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Abstract. In this paper we present a fully discrete A-¢ finite element method to
solve Maxwell’s equations with a nonlinear degenerate boundary condition, which
represents a generalization of the classical Silver-Miiller condition for a non-perfect
conductor. The relationship between the normal components of the electric field
E and the magnetic field H obeys a power-law nonlinearity of the type H x n =
n x (|[E x n|*"'E x n) with « € (0,1]. We prove the existence and uniqueness of
the solutions of the proposed A-¢ scheme and derive the error estimates. Finally,
we present some numerical experiments to verify the theoretical result.
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1. Introduction

We propose to study the following Maxwell’s equations

{8,5(6E)+0E:V><H+J, an

O (uH)+V x E =0,

where E is the electric field, H is the magnetic field and J denotes the source cur-
rent term. Let  C R3 be a simply-connected bounded convex polyhedron with the
boundary I', which consists of some conducting and nonconducting domains. Assume
that there exist NV faces (Fj);—1,... y such that I' = U;F;. The electric permittivity e,
the electric conductivity o and the magnetic permeability y are supposed to be piece-
wise constants, and there exist constants €,in, €maz> Omazs Mmin aNd fimqe sSuch that
0 < éemin <€ < Emar, 0 <0 < O and 0 < Hmin < < Hmag-
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The problem (1.1) is accompanied with a nonlinear boundary condition between
the normal components of E and H, which corresponds to a non-perfect contact of
different materials at the boundary. This means that the material on one side of the
boundary doesn’t allow the field to penetrate without losing the energy, which can be
described in terms of an absorbing boundary condition. In this paper, we shall consider
a power-law nonlinearity of the type

Hxn=nxg(Exn)=nx(|Exn|*'Exn), ac(01], (1.2)

where n stands for the outward normal vector on the boundary. Then we obtain the
following initial boundary value problem:

68ttE—|—06tE+V>< <EVXE) :1‘—17 (.’B,t)GQX(O,T],
w
1
n (;v x E> —nxH(Exn|*'Exn), (2t el x(0,T], (1.3)
E(x,0) = Ey, 0,E(x,0) = E|, x € Q.

For a more general function g, we have to adopt some assumptions ensuring the
monotonicity, demicontinuity and coercivity of the nonlinear operator in appropriate
function spaces. In the case when g(x) = «, (1.2) represents the classical Silver-
Miiller condition, which (cf. e.g. [8,14]) is a first order approximation of the so-called
“transparent” boundary condition. Sometimes it is also called Leontovich or impedance
boundary condition (cf. e.g. [13,18]).

It is well-known that edge finite element methods and nodal finite element meth-
ods are usually used to approximate Maxwell’s equations. Edge elements address the
problem of discontinuity of the normal component of the field at the interface between
two materials and avoid the nonphysical solutions called “spurious modes”. There are
a great deal of works on numerical approximation to Maxwell’s equations and also
on the convergence analysis and error estimates. For Maxwell’s equations with per-
fectly conducting conditions, we refer readers to [6,10-12,19]. Numerically solving
the full Maxwell’s system with a linear Silver-Miiller condition can been found in [9].
In [21,24,25], there have been some studies on quasi-static Maxwell’s equations with
a power-law nonlinear boundary. In [22], a mixed finite element scheme of the elec-
tric and magnetic field has been suggested for Maxwell’s equations with a power-law
nonlinear boundary condition.

To apply the nodal finite element method to solve Maxwell’s equations, some poten-
tial fields are introduced and some gauges need imposing to guarantee the uniqueness
of the potentials. The A-¢ finite element method (cf. e.g. [1-4,15-17,20]) is to de-
compose the electric field into summation of a vector potential and the gradient of
a scalar potential, afterward to approximate the potential fields by piecewise polyno-
mial functions. The A-¢ method has some advantages: First, although introducing
the vector and scalar potentials increases the number of unknowns and equations, this
seeming complication is justified by a better way of dealing with possible discontinuities
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of mediums. Second, it can be applied to the case of any simply/multiply connected
domain. Third, it has good numerical accuracy. Finally, many popular nodal finite
element softwares and computational techniques can be applied directly. Due to our
knowledge, relevant theoretical researches on the A-¢ method for Maxwell’s equations
with a nonlinear boundary have not shown so far.

The main goal of this paper is to design a fully discrete A-¢ method to solve the
nonlinear problem (1.3). Then we decompose the solution E of (1.3) into

E=A+V¢

to obtain the A-¢ equation and then take divergence on its both hand sides to obtain
the following:

v (gatt(A L V) + oA+ w)) —V.F.
By adding a penalty function term into the dominant A-¢ equation
1
-v (;v A)

to ensure the divergence-free property of the vector A (see, e.g. [26]), thus we obtain
the following A-¢ formulation:

c0u(A+ V) + 00,(A + Vo)

+VX<£VxA)—V(%V.A):F, (z,t) € Q x (0,7,
v (s@tt(A £ Vo) + 00 (A + w)) —V-F, (z,1)€Qx(0,T],
7 X (iv x A) =nxd(|Axn""Axn), (2.0l x(0.7] (1.4)
A-n=0, ¢(x,t) =0, (z,t) e T x (0,77,
A(z,0) = Ap, 0;A(x,0) = A, x €,
d(x,0) = ¢o, Frp(x,0) = ¢y, x < Q.

Here the functions (Ay, ¢¢) and (AEJ, ¢g) satisfy the decomposition of Ey = Ay + V¢
and E; = A, + V¢, with divergence-free of A and A, respectively.

