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The objective of molecular dynamics computations is to infer macroscopic
properties of matter from atomistic models via averages with respect to prob-
ability measures dictated by the principles of statistical physics. Obtaining
accurate results requires efficient sampling of atomistic configurations, which
are typically generated using very long trajectories of stochastic differential
equations in high dimensions, such as Langevin dynamics and its overdamped
limit. Depending on the quantities of interest at the macroscopic level, one
may also be interested in dynamical properties computed from averages over
paths of these dynamics.

This review describes how techniques from the analysis of partial differen-
tial equations can be used to devise good algorithms and to quantify their
efficiency and accuracy. In particular, a crucial role is played by the study
of the long-time behaviour of the solution to the Fokker—Planck equation
associated with the stochastic dynamics.
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1. Introduction

It is now increasingly common to use computers to perform simulations to
check various claims or to predict phenomena of interest. In some sense,
numerical simulation has become the ‘third way’ of science, alongside theory
and experiment: more and more scientists are checking the correctness, rel-
evance or validity of their claims via numerical simulations (complementing
or replacing experiments); in turn, many theories owe their origin to in-
triguing results obtained via numerical simulation. The fact that numerical
simulations have essentially become numerical experiments is made clear in
expressions such as ‘in silico experiments’ or the ‘computational microscope’
(Lee et al. 2009).

Numerical experiments are particularly relevant to atomistic systems,
which may be very difficult to understand with standard, macroscopic ex-
perimental devices in usual conditions of temperature, pressure, etc. For
such atomistic systems, molecular simulation is now a recognized approach.
For example, two Nobel Prizes in Chemistry have been awarded to pioneers
of these methods: in 1998 the prize was awarded to Walter Kohn ‘for his
development of the density-functional theory’ and John A. Pople ‘for his
development of computational methods in quantum chemistry’, and in 2013
the prize was shared between Martin Karplus, Michael Levitt and Arieh
Warshel ‘for the development of multiscale models for complex chemical
systems’.

In this introductory section, we first give a general presentation of molecu-
lar dynamics, which aims at simulating atomistic systems (see Section 1.1).
In particular, we give a brief account of the fundamental concepts of stat-
istical physics that are required in order to understand the models at hand.
We next present in Section 1.2 the numerical challenges raised by molecular
dynamics, with an emphasis on problems involving partial differential equa-
tions (PDEs). It may in fact be unclear to the reader why PDEs should
come into the picture. We devote Section 1.3 to explaining why and where
tools from the analysis of PDEs can be used to improve the numerical meth-
ods used for molecular simulation. The general outline of this article is given
at the end of Section 1.3.

1.1. Molecular dynamics simulations

In statistical physics, matter is described at the atomic level in a classical
or a quantum setting. There is a wide variety of models with various resolu-
tions, ranging from quantum approaches to computing electronic structures,
with methods such as density functional theory and its various implementa-
tions (Hohenberg and Kohn 1964, Kohn and Sham 1965, Lieb 1983, Cances
et al. 2003), to more coarse-grained descriptions, such as those considered
in kinetic Monte Carlo (see for instance the review by Voter 2007) or
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dissipative particle dynamics (Hoogerbrugge and Koelman 1992, Espanol
and Warren 1995). Among these models, molecular dynamics based on
empirical interaction potentials offers an interesting compromise between
modelling at the atomistic level and computational cost. On the one hand,
quantum approaches are indeed plagued by their high computational cost,
although some promising improvements have been made towards the com-
putation of interaction forces scaling linearly with the system size (mostly
for insulators, the efficient simulation of metals remaining a challenge). On
the other hand, more mesoscopic approaches, such as kinetic Monte Carlo
or dissipative particle dynamics, are more difficult to parametrize, and typ-
ically provide only qualitative results in some specific physical regimes.

Within molecular dynamics, many computational models also co-exist.
Some researchers prefer to use purely deterministic dynamics such as Hamil-
tonian dynamics or Nosé—Hoover-like dynamics (Nosé 19845, Nosé 1984a,
Hoover 1985, Bond and Leimkuhler 2007), while others resort to Monte
Carlo approaches such as the Metropolis algorithm and its variants (Metro-
polis et al. 1953, Hastings 1970). In this review we focus on yet another
category of models, which are quite popular: continuous stochastic dynam-
ics, the most famous examples of which are Langevin dynamics and its
overdamped limit. The distinction between stochastic and deterministic dy-
namics is not so clear-cut in many cases. Indeed, deterministic dynamics are
sometimes weakly perturbed by a stochastic term, as in the Langevin—Nosé—
Hoover method (Leimkuhler, Noorizadeh and Theil 2009). Moreover, there
are stochastic dynamics such as Metropolis-like algorithms which are based
on deterministic proposals, as in hybrid Monte Carlo approaches (Duane,
Kennedy, Pendleton and Roweth 1987).

1.1.1. Microscopic description of physical systems

To present the dynamics we consider in this review more precisely, we first
give a microscopic description of physical systems. The state of a system
composed of N particles (typically atoms) is completely determined by the
positions ¢ = (qi,...,qn) and the momenta p = (pi,...,pn) of all the
particles. Recall that, in Cartesian coordinates, momenta are velocities
multiplied by the masses of the particles under consideration.

One of the fundamental issues in statistical physics is that N should a pri-
ori be of the order of the Avogadro number to determine the macroscopic
behaviour of matter, while, in practice, current simulations are mostly per-
formed for systems of N = 10 — 10” particles, with heroic computations
involving record numbers of particles of order N = 10'2. The systems com-
puted are therefore much smaller, by several orders of magnitude, than the
macroscopic systems they represent. Nonetheless, it turns out that molecu-
lar simulation is often able to give relevant predictions for the simulated
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systems. For the simplest systems, such as noble gases, bulk properties can
in fact be estimated with only a few thousand particles.

Momenta take values in R*V for three-dimensional systems, whereas po-
sitions take values in a position space D, which can be either unbounded
(the typical case being D = R3" for isolated systems in three dimensions)
or bounded (the typical case being simulations performed in a periodic cell
D = (LT)*N, with T = R/Z denoting the one-dimensional torus). The
latter situation is encountered, for example, in the simulation of condensed
matter systems, for which periodic boundary conditions are used to mimic
bulk conditions. In this paper we denote the dimension of the system by d
(d = 3N for particles in three-dimensional space), and the phase space by
£ = D xR Since some dynamics only involve the positions while other dy-
namics involve both positions and momenta, we will often use the abstract
notation X to denote a state space which can be either D or &, depending
on context.

The physical content of the model is essentially encoded in the potential
energy function V(g) that gives the interaction energy of the N particles
with positions ¢. Interaction potentials should ideally be obtained from
quantum mechanical computations based on an approximate numerical solu-
tion of the Schrodinger equation, for fixed nuclei positions (Cances et al.
2003, Le Bris 2005). In practice, as already hinted at above, this is very
expensive, so empirical potentials are often used for large-scale simulations.
The construction and validation of appropriate empirical energy functions
is a research domain in its own right. For some simple systems, satisfactory
empirical potentials are available. This is the case for noble gases such as
argon, for which the potential energy can be written as the sum of pairwise
interactions of Lennard-Jones type. For molecules, two types of interaction
should be distinguished: (i) bonded interactions to model covalent bonds,
and which involve terms depending on bond lengths between two atoms,
bending angles defined using three atoms, and dihedral angles computed
using four atoms; (ii) non-bonded interactions, involving for instance Cou-
lomb interactions between charged atoms, and Lennard-Jones interactions
describing dipole—dipole interactions (see e.g. Schlick 2002). For solids, the
current trend is towards variations and extensions of the embedded-atom
model proposed in Baskes (1992), or bond-order potentials such as REBO
(Tersoff 1989) or ReaxFF (van Duin et al. 2001). The latter potentials
involve terms depending on the local environment of the atoms, which al-
lows them to account for chemical reactions (i.e. bond breakings and bond
formations). For biological applications, a lot of effort is devoted to obtain-
ing good water models, because of the importance of water as a solvent.
Potential energy functions are implemented in popular molecular dynamics
packages such as AMBER, CHARMM, GROMACS, LAMMPS and NAMD.
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The total energy of microscopic systems is given by the Hamiltonian
H(q,p), which is typically the sum of the kinetic energy and the poten-
tial energy,

H(g,p) = 5p" M 'p+ V(o) (11)

where we introduce the mass matrix M = diag(m4Ids, ..., myIds), assum-
ing that the system is three-dimensional, and m; denotes the mass of the ith
particle. Let us also emphasize here that for simplicity we always consider
the potential V' to be C*° in this review.

Using the potential V', two physical models of the system can be obtained:
a model of the system at equilibrium via thermodynamic ensembles, and a
model for the evolution of the system using appropriate dynamics.

1.1.2. Macroscopic description via thermodynamic ensembles

The macroscopic state of a system at equilibrium is described, within the
framework of statistical physics, by a probability measure on the configura-
tion space, called the thermodynamic ensemble. The macroscopic features
of the system are then computed as averages of an observable with respect
to this measure.

We focus here on the canonical ensemble, in which the number of particles,
the domain and the temperature are fixed. Mathematically, it is defined as
the minimizer of Boltzmann’s entropy function under the constraint that
the average energy is fixed. The Lagrange multiplier associated with this
constraint is the temperature. See Balian (2007) for more physical back-
ground, as well as Lelievre, Rousset and Stoltz (2010, Section 1.2.3) for a
short, self-contained presentation.

For systems described by their positions and momenta, the canonical
measure reads

w(dgdp) :lel e BH(@P) 4q dp, Z, :/ e PH (1.2)
&

where H is defined by (1.1), 8 = (kgT)~! > 0 is the inverse temperature,
and the normalization constant Z,, is assumed to be finite. The probability
measure p is also known as the Boltzmann—Gibbs distribution associated
with the function H. Note that the components of the momenta are inde-
pendent under the canonical measure, and follow a Gaussian distribution.

The macroscopic properties are obtained as averages of functions (called
observables) of the microstate (g, p) of the system with respect to the ca-
nonical measure. For a given observable ¢(q, p), macroscopic properties are
therefore obtained by computing

E.(p) = /S ¢(q,p) p(dgdp). (1.3)
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In many cases of interest, the integration with respect to the momenta can
be performed analytically (see for instance (1.6) below), or the observable
of interest only depends on the positions ¢ (as is the case for the potential
energy, for instance). The integral (1.3) then simplifies to

E.(p) = /D o(g) v(dg), (1.4)

where v is the marginal law of p in ¢:
v(dg) =2z, e PV Dy, Z,= / e PV, (1.5)
D

The probability measure v is the Boltzmann—Gibbs distribution associated
with the function V. Averages such as (1.3) and (1.4) are called thermody-
namic quantities. As highlighted in the next example and further discussed
in Section 1.2, the actual challenge to the numerical evaluation of macro-
scopic properties is generating positions distributed according to v using an
appropriate numerical method (see Sections 3 and 4).

For concreteness, let us give one example: in three-dimensional condensed
matter systems equipped with periodic boundary conditions, the pressure
is obtained by computing (1.3) with

s gmyZ('“ ~u gy )

The contribution of the momenta can be integrated out analytically (cor-
responding to the ideal gas contribution to the pressure), so that E,(¢) =
E,(®) where

P(q) = Jra g, p) e PH@P) dp —/ (4,7) e
pq) = fde—ﬁH(le) B = e PP g e

~5mi (5 Zq’ .0) o

1.1.3. Microscopic dynamics

Once a description of the system is provided in terms of degrees of freedom,
boundary conditions and potential energy function, we can also discuss its
time evolution. For isolated systems, namely in situations where it is pos-
sible to simulate the system and its entire environment, systems should
evolve according to Hamiltonian dynamics. However, for systems evolving
in an environment so large that it fixes the temperature, for example, it
is not generally possible to simulate both the system of interest and the
ambient environment, which acts as a thermal bath. In this case, a prag-
matic approach is to replace the average effect of the environment by some
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fluctuation /dissipation process which indeed makes the dynamics ergodic
with respect to the canonical measure (ergodicity will be discussed in de-
tail below). One theoretical underpinning for this approach is provided by
the Mori-Zwanzig framework (Mori 1965, Zwanzig 1973, Givon, Kupferman
and Stuart 2004). In such cases, the physical relevance of the dynamics con-
sidered in molecular dynamics is debatable if one is precisely interested in
dynamical properties. We will not discuss this modelling problem further,
and focus on two dynamics which are widely used in the community: the
Langevin dynamics and its overdamped limit.

Two situations should be distinguished. In some cases, dynamics are used
as sampling devices. The focus is then on invariant measures or stationary
properties rather than on dynamical information. The aim is to construct
dynamics which are ergodic, in the sense that average properties computed
along a typical realization converge in the long-time limit to averages with
respect to some given measure of interest such as the canonical measure (1.2)
(see equation (1.10) below). However, it is also often the case that dynamical
properties (which really depend on the dynamics at hand and not only on the
measure for which the dynamics is ergodic) are computed. These properties
take the general form

Elp((wt)ter)], (1.7)

where (z)1es is a random trajectory over a time interval I (which can be
finite or infinite), and ¢ is a path functional. In fact, many current numerical
challenges concern the computation of such dynamical properties.

The two paradigmatic dynamics we consider in this work are the following
stochastic differential equations (SDEs).

(1) Overdamped Langevin dynamics:

dqt = —VV(qt) dt + \/Zth, (18)

where W; is a standard d-dimensional Brownian motion.
(2) Langevin dynamics:
th = M_lpt dt7

D) 1.9
dpt = —VV(qt) dt —’)/M_lpt dt + %th, ( )

where v > 0 is a positive parameter.

As discussed in Lelievre et al. (2010, Section 2.2.4), overdamped Langevin
dynamics can be obtained from Langevin dynamics by two limiting processes
when the mass matrix is proportional to the identity matrix (M = mId):
(i) a large friction limit v — 400 with time rescaled as «¢; (ii) a small mass
limit m — 0.
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There exist many variations and extensions to the Langevin dynamics,
such as Langevin dynamics with position-dependent friction v(q) in (1.9),
dissipative particle dynamics, where the friction depends on the relative ve-
locities between the particles (Hoogerbrugge and Koelman 1992, Espanol
and Warren 1995), generalized Langevin dynamics, with an extra variable
which can be seen as an integral of the fluctuation/dissipation (Zwanzig
1973), and Langevin-Nosé-Hoover (Leimkuhler et al. 2009). We restrict
ourselves to the paradigms (1.8) and (1.9) for simplicity. Many numerical
techniques can be extended, at least formally, to other dynamics, although
mathematical proofs of convergence or consistency may be much more com-
plicated, since the basic ergodic properties of these dynamics may not be
known. This is the case, for example, for the dissipative particle dynam-
ics, for which ergodicity is proved only in one dimension (Shardlow and
Yan 2006).

1.2. Numerical challenges in molecular dynamics

Molecular dynamics raises a number of computational challenges. In this
article we mainly focus on sampling problems. Sampling consists in approx-
imating an average by using empirical averages over a collection of samples,
namely realizations of the underlying random variable distributed according
to a target probability measure. We consider here either thermodynamic
quantities, such as (1.3)—(1.4) (in which case the target probability is p
or v), or dynamical ones, such as (1.7) (in which case the target probability
is the law of the process (x¢)ic; over the path space). For completeness,
we also mention other challenges in molecular dynamics at the end of this
section.

1.2.1. Static sampling problems

Thermodynamic averages such as (1.3) and (1.4) are in general very difficult
to approximate by direct numerical integration since the number of particles
is very large (and thus the dimension of the space over which the integral is
posed is large). This is why stochastic approaches are typically used. The
fundamental idea of these methods is to replace ensemble averages with time
averages along trajectories of well-chosen dynamics, which are ergodic with
respect to the target probability measure. More precisely, when the target
measure is the canonical measure (1.2), these dynamics should be such that

lim w(qs,ps)dSZ/gw(q,p)u(dqdp)- (1.10)

Ergodicity means that time averages over trajectories almost surely con-
verge to a well-defined limit (for p-almost all initial conditions, for almost
every realization of the noise used in the dynamics), this limit being an
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average over the phase space with respect to a probability measure (the ca-
nonical measure in our context). Examples of such ergodic dynamics include
overdamped Langevin dynamics (1.8) (which is ergodic with respect to v)
and Langevin dynamics (1.9) (which is ergodic with respect to p). We will
present examples of efficient techniques to compute thermodynamic quant-
ities in Section 3, the particular case of the computation of free energy
differences being covered in Section 4.

1.2.2. Sampling dynamical properties

Other quantities of interest actually depend on the dynamics. This includes,
for example, time correlation functions (see Section 5) or transition times
and paths between regions of the configuration space (see Section 6). As
an example, let us consider an exit problem, which consists in sampling the
random variables (7, (¢, pr)) where

T=inf{t >0, ¢ ¢ A}.

Here A is a given region of the configuration space (an open bounded simply
connected subset of R?), and it is implicitly assumed that gy € A. The ran-
dom variables (7, (¢r,p;)) fully characterize the exit event from A: they
give the exit times and exit points from A. Sampling the random variables
(7, (¢r,pr)) requires us to sample the paths (g, pt)o<t<r: it is therefore
again a sampling problem, but over an infinite-dimensional space, namely
the space of trajectories. Averages over the path space are called dynamical
quantities. We present efficient techniques to sample exit events in Sec-
tions 6.2 and 6.4. We will also discuss numerical methods to approximate
time correlation functions to compute transport coefficients in Section 5.3.

