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AVERAGE RUN LENGTHS
FOR MOVING AVERAGE
CONTROL CHARTS

SHELDON M. Ross*™

Department of Industrial Engineering and Operations Research
University of California
Berkeley, California 94720

We are interested iE[N], the mean time until the most recehvalues of a se-
quence of independent and identically distributed random variables exceeds a spec-
ified constantUsing recent resulfsve present a simulation procedure for determining
E[N]. These results are also used to obtain upper and lower bounds fo}.

These bound$oweverare in terms of a quantity that is not easily calculated
recursive procedure for evaluatimgvhen the data distribution is Bernoulliis given
Efficient simulation procedures for estimatingin the cases of normal and expo-
nential population distributions are also presenssds a Markov chain monte carlo
procedure when the distribution is general

1. INTRODUCTION

Let X4, X5,... be a sequence of independent random variables having a common
distribution functionF. For a fixed positive integek and constant, let

n
Mn: 2 Xi, nZk

i=n—k+1

and define

N =min{n=k: M, =c}
and

a =P{M,=c}.
We are interested in bounding and approximatitidN | in situations wherex is
small
*This research was supported by National Science Foundation grant DMI-9610046 with the University
of California
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To motivate the precedingmagine thatX; represents the measurable value of
the ith item produced by a certain proceSsippose that when the process is in
control these items tend to have small valugsthermore suppose that the pro-
ducer is employing a moving average control rule that declares the process to be out
of control whenever the average of the most red¢evdlues is at least/k. In this
scenarig E[N] represents the mean number of items that will be produced before
the process is declared out of control when the underlying distributiéh(see
Crowder[1] and Robert$4]). Its computation for various distributiorfs is thus
important in enabling us to evaluate the control rule

A natural approach to computirig[N ] is to regard it as a mean first passage
time of the Markov chain that continually keeps track of the most rdcerit values
of the X’'s until the moving sum is at least However as this results in a Markov
chain with ak — 1 dimensional state spacés analysis is only computationally
feasible for very small values &f An approach to approximate[ M ] by a straight-
forward simulation also leads to difficultieSince{M,, n = k} is a moving sum
process of th& most recent value# follows that whenx is smallN — (k — 1) will
approximately have a geometric distributiés a resulfVar(N) ~ (E[N])2, which
implies that the use of a straightforward simulation approach to esti{aé will
be inefficienf both because each run will require an averagg[df | random vari-
ables and because a large number of runs will be needed to obtain a precise estimator

In Section 2 we presume that the process is continually simulated until the
moving sum exceedsand show how to use results from R¢g$to obtain a sim-
ulation estimator oE[N]. In Section 3we use another result §7] to obtain rea-
sonably precisghough not easily computablbounds forE[N].

A recursive method of determining these bounds wkhés a Bernoulli distri-
bution is given in Section.4n general however a simulation is needednd in
Section 5we present a simulation procedure that can be utilized for certain distri-
butions to approximate efficiently these bounkissubsections .3 and 52, we uti-
lize this procedure whelis a normal and an exponential distribua@msubsection
5.3, we consider the case of an arbitrary distribution and present a Markov chain
monte carlo techniquén Section 6we consider two-sided control charts where one
is interested in the mean time unh, is either sufficiently large or sufficiently
small

2. SIMULATING E[N]
Suppose thall data values are simulateahd suppose that

(fok+2’-"’xN) = (yZ’---’yk)-

LettingW,,...,W,_1 be independent random variables having distribuEdhat is
independent of th;, it follows from results of 7] that

k i—1 k
1+2P{2V\,{2c—2y,}
=2 -1 i=i

j,

&

o
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is the value of an unbiased estimatorEdfN |. Thus each simulation run produces
two unbiased estimatofd and&. If we performr simulation runsthen we can use
an estimator of the type

aN+ (1—a)é&,
where the best value afcan be determined by the simulati@®e RosE5, pp. 148—
149]). We would expect in most cases that the optimahlue is small

Remark: If the value of€ cannot be easily computed because of the difficulties of
calculating some of the probabilitiethen these probabilities can themselves be
estimated by a simulation

3. THE BOUNDS
Let A, be the event thatl, = c. It follows from results given i 7] that

1— (k—1a 1
— — =E[N]=—, 1)

where
w = P(AkACk+l' : 'Aczk—1)~

In the following sections we show how can be efficiently obtained whek is
Bernoulli normal or exponential(The importance of was first noted in Hwang
and TrietscH 3], where Yo was suggested as an approximationEdN ].)

