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Abstract. In this paper, an approach combining the DG method in space with CG
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1 Introduction

Meta-material is often referred as an artificially constructed electromagnetic material
whose refraction index is negative. It was first theoretically proposed by Veselagi in
1967 [29], and practically constructed by Smith in 2000 [27]. Since then, the study of
meta-materials has been a very hot topic due to its potential application in many areas,
such as the design of invisibility and sub-wavelength imaging.

The numerical simulation of meta-materials plays an important role in the design
of new meta-materials and the discovery of new phenomenon of meta-materials [8].
Among them, the widely used numerical methods for the simulation of meta-materials
are the finite difference time domain methods (FDTD) [13, 28], the finite element meth-
ods (FEM) [21] and the commercial packages, such as HFSS and COMSOL, et al.. How-
ever, it is well known that the FDTD method has difficulties in solving problems with
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complex geometry. In the literature, there exist some works on finite element time do-
main (FETD) method for Maxwell’s equation in dispersive media [2] and meta-materials
[21,22]. Their main advantage lies in their ability to handle arbitrary geometries via un-
structured meshes of the domain of interest.

Since the development of the discontinuous Galerkin (DG) method in 1973 [26], it
has become one of the most important methods in solving various kinds of differential
equations. It can keep almost all the advantages of finite element method. Further, the
DG method has many nice properties, e.g., applicability for non-conforming mesh, high-
order accuracy, flexibility in handling material interface and high parallelizability. We
refer to the survey paper [1,7], the monographs [5,9,15] and their references therein for
more details about it.

In recent years, DG methods have been used to solve Maxwell’s equation in free space
[4,6,10,12,14] and dispersive media [16, 17,24, 30, 31], whose permittivity depends on
the wave frequency. In [30] and [33], Xie et al. propose a semi-discrete DG method
for dispersive media and space-time DG method for Maxwell’s equation in free space.
They prove that the convergence order is (’)(h”%) for the semi-discrete DG method and
O(r' 1 +hk+%) for the space-time DG method. It is worthwhile to point out that in the
numerical examples of [30], the continuous Galerkin finite element method is used in
the temporal discretization. Nevertheless, the convergence rate for the temporal variable
is missing. To our knowledge this is the first effort to solve Maxwell’s equation by the
finite element methods (CG or DG) both for temporal and spatial discretization. Very
recently, they extend this space-time DG method to dispersive media and provide the
corresponding theoretical analysis and numerical results [31].

Recently, Liin [18] develops an approach using DG approach for spatial discretization
and Runge-Kutta (finite difference) method in temporal discretization to solve the time-
domain Maxwell’s equation in meta-materials. Although several numerical examples are
given to show that this method is efficient, the theoretical analysis is missing. In [23], Li et
al. develop a leap-frog type DG method for solving the time-domain Maxwell’s equation
in meta-materials, and prove the stability and convergence of it. In [20], Li et al. develop
a leap-frog type DG method for solving the time-domain Maxwell’s equation in meta-
materials based on auxiliary differential equation (ADE) method, and prove that, under
some CFL condition, this method is stable and convergent. In [32], Wang et al. develop
an implicit DG method for solving time-domain Maxwell’s equations in meta-materials
based on a system of integro-differential equations. They prove that the implicit DG
scheme is unconditionally stable and the convergence rate is O (7> Rkt ). However, the
implicit DG scheme cannot make full use of the advantages of high order DG method.

Motivated by the works in [20, 30, 33], we introduce a method combining the DG
method in space with the CG method in time (CG-DG method) for Maxwell’s equation
in meta-materials. Our work is based on a so-called auxiliary differential equation (ADE)
method. The key point of it is to introduce another set of differential equations to include
media interactions. We prove that this CG-DG scheme is unconditionally stable and con-
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vergent at a rate of O (7! +hk+%) in the L2-norm when polynomials of degree at most r
is used for the temporal discretization and at most k for the spatial discretization. Com-
pared with other numerical methods used for meta-materials, our scheme is a high-order
scheme in temporal variable. To our knowledge, this is the first time to prove the error
analysis of CGDG method for the Maxwell’s equations. Theoretical results are validated
by some numerical examples.

The rest of this paper is organized as follows. In Section 2, the governing equations
for meta-materials is introduced. In Section 3, the numerical scheme is proposed. In
Section 4, unconditionally stability for the numerical scheme is obtained. In Section 5,
the convergence rate of O(7' ! +hk+%) is obtained for the CG-DG method. In Section 6,
numerical results in 3D are provided to support our theoretical prediction.

2 The governing equation

The electromagnetic wave propagation is governed by the general Maxwell’s equation,

oB oD
E=—— H=— 2.1

V x o VX T 2.1)

where E and H are the electric and magnetic fields, respectively, D and B are their corre-

sponding electric and magnetic flux densities. The constitutive relations among them are
given by

D=¢E+P=€E, B=puH+M=uH, (2.2)

where €j is the vacuum permittivity, y is the vacuum permeability, P and M are the

induced electric and magnetic polarizations, respectively.
Substituting (2.2) into (2.1), we get

€oa—E:VXH—a—P

= 5 In Ox(0,T), (2.3)
JH oM .