1.2.3. Challenges in sampling problems

The main practical difficulty when approximating thermodynamic and dy-
namical quantities in molecular dynamics arises from the variety of space
and time scales involved in these computations. To obtain relevant res-
ults at the macroscopic level, one needs to integrate over a very long time
the dynamics for a wvery large number of interacting particles. The typ-
ical time step used to discretize the equations of motion at the atomistic
level is of the order of one femtosecond (1071° s), in order to resolve the
highest-frequency modes arising from bond vibrations. On the other hand,
the macroscopic phenomena of interest typically occur on time scales of the
order of microseconds (107 s) to hours (103 s). For the former, we mention
the diffusion of adatoms on a substrate (see the review article by Voter,
Montalenti and Germann 2002 and references therein), and for the latter,
the unbinding of some ligands from proteins (see Schlick 2002, Freddolino,
Harrison, Liu and Schulten 2010). In addition, the number of particles one
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has to consider should be sufficiently large that the macroscopic phenom-
ena of interest emerge from the collective behaviour of the many particles
at the microscopic level. The time horizon and the number of particles
to consider depend on the system and the phenomenon of interest, but it
should be very large in any case — typically larger than in other fields where
sampling of probability measures is needed, such as Bayesian inference in
computational statistics.

In terms of time scales, this discrepancy between the microscopic and
the macroscopic scales is related to the fact that the stochastic processes
that govern the evolutions of the positions of the particles are metastable:
the system remains trapped for a long time in some region of the con-
figurational space (called a metastable region) before hopping to another
metastable region. Metastability implies that the convergence of averages
over trajectories is slow, and that transitions between metastable regions
are rare. As a simple illustration of metastability, let us present a two-
dimensional example using overdamped Langevin dynamics (1.8), which we
recall for convenience:

th = *VV(qt) dt + vV 2371 th

In Figure 1.1 the two origins of metastability are illustrated. First, as shown
in Figure 1.1(a, b), the stochastic process (¢;):>0 can be metastable because
of energetic barriers: to migrate from one metastable region to another, the
process has to cross level sets of the energy function V' and to overcome a
first-order saddle point. Second, metastability can be observed because of
some steric constraints in the system. In the example in Figure 1.1(c,d), the
potential function is zero inside the hourglass-shaped region and strongly
repulsive outside this region. The stochastic process (g¢)¢>0 is then a simple
random walk in the region of zero potential. In this case, metastability is
observed because it takes a long time to find the narrow corridor between
the two metastable regions. Such potentials exhibit so-called entropic bar-
riers, since the accessible space for the system to leave a metastable state is
very small. These two types of metastable behaviour are different in nature,
and as will be explained below, this distinction is important when discussing
sampling techniques, since some of them are limited to energetic barriers
(see in particular Section 6). The difference between these two types of
barrier is best seen by modifying the temperature. When the temperature
decreases, the typical time scale to leave a metastable region grows expo-
nentially fast with respect to 8 for energetic barriers, in accordance with
results from large deviation theory (Freidlin and Wentzell 1984, Dembo and
Zeitouni 1998). For an entropic barrier, such as that of Figure 1.1(c,d), a
change in temperature is (asymptotically) equivalent to a linear rescaling
in time. These different behaviours are illustrated in Figure 1.2. In terms
of numerical approximations, metastability implies that trajectory averages
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Figure 1.1. (a, c) Level sets of the two-dimensional potentials. (b, d) Time evolution
of the x-coordinate of the stochastic process solution to overdamped Langevin
dynamics (1.8) in these potentials. (a,b) Energetic barrier (8 = 4), (c,d) entropic
barrier (5 = 10).

converge very slowly to their ergodic limits (the convergence ¢ — oo in (1.10)
is difficult to reach numerically), because one has to wait for the process to
visit all the metastable states sufficiently often. This explains the difficulties
encountered when evaluating thermodynamic quantities accurately. In addi-
tion, metastability also implies that transitions between metastable states
are rare events, but these events are typically the phenomena of interest
when considering dynamical quantities. Metastability is thus at the heart
of the numerical challenges observed in molecular dynamics. Therefore, the
mathematical analysis of the efficiency of sampling algorithms requires us
to quantify the metastability of the sampling dynamics (Lelievre 2013).

As explained above, the metastability of the dynamics has some physical
origin (discrepancy of time scales between the microscopic and the macro-
scopic worlds). From a purely numerical viewpoint, it is related to the
multimodality of the probability measure sampled by these dynamics. A
probability measure is multimodal if likely regions (modes) are separated
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Figure 1.2. Average exit times E(7) as a function of 3, where 7 = inf{t > 0 | z; >
x«}. (a) Energetic barrier (potential in Figure 1.1(a)) with z,. = 1.3 and initial
conditions xg = (—1,0). The average exit times increase exponentially with (3
(note the logarithmic scale on the ordinate axis). (b) Entropic barrier (potential
in Figure 1.1(c)) with x, = 1.5 and initial conditions g = (—3,0). The average
exit times increase linearly with § for sufficiently large values of 5.

by areas of small probabilities. Unless deep knowledge of the system under
study is available, two successive points sampled by ergodic dynamics are
very close to each other, because large uninformed moves are very likely
to fall in regions of small probability. This is why ergodic dynamics with
respect to a multimodal measure are in general metastable: it is difficult
to leave a mode of the target probability measure. This is closely related
to the difficulties associated with the global minimization of a function in
R4 (in the limit § — oo, the measure v is indeed a Dirac mass on the
global minimum of V): a global optimization method should be able to
find the global minimum among all the local minima of the function (these
local minima correspond to different modes of the associated Boltzmann
distribution (1.5)).

1.2.4. Other computational challenges

As explained above, the focus of this review is on sampling methods, and
on PDE techniques to assess the quality of these methods. Before present-
ing how PDEs naturally appear in such a context, we would like to briefly
discuss other computational challenges raised by molecular dynamics com-
putations, though we will not discuss this further.

The integration of the deterministic Hamiltonian dynamics raises many
interesting numerical questions. The original motivation was to understand
the excellent energy conservation properties of the Stérmer—Verlet method
(Verlet 1967). With only one force evaluation at each time step, this nu-
merical method indeed exhibits excellent energy preservation over very large
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time horizons. This stability property can be proved for the Stérmer—Verlet
method (and, more generally, symplectic integrators) using backward error
analysis. This has been extended in various directions: for example, re-
placing symplecticity by symmetry, considering systems with constraints,
or extending these results to Hamiltonian partial differential equations (see
e.g. Faou 2012 for Schrodinger equations). We refer to Marsden and West
(2001), Hairer, Lubich and Wanner (2003), Leimkuhler and Reich (2004),
Hairer, Lubich and Wanner (2006) and Bond and Leimkuhler (2007) for an
introduction to this branch of numerical analysis, called geometric numerical
integration.

In order to reduce the dimensionality of the problem under consider-
ation, so-called coarse-graining techniques have been devised. Hopefully,
while reducing the number of degrees of freedom, one also expects to in-
crease the stability threshold on the time step, and thus to be able to reach
larger time horizons. Many ideas have been proposed along these lines.
A typical idea, the basis of dissipative particle dynamics (Hoogerbrugge and
Koelman 1992, Espanol and Warren 1995), is first to replace a molecule, or
a group of molecules, by some effective particle, then to determine the in-
teractions between such particles as some effective interaction obtained by
averaging over the actual interactions of the fully detailed system it rep-
resents, and finally to add some stochastic fluctuations accounting for the
microscopic variability that disappeared in the coarse-graining process. See
also Kevrekidis and Samaey (2009) and Rohrdanz, Zheng, Maggioni and
Clementi (2011), for example, for a few selected works on coarse-graining in
molecular simulation. Mathematical analysis is needed in order to (i) derive
good coarse-graining strategies with certified error bounds, and (ii) propose
appropriate schemes to use these coarse-graining models. Coarse-grained
models can be used as predictors, the results of which are then refined in
a corrector step by resorting to more accurate models. Alternatively, it is
possible to construct coupling strategies in space in order to use coarse-
grained models in some places while using finer models in others — as in
quasicontinuum methods, which couple atomistic simulations with finite
element discretizations (Luskin and Ortner 2013). In some sense, the free
energy introduced in Section 4 or the accelerated dynamics presented in
Section 6.4 are also examples of coarse-graining strategies. In all instances
of coarse-graining, the main difficulty consists in selecting the relevant de-
grees of freedom over which the coarse-graining procedure is performed (for
instance, anticipating our later discussion, the reaction coordinate £ for free
energy computation, or the set S to exit from for metastable dynamics).
Thus statistical methods (such as clustering, manifold learning or hidden
Markov chain approaches) should play an increasingly important role in fu-
ture, for example to extract the metastable states from a long trajectory;
see e.g. Fischer et al. (2007).
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To conclude this section, let us mention that the modelling issues raised
by the quality of the empirical force fields become ever more crucial as
longer time scales are reached. Notwithstanding the numerous examples
where molecular dynamics computations have provided insights into mo-
lecular systems in biology or material sciences, many numerical experiments
also show that better force fields need to be developed in order to reach the
desirable level of accuracy in many applications. This includes improve-
ment of the modelling of polarizability (see for instance Lipparini et al.
2015), the construction of dedicated force fields for water molecules (see
Wallgvist and Mountain 1999 and Jorgensen and Tirado-Rives 2005 for
early review articles), and the development of reactive potentials able to
describe chemical reactions (with variants and improvements of the REBO
and ReaxFF potentials mentioned in Section 1.1). Appropriate functional
forms of the potential functions as well as parameters should be dictated by
electronic structure calculations, and validated using experiments. In this
context, mathematics should help to (i) solve the electronic structure cal-
culation efficiently, and (ii) develop coupling approaches between quantum
calculations and molecular dynamics computations. Advanced optimization
procedures should be useful for constructing suitable force fields from many
data (quantum computations, experiments). In particular, machine learning
techniques play an increasingly crucial role in the field (Rupp 2015).

1.3. Improving numerical methods in molecular dynamics: how PDFEs can
help

In order to show how PDE techniques are useful for understanding and im-
proving numerical techniques in molecular dynamics, we first recall the link
between SDEs and PDEs. We then present the structure of the remainder
of the article.

1.3.1. Link between SDEs and PDEs
Consider the general time-homogeneous stochastic differential equation on
R

dl’t == b(:l/‘t) dt+0($t) th, (1].].)

for a given initial condition zg € RY and standard Brownian motion W; €
R™, and where b : R? = R? and ¢ : R* — R¥™ are assumed to be such that
there exists a unique (strong) solution to (1.11). For example, the classical
setting is to assume that b and o are locally Lipschitz, which yields local-in-
time existence up to a (stochastic) explosion time, and then to prove that
the existence is actually global in time with appropriate Lyapunov functions;
see for example Khasminskii (2012), Mao (2008) and Rey-Bellet (2006).
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The stochastic differential equation (1.11) is naturally associated with a
differential operator:

1
c:b-v+§aaT:v2, (1.12)

which is the infinitesimal generator of the Markov process (z;);>0 solution
to (1.11). Here, the symbol : denotes the Frobenius inner product. More
explicitly, for a given C* test function ¢ : R? — R, the operator £ acts via

d 1 d d m
Lo =D biduot ) > D 0ikTiklua;
e i=1 j=1 k=1

For example, the generator of overdamped Langevin dynamics (1.8) is

L=-VV-V+B1A = exp(BV)div|(exp(—BV)V], (1.13)
while, for Langevin dynamics (1.9), we have
L=M"'p Vi—VV -V, +v(-M"'p-V,+B71A,). (1.14)

Here and elsewhere, we will always consider generators to be defined on ap-
propriate dense subsets of the domain of the generator, such as C* functions
with compact support or whose derivatives grow at most polynomially.

The link between (1.11) and (1.12) is made explicit in the following
lemma.

Lemma 1.1. Let ¢ be a compactly supported C*° function. Then

S ()| = Lo@) (1.15)

where the superscript = indicates that the initial condition of (1.11) is xg =
x, for a fixed z € X, and the expectation is taken over the Brownian paths.

The proof is a direct consequence of the It6 formula,
dp(@e) = Lop(we) At + (Vp(ae) o (@) AW,
and the fact that ¢ is C*° and compactly supported, so that

([ (o)t aw, ) <o

because the argument of the expectation is a square-integrable martingale
(Revuz and Yor 1999). Therefore

t
E*[p(z)] — o(2) = /0 E*[(Le)(zs)] ds, (1.16)
and the following limit is well defined:

& @ o), = tim TN AD gy,
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The infinitesimal generator £ associated with the stochastic dynamics
plays a crucial role in the following since it is the natural differential operator
that appears in three partial differential equations related to the stochastic
dynamics: (i) the Fokker—Planck dynamics that governs the evolution of
the law of x; (see Section 2.1), (ii) the Poisson equation for the asymptotic
variance of estimators based on time averages (see Section 3.1), and (iii) the
Feynman-Kac formula (see Section 6.1).

Let us conclude this section by giving a very important characterization
of the invariance of a probability measure by a stochastic evolution in terms
of the generator: 7 is an invariant probability measure for (1.11) if and only
if for any C'*° and compactly supported test function ¢,

/ Lodmr =0. (1.17)
X

This characterization directly follows from (1.15) by integrating both sides
with respect to 7, and using that E(p(x;)) = E(p(xg)) when xg ~ 7 since,
by definition of the invariance of the measure 7, we have x; ~ 7. (Here and
in the following, the notation x ~ m means that the random variable z is
distributed according to the probability measure 7.)

1.8.2. Assessing the efficiency and the accuracy of sampling algorithms
For the estimation of thermodynamic quantities, PDE techniques can be
used in the following contexts.

e Determining (upper bounds to) the rate of convergence to equilib-
rium of stochastic dynamics. These rates of convergence can indeed be
used to quantify the sampling efficiency of the underlying dynamics.
The techniques used are typically functional inequalities allowing us to
prove the existence of a spectral gap for the generator £ (or equival-
ently the exponential convergence to 0 of the associated semigroup e'*).
Section 2 is devoted to these aspects for simple equilibrium dynamics.
Extensions to more complicated dynamics are possible: in Section 4.3
we study the long-time behaviour of the solution to a non-linear PDE
by an appropriate modification of one of the approaches used in the
linear case (entropy techniques).

e Quantifying the errors in the computation of ensemble averages via
ergodic averages over a single long trajectory (see Section 3). These
errors are of two types: systematic errors arising from the bias on the
invariant measure due to the time discretization of the continuous dy-
namics, and statistical errors governed by a central limit theorem. For
systematic errors due to time discretization, the first PDE tool used
for Langevin dynamics is a Trotter or Strang splitting of the semig-
roup to suggest new numerical schemes, or to analyse their accuracy.
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Second, a PDE is also involved when considering the solution of a Pois-
son equation of the form Lu = f to characterize the leading error term
on the invariant measure. Poisson equations are also used to obtain
the expression of the asymptotic variance dictating the magnitude of
the statistical error.

For the estimation of dynamical quantities, PDEs are useful in the following
contexts.

e Defining transport coefficients, expressed either as integrated correla-
tion functions or given by the linear response of non-equilibrium dy-
namics in the limit of small non-equilibrium forcings (see Section 5).
The PDE technique used is perturbation theory of linear operators.

e Understanding the properties of algorithms for the sampling of paths
(see Section 6.3). The results rely on the properties of solutions to
the Hamilton—Jacobi-Bellman equation for variance reduction tech-
niques based on importance sampling, while the analysis of the exit
problem for accelerated dynamics starting in a metastable state relies
on quasi-stationary distributions, which are eigenfunctions of Fokker—
Planck equations with Dirichlet boundary conditions.

One topic that is also relevant to the analysis of metastable processes, and
that we will discuss only briefly in this review (see Section 6.2), is the de-
termination and computation of the rate functional in large deviation results
(Freidlin and Wentzell 1984, Olivieri and Vares 2005). Let us only mention
that the rate functional is determined for Markov processes by the Donsker—
Varadhan formula (obtained in a series of works starting with Donsker and
Varadhan 1975), which involves the generator of the dynamics. In addi-
tion, the variance of time averages computed along a single realization of
the dynamics can be computed from the second derivative of this rate func-
tional (den Hollander 2000). This opens the way for variance reduction
techniques based on large deviation results, relying on PDE techniques, as
recently presented by Rey-Bellet and Spiliopoulos (2015).

1.3.3. Outline of this review

Section 2 gives the theoretical foundations needed in the next four sections.
Sections 3 and 4 focus on the computation of thermodynamic quantities
such as (1.3) and (1.4), while the estimation of dynamical quantities such
as (1.7) is the subject of Sections 5 and 6. More precisely, we start in
Section 2 by reviewing results on the long-time convergence of the laws of
the stochastic processes under consideration. We then discuss in Section 3
the various errors arising in the computation of average properties along a
single, long realization of some ergodic dynamics. Section 4 is devoted to
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THEORETICAL FOUNDATIONS NUMERICAL METHODS

— T T,

decay estimates on the semigroup

Section 2 ‘ Poisson equation Section 3

Thermodynamic averages

Long—time analysis for PDEs .
Sections 2.1, 2.2,2.3,2.4

variance reduction perturbative expansions

Section 3.4 Section 3.3

Section 4 J Section 5
Free energy Non-equilibrium systems
spectral approaches
Section 6
Dynamical quantities

Section 2.5

Figure 1.3. Interdependence of the sections. Double (respectively triple) boxes are
for sections devoted to the computation of thermodynamic quantities (respectively
dynamical quantities). In particular, Section 3 mainly uses decay estimates from
Section 2 on the semigroup of the form [e'*| gy < Ce™®! for some positive
constants C and «, which in turn implies the well-posedness of the Poisson equation
Lu = f in a certain Banach space E (see Proposition 2.1 and Corollaries 2.4, 2.16,
2.21 and 2.27).

logarithmic Sobolev inequality
Section 2.2

the computation of free energy differences, for which dedicated techniques
have to be used. The first dynamical quantities considered are transport
coefficients in Section 5, numerically obtained either from dynamical inform-
ation on equilibrium trajectories or from the linear response of steady-state
non-equilibrium systems. Finally, in Section 6, we turn to the sampling of
trajectories between metastable states.

