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We are interested inE @N# , the mean time until the most recentk values of a se-
quence of independent and identically distributed random variables exceeds a spec-
ified constant+Using recent results,we present a simulation procedure for determining
E @N# + These results are also used to obtain upper and lower bounds forE @N# +
These bounds, however, are in terms of a quantityv that is not easily calculated+A
recursive procedure for evaluatingv when the data distribution is Bernoulli is given+
Efficient simulation procedures for estimatingv in the cases of normal and expo-
nential population distributions are also presented, as is a Markov chain monte carlo
procedure when the distribution is general+

1. INTRODUCTION

Let X1,X2, + + + be a sequence of independent random variables having a common
distribution functionF+ For a fixed positive integerk and constantc, let

Mn 5 (
i5n2k11

n

Xi , n $ k

and define
N 5 min$n $ k :Mn $ c%

and
a 5 P$Mn $ c%+

We are interested in bounding and approximatingE @N# in situations wherea is
small+
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To motivate the preceding, imagine thatXi represents the measurable value of
the ith item produced by a certain process+ Suppose that when the process is in
control, these items tend to have small values; furthermore, suppose that the pro-
ducer is employing a moving average control rule that declares the process to be out
of control whenever the average of the most recentk values is at leastc0k+ In this
scenario, E @N# represents the mean number of items that will be produced before
the process is declared out of control when the underlying distribution isF ~see
Crowder@1# and Roberts@4# !+ Its computation for various distributionsF is thus
important in enabling us to evaluate the control rule+

A natural approach to computingE @N# is to regard it as a mean first passage
time of the Markov chain that continually keeps track of the most recentk21 values
of theX’s until the moving sum is at leastc+ However, as this results in a Markov
chain with ak 2 1 dimensional state space, its analysis is only computationally
feasible for very small values ofk+An approach to approximateE @M # by a straight-
forward simulation also leads to difficulties+ Since$Mn, n $ k% is a moving sum
process of thek most recent values, it follows that whena is smallN2 ~k21! will
approximately have a geometric distribution+As a result,Var~N! ' ~E @N# !2,which
implies that the use of a straightforward simulation approach to estimateE @N# will
be inefficient, both because each run will require an average ofE @N# random vari-
ables and because a large number of runs will be needed to obtain a precise estimator+

In Section 2, we presume that the process is continually simulated until the
moving sum exceedsc and show how to use results from Ross@7# to obtain a sim-
ulation estimator ofE @N# + In Section 3, we use another result of@7# to obtain rea-
sonably precise, though not easily computable, bounds forE @N# +

A recursive method of determining these bounds whenF is a Bernoulli distri-
bution is given in Section 4+ In general, however, a simulation is needed, and, in
Section 5, we present a simulation procedure that can be utilized for certain distri-
butions to approximate efficiently these bounds+ In subsections 5+1 and 5+2, we uti-
lize this procedure whenF is a normal and an exponential distribution; in subsection
5+3, we consider the case of an arbitrary distribution and present a Markov chain
monte carlo technique+ In Section 6,we consider two-sided control charts where one
is interested in the mean time untilMn is either sufficiently large or sufficiently
small+

2. SIMULATING E [N ]

Suppose thatN data values are simulated, and suppose that

~XN2k12, + + + ,XN! 5 ~ y2, + + + , yk!+

Letting W1, + + + ,Wk21 be independent random variables having distributionF that is
independent of theXi , it follows from results of@7# that

E [

11 (
i52

k

PH(
j51

i21

Wj $ c 2 (
j5i

k

yjJ
a
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is the value of an unbiased estimator ofE @N# + Thus, each simulation run produces
two unbiased estimatorsN andE+ If we performr simulation runs, then we can use
an estimator of the type

a PN 1 ~12 a! OE,
where the best value ofa can be determined by the simulation~see Ross@5, pp+ 148–
149# !+We would expect in most cases that the optimala value is small+

Remark: If the value ofE cannot be easily computed because of the difficulties of
calculating some of the probabilities, then these probabilities can themselves be
estimated by a simulation+

3. THE BOUNDS

Let An be the event thatMn $ c+ It follows from results given in@7# that

12 ~k 2 1!a

v
# E @N# #

1

v
, (1)

where

v 5 P~AkAk11
c {{{A2k21

c !+

In the following sections we show howv can be efficiently obtained whenF is
Bernoulli, normal, or exponential+ ~The importance ofv was first noted in Hwang
and Trietsch@3# , where 10v was suggested as an approximation forE @N# +!

