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In this article,we establish stochastic comparisons between normalized spacings of
generalized order statistics+ These comparisons allow us to extend and unify some
results obtained by other authors for ordinary order statistics and record values+
Furthermore, we can compare spacings of different models~i+e+, between ordinary
order statistics and sequential order statistics, record values and Pfeifer’s record
values, and so forth!+

1. INTRODUCTION

Generalized order statistics~gOSs! have been of interest during the last few years
because of the known models they include~see Kamps@12# !,which are important in
Reliability Theory and other statistics fields+

Order statistics and record values are widely used in statistical modeling and
inference, and they can be embedded in the concept of gOSs as a general framework
for models of ordered random variables~r+v+’s!+ In Reliability, the~n2 r 11!th-order
statistic represents the life length of somer-out-of-n system+

Probability in the Engineering and Informational Sciences, 16, 2002, 471–484+ Printed in the U+S+A+

© 2002 Cambridge University Press 0269-9648002 $12+50 471

https://doi.org/10.1017/S0269964802164059 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964802164059


Record values are closely connected with the occurrence times of some corre-
sponding nonhomogeneous Poisson process and are used in shock models+ Other
various models of ordered r+v+’s are introduced in Kamps@12# , such as order statis-
tics with nonintegral sample size, sequential order statistics, kth record values, Pfei-
fer’s record model, kn record from nonidentical distributions, and ordered r+v+’s which
arise from truncation of distributions+

These models can be applied in Reliability Theory+ For instance, sequential or-
der statistics are an extension of ordinary order statistics and they describe certain de-
pendencies or interactions among the components of the system caused by failures of
themselves+ Likewise, the different types of record values extend the model of ordi-
nary record values and, consequently, they are more flexible in practical situations+

Some results on distribution properties, characterization of distributions, and
inequalities for moments of gOSs have been given in Kamps@12# + Likewise, Ah-
sanullah@1,2# studied the gOSs from two-parameter exponential and uniform dis-
tributions, Keseling @13# characterized continuous distributions by conditional
expectations of gOSs, and Gajek and Okolewski@8,9# gave bounds for expected
values of gOSs+

On the other hand, other articles have been devoted to the study of orderings
among order statistics or record values, in order to compare the reliability of differ-
ent systems and certain aging processes; see, for instance, Barlow and Proschan@6# ,
Gupta and Kirmani@10# , Kochar@17,18# , Shaked and Shanthikumar@22# , Raqab
and Amin@21# , Khaledi and Kochar@15#, and Belzunce, Franco,Ruiz, and Ruiz@7# +

Particularly, many researchers have obtained stochastic comparison results
among spacings of order statistics and record values+ Barlow and Proschan@5# and
Kochar and Kirmani@20# compared normalized spacings of order statistics from a
random sample with decreasing failure rate~DFR! distribution+ In the case of two
samples, Kochar @19# and Khaledi and Kochar@14# established comparisons be-
tween spacings of order statistics when the populations were ordered and one of
them belonged to a certain aging class+ Hu and Wei@11# considered the problem of
stochastic comparisons of generalized spacings according to various kinds of sto-
chastic order+ In addition, Kochar @17# obtained sufficient conditions to compare
spacings of record values in the stochastic order+

The purpose of this article is to establish some stochastic comparison results
among normalized spacings of gOSs formed from two distributionsF andG+ We
show that the results obtained are general in the sense that they hold for many or-
dered random variables, including ordinary order statistics and record values+ Fur-
thermore,we can compare spacings of different models~i+e+, between ordinary order
statistics and sequential order statistics, between record values and Pfeifer’s record
values, and so forth!+

In Section 2, we define the concept of generalized order statistics and recall the
definition of some stochastic orders and aging classes+ In Section 3, we study the
preservation of some orderings between gOSs based on one and two distributions+
Finally, in Section 4, normalized and simple spacings of gOSs are compared and
different applications of these results are given+
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2. DEFINITIONS AND PREVIOUS RESULTS

First, we give the definition of ther th gOS based on a distribution functionF using
its marginal density function,which was introduced originally in Kamps@12# through
the definition of uniform gOS+