In Figure 1.3 we provide an overview of the interdependence of the sec-
tions, with an emphasis on the theoretical tools from Section 2 needed in
the next four sections. The reader who is mostly interested in numerical
methods can directly attack any of the four Sections 3, 4, 5 or 6, which are
essentially independent, coming back to Section 2 when some theoretical
background is needed.

Before getting to the heart of the matter, let us emphasize again that
the focus of this review is on sampling methods used in molecular dynam-
ics and which can be analysed using partial differential equations. Other
sampling methods will therefore be mentioned only briefly, even though
they may be equally important in practice. Moreover, for the sake of brev-
ity, we sometimes present only the main arguments or ideas without the
full mathematical details. In both cases, we give extensive references for
further reading.

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

PDES AND STOCHASTIC METHODS IN MOLECULAR DYNAMICS 699

2. Long-time analysis for partial differential equations: some
standard approaches

As explained above, one approach to studying the efficiency of a sampling
method is to study the rate of convergence to equilibrium of the law at
time t of the process. The analysis techniques that have been developed to
study the long-time behaviour of solutions to partial differential equations
are very useful in this context. The law at time ¢ of a stochastic process
(x¢)i>0, following the general stochastic differential equation (1.11), indeed
satisfies a partial differential equation called the Fokker—Planck equation
(see Section 2.1). In this section we review standard methods to prove the
convergence of the law at time ¢ of stochastic processes to some invariant
probability measure (in our context, typically the canonical measure).

These convergence results also provide bounds on the inverse of the gen-
erator, which turn out to be useful in various contexts, for example to
define asymptotic variances of ergodic averages (Section 3.1), to make pre-
cise biases on invariant measures of discretizations of continuous dynamics
(Section 3.3), or to state linear response results for the invariant measure of
perturbed dynamics (Section 5.2). Some of the convergence results can also
be transferred to discrete-time dynamics, which allows us to ensure the ex-
istence and uniqueness of invariant probability measures for discretizations
of SDEs, or to compute the variance of the corresponding ergodic averages.

Some techniques to analyse the long-time behaviour of the stochastic pro-
cess are limited to specific structural assumptions on the dynamics: Poincaré
inequalities and logarithmic Sobolev inequalities are useful for randomly
perturbed gradient dynamics such as overdamped Langevin dynamics (see
Section 2.2), while hypocoercivity estimates are well suited to Langevin dy-
namics (see Section 2.3). On the other hand, some processes, such as those
encountered by non-reversible perturbations of Langevin and overdamped
Langevin dynamics, may not have the appropriate structural properties
for the previously mentioned techniques. In this case, Lyapunov-type ap-
proaches turn out to be versatile methods (see Section 2.4). Finally, in
Section 2.5, we describe how results on the spectrum of the infinitesimal
generator of a stochastic process in the asymptotic regime S — oo can be
useful for studying a metastable process.

2.1. The Kolmogorov forward equation

Let us consider a stochastic process (z¢)¢>0 in RY, following the dynamics
(1.11). Let us assume for simplicity that the law of z; at time ¢ has a
density 1) with respect to Lebesgue measure:! z; is distributed according

! The fact that z; admits a density with respect to Lebesgue measure for ¢ > 0 can
be proved in our context for Langevin and overdamped Langevin dynamics using the
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to ¥(t,z)dz. We also let (0, 2) = 1o(z) denote the density of the initial
distribution. Then 1) satisfies the Kolmogorov forward equation, also known
as the Fokker—Planck equation:

O = LM, (0) = v, (2.1)
where £ denotes the L? adjoint of the operator L:

L£h=—div(b-) + %V2 : (o0T).

Explicitly, for a given C® test function ¢ : R? — R,

'CTl/} = Zaccz Z¢ Z Zax“:c] Uz kU],k¢)

i,0=1 k=1

In particular, for overdamped Langevin dynamics (1.8), the density 1 (t, q)
satisfies (2.1) with

1 1
L = div(VVe) + EM} = Bdiv[e_BVV(eﬁvw)]. (2.2)
For Langevin dynamics (1.9), the density (¢, ¢, p) satisfies (2.1) with

Ll = —pT M=V + VVIV, 0 + v div, <M1pzp + ;vpzp> . (2.3)

The Fokker—Planck equation (2.1) is a consequence of (1.16). Indeed, for

h >0,
E=x _ Rz 1 t+h
olasn)) - E"lple)] _ 1 [ o) s
t
which, after integration with respect to vy, gives

(et naie— [ o)

t+h
/t Rd(&p)(m)w(s,x) dz ds.

This leads, in the limit h — 0, to the following equation:

i(/Rﬂ(xW(t’x) dx) = /Rd(ﬁw)(w)w,x) da, (2.4)

which is satisfied for all test functions ¢ (say, C* and compactly supported).

hypoellipticity and the ellipticity of the infinitesimal generator (for hypoellipticity, see
Section 2.3 below), respectively. If x; does not admit a density, the Fokker—Planck
equation still holds in a weak sense: see (2.4).
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This is indeed a weak formulation of (2.1). For rigorous results concern-
ing the existence and uniqueness of a solution to (2.1) and the link with
stochastic differential equations, we refer for example to Friedman (1975).

Let us mention that the invariance of the canonical measure v (resp.
) for overdamped Langevin dynamics (resp. Langevin dynamics) is easily
checked. A simple computation indeed shows that the canonical measures?
are stationary solutions to (2.1), that is,

div(VVv) + g1 Av =0, (2.5)
and
—M'p - Vau+VV - Vypp +~div(M '+ 87'V,yp) = 0, (2.6)

respectively.

When a reference probability measure 7 is given (typically, the canonical
measure for Langevin or overdamped Langevin dynamics), it is sometimes
useful to consider the adjoint of the generator £ in the weighted L2-space

/ lp?dr < oo}
X

We let £* denote the adjoint of £ on L%(r). For any C* and compactly
supported functions ¢, ¢,

/(,Cgo)qbdﬂ':/ o(L @) dr. (2.7)
X X

In this framework, the invariance of w for the dynamics is formulated as
L*1 = 0, where 1 is the constant function equal to 1. This result is ob-
tained by setting ¢ = 1 and using (1.17). For the overdamped Langevin
dynamics (1.8) with invariant measure v and generator £ defined by (1.13),
one can check that £* = £. For the Langevin dynamics (1.9) with invariant
measure 4 and generator £ defined by (1.14), one can check that

L5=-M"'p - Vg+VV-V,+y(-M1p-V,+B71A,).

L*(m) = {cp : X — R measurable

In the following sections we analyse the convergence to the canonical
measure of the solution v to the Fokker—Planck equation (2.1), for both
overdamped Langevin and Langevin dynamics. Using a semigroup rep-
resentation, the question can be rephrased as studying the convergence of
etﬁwo to the invariant measure 7 (which is v or pu depending on the con-
text).

2 In the following equations, we denote, with some abuse of notation, the density of
the canonical measures with respect to Lebesgue measure by the same symbol as the
measures themselves.
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2.1.1. A dual viewpoint

It is in fact sometimes useful to adopt a dual viewpoint, and to study the
convergence of observables rather than probability densities. This amounts
to analysing the convergence of ey to | y@dm. To make this remark

tL

precise, let us first note that® e* indeed encodes the time evolution of

observables since
() (z) = E* (p(x1))- (2.8)

To prove (2.8) we start from It6’s formula: for a fixed time ¢t > 0, for a
C* function ¢, and s € [0,t], we have

A p(y)) = (=0, + L) (eTTVEp) (z5) ds + V(e ™) - o(xs) AW,
so that

Wwwm—&%m»—WQKV@“W@»d%mwg—o

For a general stochastic differential equation, the exponential decay to
equilibrium of €', seen as a bounded operator on a reflexive Banach space
E c L?, is equivalent to the exponential decay to equilibrium of et£' seen as
a bounded operator on E’, the dual of E. This equivalence is a consequence
of the following equality: for C*° compactly supported test functions ¢
and o,

Blp(a)) = |

cEila)in(ao) da = [ pla) ¢ (o) d,
X X
where ()0 satisfies (1.11) and the law of xg is ¥o(z) dz. In the particular
case of overdamped Langevin and Langevin dynamics, the long-time beha-
viours of £ and e£' are in fact closely related thanks to simple algebraic
identities: see respectively (2.15) and (2.36) below.

Note also that, upon replacing the observable ¢ with ¢ — [, @dm, it
suffices to understand the convergence to 0 of e*“¢ for functions ¢ with
average (0 with respect to 7.

2.1.2. Ezponential convergence of semigroups and definition of inverses
We introduce the operator norm on the vector space B(E) of bounded linear
operators on a Banach space E, defined by

A
| All gy = sup H g”E-
g#0 llglle

Recall that B(E) equipped with this norm is a Banach space. As discussed

3 This equality is a particular case of the Feynman-Kac formula, which will be presented
in Section 6.1.
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at the beginning of this section, it is important in various contexts to obtain
bounds on the inverse of the generator £ on E. The Banach space E is
typically a subspace of functions with average 0 with respect to the invariant
measure, otherwise etL<p does not converge to 0 as t — +4o0.

The invertibility of the generator, and bounds on this inverse in B(FE),
can be deduced from decay estimates on the semigroup, as is made precise
in the following result.

Proposition 2.1. Assume that

e |y < Ce™. (2.9)
Then the operator L is invertible on F, and
_ C

I1£ 1”B(E) < Y (2.10)

Proof. Introducing

—+00
U= —/ et dt,
0

a simple computation shows that, for p € D(L) ={¢p € E | Lo € E},

+o00 d "
LUp=ULp=— &[e @] = .
0

These equalities show that £ is invertible on E, with U = £~!. From the
definition of U, it follows that

+o00 i +o0o A\ C
sy < [ el dr < [ e ar= 5,

which proves the resolvent bound (2.10). O

As a final remark, let us emphasize that the manipulations performed
here for continuous-in-time dynamics can also be appropriately modified
for discrete-in-time dynamics, such as encountered in the discretization of
SDEs; see Corollary 2.26 below.

2.2. Poincaré and logarithmic Sobolev inequalities

We start by considering overdamped Langevin dynamics (1.8), the generator
of which reads

1 sV
Lo=—VV Yo+ 206 = %div(e—ﬁvw). (2.11)
The associated Fokker—Planck equation is the parabolic PDE
Oy = LT, 1(0) = b, (2.12)
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where £ is introduced in (2.2), and the initial condition® vy > 0 satisfies
the normalization condition
/ o = 1.
D

We checked in (2.5) that the probability measure
v(dg) = Z, " exp(—V () dg (2.13)

is a stationary solution of the Fokker—Planck equation. It is therefore rel-
evant to ask whether ¢ converges to v and, if so, at what rate.

Before presenting several answers to this question, let us first give two
reformulations of the Fokker—Planck equation (2.12). A simple computation
shows that the function g = 1 e#V/2 satisfies the Schrodinger-type equation

1
B

together with the normalization condition

og=—-Ag+Wg, W= ;<AV — §|VV\2>, (2.14)

/ gt)e V2 =1, forallt>0.
D
In addition, the function f = eV satisfies

of = Lf, /Dfe—ﬂ":L (2.15)

In this last setting, the functional space to consider is the Hilbert space

/ ]cp|2 dv < —l—oo},
D

(01, 92)12() Z/Dgol 2 dv.

L*(v) = {gp measurable

equipped with the scalar product®

A simple computation shows that £ is symmetric on L?(v). More precisely,
for test functions 1, w2 (C*° and compactly supported),

1
(L1, 92) 120) = (1, Lo2)12() = 5 /Dchl - Vo dv. (2.16)

In fact, it can be proved that £ is self-adjoint on L?(v): see e.g. Bakry,
Gentil and Ledoux (2014).

4 For simplicity, we consider initial conditions with densities with respect to Lebesgue
measure. By parabolic regularization, any initial positive measure admits a density for
positive times.

5 To keep the notation simple, we restrict ourselves to real-valued scalar products, al-
though, for spectral theory, complex-valued scalar products should be considered. How-
ever, the extension to the latter case is straightforward.
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2.2.1. Poincaré inequalities and convergence in L*(v)
We start by considering the Fokker-Planck equation reformulated as (2.15),
for an initial condition fy = /v belonging to L?(v). Recall that

fo =0, /fodV:l-
D

The simplest setting to consider is when a so-called Poincaré inequality
holds; see for instance Bakry et al. (2014, Section 4) for a very nice intro-
duction to these inequalities. In this case, f(t) = 'L fy converges exponen-
tially fast in L?(v) to the constant function 1. This can be rephrased as the
exponential convergence of e'“(fo — 1) to 0 in L?(v).

In order to state the convergence result, we introduce the following defin-
ition.

Definition 2.2 (Poincaré inequality). Consider the functional spaces

L(v) = {s@ e L*(v) /Dsodv = 0},

20 = {v e 20 | Vo e o).

The measure v is said to satisfy a Poincaré inequality with constant R > 0
when

and

1
lll72(,) < @HVWH%%V)’ for all p € H'(v) N Lg(v). (2.17)

The constant R > 0 depends on the potential V', the inverse temperat-
ure B and the domain D. We discuss below various sufficient conditions
for v to satisfy a Poincaré inequality.

The inequality (2.17) implies (and in fact is equivalent to) the exponential
convergence to 0 of the semigroup e** considered as an operator on L3(v).

Proposition 2.3. The measure v satisfies a Poincaré inequality with con-
stant R > 0 if and only if

e N33 0)) < o 2RIP, (2.18)

Proof. Let us first assume that the measure v satisfies a Poincaré inequality
with constant R > 0. In view of (2.16),

1 2R
~(Lp.9)12) = 5Vl > el forall p € L) N H ().

(2.19)
Since 0 is an eigenvalue of the operator £ (whose associated eigenvectors
are constant functions), this inequality shows that the spectral gap of the
self-adjoint operator —L on L?(v) is larger than or equal to 2R/ (see (2.82)

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

706 T. LELIEVRE AND G. STOLTZ
and the discussion following this equality). The inequality (2.19) also gives

the exponential decrease of the semigroup on L3(v) since

d /1 2R
En (2”et£80H%2(y)> = <et£%£et£90>L2(y) < - lett

5 el7agy-  (2:20)

By a Gronwall inequality, it follows that
le@llr20) < e 2P0l 12y, for any ¢ € Li(v).

Assume now that HetﬁHB(Lg(V)) < e 2BYB. Then, for a given ¢ € L3(v)
and any t > 0,
L2 2
e (P”Lg(,,) - H‘P”Lg(,,)
t

) e—4Rt/ﬁ -1
SDHL?)(,,) n

<|
We next pass to the limit ¢ — 0, using the equalities in (2.19) and (2.20):
2 4R
*EHV@H%%V) < *?lelig(y)-
Since o € LZ(v) is arbitrary, the Poincaré inequality (2.17) follows. O

In view of Proposition 2.1, a useful corollary of the decay estimates on
the semigroup is the following result.

Corollary 2.4. Assume that v satisfies a Poincaré inequality with con-
stant R. Then the operator £ is invertible on LZ(v), and the following
equality holds in B(L3(v)):

+00
L= —/ ett dt.
0

Moreover,
-1 p
L7 52wy < 57 (2.21)

Let us now give some sufficient conditions to obtain Poincaré inequalities.
First, such inequalities are easily obtained for probability measures equival-
ent to the Lebesgue measure, on connected domains, as a consequence of the
standard Poincaré-Wirtinger inequality. This is the case when D = (LT)?,
for example. Indeed, consider a measure with density p(q) with respect to
Lebesgue measure, and such that there exist two positive constants pmin
and pmax wWith 0 < ppin < p(¢) < pmax for all ¢ € D. First, note that

min/ (p—0¢)dp= / (¢ —Ep(9))*dp, for all ¢ € L*(p).
ceR D D
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Therefore,
i —¢)?dp < i P Vo2
min [ (¢ —¢)*dp < pmax min (so ) < pmax | |V
D ceR 2RPW D

ceR
pmax/ 2
Vol2dp,
2RPW Pmin ‘ ‘;0| P

where Rpw is the constant of the standard Poincaré—Wirtinger inequality
on the bounded, connected domain D. This shows that the canonical meas-
ure v defined in (2.13) satisfies a Poincaré inequality when the domain D is
bounded, with the following upper bound for the Poincaré constant R, :

Rl/ < RPW e_ﬂ(vmax_vmin)’

where

Vinax = I;'leag( V(Q)a Vinin = gé%l V( )
In fact, this argument can be made more general to show that Poincaré
inequalities satisfy some stability property under bounded perturbations
of the measure, similar to the result obtained in Theorem 2.11 below for
logarithmic Sobolev inequalities.

On unbounded domains, some conditions on the potential V' are required
to have a Poincaré inequality. For example, such an inequality holds when V'
is uniformly convex (i.e., V2V > RIdy with R > 0), similar to the result
stated in Theorem 2.10 below for logarithmic Sobolev inequalities. Another
result is based on the growth at infinity of the potential: see Bakry, Barthe,
Cattiaux and Guillin (2008, Corollary 1.6).

Theorem 2.5. Consider V € C?(R%). If there exists a € (0,1), ¢ > 0 and
R > 0 such that

aB|IVV(q)* = AV (q) > ¢, for all ¢ € R? such that |q| > R, (2.22)
then v satisfies a Poincaré inequality.
The above condition is satisfied, for instance, for potentials of the form
V(g) = Klg* + V()
where n > 1 and V is C™ and such that

VG g i TVHIAT]

= 0.
lgl=-+o0 |q|" lgl=+o0  [g[2(n=D)

The first condition implies that e # is integrable, while the second one
ensures that (2.22) holds.