4. EVALUATING THE BOUNDS FOR A BERNOULLI DISTRIBUTION

Let X1,X2, + + + be Bernoulli random variables with parameterp; that is, P$Xi 51% 5
p,P$Xi 50%5q512p+Assume thatc is a positive integer, so thatN is the first time
that there is a run ofk values whose sum is at leastc+We now develop a recursive
scheme to evaluate the probabilityv:

v 5 PH(
i51

k

Xi $ c, (
i5j

k

Xi 1 (
i51

j21

Xk1i , c, for all j 5 2, + + + ,kJ
5 PH(

i51

k

Xi 5 c, (
i5j

k

Xi 1 (
i51

j21

Xk1i , c, for all j 5 2, + + + ,kJ
5 PH(

i51

k

Xi 5 c, (
i51

j21

Xi . (
i51

j21

Xk1i , for all j 5 2, + + + ,kJ
5 Sk 2 1

c 2 1Dpcqk2c11

3 PH(
i52

j21

Xi $ (
i52

j21

Xk1i , j 5 3, + + + ,k*(
i51

k

Xi 5 c,X1 5 1,Xk11 5 0J +
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That is,

v 5 Sk 2 1

c 2 1Dpcqk2c11PH(
i52

j21

Xi $ (
i52

j21

Xk1i , j 5 3, + + + ,k*(
i52

k

Xi 5 c 2 1J +
(2)

To evaluatev, consider two urns: Urn A containssballs, of which t are worth 1
point and the others2 t are worth 0 points; whereas each ball selected from urn B,
independent of previous selections, has value 1 with probabilityp and value 0 other-
wise+ Suppose that each round consists of randomly choosing a ball from each urn,
noting their values and then discarding the chosen balls+ Urn A’s score after each
round is the sum of the values of all its balls chosen by that time, and similarly for urn
B’s score+ If we letP~s, t, i ! denote the probability that urnA is never behind by more
than i points at any time during the firsts 2 1 rounds, then it follows from the
preceding set of equations that

v 5 Sk 2 1

c 2 1Dpcqk2c11P~k 2 1,c 2 1,0!+ (3)

Conditioning on the outcome of the first round gives the following recursion:

P~s, t, i ! 5
t

s
pP~s2 1, t 2 1, i ! 1

s2 t

s
qP~s2 1, t, i ! 1

t

s
qP~s2 1, t 2 1, i 1 1!

1
s2 t

s
pP~s2 1, t, i 2 1!, i $ 0+ (4)

Using the boundary condition

P~s, t, i ! 5 0, i , 0

P~1, t, i ! 5 1, i $ 0, t 5 0,1

now enables us numerically to computeP~k 2 1,c 2 1,0! and, using Eq+ ~3!, v+

Remark: In the Bernoulli case, we are sometimes interested inE @T # , where

T 5 min$ j $ c :Mj $ c%+

That is, T is the first time that there have beenc data values equal to 1 within a run
of k or fewer consecutive values+ Noting that

N 5 max~T,k!,

we can determine the relation betweenE @T # andE @N# by conditioning onS, the
first time that the sum of all data values is equal toc+

E @N 2 T # 5 (
i5c

k21

E @N 2 T 6S5 i #P$S5 i %

5 (
i5c

k21

~k 2 i !S i 2 1

c 2 1D pcqi2c+
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That is,

E @T # 5 E @N# 2 (
i5c

k21

~k 2 i !S i 2 1

c 2 1Dpcqi2c + (5)

When F is not Bernoulli, a simulation is needed to approximatev+ Our general
simulation approach is indicated in the next section+

5. A SIMULATION APPROACH FOR EVALUATING v

Recall that withAn defined as the event thatMn $ c, we have

v 5 P~AkAk11
c {{{A2k21

c !

