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Abstract. In this paper, an approach combining the DG method in space with CG
method in time (CG-DG method) is developed to solve time-dependent Maxwell’s
equations when meta-materials are involved. Both the unconditional L2-stability and

error estimate of order O
(

τr+1+hk+ 1
2
)

are obtained when polynomials of degree at
most r is used for the temporal discretization and at most k for the spatial discretiza-
tion. Numerical results in 3D are given to validate the theoretical results.
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1 Introduction

Meta-material is often referred as an artificially constructed electromagnetic material
whose refraction index is negative. It was first theoretically proposed by Veselagi in
1967 [29], and practically constructed by Smith in 2000 [27]. Since then, the study of
meta-materials has been a very hot topic due to its potential application in many areas,
such as the design of invisibility and sub-wavelength imaging.

The numerical simulation of meta-materials plays an important role in the design
of new meta-materials and the discovery of new phenomenon of meta-materials [8].
Among them, the widely used numerical methods for the simulation of meta-materials
are the finite difference time domain methods (FDTD) [13, 28], the finite element meth-
ods (FEM) [21] and the commercial packages, such as HFSS and COMSOL, et al.. How-
ever, it is well known that the FDTD method has difficulties in solving problems with
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complex geometry. In the literature, there exist some works on finite element time do-
main (FETD) method for Maxwell’s equation in dispersive media [2] and meta-materials
[21, 22]. Their main advantage lies in their ability to handle arbitrary geometries via un-
structured meshes of the domain of interest.

Since the development of the discontinuous Galerkin (DG) method in 1973 [26], it
has become one of the most important methods in solving various kinds of differential
equations. It can keep almost all the advantages of finite element method. Further, the
DG method has many nice properties, e.g., applicability for non-conforming mesh, high-
order accuracy, flexibility in handling material interface and high parallelizability. We
refer to the survey paper [1, 7], the monographs [5, 9, 15] and their references therein for
more details about it.

In recent years, DG methods have been used to solve Maxwell’s equation in free space
[4, 6, 10, 12, 14] and dispersive media [16, 17, 24, 30, 31], whose permittivity depends on
the wave frequency. In [30] and [33], Xie et al. propose a semi-discrete DG method
for dispersive media and space-time DG method for Maxwell’s equation in free space.

They prove that the convergence order is O(hk+ 1
2 ) for the semi-discrete DG method and

O(τr+1+hk+ 1
2 ) for the space-time DG method. It is worthwhile to point out that in the

numerical examples of [30], the continuous Galerkin finite element method is used in
the temporal discretization. Nevertheless, the convergence rate for the temporal variable
is missing. To our knowledge this is the first effort to solve Maxwell’s equation by the
finite element methods (CG or DG) both for temporal and spatial discretization. Very
recently, they extend this space-time DG method to dispersive media and provide the
corresponding theoretical analysis and numerical results [31].

Recently, Li in [18] develops an approach using DG approach for spatial discretization
and Runge-Kutta (finite difference) method in temporal discretization to solve the time-
domain Maxwell’s equation in meta-materials. Although several numerical examples are
given to show that this method is efficient, the theoretical analysis is missing. In [23], Li et
al. develop a leap-frog type DG method for solving the time-domain Maxwell’s equation
in meta-materials, and prove the stability and convergence of it. In [20], Li et al. develop
a leap-frog type DG method for solving the time-domain Maxwell’s equation in meta-
materials based on auxiliary differential equation (ADE) method, and prove that, under
some CFL condition, this method is stable and convergent. In [32], Wang et al. develop
an implicit DG method for solving time-domain Maxwell’s equations in meta-materials
based on a system of integro-differential equations. They prove that the implicit DG

scheme is unconditionally stable and the convergence rate is O(τ2+hk+ 1
2 ). However, the

implicit DG scheme cannot make full use of the advantages of high order DG method.

Motivated by the works in [20, 30, 33], we introduce a method combining the DG
method in space with the CG method in time (CG-DG method) for Maxwell’s equation
in meta-materials. Our work is based on a so-called auxiliary differential equation (ADE)
method. The key point of it is to introduce another set of differential equations to include
media interactions. We prove that this CG-DG scheme is unconditionally stable and con-
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vergent at a rate of O(τr+1+hk+ 1
2 ) in the L2-norm when polynomials of degree at most r

is used for the temporal discretization and at most k for the spatial discretization. Com-
pared with other numerical methods used for meta-materials, our scheme is a high-order
scheme in temporal variable. To our knowledge, this is the first time to prove the error
analysis of CGDG method for the Maxwell’s equations. Theoretical results are validated
by some numerical examples.

The rest of this paper is organized as follows. In Section 2, the governing equations
for meta-materials is introduced. In Section 3, the numerical scheme is proposed. In
Section 4, unconditionally stability for the numerical scheme is obtained. In Section 5,

the convergence rate of O(τr+1+hk+ 1
2 ) is obtained for the CG-DG method. In Section 6,

numerical results in 3D are provided to support our theoretical prediction.

2 The governing equation

The electromagnetic wave propagation is governed by the general Maxwell’s equation,

∇×E=−
∂B

∂t
, ∇×H=

∂D

∂t
, (2.1)

where E and H are the electric and magnetic fields, respectively, D and B are their corre-
sponding electric and magnetic flux densities. The constitutive relations among them are
given by

D=ǫ0E+P≡ǫE, B=µ0H+M≡µH, (2.2)

where ǫ0 is the vacuum permittivity, µ0 is the vacuum permeability, P and M are the
induced electric and magnetic polarizations, respectively.

Substituting (2.2) into (2.1), we get

ǫ0
∂E

∂t
=∇×H−

∂P

∂t
in Ω×(0,T), (2.3)

µ0
∂H

∂t
=−∇×E−

∂M

∂t
in Ω×(0,T). (2.4)

We introduce the induced electric current J= ∂P
∂t and magnetic current K= ∂M

∂t . Then (2.3)
and (2.4) can be rewritten as

ǫ0
∂E

∂t
=∇×H−J in Ω×(0,T), (2.5)

µ0
∂H

∂t
=−∇×E−K in Ω×(0,T). (2.6)

There exist three popular models to simulate the meta-materials, i.e., Lossy Drude
polarization and magnetization model, Plasma-Lorentz model and Lorentz model. In
the following, we will introduce their corresponding governing equations, respectively.
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For meta-materials, the permittivity ǫ and the permeability µ are not constants any
more [21]. In frequency domain, the corresponding permittivity and permeability can be
written as,

• For the lossy Drude polarization and magnetization model [34]:

ǫ(ω)=ǫ0

(

1−
ω2

pe

ω(ω+iΓe)

)

, µ(ω)=µ0

(

1−
ω2

pm

ω(ω+iΓm)

)

; (2.7)

• For the Plasma-Lorentz model [22, 25, 27]:

ǫ(ω)=ǫ0

(

1−
ω2

pe

ω(ω+iΓe)

)

, µ(ω)=µ0

(

1−
Fω2

pm

ω2−iΓmω−ω2
m0

)

; (2.8)

• For the Lorentz model [19]:

ǫ(ω)=ǫ0

(

1−
ω2

pe

ω2−ω2
e0−iΓeω

)

, µ(ω)=µ0

(

1−
ω2

pm

ω2−ω2
m0−iΓmω

)

, (2.9)

where ωpe, ωpm are the electric and magnetic plasma frequencies, Γe, Γm are the electric
and magnetic damping frequencies, ω is the angle frequency, ωe0,ωm0 are the electric and
magnetic resonance frequencies and F∈ (0,1) is a parameter depending on the geometry
of the unit cell of meta-material.