A useful result that we shall exploit below is that it is possible to deduce
Poincaré inequalities by tensorization.
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Proposition 2.6. If a probability measure is a product of d probabil-
ity measures satisfying Poincaré inequalities with constants R;, then the
product measure satisfies a Poincaré inequality with constant

min(Ry, ..., Rq).

Proof. To simplify the notation, we prove the result in the case d = 2, for a
probability measure p(dg; dg2) = p1(dq1) p2(dg2), defined on D = Dy x Ds.
Consider a C'*° function ¢ with compact support, and average 0 with respect
to p. We first introduce the partial average

o) = /D (¢} a2) p1(dd])-

Since p; satisfies a Poincaré inequality with constant R;, and using the
fact that the function ¢1 — ©(q1,¢2) — ®(g2) has average 0 with respect to
p1(dqy) for any value of g2, we obtain

1
/ o1, 42) — P(@2) P (A1) < o / Vo o1, a2) 2o (dar).
Dl 2R1 Dl

This inequality can be rewritten as

. 1
/D olar, a2) 21 (dar) < [B(@2) + =
1

IVae(ar, @) ?p1(dgr). (2.23)
2Ry Jp,

Now, since @ has average 0 with respect to py because ¢ has average 0 with
respect to p,

_ 1 _
/ B(q2)Pp2(da2) < 55 | |V®(a2)*p2(dgs)
DQ 2R2 'D2

1
< / Va1, a2) 01 (A1) p2(dge),
2Ry Jp

where we used a Cauchy—Schwarz inequality in the last step. Integration of
(2.23) with respect to p2(dge) finally leads to

1
/\sO(ql,qz)\Qp(dq) < / Vg o(q1,q2)|*p(dg)
D 2R1 D
1
+2R2/D|qu<P(CI1,Q2)|QP(dQ)

1
<o—r— [ [Vepl*dp,
2min(Ry, Re) /D Vael™ dp

from which we deduce that p satisfies a Poincaré inequality with constant
R= min(Rl, RQ) 0

Finally, anticipating later discussion, we will see in Proposition 2.12 that
the logarithmic Sobolev inequality implies the Poincaré inequality.
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2.2.2. Logarithmic Sobolev inequalities and convergence in L'(v)
Here we give some background on logarithmic Sobolev inequalities, which
can be used to show convergence to the equilibrium state. More material
can be read in the review papers by Guionnet and Zegarlinski (2003), Le-
doux (2001) and Arnold, Markowich, Toscani and Unterreiter (2001), and
in Bakry et al. (2014, Section 5). The latter two works have a PDE ap-
proach which may be more appealing to readers accustomed to analytical
frameworks. Other useful introductory references include Ané et al. (2000)
and Villani (2003).

The relative entropy and the Fisher information between two measures
are defined as follows.

Definition 2.7 (entropy and Fisher information). For two probabil-
ity measures m; and w9 defined on a space X, and such that m; is absolutely
continuous with respect to my (denoted 7; < my in the following), the en-
tropy of 7 with respect to s is

H(m | m2) _/Xln<d7”> dm. (2.24)

dmy

The Fisher information of w1 with respect to m is

I(m | m2) = /X vm(j“) ’2 dry. (2.25)

2
Using strict convexity of x — zInx and the fact that xlnz —x +1 > 0, it
is easy to check that the entropy is non-negative. Moreover, it is zero if and
only if the two probability measures are identical. This is also true for the
Fisher information.

There are many possible definitions of the entropy besides the relative
entropy H defined in (2.24). Some mathematical motivations for the use of
the relative entropy H can be found in Markowich and Villani (2000); see
also Chafal (2015) for a historical perspective. This particular entropy may
be of interest for the following extensivity property. The relative entropy of
the distribution of N independent variables (or, in less probabilistic terms,
the entropy of a tensorized measure) is the sum of the relative entropies
of the distributions of each random variable. This suggests that the rate
of convergence to equilibrium estimated with relative entropies for weakly
dependent variables may remain stable when the number of variables be-
comes large (see for instance the paragraph on Kac’s spectral problem in
Villani 2002, Chapter 5). This extensivity is a consequence of the extens-
ivity of the logarithm function involved in definition (2.24) (by which we
mean that In(f1 f2) = In(f1) + In(f2)). This extensivity property makes the
logarithmic Sobolev inequality and entropy approaches much more conveni-
ent for studying some nonlinear Fokker—Planck equations, as will become
clear in Section 4.3.
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Recall that the total variation between two measures, which reduces to the
L'-norm of the difference between the two densities when the two measures
are absolutely continuous with respect to Lebesgue measure, can be bounded
by the relative entropy. This is the Csiszar-Kullback inequality (see for
example Ané et al. 2000, Royer 2007): introducing the total variation norm

Im = molloy = sup / o(dmy — dmy), (2.26)
X

ol oo <1

it holds that
Hﬂ'l — 7r2||TV < \ 27‘[(71’1 | 7T2). (227)

In other words, an upper bound for the entropy between m; and o yields
an upper bound for a distance between 7 and 72 (even though the relative
entropy is not a distance because it is not symmetric in its arguments).
We now present a way to obtain an estimate of the rate of convergence
to zero of the entropy H(¢(t,-) | v) for the solutions of the Fokker-Planck
equation (2.12). To this end we introduce the following functional inequality.

Definition 2.8 (logarithmic Sobolev inequality). A probability meas-
ure my satisfies a logarithmic Sobolev inequality with constant R > 0 (or
LSI(R) for short) if, for all probability measures m such that m; < g,

1
7‘[(7‘(’1 ‘ 7T2) g ﬁz(ﬂ-l | 71’2). (2.28)

The exponential decay of H(i(t,-) | ¥) to 0 can then be shown provided
v satisfies a so-called logarithmic Sobolev inequality (LSI). In fact, there is
some equivalence between the two notions, as is made precise in the following
result, which is the equivalent of Proposition 2.3 where a similar result is
obtained for Poincaré inequalities and exponential decay in some L2-space.

Proposition 2.9. The measure v satisfies LSI(R) if and only if, for any
initial condition v > 0 with integral 1 and finite relative entropy with
respect to v (i.e. H(tpp | v) < +00), the solution 1(t) of the Fokker—Planck
equation (2.12) satisfies

HW)(t) | v) < H(po | v) exp(—=2B87 Rt), forall t > 0. (2.29)

From the Csiszar—Kullback inequality (2.27), it is then possible to de-
duce the exponential convergence to zero with rate fS~!R of the norm

[9(t,-) = vz

Proof. Note first that the Fokker—Planck equation (2.12) can be rewritten as

o = Ly = ;div (N(‘f)).
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A straightforward computation shows that

e 1) = [ow(m(2) +1) = [ awm(Y),

/ P(t) = 1.
D
Therefore,

tousr 1= [en(z) -} [(3) <o)

which can be summarized as

dmwuHM——;wmwm. (2.30)

since

dt
Assume now that v satisfies an LSI(R). The estimate (2.29) then directly
follows from (2.30).
Assume conversely that (2.29) holds for any initial condition vy with finite
relative entropy with respect to v. Then,

H(t) | V)t_ AW NY) o | v)

In the limit ¢ — 0, one obtains, with (2.30),

1 2R
—Z

_BI(% |v) < 3 (%o [ v),

which indeed leads to (2.28). |

exp(—2671Rt) — 1
- .

We now give several ways to obtain LSIs for measures of the form (2.13).

(i) When the potential V' satisfies a strict convexity condition of the form
Hess(V') > R1dy with R > 0, then an LSI with constant SR holds for
v, as first shown in Bakry and Emery (1985) (see Theorem 2.10 below).

(i) If oo = [I, ¥l and each measure ¢ (q) dq satisfies an LST with con-
stant R;, then 1o satisfies an LSI with constant R = min{Ry, ..., Rq}
(see Gross 1975). This is the equivalent of Proposition 2.6 for LSI.
(iii)) When an LSI with constant R is satisfied by v(dq) = Z;l e V(@ dq,
then the modified measure
1 _ o~ (V@+V(@) g
V+V

(with V bounded) satisfies an LSI with constant R = Re™f VosupV
This property expresses some stability with respect to bounded per-
turbations (see Holley and Stroock 1987 and Theorem 2.11 below).

q
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(iv) There are also results on an LSI for the measure when a marginal law
and the corresponding conditional laws satisfy an LSI (see Blower and
Bolley 2006), or when all the conditional laws satisfy an LST under some
weak coupling assumption (see Otto and Reznikoff 2007). Such results
can be extended to the non-linear setting, that is, in the case when
the marginal distribution is obtained for some variable z = £(q) € R™
(with m < d): see Lelievre (2009).

Let us now state more precisely, and prove, two fundamental results ensuring
that an LSI holds for canonical measures of the form (1.5).

Theorem 2.10 (Bakry—Emery criterion). Assume that D = R? and
V2V > RI1d, for some constant R > 0. Then v satisfies LSI(BR).

Proof. The idea is to differentiate the Fisher information with respect to
time, in order to prove its exponential convergence to 0, and then to insert
it in (2.30). Introduce f(t) = #(t)/v for an arbitrary initial condition
fo = %o/v. In view of (2.15), this function evolves according to d;f = Lf,
so that

gzwo =5 ([ wmsoriow)

(atf ) Vi (t) dv + /D|V1nf<t>!2<9tf<t>d”

A
_ / < >-Vf(t)du+/D]Vlnf(t)|2£f(t)du

Lf \Vf2_Lf 1
P AR T IV(1 P,

we obtain, after some algebraic calculations,

Since

L(ln f) =

Lz | v) / VIL(n £(1))] - VI £(5)] £(2) dv
2
- c[Qrvanf(tm | yav

2dt

Now, using

1 1
V<2]Vh\2) = V?h-Vh, A(2|Vh]2> = V?h:V?h+ V(Ah) - Vh,
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it follows that

E(;]VhP) = l(vzh : V2h 4+ V(Ah) - Vh) — (VV)T(V2h)Vh

B
V(Lh) - Vh 4 (VR)T(V?V)Vh

=
> V(Lh) - Vh+ R|Vh|?,

where we have used V2h : V2h > 0 in the second line, and the assumption
on V2V in the third one. We next replace h with In f(¢) and obtain

33T 1< =R [ 1V0n @) ) v = ~RIw(O) | 1),

This shows that the Fisher information converges exponentially fast to zero:
Z(p(t) | v) < e MI((0) | v). (2.31)

The next step is to prove that H (¢ (t,-) | v) converges to 0 as t — +o0.
To this end, we use the argument provided in Arnold et al. (2001). Since
the operator —L is self-adjoint on L?(v) and positive by (2.19), its spectral
measure Py is supported by [0,+00); see Reed and Simon (1975a) and
Dautray and Lions (1990) for the definition of the spectral measure. In
addition, (2.19) also shows that 0 is a non-degenerate eigenvalue whose
associated eigenvectors are constant functions (recall that since v satisfies
LSI(BR), v also satisfies a Poincaré inequality with the same constant: see
Proposition 2.12 below). Therefore,

ft)=e"fo=Pofo+ / e d(Pyfo).
(0,400)
In fact, Py is the projector onto the eigenspace associated with the eigen-
value 0, so that Pyfo = [p fodv = 1. Moreover,

1£() = 11172, :/ e P mypy(dN),  myg(dh) = A(|Prfoll72,)-
(0,400)
By dominated convergence, the integral on the right-hand side of the above
equality converges to 0 as t — +oc.
The conclusion now follows by a time integration of (2.30) together with
the decay estimate (2.31), which leads to

I 1
— t,- <= I ds< —=7 .
H(wn [ 1) = H(w(t) [ 1) < 5 [ T00) [9)ds < ST )
In the limit ¢ — 400, this inequality becomes
1
g 71 ’
H(tho | v) 53R (Yo [ v)
which gives the claimed LSI since 1) is arbitrary. O
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Theorem 2.11 (Holley—Stroock). If v satisfies LSI(R) and if V : D —

R is a bounded function, then 7 = Z~!e Vu satisfies LSI(R) with R =
R einf \7—sup 1% .

Proof. Introduce ¢(x) = xlnz — 1 + x. Consider any function f > 0 such

that
/ fdv=1, (2.32)
D
and let f denote the average of f with respect to v:
f=1 fav (2.33)
D

Then

< / 6(f) — o(F) + &' F)F - £)] dv
D

since the convexity of ¢ implies that ¢(1) = 0 > ¢(f) + ¢'(f)(1 — f), and
where we have used (2.32) to obtain the last line. Note that ¢(f(q)) —
o(f) + &' (F)(f — f(q)) = 0, still by the convexity of ¢. Since the integrand
is non-negative, we can therefore reintroduce v as follows:

—1an o "CEN(F
M) < S / [6(F) = 6(F) + ¢ ()T - )] av

- e ([ a7

in view of (2.33). On the other hand,

/Dgzb(f)du /flnfdy Flnf = f/flndy—f/ ( )

Since v satisfies LSI(R), and f/f has integral 1 with respect to v,

Nav< [loml (D av- 1 [ v pPra
/D¢(f>d <3p Dv1 (f) (f)d —2Rf/D\V(1 NIFfdv.

In conclusion,
1

~ |~ L —infV 2
7|9 < e /D\V(lnf)l fdv
1

gesupv—inf{;/ VIHf 2fdfyv’
= [ [wn )
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which gives the claimed statement. O

The previous result gives lower bounds on the LSI constants. It sug-
gests that the LSI constant, and hence the rate of convergence to equi-
librium of the overdamped Langevin dynamics, decreases exponentially as
the temperature decreases and/or energetic barriers increase. Consider for
instance the low-temperature regime 8 — +oo, for a reference convex po-
tential Vo(q) = alq|?/2 with a > 0, perturbed by a bounded potential V', for
instance V(¢) = bexp(—|q|2) with b > 0. In this case, Theorem 2.10 shows
that the canonical measure associated with V', at inverse temperature 3, sat-
isfies LSI(fa), while the canonical measure associated with V +V | at inverse
temperature 3, satisfies LSI(Bae™??) by Theorem 2.11. The LSI constants
obtained by the Holley—Stroock perturbative argument are of course lower
bounds, but it is indeed expected that the optimal constant decreases ex-
ponentially fast as the temperature decreases when the potential exhibits
energetic barriers. This can be rigorously proved in one-dimensional systems
for example; see Section 2.4 in Menz and Schlichting (2014).

2.2.3. Relationship between logarithmic Sobolev inequalities and Poincaré
inequalities

Initial conditions 1y belonging to L?(v) also have a finite relative entropy

with respect to v. Indeed, using the inequality

rlnz —24+1< (z—1)2 forallz >0,

it holds that
2

Hevoln) < |2 -1

L2w)

This shows that LSIs allow us to cover a larger set of initial conditions than
Poincaré inequalities. Unsurprisingly, the following result shows that LSIs
are stronger than Poincaré inequalities.

Proposition 2.12 (LSI implies Poincaré inequality). If a measure v
satisfies an LSI with constant R > 0, then it satisfies a Poincaré inequality
with the same constant.

Proof. The idea of the proof is that the Poincaré inequality can be seen as
a linearization of the logarithmic Sobolev inequality. Start from the LSI

L[ |Ve]
/D¢ln¢dV<2R/D 5 dv,

where ¢ > 0 has average 1 with respect to v. The function ¢ can be chosen
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of the form ¢ = 1 + ep where ¢ € L (D) has average 0 with respect to v.
For 0 < ¢ < 1/(2] 1),

[a+eamae Yav< S [ Vel g, 2 [ 9ot av o)

Since (1 + ep) In(1 + ep) = ep + (e¢)? + O(e?), and using the fact that ¢
has average 0 with respect to v,

/D(l +ep)In(l +ep)dv = 52</D<p2d1/+0(5)>.

The conclusion follows for bounded functions ¢ by taking the limit ¢ — 0.
The general case can finally be deduced by a density argument. U]

2.3. Hypocoercivity

The results from the previous section can be used only for dynamics of
overdamped Langevin type, the generators of which are elliptic operators.
In this section we provide some methods for the study of convergence to
equilibrium of Langevin dynamics (1.9), for which the noise is degenerate
since it acts only on the momenta. The generator of Langevin dynamics
reads

1
L=p"M 'V, —VVIV, +~ <—pTM_1Vp + ﬁAp), (2.34)

while its adjoint considered on L%(€) is

1
L= —p"' MV, + VTV, +ydiv, <M—1p - +va') :

Recall that (2.6) shows that the canonical measure

p(dgdp) = Z, ' exp(—BH(q,p)) dgdp, (2.35)

where H is defined in (1.1), is invariant.

2.3.1. Hypoellipticity

Although the generator of the Langevin dynamics and its adjoint are not el-
liptic, they can be shown to be hypoelliptic, following the work of Hérmander
(1967, 1985). To this end we introduce the commutator of two operators
A, B:

[A, B] = AB — BA.