5 P~Ak!P~Ak11
c {{{A2k21

c 6Ak!

5 ab

where

b 5 P~Ak11
c {{{A2k21

c 6Ak!+

Assuming thata can be computed, we propose to use simulation to estimateb+ Our
approach will be first to generate the values ofX2, + + + ,Xk conditional on the event
that(i51

k Xi $ c+ If Xk11, + + + ,X2k21 are independent random variables having distri-
butionF, thenP~D 6X2, + + + ,Xk! is an unbiased estimator ofb, where

D 5 H(
i5j

k

Xi 1 (
i51

j21

Xk1i , c, for all j 5 2, + + + ,kJ +
As the preceding probability cannot be directly computed,we need to continue with
our simulation+ Now, whereas we could generate the values ofXk11, + + + ,X2k21, and
then use the indicator function ofD as the estimator, we instead propose to use the
conditional probability ofD, given all the variables exceptXk11 as our estimator+
Whereas such a conditional expectation estimator will always have a smaller vari-
ance than the indicator function, the key role ofXk11 leads us to believe that the
reduction in variance might be substantial+

We thus propose the following approach to estimatingb+

1+ GenerateX2, + + + ,Xk conditional on the event that(i51
k Xi $ c, and letxi ,

i 5 2, + + + ,k be these generated values+
2+ Generate independent random variablesXk12, + + + ,X2k21 having distribution

F, and letyk1i , i 5 2, + + + ,k 2 1 be the generated values+
3+ Let m5 maxj52, + + + , k~(i5j

k xi 1 (i52
j21 xk1i !+

4+ Obtain the estimatorH~c 2 m! 5 limhr0F~c 2 m2 h!+

The preceding should be repeated many times and the average of the values of
H~c 2 m! obtained, call it Zb, is the estimator ofb+
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Remark: The preceding assumes thatH~x! can be efficiently computed+ If this is not
the case, then in Step 2 we should also generate the value ofXk11, say it isxk11, and
then use the indicator of the event$xk11 1 m , c% as the estimator ofb for that
iteration+

In order to utilize the preceding approach to estimateb, and thus obtain bounds
for E @N# , it is necessary to be able to generateX2, + + + ,Xk conditional on the event
that(i51

k Xi $ c+ In Sections 5 and 6 we show how this can be accomplished for the
normal and the exponential distributionsF+ For the normal, we first generate the
random variable(i51

k Xi conditional on its value exceedingc, and then generateXi ,
i 5 2, + + + ,k conditional on the generated value of the sum; for the exponential, we
directly generateXi , i 5 2, + + + ,k conditional on the event that(i51

k Xi $ c, without
first generating the value of the sum+

5.1. The Case of a Normal Distribution

If F is a normal distribution with meanm and standard deviations, then by consid-
ering the random variables~Xi 2 µ!0s the problem reduces to one in which the
distribution is a standard normal+ So suppose thatF is the standard normal distribu-
tion+ SinceMk will then be normal with mean 0 and variancek, our first step in the
simulation is to generate a standard normal random variableZ5 Mk0#k conditional
on the event thatZ exceedsb5 c0#k, whena 5 P$Z $ b% is small+ That is, we want
to generate a random variable having density function

f ~x! 5
1

OF~b!#2p
e2x202, x $ b,

where OF~x! 5 P$Z $ x% is the standard normal tail distribution function+ To accom-
plish this, we will use the acceptance–rejection algorithm~see@5# ! with an expo-
nential random variable that is conditioned to be larger thanb; that is, its density
function is

g~x! 5 le2l~x2b!, x $ b+

Since

f ~x!