Let the functiongm~x!, m [ R, be defined as follows:

gm~x! 5 5
1

m1 1
~12 ~12 x!m11! if mÞ 21

logS 1

12 x
D if m5 21

for all x [ @0,1!+ (2.1)

Definition 2.1: Let n[ N, 1# r # n, k$1,m1, + + + ,mn21 [ R, and Ms5(j5s
n21 mj ,

1 # s# n 2 1, be parameters such that

gs 5 k 1 n 2 s1 Ms $ 1 for all s [ $1, + + + , n 2 1% ,

m1 5 m2 5 {{{ 5 mr21 5 m

and let Km5 ~m1, + + + ,mn21! if n $ 2 ~ Km[ R arbitrary if n 51!. The marginal density
function of the r th gOS X~r, n, Km, k! based on F is given by

fX~r, n, Km, k!
~x! 5 wr :n~F~x!! f ~x!, (2.2)

where

wr :n~x! 5
cr21

~r 2 1!!
~12 x!gr21gm

r21~x!, x [ ~0,1!, (2.3)

and cr21 5 ) i51
r gi +

Note that the corresponding marginal distribution function of ther th gOS based
on F is

FX~r, n, Km, k!
~x! 5 fr :n~F~x!!, (2.4)

where

fr :n~x! 5 12 cr21~12 x!k1n2r1Mr (
j50

r 1

j! cr2j21

gm
j ~x!, x [ ~0,1!+ (2.5)

Let m1 5 {{{ 5 mn21 5 0 andk 5 1; then, Eq+ ~2+2! reduces to the density of
ther th ordinary order statistic of a random sample with distribution functionF+ Let
m1 5 {{{ 5 mn21 5 21 andk [ N; then, the model ofkth record values is obtained+

Let us now recall the definitions of some stochastic orderings and aging classes
that we will use in this article; see, for instance, Shaked and Shanthikumar@22# +

ORDERINGS OF GENERALIZED ORDER STATISTICS 473

https://doi.org/10.1017/S0269964802164059 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964802164059


LetXandYbe the absolutely continuous r+v+with lifetime distributionsF andG,
respectively, and withf andg their probability density functions+ It is said thatX is
smaller thanY in the stochastic ordering, X #st Y, if OF~x! # OG~x! for all x, where
OF~x! 5 1 2 F~x! and OG~x! 5 1 2 G~x! are the survival functions ofX and Y,

respectively+ This is equivalent toE @f~X !# # E @f~Y!# for all increasing functionf
for which the expectations exists+ It is said thatX is smaller thanY in the failure rate
ordering, X #hr Y, if OG~x!0 OF~x! is increasing inx+ It is said thatX is smaller than
Y in the reversed failure rate ordering, X #rh Y, if G~x!0F~x! is increasing inx+ It
is said thatX is smaller thanY in the likelihood ratio ordering, X #lr Y, if g~x!0f ~x!
is increasing inx, and X is said to be smaller thanY in the dispersive ordering,
X #disp Y, if F21~b! 2 F21~a! # G21~b! 2 G21~a! whenever 0, a # b , 1,
whereF21 andG21 are the right-continuous inverses ofF andG, respectively+

The relationships among these orderings are shown in the following diagram:

X #lr Y n X #hr Y

⇓ ⇓

X #rh Y n X #st Y+

For convenience,we writeF #OrderG instead ofX #OrderY,where#Orderis one
of the above stochastic orders+

On the other hand, it is said thatF is increasing~decreasing! failure rate, IFR
~DFR!, if OF~x1a!0 OF~x! is decreasing~increasing! in x for all a$ 0; F is decreasing
~increasing! reversed failure rate, DRF ~IRF!, if F~x 1 a!0F~x! is decreasing~in-
creasing! in x for all a $ 0; andF is increasing~decreasing! likelihood ratio, ILR
~DLR!, if f ~x1 a!0f ~x! is decreasing~increasing! in x for all a $ 0+

Remark 2.1:Bagai and Kochar@3# proved the following result that relates the fail-
ure rate and dispersive orderings and which will be used in this article: ~i! if F #hr G
and eitherF or G is DFR, thenF #disp G; ~ii ! if F #disp G and eitherF or G is IFR,
thenF #hr G+