Using a time-harmonic variation exp(iωt), substituting (2.7), (2.8) and (2.9) into (2.2),
respectively, and using the definition of J, K, we get the following equations for the three
different meta-materials,

• For the lossy Drude polarization and magnetization model:

∂J

∂t
+ΓeJ=ǫ0ω2

peE,

∂K

∂t
+ΓmK=µ0ω2

pmH; (2.10)

• For the Plasma-Lorentz model:

1

ǫ0ω2
pe

∂J

∂t
+

Γe

ǫ0ω2
pe

J=E,

1

µ0ω2
m0F

∂K

∂t
+

Γm

µ0ω2
m0F

K+
1

µ0F
M=H, (2.11)

K=
∂M

∂t
;
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• For the Lorentz model:

1

ǫ0ω2
pe

∂J

∂t
+

Γe

ǫ0ω2
pe

J+
ω2

e0

ǫ0ω2
pe

P−E=0,

1

µ0ω2
pm

∂K

∂t
+

Γm

µ0ω2
pm

K+
ω2

m0

µ0ω2
pm

M−H=0,

J=
∂P

∂t
,

K=
∂M

∂t
.

(2.12)

It is worthwhile to point out that the governing equations for the three meta-materials
above share a common feature, i.e., all of them can be viewed as (2.5) and (2.6) along
with 2−4 differential equations. It is observed that both the numerical method and its
corresponding theoretical analysis for them are very similar. For simplicity, we just focus
on the Lossy Drude polarization and magnetization model in this paper.

Assume that Ω is a bounded convex domain with its boundary ∂Ω perfect conduct-
ing, i.e.,

n×E=0 on ∂Ω×(0,T),

where n is the unit outward normal to ∂Ω. The initial conditions for the system (2.5),
(2.6) and (2.10) are

E(x,0)=E0(x), H(x,0)=H0(x), J(x,0)= J0(x), K(x,0)=K0(x). (2.13)

Denote Hk(Ω) and Hk(I) the standard Sobolev space with the standard norms ‖·‖k,Ω

and ‖·‖k,I , respectively. Then define

L2(I,Hk(Ω))=

{

u|u(·,t)∈Hk(Ω),∀t∈ I and
∫

I
||u(·,t)||2k,Ωdt<∞

}

,

with the norm |||u|||k,0 =
(∫

I‖u(·,t)‖2
k,Ωdt

)
1
2 and

Hk(I,L2(Ω))=

{

u|u(x,·)∈Hk(I),∀x∈Ω and
∫

Ω
||u(x,·)||2k,I dx<∞

}

,

with norm |||u|||0,k =
(∫

Ω
‖u(x,·)‖2

k,I dx
)

1
2 . The corresponding vector functional spaces are

denoted by
(

Hk(Ω)
)3

,
(

L2(I,Hk(Ω))
)3

and
(

Hk(I,L2(Ω))
)3

. For Q=

(

ǫ0 0
0 µ0

)

, U=

(E,H)T and E(·,t),H(·,t)∈
(

Hk(Ω)
)3

, ∀t∈ I, define

‖U(·,t)‖k,Ω =
(

‖E(·,t)‖2
k,Ω+‖H(·,t)‖2

k,Ω

)1/2
,

‖Q
1
2 U(·,t)‖k,Ω =

(

ǫ0‖E(·,t)‖2
k,Ω+µ0‖H(·,t)‖2

k,Ω

)1/2
.

We denote C to be a constant which is independent of the mesh size h and ∆t, but with
different value in different inequality.
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3 Numerical scheme

We assume that Ω is decomposed by a regular mesh Th with maximum diameter h. An
element is denoted by K, a face by e, and the outward unit normal by nK. We also denote
the union of all interior faces of Th by EI , the union of all boundary faces of Th by ED ,
and the union of all faces of Th by E=EI

⋃

ED. Moreover, let 0= t0 < t1 < ···< tn =T be a
triangulation of the interval I=[0,T] with elements denoted by Ij =[tj−1,tj], j=1,2,··· ,n.
Set ∆tj = tj−tj−1 and τ=max{∆tj, j=1,2,···n}.

Denote Pk(K) (or Pr(I)) the spaces of polynomials with degree at most k (or r) in K
(or Ij). Then the DG finite element space for spatial discretization is given by

Sk
h,Ω={v∈L2(Ω) : v|K ∈Pk(K), K∈Th}.

The continuous finite element space for temporal discretization is

Sr
τ,I ={v∈L2(I) : v|Ij

∈Pr(Ij), j=1,2,··· ,n}.

Thus our CG-DG space is defined by

Vr,k
h = V̄r,k

h ⊕V̄r,k
h ,

where V̄r,k
h =(Sr

τ,I⊗Sk
h,Ω)

3.
It is known that the choice of the numerical flux is very important in the definition

of DG scheme. For this purpose, we need to introduce some notations first. Let e be an
interior face belonging to the element K. Set

vint(K)(x)= lim
δ→0−

v(x+δnK), vext(K)(x)= lim
δ→0+

v(x+δnK), ∀x∈ e.

Then the average and tangential jump of v on any interior face e are defined as follows:

{{v}}=
vint(K)+vext(K)

2
, JvKT =nK×vint(K)−nK×vext(K).

For a boundary face e⊂ED which is belong to the element K, we define

vint(x)=vint(K)(x), ∀x∈ e.

To introduce the DG formulation, we rewrite (2.5), (2.6) and (2.10) with the initial
condition (2.13) into the form

QUt+∇·f(U)+L=0 in Ω×(0,T0], (3.1)

SLt+NL=U in Ω×(0,T0], (3.2)

U(x,0)=U0 in Ω, (3.3)

L(x,0)=L0 in Ω, (3.4)
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where

U=

(

E

H

)

, U0=

(

E0

H0

)

, Q=

(

ǫ0 I3×3 03×3

03×3 µ0 I3×3

)

,

f(U)= [f1(U),f2(U),f3(U)]T, fi(U)=

(

−ei×H

ei×E

)

, L=

(

J

K

)

,

L0=

(

J0

K0

)

, S=









1

ǫ0ω2
pe

I3×3 03×3

03×3
1

µ0ω2
pm

I3×3









, N=









Γe

ǫ0ω2
pe

I3×3 03×3

03×3
Γm

µ0ω2
pm

I3×3









.