g~x!
5

e2lbelx2x202

l OF~b!#2p

it easily follows that

C~l! [ max
x$b

f ~x!

g~x!
5

el2022lb

l OF~b!#2p
+ (6)
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Simple calculus now shows thatC~l! is minimized when

l 5
b 1 %b2 1 4

2
(7)

with l taken as equal to the value specified in Eq+ ~6!+
The acceptance–rejection algorithm for generating a random variable distrib-

uted according tof by using ones generated according tog, is as follows:

1+ Generate a random numberU1 and setX 5 b 2
1

l
log~U1!+

2+ Generate a random numberU2+

3+ If U2 # exp$2X202 1 lX 2 l202% , stop; otherwise, return to 1+

It should be noted that the preceding used that2~10l! log~U ! is exponential
with ratel, and also that the conditional distribution of an exponential conditioned
to exceed a constant is distributed as the constant plus the~unconditional! exponen-
tial+ The preceding can be made more efficient by noting that the inequality in 3 can
be written as

2log~U2! $ ~X 2 l!202,

and then using~as in @5, pp+ 70–71# ! the fact that if an exponential exceeds an
independent random variableY, then the amount by which it exceedsY is exponen-
tial and is independent ofY+ Using this, we can rewrite the preceding algorithm as
follows:

1+ GenerateW andY, independent exponential random variables with rate 1+

2+ SetX 5 b 1 W0l+

3+ SetE 5 Y2 ~X 2 l!202+

4+ If E $ 0, stop; otherwise, return to 1+

The values ofX and E obtained from the algorithm are that of independent
random variables, with X being distributed according tof andE being exponential
with rate 1+ Thus not only do we obtain by this algorithm a standard normal random
variable conditioned to exceedb, but also an independent exponential random vari-
able which can then be used for the next generation of a conditioned standard nor-
mal+The number of iterations needed by the algorithm is a geometric random variable
with meanC~l! given by Eqs+ ~6! and~7!+ For values ofb that are of interest, C~l!
is quite small+ For instance, if b53, then~to two decimal places! l53+3 andC~l!5
1+04+ ~Thus, the simulation of a sequence of independent standard normals that are
all conditioned to exceed 3 requires that for each one we generate an average of 1+08
exponentials with rate 1 and perform an average of 2+08 multiplications+!Also, since

C~l! # C~b! 5
e2b202

b OF~b!#2p
,
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it follows from the inequality~see Ross@6# !

OF~b! .
e2b202

#2p

%b2 1 4 2 b

2

that

C~l! ,
2

b~%b2 1 4 2 b!
,

which again indicates the efficiency of the algorithm+ ~The value of the right-hand
side of the preceding is, for instance, 1+207 whenb52, 1+101 whenb53, and 1+059
whenb 5 4+!

Remark: If we only wanted to generate a single standard normal conditioned to
exceed the positive constantb, then another algorithm to consider is acceptance–
rejection using

g~x! 5 eb202xe2x202, x $ b+

Noting that the distribution function corresponding to this density is

G~x! 5 12 e2~x22b2 !02, x $ b,

it follows from the inverse transform method@5# that we can generate a random
variableX having densityg by generating a uniform~0,1! random variableU and
then usingX5%b2 2 2 log~12 U !+ In fact, since 12 U is also uniform over~0,1!,
a slight savings is obtained by replacing 12 U by U in the preceding+Also, since for
x $ b

f ~x!

g~x!
5

e2b202

OF~b!#2px
,

it follows that

C [ max
x$b

f ~x!

g~x!
5

e2b202

OF~b!#2pb
+

Hence, using the acceptance–rejection technique, we can generateZ conditional on
Z . b as follows:

1+ Generate random numbersU1 andU2+
2+ SetX 5 %b2 2 2 log~U1!+
3+ If U2 # b0X, stop; otherwise, return to Step 1+