4. EVALUATING THE BOUNDS FOR A BERNOULLI DISTRIBUTION

Let X4, X5, ... be Bernoulli random variables with paramepethat is P{X; =1} =

p, P{X; =0} =q=1— p. Assume that is a positive integeso thatN is the first time
that there is a run df values whose sum is at leastWe now develop a recursive
scheme to evaluate the probability

j—1

k k
w:p{zxizc’ E 2 Xisi <G, forallj=2,...,k}

K K i—1
ZP{EXizc, DX+ D Xy < €, forallj=2,...,k}
i=1 i=j i=1
K i—1 i—1
= {inzc, X > > Xeris forallj=2,...,k}
i=1 i=1 i=1
k_l cqk—c+1
- c—1 P-a
-1 -1 K
XP{ )(iZ Xk+i’ J:3’ k EXizcyxlz:LXkJrl:O}'
= = =
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That is

k-1 i1 -1
w:< >p°ch+1P{Exi22Xk+i, i=3,...,k
c—-1 =2 i=2

ixi = C_l}.
i=2
2

To evaluatew, consider two urnsdUrn A containss balls of whicht are worth 1
point and the othes — t are worth 0 pointswhereas each ball selected from urn B
independent of previous selectighss value 1 with probabilitp and value 0 other-
wise Suppose that each round consists of randomly choosing a ball from egch urn
noting their values and then discarding the chosen bdlis A's score after each
round is the sum of the values of all its balls chosen by that,zme similarly for urn
B’s scorelfwe letP(st,i) denote the probability that urn Ais never behind by more
thani points at any time during the firg — 1 rounds then it follows from the
preceding set of equations that

— k_l ck—c+1 k
w={._q1)P4d P(k—1c—10). ()

Conditioning on the outcome of the first round gives the following recutsion
, t os—t ot .
P(st,i) = gpP(s—Lt—Ll) o qP(s—1Lt,i) + ;qP(s—Lt— Li+1)

s—t . .
+TpP(s—Lt,|—1), i=0. 4)

Using the boundary condition
P(sti)=0, <0
P(Lti)=1 i=0t=0,1
now enables us numerically to compié — 1,¢ — 1,0) and using Eq (3), w.
Remark: In the Bernoulli casewe are sometimes interestedsfT |, where
T=min{j=c: M, =c}.

That is T is the first time that there have beenata values equal to 1 within a run
of k or fewer consecutive valuelloting that

N = max(T, k),

we can determine the relation betwefir | andE[N] by conditioning onS the
first time that the sum of all data values is equatto

k—1

E[N-T]= Y E[N-T|S=i]P{S=i}

k—1 i -1 ‘
= ;:(k_ |)<L_ 1) quI—C'
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That is

k—1 i—1 )
E[T] = E[N]- 2(k—i)<(|:_1> 0eq—<. )

WhenF is not Bernoullj a simulation is needed to approximate Our general
simulation approach is indicated in the next section

5. A SIMULATION APPROACH FOR EVALUATING w
Recall that withA, defined as the event thit, = c, we have

© = P(ACA 1A 1)
P(ADP(AL 1+ AS 1| A
= aB

where
B= P(Ai+1"'A%k—1|Ak)-

Assuming thatx can be computedve propose to use simulation to estimgteur
approach will be first to generate the valuesXgf..., X, conditional on the event
that>  ; X, = . If Xeiq,..., Xox_q are independent random variables having distri-
butionF, thenP(D|X,,..., X,) is an unbiased estimator 8f where

k j—1
D= {in + D Xy <c, forallj= 2,...,k}.
i=j i=1
As the preceding probability cannot be directly computeelneed to continue with
our simulation Now, whereas we could generate the valueXgf, ..., X541, and
then use the indicator function & as the estimatowe instead propose to use the
conditional probability oD, given all the variables excep ., as our estimator
Whereas such a conditional expectation estimator will always have a smaller vari-
ance than the indicator functipthe key role ofX, ., leads us to believe that the
reduction in variance might be substantial