We introduce the induced electric current J= %_It’ and magnetic current K= aa—l\t/[. Then (2.3)
and (2.4) can be rewritten as

€o%—f=VXH—J in Qx(0,T), (2.5)
yo%—l;l:—VxE—K in Qx(0,T). (2.6)

There exist three popular models to simulate the meta-materials, i.e., Lossy Drude
polarization and magnetization model, Plasma-Lorentz model and Lorentz model. In
the following, we will introduce their corresponding governing equations, respectively.
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For meta-materials, the permittivity € and the permeability y are not constants any
more [21]. In frequency domain, the corresponding permittivity and permeability can be
written as,

e For the lossy Drude polarization and magnetization model [34]:

Whe W .
cw)=eo(1- iy ) M@ =m(1-Siim) @7)

e For the Plasma-Lorentz model [22,25,27]:

1 “pe 1 Fpn 2.8
€(w)—€o( —m>, ,H((U)—]/lo( _wZ—z’me—in)’ (2.8)
e For the Lorentz model [19]:
w? w?
—en(1— pe ) =uo(1— A , 2.9
e(w) 60( wZ—wgo—zTew> Hw) HO( wZ—in—ime> 29)

where wyp,, wpy, are the electric and magnetic plasma frequencies, I',, I';; are the electric
and magnetic damping frequencies, w is the angle frequency, w,o, w;o are the electric and
magnetic resonance frequencies and F € (0,1) is a parameter depending on the geometry
of the unit cell of meta-material.

Using a time-harmonic variation exp(iwt), substituting (2.7), (2.8) and (2.9) into (2.2),
respectively, and using the definition of J, K, we get the following equations for the three
different meta-materials,

e For the lossy Drude polarization and magnetization model:

dJ
> +T.J= eowlz,eE,
JdK
e For the Plasma-Lorentz model:
1 9] I,
el —F,
€ow?, ot * eow%ej
1 K T 1
= 7; K+—M=H, (2.11)
“l/l()meF ot ;’lowmoF ‘qu
oM
K=—;
ot
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e For the Lorentz model:
1 8] I,

eO
P—E=0,
eow2 ot eow2J eowpe
K r

I
HoWym ot HoWpm HoWpm (2.12)
[P
~ot’

oM
K=—.

ot

It is worthwhile to point out that the governing equations for the three meta-materials
above share a common feature, i.e., all of them can be viewed as (2.5) and (2.6) along
with 2—4 differential equations. It is observed that both the numerical method and its
corresponding theoretical analysis for them are very similar. For simplicity, we just focus
on the Lossy Drude polarization and magnetization model in this paper.

Assume that () is a bounded convex domain with its boundary 0Q) perfect conduct-
ing, i.e.,

nxE=0 on dQx(0,T),
where n is the unit outward normal to dQ). The initial conditions for the system (2.5),
(2.6) and (2.10) are

E(x,0)=Eo(x), H(x,0)=Ho(x), J(x0)=Jo(x), K(x,0)=Ko(x). (2.13)

Denote H*(Q)) and H*(I) the standard Sobolev space with the standard norms ||-||x
and |||, respectively. Then define

LZ(I,H"(Q)):{u!u(-,t)EH"( ),Vtel and /||u Hdet<oo}
with the norm |||ul||x0 = (f1||u(-,t)|\%0dt)7 and

Hk(I,L2(Q)):{u]u( ) eH (1 )VxGQand/ ||u(x, Hkldx<oo}

with norm |[[uf[lox = ( [, [lu(x,-)[IF ;dx) ® The corresponding vector functional spaces are

denoted by (H¥(Q))®, (L2(I,H*(Q)))® and (HK(I,L2(Q))))’. For Q= <0 ;),U:

(E,H)T and E(-,t),H(-£) € (H(Q))’, V€, define
10D ka=(IECHIRa+IHEH]E o
1QIUCH)lea= (el ECH)IFa+#o [H(HFa) .

We denote C to be a constant which is independent of the mesh size i and At, but with
different value in different inequality.

1/2
)

7
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3 Numerical scheme

We assume that ) is decomposed by a regular mesh 7;, with maximum diameter h. An
element is denoted by K, a face by ¢, and the outward unit normal by ng. We also denote
the union of all interior faces of 7, by £z, the union of all boundary faces of 7, by £p,
and the union of all faces of 7, by £ =&E7UEp. Moreover, let 0=ty <t; <---<t,=Tbea
triangulation of the interval I = [0,T]| with elements denoted by I; = [t;_1,t;],j=1,2,---,n.
Set Atj=t;—t; 1 and T:max{At]-,j: 1,2,---n}.

Denote P¥(K) (or P"(I)) the spaces of polynomials with degree at most k (or 7) in K
(or ;). Then the DG finite element space for spatial discretization is given by

St = {v€ [2(Q): vl € P(K), KET; ).
The continuous finite element space for temporal discretization is
rr={vel?(I):v|,eP'(I)), j=1,2,---,n}.
Thus our CG-DG space is defined by
& xgrk Xtk
Vi =V evy,

where V;'k =(S,;® S’,;/Q)g’.

