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Abstract - A comprehensive three-dimensional (3D) stochastic model for simulating the
evolution of dendritic crystals during the solidification of binary alloys was developed. The
multi-scale model takes into account all the length scales (e.g., macro, micro- and meso-
scales) required to accurately predict the evolution of dendritic morphologies during so-
lidification of alloys. The model includes time-dependent computations for temperature
distribution, solute redistribution in the liquid and solid phases, curvature, and growth
anisotropy. Stochastic models previously developed for simulating dendritic grains in 2D
were modified to control the nucleation and growth of dendrites in 3D. 3D mesoscopic
computations at the dendrite tip length scale were performed to simulate the evolution of
columnar and equiaxed dendritic morphologies including segregation patterns and com-
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two-dimensional (2D) stochastic

model has been proposed for the

modelling of the evolution of den-
dritic morphologies during solidification [1].
The significance of the stochastic modeling
approach is that the evolution of simulated
micro- structures can be directly visual-
ized and compared with the actual mi-
crostructures from experiments at two dif-
ferent scales: dendrite grain characteristics
such as grain size and location and size
of the columnar-to-equiaxed transition can
be visualized at the meso-scale, while den-
drite morphology (including dendrite tip,
various dendrite arm spacings, microseg-
regation patterns) can be viewed at the
microscale.

One of the challenges associated with
stochastic modeling is reduction in mesh
anisotropy. Basically, because of mesh
anisotropy, dendrites will grow aligned with
the axis of the mesh or at 45 degrees in-
dependently of the initial crystallographic
orientation, which can be called anisotropy
in growth direction. Furthermore, dendrites
aligned with the axis would have narrower
tips than predicted by classic theories, which
can be termed anisotropy in growth kinetics.

pared then with predictions based on 2D mesoscopic computations.

To reduce the mesh anisotropy, a formula-
tion to correct the curvature in 2D was pro-
posed and successfully validated [2]. A de-
tailed discussion about correcting the grid
anisotropy using the phase field approach is
presented in [3].

Detailed comparison of predictions
with measured microstructures requires the
2D stochastic model to be extended to 3D.
This is why several 3D modelsfor sim-
ulating dendritic growth have been pro-
posed in the literature including phase
field approach [3,4] and Lattice Boltzmann
and Cellular Automaton approach [5]. To
be efficient, these models require parallel
computations and can be used only for
relatively small domains. A 3D Cellular Au-
tomaton approach for modeling the evolu-
tion of dendritic grains has also been de-
veloped [6]. This 3D dendritic grain model
is relatively fast but it cannot simulate the
evolution of dendrites and of microsegrega-
tion patterns at the dendrite tip level. Thus,
main goal of the current contribution is to
develop an efficient 3D stochastic mesoscale
dendritic growth model based on the pre-
viously developed 2D stochastic mesoscale
dendritic growth model presented in[1]. The
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3D model includes computations for tem-
perature, solute, curvature and anisotropy
at the dendrite tip level. Another goal of the
paper is to compare the 2D and the 3D pre-
dictions in terms of microstructure evolution
and segregation patterns.

The organization of this paper is as fol-
lows. The mathematical description of the
3D mesoscale stochastic model is presented
in Section 2. The solution methodology is
described in Section 3 and the algorithm in
Section 4. In Section 5, the model is used to
study the evolution of dendrite morpholo-
gies and of micro-segregation patterns in 3D
and compared those with 2D predictions for
a solidifying IN718 alloy

1 Mesoscale model for dendritic
growth

The mathematical representation of the den-
dritic solidification process of a binary alloy
is considered in a restricted 3D domain (£2).
A cross section of this 3D domain is shown in
Figure 1. Here, 7i is the interface normal vec-
tor, K is the mean curvature of the interface,
and the curve I represents the solid/liquid
(S/L) interface which evolves in time and has
to be found as part of the solution. The solid-
ification of binary alloys is governed by the
evolution of the temperature (T (x, y, z, t))
and concentration (C (x, y, z, t)) fields that
have to satisfy several boundary conditions
at the moving S/L interface as well as the
imposed initial and boundary conditions on
the computational domain. The equations
that describe the physics of the solidifica-
tion process in 3D Cartesian coordinates are
as follows (see the 2D equations in [1,7-9]).