We thus propose the following approach to estimajing

1. GenerateXs,..., X, conditional on the event th&* ; X, = ¢, and letx;,
i =2,...,kbe these generated values

2. Generate independent random variat{gs,, ..., Xo_1 having distribution
F, and letyy.;,i = 2,...,k — 1 be the generated values

3. Letm=max_, (S5 % + 3 Xi)-

4. Obtain the estimatadf (c — m) = lim,_,oF(c — m— h).

The preceding should bg repeated many times and the average of the values of
H(c — m) obtained call it B, is the estimator oB.
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Remark: The preceding assumes thétx) can be efficiently computetf this is not
the casgethen in Step 2 we should also generate the valug of, say it isx,.,, and
then use the indicator of the evey,., + m < c} as the estimator g8 for that
iteration

In order to utilize the preceding approach to estingtand thus obtain bounds
for E[N], it is necessary to be able to generAte..., X, conditional on the event
thatS¥ , X; = c. In Sections 5 and 6 we show how this can be accomplished for the
normal and the exponential distributioRs For the normalwe first generate the
random variabl&Y_, X; conditional on its value exceedimgand then generaté,

i = 2,...,k conditional on the generated value of the sdion the exponentiglwe
directly generate;,i = 2,...,k conditional on the event tha&®_ , X, = c, without
first generating the value of the sum

5.1. The Case of a Normal Distribution

If Fis a normal distribution with meam and standard deviatian, then by consid-
ering the random variablesX; — p)/o the problem reduces to one in which the
distribution is a standard norm&o suppose thét is the standard normal distribu-
tion. SinceM, will then be normal with mean 0 and variankeour first step in the
simulation is to generate a standard normal random varzsi®,/'k conditional
on the event thaZ exceedd = ¢/Vk, whena = P{Z = b} is small That is we want

to generate a random variable having density function

1 2
f(x) = e X72 X=b,

® (b)v2m

where® (x) = P{Z = x} is the standard normal tail distribution functidio accom-
plish this we will use the acceptance-rejection algorittsee[5]) with an expo-
nential random variable that is conditioned to be larger thathat is its density
function is

g(x) = Ae A7) X=b.

Since

f (X) ef/\be/\xfxz/z

g(x)  AB(b)V27

it easily follows that

f (X) e/\z/z—)\b
C(A) = max

b g(x)  Ad(b)yy2r ©)
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Simple calculus now shows th@f A) is minimized when
N = b++b?+4
a 2

with A taken as equal to the value specified in Ej.
The acceptance—rejection algorithm for generating a random variable distrib-
uted according td by using ones generated accordingjds as follows

)

1
1. Generate a random numbégy and seX = b — 1 log(U,).
2. Generate a random numbds.
3. If U, = exp{—X?%/2 + AX — A?/2}, stop otherwisgreturn to 1

It should be noted that the preceding used thét/)) log(U) is exponential
with rate A, and also that the conditional distribution of an exponential conditioned
to exceed a constant is distributed as the constant plysititenditional exponen-
tial. The preceding can be made more efficient by noting that the inequality in 3 can
be written as

—log(U,) = (X—1)%2,

and then usindas in[5, pp. 70-71]) the fact that if an exponential exceeds an
independent random variabYethen the amount by which it exceedss exponen-
tial and is independent of. Using this we can rewrite the preceding algorithm as
follows:

1. Generat@V andY, independent exponential random variables with rate 1
2. SetX=Db+ W/A.

3. SetE=Y— (X—A)%2.

4. If E= 0, stop otherwisegreturn to 1

The values ofX and E obtained from the algorithm are that of independent
random variableswvith X being distributed according foandE being exponential
with rate 1 Thus not only do we obtain by this algorithm a standard normal random
variable conditioned to excedxlbut also an independent exponential random vari-
able which can then be used for the next generation of a conditioned standard nor-
mal The number of iterations needed by the algorithm is a geometric random variable
with meanC () given by Eqs(6) and(7). For values ob that are of interestC(A)
is quite smallFor instanceif b = 3, then(to two decimal places\ = 3.3 andC(\) =
1.04. (Thus the simulation of a sequence of independent standard normals that are
all conditioned to exceed 3 requires that for each one we generate an averdif: of 1
exponentials with rate 1 and perform an average@8 2nultiplications) Also, since