We conclude this section by describing some results of different authors on
orderings among certain models of gOSs~ordinary order statistics, record values,
etc+! and particularly among their spacings+

Let X~1, n! # X~2, n! # {{{ # X~n, n! be the order statistics of a random sampleX1,
X2, + + + , Xn from a distributionF, and letY~1,m! # Y~2,m! # {{{ # Y~m,m! be the order
statistics of a random sampleY1,Y2, + + + ,Ym from another distributionG+Then,Ci :n5
~n 2 i 1 1!~X~i, n! 2 X~i21, n!! andDj :m 5 ~m2 j 1 1!~Y~ j,m! 2 Y~ j21,m!! are called
normalized spacings fromF andG, respectively+

There is much literature on sample spacings, from the study of them in the
context of empirical processes to their applications in goodness-of-fit tests+ Note
thatX~i, n! 2 X~i21, n! represents the time between thei th and~i 11!th failures when
n independent and identically distributed~i+i+d+! items are put to a life test+ Further,
it may be considered as the additional lifetime to be gained on using an~n2 i !-out-
of-n system rather than an~n 2 i 1 1!-out-of-n system~see Kirmani@16#!+
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For one sample and under the assumption thatG is DFR, Barlow and Proschan
@5# proved thatDj :m #st Dj11:m andDj :m11 #st Dj :m for j 5 1, + + + ,m 2 1, whereas
Kochar and Kirmani@20# strengthened idem results to the failure rate and dispersive
orderings+ Kochar @19# and Khaledi and Kochar@14# considered the problem of
stochastic comparisons of the spacings of two samples, the first one in the particu-
lar case ofi 5 j andn 5 m+ In Khaledi and Kochar@14# , it was shown that ifF #hr

~#lr ! G and if eitherF or G is DFR, thenCi :n #st ~#hr! Dj :m for all i # j andj 2 i $
m 2 n+ If , instead, F #lr G and if eitherF or G is DLR, thenCi :n #lr Dj :m for all
i # j andj 2 i $ m2 n+ Hu and Wei@11# have extended some of the above results
comparing generalized spacings of ordinary order statistics of one sample and two
samples+

Let XL~1!, + + + ,XL~r !, + + + andYL~1!, + + + ,YL~r !, + + + be the record values based on the
sequences~Xn!n[N and~Yn!n[N of i+i+d+ r+v+’s with distribution functionsF andG,
respectively+ Kochar@17# proved that ifF #dispG, thenXL~n1k! 2 XL~k! $st YL~n1k! 2
YL~k!, and ifF #hr Gand eitherF orG is DFR, thenXL~n1k! 2XL~k! $stYL~n1k! 2YL~k!+

3. ORDERINGS BETWEEN GENERALIZED ORDER STATISTICS

In this section, we first study conditions on the parameters to compare gOSs based
on the same distribution, and then based on two different distributions+ As conse-
quences, we obtain the preservation of the stochastic, failure rate, and likelihood
ratio ordering under the formation of gOSs,which extend the preservation results of
other authors+

For that, we will denote Km 5 ~m1, + + + ,mn121!, m1 5 {{{ 5 mr121 5 m, Em' 5
~m1
' , + + + ,mn221

' !,m1
' 5{{{5mr221

' 5m' , gr1
5k11n12 r11Mr1

, andgr2

' 5k21n22
r2 1 Mr2

' +
The following theorem extends some results of Bapat and Kochar@4# and Raqab

and Amin @21# on ordinary order statistics, Gupta and Kirmani@10# and Kochar
@17,18# on record values, and Raqab and Amin@21# onk record values+ In addition,
Kamps@12# proved the result whenKm5 Em' +

Theorem 3.1: Let X~r1, n1, Km, k1! and X~r2, n2, Hm
', k2! be gOSs based on an absolutely

continuous distribution function F. Then, X~r1, n1, Km, k1! #lr X~r2, n2, Hm
', k2! for all r 2 $ r1,

gr1
$ gr2

' , and m$ m' $ 21.

Proof: If m$ m' . 21, we have to prove that

fX~r2, n2, Gm', k2!
~x!

fX~r1, n1, Km, k1!
~x!