The value ofX is then that of a standard normal conditioned to exceedb, and the
number of iterations of Step 1 that are needed is a geometric random variable with
meanC+ Although not as efficient as the previous algorithm presented when a se-
quence of conditioned standard normals is required, it might be competitive when
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only a single one is needed+ For example, whenb 5 3, it requires on average 1+094
iterations, with each iteration needing 2 random numbers, and 1 log, 1 square root,
and 1 multiplication calculation+

Let us now suppose that we have simulated the value ofMk 5 (i51
k Xi condi-

tional on the event that it is larger thanc; let its simulated value bey+We now need
to generateX2, + + + ,Xk conditional on the event thatMk 5 y+ To accomplish this, we
make use of the following lemma, whose proof is straightforward+

Lemma 1: If Z1, + + + ,Zn are independent standard normal randomvariables, then
the conditional distribution of Z1 given that(i51

n Zi 5 a is the normal distribution
with mean a0n andvariance~n 2 1!0n+

Using the lemma, we can generateX2, + + + ,Xk in sequence, as follows+ First
generateX2 by generating a normal random variable with meany0k and variance
~k 2 1!0k+ Now, suppose that for 2# i , k, X2, + + + ,Xi have been generated and
that their values arex2, + + + , xi + Then, generateXi11 by generating the value of a
normal random variable with mean~ y 2 (j52

i xj !0~k 2 i 1 1! and variance~k 2
i !0~k 2 i 1 1!+ Continue on until all ofX2, + + + ,Xk have been generated+ Then
follow the remaining steps outlined in Section 5 to complete the simulation+

Suppose thatF is the standard normal distribution andc5 3#k+As N is the first
time that a moving sum ofk normal random variables differs from its mean by more
than 3 times its standard deviation, it follows in this case thata 5 0+00135+ The
following table gives simulated estimates ofb, and the resulting estimates of the
lower boundsLB5 ~12 ~k21!a!0v and the upper boundsUB510v 510~ab!, for
values ofk between 3 and 8+

k Zb L ZB UZB

3 0+849012 870+12 872+47
4 0+765767 963+40 967+32
5 0+695602 1059+14 1064+89
6 0+636687 1155+58 1163+43
7 0+586904 1251+89 1262+12
8 0+544332 1347+97 1360+83

The preceding table indicates the precision of the bounds+ For instance, we see that
for k55, the estimate of 1062+02 is within 2+87 ofE @N# + ~Indeed, a simulation gave
thatE @N# ' 1062+27+!

5.2. The Case of an Exponential Distribution

Suppose now thatF is an exponential distribution with rate 1+ That is,

F~m! 5 12 e2m if m$ 0+
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~If F is exponential with ratem, thenµX is exponential with rate 1 and so we can,
without loss of generality, assume that the exponential rate is 1+! Let Y1, + + + ,Yk be
exponential with rate 1, and suppose thatc is such thata is small, where

a 5 PH(
i51

k

Yi . cJ +
To simulate theYi conditional on their sum exceedingc, interpret them as the inter-
arrival times of a Poisson process$N~t!% having rate 1+ Since(i51

k Yi . c is equiv-
alent to the event thatN~c! # k21, we start by simulatingN~c!, a Poisson random
variable with meanc, conditional on it being less than or equal tok21+ To accom-
plish this, starting withj 5 k 2 1, recursively compute

aj 5 e2cc j0j!, j 5 k 2 1, + + + ,0,

and then set

pj 5 ajY(
j50

k21

aj , j 5 k 2 1, + + + ,0+

To simulateN~c! conditional on it being less than or equal tok21, use the discrete
inverse transform algorithm starting withk21+That is, use the following algorithm:

1+ j 5 k 2 1
2+ v5 pj

3+ Generate a random numberU
4+ If U # v, setN~c! 5 j and stop
5+ j 5 j 2 1
6+ v5 v1 pj

7+ Go to 4+

Suppose that the generated value ofN~c! is N~c! 5 j+ Now generate random
numbersU1, + + + ,Uk21+ Order the valuesU1, + + + ,Uj and let the ordered values be
U~i !, i 5 1, + + + , j+ Then, let Y1, + + + ,Yk21 be as follows:

(
i51

r

Yi 5 cU~r ! , r 5 1, + + + , j

(
i51

j11

Yi 5 c 2 log~Uj11!