It is known that the choice of the numerical flux is very important in the definition
of DG scheme. For this purpose, we need to introduce some notations first. Let e be an
interior face belonging to the element K. Set

Vint(K) (X) — 51_1)1’(1)1_V(X—|—(SI‘IK), vext(K) (X) = 51_i>r51+v(x—|—5n1<), Vx€Ee.

Then the average and tangential jump of v on any interior face e are defined as follows:

int(K) ext(K) ‘
{{V}}:%, [[V]]T:nKlent(K)_nKXVC’Xt(K)'

For a boundary face e C £p which is belong to the element K, we define
v (x) = v K (x), Vxee.

To introduce the DG formulation, we rewrite (2.5), (2.6) and (2.10) with the initial
condition (2.13) into the form

QU;+V-f(U)+L=0 in Qx(0,Ty], (3.1)
SL;+NL=U in Qx (0,Ty)], (3.2)
U(x,0)=Uj in O, (3.3)
L(x,0)=Lo in O, (3.4)
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E Eo €0l3x3  0O3x3 >
U: Va U == 7 = Va
( H ) 0 < Hp ) Q ( Osx3  Hol3x3

(V)= L L LV, )= 5 = F),

ei><E
1 T
] cow ——I3x3 03x3 o~ : > I3x3 03x3
o 0 _ pe _ pe
LO_(KO >/ S— 1 7 N_ I"m
033 >—1I3x3 O3x3 > 13x3
HoWhm HoWym

Here e;, i=1,2,3 denote the three Cartesian unit vectors.
Multiplying (3.1) by a test function v = (vg, vg)’ and (3.2) by a test function w =
(wg,wn)" and then integrating by parts over K x I;, we obtain the following weak formu-

lation
/ / QU -vdxdt+ / / (£(U)-n) - vdsdt — / / )-Vvexdi+ / / L.vdxdt=0, (3.5)
1, Jak
/ / (S=L+NL)-walxd = / / U wixdt. (3.6)
I]- K

Based on it, our CG-DG Scheme is to find Uy, L, € VZ’k such that

a —_—

- / / £(Uy)- Vvdxdt+ / / L, vydxdt=0, (3.7)
1, Jx 1 Jk

/ / (8L, +NL,) - wydxdt = / / U,,-widxdt, (3.8)
;Jk ot I JK

for all all vy,wy, € (Pr_l(I‘)®Sk )369(13“1(1‘)@8" )® and all elements KxI;, where
(f(Uh) ng) is the numerical flux on the face e C £. We take

T (o ({H + 5 [Eilr)
£) K‘( nK><<{{Eh}}—5thnT>> (3.9)

on an interior face e =dK( & and

— < —nX(H;l”t+%nXE;l”t) >

f(Uh)'I‘lK: 03><1 (310)

on a boundary face e =0dK(&p, where Z =,/ Z—g denotes the impedance of the medium.

Obviously this numerical flux is consistent with £(U)-ny.
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Moreover, set
Uh(xlo) :lPhU(X/O)/ Lh(X,O) :lPhL(X,O), (311)

with IP;, the L? projection operator which will be defined later.
The algorithm of the CGDG method:

Firstly, let ®;,j=0,1,---,Nt be the vector basis of (S£10)3@ (S£10)3. We introduce the
space discretization: Find vector coefficient Uy (t),Ly(t) € (S’fm)?’ & (S} )%, such that

/KQ%Uh-Vth—F/aK (f(mK)-VhdS
. / £(U,)-Vvudx+ / L, vydx—=0, (3.12)
K K
/(sﬁLh+NLh).whdx=/Uh.whdx, (3.13)
Kk ot K

for all v;, wy, € (Slfl,())S ® (Sﬁln)3 and all elements K.
Then we can obtain an ordinary system about Uy, (t),Lj(t), written as

AaU;t(t) +BU,(t)+CLy(t) =0,
oLy (¢
C1$+C2Lh(t):CUh(t), (3.14)
where A,B,C,C;,C; denote the matrix generalized by the space DG discretization (3.12)-

(3.13).
Finally, we will discretization (3.15). Let ¢;(t) (j=0,1,---,r) be the basis of P"(I). Our

fully discretization scheme is: Find U],L] (S'];Q)369(S',§Q) (j=0,1,2,---,r), such that
r a(P r
(AZU] — t> <IBZU i, ) +<C2Lh¢], > =0,
i

j=0

(CliaL13¢a]t(),¢(t)>+<CZZLh¢( > C]Zi: 1i(t) ) (3.15)

j=0

for all y(t) € P~1(I) and all elements 1.
In fact, we obtain a system as

Dlﬁh +D2i‘h :0,' (316)
D;L, =D,Uy, (3.17)
where the matrices are generalized by both the DG in space and CG in time, U, =
(Ug,U}q,- . ,UZ)T, L,= (L2,L,11,' . ,LZ)T. In our numerical implement, we first insert (3.17)

into (3.16) and solve it to get Uy, then insert Uy, into (3.17) to get L;. Because (3.13) is a
ordinary equation, we conclude that it is easy to get ID; 'Dy.
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4 [? stability analysis

In this section, we focus on the L2-stability of our numerical scheme. For this purpose,
we introduce an projection operator and its corresponding properties first.