Here ei, i=1,2,3 denote the three Cartesian unit vectors.
Multiplying (3.1) by a test function v = (vE, vH)T and (3.2) by a test function w =

(wE, wH)T and then integrating by parts over K× Ij, we obtain the following weak formu-
lation
∫

Ij

∫

K
QUt ·vdxdt+

∫

Ij

∫

∂K
(f(U)·nK)·vdsdt−

∫

Ij

∫

K
f(U) ·∇vdxdt+

∫

Ij

∫

K
L·vdxdt=0, (3.5)

∫

Ij

∫

K
(S

∂

∂t
L+NL)·wdxdt=

∫

Ij

∫

K
U·wdxdt. (3.6)

Based on it, our CG-DG Scheme is to find Uh, Lh∈Vr,k
h such that

∫

Ij

∫

K
Q

∂

∂t
Uh ·vhdxdt+

∫

Ij

∫

∂K

̂(f(Uh)·nK)·vhdsdt

−
∫

Ij

∫

K
f(Uh)·∇vhdxdt+

∫

Ij

∫

K
Lh ·vhdxdt=0, (3.7)

∫

Ij

∫

K
(S

∂

∂t
Lh+NLh)·whdxdt=

∫

Ij

∫

K
Uh ·whdxdt, (3.8)

for all vh,wh ∈ (Pr−1(Ij)⊗Sk
h,Ω)

3⊕(Pr−1(Ij)⊗Sk
h,Ω)

3 and all elements K× Ij, where

̂(f(Uh)·nK) is the numerical flux on the face e⊂E . We take

̂f(Uh)·nK =

(

−nK×({{Hh}}+
1

2ZJEhKT)
nK×({{Eh}}−

Z
2 JHhKT)

)

(3.9)

on an interior face e=∂K
⋂

EI and

̂f(Uh)·nK =

(

−n×
(

Hint
h + 1

Z n×Eint
h

)

03×1

)

(3.10)

on a boundary face e= ∂K
⋂

ED, where Z=
√

µ0

ǫ0
denotes the impedance of the medium.

Obviously this numerical flux is consistent with f(U)·nK.
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Moreover, set

Uh(x,0)=PhU(x,0), Lh(x,0)=PhL(x,0), (3.11)

with Ph the L2 projection operator which will be defined later.
The algorithm of the CGDG method:

Firstly, let Φj, j= 0,1,··· ,Nt be the vector basis of (Sk
h,Ω)

3⊕(Sk
h,Ω)

3. We introduce the

space discretization: Find vector coefficient Uh(t),Lh(t)∈ (Sk
h,Ω)

3⊕(Sk
h,Ω)

3, such that

∫

K
Q

∂

∂t
Uh ·vhdx+

∫

∂K

̂(f(Uh)·nK)·vhds

−
∫

K
f(Uh)·∇vhdx+

∫

K
Lh ·vhdx=0, (3.12)

∫

K
(S

∂

∂t
Lh+NLh)·whdx=

∫

K
Uh ·whdx, (3.13)

for all vh,wh∈ (Sk
h,Ω)

3⊕(Sk
h,Ω)

3 and all elements K.
Then we can obtain an ordinary system about Uh(t),Lh(t), written as

A
∂Uh(t)

∂t
+BUh(t)+CLh(t)=0,

C1
∂Lh(t)

∂t
+C2Lh(t)=CUh(t), (3.14)

where A,B,C,C1,C2 denote the matrix generalized by the space DG discretization (3.12)-
(3.13).

Finally, we will discretization (3.15). Let φj(t) (j=0,1,··· ,r) be the basis of Pr(I). Our

fully discretization scheme is: Find U
j
h,L

j
h∈ (Sk

h,Ω)
3⊕(Sk

h,Ω)
3 (j=0,1,2,··· ,r), such that

(

A

r

∑
j=0

U
j
h

∂φj(t)

∂t
,ψ(t)

)

I

+

(

B

r

∑
j=0

U
j
hφj,ψ(t)

)

I

+

(

C

r

∑
j=0

L
j
hφj,ψ(t)

)

I

=0,

(

C1

r

∑
j=0

∂L
j
h

∂φj(t)

∂t
,ψ(t)

)

+

(

C2

r

∑
j=0

Lhφ(t),ψ(t)

)

=

(

C

r

∑
j=0

U
j
hφj(t),ψ(t)

)

, (3.15)

for all ψ(t)∈Pr−1(I) and all elements I.
In fact, we obtain a system as

D1Ũh+D2L̃h=0; (3.16)

D3L̃h=D4Ũh, (3.17)

where the matrices are generalized by both the DG in space and CG in time, Ũh =
(U0

h,U1
h,··· ,Ur

h)
T, L̃h =(L0

h,L1
h,··· ,Lr

h)
T. In our numerical implement, we first insert (3.17)

into (3.16) and solve it to get Ũh, then insert Ũh into (3.17) to get L̃h. Because (3.13) is a
ordinary equation, we conclude that it is easy to get D

−1
3 D4.
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4 L2 stability analysis

In this section, we focus on the L2-stability of our numerical scheme. For this purpose,
we introduce an projection operator and its corresponding properties first.

For time-dependent functions, define an L2-projection operator P t :L2(0,T)→Pr−1(Ij),
which satisfies

∫

Ij

(P t ϕ−ϕ)vdt=0, for ∀ v ∈Pr−1(Ij). (4.1)

Actually the projection operator P t has the following properties:

Lemma 4.1. Assume Uh, Lh ∈Vr,k
h , vh ∈ (Pr−1(Ij)⊗Sk

h,Ω)
3⊕(Pr−1(Ij)⊗Sk

h,Ω)
3. Further sup-

pose that ζ is a linear function of Uh. Then
∫

Ij

ζ
(

Uh

)

vhdt=
∫

Ij

ζ
(

P tUh

)

vhdt, (4.2)

∫

Ij

∫

Ω

∂

∂t
Uh ·P

tUhdxdt=
1

2
||Uh(tj,·))||

2−
1

2
||Uh(tj−1,·))||2, (4.3)

∫

Ij

∫

Ω
Uh ·P

tLhdxdt=
∫

Ij

∫

Ω
Lh ·P

tUhdxdt, (4.4)

||P tUh(x,·)||≤ ||Uh(x,·)||. (4.5)

Proof. The definition of P t and the linearity of P t and ζ yields
∫

Ij

ζ
(

Uh

)

vhdt=
∫

Ij

P tζ
(

Uh

)

vhdt=
∫

Ij

ζ
(

P tUh

)

vhdt,

which is exactly (4.2).
By the definition of P t,

∫

Ij

∫

Ω

∂

∂t
Uh·P

tUhdtdx=
∫

Ω

∫

Ij

∂

∂t
Uh·Uhdxdt=

1

2
||Uh(·,tj)||

2−
1

2
||Uh(·,tj−1)||

2.