— Temperature (T) in Q (heat transfer

equation):
aT d aT dJ JT d JoT
%E—a@a%iﬂ%ﬂ+£@z)
0
—pL% with fi=1-fs (1)

where t is time, p is the density, K is the
thermal conductivity, cp is the specific heat,
L is the latent heat of solidification, f;, is the
liquid fraction, fs is the solid fraction, and
x,y and z are the domain coordinates.
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Fig. 1. A 3D-domain for dendritic solidification.

— Concentration (C) in Q (solute diffusion
equation):
In the liquid phase (Cy):

0 _ 9 (5 9L, 2 (p 9
ot ox\ “ox ) ay\""ay
9 (. dCr

In the solid phase (Cs):

dCs 0 dCs d dCs
o 8x(DS Ix )* Iy (DS Iy

d dCs
where D; and Dgs are the interdiffu-
sion coefficients in the liquid and solid,
respectively.

Local equilibrium at the S/L interface on
I'(t) (here, “* ” means at interface):

Cy = kC; )
— Solute conservation at the S/L interface:

VnCL(k—l)_( DL(ax + oy + az)

dCs dCs dCs)) .
+DS(W+a—y+$))”

©)

where V;, is the normal velocity of the in-
terface and 77 denotes the normal to the
S/L interface that is pointing into the lig-
uid (see Fig. 1).

— The interface temperature (1) is defined
as (assuming local equilibrium with both
phases):

T =T;° +(C} — Co)mL — T&f (¢,0) (6)
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where TEQ is the equilibrium liquidus
temperature of the alloy, my is the lig-
uidus slope of the phase diagram, K is
the mean curvature of the S/L interface,
I' is the Gibbs-Thomson coefficient, and
f (@, 0)is a coefficient used to account for
growth anisotropy where ¢ is the growth
angle (i.e., the angle between the normal
and the growth axis) and 0 is the prefer-
ential crystallographic orientation angle.

In equation (6), second term in the right side
is the constitutional undercooling and the
last term in the right side is the curvature
undercooling (that reduces the total under-
cooling at the dendrite tip, that is, has a sta-
bilizing effect on the S/L interface). The in-
terface temperature is also affected by the
kinetic undercooling. The kinetic undercool-
ing is not accounted for in this model since
its effect becomes significant only at very
high solidification velocities (i.e., in the rapid
solidification regime). Also, the coefficient
f(p, 0) in equation (6) assumes an axisym-
metric approximation where the anisotropy
and the interface shape are independent of
the polar angle ¢ in the x-y plane perpendic-
ular to the growth axis [3].

2 Solution methodology

The solidification process is governed by
equations (1) to (6) and a stochastic model
for nucleation and growth. The numerical
procedures for calculating the nucleation
and growth, temperature and concentration
fields as well as the growth velocity of the
S/L interface are described in details below.

2.1 Stochastic model for nucleation
and growth

The structure of the stochastic model is sim-
ilar to that described in reference [10]. It con-
sists of a regular network of cells that resem-
bles the geometry of interest. The model is
characterized by (a) geometry of the cell; (b)
state of the cell; (c) neighborhood configura-
tion; and (d) several transition rules that de-
termine the state of the cell. In this work, the
geometry of the cell is a cube. Each cell has
three possible states: “liquid”, “interface”, or
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“solid”. The selected neighborhood configu-
ration is based on the cubic von Neumann'’s
definition of neighborhood, that is the first
order configuration and it contains the first
six nearest neighbors. Solidification behav-
ior depends to a great extent on the transi-
tion rules. In this model, the change of state
of the cells from “liquid” to “interface” to
“solid” is initiated either by nucleation or by
growth of the dendrites.