For time-dependent functions, define an L?-projection operator P':L?(0,T)—P"(I;),
which satisfies
/I(Pf(p—go)vdt:o, for Yo € PY(I)). @&.1)

]

Actually the projection operator P! has the following properties:

Lemma 4.1. Assume Uy, Ly, € V;Z’k, v € (P1(I) ®S’,§/Q)3@ (PY(Iy) ®S']§’Q)3. Further sup-
pose that { is a linear function of Uy. Then

_ t
/1]. 2(Uy) vide= /Ijg@ Uy )vadt, (42)
J t dxdt = 1 2 1 2
. 57U P st = 305 =510 1) 43)
/ / U, P'Lydxdt — / / L, P Uydxdt, (4.4)
1) 1/
1P 0L < 11U (%) (4.5)

Proof. The definition of P! and the linearity of P! and  yields

/I_C<Uh>vhdt:/IthC<Uh>vhdt:/Ig(PtUh)vhdtl

] ]

which is exactly (4.2).
By the definition of P?,

o .. B 0 1 N RN
Aégwpme%%mwmmwvmm&w LGS

Hence, (4.3)holds.
Direct calculation shows that,

/ / U, -P'Lydxdt— / / L,-P'U,dxdt
1o 1o

_ / / (Uy—P'U,) - P Lydxdt+ / / (P'L,—Ly)-P'Ujdxdt
1Jo 1Jo

=0,
which leads to (4.4).

(4.5) follows by a straightforward conclusion of (4.2) and the Cauchy-Schwartz in-
equality. O
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It is worthwhile to point out that the projection operator P! plays a significant role in
both stability and error analysis later. In our CG-DG method the test function is one de-
gree lower than the shape function, it makes us to take the test function as the projection
of the shape function.

Denote

BIj(Uh/Lh;Vh) //Q U;,- Vhdxdt+//Lh v, dxdt
KeTy

n / Y / (Up) 1) - vpdsdt — / / (Uy)-Tvdxdt).  (46)

/eeaK

According to (3.7), we have
B;, (Uy, Ly;vy) =0, forallv,e (P ([)®S)* &P (1) @S] 5)°. 4.7)

Lemma 4.2. For each U, Lj, € VZ'k, we have

1
By (Un LirP'Uy) =5 |QHU (1) [P~ 311QEU( 1) [P+ 504, 7, (P'Uy)

n / / L, P'Udxdt,
1;/0
where

©,7,(P'U,) =2 / / Z‘nthEmt dsdt

JeCE

+/ Zfz\[[pfﬂh (x,) ]]T\ +Z([[P B(xtlr| dsdt. (48)

]eCE
Proof. Taking v, =P'uy, in (4.6), and implementing (4.3) in Lemma 4.1, we obtain
By, (U, Ly;P'Uy)
=511QMUC )~ 51QMUC k) P+ [ [ Ly P Uy

4 / y / (Uy) ng)-P'Udsdt — / / (Up)- VP! U dxdt. (4.9)

JKGTeCaK
By (4.2) in Lemma 4.1,
| L X [ 00 P Udsdt - / | £(U)- VP Uyt
IJKGTECBK
_ / Y / (PTU,) -ng)-P'Updsdt— / / (P'U,)- VP'U,dxdt. (4.10)
JKeTecaK
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According to Lemma 3.1 in [30, 33],

/ y / (PTU,)-ng)-P'Ujdsdt — / / (P'U,)- VP Udxdt

likeT,ecox
:EG)I].,T,, (P'Uy,). (4.11)
The combination of (4.9)-(4.11) leads to the conclusion. O

Based on the discussion above, we get the following stability result for our CG-DG
approach:

Theorem 4.1. Let Uy, = (E;,,Hy,)" and L, = (J;,,K;,) T be the solutions of (3.7) and (3.8). Then,

€ol [ B (¢ T) |1 4 po| [H, (6, T) | [P+ —— 1T (. T) | P+ 1K (x, T)[
pe 0%%m
T
+®T,7—h(7>fuh)+z/ INPIL(x,1)||2dt
0
=eo|[Bp (x,0)| >+ pol [Hy, (x,0)| >+ ——- [T (x,0) [|>+ ||K5 (x,0)[ %,
pe 0% pm
where
n—1
Or,7,(P'Up) =) _ Oy, 7,(P'Uy),
j=0

with ©p, 7, (P'wy) depicted in (4.8).