—b%/2

C(A)=C(b) = W’

https://doi.org/10.1017/50269964899132078 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964899132078

216 S. M. Ross

it follows from the inequality(see Ros$6])

e 72 b?+4-b
N2m 2

®(b) >
that

2
CH< —F——,
b(vb%+4—D)
which again indicates the efficiency of the algorithfihe value of the right-hand
side of the preceding,ifor instance1.207 wherb = 2, 1.101 wherb = 3, and 1059
whenb = 4.)

Remark: If we only wanted to generate a single standard normal conditioned to
exceed the positive constalmtthen another algorithm to consider is acceptance—
rejection using

g(x) = eP’2%xe*72  x=h.

Noting that the distribution function corresponding to this density is

G(x)=1—e b2 y=p

it follows from the inverse transform meth@8] that we can generate a random
variableX having densityg by generating a unifornf0,1) random variabldJ and
then usingX = Vb2 -2 log(1— U). In fact, since 1— U is also uniform overt0,1),

a slight savings is obtained by replacing U by U in the precedingAlso, since for
X=h

f(x) e

gx)  d(b)W2rx

it follows that

C=ma ) e
= X == .
x=b g(x) ®(b)V27b

Hence using the acceptance—-rejection technique can generaté conditional on
Z > b as follows

1. Generate random numbduds andUs,.
2. SetX = b? — 2log(U,).

3. If U, = b/X, stop otherwisereturn to Step 1

The value ofX is then that of a standard normal conditioned to exdeedd the
number of iterations of Step 1 that are needed is a geometric random variable with
meanC. Although not as efficient as the previous algorithm presented when a se-
guence of conditioned standard normals is requiteaiight be competitive when
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only a single one is needellor examplewhenb = 3, it requires on averaged94
iterations with each iteration needing 2 random numbarsd 1 log 1 square rogt
and 1 multiplication calculatian

Let us now suppose that we have simulated the valud,of >K . X; condi-
tional on the event that it is larger thanlet its simulated value bg We now need
to generateX,, ..., X, conditional on the event thid, = y. To accomplish thiswe
make use of the following lemmahose proof is straightforward

Lemma 1: If Z,,...,Z, are independent standard normal randeariables then
the conditional distribution of Zgiven that>{", Z; = a is the normal distribution
with mean #n andvariance(n — 1)/n.

Using the lemmawe can generat&,,..., X, in sequenceas follows First
generateX, by generating a normal random variable with mggk and variance
(k — 1)/k. Now, suppose that for 2 i < k, X,,...,X; have been generated and
that their values are,, ..., x;. Then generateX;,,; by generating the value of a
normal random variable with medry — E‘,}szj )/(k — i + 1) and variancgk —
i)/(k — i + 1). Continue on until all ofX,,..., X, have been generate@hen
follow the remaining steps outlined in Section 5 to complete the simulation

Suppose théf is the standard normal distribution ace 3vk. As N is the first
time that a moving sum dénormal random variables differs from its mean by more
than 3 times its standard deviatidhfollows in this case thatr = 0.00135 The
following table gives simulated estimates @fand the resulting estimates of the
lower bound4.B = (1— (k—1)a)/w and the upper bound$B =1/w = 1/(afB), for
values ofk between 3 and.8

k B LB uB

3 0849012 87012 87247
4 0765767 9630 96732
5 0695602 10594 106489
6 0636687 11558 116343
7 0586904 125B9 126212
8 0544332 134RP7 136083

The preceding table indicates the precision of the bourdisinstancewe see that
for k=5, the estimate of 106@2 is within 287 of E[N]. (Indeed a simulation gave
thatE[N]~106227.)

5.2. The Case of an Exponential Distribution
Suppose now thdt is an exponential distribution with rate That is

Fim=1—-e™™ ifm=0.
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(If Fis exponential with rate., thenpuXis exponential with rate 1 and so we ¢an
without loss of generalityassume that the exponential rate isllet VY;,...,Y, be
exponential with rate ,Jand suppose thatis such that is small where

= P{iil\(i > c}.