(
i51

r

Yi 5 (
i51

r21

Yi 2 log~Ur !, r 5 j 1 2, + + + ,k 2 1+

The validity of the preceding is based on the result that, given the number of events
of a Poisson process by timec, the unordered event times are independent uniform
~0,c! random variables+
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Remark: Rather than generating and then orderingU1, + + + ,Uj in the preceding, we
could make use of the result that, conditional on the~ j 1 1!st event of a Poisson
process occurring at timet, the times of the firstj events are distributed as the
ordered values of a set ofj uniform random variables on~0, t!+ Thus, after we had
obtained the generated valueN~c!5 j,we could generate random numbersV1, + + + ,Vj11+
If we let

A 5
1

(
i51

j11

log~Vi !

and then define

U~1! 5 A log~V1!

U~r ! 5 Ur21 1 A log~Vr !, r 5 2, + + + , j

thenU~i !, i 5 1, + + + , j are the ordered values that can be used in the preceding+

If we now let

Xj 5 Yj21, j 5 2, + + + ,k,

then we have generated the exponentialsX2, + + + ,Xk conditional on the event that
(i51

k Xi $ c+Asimulation run is now completed by following steps 2 through 4 of the
procedure of Section 5+

5.3. The Case of a General Distribution

In the case of a general distributionF, it might not be possible to utilize the approach
outlined in Section 3+ First, we might not be able to compute the value ofa 5
P$Mk . c% , and, even if we could, then we might not be able to efficiently simulate
X1, + + + ,Xk conditional on the event thatMk . c+

To obtain an efficient simulation procedure, suppose first that we can compute
the value ofa, so it remains to approximate

b 5 P$Mk11 , c, + + + ,M2k21 , c6Mk $ c%+

To approximateb, start by choosing valuesx1, + + + , xk that are within the range ofF
and are such that(i51

k xi $ c+ Then generate the values ofk21 independent random
variables having distributionF, and letxk11, + + + , x2k21 denote these generated val-
ues+ Let

X 5 ~x1, + + + , x2k21!+

Each iteration of the monte carlo algorithm operates as follows:

1+ Choose one of the indices 1, + + + ,2k 2 1 at random by generating a random
numberU and then lettingI 5 Int~~2k 2 1!U ! 1 1+
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2+ If I # k, generate the value of a random variable having distributionF that is
conditioned to be at leastc2 ~(i51

k xi 2 xI !, and let this be the new value of
xI +

3+ If I . k, generate the value of a random variable having distributionF and let
this be the new value ofxI +

4+ Let J 5 1 if (i5j
k xi 1 (i51

j21 xk1i , c, for all j 5 2, + + + ,k, and let it equal 0
otherwise+

Many iterations of the preceding should be performed, and the proportion of them
that haveJ51 is the estimate ofb+ It can be shown~see Geman and Geman@2# ! that
this estimator converges tob as the number of iterations of the algorithm goes to`+

If a cannot be directly computed, then we suggest that it be approximated by a
simulation that uses importance sampling via the tilted distribution+ The details of
this simulation are given in@5, Ex+ 8s#+ Oncea has been approximated, we can use
the procedure given in the preceding+

6. TWO-SIDED CONTROL CHARTS

Suppose now that for given constantsc2 , c1 we want to determineE @N# , where

N 5 min$n $ k :Mn # c2 or Mn $ c1%,

where, as before, Mn 5 (i5n2k11
n Xi + If we now defineAn to be the event that either

Mn # c2 or Mn $ c1, then we can proceed in an analogous way as before+
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