Proof. Taking v, =P"'Uj, in (4.7)and implementing Lemma 4.2 leads to

1 1
BI]-(Uh/Lh}PtUh):EHQ%Uh( )||0__||Q2Uh( i 1)||o+ 0y, 7,(P'Uy)
n / / L,-P'U,dxdt
1)
0. (4.12)

Setting w;, = P'Ly, in (3.8) and implementing (4.4), we obtain
Y / / (S Ly+NLy)-P'Lydxdt = / [ Uy P Lyt
KeTy, ot

= / / L;,-P'U,dxdt. (4.13)
e}
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Hence, plugging (4.13) into (4.12) and using (4.3) and (4.4), we have
1
BIj(Uh/Lh;PtUh):_HQ%Uh( )Ho——||Q2Uh( i 1)Ho+ ®1 7.(P'Uy)

/ / (S=Ly+NLy) - P'Lyxat
KeT

ZEHQfUh( )Ho——||Q2Uh( i 1)Ho+ ®1 7.(P"Uy)
1,1 1 1
+§rrSZLh<-,tj>rro—irrSZLh<~,tjf1>||o+/1_||sz>fL<x,t>HZdt
]
=0.
Summing up the above equations over j from 1 to n, we get
1, 1 1, .1 1.1 1,1
21QHUL (DI B— 5 104U, (0) B+ 51 L T) B~ 31 Lu (- 0) I3
1
+5017,(PUL+ [ [INPPIL x|t
=0.
This completes the proof of Theorem 4.1. O

5 Error estimates

Now we turn to the error estimates of our CG-DG approach. For this propose, we intro-
duce the projection operators R and IPj, in the following.

Let us introduce the Gauss-Lobatto projection operator R' for time dependent func-
tions, as R*: H'T1(0, T) — St Iy satisfying

/(Rtu—u)vdtzo for veP"%(1)),

I

(Riu) () =u(t)),  (R'e)(ti1) =u(tj1).
The projection operator R' has the following properties:

Lemma 5.1 (3]). If uc H*!(I;) and R'u is its Gauss-Lobatto projection operator R', then
(u—R'u)LP"? and |ju—R'ul|;2( <CTr+lHM||Hr+1 (1)-

Moreover, we also need to introduce the classical L2-projection operator Py, :
H*1(Q) — Sk, satisfying

/]Phuvdx:/uvdx, VUEPk(K), VK e T, (5.1)
K K

In terms of it, we have the following approximation lemma.
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Lemma 5.2. Assume that u € H*1(K) and Pju is its L*>-projection into P¥(K). Then
|| =Pyl jox <CH* M ulpa i, ||u—TPrulfoax <CHT2[ulii k.

It is known that the error analysis of numerical methods for time-dependent prob-
lems is more difficult than those for the time-independent ones. In this paper, we will
implement an approach based on the operator-decomposition technique introduced in
[31,33]. To our knowledge, this technique was first proposed by Douglas, Dupont and
Wheeler [11], and further used for parabolic and hyperbolic problems by Chen [3].

According to [31,33], we have the following operation decomposition

[-RIQP,=1-R'+1-P;,— (I-R") @ (I-TP}). (5.2)

Actually, the two operators [ — R and I—1P, are independent of each other. By the
properties of R'u and P,u, we have the following orthogonality relations:

/[(I—Rt)t@)(l—]l’h)u]vdtzo, Voe PN L) xSk, j=12m, r>1,  (53)

Jj

/K[(I—Rt)@)(l—ll’h)u]vdx:O, voest ., KeT (5.4)

It is easy to see that the numerical fluxes defined in (3.9), (3.10) are consistent. Set
ey=U-U;, e, =L—-L;. By (3.7) and (4.6), we have

By (eu,eL;vy)=0 Vv, €(PN(I)®S) o) @P ' (I)®Sk )’ (5.5)
The error ey, e; can be decomposed into

ey=U-R'@P,U~(U,-R'®@P,U) 2Ry —6y,

t t K (5.6)
eL:L—R ®]P;1L—(Lh—R ®1PhL) ZRL—GL,

where RU :U—Rt®]PhU, 9U = Uh —Rt®1PhU, RL = L—Rt®1PhL and 9L = Lh —Rt®]PhL,
respectively.
Plugging ey = Ry — 0y and e, =Ry — 6y into (5.5) and taking v, = P'0y, we have
BI].(Qu,QL,"PtGU) ZBIj(Ru,RL;PtGU). (5.7)

Lemma 5.3. In terms of B I (6u,0L; POy ), we have the following estimate

1, .1 1,1 1
By (6u,01;P'0u) =51Q26u(-t) 15,0 — H1Q26u(-ti-1) 15,0+ 5017, (P'6y)

+ / / 0, - P ydxdt (5.8)
/o

forj=1,2,---,n.
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Proof. By the definition of B I (eu,eL;vy), we have

B, (0u,00;P'0u) = Y / / Q2 by-Ployddt + Y- / |, (6B0) i) Ploydsdr

KeT, KeT,

_ / / £(6y)- VP bydxdt+ / / 61 P! Oydxdt. (5.9)
KeTy 4 ;7
Using (4.3), we get

Z//QatGU 7D("U)d"d'f——|\Qz9u( )oo— HQ29u( H)Ro (5.10)

KeTy,

Following the same strategy as that in the proof of Lemma 4.2, it is easy to show that

Z// £(6y) ng) - P'Oudsdt — Z// (6u)-VP Gdedt_lG)IT(P bu). (5.11)
KeT, oK KeT,

The combination of (5.9), (5.10) and (5.11) yields (5.8). O

We aim to estimate By, (Ry,Ry;P'oy) for j=1,2,--- ,n. Firstly,

B),(Ru,Ry;P'0y) / / QatRU Ploydxdt+ / / Ry -PlOudxdt (5.12)
+ ¥ [ T [ R ni)-Proudsdt— Z// (Ry)- VP oydxdt
KeTy, liecok KeTy,
forj=1,2,---n.