At the beginning of the simulation, all
cells are liquid, and their state index is set
to zero. As nucleation proceeds, some cells
become “interface” cells, and their index is
changed to an integer larger than zero, n.
The cells in contact with the mold wall
are identified with a different reference in-
dex, m. The index is transferred from the
parent cell to adjacent cells, as they be-
come “solid” cells through growth. The in-
teger accounts for the preferential growth
of cubic crystals in the (100) direction. For
graphical representation, each integer has a
color associated with it, and each cell is a
pixel on the computer screen. Both crystal-
lographic orientation and random location
of the new dendrites are chosen randomly
among 256 orientation classes that are the
first 256 colors used for graphical represen-
tation. The probability, dp(0), that a newly
nucleated dendrite has a principal growth
direction in the range [0;, 0;+d0;] is given by

/4

)
where 2/mt takes into account the four-fold
symmetry of the cubic crystal (see integral
in Eq. (7)). Note that in the case of the cur-
rent 3D calculations, the 0; are the angles
between the normal n and the two local prin-
cipal directions on the boundary.

The number of equiaxed and columnar
dendrites, N, and JdN,, that can nucleate
in the volume of the liquid and at the sur-
faces (boundaries) of the mold (computa-
tional domain) during one time step, 6t, is
calculated by using the nucleation site dis-
tributions, N,(AT) and N.(AT), respectively.
Thus, assuming no solid movement in the
liquid, nucleation rate is given by [10]:

JON

oT
= = 2un (AT) — (1= f5)  (8)
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where N is the number of nuclei, AT is the
bulk undercooling, and uy is a nucleation
parameter. The nucleation probabilities for
“liquid” cells located in the bulk of the liquid
and at the surface of the mold (dp, and dp,) to
nucleate during each time step are given by

JN, JN.

= NY—N° and dpc = F (9)

dap.

where NY and N° are the number of cells
in the bulk and at the mold surface, re-
spectively. During the time step calculation
both the mold-surface cells and bulk cells are
scanned and a random number, rand, is gen-
erated for each of them (0 < rand < 1). The
nucleation of a “liquid” cell will occur only
if rand < dp, or rand < dp..

It is assumed that a nucleus formed at a
particular location will grow based on the
growth velocity of the S/L interface given by
equation (5) and the neighborhood configu-
ration rule previously described. As nucle-
ation succeeds, a nucleated “liquid” cell will
become an active “interface” cell (e.g., n or
m > 0), and will grow until its solid fraction
becomes one. Thereafter, the “interface” cell
would capture the neighboring cells if a ran-
domly generated number, rand, is smaller
than the capture probability, p., defined as
follows:

1
Pe= T ———
tan- 6; + 1

where 0; angles between the normal 7 and
the two local principal directions on the
boundar take values from —-m/4 to 7 /4.
At the capturing time, the state index of
the “interface” cell is transferred to the
captured neighboring cells that will become
“interface” cells. Then, the “interface” cell
becomes a “solid” cell. Further, the same
procedure is used until all “liquid” or “in-
terface”cells become “solid” cells.

(10)

2.2 Calculation of the temperature
field

An implicit finite difference scheme (based
on the successive over-relaxation method) is
used to calculate the temperature of each cell
as described by equation (1). This scheme
does not impose any restriction on the time
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step used in calculations. An initial temper-
ature higher than the equilibrium melting
temperature of the alloy was assigned for
all cells and convective boundary conditions
(through the use of surface heat transfer co-
efficients) were used for surface cells.