5
cr221~r1 2 1!!

cr121~r2 2 1!!

~m1 1!r121

~m' 1 1!r221 ~ OF~x!!gr2
' 2 gr1

~12 OF m'11~x!!r221

~12 OF m11~x!!r121

is increasing inx for all r2 $ r1 andgr1
$ gr2

' , so it is sufficient to prove that

~12 OF m'11~x!!r221

~12 OF m11~x!!r121 is increasing inx+ (3.1)
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Since 12 OF m11 #lr 12 OF m'11 for all m$ m' . 21, we have that

~12 OF m11!r121 #lr ~12 OF m'11!r221 for all r2 $ r1; (3.2)

therefore, Eq+ ~3+1! holds from Eq+ ~3+2! and the implication among orderings
#lr n #rh+

Using the same arguments whenm5 m'5 21 andm. m'5 21, the required
result follows+ n

Next, theorems are devoted to stochastic comparisons of gOSs from distribu-
tion functionsF andG+ The first theorem is immediate taking into account Eq+ ~2+4!,
the definition of the stochastic order, and thatfr :n~x! is a distribution function~see
Kamps@12# !+

Theorem 3.2: If F #st G, then X~r, n, Km, k! #st Y~r, n, Km, k!.

Theorem 3.3: If F #hr G, then X~r, n, Km, k! #hr Y~r, n, Km, k!.

Proof: The failure rate functionhr, n, Km, k
F of the r th gOSX~r, n, Km, k! based onF is

given by

hr, n, Km, k
F ~x! 5

1

~r 2 1!!

f ~x!

12 F~x!

gm
r21~F~x!!

(
j50

r21 1

j! cr2j21

gm
j ~F~x!!

~cf+ Kamps@12, Remark 1+1# !+ SinceF #hr G n F #st G and f ~x!0~1 2 F~x!! $
g~x!0~12 G~x!! for all x, it is sufficient to prove that the function

gm
r21~t !

(
j50

r21 1

j! cr2j21

gm
j ~t !

is increasing int+ (3.3)

Finally, note that Eq+ ~3+3! is equivalent to showing that

(
j50

r21 1

j! cr2j21

1

gm
r2j21~t !

is decreasing int,

which follows, sincegm~t ! is increasing int+ n

Theorem 3.4: If F #lr G, then X~r, n, Km, k! #lr Y~r, n, Km, k! for all m $ 0.

Proof: Using the definition of the likelihood ordering,Eqs+ ~2+2! and~2+3!,we need
to prove that

gY~r, n, Km, k!
~x!

fX~r, n, Km, k!
~x!

5
wr, n~G~x!!g~x!

wr, n~F~x!! f ~x!
5 S OG~x!

OF~x!Dgr21S gm~G~x!!

gm~F~x!! Dr21 g~x!

f ~x!
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is increasing inx+ Then, from the assumptionF #lr G and the implication among
orderings#lr n #hr, it is sufficient to see that

S gm~G~x!!

gm~F~x!! Dr21

is increasing inx

for all m$ 0; that is,

S12 OGm11~x!

12 OF m11~x!
Dr21

is increasing inx+ (3.4)

Finally,Eq+ ~3+4! holds because of the implicationF #lr Gn 12 OF m11 #lr 12 OGm11

for all m$ 0 and the relationship among orderings#lr n #rh+ n

Taking into account the previous theorems, we easily obtain the following re-
sults on preservation of orderings under the formation of gOSs with different pa-
rameters and based onF andG, which extend the results of Singh and Vijayasree
@23# and Raqab and Amin@21# on ordinary order statistics+

Theorem 3.5: If F #st G, then X~r1, n1, Km, k1! #st Y~r2, n2, Hm
', k2! for all r 2 $ r1,

gr1
$ gr2

' , and m$ m' $ 21.

Theorem 3.6: If F #hr G, then X~r1, n1, Km, k1! #hr Y~r2, n2, Hm
', k2! for all r 2 $ r1,

gr1
$ gr2

' , and m$ m' $ 21.