The paper is organized as follows. In Section 2, we give some notations used in this
paper and discuss a time discretization variational formulation for the problem (1.4).
In Section 3, we present a fully discrete A-¢ scheme based on the time discretization
form and prove the existence and uniqueness of its solutions. In Section 4-5, we study
some stability estimates of the approximate solutions and derive the error estimates
for the fully discreted problem. In Section 6, we verify the proposed scheme by some
numerical experiments. Finally, we draw some conclusions in the last section.

2. Time discretization variational formulation

For convenience of presentation, we first give some notations that will be used
throughout this paper. Let L*(Q2) (s > 1) denote a s-integrable function space equipped
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with the norm |[[-[| ... In the case s = 2, L?(9) is the usual Hilbert space of square
integrable functions equipped with the inner product and norm:

(u,v) ::/Qu(:c)v(m)dm and |ju = (u,u)"?.

Define H™(Q) := {v € L2(Q) : Dv € L?*(Q), 0 < |¢| < m} with the following norm

1/2
[[ul| rm () = ( > HD%H2> ;

|§]<m

where ¢ represents a non-negative triple index. Let
Wmss(Q) = {u € L*(Q) : DFy e L5(Q) for 0 < [k| < m}

stand for the Sobolev spaces with a non-negative integer m and 1 < s < oo. We use
boldface notations to express vector-valued quantities, such as L?(12) := (LQ(Q))g. Let
L*(T") (s > 1) denote a s-integrable function space defined on the boundary I' equipped
with norm |- 1« (. The L?-inner product on I' is written as (u,v)r = [ u - v. Let

ﬁ&(Q) = {veHl(Q): vxne L), 0<a<1and v-n=0 onF}.

Thus we can denote a Banach space V' := f—I\(} (Q) x H}(2) endowed with the sum-norm

Q. d)lv = 1Rl () + VOl + Q@ x nl prvary -

The dual space of V' is denoted by V*. We assume that
F(x,t) € H'((0,7),L*()), (Ao,¢0) €V, (Al ¢) € L*(Q) x H ().  (2.1)

In addition, we show the following lemma borrowed from [16], which will be used
in the consequent sections.

Lemma 2.1. Let 2 be a convex bounded polyhedron. Then there exists a constant C > 0
such that

o(l@+vel +Iv <@l +v-Ql)
2 1Qlme + V6], ¥(Q.¢) € V.

Next, we give a time discretization variational formulation of the problem (1.4).
Let n be a positive integer and {¢; = it : i = 0,--- ,n} be a equidistant partition of
[0,T] with 7 = T'/n. Now set

Ui — Uj—1

u; = ult;), ou; = - 52Uz’ = —

5uz~ — 5uz~_1
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We consider the following problem: Given (Ag, ¢p) and (§Ag,d¢g) = (A'O,gb'o), find
(A;, ¢;) € V, 1 <i<n,such that

(e6%(A; + Vi), Q + V) + (00(A; + V¢y), Q + Vi) + (iv x A;, V % Q)

+(%v AV Q) + (5(\Az~ x n*TA; x n),Q x n)r
= (F,Q+ V), Y(Q,¥)eV. (2.2)

In the following theorem, we shall prove the existence and uniqueness of these
approximate potential fields.

Theorem 2.1. The variational problem (2.2) admits a unique solution pair (A;, ¢;) for
eachl <14 <n.

Proof. We define the operator £ from V to V* as
(L(P,¢), (Q,9))
P+V P+V
:<e ki ‘P,Q+v¢> + (a + VY Q+V1/))

)
T

+

and the functional f; € V* as

_ <E n €Ai_1 +2V¢i—1 n UAz‘—l + Vi1 n 85(Ai_1 —:V(bi_l)

T T

,Q+V¢)

1
+- (JA;1 xn|* 1A xn, Q x n)p, Y(Q,¢)eV.

Clearly, the variational formulation (2.2) is equivalent to the following operator equa-
tion
L(Ai,¢))=Ffi inV™

Using the relation

(0 812"~ y*)a® ) > 40 ("3 — "3’ 23)
for all positive «, 5 and all non-negative real numbers x and y leads to
(Ju|* P u — | v, u —v)p
> C [l = o) ful - fo]) do
> c/r(|u|“§1 —|fv|aTH)2d:c20, Vu,ve LX) (2.4)
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By (2.4) and Lemma 2.1, we obtain that for any (P, ¢),(Q,¢) € V,

<[’(P’ QO) - ‘C(Qa¢)’ (P’ QO) - (Qﬂ/))>

287:5" I(P + V) = (Q + V)| 20y + IV x (P - Q)|+ IV (P-Q)

max max

1
—|——(]P><77,]O‘_1P><n—\Q><'n,\o‘_len,P><'n,—Q><'n,>F
-

> |[(P+ V) = (Q + Vi) 30 + (P- Q)

max

C (o3 o 2
IV-(P-Q)*+ —/ (|P xn|T —|Q x n|F )
mazx T Jr

>C()(IP = Qi3 ) + IV = VI ).

Further, we get from this that

<‘C(P’90) - [’(Q’w)’ (P’SO) - (Qﬂ/))> =0 = ( ’90) (Qa¢) a.e.in ().

Thus the operator L is strictly monotone. Moreover,

(L(P,¢),(P,))
(P, o)y

min 2
AP+ Vel + i IV % PIP + = [V - PIP + 2P x m 2 oy
B (P, @)y
2 2
1Py + IVl + 1P x 5%
>C(7) —oo  as [[(P,p)lly — oo,

1Pl g0y + Vel + [|1P X nf[prear

from which we conclude that the operator L is coercive. Due to the demi-continuity of
the operator £ , we obtain by Theorem 18.2 in [23] that the equation L(A;, ¢;) = fi
has a unique solution (A;, ¢;) € V since f; € V*.