2.3 Calculation of the time step

Time step used in calculations is given by

2 2

ot = 1rnin 447
B 5 Vmax,DL,DS

) (11)
where a is the mesh size (uniform in x, y,
and z directions) and Vi, is the maximum
growth velocity obtained by scanning the
growth velocities (V},) of all “interface” cells
during each time-step (see Eq. (12)). Equa-
tion (11) satisfies the conditions for both the
explicit tracking scheme of the moving S/L
interface and for explicitly calculating the
concentration fields in both the solid and lig-
uid phases.

2.4 Calculation of the concentration
fields in the liquid and solid
phases

An explicit finite difference scheme is used
for calculating the concentration fields in
the liquid and solid phases. This scheme
is stable for the time-step condition shown
in equation (11). Zero-flux boundary condi-
tions were used for cells located at the sur-
face of the geometry. The solution algorithm
includes the “interface” cells by multiplying
the concentration in the liquid by the liquid
fraction and the concentration in the solid by
the solid fraction of the particular interface
cell. Also, during each time-step calculation
and for each “interface” cell, the previous
values of the liquid and solid concentrations
are updated to the current values of the in-
terfaceliquid and solid concentrations calcu-
lated with equations (4), (5), and (12) to (15).

2.5 Calculation of the growth
velocity of the S/L interface

For “interface” cells, the values of the inter-
face velocities in the x, y, and z directions are
obtained from equations (4) and (5). For V,
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the finite difference form is as follows (simi-

lar for V, and V>):
o ~ DL CL (l - 1/ jl k)
Vel ik = o h [(1 C; (i, j k)

XfL(i—l,j,k)
CL+1,,k\ . . . .
- QﬁJk))ﬁO+LL©]
ks [, Cs(i—l,j,k))
a(l1-k) [( kG (i, j k)

st(i—l,j,k)

Cs(i+1,jk) _ _
i Ty LA
(12)

+

2.6 Calculation of the fraction
of solid evolution

Knowing the velocity components in x, y,
and z directions, the solid fraction increment
is calculated with:

ot ot ot

Of ¢ = " (Vx +Vy+ V.~ VxVy; - VXVZE
ot

—Vzvy;) (13)

Then, the solid fraction and growth velocity
(V) are computed based on equation (13) as:

. a
f&=fS+06f; and Vn:(sfsa (14)

"1

where superscripts “n” and “0” denote new
and old solid fraction values, respectively.

2.7 Calculation of the interface
liquid concentration

C; is calculated from equation (6) as

« _ TEQ o
¢ - cos (T -1} +mr1< f(®, 0)) )
L

The procedures for calculating Kand f (¢, 6)
are described below.

2.8 Calculation of the Interface
Curvature

The average interface curvature for a cell
with the solid fraction fs is calculated with
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the following expression:

N
o fs+ k§1fs (k)
Keoit-2=—x+1 | @O

where N is the number of neighboring cells.
In the present 3D calculations, N = 26, that
contains all the first order neighboring cells
(including diagonal cells). Equation (16) is a
simple counting-cell technique that approx-
imates the mean geometrical curvature (and
not the local geometrical curvature). The val-
ues of the curvatures calculated with equa-
tion (16) vary from a maximum of 1/a to zero
for convex surfaces and from zero to a min-
imum of —1/a for concave surfaces.

The curvature can also be computed
with [9,11]:

R=-(Va) = L [[EV] lii| - (vﬁ)] (17)

il 1\

where the unit normal 71, 7 = %, is derived

from a normal vector i, i = V fs, which
is the gradient of fs. Thus, the 3D curvature
in non-conservative form can be rewritten
as [12]:

1
(o2 + (fe)2 + ()
[ (o) ((fo) + (f6)2)
+ (f)yy () + (£6)2) + (o).

R=-

x ((fs): + (£6)7)
=2(fs), (f), (f)y = 2(f5) (fs), (fs)s
=2(fs), (f5), (fs).y (18)

where the partial derivatives of fs are com-
puted using centered finite difference ap-
proximations. & is computed from the first
26 neighboring cells only at gridpoints adja-
cent to the S/L interface.
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Fig. 2. Flowchart of the stochastic model.

