewe can
compare the additional lifetime to be gained on usingran- r,)-out-of-n,
system rather than afm, — r, + 1)-out-of-n; system with the additional
lifetime to be gained on using a modifiéd, — r,)-out-of-n, system rather
than a modifiedn, — r, + 1)-out-of-n, systemAlso, we can compare spac-
ings of records with spacings of Pfeifer’s recordkgrecords
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