We can then state Hérmander’s theorem.
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Theorem 2.13. Consider C'*° vector fields on the D-dimensional space Y,

D
A= Aji(y)dy,
i=1
and introduce the operator

J
A=Ag+Y A4,

=1

where A;r. is the (formal) adjoint of A; on L?(Y). Assume that the Lie
algebra spanned by

{Aj}Yi=o0...0. {145, Akl}ik=0...0.  {l[A5, Akl, Ail}jki=o0,...0,

has maximal rank D at every point y € ). Then A is hypoelliptic, namely
there exists € > 0 such that Af € H _implies f € H{t*.

loc

In particular, solutions f of the equation Af = 0 are C*°.
In order to use this result for Langevin dynamics, we consider J = &,
D = 2d, J = d, and rewrite the generator L as

d
L= Ao+ ZAIAZ‘,
i—1

with

Ay = Lyam — vaM_IVp, A = %api for 1 <i<d,

where
Lyam =p' MV, - VVTVY,

is the generator of the Hamiltonian part of the dynamics. Assuming for
simplicity that M is diagonal with entries m; (although the computations
can be extended to account for general positive definite mass matrices), we
obtain

[Ai, Aolp = \/71(8,12. — 0y, forallie{l,...,d}.
Bm;
Therefore, the Lie algebra generated by {A;}i=1,. a4 and {[A;, Aol}i=1,. .4
has maximal rank 2d at every configuration (g,p) € £. This proves that £
is hypoelliptic. Similar computations show that £ is also hypoelliptic.
Note also that Theorem 2.13 can be used to prove that 0; — £ and 0; — ct
are hypoelliptic on )V = R x £. This ensures that the transition kernel asso-
ciated with the Langevin dynamics admits a C*° density (see Section 2.4).
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2.8.2. Lack of coercivity on L3 (1)

We recall that we let A* denote the adjoint of a closed operator A with
respect to the scalar product on L?(u) (see (2.7)). It turns out to be con-
venient to rewrite the generator (2.34) as

d
z : *
8pi8pi’
=1

where 9, = B(M ~1p); — p,. This decomposition highlights an important
structural property of Langevin generators: they are the sum of a Hamilto-
nian part, and a symmetric dissipation operator which is degenerate, how-
ever, since it acts only on the momenta. A simple computation shows that
the Hamiltonian part is antisymmetric on L?(u), so that the adjoint of £
on L?(p) reads

L= 'Cham -

™[

d
L= —Lham — % > 05 0y,
i=1
The Fokker—Planck equation (2.1)—(2.3) can be reformulated in terms of
this operator, upon writing ¥ (t) = f(t) i, as

of =L, (2.36)
where the initial condition f(0) = fo = 1 /u satisfies

fo >0, /hwzl
£

Note that there is a slight inconsistency in this rewriting: the initial con-
dition fy should be considered in L (), whereas the functional framework
considered here requires the stronger integrability condition fo € L?(p).
This situation can be improved by using relative entropies: see Proposi-
tion 2.22 below.

In any case, e'X" = (e£)*, so decay estimates obtained for the bounded
operator e© immediately transfer to its adjoint. For simplicity of notation,
the convergence results in Theorems 2.15, 2.18 and Proposition 2.20 are
stated for the semigroup e‘“, but the reader should bear in mind that the
results equally apply to the semigroup e*“”, which then yields results on the
long-time behaviour of the Fokker—Planck equation by (2.36).

Note also that solutions to the Fokker—Planck equation (2.36) are expec-
ted to converge to the constant function 1. Upon subtracting this constant
function from the initial condition fy, the convergence of the law amounts
to the convergence to 0 of e'“"(fo — 1). This motivates the introduction of
the following functional space:

L(p) = {tpeLz(u)‘ /Swdu=0}-
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The Langevin generator £ defined in (2.34), however, fails to be coercive
on L3(p) since second derivatives in ¢ are missing. In fact, for C*° and
compactly supported test functions ¢,

1
_<‘C90790>L2(u) = BHVPSDH%Q(H)a (237>

which should be compared to (2.19) for overdamped Langevin dynamics.
The key idea of hypocoercivity is to introduce some mixed derivatives in ¢
and p in a modified scalar product in order to retrieve some dissipation
in ¢ through some commutator identities. This motivates the name for the
technique, in view of the analogy with hypoellipticity, which allows us, via
certain commutator identities, to state results for non-elliptic operators that
are similar to regularity results obtained for elliptic operators.

More precisely, coercivity is obtained in the Hilbert space H'(u) N L3 (1),
where

H'(pn) = {p € L*(1) | Vpip, Vi € (L*(1))*}

is endowed with a scalar product different from (but equivalent to) the
canonical one:

(1, 02) 11 () = (@1, P2) L2(0) + (Vgw1, Vo) 12wy + (Vpe1, Vpp2) 12

It is then possible to resort to some Gronwall estimates and deduce the
longtime convergence of f(t) when a Poincaré inequality holds for u (as in
the proof of Proposition 2.3).

The idea of using mixed derivatives was already present in the computa-
tions performed in Talay (2002, Section 3), and was later generalized in Vil-
lani (2009). A careful application of the general hypocoercivity framework
to Langevin dynamics can be read in Hairer and Pavliotis (2008), where
some emphasis is laid on the limiting regime v — 0; see also Leimkuhler,
Matthews and Stoltz (2015) for the regime v — +o0.

2.8.8. Estimates in H'(u)

Although hypocoercivity eventually provides decay estimates in H'(p), it
turns out to be convenient, for the proof, to work with a specific scalar
product equivalent to the canonical scalar product on H'(z). We introduce
the following scalar product:

(u,v)) = (u,v) + a(Vpu, Vpyu) — b(Vyu, Vav) — b(Vau, Vyu) + ¢(Vau, Vo),

(2.38)
where, for simplicity of notation, we let (-,-) denote the standard scalar
product on L?(p). In order for the above scalar product to be equivalent to
the canonical scalar product on H'(p), we assume in the remainder of this
section that

a,c>0 and ac—b*>0. (2.39)
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Lemma 2.14. Assume that (2.39) holds. Then the bilinear form (u,v)
{((u,v)) induces a scalar product equivalent to the canonical scalar product
on H(u).

Proof. Of course,
[ u)| < max(1,a + [b], ¢ + b])|ullF .

It therefore remains to prove that [ul|?, () can be controlled by (u, w)).
Note first that, by a Cauchy—Schwarz inequality,

a(Vpu, Vyu) — b(Vyu, Veu) — b(Vau, Vyu) + c(Vau, Vou)

T
> <||VPU|L2(u)> ( a Ibl) (”VPUHLQ(M)>
IVgullzey ) \=Ibl ¢ ) \IIVqullrz(y

> a([IVpullZa( + 1 Vaullza,)

where
1 2(ac — b?)
a==(a+c—+/(a—c)?+4b?) = >0. (2.40
2( ( ) ) a+c++/(a—c)?+4b? (2:40)
This shows that
() > min(1, @) uls ),
which allows us to conclude the proof. L]

As mentioned above, for notational simplicity, we study the convergence
to 0 of e'“¢ for ¢ € LZ(u) rather than the convergence to 0 of e~ (fo — 1)
for fo € L?(u). However, the results of this section can be straightforwardly
extended to the latter case by changing the sign of the antisymmetric part
of the operator (which is handled by changing the sign of b in the definition
of the scalar product ((-,-))). The following result can then be stated.

Theorem 2.15 (hypocoercivity). Fix v > 0, and assume either that
the domain D is bounded, or that there exists p > 0 such that

V2V (q)| < p(1+|VV(q)|), forall qeD, (2.41)

when D is not bounded. Then there exist a,b,c € R satisfying (2.39) and
K > 0 such that, for any ¢ € H*(u) N L3(u) and any ¢ > 0,
d
dt
Further, if in addition a Poincaré inequality holds for the measure v(dq) =
zZ1 e BV(4) dq, then there exists £ > 0 such that, for any t > 0,

(e, e < e >, o)), forall o € H' (1) N L§(1). (2.43)

(e, o)) < —K (195013, + Vo “0l3ag).  (242)
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As a consequence, there exists C' > 1 such that

HetL:HB(Hl(,u,)ﬂLg(,u)) < C’e_“t, for all ¢ 2 0. (244)

In the last inequality, H' (1) is endowed with the canonical scalar product.
The operator bound (2.44) is obtained from (2.43) by taking the supremum
over functions ¢ € H'(u) N L3(1) and using the equivalence of norms
provided by Lemma 2.14. Note that this implies that C' > 1.

An immediate consequence of the above convergence result is the following
corollary (obtained from Proposition 2.1 with E = H(u) N L(u)).

Corollary 2.16. Under the same assumptions as in Theorem 2.15, the
operator L is invertible on H'(u) N L3(x), and the following equality holds

in B(H (1) N L3(1)):
+0oo
£t = —/ £ dt.
0

Moreover,
C

127 s (uynr2 ) < e (2.45)

where C and ~ are the same constants as in (2.44).
Let us now present the proof of Theorem 2.15.

Proof. Fix a C° function ¢ € H'(u) N L3(n) (the general case being
obtained by a density argument). Note that

: <;<<e“<p, et%») = (", L)),

dt
Our aim is to find non-negative constants a, b, ¢ such that (2.39) holds and,
for all C*° functions ¢ with compact support,

(@, Lo) < —r{{p, 0)).

This allows us to obtain (2.42) and thus the desired exponential decrease
(2.43), using the Poincaré inequality and the Gronwall lemma. The idea of
hypocoercivity is thus to find a scalar product equivalent to the canonical
H'(p) scalar product and such that —L£ is coercive with respect to this
scalar product (while it fails to be coercive with respect to the canonical
L?(p1) scalar product (see (2.37)), as well as with respect to the canonical
H'(u) scalar product).

Let us first compute the various terms in (¢, L¢)). It is useful to first
establish some commutator identities:

1
[apw‘c]‘p = E(aqz -0, i)‘»@a

7

[a(h'? ‘C](p = —V(aqu)Tvp(p.
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Some straightforward computations then show that

gl
(o, L)) = —*IIVMI%(#)

M&

1
+0 30 (= 319000 By — - 100 Pl + - O, 00) )

Il
—

7

_l_
)
M&

N
Il
i

Fq&

(-3
> (= 31V )y — @ue, V(@YY Vi)
(-5

) Vo(002)) — (O v<aqiv>Tvpso>)

@
Il
—

Fﬂ&

1 8l
<—B<Vp<8qﬁﬁ) Vp(Op,0)) + HHB%QOH%?(M) - H@qi% 3pi¢>>-
1 7 7

-
Il

Note in particular that dissipation terms | 0, icp||%2(u) appear in the last

line. This motivates choosing the parameter b positive.5 The next step
is to bound the right-hand side of the previous equality from above using
Cauchy-Schwarz inequalities, by (recall that we assume b > 0)

1 a 9 b 2
(000 < =15+ 7 IVl = Vsl

+b
+—

—IVellz I Vaell 2 ()
ary cy
5 Z IV (B 2) 172y — 3 Z IV (D00) 122
=1 =1

d
2by
t 5 D IV 20 1V (8 0) ] 2 )
i=1

+ {(bVy — V), (VQV)Vpg)},
where

m4 = max(my,...,mg), m_ =min(my,...,mg). (2.46)

Condition (2.39) shows that (by a computation similar to that performed
in the proof of Lemma 2.14)

all V()22 + V(00,0 I72() = 201V (B 0) 1 220 Vo (P ) 224
a(IVp(9p )22y + 1Vp(0a: 2 12y, (2.47)

% When working with £* instead of £, the parameter b should be chosen negative.
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with @ > 0 defined in (2.40). Therefore, the upper bound on (¢, Lp))
simplifies as

1 a 2 b 2
(000 < =25+ o IVl — ooVl

g
a+ by
IVl Vaell 2
d
ay
= (VoD gy + IVpOaMay)  (248)

i=1
+ ((bVp — cVg) o, (V2V)Vpg0>.

In order to control the term ((bV, — cV,)¢, (VZV)V,p), two cases have
to be distinguished.

(i) The position space D is compact. Here V2V is uniformly bounded, and
there exists a constant Cy, > 0 such that

[((bV)p — cVg)e, (VZV)VpcpH < CVHVPSOHLQ(M) [(bVy — cvq)‘PHL?(u)
< B0V [ Vpl2ay + <O [Vl 120 | Vol 2200,
(ii) The position space is not compact. Conditions must be imposed on
the potential energy function in order to control the growth of the
Hessian at infinity. One possible condition is that V2V (considered as

a multiplication operator acting on vectors) is relatively bounded by
V, on L?(u), that is, there exist Ay, By > 0 such that

Vo€ H' (), 6V?Vr2() < Avldlirz + BvlIVedl r2 (-

This condition is satisfied when (2.41) holds (see Lemma A.24 of Villani
2009). In this case,

[{(bVp — cVg)e, (V2V)vp90>|
< (AVHVp(PHLQ(u) + B\/”vpvq‘P”LQ(u))H(bvp - qu)QPHLQ(u)-
The term involving derivatives in both ¢ and p can be controlled by
the dissipative terms —<(|9p, (‘3%.(,0”%2(“) in (2.48).
For simplicity, we consider the case when D is compact. Then,

1 a 9 b 9
(o) < 00w =25+ ) | IVl = oo IVl

a+ by
+ (52 4+ o0 ) 90l Vsl

= -XTMX,
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where
Vol Lz )> ( A C’/2>
X = me M= ,
<||vq90”L2(u) c/2 B
with
1 b b
A==+ 2 )by, B=—2, c=2T 1 .
B my my m_
In addition to (2.39), the values of a, b, ¢ should be such that

4AB > C?, (2.49)

in order for M to be positive definite. If this is the case, (2.42) follows. The
condition (2.49) is satisfied for instance when

a=c=¢, b=c" §e(0,1), (2.50)

for ¢ > 0 sufficiently small. Note also that this choice is compatible with
(2.39) when € < 1.

Let us now explain how to get (2.43) from (2.42), assuming that v satisfies
a Poincaré inequality. This requires us to retrieve some control on the L?(j)-
norm of ¢ from the norms of the gradient. We use to this end the fact
that, by the tensorization argument stated in Proposition 2.6, the canonical
measure j satisfies a Poincaré inequality, whose constant we denote by R.
Therefore, XTSX > ((¢p, ) with

§= (a i l_/b(QR) c+ 1_/b(2R)>'

We finally define k as the largest positive constant such that X7 MX >
kXTSX. In fact, k is the smallest eigenvalue of S~1/2MS~1/2 (or equi-
valently of MS~!). Since S is symmetric positive definite, this shows that
x> 0 since M is also positive definite thanks to (2.50). This concludes the
proof of (2.43). O

One interest of the hypocoercive approach is that the constants x and C
in (2.44) can be made quite explicit in terms of the various factors (related
to the potential such as the bound on the Hessian Cy, and the Poincaré
constant R, or to the masses). Let us illustrate this for various asymp-
totic cases.

(i) B — +oo. The constant R typically decreases exponentially with the

temperature, with a lower bound scaling as efinf V=supV) when V =
Veonvex + V. In this decomposition, the potential is separated into a
strongly convex part Veonvex whose Hessian is uniformly lower bounded
by a positive constant while V' is some bounded perturbation. On the
other hand, upon rescaling the values a,b,c in the definition of the
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scalar product by a factor 1/4 (which amounts to considering a = a/f,
etc.), it can be shown that the smallest eigenvalue a of M is of order
1/B. Therefore, the smallest eigenvalue x of S~/2MS~1/2 admits a
lower bound which decreases exponentially with 3.

(ii) Hamiltonian limit v — 0 or overdamped limit v — +o00. The results
stated in Theorem 2.15 are obtained for a given value of y. On the other
hand, the Langevin dynamics becomes singular in the limit v — 0,
where it reduces to the Hamiltonian dynamics (which is not ergodic
with respect to the canonical measure), and in the limit v — +o0,
where it converges to the overdamped Langevin dynamics (see the
discussion after (1.9)). It is therefore expected that the convergence
rate to equilibrium of the Langevin dynamics degrades as v — 0 or
¥ — +00.

Hypocoercivity allows us to quantify the degradation of the conver-
gence rate. Let k., denote the exponential decay rate given by The-
orem 2.15 for a given value of 7. Upon choosing (a,b,c) = 7(a,b,c)
when v — 0 and (a, b, ¢) = (a@,b,¢)/y when v — +0o0, a careful analysis
of the scaling of k- shows that there exists & > 0 such that

1
K~ > min (*y, 7)&. (2.51)

The decay rate therefore becomes singular both in the Hamiltonian
and overdamped limits. In both cases, the decay is apparent only at
long time scales, of order ¢/v as v — 0 (the fluctuation/dissipation is
so small that energy diffusion is only observed at long times: see Hairer
and Pavliotis 2008 for a precise statement) and ¢ as v — +oo (the
fluctuation/dissipation is so large that the momenta are continuously
randomized, which leads to some effective Brownian motion on the
positions over long times). Note however that, for the limits considered
here, the constant C' in (2.44) becomes singular. A more convenient
formulation of the scaling limits v — 0 or v — +o00 is provided by
Proposition 2.20 below.

Remark 2.17 (degenerate scalar product). The standard hypocoer-
cive approach relies on estimates in H'(u), obtained under the non-degen-
eracy condition (2.39). However, in the situation when V2V is bounded,
it is possible with a slight modification of the above argument” to state an
exponential convergence in the degenerate case a = b = ¢, for which the
associated squared norm is

11320 + all (Vo = Vo) F132()-

" We thank Stefano Olla for pointing out this possibility.
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2.8.4. Estimates in L?(u)

The passage from bounds in H'(x) to bounds in L?(u) follows from hypo-
elliptic regularization results. Such results are presented in Villani (20009,
Theorem A.8) or Hairer and Pavliotis (2008, Section 6.1). We follow the
latter approach, which is more straightforward, although the so-obtained
results are not as strong as the results presented in Villani (2009).

Theorem 2.18 (hypoelliptic regularization). Assume V2V € L*>(D)
or that (2.41) holds. Then there exists K > 0 such that, for any ¢ € L?(p),

K
||vpet[,(pHL2(u) + ||vqetﬁ¢HL2(u) < WH(’O”LQ(N‘)’ fOI" al]. O <t < 1.

Combining this inequality with ¢ = 1 and Theorem 2.15, we can conclude
that, for ¢t > 1 and ¢ € L&(u),

< (e, o))
<e 2D (el efy))
< Ce o172

c
e oll7 2,

which gives an exponential decay in L?(). For completeness, let us recall
the proof of Theorem 2.18, as presented in Hairer and Pavliotis (2008).