Hence, (4.3)holds.
Direct calculation shows that,

∫

Ij

∫

Ω
Uh ·P

tLhdxdt−
∫

Ij

∫

Ω
Lh ·P

tUhdxdt

=
∫

Ij

∫

Ω
(Uh−P tUh)·P

tLhdxdt+
∫

Ij

∫

Ω
(P tLh−Lh)·P

tUhdxdt

=0,

which leads to (4.4).
(4.5) follows by a straightforward conclusion of (4.2) and the Cauchy-Schwartz in-

equality.
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It is worthwhile to point out that the projection operator P t plays a significant role in
both stability and error analysis later. In our CG-DG method the test function is one de-
gree lower than the shape function, it makes us to take the test function as the projection
of the shape function.

Denote

BIj
(Uh,Lh;vh)= ∑

K∈Th

(

∫

Ij

∫

K
Q

∂

∂t
Uh ·vhdxdt+

∫

Ij

∫

K
Lh ·vhdxdt

+
∫

Ij

∑
e∈∂K

∫

e

̂(f(Uh)·nK)·vhdsdt−
∫

Ij

∫

K
f(Uh)·∇vhdxdt

)

. (4.6)

According to (3.7), we have

BIj
(Uh,Lh;vh)=0, for all vh ∈ (Pr−1(Ij)⊗Sk

h,Ω)
3⊕Pr−1(Ij)⊗Sk

h,Ω)
3. (4.7)

Lemma 4.2. For each Uh, Lh ∈Vr,k
h , we have

BIj
(Uh,Lh;P tUh)=

1

2
||Q

1
2 U(·,tj)||

2−
1

2
||Q

1
2 U(·,tj−1)||

2+
1

2
ΘIj ,Th

(P tUh)

+
∫

Ij

∫

Ω
Lh ·P

tUhdxdt,

where

ΘIj ,Th
(P tUh)=2

∫

Ij

∑
e⊂ED

∫

e

1

Z

∣

∣

∣
n×P tEint

h

∣

∣

∣

2
dsdt

+
∫

Ij

∑
e⊂EI

∫

e
Z
∣

∣

∣JP tHh(x,t)KT

∣

∣

∣

2
+

1

Z

∣

∣

∣JP tEh(x,t)KT

∣

∣

∣

2
dsdt. (4.8)

Proof. Taking vh =P tuh in (4.6), and implementing (4.3) in Lemma 4.1, we obtain

BIj
(Uh,Lh;P tUh)

=
1

2
||Q

1
2 U(·,tj)||

2−
1

2
||Q

1
2 U(·,tj−1)||

2+
∫

Ij

∫

Ω
Lh ·P

tUhdxdt

+
∫

Ij

∑
K∈Th

∑
e⊂∂K

∫

e

̂(f(Uh)·nK)·P
tUhdsdt−

∫

Ij

∫

Ω
f(Uh)·∇P tUhdxdt. (4.9)

By (4.2) in Lemma 4.1,

∫

Ij

∑
K∈Th

∑
e⊂∂K

∫

e

̂(f(Uh)·nK)·P
tUhdsdt−

∫

Ij

∫

Ω
f(Uh)·∇P tUhdxdt

=
∫

Ij

∑
K∈Th

∑
e⊂∂K

∫

e

̂(f(P tUh)·nK)·P
tUhdsdt−

∫

Ij

∫

Ω
f(P tUh)·∇P tUhdxdt. (4.10)
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According to Lemma 3.1 in [30, 33],

∫

Ij

∑
K∈Th

∑
e⊂∂K

∫

e

̂(f(P tUh)·nK) ·P
tUhdsdt−

∫

Ij

∫

Ω
f(P tUh)·∇P tUhdxdt

=
1

2
ΘIj ,Th

(P tUh). (4.11)

The combination of (4.9)-(4.11) leads to the conclusion.

Based on the discussion above, we get the following stability result for our CG-DG
approach:

Theorem 4.1. Let Uh =(Eh,Hh)
T and Lh=(Jh,Kh)

T be the solutions of (3.7) and (3.8). Then,

ǫ0||Eh(x,T)||2+µ0||Hh(x,T)||2+
1

ǫ0ω2
pe

||Jh(x,T)||2+
1

µ0ω2
pm

||Kh(x,T)||2

+ΘT,Th
(P tuh)+2

∫ T

0
||N

1
2 P tL(x,t)||2dt

=ǫ0||Eh(x,0)||2+µ0||Hh(x,0)||2+
1

ǫ0ω2
pe

||Jh(x,0)||2+
1

µ0ω2
pm

||Kh(x,0)||2,

where

ΘT,Th
(P tUh)=

n−1

∑
j=0

ΘIj ,Th
(P tUh),

with ΘIj ,Th
(P tuh) depicted in (4.8).

Proof. Taking vh=P tUh in (4.7)and implementing Lemma 4.2 leads to

BIj
(Uh,Lh;P tUh)=

1

2
||Q

1
2 Uh(·,tj)||

2
0−

1

2
||Q

1
2 Uh(·,tj−1)||

2
0+

1

2
ΘIj ,Th

(P tUh)

+
∫

Ij

∫

Ω
Lh ·P

tUhdxdt

=0. (4.12)

Setting wh =P tLh in (3.8) and implementing (4.4), we obtain

∑
K∈Th

∫

Ij

∫

K
(S

∂

∂t
Lh+NLh)·P

tLhdxdt=
∫

Ij

∫

Ω
Uh ·P

tLhdxdt

=
∫

Ij

∫

Ω
Lh ·P

tUhdxdt. (4.13)
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Hence, plugging (4.13) into (4.12) and using (4.3) and (4.4), we have

BIj
(Uh,Lh;P tUh)=

1

2
||Q

1
2 Uh(·,tj)||

2
0−

1

2
||Q

1
2 Uh(·,tj−1)||

2
0+

1

2
ΘIj ,Th

(P tUh)

+ ∑
K∈Th

∫

Ij

∫

K
(S

∂

∂t
Lh+NLh)·P

tLhdxdt

=
1

2
||Q

1
2 Uh(·,tj)||

2
0−

1

2
||Q

1
2 Uh(·,tj−1)||

2
0+

1

2
ΘIj ,Th

(P tUh)

+
1

2
||S

1
2 Lh(·,tj)||

2
0−

1

2
||S

1
2 Lh(·,tj−1)||

2
0+

∫

Ij

||N
1
2 P tL(x,t)||2dt

=0.