By (5.2), the operator Ry is decomposed into three parts, i.e.,
Ry =(I-R'®@P,)U=Gy+iu+pu,

where {y=(I-R")U, nu=(I-P,)U, py=—((I-R")@(I-P;))U.
According to the definitions of the projection operators P!, IP;, R, we have the fol-
lowing orthogonality relations:

/atCU x,t)- POy (x,t)dt = /atpU x,t)-Ploy(x,t)dt=0, VxeQ,
/ 7o (%) Poy(x,t)dx =0, / S o) Ply(x)dx=0, Ve (0,T], (513)
K K

/ ou(x,t)- Py (x)dx=0, / %pu(x,t)-PtGU(x,t)dx:O, Ve (0,T].
K K

Meanwhile, Ry, can be decomposed in the same way and has the same orthogonality
relations as introduced in (5.13).
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As a consequence of (5.13),

d
// QatR Pto dxdt—// Cu—i—atﬂu-i—atpu) Plogdxdt=0.  (5.14)
Lemma 5.4. In terms of B Ij(RU,RL;P Ou), we have
1
By (RuRuP'00) <CH [ U0 0t [ Q1P u()] o
]. |
#0702 [ (19X E G By +IV X HO) )

; 1
2 [ (1608 B + K01 st 301,73 (P6v).

Proof. Implementing (5.14) and the decomposition of Ry, Ry, (5.12) can be rewritten as

By, (Ry Ry;P'0u) = / | (#(Rv)ng)-Ploydsdt— Y- / / (Ru)- VP'Oudxdt
KeTy, K KeTy

+ / / R, - P'Oydxdt
1Jo

:K;’ ( /1 /aK <f(mK>'Pt9Udet— /1 | /K f(CU)-VPtGdedt>
+) <// ’7U nK PGUdet // nu)-VP Odedt>

KeT,

+ < / / f(oy) 1y ) -P'Oudsdt — / / f(pU)-VPfeudxdt>
1<;7, 1,Jak > 1 Jk

+ / / Ry - P Oudxdt
/o
EM+ MM+ M (5.15)

In the following, we will estimate M}-, sz-, /\/l]?', M;-l, respectively.
Following almost the same line as that of in [30,33],

//( |V % Cg|>+ yvxgH|2+%fo9Hy2+Z—°|Pf9Eyz>dtdx (5.16)
r 1 1
SCTHZ/Q(HWE( M ren, + V< H) [P dx+;1/11|\Q2P*9u(-,t)||%,odt,
]
2 2kt 2 1 1ot 2 ¢ 2
M2 <Ch /||U(-,t)uk+1,0dt+1/ s [ (Z|tPeclr| +2z|1Pouls| ) asat
‘ Liecg, e

IIXP Glnt

“dsdt, (5.17)

JeCE
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and

M3<CthH/HU Hk+mdt+4/ Y /<Z‘[[77 GE]]T‘ +Z‘[[77 GH]]T‘ )dsdt

JeCE

n><P 9””

" dsdt. (5.18)

2Z

JeCE

Finally using the operator decomposition of Ry and (5.13), we obtain

M= / / Ry - P'Oydxdt
1o

:// (&y-P'Op+Cx - P'Ou)dxdt
//< |Gy 17+ —ICKI2 !Pt95|2+%!Pt9H]2>dxdt
r 1 )
<C 2+2/(HJ(X B[, + KOG [F4, dX+L—l/I,HQéptGU(-,t)Hant. (5.19)
]

Hence, the combination of (5.15)-(5.19) yields
1
BIJ-(RU/RLﬂ’tf’U)SCthH/I ||U('/t)H%+1,th+§/I 1Q2P 0y (1) |13 qdt
: ,

#0202 [ (19X E O By + IV X HOx)| ) i
. 1
+C42 [ (1060|241, +K 08 1 x50, (P10v).

This completes the proof of Lemma 5.4. O

Theorem 5.1. Let Uy, = (E;, Hy)" and Ly, = (Jy, K;,)" be the solutions of (3.7) and (3.8), and
let U= (E, H)" and L= (J, K)T be the exactly solutions of (3.1) and (3.2). Assume that

E H,J, KeL*([0,T],(H"(Q))*), VxE, VxHeH([0,T],(L*(Q))%).
Then there exists a constant C independent of the mesh size h and the time step T such that
GOHE(X T) =By (x T)llo+pol [HO, T) —Hu (x, T)]fo

1
]XT Jh X,T o+
o ) D)o 2
<CHR| U lks1,0+CT LNV X B o1+ 1V < H ) o, r41)
CT IO o1+ K [o,r1) +CT U [or41

+CHQRUC,T) o +CH T [SIL(, T) foq.