3. Full discretization

Now we analyze a fully discrete approximation scheme based on nodal finite ele-
ments. Let 7" be a standard tetrahedral triangulation of 2 with a mesh size h. We
define

Y. = {Qh e HY(Q): Q"|x € (P1)3, VK € Th} :
WP = {o" e HY®) : ¢"|c € 1, VK € T,

where P; is the space of linear polynomials. Let Vj, := Y;? x W?. We denote II" as the
standard interpolation operator for 7". Thus the interpolation error estimates (see [7])
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are given by

h
{ [u = I ullyo.s ) < Chllullysqy, (3.1

lu =T ullyo.s ) + hllu — Tullwrs@) < O lullwzs @)

for any u € W2(Q2) with 1 < s < oo. With the finite element setting, we can formulate
the fully discretized problem to read: Find (A, ¢) € V},, 1 < i < n, such that
(e8(Af +V0)), Q" + V") + (00(A} + Vi), Q" + Vi)
1 1
+ (—v x Al Y x Qh) v (—V-A?,V-Qh)
I I
+ (0(JA} x n|*TA} x n), Q" x n) . (3.2)
= (F.Q"+Vv"), v@"u") eV,
Ag = HhA07 (bg = Hh¢07 S Qv
| JAl =T1"A)), o¢h =T1"¢y, xe€Q.

In order to prove the solvability of the discretized problem (3.2) for each time step,
we need the following lemma ([23], Lemma 18.2).

Lemma 3.1. Let D be an open bounded set in Euclidean space E, containing zero, and G
a continuous mapping of the closure D into E. If

(G(x),x) >0,
on the boundary of D, then the equation G(x) = 0 has at least one solution xy € D.

Theorem 3.1. The fully discretized system (3.2) has a solution (A}, ¢) € Vj, on each
time step.

Proof. On each time step we need to solve the following stationary problem: Find
Al ol € vy
( 7¢ ) € Vh!

%(s(Ah +Veh), Q" + Vi) + %(a(Ah +Vo"), Q" + Vi) + (%v x A"V x Q")
1 1
i <ﬁv CAM VY. Q’l) + = (\Ah x n|* tA" x n, Q" x n)r

= (£.@" 4+ V") + (b xnl R x 0, @ x ), V(@) €V,
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which is equivalent to the following two equations:

SEA £ V6,Q) + L (04" 4 V61).Q") + (17 x 4%V x @)

I (%V CAM V. Qh) + % (]Ah x n|* TA" x n, Q" x n)F

= (fth> + %(|h xn|*th x n,Q" x n)p,
:12 (e(A" + V"), Vi) + %(U(Ah + V), Vi)

= (£.ve"), V@) e Vi

where h € I/LI\&(Q). Let 1, ..., be the nodal basis functions of 7"(Q). If we write
Al = % i with e = (g, iy, @i2) and ¢ = S B, then we need to solve
this problem to find v = (e, B1, ...,y B;). We define the operator £ from R* to
R3%: L(v) = (L1(7), - , Lx(7)) with

(aispi + BiVei), @j) + %(0 > (aigi + BiVei), 903')
1 =1

£ =5

(2

=1 =1
< (S e x " (X auw) <l
=1 =1

1
_(fvgoj)_;k/rnx(’hxn’a1hxn)(pj7 jzlv"'vkv

k k

=~

where
0 i 9%
S 0z o oy
L — Pj ®j
Mj=| -3 0 3
Qo5 9%
oy ox

is a 3 x 3 coefficient matrix such that a;M; = V x (a;¢;), and the operator ¢ from R**
to R¥: £(y) = ((1(7),- -+, t(7)) with

k

k
i(y) = % (5 > (aigi + BiVes), V@j) + %(U > (cigi

=1 i=1
+ﬁN<m),V<pj> —(f,Vej), j=1,...,k.

Denote the operator L = (£4,¢1,- -, Lk, ¢x). The problem is now reduced to solving
the nonlinear algebraic equation L(+y) = 0. Then, using the continuous imbedding of
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L*(T) in L"Y(T) for 0 < o < 1, Holder inequality and Lemma 2.1, we have

L(v) -~
L k
Emi 2 i
> 5 Z(az’%‘ + BiVei)| + ZV x (aipi)
T pot Hmax i—1
k
9 1 14+«
o 1 ‘ o ‘
" i ZZ (Cagil]| +7 / (Z i) xn

k

(‘f’z azSOz +BZVSOZ)) - _/ |h’ x n|a 1h’ xXn Zaz@z
=1 1=1
k
~CUFIE = fllxnl x| o H(; i) x |
k 9 )
T>(H;am ey~ 17
1 o a
=l [ ewe) xm

k 2 k 2
SI(p o M e

)

T)(H Z(am + BiVei)
=1

Lot ()

) k
@) + H ;@%

Lo+1(T)

2
ey~ 191

= (< i) ® sz | )
(szz e +Hzm iy~ 17 = 1R300 HZ

T)(H ;ai% i + H Zﬁi%’
> @) (P = 171~ )% )

H1(Q )

2 2
117 = Bl o)

From Lemma 3.1, we conclude that the equation L( ) = 0 has at least one solution
in the set {y € R™* : || <r}ifr > (||f]? +HhH )2, O

It is clear that the equation system (3.2) has a unique solution (A”?, ¢#) € V}, from
Theorem 2.1 and Theorem 3.1.
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4. Stability
In the following lemmas we study some stability estimates for the approximate
potential fields. These a priori estimates will serve as uniform bounds in order to

prove the error estimates.