Summing up the above equations over j from 1 to n, we get

1

2
||Q

1
2 Uh(·,T)||

2
0−

1

2
||Q

1
2 Uh(·,0)||

2
0+

1

2
||S

1
2 Lh(·,T)||

2
0−

1

2
||S

1
2 Lh(·,0)||

2
0

+
1

2
ΘT,Th

(P tUh)+
∫

T
||N

1
2 P tL(x,t)||2dt

=0.

This completes the proof of Theorem 4.1.

5 Error estimates

Now we turn to the error estimates of our CG-DG approach. For this propose, we intro-
duce the projection operators Rt and Ph in the following.

Let us introduce the Gauss-Lobatto projection operator Rt for time dependent func-
tions, as Rt : Hr+1(0, T)→Sr

τ,Ij
, satisfying

∫

Ij

(Rtu−u)vdt=0 for v∈P r−2(Ij),

(Rtu)(tj)=u(tj), (Rt ϕ)(tj−1)=u(tj−1).

The projection operator Rt has the following properties:

Lemma 5.1 ([3]). If u∈Hr+1(Ij) and Rtu is its Gauss-Lobatto projection operator Rt, then

(u−Rtu)⊥Pr−2 and ||u−Rtu||L2(Ij)
≤Cτr+1||u||Hr+1(Ij)

.

Moreover, we also need to introduce the classical L2-projection operator Ph :
Hk+1(Ω)→Sk

h,Ω satisfying
∫

K
Phuvdx=

∫

K
uvdx, ∀v∈Pk(K), ∀K∈Th. (5.1)

In terms of it, we have the following approximation lemma.

https://doi.org/10.4208/cicp.scpde14.35s Published online by Cambridge University Press

https://doi.org/10.4208/cicp.scpde14.35s


1254 Z. Xie et al. / Commun. Comput. Phys., 19 (2016), pp. 1242-1264

Lemma 5.2. Assume that u∈Hk+1(K) and Phu is its L2-projection into Pk(K). Then

||u−Phu||0,K ≤Chk+1|u|k+1,K, ||u−Phu||0,∂K ≤Chk+1/2|u|k+1,K.

It is known that the error analysis of numerical methods for time-dependent prob-
lems is more difficult than those for the time-independent ones. In this paper, we will
implement an approach based on the operator-decomposition technique introduced in
[31, 33]. To our knowledge, this technique was first proposed by Douglas, Dupont and
Wheeler [11], and further used for parabolic and hyperbolic problems by Chen [3].

According to [31, 33], we have the following operation decomposition

I−Rt⊗Ph= I−Rt+ I−Ph−(I−Rt)⊗(I−Ph). (5.2)

Actually, the two operators I−Rt and I−Ph are independent of each other. By the
properties of Rtu and Phu, we have the following orthogonality relations:

∫

Ij

[

(I−Rt)t⊗(I−Ph)u
]

vdt=0, ∀v∈Pr−1(Ij)×Sk
h,K, j=1,2,··· ,n, r≥1, (5.3)

∫

K

[

(I−Rt)⊗(I−Ph)u
]

vdx=0, ∀v∈Sk
h,K , K∈Th. (5.4)

It is easy to see that the numerical fluxes defined in (3.9), (3.10) are consistent. Set
eU =U−Uh, eL =L−Lh. By (3.7) and (4.6), we have

BIj
(eU,eL;vh)=0 ∀ vh∈ (Pr−1(Ij)⊗Sk

h,Ω)
3⊕Pr−1(Ij)⊗Sk

h,Ω)
3. (5.5)

The error eU, eL can be decomposed into

eU =U−Rt⊗PhU−(Uh−Rt⊗PhU),RU−θU,

eL =L−Rt⊗PhL−(Lh−Rt⊗PhL),RL−θL,
(5.6)

where RU=U−Rt⊗PhU, θU=Uh−Rt⊗PhU, RL=L−Rt⊗PhL and θL=Lh−Rt⊗PhL,
respectively.

Plugging eU =RU−θU and eL =RL−θL into (5.5) and taking vh =P tθU, we have

BIj
(θU,θL;P tθU)=BIj

(RU,RL;P tθU). (5.7)

Lemma 5.3. In terms of BIj
(θU,θL;P tθU), we have the following estimate

BIj
(θU,θL;P tθU)=

1

2
‖Q

1
2 θU(·,tj)‖

2
0,Ω−

1

2
‖Q

1
2 θU(·,tj−1)‖

2
0,Ω+

1

2
ΘIj ,Th

(P tθU)

+
∫

Ij

∫

Ω
θL ·P

tθUdxdt (5.8)

for j=1,2,··· ,n.
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Proof. By the definition of BIj
(eU,eL;vh), we have

BIj
(θU,θL;P tθU)= ∑

K∈Th

∫

Ij

∫

K
Q

∂

∂t
θU ·P

tθUdxdt+ ∑
K∈Th

∫

Ij

∫

∂K

̂(f(θU)·nK)·P
tθUdsdt

− ∑
K∈Th

∫

Ij

∫

K
f(θU)·∇P tθUdxdt+

∫

Ij

∫

Ω
θL ·P

tθUdxdt. (5.9)

Using (4.3), we get

∑
K∈Th

∫

Ij

∫

K
Q

∂

∂t
θU ·P

t(θU)dxdt=
1

2
‖Q

1
2 θU(·,tj)‖

2
0,Ω−

1

2
‖Q

1
2 θU(·,tj−1)‖

2
0,Ω. (5.10)

Following the same strategy as that in the proof of Lemma 4.2, it is easy to show that

∑
K∈Th

∫

Ij

∫

∂K

̂(f(θU)·nK)·P
tθUdsdt− ∑

K∈Th

∫

Ij

∫

K
f(θU)·∇P tθUdxdt=

1

2
ΘIj ,Th

(P tθU). (5.11)

The combination of (5.9), (5.10) and (5.11) yields (5.8).

We aim to estimate BIj
(RU,RL;P tθU) for j=1,2,··· ,n. Firstly,

BIj
(RU,RL;P tθU)=

∫

Ij

∫

Ω
Q

∂

∂t
RU ·P

tθUdxdt+
∫

Ij

∫

Ω
RL ·P

tθUdxdt (5.12)

+ ∑
K∈Th

∫

Ij

∑
e∈∂K

∫

e

̂(f(RU)·nK)·P
tθUdsdt− ∑

K∈Th

∫

Ij

∫

K
f(RU)·∇P tθUdxdt

for j=1,2,···n.
By (5.2), the operator RU is decomposed into three parts, i.e.,

RU =(I−Rt⊗Ph)U,ξU+ηU+ρU,

where ξU =(I−Rt)U, ηU =(I−Ph)U, ρU =−((I−Rt)⊗(I−Ph))U.
According to the definitions of the projection operators P t, Ph, Rt, we have the fol-

lowing orthogonality relations:

∫

Ij

∂

∂t
ξU(x,t)·P tθU(x,t)dt=0,

∫

Ij

∂

∂t
ρU(x,t)·P tθU(x,t)dt=0, ∀ x∈Ω,

∫

K
ηU(x,t)·P tθU(x,t)dx=0,

∫

K

∂

∂t
ηU(x,t)·P tθU(x,t)dx=0, ∀t∈ (0,T], (5.13)

∫

K
ρU(x,t)·P tθU(x,t)dx=0,

∫

K

∂

∂t
ρU(x,t)·P tθU(x,t)dx=0, ∀t∈ (0,T].