Proof. As at the end of the proof of Theorem 2.15, we consider for simpli-
city the case when V2V is bounded. We denote e*“¢ by ¢(t) in this proof.
Define

1
Ny (t) = 5 [lle(t Mz + 1tl Vo ()] 72 (0 (2.52)
— eat*(Vap(t), Voo (1)) L2y + 3t (Vg0 ()] 72

for some positive constants cq, ca, c3 to be determined later on. Note that
2N, (t) corresponds to the norm induced by the scalar product (2.38) for
time-dependent coefficients a(t) = cit, 2b(t) = cot? and c(t) = c3t3. This
choice is motivated in Remark 2.19 below. The time derivative of this
quantity reads

W) _ (ota), Lo(e) + HIT0(0) +c1tZ b (1) Oy Lo )
— (Vg (1), Vel
C 2 4
2 S (00 p(0) Oy Lo(0) + (O, p(0), Oy Lo (1))

i=1

363t

IV ()32, + cat Z 0 (t), 8g, Loo(1)).
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Using computations similar to those in the proof of Theorem 2.15, we obtain

T (3 -5 1Feelag, (259
cltz[ IV O + 15000 s
d 2
c yeat
DIIEE ) + 32 0,000, Oy0(0)
c 2
ca Z‘gw,,(apl@(t)),vp@z@(ﬂ» + (0 (1), V (94, V) TV pip (1))
=1
d
+t22<3c3 c2>|| e (t)H%?(u)
- Z[ V0 (Ou O 22 + (Pup0). T (0, V) yip(8)|.

We now choose ¢y, ¢z, c3 such that dN,/dt < 0. First, we restrict ourselves
to coeflicients such that

cot’ry < erta® + e3t®y?,  for all (z,9) € R?,

which is satisfied once

c1,c3 =0, 4616326%. (2.54)
Then,
cot? d 'y
—Cltz IV 5 (Dps e ()72 TZF @(t)), Vp(0g0(1)))
—ct3Z 1V (g0 (£) 1 2,y <O,

so that, with Cy = ||V2V|| e,

dN,(t) vy oyt ¢ 02t2 9
o < (4 I S I IVl

co 3cs
—t2(+ )va >u%m

C C
# (2 - ) + 225 4 cveat’ | 900 s Va0
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On the time interval [0, 1], we finally obtain the following upper bound:

dN,(t Yy ¢ c
e < (35 - 02 ) IVl
co 3cs
(2 - IV
c ye
rt| 2+ 22 v IV Ol 2 1 a0 1200,

We next consider coefficients c3 < c2 < ¢1 < 1 satisfying (2.54) and ¢? <
¢9. For instance, ¢; = ¢, ¢co = ' and ¢3 = !9, with 0 < < § < 1 and
for € > 0 sufficiently small. We can then deduce that dN,(t)/d¢t < 0, which
implies Ny (t) < Ny(0) = [l () /2. The desired conclusion immediately

follows. U

Remark 2.19. Let us now motivate definition (2.52) more precisely. As
discussed after this equation, the choice (2.52) corresponds to the scalar
product (2.38) with time-dependent coefficients a(t), b(t), c(t). First, in or-
der to only have the L?(x)-norm of ¢ at time ¢t = 0 in N,,(0), it is necessary
that a(0) = b(0) = ¢(0) = 0. Second, when generalizing the computations
leading to (2.53), the prefactors of the third and fifth terms on the right-
hand side of (2.53) now read a(t)/m; —b'(t) +vb(t)/m; instead of ¢(c1/m; —
c2) +yeat?/(2my) and ¢ (t)/2 — 2b(t) /m; instead of t2(3c3/2 — c2/m;). This
suggests that a(t) and V/(¢) should be of the same order of magnitude, as
well as b(t) and ¢/(t). When a(t) is linear in ¢, this implies that b(t) is
quadratic and ¢(t) cubic.

By tracking the dependency of the constant K on -, Theorem 2.18 com-

bined with Theorem 2.15 and the estimate (2.51) leads to the following
result.

Proposition 2.20. Assume that V2V € L®(D) and that a Poincaré in-
equality holds for v. Then there exist C, % > 0 such that, for all v > 0, for
all p € L§ (1),

—Rmin -1
le"“pll L2 < Ce Y0l L2 - (2.55)

This result again emphasizes the fact that, in the limiting regimes of very
low or very large frictions, the system should be considered over long times
max(y, 1/7v)t in order to display a non-trivial behaviour.

Similarly to Corollary 2.16, the following result can be stated.

Corollary 2.21. Under the same assumptions as in Proposition 2.20, the
operator L is invertible on L3(u1), and the equality

+o0
L= —/ et dt
0
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holds in B(L3(p)). Moreover,

I
Fmin(y,y71)’
where C' and % are the same constants as in (2.55).

127 50220 < (2.56)

2.8.5. Hypocoercivity in the entropic sense

Here we show how the computations performed in H'(x) can be modified
to prove the decay of some logarithmic entropy, similar to the one used for
LSIs. The interest of this approach is that initial conditions in larger func-
tional spaces can be considered. The general strategy is presented in Villani
(2009, Section 6). These computations can be simplified for Langevin-type
dynamics: see Olla and Letizia (2015, Appendix D).

We state here convergence results for the function f(¢), which is the
Radon—Nikodym derivative of the law 1 (t) of the process at time ¢ with
respect to the density of the invariant measure p. Starting from fy > 0 with
fg fodu = 1, the function f(¢) therefore evolves according to the Fokker—
Planck equation (2.36), that is, f(t) = e**" fo. It is expected that f(t)
converges to the constant function 1.

To quantify the convergence rate, we introduce the entropy functional

T
s = [ rimfans [ a

where S € R?4%24 i5 a non-negative symmetric matrix. Note that the func-
tional & combines the relative entropy and a generalization of the Fisher
information introduced in Definition 2.7. It is sufficient for our purposes to
restrict ourselves to the case when S is constant (but see Villani 2009, Re-
mark 29 for a context where a dependence on the position ¢ may be useful).
Finally, note that &(1) = 0, so that the entropy is expected to converge
to 0 as t = 4o0.

Proposition 2.22. Assume V2V € L>°(D). Then there exist a non-neg-
ative symmetric matrix S € R24*24 and o > 0 such that
d
dt
If in addition v(dq) satisfies a logarithmic Sobolev inequality, then there
exists k > 0 such that
d
dt
In particular, 0 < &(f(t)) < &(fo) e " for any t > 0.

2
E(FO)] < —a /‘g Wd#, for all £ > 0. (2.57)

[E(f(t)] < —k&(f(t)), forallt>0. (2.58)

Notice that we do not require the matrix S to be definite for the result
to hold.
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Proof.  One of the main ideas in the proof is to rewrite the time derivative
of the second term in the expression of & as a sum of terms similar to
the ones appearing in the proof of Theorem 2.15. To this end, consider
g(t) = \/f(t), so that

/stf(’f)d 4/Vg(t)TSVg(t) dp. (2.59)
£

In order to determine the time evolution of this quantity, we first write the
time evolution for g(¢). Simple computations show that

Of(t) _ L7f(t)

N ORETOR
Ayg(t) = Apf(t) |fo( E _ A1) IV,pg(t)|2
’ 2/J(6)  Af@2  29(t) g(t)
so that
iy 7 V@)
g(t) = L"g ()+ﬂ OB

We next compute the time derivatives of the various terms in &(f(¢)), re-
lying on the reformulation (2.59). This leads to expressions very similar to
those encountered in the proof of Theorem 2.15. First,

i [romsomw) - /g“ +In ()2 (1) dp
/zham FInf(t) /fo v, (n £(1)) du

~ [ Lums @) / ’V”f '2 du=-2 [ [P an

in view of the invariance of p by Lpam- Next,

dt(/‘at ldu)—2/8z Oy, (L7g(1)) dps
5 Lt on (55" o
:2/3f9<t>‘*< o) di == [ 0,9(6) 04 +0,)a(0)

SO a()Vpa(t) [ Vpg(t)]?
/ Oni9 ( o) 9(1)? 3”ig(t))d“

/ Op;9(t) (Og; +v0p,)g(t) du
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_ 257/ V0, 9(1)]% = 2V, (8,,9(t)) - (9p,9(t)) Vg (t) 0
&

9(t)
2y [ Vpe(t)*(pg(t))?
/8 /g g(t)2 d,Uw

where we have used
[ 20910) £ @@ e =~ [ 3,98 Lran@pi9(0)

27y d
= 2 [, 0n )5, 00

and the first integral on the right-hand side vanishes since Ly, is antisym-
metric. Therefore,

dt(/ml |d“>:_/az ) (Og; + 70y, )g(t) dp

/‘v o, ) — sl >>vpg<t>‘ i

(t)

Similar computations give

3t ([ onst 'Qd“>_2/az ) (VOLV) - Fypg0)

-2 /‘v 0, gt - Puslt >(1)vpg<t>

2
dp,

an

dt</al 04,9 dﬂ) /Opg (VO,, V) - V,pg(t) dp
/fh ) (Bg; +Y0y,)g(t) dpa

2 ~ Gug(®))Vpg(t) (D9 () Vpg(t)
6 g(v Dy 9(t) o ) (vpamg(t) )dﬂ.

Considering

g (aldy bIdg
~\bldy cldy)’

it follows that

g ==3 [1wgwra+d [voan

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

732 T. LELIEVRE AND G. STOLTZ

where
Ui(t) = 8ady,g(t) (VO V) - Vyg(t)

—8b<—8 910) (V3,V) - Vo9(0) + -0, <><aqi+vai>g<t>)

— 2 0p9(0) 04, + 29y ) (1)

(3

_ 8ya V,000() — (P4 9(1) Vg (1) |”

B 9 g(t)

10 (0 - QutODTI) (55 ) BnslO))
870 (Op.9(t)) Vpg(t) 2

B |VrOn (®) - 9(t)

Note that the sum of the last three terms in U;(t), integrated against u, can
be bounded from above by

d
8y 5 ,
—2E 3 (aXE - XY+ VD), -
5 2 ) (2.60)
with
t))Vyg(t
X = vaang(t) ~ (9g,9(t))Vpg(t)
9) L2(s)
t))V,g(t
. vaapz‘g(t) - (p.9(1))Vpg(t)
9(t) 12()
We assume in the following
ac — b? >0,

which ensures that the matrix S is non-negative and that (2.60) is non-
positive. Then, recalling definition (2.46) for m4 and m_,

d 1 2 8b
GO <—n(g ; + 2 195000 g~ o V0O

+8 Z [ (@150)+ 10,.9(0) (V0,V) - T,0(0)

7b+cz /81 g (1) dpe.
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Since V2V is assumed to be bounded and
19500+ Va0 = 7 [ HEE
inequality (2.57) follows by choosing appropriate values for the coefficients
a,b,cin S. For instance, a = b = ¢ = ¢ > 0 with ¢ > 0 sufficiently small.

To deduce (2.58), we note that, by tensorization of LSI, there exists R > 0
such that, for any C* function h > 0 satisfying

/ hdu =1,
E
the following inequality holds:

1 h|? h|?
£ 2R Je

h
In addition,

/ (Vh)TSVh |Vh|2
e h

where Ag is the largest eigenvalue of S. Comblnlng these two estimates, we
obtain the existence of k > 0 such that

T
Seuon < ([ sompoans [ OO ,,)

dt f@®)
= —r&(f(1)),
which is indeed (2.58). The exponential decay follows by a Gronwall in-
equality:. Ul

Here again, the final constant x can be made quite explicit in terms of
the various parameters in the model (e.g. LSI constant R, bounds on V2V).

2.8.6. Subelliptic estimates

To conclude this section on Langevin dynamics, let us briefly mention an-
other technique to prove decay estimates for e“ and obtain finer spectral
properties of the generator £ of Langevin dynamics or its adjoint, namely
subelliptic estimates as provided in Eckmann and Hairer (2003) and Hérau
and Nier (2004). The techniques for proving these estimates are based on
generalizations of Hormander’s techniques. One output is that £ is an op-
erator with a compact resolvent on L?(i) (in the sense that (A — £)~!
compact for any A\ € o(L)), so that its spectrum is discrete. Moreover, it
can be proved that the spectrum is contained in some cusp-shaped region:
there exist C,a > 0 such that

o(L) c{z € C|Re(z) 20, |Im(z)] < C(1+Re(z))*}.
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2.4. Weighted L™ estimates

In this section we present a result on the exponential convergence of the
evolution operator in some weighted L°°-spaces, based on the elementary
derivation provided in Hairer and Mattingly (2011). Similar results are also
provided in Meyn and Tweedie (2009) and Rey-Bellet (2006). We first give
the result in a general form on an abstract configuration space X since
it will be used in many situations: discrete-in-time or continuous-in-time
dynamics, in terms of positions or positions and momenta. We next apply it
to study the convergence of Langevin and overdamped Langevin dynamics.

Let us emphasize that the convergence results provided here are for the
semigroup e“, which describes how average properties converge to their
stationary values. As explained in Section 2.1.1, similar convergence results
can then be deduced on the Fokker—Planck semigroup e!£". This semigroup
is defined in a space of probability measures integrating the inverse of the
weight function used to define the weighted L°°-spaces. Moreover, in the
cases of the Langevin and overdamped Langevin dynamics, the adjoints
L* of the generator on L2-spaces weighted by the canonical measure (see
(2.7)) are similar to £, which allows us to easily extend convergence results

tL to etﬁ*

stated for e and therefore to £ by duality: see formulas (2.15)

and (2.36).

2.4.1. General framework

Consider a stochastic evolution described by its evolution operator P, with
associated transition kernel P(z,dxz’). This kernel induces an operator on
bounded measurable functions as follows: for any ¢ € L>®(X),

Po(w) = [ oa)Pa.ds).
X
For example, a natural way to define a transition kernel for the general SDE
(1.11) is the following for a given time ¢y > 0: for any measurable set S,
P(z,S) =E*(1s(xy,))- (2.61)

Here E” is the expectation over the realizations of (1.11) starting from z¢ =
x, and 1g is the indicator function of the set S. In view of (2.8), the operator
associated with the integral kernel (2.61) is P = efo~.

We make the following assumptions.

Assumption 2.23 (Lyapunov condition). There exists a function K :
X — [1,+00) and constants R > 0 and a € (0, 1) such that

(PK)(z) < aK(z)+ R, forallxze X. (2.62)

Let us first insist on the fact that we require K > 1. The Lyapunov con-
dition implies that the dynamics returns to the region of the configuration
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space where the values of K are not too large. Note that it is trivially sat-
isfied when the configuration space X" is bounded (in which case X =1 is a
possible choice). For unbounded spaces, one typically chooses functions
which go to infinity at infinity, so that the Lyapunov condition ensures that
the dynamics returns to a compact region around the origin.

Assumption 2.24 (minorization condition). There exists a constant
n € (0,1) and a probability measure A such that

inf P(z, dy) > n A(dy),
S

where C = {z € X | K(z) < Kpax} for some Kpax > 1+ 2R/(1 — «), where
«, R are introduced in Assumption 2.23.

This condition ensures that there is a sufficiently strong coupling of the
evolution in the region where the Lyapunov function is bounded by KCpax.
When the configuration space X is compact, or when the set C is compact,
this condition is easy to prove for SDEs, since it is implied by a combination
of the following two conditions.

(i) Some irreducibility property of the following form: for a given time
to > 0, and for any x € C and Borel set S C X of positive Lebesgue
measure, we have P*(x¢,,S) > 0.

(ii) Some regularity results on the density of the transition kernel, as
provided by hypoellipticity (see Section 2.3.1), for instance.

A typical choice for A(dy) is then the Lebesgue measure restricted to C,
namely A(dy) = 1¢(y)dy. For further details, see the application of the
general framework provided in Section 2.4.2 to Langevin and overdamped
Langevin dynamics.

We next introduce the functional space used to measure convergence,
which we denote by L (X). It is the Banach space of measurable functions
¢ such that

@
ol ge = H/C < 4o00. (2.63)
Loo

Theorem 2.25 (exponential convergence in weighted L°°-spaces).
Suppose that Assumptions 2.23 and 2.24 hold. Then P admits a unique in-
variant probability measure w. This measure is such that

/ Kdr < 4o0. (2.64)
X

Moreover, there exist C' > 0 and r € (0, 1) such that, for any ¢ € Lg(X)
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and any n € N,

HP"@—/ pdm cp—/ pdm
X X

The proof of this result can be read in Hairer and Mattingly (2011). Let
us summarize the main steps. The first idea is to introduce a family of
distances d, on X (with a > 0), and to consider the induced Lipschitz
seminorms || - ||, on real-valued functions defined on X. These seminorms
turn out to be equivalent to the L (X)-norm (up to the addition of con-
stants to the functions under consideration). Moreover, it is possible to
prove a contraction principle of the form

[Po(x) = Po(y)| < rda(z,y)][¢lla (2.66)

for some constant r € (0,1), which implies a contraction principle for the
operator P considered on Lg°(X) endowed with the seminorm ||-||,. The ex-
istence of the invariant measure is finally obtained by a fixed-point theorem,
and (2.65) is deduced from the contraction inequality upon starting from y
distributed according to the invariant measure w. The prefactor C' > 1 is
related to the equivalence of the || - [[Le and || - |4 norms (as for the proof
of hypocoercivity; see the comment after Theorem 2.15).

The key point in the proof is therefore to obtain the contraction inequal-
ity (2.66). This is done by distinguishing the cases K(z) + K(y) > R (in
this situation, the Lyapunov condition is used) or K(z) + K(y) < R (the
contraction then relies on the coupling ensured by the minorization condi-
tion).

Let us now present a more compact reformulation of (2.65) in terms of
operators. Introduce

Ko(X) = {@ € L%(X)' /X(PdW:O}.