Lemma 4.1. There exist positive constants 7o and C such that for 1 < j <mn,

|vacal +vah| + i |Vacal + vl - vaal, + vl
=1

j j 2 2
+ Al 4 Vel + LV x Al + L v x Al
;T”ﬁ( o)l Zﬁ x Z N
j i . 2 j - . 2 J b a+1
i ;ﬁv.Ai +; ﬁv.Ai +;THAi Xn‘LaH(F)
< C, Vo< 7<) 4.1)

Proof. The first step of the proof consists of multiplying the equation of (3.2) by
7 and summing for i = 1,..., k. If we define the sequence b, = Zle TV x Al with
bp=0and ¢, = Zle TV - A? with ¢g = 0, this results in

(e6( Al + Vo), Q" + V") + (c(A} + Vop), Q" + V) + (%bk, V x Qh)
+(%ck,v Q) + (|4} x 1 Al x n,Q" x n),
= (Zk: TF;, Q" + vwh) + (e0(Al + Vb, Q" + V)
Z+:(10<A’5 + V), Q"+ V) + (JAL x n|* T A x n, Q" x n)., 4.2)

for any (Q", ") € V;,. Then we put (Q", ¢") = (A}, #}) and obtain

(A} + Vi), AL + Ve}) + VoAl + VD) + (ibk by,

1 h a+1
+ (—Ck,éck) + HAk Xn
1

Lat+1(T)
k
= (YorF, Al + Vo) + (s5(Af + Vb, Al + Vo))
=1

+ (0(AF + Vep), AL +Vér) + (|AG x n|* "Af x n, A} x n). (4.3)
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We multiply this by 7 and sum for £ = 1,...,j. The first, third and fourth term can be
rewritten using Abel’s summation rule and estimated as follows:

J
S r(co(AL + V], Al + Vo)
k=1

- %i |vaa + vo) - VAl + o)
=1

1 2
+5 || vecal + veh H QHJA +veb)||
R T o A R e
2 B Kk, 00k 2k:1 i k k—1 2 ||z Ji 2 (| /7 0
J 1 1A 1 1 1
> (owtn) =3 2| Grto—oen] 3o -3 [

For the first term on the right-hand side, we apply Cauchy’s and Young’s inequalities
together with the assumptions (2.1) on the source function

J k
T (Z TF;, A} + qu},;)
1

k:J :1 1 1 2
< 2722(5 IB? + 5— ||vE(al + vop)| )
k=1 =1 mn
<C+C ZJ: H\WA +V¢k)H .
k=1

The second and third term on the right-hand side is easily bounded using Cauchy’s and
Young’s inequalities as

2
(b(A} + Vo), AL+ Vo) < ||vescal + veb) |+ 1 [vaal + v
h hy Ah h h NG
(o( A + Vo), AL+ Vo) < |[vaial +veh) |+ § [vacal +veh|
For the last term, we will need both Holder’s and Young’s inequalities to obtain
(JAY x n|*t Al x n, A} x n)

H]Ag X n\o‘_lAg X n‘

r
Ah
L% H kX

IN

[P

h @ h
LO“H(F) LO“H(F)
L a+1 L a+1
< HAO X n + ‘Ak X n .
a+1 Lo+1)  a+1 Lo+1(T)
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Finally, we arrive at the following inequality:

|vecal +vap| + ij |Vacal +vol - Vel + vely|

2

+ZTH\/— (Al + Vol |? +Hib +Z Lﬂ(bi_bi—l)

+Z |l xn

a+1

Cj — G
‘ J v 1 Lot1(D)

2
<Cy+ Cy ZT H\/E(A? +veb)|,
i=1

where the constant Cy depends onnorms ||\/e(IT" Ay + VII"¢y)||, ||vE(II" Ay + VII"¢y)||,

|[T1" Ao + VII"ol| pat @ a4 | Fll2o7),22())- Application of
Gronwall’s inequality concludes the proof. d

Lemma 4.2. There exist positive constants 7o and C such that for 1 < j <mn,

|vescal +voh + Z} |vescal + vl - veseal, + voy)|

J 2

J
1

+ZrHﬁ6<A?+V¢Z H—VXAh HY |Vl -ty

=1 i1

h 2|1 h NI

—v. Al g L v.Ah—aAr

H > )
C, VO< 7<) 4.4

Proof Setting (Q",y") = 7(6A% 6¢") in the equation of (3.2) and summing for
i=1,...,7yield

J J
ZT 5(52 Al vl 5(Al + V¢h )+ ZT (o0 ( A} + V), 6(A} + V‘??))
i=1 i=1
J

J
+Y 7 <lv x APV x 5A?> +y 7 (ivﬁ,vm?)
i=1 =1

J J
+ ) T(8(lA7 x n|* TA} x n),0A} x n). =Y 7(F, (A} + Vé})).
=1 =1

https://doi.org/10.4208/nmtma.2015.m1413 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1413

Fully Discrete A-¢ FEM for Maxwell’s Equations 617

We also apply Abel’s summation rule to the first, third and fourth term to have

J
> T(e8* (A} + V), 6(A} + V)
=1

ZinféAMwl) Ves(Al, + Vo)

1
2

)

s [vascal + vab|" - 5 || vescal + vl

M“

T<1VXA?,VX<5A?>
<\

.
Il

1J
= — —VX Ah H __H V x A )
2; \/ﬁ ( 0

’ 1 h h

Y 7 =V-A}V-5A]

=1 K
—lzj: L — V.- (A — Al ) H ——H V- Al

21:1 \/ﬁ (2 K3 \/— 0

For the fifth term, we apply the inequality (2.4) to get
J
ZT((S(\A? x n|* AP x n), 5 Al x n)p
2030 L [ (AL n AL ) (AL AL )
— T Jr