To simulate theY; conditional on their sum exceediginterpret them as the inter-
arrival times of a Poisson proceds(t)} having rate 1SinceXk .Y, > cis equiv-
alent to the event thd(c) = k — 1, we start by simulatingN(c), a Poisson random
variable with meart, conditional on it being less than or equakie- 1. To accom-
plish this starting withj = k — 1, recursively compute

a; = e °cl/j!, i=k—1,...,0,

and then set

-1
Sa, j=k-1...,0
=0

To simulateN(c) conditional on it being less than or equakte- 1, use the discrete
inverse transform algorithm starting wikh- 1. Thatis use the following algorithm

ji=k—-1

v = pj

Generate a random numbér
If U=, setN(c) =] and stop
i=i-1

v=v+ pJ

Goto4

Nook~wdNE

Suppose that the generated valueNg€) is N(c) = j. Now generate random
numbersUy,...,U,_,. Order the valuedJ,,...,U; and let the ordered values be
Uiyi=1...,j. ThenletYi,...,Y, be as follows

>Yi=cUy, r=L1..]
> Y =c—log(U;;,)

2 i —log(U r=j+2,...,k—1

The validity of the preceding is based on the result,thaen the number of events
of a Poisson process by tincethe unordered event times are independent uniform
(0,c) random variables
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Remark: Rather than generating and then orderlihg...,U; in the precedingwe
could make use of the result thabnditional on theg j + 1)st event of a Poisson
process occurring at timg the times of the firsf events are distributed as the
ordered values of a set pluniform random variables of®, t). Thus after we had
obtained the generated valNéc) = j, we could generate random numb¥ys.., V5.

If we let
_ 1
j+1
2, log(V))
and then define
Uy = Alog(Vy)
Up =U 1+ Alog(Vy), r=2,..,]
thenU;),i =1,...,] are the ordered values that can be used in the preceding
If we now let
Xi=Y-1n j=2,...,k

then we have generated the exponenti§ls.., X, conditional on the event that
K X, = c. Asimulation run is now completed by following steps 2 through 4 of the
procedure of Section.5

5.3. The Case of a General Distribution

In the case of a general distributiénit might not be possible to utilize the approach
outlined in Section 3First we might not be able to compute the valuewf=
P{M\ > c}, and even if we couldthen we might not be able to efficiently simulate
X1,..., X, conditional on the event thd, > c.

To obtain an efficient simulation proceduseippose first that we can compute
the value ofa, so it remains to approximate

B =P{M1<c,...,My_; <c|My=c}.

To approximates, start by choosing values, ..., x, that are within the range &t
and are such th&_, x; = c. Then generate the valueslof 1 independent random
variables having distributioR®, and letxy. 4,..., Xox_1 denote these generated val-
ues Let

X = (Xgy.uey Xok—1)-
Each iteration of the monte carlo algorithm operates as fotlows

1. Choose one of the indices.1.,2k — 1 at random by generating a random
numberU and then lettind = Int((2k —1)U) + 1.
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2. If I =k, generate the value of a random variable having distribitmat is
conditioned to be at least— (X, x, — x,), and let this be the new value of
X .

3. If I >k, generate the value of arandom variable having distribuiand let
this be the new value of.

4 Letd=1if 3f % + S ix.; <c forallj=2,...k and let it equal O
otherwise

Many iterations of the preceding should be perforgreett the proportion of them
that havel = 1 is the estimate @8. It can be showiisee Geman and Gemg2]) that
this estimator converges gas the number of iterations of the algorithm goesoto

If @ cannot be directly computethen we suggest that it be approximated by a
simulation that uses importance sampling via the tilted distribufitve details of
this simulation are given ifb, Ex. 8s]. Oncea has been approximatgde can use
the procedure given in the preceding

6. TWO-SIDED CONTROL CHARTS
Suppose now that for given constan$s< c, we want to determin&[N ], where
N=min{fn=k:M,=c,orM,=c,},

wherg as beforeM,, = =L ,_.1 X;. If we now defineA, to be the event that either
M, = ¢, or M, = c,, then we can proceed in an analogous way as before
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