<Oor®
Ly

(2.65)

L

Then (2.65) can be equivalently written as an inequality for bounded oper-
ators on L (X):

1P I5(Lge,) < Cr™ (2.67)

The exponential convergence allows us to obtain bounds on the resolvent
Id— P, which will prove useful in various contexts (for error estimates on time
discretizations or for the definition of the asymptotic variance of Markov
chains). The following result is the version of Proposition 2.1 obtained in
the context of this section.

Corollary 2.26 (invertibility of Id — P). Let Assumptions 2.23 and
2.24 hold. Then the bounded operator Id — P is invertible on Lgf,(X),
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and

C
1—7

—1
[(Id — P) ”B(L,an) <

Proof. Note that the sum -, P" is convergent in B(Lg) in view of
(2.67). In addition, a simple computation gives

+oo +o0o
(Id-P)> P = (Z P") (Id — P) = Id.
n=0 n=0

This shows that Id — P is invertible and

+o00o
(d-P)y'=>"pPm (2.68)
n=0
Moreover,
+oo +oo
11d = P) " lserg,) < > 1P |(Lge,) < Cy = T
n=0 n=0
which gives the claimed upper bound. O

2.4.2. Application to Langevin and overdamped Langevin dynamics

To apply the convergence results to the stochastic evolutions typically en-
countered in molecular dynamics, we fix some time ¢y > 0 and consider the
evolution operator

toL
P = e'%,

where L is the generator of the dynamics under consideration. For simpli-
city, we consider the dynamics (1.8) and (1.9), for which the force —VV'(q)
is a gradient field. The results obtained below, however, can easily be ex-
tended to more general force fields. This is one of the main interests of
weighted L estimates: they do not require structural assumptions on the
type of dynamics considered.

We first discuss how to establish the Lyapunov condition (2.62) in As-
sumption 2.23 for Langevin and overdamped Langevin dynamics. Let us
start by recalling that, as discussed after Assumption 2.23, it is trivial to
satisfy a Lyapunov condition when the state space is compact, by choosing
K = 1. This situation is encountered for overdamped Langevin dynamics
when D is compact. For overdamped Langevin dynamics in unbounded
position spaces, or Langevin dynamics (for which the momentum space is
always unbounded), the Lyapunov condition (2.62) can be established on
the basis of a Lyapunov condition stated in terms of the generator of the
dynamics. Indeed, assume that the following inequality is true for some
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a>0and b > 0, and a given Lyapunov function K > 1:

LK < —ak +b. (2.69)
This leads, by a time integration on the interval [0, s], to
sL —as b —as —as b
<L L+ -(1—e®) <e K+ —. (2.70)
a a
In particular, for s = ¢y, we obtain
b
PK <e ™K 4 =, (2.71)
a

which is (2.62) with a = e7° € (0,1) and R = b/a > 0. We therefore
choose K in order for (2.69) to be satisfied. For overdamped Langevin
dynamics in unbounded spaces, a typical choice is IC,,(¢) = |¢|™ for n > 2.
In this case, for all ¢ € D,

LE,(q) = n(—VV(CJ) g+ CZJFZ_?) lg|" 2.

Some assumptions on the asymptotic behaviour of the drift are needed at
this stage, such as

q-VV(q) > Alg|* — B, forallqeD, (2.72)

for some constant A > 0 and B € R. This condition is satisfied for potentials
V(q) behaving at infinity as |¢|* with k& > 2. With (2.72), the Lyapunov
condition (2.69) indeed holds since, for all ¢ € D,

d -2
LEn(q) < —AnKy(q) + n(Jrﬁn)Iq”‘2 + Bn,
so that
lim sup LKn(q) < —An.
lgl—+oo Kn(q)
There exist therefore b,, > 0 such that
An

LEn < = K+ bn.

For Langevin dynamics, the choice I\ (q,p) = 1 + |p|™ with n > 2 is ap-
propriate when the position space is compact. Indeed, with m defined
in (2.46), for all (¢,p) € &,

e _ n+d-—2 e
LK (g.p) = —np" VV(q)|p|""? —yn (pTM Ip— ﬁ> p|" 2
yn(n +d —2)

—2
p|" 7,
5 p|

yn _
< ———[p|" +n||[VV ||z |p|" " +
my

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

PDES AND STOCHASTIC METHODS IN MOLECULAR DYNAMICS 739

so that there exists b,, > 0 such that

LKy < == Ky + by,
2m+
For Langevin dynamics in an unbounded position space D, a possible choice
is (see Mattingly, Stuart and Higham 2002)

2 n
Kn(q,p) = <1+H(q7p)—V—+ngM1q+7qTM1q> , for all (¢,p) €€,

4
(2.73)
where we assume that the potential energy function V'(q) is bounded from
below by V_ > —oo and that there exist A, B > 0 and C € R such that

¢ M7IVV(q) > AV(q) + B¢" M~ ¢+ C, forall qeD. (2.74)

This condition is satisfied for instance when V'(q) behaves at infinity as |q|*
with & > 2. Then, for any n > 1, we have K,,(¢,p) > 1 and K, (q,p) — +o0
as |(¢,p)| = +o00. In addition, there exist a > 0 and b,, € R such that

LK, < —nalkl,, + by,.

Note that the Lyapunov function has a component p’ M ~1q which allows
us to retrieve some dissipation in the g-direction from the dissipation in the
momenta. This feature is reminiscent of the cross-derivative used in the
scalar product introduced for the proof of hypocoercivity in Section 2.3 (see
the terms proportional to b in (2.38)).

Let us now discuss how to obtain the minorization condition in Assump-
tion 2.24. Note first that this condition can be rewritten as: for any Borel
set S C X,

P(x,8) = n\(S).

A convenient way to obtain such a lower bound is to first establish that the
transition kernel can be rewritten as

P(x,S):/SptO(az,y) dy, (2.75)

where the density py,(z,y) of the transition kernel is a C* function of
(r,y) € X2. This is the case, appealing to parabolic regularity for over-
damped Langevin dynamics and hypoellipticity for Langevin dynamics (see
for instance the discussion in Section 8 of Rey-Bellet 2006). The second
step is to prove that, for any open set O C X and any x € X, we have

P(z,0) > 0. (2.76)

This is proved by controllability arguments, as reviewed in Section 7 of Rey-
Bellet (2006), where the cases of Langevin and overdamped Langevin are
explicitly treated; see also Mattingly, Stuart and Higham (2002) and Talay
(2002) for Langevin dynamics. The idea is to choose some end configuration
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y € O, and to construct a realization of the Brownian motion such that the
dynamics started at x ends up at y at time ¢y3. The continuity of the solutions
of SDEs with respect to the realization of the Brownian motion then leads
to (2.76). In view of (2.75), the condition (2.76) in fact shows that, for any
compact set C C X,

pio(z,y) >0, for all (z,y) € C2.

Since (z,y) — pt,(z,y) is continuous, this proves the existence of ¢ > 0
such that py, (7, y) > d¢ for all (z,y) € C2. The minorization condition then
follows by considering the probability measure

A(dy) = wl‘lc(y) dy,

and setting n = d¢|C|.

At this stage, we have discussed how to obtain Assumptions 2.23 and 2.24.
This already implies the decay estimates (2.65) by Theorem 2.25. These
bounds correspond to evolutions observed at integer multiples of the ref-
erence time tg. Let us now finally show how to deduce an exponential
convergence result at all times ¢ > 0. To this end, we decompose the time
tast=kto+ 0 with k € N and 0 € [0,%9). Then, for any ¢ € Ligy(X) we
obtain

e el < Cr¥lle®olle < CrF sup e L. (2.77)
0<s<to

Now, the inequality
lp(x)| < llellrgel(z), forallz e X,

leads to
esLIC
K
In view of the inequality (2.70), for any s > 0 we obtain
et b b
< —as = < 1 —.
K s T3

L a
Upon introducing k = —log(r)/ty > 0, (2.77) implies

c
le*=pllze < Mol Lge

oo

LOO

b\ _ ~ _
e elliz < (14 2o eliolip < Ce ol @79

C = C<1+b>e“t0.
a

The exponential convergence result (2.78) leads to the following bounds on
the resolvent.

with

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

PDES AND STOCHASTIC METHODS IN MOLECULAR DYNAMICS 741

Corollary 2.27. Consider one of the following situations:

(1) For overdamped Langevin dynamics, set X = D and 7 = v, and assume
either that the position space is compact, in which case I = 1, or that
(2.72) holds, in which case K(¢) = 1 + |g|™ for some n > 2.

(2) For Langevin dynamics, set X = £ and m = u, and assume either that
the position space is compact, in which case K(g,p) = 1+ |p|™ for some
n > 2, or that (2.74) holds, in which case K is given by (2.73) for some
n > 1.

Then the operator £ is invertible on L (X), and the following equality

holds in B(Lg):
+oo
L= —/ et dt.
0

¢
K'/’

Moreover,

£ s, < (2.79)

where C and k are the same constants as in (2.78).

Although it is possible to keep track of the values of the various constants
until (2.78), the final rate of convergence in weighted L>°-spaces is often not
very sharp. Generally, the difficulty is in controlling the constant n in the
minorization condition of Assumption 2.24.

Remark 2.28 (sub-exponential convergence rates). It is possible to
weaken the Lyapunov condition (2.69) for instance as LK < —¢(K) +
b, where ¢ is a non-negative, non-decreasing, concave function such that
¢(x)/x — 0 as  — +oo. In this case, algebraic rates of decay are typically
obtained instead of exponential ones; see Douc, Fort and Guillin (2009) or
Cattiaux (2014) for further details.

2.5. Spectral approaches

One interest of the approaches mentioned in the previous sections is that
they can also be used for dynamics other than Langevin or overdamped
Langevin dynamics. This is illustrated in Section 4, for example, where
entropy techniques and logarithmic Sobolev inequalities play a crucial role
in analysing non-linear partial parabolic equations related to adaptive im-
portance sampling methods, and in Section 5, where Lyapunov techniques
are useful for the study of non-reversible perturbations of Langevin or over-
damped Langevin dynamics. However, when discussing the long-time be-
haviour of linear parabolic partial differential equations and the link with
metastable stochastic processes, we could not avoid mentioning spectral ap-
proaches and semi-classical analysis.
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Let us consider the overdamped Langevin process. Recall the definitions
of the infinitesimal generator £ (see (1.13)) and its adjoint £T:

L=-VV -V+87A,
which is symmetric on the Hilbert space L?(v), and
LT =div(VV.) +571A,

which is symmetric on the Hilbert space L?(1/v). As explained in Sec-
tion 2.2, the exponential convergence to equilibrium of the Kolmogorov
forward dynamics

opp = LT (2.80)

in the weighted L?(1/v)-space is related to the fact that v satisfies a Poincaré
inequality (2.17). The two following assertions are indeed equivalent by
Proposition 2.3 and the fact that 1 satisfies (2.80) if and only if 9;(¢p/v) =

L(y/v):
e For all 1 such that /v € L?(v), and for all ¢ > 0,
<

2 2
Hw, ), Yo exp<_4Rt>,
L2(v) L2(v) p

— -1
v v
where 1) satisfies (2.80) with initial condition (0, -) = 1, and R > 0
is some constant.

e The measure v satisfies the following Poincaré inequality: for all ¢ €

H(v),
2
1 2
cp—/gody> d1/§/ V| dv.
/D( D 2R D| |

[1vePar=—p [ o(coan (2.81)
D D

we observe that the optimal constant R is related to the first non-zero
eigenvalue of the operator —£ on L?(v):

By noting that

- L) d
R\ M (2.82)
B peH\(v)  [pp?dv
Jp e dv=0

Recall that the first eigenvalue of £ on L?(v) is A\p = 0, with associated
eigenfunctions proportional to the constant function 1. The corresponding
eigenspace is non-degenerate since Lo = 0 implies that ¢ is constant by
(2.81). Therefore, the second eigenvalue A; obtained by the Rayleigh-Ritz
principle (2.82) is indeed the first non-zero eigenvalue of —£. The differ-
ence A\ — A\g = A1 is called the spectral gap of the operator. The above
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discussion already shows the importance of the spectrum of the operator £
in understanding the long-time behaviour of (2.80).

In fact, in order to understand and quantify the metastability of over-
damped Langevin dynamics, it is interesting to consider not only the first
eigenvalue of £ but an ensemble of small eigenvalues. In order to explain
this, we need to introduce the notion of the Witten Laplacian. The Wit-
ten Laplacian is an operator which is unitarily equivalent to £ and £f, and
which acts on the non-weighted (flat) L2-space. Let us first recall that the
spectrum of £ is the same as the spectrum of £ in view of the unitary
equivalence

ch=vucv,
where U is the unitary transformation defined by

U.{ L) > L*1/v),
’ © = .

Now, the spectrum of these operators is also related to the spectrum of a
Witten Laplacian. For a function f : R* — R and a positive parameter h,
the Witten Laplacian® is defined by

App = (=hV +Vf)- (W +Vf) = —h2A+ (V> — hAf),

considered on the flat Hilbert space L?. Note that this operator is of
Schrodinger type, which is convenient since the spectral properties of these
operators are quite well understood; see Reed and Simon (1975b). The spec-
trum of £ is —f times the spectrum of Ay /5 g-1 since £ and —SAy /5 g-1
are unitarily equivalent (see (2.14)), that is,

—BAyjy g1 =ULU,

where U is the unitary transformation
5.{ L2(v) — L%,
‘ P = PV

Many outstanding mathematicians have contributed to the analysis of the
small eigenvalues of Witten Laplacians, and the associated eigenvectors, in
the so-called semi-classical limit, namely when h — 0. In our context this
corresponds to the low-temperature regime 3! — 0. We refer the reader
to Witten (1982), Helffer and Sjostrand (1985), Cycon, Froese, Kirsch and
Simon (1987), Burghelea (1997) and Zhang (2001) for an introduction to the
semi-classical analysis of Witten Laplacians and its famous application to
Morse inequalities. It is not our aim here to present the details of this theory.

8 Notice that by convention, the Witten Laplacian Ay ;, is a non-negative operator. This
explains the sign convention.
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Let us simply mention the main results that are of interest in the context
of understanding the metastability of overdamped Langevin dynamics. We
assume that the potential V : RY — R is a Morse function (.e., its critical
points are non-degenerate) and that

vV |?

A4 BIAV = 400

|x|—o00

for sufficiently small 5~ (so the spectrum of Ayg -1 is discrete. Then,

we have the following asymptotic results, in the limit 5 — oo (see Helffer,
Klein and Nier 2004).

e The operator Ay g-1 admits exactly mg eigenvalues (including 0)
which are smaller than exp(—cf) for a constant ¢ > 0. All the other
eigenvalues are bounded from below by a constant. The integer my is
the number of local minima of V.

e The associated eigenfunctions are of the form x; exp(—£V/2), where
the functions y; are locally constant over the basins of attraction of

the local minima of V' for the gradient dynamics & = —VV (z).

o The smallest eigenvalue is A\g = 0, associated with the eigenvector
exp(—FV/2). The other positive small eigenvalues \y < Ay < -+ <
Amo—1 satistfy the Eyring—Kramers law: for ¢ =1,...,mo — 1,

- Alsja)| | det(V2V (xy)) ¢ BV (50) V@1 £ 0(3~ 1),
257T |

det(V2V (s;0)))|
(2.83)
where {xg,x1,.. azmo 1} is the set of local minima of V' and, for i €
{1,...,mo— 1}, 5;(iy is a saddle point attached to the local minimum z;,

(s (i )) being the negatlve eigenvalue of V2V (s sj(#))- Let us now explain
how a saddle point s;(;) is attached to each local minimum z;. From
a local minimum =z;, one considers the communication height between
x; and the union of small balls around local minima which are lower
in energy than V(z;), denoted by B

H(xz;, B;) = inf sup V(v(t)) — V(z),
(20 B) = _jar sy V(D) = Vi

where P(x;, B;) denotes the set of continuous paths from [0,1] to D
such that y(0) = x; and (1) € B;. For each i € {1,...,mp — 1},
the communication height H(x;, B;) is generally reached at a unique
order-one saddle point s;;:

H(l’i, Bz) = V(Sj(i)) - V(l‘z)
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Note that we implicitly assume here that xg is the global minimum
and the other local minima (;)1<i<m—1 are ordered such that

H(z1,B1) > > H(Tmy—1, Bmy-1),
in order to ensure that A\ < Ao < - < Ay,

One ingredient for the proof of the results provided in Helffer, Klein and
Nier (2004) is to introduce the Witten Laplacian on 1-forms, which can be
identified with the following operator on vector fields: for w : D — R¢,

(AN w)i = —h2Aw; + ([Vf[2 = hAf)w; + 2h((V2f)w);.

Note that if u : D — R is an eigenvector for Ay, then hVu+uV f is either
(1)

0 or an eigenvector for A e Then one can see that the eigenvalues of Ay
are the square of the singular values of the operator d #,n = hV +V f which
maps O-forms to 1-forms, since Ay, = d} ,dyp (where djy = —hdiv+ Vf

is the L2-adjoint of d #1)- Using a basis of quasi-modes associated with the

small eigenvalues of A #,n and Agc f)w one is then able to analyse the singular
values of dy j, restricted to the finite-dimensional subspaces spanned by these
quasi-modes. The quasi-modes are built using the following important fact:
the eigenvectors of Ay, (resp. of A?QL)
minima (resp. the order-one saddle points) of the function f. This can be
proved using so-called semi-classical Agmon estimates (Simon 1984, Helffer
and Sjostrand 1984). For generalizations to manifolds with boundaries and
to Witten Laplacians on p-forms, we refer to Helffer and Nier (2006) and
Le Peutrec, Nier and Viterbo (2013).

Bovier et al. (2004a, 2004b) developed another analytic approach to prov-
ing (2.83). In particular, they proved that, for i € {1,...,mg — 1},

)‘i_l =Eq, (78,)(1 + O(eiﬂc))

for some positive constant ¢ > 0, where E, (7p,) denotes the mean time to
reach B; starting from z;.