J
1 a
ZCZ;/F<\A?xnI2 — AR 1><n]2) > 0.
i=1

For the right hand side, we use Cauchy’s and Young’s inequalities together with the
assumption (2.1) to obtain
’2

4 i
ZT Fi,o Ah+v¢z)) < Cl+CQZTH\/g(5(A?+V¢?)
i=1

i=1

Eventually, we arrive at the following inequality:

Hﬁé(A?+V¢?>\\2+§jj\\ﬁ6<A?+V¢i> VES(AlL, + Vol

J 2
+2

i=1

1
ﬁv X (A? - A?—l)

J
+ 307 [vascal + vl H—VXAh
i=1
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J

Y

=1

] 2
ﬁv (A} - ALY
‘2

Application of Gronwall’s inequality yields the inequality (4.4), where the constant C'
depends on H\/E(HhA'O + VI ) ||, LMV x TT" Ao ||, Lﬂv T1M Ay ||,

and HFHL2((0,T),L2(Q))-

H—v Ah

<y | vescal + vl
=1

HhAE) Xn”Ll+a(F)

Next, in order to obtain the bound of the term of the second-order time derivative,
we introduce the operator S from V to V* as

(S(Pi, 1), (Q,v))
= (sé(Pi + Vi) +o(P+Ve:),Q+ W)
+(IP,xn|*'P x n,Q x n)r, V(P i), (Q,7) €

Lemma 4.3. There exists a positive constant C such that for everyi=1,...,n,
(6S(Al el @ v <@ . @) e Vi

Proof From the weak formulation for (A”, ¢?), Lemma 2.1 and Lemma 4.2, we
know that

|(s5(Al ¢l). (@"v"))
= |(=0* (Al + Vel) + oa(Al + Vo), Q" + V")
+ (5(\A§L x n|*1AD % n), Q" x n)r‘

_ '(Fi,Qh+V¢h> _ (%VXA?,VXQ}L) _ (%V-A?,V-Qh>

)

< (IR +|v x al
(@t + v+ v <@
= CH(Qh’Q’Z)h)HV

| +]@n)

Lito(T) >
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5. Error estimates

First, we use the fields (A”?, ¢/*) to define the piecewise linear interpolations and
the piecewise constants in time by

(t) = 1t (t — ti_l)éA?, t e (tz‘_l,ti], AZ(t) = Alh, t e (tz‘_l,tz‘],
A}(0) = A’g, A (0) = Ag,

oh(t) = (t —tim1)dgt, te (timiti, on(t) =¢F, te (timiti,
o (0) = %, o (0) = .

Furthermore, we define
<5h(t) Q" ¢"))
— (S(AL(), (1), (Q", ")) = ((Al + Vo) + o(Al + Vol), Q" + V')
—i—(‘A? X ’n‘ailA? X n,Qh X n)r, tc (tz‘_l,tz‘],
(Sh(0),(Q",¥"))
= (S(Ah(0), 3:(0)), (Q",4")) = (=(11" Ag + VIT'g))
(I Ag + VIT"gy), Q" + V") + (II" Ag x n|*~ 111" A x n, Q" x n)r,

(Sh(b), (@",v")
= (S(AL(),6h(0). (Q"¥"))
((Ah1+v¢ D)+ (AL + V6l ) + (= ti1)3(e( Al + Vo)

(Al + V1), Q"+ Vh) + (AL, x n|* 1AL x n)
+(t —ti)d( Al x o Al x ), QM xm) e (i)
(57(0),(Q",9M))
= (S(AL(0), 64(0)), (Q", 4")) = (=(I1" Af + VII"ey)
Fo(I" Ag + VIT'y), Q" + wh) n (|HhAO x 1[o~T" A x n, Q" x n)r,

for all (Q", ") € V;,. With these fields, we can reformulate the fully discretized prob-
lem (3.2) as follows:

(8:Sh,(Q",4"M) + (%V x Al 7 x Qh> " (iv AM Y. Qh>

(5.1)
= (Fu Q"+ Ve), v(Q"4") e Vi

Now, we have the following main result on the error estimate.
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Theorem 5.1. Let (A, ¢) be the solution of the problem (1.4). Suppose that the assump-
tion (2.1) holds and

(A, ¢) € L*((0,7), H*(Q) x H*(Q)) N H?((0,T), L*(Q) x H'(Q)),
(Ag, do) € W22 (Q) x HX(Q), (Al,¢)) € H'(Q) x H2(Q).

Then the fully discretized problem (3.2) satisfies the following error estimate:

max Hx/E(AZ + V) — vVe(A+ qu)H2 + /0§ |va(al + vl - voia+ W)Hz

t€[0,T]
v —A) 2 ‘1 V- (Al - 4) 2
J— >< _|_ J— . n
0 Vi
_ o - 2
+/ H|A7’;xn|%—|Axn|% <C(r+h), Vee(0,T). (5.2)
0 L3(T)

Proof. We first multiply the first and second equation of (1.4), respectively, by any
Q" € Y? and ¢" € W} and then integrate both results over (2. Applying Green’s
formulation and the boundary conditions to them and summing together, we obtain

(e0u(A + Vo) + a0 (A + V), Q" + V') + (%v x A,V x Qh)

- (%V “A, V- Qh) + (0(|Axn|* TAxn),Q" xn),

= (F.Q"+vu"), ¥@Q"v" e (53)
After time integration for any ¢ € (0,7, we have
(0(A + V) + 0(A+ Vo) — £(Ag + Vo) — 0(Ao + Vo), Q" + V')