2.9 Calculation of the anisotropy

The anisotropy of the surface tension (see
Eq. (6)) is calculated as [3]:

f((p,@)_1+1_36(cos (p-06)
+Zsin4((p—9))
with

V.

@ =acos (19)

[vor+ (v + 7]

where ¢ is the angle between the normal
direction to the solid-liquid interface and
the [10] direction (growth axis), 0 is calcu-
lated with equation (7) and 6 accounts for the
degree of anisotropy. For cubic symmetry,
6 = 0.047 [3]. Equation (19) again assumes
an axisymmetric approximation where the
anisotropy and the interface shape are inde-
pendent of the polar angle ¢ in the x-y plane
perpendicular to the growth axis [3].

3 Algorithm

The flowchart for the stochastic model is
presented in Figure 2, where T is the new
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temperature distribution, T is the equilib-
rium liquidus temperature of the alloy, Cand
the new concentration distribution, 6fmin is
the current time step used in calculations,
and IC and BC stand for initial and bound-
ary conditions. The simulation software was
written in Visual Fortran 90. The output of
the model consists of screen plotting at any
chosen time of C, T, or color indexes of all
cells. Also, the final values of C, T, and color
indexes of all cells are saved at the end of
computations on the computer disk.

4 Results and discussion

Thermo-physical properties of the alloys
used in simulations are presented in Table 1.
The IN718-5 wt. % Nb alloy is considered
to be a pseudo-binary alloy [9,13]. The grid
size of both the 2 x4 mm 2D domain and the
2 x4 x 1 mm 3D domain is a = 5 ym. This
grid size is fine enough to approximately
resolve the dendrite tip radius that, in the
present solidification conditions, is larger
than 5 ym. The average interface curvature is
computed with equation (16). Newton cool-
ing boundary condition was applied only to
the bottom of the computational domain. All
the other boundaries were assumed to be
perfectly insulated. The surface heat trans-
fer coefficient used in the present simula-
tions is k = 10° Wm™2 K. Zero-flux so-
lute boundary conditions were applied at
the boundaries of the computational domain
(i.e., a closed system was assumed). The ini-
tial melt temperature was assumed to be
1400 °C. Also, an initial concentration equal
to C, was assumed everywhere on the com-
putational domain.

In Figure 3, a comparison of 2D ((a)
and (b)) and 3D ((c) and (d)) simulated
microstructures and segregation patterns
(columnar dendritic morphologies) in unidi-
rectional solidification of IN718-5 wt. % Nb
alloy is illustrated. The 3D results are taken
from the middle of the thickness of the sim-
ulated domain. The 2D computations were
done by using the 2D stochastic dendritic
model presented in [1,7-9]. The competition
between nucleation and growth of multiple
columnar dendrites is evident in both 2D
and 3D cases. The strong growth competi-
tion from the sample bottom (>20 dendrites)
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Fig. 3. Comparison of 2D ((a) and (b)) and 3D ((c) and (d)) simulated columnar dendritic morpholo-
gies and segregation patterns in unidirectional solidification of IN718-5 wt.% Nb alloy.

Table 1. Thermophysical properties of IN718-5Nb used in simulations [9,13].

c E
Property leN , Hy , L P K Cp T
[m2K?] [m3K?] [J/kgl [kg/m®]  [W/m/K]  [J/kg/K] [°C]
Value 1x10° 5x 108 29x10° 7620 30.1 720 1336
Property Co Ceut ko Dy Ds mp, r
[wt.% ] [wt.% ] - [m?2s7'] [m2?s7'] [°C%!] [K m]
Value 5.0 19.1 0.48 3%x10° 1x10712 -10.5 3.65x 1077

to 1/4 of the sample height (10 dendrites) to  follows:
1/3 of the sample height (6 dendrites in 2D X
and 9 dendrites in 3D) to 2/3 of the sample ST = chf’ "
height (4 dendrites in 2D and 6 dendrites in Ceut =k Co
3D) can be observed. Also, for 3D compu-
tations, more dendrites are observed toward
the top of the sample, which is because more Coo = Csfs + CLf

nucleation sites are available in 3D than in  The legend in Figure 3 also shows the