Theorem 3.7: If F #lr G, then X~r1, n1, Km, k1! #lr Y~r2, n2, Hm
', k2! for all r 2 $ r1,

gr1
$ gr2

' , and m$ m' $ 0+

4. ORDERINGS BETWEEN SPACINGS

In this section, we establish stochastic comparisons among spacings of gOSs from
restricted families of distributions+

For that, we define normalized spacings of gOSs from two absolutely continu-
ous distribution functionsF andG by Ur1:n1

5 gr1
~X~r1, n1, Km, k1! 2 X~r121, n1, Km, k1! ! and

Vr2:n2
5 gr2

' ~Y~r2, n2, Hm
', k2! 2 Y~r221, n2, Hm

', k2! ! for 2 # r1 # n1 and 2# r2 # n2+
First, we state Remark 2+8 of Kamps@12# about the Markov chain property of

gOSs+

Remark 4.1:The gOSsX~r, n, Km, k!, r 5 2, + + + , n form a Markov chain with transition
probabilities

P~X~r, n, Km, k! . t 6X~r21, n, Km, k! 5 s! 5 S OF~t !

OF~s!
Dgr

, t $ s+

From this remark, the survival function of the normalized spacing,Ur :n, of gOSs
is given by

OFUr :n
~x! 5E

R
1 OFS

x

gr

1 yD
OF~ y!

2
gr

dfr21:n~F~ y!!+ (4.1)
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Now, we give a theorem that will be used for proving the various results of this
section and in which we give sufficient conditions to compare conditional spacings
of gOSs in the failure rate order+

Theorem 4.1: Let F #hr G and either F or G be DFR. Then, forgr1
$ gr2

' and
y $ 0,

Uy, r1:n1
5 ~Ur1:n1

6X~r121, n1, Km, k1! 5 y! #hr ~Vr2:n2
6Y~r221, n2, Hm

', k2! 5 y! 5 Vy, r2:n2
+

Proof: The result can be obtained as Lemma 2+1~b! of Khaledi and Kochar@14# and
taking into account that the failure rates ofUy, r1:n1

andVy, r2:n2
are given by

rUy, r1:n1
~x! 5 rFS x

gr1

1 yD and rVy, r2:n2
~x! 5 rGS x

gr2

1 yD,
whererF andrG are the failure rates ofF andG, respectively+ n

The following theorem establishes the stochastic order among spacings of two
samples of gOSs,when the distribution functions are ordered in the hazard rate order
and one of them is supposed to have a decreasing failure rate function+

Theorem 4.2: Let F #hr G and either F or G be DFR. Then, Ur1:n1
#st Vr2:n2

for all
r2 $ r1, gr1

$ gr2

' , and m$ m' $ 21.

Proof: The proof is similar to that of Theorem 2+1 in @14# using Theorem 3+5 and
that the survival functions ofUr1:n1

andVr2:n2
can be written as

OFUr1:n1
~x! 5E

R
1 OFS

x

gr1

1 yD
OF~ y!

2
gr1

dfr121:n1
~F~ y!!

and

OGVr2:n2
~x! 5E

R
1 OGS

x

gr2

' 1 yD
OG~ y!

2
gr2
'

dfr221:n2
~G~ y!!+ n

Note that if Km 5 ~0, + + + ,0!, Em'5 ~0, + + + ,0!, andk1 5 k2 5 1, we obtain Theo-
rem 1+2 of @19# and Theorem 2+1 of @14# on the ordering of spacings of ordinary
order statistics, and if Km 5 ~21, + + + ,21!, Em'5 ~21, + + + ,21!, andk1 5 k2 5 1, we
obtain Corollary 3+2 of @17# on record values+

Analogously, in the next theorem, we establish comparisons in the stochastic
order between spacings of gOSs, when the distribution functions are ordered in the
reversed hazard rate order and one of them has increasing reversed failure rate
function+
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The proof is immediate taking into account Theorem 4+2 and the equivalences

X #rh Ym 2X $hr 2Y and X [ IRF m 2X [ DFR+

Theorem 4.3: Let F #rh G and either F or G be IRF. Then, Wr1:n1
#st Zr2:n2

for all r 2 $ r1, gr1
$ gr2

' and m$ m'$ 21, where P~W# t !5 OG~2t ! and P~Z# t !5
OF~2t !.