1K, T) =K (x, ) o
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Proof. In term of Lemma 5.3 and Lemma 5.4, we have

LAl 2 LAl 2 t

S1Q36u (1) Ba—51QHu (1) B+ [ [ ou-Povdxd

]
1
<G [ UGN adt+3 [ QP00 o (5.20)
; ,

#0702 [ (19X B0 B+ IV X HO) By ) et Co 2 [ L0

It remains essential to estimate the term f L f ofL “PtOydxdt.
]
Using (3.6) and (3.8), we have

//< —eL+NeL>-whdxdt://eu-whdxdt. (5.21)
I, JK

Summing over all K€ 7j, inserting ey =Ry —6y and e, =Ry, — 6y, into (5.21) and taking
wy, = POy leads to

/ / 0y - POy dxdt = / / Ry-P'oydxdt
1Jo

/ / = (Ru—60)+N(R—00) ) -P'buxat. (5.22)
Implementing (4.2) and (4.3),
/ / N6y - P'0ydxdt = / INY/2Ptg |2 odt,
;J0 Ij ’
2 oL Plodxdt = 1 |s30 S29 5.23
| [ sgioPiai=g sl RISty lie 629)
Similar to (5.14), by (5.13), we have
J t
/ / SRy P'oydxdt —0. (5.24)
/o ot
Similar to the estimate of ./\/l;1 in Lemma 5.4, a direct calculation yields

// Ry-P Gdedt<Crzr+2/ 1U(x.) H,mdx+/ 1SEP6L ()12 ot
Ij !

// Ry P Gdedt<Crz’+2/ IIL(x,t) Hrﬂldxju/ ISTPOL (D)2 dt.  (5.25)
Ij ’
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Substituting (5.23)-(5.25) into (5.20), and using (4.5) in Lemma 4.1, we get

1,1
51Q20u(-t )!|oo——!|Q29U( t-1) 5.0

1, .1 1
+3 18300 B 18260 (. t5-1) o+ [ INY2PU0L |
]
1 1
<O [ 0GR 0dt+ [ Q4 () Bade+ [ 1S3 o
] ]

#0702 [ (119X B0 ) By +IV X Hx) Fo g ) i
#0702 [ (1060 o1, KO0 )x €2 [ U [,
Thus,
1Q*0u (1) G0+ 16 ) 3.
<eQHu(- t-1) o +e7lISH0u( 1) [F -+ G [ U DI 1 d
|

e e 2 [ (|17 B0 211, 11V < Hx ) )
+Ce e 2 [ (0B + K OoH) R ) Ce e 2 [ UG 2.,

by using the Gronwall’s inequality.
Summing over j=1to j=mn,
1 1
1Q26u(, D) [5a+1S26(. Dl a
1
<C*IQU ()| [g 1,0+ CT 2 ([IIV X E( )]G 0 + 1V X H(x, )]G 41)
T 206G g1+ GG 42) +CT 2O G 41
On the other hand,
1 1 1
1Q:Ru (-, T)l50=11Q21u(- T)I[5.0 < CH**2||Q2U(., T)[[§ o,
1 1 1
1S2RL( )50 =827, T) [5 0 < CH*2[|S2L(, T) 5.
Hence, by the triangular inequality, we have
1 1
1Q2eu (- T)[[§ 0 +1I8ZeL (- T)ll50
1
<CR*IQIU ()| [g 1,0 +CT 2 ([IIV X E( )60 + 1V X H(x, )]G 51)

+CT 200 1 + KOG 1) +CT 2 U6 |
1 1
+CH QU T)|[5 o+ CH*2(ISZL(, T) [§ o

which completes the proof. O
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6 Numerical results

In this section, 3D numerical results are given to justify our theoretical prediction. Ac-
cording to the theoretical analysis above, we know that our numerical scheme is stable
without any restriction on the time step size 7. Actually we obtain accurate numerical
solutions when 7 is equal to . In our numerical example, we use hexahedral element for
simplicity. Moreover, in this section, the L?-errors are computed in the following way:

fuwllo=( T [ fu-wax)’

KeT,

We consider the following 3-D problem,

oE
€Oa—_VXH+](E):R1/

oH
oY LV X E+K(H) =Ry,

ot
d
a{—H}] eow .E,

oK

o +I', K= yowpmH

in O =10,1]°. In our numerical test, we take eg =g =T, =T, = Wpe=wpm =1 and Ry, Ry
such that the exact solution of this problem is

)

Z—

(y—y)

(z—z y—z
E= (x xz) (Z ZZ) te—(t—&-x—i—y—&-z)/ H= 7—x te—(t—i—x—&-y—i—z),
(x=2*)(y—y*) x—y
) [ )2 L[ v
]:§ (x 2)(2 ) tzef(t+x+y+z)/ K:E z—x | e~ (tHxty+2),
(x=x*)(y—y*) x—y

We choose the time step size T equal to the spatial mesh size h and the same order
(r=k) polynomials for temporal and spatial discretization. The L2-errors and their corre-
sponding convergence order are shown in Table 1, Table 2 and Table 3, Table 4 for r=k=1
and r =k =2, respectively. It is observed that the convergence rate of E;, Hy, J;;, K, in L2-
norm are O(h**1), which is better than the theoretical prediction.