+(JAxn|* T Axn —|Ag x n|* Ag x 1, Q" x n)

—i—(/ot%VXA,VXQh)+</Ot%V.A,V.Qh>

T

_ </tF,Qh + wh) V(@) e V. (5.4)
0

Next, integrating (5.1) in time yields
tq -
(S} — 5/0),(@Q",¢") / ~V x Al Vth>+(/ ;V-AZ,V-Qh>
0

t
- (/ Fn7Qh + V¢h> ) V(thwh) € Vh-
’ (5.5)
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Then, subtracting (5.4) from (5.5) leads to
(Sn, Q" 4") — (e0H(A+ V) + 0(A+ V), Q" + V)

t
—(|[Axn[*"Axn Q" xn), + (/ %Vx (AZ—A),Vth>
0

.
+(/O iv.(Az—A),v-Qh)
- ( /0 F-F.Q+ vq,z)h) + (=1 Ag + V") — £(Ag + V), Q" + V')
+ (oI Ag + VIT'60) — o(Ag + Vo), Q" + V")
+ (|r1’u1O x n|o " Ay x 1 — |Ag x n|* 1 Ag
xn, Q" n)r, v(Q", M) € V. (5.6)

Putting (Q", y") = (A! —TI" A, ¢! — 11"¢) and integrating in time over (0, ¢) again, we
get

3
/ (e0u(Al + V¢h) — 0, (A + V), Al + V¢l — (A + V)
0
3 ) _ _
+ / (o(Al + V) — 0(A+Vg), AL + Vo) — (A + V)
0

+/ (|A x [ TAR x n— |A x n|* 1Axn(Ag—A)xn)
0

/ /% L A)V X (Ah - A))
+/ /—V-MZ—A),V-(AZ—A))

/ / F, - F A} + Vg, - (" A+ VII"g))

r

/ (8!~ §" (A" —T"A, g — 1))
" / (c0,(A" + Vl) — ca,(A + Vo), AL + Vgl — (A% 4+ V)
0
£
+ / (04 (A" + Vol) — e (A + V), (TI"A + VII"¢) — (A + V¢))
0

€
- / (o(Al +Veh) — o(A+ V), TI"A + VII"¢ — (A + V)
0
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¢ h A/ h 1 ! / Ah ~h h h
# [ (e VIPah) (4 + Vo), AL+ VO - (A 4 VIT'))

(o(I1" Ag + VIT"¢g) — 0(Ag + Vo), AL + Vol — (ITI"A + VII"))

_|_

_.I_
7aaY

_|_
Hkhho\ah

A" x n|*LAD xn — |A x n[*TA x n, (II"A — A) x n)F

" Ag x n|* M I" Ag x n — |Ag x n|* 1Ay x n, (A" — TI"A) x n)r

(143
(
(
(

13 tq b
+ /0qu A),V x (IT"A — A))
e /tlv )V-(HhA—A))
0o M
1
AN (5.7)
i=1

The left hand side of the equality (5.7) is

% |VE(Ah©) + Vi) - VE(AE) + Vo(e)) H2

~ 1| Ve g + VIgn) - VE(Ao + Veo)||

€1 B
—V x (A" -

0 VI (
1

f / 4 ~ A xn|*H].

Next, of (5.7) as follows. For the estimation of /1, we need the assumption (2.1) on
F € H'((0,T), L*(2)). From Cauchy’s and Young’s inequalities, the triangle inequality
and Lemma 4.2, we obtain (here a < b denotes a < Cb)

. /fHﬁmzw&::) . ﬁ<A+V¢>H2+1 of

1

T3

I < g/OtFn—F”-HAZ—i—VgEZ—(HhA—l—Vthﬁ)H

e [ v+ vil - Ve v vob| + [ vacal+ veh

~VEA+vY)| + /05 |Vaa +v6) - vemta+ virt)|

e [*vaacat +vob| + [ [vaat+ veh - vEa + vo)
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2 T 2 2
12 [ (148 + 0l )

3 2 T
ST+ /0 |Ve(Al + vl — V(A + Vo) |+ 2 /0 (11413210 + 1932y )-
For I, we need Lemma 4.3, yielding
& ) )
L= [ (S}~ Sk (AL~ 1'a,d, - ')
0
¢ B B
<r [ [@ish (Al -1t a. - 1))
0

<o [t -ead -,

/ (f|can ], + 1oy ).
Applying Lemmas 2.1, 4.1 and 4.2 lead to
/H wan),
e 3]+ [55 J])
gT;T<HA?+V¢? +||v Al + v al ‘A?XR\LIM(F))
ST—l—TZj:THA?Xn‘LHa(F)
i=1

1 1
14 -2 J h 1+a 14+«
ST+ 7 THe E THAz‘X"‘
1=

14+ -4
STH7 e ST

Thus we obtain

LAy ) s

nae [t
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For I3 - I5, we use Cauchy’s inequality and Lemma 4.2 to obtain

< ([ Vet + vet - vEaa+vo) | )

1
2)2

i Jr/oé H\/Eat(,4+v¢)|]2>é

1
2\ 2
ST

IS (/Oé |vzaucat+ vl - veaa+ o) )é

(= [ [veorcas + vet

< (ZT H\/Eé(A? + Vgl

<72 > r|[vesal + vl

(/05 Ve A+ vITg) - VE(A + w)HQ)%

1
2

< </O§ |veara+virte) - vea + v¢>1]2>

r ;
sa [ (14 + 1912 ) |
([ (N4 + 163

I5 5 /Oé |votas + v - vota+ o
+/§ |Va(a+ve) - var A+ virg)|
0

S /Oé Hﬁ(fiﬁ + Vo)) - Vo(A+ V¢)H2 + h?/OT ( 1Al ) + 19130 )-

For I and I7, we apply Cauchy’s, Young’s and the triangle inequalities and Lemma 4.2
again to obtain