In particular, we obtain the next corollary for spacings of ordinary order statis-
tics, which is a particular case of Corollary 3+1 of @11# when j 5 i 1 1, q 5 p 1 1,
p $ i , andp 2 i $ m2 n+

Corollary 4.4: Let F #rh G and either F or G be IRF. Then,

~n1 2 r1 1 1!~Y~n12r112, n1! 2 Y~n12r111, n1! !

#st ~n2 2 r2 1 1!~X~n22r212, n2! 2 X~n22r211, n2! !

for all r 2 $ r1 and n2 2 r2 # n1 2 r1.

Proof: Taking Km5 ~0, + + + ,0!, Em'5 ~0, + + + ,0!, andk1 5 k2 5 1 in Theorem 4+3, we
have that

~n1 2 r1 1 1!~W~r1, n1! 2 W~r121, n1! ! #st ~n2 2 r2 1 1!~Z~r2, n2! 2 Z~r221, n2! !

for all r2 $ r1 andn22 r2 # n12 r1+ Finally, the required result follows from the fact

W~r1, n1! 5st 2Y~n12r111, n1! and Z~r2, n2! 5st 2X~n22r211, n2! + n

Let us see now comparisons between spacings of gOSs when their populations
are ordered in the likelihood ratio ordering+ For that, we shall need the following
lemma of Kochar and Kirmani@20# +

Lemma 4.5: Let c1~x, y! andc2~x, y! be positive real-valued functions such that

(i) for y1 # y2, c2~x, y2!0c2~x, y1! is increasing in x,
(ii) for y1 # y2, c1~x, y2!0c2~x, y1! is increasing in x,

(iii) for each fixed x, c1~x, y!0c2~x, y! is increasing in y.

Then, for functionsc1 andc2 satisfying the above conditions, Z1 #lr Z2 implies that
E @c1~x,Z2!#0E @c2~x,Z1!# is increasing in x, provided the expectations exist.

Theorem 4.6: Let F #lr G and either F or G be DFR. Then, Ur1:n1
#hr Vr2:n2

for all r 2 $ r1, gr1
$ gr2

' , and m$ m' $ 0.

Proof: The result follows as Theorem 2+2 of @14# using Lemma 4+5 and that the
ratio of the survival functions ofVr2:n2

andUr1:n1
may be rewritten as

E @c1~x,W~r221, r221! !#

E @c2~x,Z~r121, r121! !#
,
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where

c1~x, y! 5
cr222

~r2 2 1!!

1

~m' 1 1!r221 ~ OG~x0gr2

' 1 y!!gr2
'
,

c2~x, y! 5
cr122

~r1 2 1!!

1

~m1 1!r121 ~ OF~x0gr1
1 y!!gr1 ,

and W and Z are random variables with distribution functionsHW~ y! 5 1 2
OGm'11~ y! andHZ~ y! 5 1 2 OF m11~ y!, respectively+ n

Note that Theorem 2+1 of @19# and Theorem 2+2 of @14# can be obtained from
Theorem 4+6 taking Km5 ~0, + + + ,0!, Em'5 ~0, + + + ,0!, andk1 5 k2 5 1+

Analogously, if the distributions are likelihood ordered and one of them has an
increasing reversed failure rate function, we get the next result+ It follows from
Theorem 4+6 and the equivalences

F #lr G m 2F $lr 2G and F [ IRF m 2F [ DFR+

Theorem 4.7: Let F #lr G and either F or G be IRF. Then, Wr1:n1
#hr Zr2:n2

for all r 2 $ r1, gr1
$ gr2

' , and m$ m'$ 0, where P~W# t ! 5 OG~2t ! and P~Z # t ! 5
OF~2t !.

In particular, we obtain the next corollary for spacings of ordinary order statistics+

Corollary 4.8: Let F #lr G and either F or G be IRF. Then,

~n1 2 r1 1 1!~Y~n12r112, n1! 2 Y~n12r111, n1! !

#hr ~n2 2 r2 1 1!~X~n22r212, n2! 2 X~n22r211, n2! !

for all r 2 $ r1 and n2 2 r2 # n1 2 r1.