Meanwhile, RL can be decomposed in the same way and has the same orthogonality
relations as introduced in (5.13).
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As a consequence of (5.13),
∫

Ij

∫

Ω
Q

∂

∂t
Ru ·P

tθudxdt=
∫

Ij

∫

Ω
Q
( ∂

∂t
ξu+

∂

∂t
ηu+

∂

∂t
ρu

)

·P tθudxdt=0. (5.14)

Lemma 5.4. In terms of BIj
(RU,RL;P tθU), we have

BIj
(RU,RL;P tθU)≤Ch2k+1

∫

Ij

||U(·,t)||2k+1,Ωdt+
1

2

∫

Ij

‖Q
1
2 P tθU(·,t)‖

2
0,Ωdt

+Cτ2r+2
∫

Ω

(

||∇×E(x,·)||2r+1,Ij
+||∇×H(x,·)||2r+1,Ij

)

dx

+Cτ2r+2
∫

Ω
(||J(x,t)||2r+1,Ij

+||K(x,t)||2r+1,Ij
)dx+

1

2
ΘIj ,Th

(P tθU).

Proof. Implementing (5.14) and the decomposition of RU, RL, (5.12) can be rewritten as

BIj
(Ru,RL;P tθU)= ∑

K∈Th

∫

Ij

∫

∂K

(

̂f(RU)·nK

)

·P tθUdsdt− ∑
K∈Th

∫

Ij

∫

K
f(RU)·∇P tθUdxdt

+
∫

Ij

∫

Ω
RL ·P

tθUdxdt

= ∑
K∈Th

(

∫

Ij

∫

∂K

(

̂f(ξU)·nK

)

·P tθUdsdt−
∫

Ij

∫

K
f(ξU)·∇P tθUdxdt

)

+ ∑
K∈Th

(

∫

Ij

∫

∂K

(

̂f(ηU)·nK

)

·P tθUdsdt−
∫

Ij

∫

K
f(ηU)·∇P tθUdxdt

)

+ ∑
K∈Th

(

∫

Ij

∫

∂K

(

̂f(ρU)·nK

)

·P tθUdsdt−
∫

Ij

∫

K
f(ρU)·∇P tθUdxdt

)

+
∫

Ij

∫

Ω
RL ·P

tθUdxdt

,M1
j +M2

j +M3
j +M4

j . (5.15)

In the following, we will estimate M1
j ,M2

j ,M3
j ,M4

j , respectively.

Following almost the same line as that of in [30, 33],

M1
j ≤

∫

Ω

∫

Ij

(

1

µ0
|∇×ξE|

2+
1

ǫ0
|∇×ξH|

2+
µ0

4
|P tθH|

2+
ǫ0

4
|P tθE|

2

)

dtdx (5.16)

≤Cτ2r+2
∫

Ω

(

||∇×E(x,·)||2r+1,Ij
+||∇×H(x,·)||2r+1,Ij

)

dx+
1

4

∫

Ij

‖Q
1
2 P tθU(·,t)‖

2
0,Ωdt,

M2
j ≤Ch2k+1

∫

Ij

||U(·,t)||2k+1,Ωdt+
1

4

∫

Ij

∑
e⊂EI

∫

e

(

1

Z

∣

∣

∣
JP tθEKT

∣

∣

∣

2
+Z

∣

∣

∣
JP tθHKT

∣

∣

∣

2
)

dsdt

+
1

2Z

∫

Ij

∑
e⊂ED

∫

e

∣

∣

∣
n×P tθint

E

∣

∣

∣

2
dsdt, (5.17)
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and

M3
j ≤Ch2k+1

∫

Ij

||U(·,t)||2k+1,Ωdt+
1

4

∫

Ij

∑
e⊂EI

∫

e

(

1

Z

∣

∣

∣JP tθEKT

∣

∣

∣

2
+Z

∣

∣

∣JP tθHKT

∣

∣

∣

2
)

dsdt

+
1

2Z

∫

Ij

∑
e⊂ED

∫

e

∣

∣

∣
n×P tθint

E

∣

∣

∣

2
dsdt. (5.18)

Finally using the operator decomposition of RL and (5.13), we obtain

M4
j =

∫

Ij

∫

Ω
RL ·P

tθUdxdt

=
∫

Ij

∫

Ω
(ξJ ·P

tθE+ξK ·P tθH)dxdt

≤
∫

Ω

∫

Ij

(

1

ǫ0
|ξJ|

2+
1

µ0
|ξK|

2+
ǫ0

4
|P tθE|

2+
µ0

4
|P tθH|

2

)

dxdt

≤Cτ2r+2
∫

Ω
(||J(x,t)||2r+1,Ij

+||K(x,t)||2r+1,Ij
)dx+

1

4

∫

Ij

‖Q
1
2 P tθU(·,t)‖

2
0,Ωdt. (5.19)

Hence, the combination of (5.15)-(5.19) yields

BIj
(RU,RL;P tθU)≤Ch2k+1

∫

Ij

||U(·,t)||2k+1,Ωdt+
1

2

∫

Ij

‖Q
1
2 P tθU(·,t)‖

2
0,Ωdt

+Cτ2r+2
∫

Ω

(

||∇×E(x,·)||2r+1,Ij
+||∇×H(x,·)||2r+1,Ij

)

dx

+Cτ2r+2
∫

Ω
(||J(x,t)||2r+1,Ij

+||K(x,t)||2r+1,Ij
)dx+

1

2
ΘIj ,Th

(P tθU).

This completes the proof of Lemma 5.4.

Theorem 5.1. Let Uh =(Eh, Hh)
T and Lh =(Jh, Kh)

T be the solutions of (3.7) and (3.8), and
let U=(E, H)T and L=(J, K)T be the exactly solutions of (3.1) and (3.2). Assume that

E, H, J, K∈L2([0,T],(Hk+1(Ω))3), ∇×E, ∇×H∈Hr+1([0,T],(L2(Ω))3).