2

3
Io < /0 |VE" af + Iteh) - VE(AG + V)

2

. / " |van + v - Vel + v

v [ |veean + vety - v+ v

+ /0§ |Vea +vo) - veara + v
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+T2+/0 H@AZ+V¢Z>—¢E<A+V¢>\2,

Bs [ " Vo Ag+ ViTn) — (o + voo)| + / | vads + vty
’ 3 ’ 2
—ﬁ(A+V¢)H2+/O VoA +Ve) — Vo' A+ vI')|

<12 (ol + ool ) + [ VoA + 93 - va(a+vo)|

o [ (1A o + 19 )
A H1(Q) H2(Q) |-

For Ig and Iy, we use Holder’s and Young’s inequalities and Lemma 4.1 to get

N g
1852/0 1AL " AL x o~ A x " A x| e |

HhAxn—AanLaHF)

e

a+1 a+1
/ H|Ah xn|* 1AM xn —|A xn|*tA xn| .
Ca (Fy)

L «a

N

k;:l
1

( 3 a+1 atl
. /HHhAxn—Axn
0 Lot1(Fy,)
([ 1Al [ Taxnliihiy )
~ 0 n La+1(Fk L"“H(F
k=1
a+1 O‘+1
/ HHhAxn Axn Loti(Ry)
k
J 1 atl
S <ZTHA? X n”}jﬂa(r / |4 x nHL2(F)>

i=1
a+1 a+1
L2(Fy)

N
Z(/ HHhAxn Axn‘
k=1
N L\ ey \
([ eaaln,) =L 0)
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=

Iy S
k Ei

3 _
/0 ‘(|HhA0 x n|* " Ag x n — |Ag x n|* "1 Ag x n, (Al — 11" A) x n)
1

=

3 _
< / ‘(HhAO xn— Ag x n, (Al — 1" A) xn)
k=10

(the demicontinuity of the function |u|* 'u)

- ot
(/ | L‘“—1<Fk>>
1
</ HAh xn—I"A xn zi:l(Fk)> "
ot ot
(/ H “—1<Fk>>
_1
(/1pgx4Ml o [ aal )”1
0 L*(Fy)

Lotl(Fy)
N a+1 a+1
S ([ Iwanscn-asal )

k=1

2

Fy,

A
WE

b
Il

1

A
WE

b
Il

1

1

j +1 a+1
(Srtat oz + /HM%m>

i=1
o S 1 X
H 0 0 ol @~ 0 w2 +1(Q)
Finally, I19 and I, can be estimated as follows:

2

¢
1105/ /—Vx —A) |—V>< (I"A — A)
0 LQ(Q)
</ 5 / Lowar-a|  vnr [ jap
[ tova-af [
o IlJo Vi 2@ e
1t o1 _ 2
1115/ /—V-(AQ—A ‘ (I"A — A)
0 VH L2(Q L2(Q)
¢
<[ v @-a) e [
0 \/— L2(Q) 0 A

Thus, we use Gronwall’s inequality to arrive at the error estimate for the fully dis-
cretized problem, which completes the proof of this theorem. d
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Remark 5.1. Using Theorem 5.1 and denoting E" = A" + V¢! and E" = A" + V¢!,
we conclude that

Hﬁ(EZ—EW /5 a5

t€[0,T)

2

L2(I)

CO(r + h vE € (0,T). (5.8)

—vX H /H|Ehxn|2 _|E xn|F

6. Numerical experiments

The purpose of this section is to validate the result of Theorem 5.1 with several
numerical tests. For simplicity, we consider the nonlinear system (1.4) on the entire
conducting domain [0, 1]* x [0, 7] and solve it numerically using the proposed approxi-
mation scheme (3.2) with e = 1074, ¢ = 1072 and p = 10~*. The nonlinearity is solved
iteratively using Newton’s method. In order to compute the approximation error, we
introduce a field F = E., and calculate the function f by the following equation

1
0yt Eey + 00, By + V X <;V X Ex> — 1. (6.1)
Then we decompose E., = A., + V., satisfying V - A., = 0 and denote the function
1 a—1
h = ;V X Egp — 8,5(\Eem X n|* Egp X n)

We need to solve the following problem to get A and ¢:

(c0u(A + V) + 00, (A + Vo)
+Vx<%V><A)—V<%V-A>:f, (1) € Q x (0,7,
v (a@tt(A L V) + o0 (A+ v¢)) —v.-f, (@,1) € Q x (0,T],
X (%v X A> =n x 0, (|(A+ Vo)

xn|*" YA+ Vo) xn)+nxh, (xzt)el x(0,T],
A-n=A., n, o(x,t) = dex, (x,t) e T x (0,77,
\A(ZC,O) = Aex(o)’ ¢(m’0) = Qbe:v(o)’ x e Q.

(6.2)

by the fully discrete scheme (3.2) and compute the error between the numerical result
and the exact solution in the appropriate function space. The theoretical results remain
valid for the nonhomogeneous boundary condition. Space discretization is based on the
first-order nodal elements as implemented in the COMSOL software in accordance with
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w2

(@ h=1/8

© h=1/32

Figure 1: Tetrahedral meshes on which the problem is solved, constructed in COMSOL. (a) 8434 tetrahedra;
(b) 70418 tetrahedra; (c) 573076 tetrahedra.

the theory from Section 5. For every experiment the time step 7 is varied as 27" with
n =2,...,Nmax and the error

err = trer%g:):ﬁ] H\/E(Eh — E) H2 (6.3)

is computed. This procedure is repeated for the three meshes in Figure 1 in order to
evaluate the dependence of the error on the mesh parameter h. The mesh in Figure 1
(b and c) are obtained by refinement (by splitting) of the first mesh.