Normalized spacings from a DFR distribution are DFR, as it is shown in Theo-
rem 1+15 of @12# + Thus, from Theorem 4+6 and Remark 2+1 we obtain the following
corollary+

Corollary 4.9: Let F #lr G and either F or G be DFR. Then, Ur1:n1
#disp Vr2:n2

for all r 2 $ r1, gr1
$ gr2

' , and m$ m' $ 0.

Note that ifF #hr G, F is DFR, andG is IFR, thenF #lr G+ Thus, we can apply
Theorem 4+6 and Corollary 4+9, obtaining, in the first case, sufficient conditions to
preserve the failure rate order under the formation of spacings of gOSs+

However, there are examples of distributionsF andG such thatF #hr G, F is
IFR, andG is DFR, whereasF Ülr G ~see Example 3+1 of @19# !+ Therefore, Theo-
rem 4+6 is not applicable+ In this setting, Hu and Wei@11# established some com-
parison results between normalized spacings of ordinary order statistics, which we
extend to the model of gOSs in the following theorem and corollaries+
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Theorem 4.10: If there exists an exponential random variable Z with distribution
function HZ such that F#hr HZ #hr G, then Ur1:n1

#hr Vr2:n2
for all parameters

~r1, n1, Km, k1! and~r2, n2, Em' , k2! such that~m1 1!r121~m' 1 1!r221 $ 0.

Proof: The result can be obtained as Theorem 3+2 of @11# taking into account that
the ratio of the survival functions ofVr2:n2

andUr1:n1
can be written as~see proof of

Theorem 4+6!

DC~r2 : n2!E @ Zc1~x,W~r221, r221! !#

DC~r1 : n1!E @ Zc2~x,Z~r121, r121! !#
,

where

DC~r2 : n2! 5
cr222

~r2 2 1!!

1

~m' 1 1!r221 ,

DC~r1 : n1! 5
cr122

~r1 2 1!!

1

~m1 1!r121 ,

Zc1~x, y! 5 ~ OG~x0gr2

' 1 y!!gr2
'

and

Zc2~x, y! 5 ~ OF~x0gr1
1 y!!gr1+ n

As a consequence of Theorem 4+10,we easily obtain the next corollary when the
distributions are ordered in the reversed failure rate ordering just taking into account
the equivalences

F #rh G m 2F $hr 2G

and

F [ IFR~DFR! m 2F [ DRF~IRF!+

Corollary 4.11: Let F#rh G. If one of F and G is IRF and the other is DRF, then
Wr1:n1

#hr Zr2:n2
for all parameters~r1, n1, Km, k1! and ~r2, n2, Em' , k2! such that

~m1 1!r121~m' 1 1!r221 $ 0, where P~W# t ! 5 OG~2t ! and P~Z # t ! 5 OF~2t !.

Now, using Theorem 4+10, Remark 2+1, and that normalized spacings of gOSs
from a DFR distribution have the DFR property, we get the next corollary on pres-
ervation of the dispersive ordering under the formation of spacings of gOSs+

Corollary 4.12: Let F#dispG. If one of F and G is IFR and the other is DFR, then
Ur1:n1

#disp Vr2:n2
for all parameters~r1, n1, Km, k1! and ~r2, n2, Em' , k2! such that

~m1 1!r121~m' 1 1!r221 $ 0.

Finally, we give sufficient conditions to preserve the likelihood ratio ordering
under the formation of spacings of gOSs+
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Theorem 4.13: Let F #lr G and either F or G be DLR. Then, Ur1:n1
#lr Vr2:n2

for all r 2 $ r1, gr1
5 gr2

' , and m$ m' $ 0.