Then there exists a constant C independent of the mesh size h and the time step τ such that

ǫ0||E(x,T)−Eh(x,T)||0+µ0||H(x,T)−Hh(x,T)||0

+
1

ǫ0ω2
pe

||J(x,T)−Jh(x,T)||0+
1

µ0ω2
pm

||K(x,T)−Kh(x,T)||0

≤Chk+ 1
2 |||U(·,t)|||k+1,0+Cτr+1(|||∇×E(x,·)|||0,r+1+|||∇×H(x,·)|||0,r+1)

+Cτr+1(|||J(x,·)|||0,r+1+|||K(x,·)|||0,r+1)+Cτr+1‖|U(x,·)‖|0,r+1

+Chk+1||Q
1
2 U(·,T)||0,Ω+Chk+1‖S

1
2 L(·,T)‖0,Ω.
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Proof. In term of Lemma 5.3 and Lemma 5.4, we have

1

2
‖Q

1
2 θU(·,tj)‖

2
0,Ω−

1

2
‖Q

1
2 θU(·,tj−1)‖

2
0,Ω+

∫

Ij

∫

Ω
θL ·P

tθUdxdt

≤Ch2k+1
∫

Ij

||U(·,t)||2k+1,Ωdt+
1

2

∫

Ij

‖Q1/2P tθU(·,t)‖
2
0,Ωdt (5.20)

+Cτ2r+2
∫

Ω

(

||∇×E(x,·)||2r+1,Ij
+||∇×H(x,·)||2r+1,Ij

)

dx+Cτ2r+2
∫

Ω
||L(x,t)||2r+1,Ij

dx.

It remains essential to estimate the term
∫

Ij

∫

Ω
θL ·P tθUdxdt.

Using (3.6) and (3.8), we have

∫

Ij

∫

K

(

S
∂

∂t
eL+NeL

)

·whdxdt=
∫

Ij

∫

K
eU ·whdxdt. (5.21)

Summing over all K∈Th, inserting eU=RU−θU and eL=RL−θL into (5.21) and taking
wh=P tθL leads to

∫

Ij

∫

Ω
θU ·P

tθLdxdt=
∫

Ij

∫

Ω
RU ·P

tθLdxdt

−
∫

Ij

∫

K

(

S
∂

∂t
(RL−θL)+N(RL−θL)

)

·P tθLdxdt. (5.22)

Implementing (4.2) and (4.3),

∫

Ij

∫

Ω
NθL ·P

tθLdxdt=
∫

Ij

||N1/2P tθL||
2
0,Ωdt,

∫

Ij

∫

Ω
S

∂

∂t
θL ·P

tθLdxdt=
1

2
‖S

1
2 θL(·,tj)‖

2
0,Ω−

1

2
‖S

1
2 θL(·,tj−1)‖

2
0,Ω. (5.23)

Similar to (5.14), by (5.13), we have

∫

Ij

∫

Ω
S

∂

∂t
RL ·P

tθLdxdt=0. (5.24)

Similar to the estimate of M4
j in Lemma 5.4, a direct calculation yields

∫

Ij

∫

Ω
RU ·P

tθLdxdt≤Cτ2r+2
∫

Ω
||U(x,t)||2r+1,Ij

dx+
∫

Ij

‖S
1
2 P tθL(·,t)‖

2
0,Ωdt,

∫

Ij

∫

Ω
RL ·P

tθLdxdt≤Cτ2r+2
∫

Ω
||L(x,t)||2r+1,Ij

dx+
∫

Ij

‖S
1
2 P tθL(·,t)‖

2
0,Ωdt. (5.25)

https://doi.org/10.4208/cicp.scpde14.35s Published online by Cambridge University Press

https://doi.org/10.4208/cicp.scpde14.35s


Z. Xie et al. / Commun. Comput. Phys., 19 (2016), pp. 1242-1264 1259

Substituting (5.23)-(5.25) into (5.20), and using (4.5) in Lemma 4.1, we get

1

2
‖Q

1
2 θU(·,tj)‖

2
0,Ω−

1

2
‖Q

1
2 θU(·,tj−1)‖

2
0,Ω

+
1

2
‖S

1
2 θL(·,tj)‖

2
0,Ω−

1

2
‖S

1
2 θL(·,tj−1)‖

2
0,Ω+

∫

Ij

||N1/2P tθL||
2
0,Ωdt

≤Ch2k+1
∫

Ij

||U(·,t)||2k+1,Ωdt+
∫

Ij

‖Q
1
2 θU(·,t)‖

2
0,Ωdt+

∫

Ij

‖S
1
2 θL(·,t)‖

2
0,Ωdt

+Cτ2r+2
∫

Ω

(

||∇×E(x,·)||2r+1,Ij
+||∇×H(x,·)||2r+1,Ij

)

dx

+Cτ2r+2
∫

Ω
(||J(x,t)||2r+1,Ij

+||K(x,t)||2r+1,Ij
)dx+Cτ2r+2

∫

Ω
‖U(x,·)||r+1,Ij

dx.

Thus,

‖Q
1
2 θU(·,tj)‖

2
0,Ω+‖S

1
2 θL(·,tj)‖

2
0,Ω

≤eτ‖Q
1
2 θU(·,tj−1)‖0,Ω+eτ‖S

1
2 θL(·,tj−1)‖

2
0,Ω+eτCh2k+1

∫

Ij

||U(·,t)||2k+1,Ωdt

+Ceττ2r+2
∫

Ω

(

||∇×E(x,·)||2r+1,Ij
+||∇×H(x,·)||2r+1,Ij

)

dx

+Ceττ2r+2
∫

Ω
(||J(x,t)||2r+1,Ij

+||K(x,t)||2r+1,Ij
)dx+Ceττ2r+2

∫

Ω
‖U(x,·)‖2

r+1,Ij
dx

by using the Gronwall’s inequality.
Summing over j=1 to j=n,

‖Q
1
2 θU(·,T)‖

2
0,Ω+‖S

1
2 θL(·,T)‖

2
0,Ω

≤Ch2k+1|||Q
1
2 U(·,t)|||2k+1,0+Cτ2r+2

(

|||∇×E(x,·)|||20,r+1+|||∇×H(x,·)|||20,r+1

)

+τ2r+2(|||J(x,·)|||20,r+1+|||K(x,·)|||20,r+1)+Cτ2r+2‖|U(x,·)‖|20,r+1.

On the other hand,

||Q
1
2 RU(·,T)||

2
0,Ω = ||Q

1
2 ηU(·,T)||

2
0,Ω ≤Ch2k+2||Q

1
2 U(·,T)||20,Ω,

||S
1
2 RL(·,T)||

2
0,Ω = ||S

1
2 ηL(·,T)||

2
0,Ω ≤Ch2k+2‖S

1
2 L(·,T)‖2

0,Ω.