Experiment 6.1. We choose the following exact solution:

Z2—Y
Eep(m,t) = (sin(mt) +1) | . — 2
y—x
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oa=0
~0=0.2
a=0.4
a=0.6
~a=0.8
a=1
—Theoretical result

logzt

Figure 2: Convergence rate for Experiment 1 with o between 0 and 1. The slope of the black dashed
(theoretical result) equals to 1.

with ¢ € [0, 1]. Decompose the field E., to obtain

1
P

y73

. 1

Acel,t) = (sin(rt) +1) | 22— L
1

_x__

Y 8

and ¢eg(x,t) = i(sin(nt) + 1)(z + y + z + 1) with the form P; in the spatial part,
which is exactly represented by the finite element basis functions. Thus the error will
only depend on the time step 7 (the calculations can be done on the coarse mesh). We
calculate the error err in (6.3) as a function of the time step 7 for several values of the
exponent « of the power law. The results are presented in Figure 2, where log,(err) is
plotted as a function of log, 7. Figure 2 gives the convergence rate for 0 < oo < 1. We
obtain the almost same convergence rate for all values of « at the preceding iteration
step, faster than the estimated O(r) rate.

Experiment 6.2. As a second experiment we take
Y —TZ+
Eey(m,t) =" +1) | yz—ay+y |,
rz— Yz + =2

as an exact solution. Decompose the field E., to obtain

TY — T2
Acp(,t) = (t'+1) [ yz—ay
T2 — Yz
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_ h=0.125
-13 . ~h=0.0625
: ./ |['h=0.03125
=135 g 7/ |[-Theoretical result
o~ II /
bo / Vi
S -145 BT
_15 e ————— e b LT S ‘/I ///
-15.5
8 7 % 5 =4 B 2
logzt
(@ a=0.5
h=0.125
-13 P ~h=0.0625
. l,/ h=0.03125
-13.5 ~» /|[-Theoretical result
B -
o~ // 7/
oo / /
L2 -145 2 W
_15 —————— e ———— —-—————— - DESS '/I //
-15.5
-8 -7 -6 -5 -4 -3 -2
logz‘t
() a=0.9

Figure 3: Convergence rate for Experiment 2. The slope of the black dashed (theoretical result) equals to
1.

and ¢eg(,t) = 2(t*+1)(2? +y* + 2?). Now the mesh parameter will play an important
role in the error and the calculations are repeated for the three meshes in Figure 1.
The results for « = 0.5 and « = 0.9 are shown in Figure 3 respectively. The error
decreases with the time step, but eventually attains a constant value only dependent
on the mesh parameter. This is in accordance with the theoretical result of Theorem
5.1, where the error is bounded by two terms. For large time steps, the error due to
space discretization is much smaller than the error of time discretization and decreasing
the time step will decrease the total error. However, for small time steps, the error of
space discretization will dominate. Refining the mesh twice decreases the total error
as can be clearly seen in the results. We also observe that the first refinement leads to
a better convergence rate and the second refinement a less convergence rate than the
predicted O(r) rate.
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~h=0.125
-13.5 J_,,,,-""'" ~-h=0.0625
,;’v Wi //' h=0.03125
7/ ||~ Theoretical result
.14_ 5 / ,,, i
= e V.4 v
[ ,/ /’
8
AS ey
""" Sy /
-15.5
-8 -7 -6 -5 -4 -3 -2
Iogzt
(@ a=0.5
h=0.125
-135 " |l~h=0.0625
7 4 /|| h=0.03125
7/ ||-Theoretical result
.14, 73 ’/' /,/
: ——————— ] // /’//
8 F/av,
-15 I/'I I,r'/
S A i - o ;
-15.5
8 9 & =5 4 & 2
logzt
(b) «=0.9

Figure 4: Convergence rate for Experiment 3. The slope of the black dashed (theoretical result) equals to

1.

Experiment 6.3. Finally, we take the following exact solution
. 3
sin(z) — x cos(y) + 5 cos(z)
3
Ee(z,t)=({t*+1) | sin(y) —ycos(z) + 3 cos(y)

sin(z) — z cos(z) + ;COS(Z)

Decompose the field E., to obtain

sin(x) — x cos(y)

Acp(z,t) = (t* +1) | sin(y) — ycos(z)
sin(z) — z cos(x)
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and @eg(z,t) = 3(t* + 1)(sin(x) + sin(y) + sin(z)).The results are shown in Figure 4 for
a = 0.5 and o = 0.9 respectively and confirm the conclusions of Experiment 6.2.

7. Conclusions

We have studied Maxwell’s equations with a nonlinear degenerate boundary condi-
tion by means of the A-¢ formulation. We first design a nonlinear time-discrete scheme
for approximation in suitable function spaces and prove the existence and uniqueness
of the approximate solutions. Then we present a fully discrete A-¢ scheme to solve this
type of Maxwell’s equations based on backward Euler discretization in time and nodal
elements in space. We discuss its error estimate and support the theoretical result by
some numerical experiments.

The obtained error estimate is suboptimal for both time and space discretization.
As we know, the optimality of the backward Euler method for the presented problem
cannot be expected a priori due to the nonlinearity of the problem. The suboptimality
of space discretization is due to the estimation of Ig. If the nonlinear function is re-
placed by a Lipschitz continuous approximation, then we could use Young’s inequality
to estimate I3 and obtain optimality with respect to h.
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