7 Conclusions

In this paper, we developed an CG-DG method for time-dependent Maxwell’s equa-
tion when metamaterials are involved. Both the L?-stability and the convergence rate
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Table 1: The convergence rate of L2 error for r=k=1.
time | timestep | h | ||E(-,T)—E,(-,T)|lo | order | ||H(-,T)—Hy(:,T)||p | order
T=0.25 N=1 % 1.4824e-3 1.2234e-3
N=2 % 3.9219e-4 1.9184 3.5858e-4 1.7705
N=4 11_6 9.9438e-5 1.9797 9.4230e-5 1.9280
N=8 3% 2.5061e-5 1.9884 2.4059e-5 1.9696
T=05 | N=2 | } 1.6944e-3 2.3683e-3
N=4 % 4.2899e-4 1.9818 6.3735e-4 1.8937
N=8 % 1.0738e-4 1.9982 1.6975e-4 1.9087
N=16 % 2.6875e-5 1.9984 4.3438e-5 1.9664
T=1 N=4 % 2.4795e-3 2.2242e-3
N=8 % 6.3574e-4 1.9635 6.0414e-4 1.8803
N=16 % 1.5977e-4 1.9924 1.7520e-4 1.7859
N=32 31—2 4.0052e-5 1.9961 4.7093e-5 1.8954
Table 2: The convergence rate of L2 error for r=k=1.
time | timestep | h | |[J(-,T)=Ju(-,T)|lo | order | ||K(-,T)—Kp(-,T)|lo | order
T=0.25 | N=1 I 1.3649e-4 4.5465e-4
N=2 % 4.2885e-5 1.6703 1.1386e-4 1.9975
N=4 11—6 1.1552e-5 1.8923 2.8470e-5 1.9997
N=8 % 2.9505e-6 1.9691 7.1278e-6 1.9979
T=0.5 N=2 411 4.2071e-4 5.7778e-4
N=4 % 1.1591e-4 1.8598 1.4355e-4 2.0090
N=8 11—6 2.9912e-5 1.9542 3.6533e-5 1.9743
N=16 31—2 7.6905e-6 1.9596 9.3509e-6 1.9660
T=1 N=4 i 8.815%¢-4 1.0535e-3
N=8 % 2.2838e-4 1.9487 2.8654e-4 1.8784
N=16 11_6 5.7359e-5 1.9933 7.8929e-5 1.8601
N=32 31—2 1.4358e-5 1.9982 2.0583e-5 1.9391

of O(7'*1 —l—hk+%) are obtained. Numerical examples are given to validate the theoreti-
cal predictions. The practical application of this model will be investigated in our future

work.
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Table 3: The convergence rate of L2 error for r=k=2.

time | timestep | h | ||E(-,T)—E;(-,T)|lo | order | ||H(:,T)—H(-,T)||o | order
T=05| N=1 : 9.2853e-4 7.8794e-4
N=2 | % 1.1371e-4 3.0295 1.0985e-4 2.8425
N=4 | } 1.4304e-5 2.9908 1.4417e-5 2.9297
N=8 | & 1.7751e-6 3.0104 1.8731e-6 2.9443
N=16 | 5 2.2307e-7 2.9923 2.3960e-7 2.9667
T=1 N=2 : 1.0426e-3 1.0095e-3
N=4 | 1.4800e-4 2.8165 1.3985e-4 2.8516
N=8 | & 1.8554e-5 2.9957 1.8325e-5 2.9320
N=16 | & 2.2735e-6 3.0287 2.2570e-6 3.0213
N=32 | 4 2.8593e-7 2.9912 2.8103e-7 3.0056

Table 4: The convergence rate of L2 error for r=k=2.

time | timestep | h | |[J(-,T)=Ju(-,T)||o | order | ||K(-,T)—K(-,T)||o | order
T=05| N=1 |1 1.8245e-4 1.9126e-4
N=2 : 2.6560e-5 2.7801 2.6611e-5 2.8454
N=4 | 4 3.4432e-6 2.9474 3.5234e-6 29170
N=8 | & 4.3340e-7 2.9900 4.5743e-7 2.9453
N=16 | & 5.4249¢-8 2.9980 5.5743¢-8 2.9611
T=1 N=2 | 4 4.9254e-4 4.7190e-4
N=4 |1 6.9282e-5 2.8296 6.6806e-5 2.8204
N=8 | 4 8.7956e-6 2.9776 8.8239e-6 2.9204
N=16 | & 1.0907¢-6 3.0115 1.1552e-6 2.9333
N=32 | & 1.3597¢-7 3.0039 1.4478¢-7 2.9962
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