Proof: Note that the ratio of the density functions ofVr2:n2
andUr1:n1

is given by

DC~r2 : n2!E @g~x0gr2

' 1 W~r221, r221! !~ OG~x0gr2

' 1 W~r221, r221! !!
gr2
' 2 1#

DC~r1 : n1!E @ f ~x0gr1
1 Z~r121, r121! !~ OF~x0gr1

1 Z~r121, r121! !!
gr1

21#
, (4.2)

which can be expressed as

E @ Dc1~x,W~r221, r221! !#

E @ Dc2~x,Z~r121, r121! !#
,

where Dc1~x, y! 5 DC~r2 : n2!g~x0gr2

' 1 y!~ OG~x0gr2

' 1 y!!gr2
' 2 1 and Dc2~x, y! 5

DC~r1 : n1! f ~x0gr1
1 y!~ OF~x0gr1

1 y!!gr1
21+ From Lemma 4+5, the result follows

as Theorem 4+6+ n

Once again, Theorem 2+3 of @14# can be obtained from Theorem 4+13 taking
Km5 ~0, + + + ,0!, Em'5 ~0, + + + ,0!, andk1 5 k2 5 1+

Remark 4.14:The results given in this section also hold for simple spacings of gOSs
EUr1:n1

5 X~r1, n1, Km, k1! 2 X~r121, n1, Km, k1! and FVr2:n2
5 Y~r2, n2, Hm

', k2! 2 Y~r221, n2, Hm
', k2! +

To conclude this work,we show some practical applications of the results of this
section, comparing spacings of the same ordered r+v+model and comparing spacings
of different ordered r+v+ models+

5. APPLICATIONS

1+ Choosing Km 5 ~21, + + + ,21!, Em'5 ~21, + + + ,21!, andk1 5 k2 5 1 in Theo-
rem 4+2, we get comparisons in the stochastic order between spacings of
record values+ Let us consider two systems formed from two different types
of i+i+d+ components~i+e+, with distribution functionsF andG!+ This result
allows us to compare the waiting times between two consecutive failures of
the components of a system with the waiting times between another two
consecutive failures of the components of the other system+ Likewise, sup-
pose that the systems are subject to shocks viewed as realizations of two
different sequences of i+i+d+ random variables with distribution functionsF
andG, respectively+ Then, we can compare stochastically the waiting times
between consecutive shocks of both systems or the intensity differences be-
tween consecutive shocks of the two systems+

2+ Given positive real numbersa1, + + + ,an1
andb1, + + + ,bn2

, we takemi 5 ~n1 2
i 11!ai 2 ~n1 2 i !ai11 21, i 51, + + + , n1 21, k1 5 an1

,mi
'5 ~n2 2 i 11!bi 2

~n22 i !bi1121, i 51, + + + , n221, andk25 an2
to obtain the sequential order

statistics based onFs~x! 512 ~12 F~x!!as, 1# s# n+ This model is more
flexible and adequate for describing~n 2 r 1 1!-out-of-n systems than or-
dinary order statistics, because it takes a specific dependence structure into
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consideration+ If some component of the system fails, this may have an in-
fluence on the life-length distributions of the remaining components; that is,
considern components with life-length distributionF1+ At time x, we ob-
serve the first failure+ Then, we suppose that the remaining components
possess the life-length distributionF2 truncated on the left atx, and so on+
From results of Section 4,we can compare the additional lifetime to be gained
on using a modified~n1 2 r1!-out-of-n1 system rather than a modified~n1 2
r1 1 1!-out-of-n1 system, both formed fromFs~x! 5 1 2 ~12 F~x!!as, with
the additional lifetime to be gained on using a modified~n2 2 r2!-out-of-n2

system rather than a modified~n2 2 r2 1 1!-out-of-n2 system, both formed
from Gs~x! 5 1 2 ~12 G~x!!bs+

3+ Choosing suitable parameters~see Kamps@12# !, we can compare spacings
of Pfeifer’s record values and we obtain similar comments to those made in
Application 1, but each shock is now allowed to influence the magnitude of
the subsequent one+ Moreover, we can obtain this kind of application in a
more general shock model usingkn records+

4+ Finally, choosing suitableKm, Em' , k1, andk2, we can establish comparisons
between the spacings of different ordered r+v+ models+ For instance, we can
compare the additional lifetime to be gained on using an~n1 2 r1!-out-of-n1

system rather than an~n1 2 r1 1 1!-out-of-n1 system with the additional
lifetime to be gained on using a modified~n2 2 r2!-out-of-n2 system rather
than a modified~n2 2 r2 11!-out-of-n2 system+Also, we can compare spac-
ings of records with spacings of Pfeifer’s records orkn records+
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