Hence, by the triangular inequality, we have

‖Q
1
2 eU(·,T)‖

2
0,Ω+‖S

1
2 eL(·,T)‖

2
0,Ω

≤Ch2k+1|||Q
1
2 U(·,t)|||2k+1,0+Cτ2r+2

(

|||∇×E(x,·)|||20,r+1+|||∇×H(x,·)|||20,r+1

)

+Cτ2r+2(|||J(x,·)|||20,r+1+|||K(x,·)|||20,r+1)+Cτ2r+2‖|U(x,·)‖|20,r+1

+Ch2k+2||Q
1
2 U(·,T)||20,Ω+Ch2k+2‖S

1
2 L(·,T)‖2

0,Ω,

which completes the proof.
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6 Numerical results

In this section, 3D numerical results are given to justify our theoretical prediction. Ac-
cording to the theoretical analysis above, we know that our numerical scheme is stable
without any restriction on the time step size τ. Actually we obtain accurate numerical
solutions when τ is equal to h. In our numerical example, we use hexahedral element for
simplicity. Moreover, in this section, the L2-errors are computed in the following way:

||u−uh||0=
(

∑
K∈Th

∫

K
|u−uh|

2dx
)

1
2
.

We consider the following 3-D problem,

ǫ0
∂E

∂t
−∇×H+J(E)=R1,

µ0
∂H

∂t
+∇×E+K(H)=R2,

∂J

∂t
+ΓeJ=ǫ0ω2

peE,

∂K

∂t
+ΓmK=µ0ω2

pmH,

in Ω=[0,1]3. In our numerical test, we take ǫ0 =µ0 =Γe =Γm =ωpe =ωpm =1 and R1,R2

such that the exact solution of this problem is

E=





(y−y2)(z−z2)
(x−x2)(z−z2)
(x−x2)(y−y2)



te−(t+x+y+z), H=





y−z
z−x
x−y



te−(t+x+y+z),

J=
1

2





(y−y2)(z−z2)
(x−x2)(z−z2)
(x−x2)(y−y2)



t2e−(t+x+y+z), K=
1

2





y−z
z−x
x−y



t2e−(t+x+y+z).

We choose the time step size τ equal to the spatial mesh size h and the same order
(r=k) polynomials for temporal and spatial discretization. The L2-errors and their corre-
sponding convergence order are shown in Table 1, Table 2 and Table 3, Table 4 for r=k=1
and r= k=2, respectively. It is observed that the convergence rate of Eh, Hh, Jh, Kh in L2-
norm are O(hk+1), which is better than the theoretical prediction.

7 Conclusions

In this paper, we developed an CG-DG method for time-dependent Maxwell’s equa-
tion when metamaterials are involved. Both the L2-stability and the convergence rate
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Table 1: The convergence rate of L2 error for r= k=1.

time time step h ||E(·,T)−Eh(·,T)||0 order ||H(·,T)−Hh(·,T)||0 order

T=0.25 N=1 1
4 1.4824e-3 1.2234e-3

N=2 1
8 3.9219e-4 1.9184 3.5858e-4 1.7705

N=4 1
16 9.9438e-5 1.9797 9.4230e-5 1.9280

N=8 1
32 2.5061e-5 1.9884 2.4059e-5 1.9696

T=0.5 N=2 1
4 1.6944e-3 2.3683e-3

N=4 1
8 4.2899e-4 1.9818 6.3735e-4 1.8937

N=8 1
16 1.0738e-4 1.9982 1.6975e-4 1.9087

N=16 1
32 2.6875e-5 1.9984 4.3438e-5 1.9664

T=1 N=4 1
4 2.4795e-3 2.2242e-3

N=8 1
8 6.3574e-4 1.9635 6.0414e-4 1.8803

N=16 1
16 1.5977e-4 1.9924 1.7520e-4 1.7859

N=32 1
32 4.0052e-5 1.9961 4.7093e-5 1.8954

Table 2: The convergence rate of L2 error for r= k=1.

time time step h ||J(·,T)−Jh(·,T)||0 order ||K(·,T)−Kh(·,T)||0 order

T=0.25 N=1 1
4 1.3649e-4 4.5465e-4

N=2 1
8 4.2885e-5 1.6703 1.1386e-4 1.9975

N=4 1
16 1.1552e-5 1.8923 2.8470e-5 1.9997

N=8 1
32 2.9505e-6 1.9691 7.1278e-6 1.9979

T=0.5 N=2 1
4 4.2071e-4 5.7778e-4

N=4 1
8 1.1591e-4 1.8598 1.4355e-4 2.0090

N=8 1
16 2.9912e-5 1.9542 3.6533e-5 1.9743

N=16 1
32 7.6905e-6 1.9596 9.3509e-6 1.9660

T=1 N=4 1
4 8.8159e-4 1.0535e-3

N=8 1
8 2.2838e-4 1.9487 2.8654e-4 1.8784

N=16 1
16 5.7359e-5 1.9933 7.8929e-5 1.8601

N=32 1
32 1.4358e-5 1.9982 2.0583e-5 1.9391

of O(τr+1+hk+ 1
2 ) are obtained. Numerical examples are given to validate the theoreti-

cal predictions. The practical application of this model will be investigated in our future
work.
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Table 3: The convergence rate of L2 error for r= k=2.

time time step h ||E(·,T)−Eh(·,T)||0 order ||H(·,T)−Hh(·,T)||0 order

T=0.5 N=1 1
2 9.2853e-4 7.8794e-4

N=2 1
4 1.1371e-4 3.0295 1.0985e-4 2.8425

N=4 1
8 1.4304e-5 2.9908 1.4417e-5 2.9297

N=8 1
16 1.7751e-6 3.0104 1.8731e-6 2.9443

N=16 1
32 2.2307e-7 2.9923 2.3960e-7 2.9667

T=1 N=2 1
2 1.0426e-3 1.0095e-3

N=4 1
4 1.4800e-4 2.8165 1.3985e-4 2.8516

N=8 1
8 1.8554e-5 2.9957 1.8325e-5 2.9320

N=16 1
16 2.2735e-6 3.0287 2.2570e-6 3.0213

N=32 1
32 2.8593e-7 2.9912 2.8103e-7 3.0056

Table 4: The convergence rate of L2 error for r= k=2.

time time step h ||J(·,T)−Jh(·,T)||0 order ||K(·,T)−Kh(·,T)||0 order

T=0.5 N=1 1
2 1.8245e-4 1.9126e-4

N=2 1
4 2.6560e-5 2.7801 2.6611e-5 2.8454

N=4 1
8 3.4432e-6 2.9474 3.5234e-6 2.9170

N=8 1
16 4.3340e-7 2.9900 4.5743e-7 2.9453

N=16 1
32 5.4249e-8 2.9980 5.5743e-8 2.9611

T=1 N=2 1
2 4.9254e-4 4.7190e-4

N=4 1
4 6.9282e-5 2.8296 6.6806e-5 2.8204

N=8 1
8 8.7956e-6 2.9776 8.8239e-6 2.9204

N=16 1
16 1.0907e-6 3.0115 1.1552e-6 2.9333

N=32 1
32 1.3597e-7 3.0039 1.4478e-7 2.9962
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