2D and also because some dendrites that 756 color indexes (CI varies from 0 to 255)
are visualized are cut from a different plane. (legend displays 16 classes, where each class
The segregation patterns are also different contains 16 different color indexes) used for
in 3D when compared with 2D simulations, displaying the preferential crystallographic
namely, the segregation profile in the up-  grientation angle. The orientation angles can
ward direction is higher in 2D than in 3D. be extracted from the legend using the fol-

Note also that the columnar morpholo-  lowing equation: 6; = 7t/2 * (CI/255) — 7t/4.

255

with

gies are different in 3D than in 2D. This is
because for a 2D geometry the grain growth
is confined in the x-y plane while for the 3D
case the grain growth can is free in the third
(z) direction.

The Nb segregation index (SI) shown
in the legend in Figure 3 is computed as
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Thus, when CI/255 varies from 0 to 1, 6;
ranges from —7t/4 to 1t/4.

Figure 4 shows a comparison between 2D
and 3D computations in terms of equiaxed
dendritic morphologies. The equiaxed grain
density was f x 10® nuclei/m? in 2D and
10'2 nuclei/m? in 3D. The conversion factor

317
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in the x-y plane while for the 3D case it
is free in the third (z) direction; (2) more
nucleation sites are available in 3D than
in 2D and (3) some dendrites that are
visualized in the middle plane of the
3D simulation are cut from a different
plane.

(iii) However, the 3D equiaxed dendritic
morphologies appear to be similar with
2D equiaxed dendritic morphologies.
Consequently, a simple conversion fac-
tor (4/m) can be used to convert the 2D
grain size to 3D grain size.

Future work will include the following mod-
elling aspects:

‘ Iu ith ‘Il!hl |ﬂ'|llih|
(@ (b) ¢l (i) correction of the mesh anisotropy [2,3];
Fig. 4. Comparison of 2D (a) and 3D (b) simulated (jj) improvement in the calculation of the

equiaxed dendritic morphologies in unidirectional so-

interface curvature by including all
lidification of IN718-5 wt.% Nb alloy. y &

318

f = m/4 [14]. Similar equiaxed morpholo-
gies can be observed from Figure 4 for both
2D and 3D cases, implying that 2D compu-
tations can be used and then the grain size
can be converted to 3D by using the “1/f”
conversion factor.

A RAM memory size of 100 bytes/cell
is needed in the present 3D computations.
CPU-time is related to the domain size and
the time-step (Eq. (11)) and, for the simula-
tion problems presented in Figures 3 and 4, is
of the order of few hours on a Dell Precision
T7500 desktop.

5 Conclusions and future work

The following conclusions can be drawn:

(i) an efficient 3D mesoscale stochastic
model was developed in this work.
The model can be used to simulate 3D
microstructures using PCs (one micro-
processor) with reasonable amount of
RAM and CPU time and therefore no
parallel computations are needed;

(ii) it was observed that based on the cur-
rent simulations that the 3D columnar
dendritic morphologies look different
than the 2D columnar dendritic mor-
phologies; this is because (1) for a 2D
geometry the grain growth is confined
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the first and second order neighboring
cells [1,9] as well as equation (18);

(iii) fluid flow study (3D case): the effects
of the fluid flow on the microstructure
evolution for a 3D geometry can be an-
alyzed properly; this could not be done
for a 2D geometry;

(iv) columnar-to-equiaxed transition (CET)
will be modelled and analysed in details
in the near future and compared with
experimental observations.
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