We would like to emphasize that we do not provide these results with all
the required assumptions (in particular, it is assumed that the communica-
tion heights are all different, and that the communication height is attained
at a unique saddle point). For more details of this subject, we refer for
example to the lecture notes by Helffer and Nier (2005), and also to the
nice review by Berglund (2013).

From a modelling viewpoint, this spectral approach gives the cascade of
relevant time scales to reach from a local minimum x; (for ¢ € {1,...,mo —
1}) any other local minimum which is lower in energy (and in particular
the global minimum ). This does not provide us with any information
about the typical time scale to go from any local minimum to any other
local minimum (for example from the global minimum to the second lower

are concentrated around the local
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minimum). We will come back to this in Sections 6.3 and 6.4, where we
use a spectral approach on bounded domains (rather than on the full state
space D) to derive a Markov state model; see also the article by Lelievre and
Nier 2015. We also refer to the works by Maier and Stein (1993, 1997), Naeh,
Klosek, Matkowsky and Schuss (1990) and Matkowsky and Schuss (1979)
for other approaches to this problem using formal expansions of singularly
perturbed partial differential equations. An interesting work relating spec-
tral gaps for the infinitesimal generator restricted to metastable states with
the global spectral gap is that of Menz and Schlichting (2014). Notice also
that spectral approaches are very relevant to energetic barriers but not to
entropic barriers (for which the Morse assumption may typically be wrong:
see Figure 1.1(c,d)).

For numerical purposes, these results are interesting for the following
reason. As explained above, the existence of small eigenvalues can be related
to the existence of metastable states, characterized as the regions where
the eigenfunctions of £ are constant. This can be used to identify the
metastable states. More importantly, if one wants to define an optimal
Galerkin projection of the operator £ onto a discrete space, it is natural
to introduce the Galerkin basis consisting of the eigenvectors associated
with the smallest eigenvalues. This indeed leads to the smallest errors (in
the L?(v)-norm) for the semi-group e**. By using the Galerkin projection,
one can thus build from the original dynamics an approximated Markov
dynamics in a discrete state space (a so-called Markov state model, or kinetic
Monte Carlo model: see Bowman, Pande and Noé 2014). This has been
extensively investigated by C. Schiitte and his collaborators, starting with
the seminal work of Schiitte (1998). In fact, Schiitte et al. look at the
eigenvalues close to 1 for the so-called transfer operator P; = et (for a well-
chosen lag time ¢ > 0), which is equivalent to looking at the small positive
eigenvalues of —L. In practice, the eigenfunctions can be approximated
using the committor functions associated with core sets (i.e., disjoint subsets
of the configuration space D). For more details of this approach, we refer
to the recent book by Sarich and Schiitte (2013). We will come back to the
relation between original Langevin or overdamped Langevin dynamics with
a discrete state-space Markov process in Section 6.3 below, where another
projection technique will be presented using the notion of quasi-stationary
distributions.

For Langevin dynamics, similar questions can be raised. For example, the
Eyring-Kramers law (2.83) can be generalized to Langevin dynamics: see
Maier and Stein (1993, 1997), Naeh at al. (1990), Matkowsky and Schuss
(1979), Hérau, Hitrik and Sjostrand (2011) or Bouchet and Reygner (2015).
In general, the eigenvectors cannot be written in a separated form in terms
of positions and momenta. Metastable states should therefore be defined
both in terms of positions and velocities. This raises some difficulties from
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modelling and numerical viewpoints. We refer to Sarich and Schiitte (2013)
for discussions on this aspect.

Remark 2.29. In this section we have discussed the spectral properties of
L in the weighted L?(v)-space since this is a very natural functional space for
overdamped Langevin dynamics, in particular in terms of self-adjointness.
There are also interesting results concerning the spectrum in the weighted
space LY, where K is a Lyapunov function, as introduced in Section 2.4.
We refer for example to Sarich and Schiitte (2013, Section 4.3.1) for a dis-
cussion and references on this question. See also Cattiaux, Guillin and Zitt
(2013) for related questions on the link between Lyapunov conditions and
spectral gaps, and Cattiaux, Guillin and Wu (2009) for the link between
Lyapunov conditions and logarithmic Sobolev inequalities.

3. Computing thermodynamic averages

In this section we discuss the errors in the practical estimation of canonical
averages. As already mentioned in Section 1 (see in particular the discussion
after (1.5)), the challenging part is to sample the canonical measure v(dg) =
z! e V() dq on the position space D. Without restriction of generality,
we can therefore restrict ourselves to observables depending only on ¢. The
typical way to estimate canonical averages fD pdv is to first discretize in
time a dynamics ergodic with respect to v (such as the Langevin (1.9) or
overdamped Langevin (1.8) dynamics), and then to compute averages along
one realization of this dynamics. The long-time convergence of such an
estimator requires the discretized dynamics to be ergodic as well, although
the corresponding ergodic measure generally differs from v because of the
time discretization.

In practice, choosing a good initial condition gy (namely such that V(qo)
is not too large) may be difficult. This is why a burn-in phase is usually
performed, during which the sampled configurations are discarded. Actual
averages start after this initial relaxation. We will not discuss this practical
aspect further.

Note also that it is possible to run several realizations of the discretized
dynamics in parallel, which provides faster results in terms of wall clock
time. Some care has to be taken in order to ensure that the initial con-
ditions, and thus the realizations, are indeed independent (for instance by
performing independent burn-in phases for each realizations). This com-
putational overhead sometimes motivates practitioners to estimate average
properties with a single, long trajectory.

To perform the numerical analysis allowing us to quantify errors made
in the trajectorial averages of discretized dynamics, we first review results
ensuring the ergodicity of continuous dynamics in Section 3.1. We next
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turn to the discretization of continuous dynamics and the ergodic properties
of the resulting numerical schemes in Section 3.2, together with a general
discussion of the sources of errors. A precise description of each source of
error is finally given in the remaining sections: the bias on the invariant
measure is studied in Section 3.3, while the quantification (and the possible
reduction) of the statistical error is the topic of Section 3.4.

3.1. Ergodicity of continuous dynamics

One of the major aims of molecular simulation is the estimation of averages
with respect to high-dimensional probability measures through time aver-
ages along a realization of a stochastic differential equation ergodic with
respect to the target probability measure m on X:

dx; = b(.l?t) dt + O'(.ft) dW;. (31)
For a given observable ¢, the estimator under consideration reads

1 t
o= t/ o(zs) ds.
0

3.1.1. Almost sure convergence of oy

Let us first discuss the convergence of the above estimator, in the case when
the generator £ of the process (3.1) is elliptic or hypoelliptic. The results
by Kliemann (1987) show that, when the dynamics admits an invariant
probability measure 7 with a positive density with respect to the Lebesgue
measure, then, for a given observable ¢ € L!(7), the following almost sure
convergence holds for any initial condition xzg € X:

lim @, = / o(z) m(dx).

X

t—+o0

As a consequence, the invariant measure is unique.

3.1.2. Asymptotic variance of @y
Next, convergence rates can be obtained provided a central limit theorem
holds. A first step is to show that the asymptotic variance is well defined:

2 4. —~
So = t£+mootvarﬂ((’0t)’ (3.2)

where

Vore() = 1B - Bl = 1 (T [ Titaas) |

In these expressions, the expectations are with respect to initial conditions
xo ~ w and for all realizations of the stochastic dynamics. Further, we have
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introduced the projection operator II:

Iy = p — /X pdr. (3.3)

Note finally that we used the invariance of 7 to write E;p; = Erp. To prove

that (3.2) is indeed well defined, we rewrite it in terms of the semigroup e‘~.

We expand ¢ Var,(¢;) as

t Var, () = 1/0 /0 Er[Hp(xs)p(x,)] drds

=2 [ [ Eattommatenards,

and use the stationarity of the process (valid since the dynamics is started
under the invariant measure 7) to write, for s > r,

Ex[Hp(xs)p(zr)] = Ex[Hp(2s—r ) p(x0)].
Then,

ar(e) =2 [ (1= 2B lote) o) ds
— 9 /0 t<1 - i) /X (e*£T1y) (2) () 7(dx) ds.

Let us now assume that decay estimates for the semigroup e** are available
in a functional space & C L3(), typically

|]es£\|3((§) <Ce ™, forallt>0, (3.4)

for some positive constants C' and k. Various ways of proving such inequal-
ities are provided in Section 2, with & being L3(r) (see Propositions 2.3
and 2.20), H'(m) N L3(w) (see Theorem 2.15) or LE(X) (see (2.78)). If
@ € &, then the dominated convergence theorem shows that

. SN2
tliglotVarw(cpt) = S
with
+oo
(Z = 2/ / (e* ) dr ds = —2/ (L) dr. (3.5)
0 X X

Recall that £7! is a well-defined bounded operator on & when decay estim-
ates such as (3.4) hold (see Proposition 2.1 and Corollaries 2.4, 2.16, 2.21
and 2.27).

It is instructive at this stage to compare the asymptotic variance (3.5)
to the one obtained by averages of independent and identically distributed
(ii.d.) random variables (2"),>1 with common law 7. When ¢ € L?(r), a
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central limit theorem holds true for the estimator
1 N
~Nid n
n=1
whose asymptotic variance is

9 . —~ iid o 9
gLp,ud N—to0 71'[( (PN) ] A( (P)
We write the asymptotic variance (3.5) for time average estimates with
ergodic SDEs in terms of the reference variance Sjiia 88

2 2

Sp = gcorr,¢§¢7iid, (3.6)

and interpret Ocorr , as some correlation time. Then the mean-square error
of the estimator @; asymptotically behaves as qu Jt = z,iidQCOTY#P /t, so that
in order to have an estimator of the same quality as that based on N i.i.d.
samples, integration times of order t = N6, should be considered. When
the operator L is self-adjoint on L?(7), the norm of £~! on L(r) is equal
to 1/A1, A1 being the first non-zero eigenvalue of —£ on L?(7) (see the
discussion in Section 2.5). This provides the following upper bound for the
correlation time: Ocorr,, < 1/A1. Equality holds when ¢ is an eigenvector of
—L associated with Aq.

3.1.8. Central Limit Theorems
Note that (3.5) shows that it is possible to define the asymptotic variance
without any reference to the evolution semigroup e**, by directly considering

& =-2 /X(ﬁ_ll_hp)ﬂgodﬂ.

The integral on the right-hand side is well defined once the solution ¢ of
the Poisson equation

—Ld =TIy (3.7)

belongs to a functional space & C L?(r). This is the case when ¢ € & and
L£~1 is a bounded operator on &; see the discussion after (3.5). However,
there are more general frameworks to define solutions of Poisson equations;
see for instance Pardoux and Veretennikov (2005) and references therein.

In fact, it was proved by Bhattacharya (1982) that a central limit theorem
holds once the Poisson equation (3.7) has a solution in L?(7) and the initial
conditions are distributed according to 7. In this case,

. T 2N -
tlggo VitTlp, = N(0, Sp) in law.

This result can be extended to cover the case when the initial conditions are
not distributed according to the invariant measure: see also Bhattacharya
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(1982). The bottom line of the proof is to use Ité calculus to rewrite
Vi, as

i, — Bz — 2

Vit

The first term converges to 0 in law as t — +o0o, while a central limit
theorem for martingales can be applied to obtain the asymptotic behaviour
of the second term (see for instance Komorowski, Landim and Olla 2012 or
Ethier and Kurtz 1986): M, converges in law to a Gaussian distribution
with variance

2= lim EC /0 tV@(xS)TJ(:US)U(:ES)TV@(:ES)ds>.

t——+o0

1 t
My, My=— [ VO&(zs) o(xs)dWs,.
S M M, ﬁ/o (22) o (zs)

By ergodicity of the dynamics,
3= / VolooTVa dr.
X

Now, recalling the expression (1.12) for the generator, a simple computation
shows that
L(D?) —20LD = 00! : V*(D?) — 2000T : V2O = VO 60TV,

The invariance of 7, expressed as (1.17), then leads to
3= / VolooTVOdr = —2 / LY dr = 2,
X X
which allows us to conclude.

3.2. Numerical discretizations and their ergodic behaviour

In practice, continuous dynamics such as (3.1) are discretized in time using
a numerical scheme. The simplest choice is to resort to an Euler—-Maruyama
discretization with a fixed time step At > 0. In this case x,A¢ is approxim-

ated by 2", constructed iteratively from a given initial condition z° = z as
2" = 2™ £ b(2™) At + o (") VAL G™, (3.8)

where G" is a sequence of i.i.d. Gaussian random variables with covariance
matrix Id;. Hereafter, the evolution operator (also called the transition
operator) associated with a general one-step numerical scheme is denoted by

Parp(x) = E(p(a™™) [ 2" = 2). (3.9)

It is the discrete counterpart of the semigroup e®*£. The transition operator
Pa; describes how the values of a given function evolve on average over one
time step.
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We discuss in this section the various types of errors arising from the time
discretization. We first recall the standard measures of error on finite time
intervals (weak versus strong errors). We then turn to our main concern,
error estimates on long time averages. As discussed below, these errors can
be decomposed, for sufficiently long times, into (i) a systematic part, related
to errors on the invariant measure due to the time discretization, and (ii) a
statistical error dictated by a central limit theorem, with an asymptotic
variance close to that of the underlying continuous process. The quality of
the numerical schemes for ergodic dynamics is therefore mainly determined
by the size of the systematic errors, as well as their stability.

3.2.1. Standard numerical analysis of SDFEs

There are many good review articles and textbooks on the numerical ana-
lysis of SDEs, such as Kloeden and Platen (1992), Platen (1999) and Mil-
stein and Tretyakov (2004). Two types of errors are considered for discret-
izations of SDEs, as follows.

(i) Weak error estimates. There exists o > 0 such that, for any C* test
function with compact support ¢ and finite time horizon T' > 0, there
are C' > 0 and At* > 0 (the latter two constants depending on ¢ and T’
a priori) such that, for any At € (0, At*],

sup  [Elp(z")] — Elp(znar)]] < CAL®.
0<n<T /At

In fact, when the numerical method is stable (which is the case when
b and o are globally Lipschitz), such error estimates can be deduced
from the error over one time step, as stated in Theorem 2.1 of Milstein
and Tretyakov (2004). In essence, the order « is determined by the
formal equality

PAt — eAtﬁ + O(Ata+1).

To make the functional setting more precise, this should be under-
stood as Payp = e+ At““r‘p’m for a function ¢ growing at most
polynomially, whose derivatives of order at most 2a + 2 grow at most
polynomially, and with a remainder term 7, A; such that there exists
p € N for which |7, A¢/(1+ |2P)| L~ < K, for At sufficiently small.

(ii) Strong error estimates in LP-norm. There exists a € Ry such that,
for any time horizon T, there is C' > 0 and At* > 0 (the latter two
constants depending on T a priori) such that, for any 0 < At < At*,

sup  (Elz" — zoaeP)VP < CALY.
0<n<T /At

In this case the Gaussian increments used in a numerical scheme such
as (3.8) must be induced by the Brownian motion for the continuous
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dynamics (3.1), that is,

W(nJrl)At - WnAt
VAL '

Typically, the constant C' is obtained via some (discrete) Gronwall estimate,
as in the standard numerical analysis of ordinary differential equations, and
hence increases exponentially with time.

As an example, let us mention that, when the functions b and o in (3.1)
are globally Lipschitz, the weak and strong errors of the Euler—-Maruyama
scheme (3.8) are respectively 1 and 1/2.

Note that it is also possible to reduce errors due to time discretization
by resorting to extrapolation methods as in Lamberton and Pages (2002)
or multilevel Monte Carlo methods (Giles 2008, Giles 2015).

G" =

3.2.2. Convergence of time averages

The above error estimates are not relevant to long-time convergence since
the prefactor C is not uniformly controlled in time. Therefore, additional
techniques should be introduced to control the quality of the approximation
of average properties presented by the time averages traditionally considered
in molecular simulation:

Niter—1

! o(z™). (3.10)

Niter

@NitcryAt =
n=0

A first issue is to prove that the numerical scheme is indeed ergodic with
respect to some probability measure, which depends in general on the time
step At. Even if the associated continuous dynamics is ergodic, the ergodi-
city of the discretized dynamics cannot be guaranteed. A typical obstruc-
tion is the presence of non-globally Lipschitz drifts which induce a transient
behaviour of the Markov chain; see for instance the examples provided in
Mattingly et al. (2002, Section 6.3) for b(z) = —23 and o(x) = 1.

In order to prove the existence of an invariant probability measure ma¢
for the numerical scheme, it is standard to resort to results such as The-
orem 2.25. Proving that a minorization condition holds on any compact set
(see Assumption 2.24) is usually not too difficult, thanks to the presence
of Gaussian increments; see for instance Lemma 3.4 below for an Euler—
Maruyama discretization of the overdamped Langevin dynamics. Some as-
sumptions on the drift, on the other hand, are usually required to state a
Lyapunov condition such as (2.62): see Mattingly et al. (2002). When these
conditions are met, the convergence of the law of 2™ to the invariant meas-
ure is exponentially fast (with respect to the iteration index, the time step
At being fixed, as stated in Theorem 2.25).

The next step is to prove that the numerical scheme is irreducible. Usu-
ally, irreducibility is defined with respect to the Lebesgue measure, in which
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case this property reads: for any Borel subset S C X of positive Lebesgue
measure, and any initial condition 20 € X, we have Po(7g < +00) > 0,
where 7¢ = inf{n > 0,2 € S} is the first entry time into the set S. Note
that P,o(7s < +00) > 0 is implied by the following property: for any Borel
subset S C X of positive Lebesgue measure and any initial condition 20 € X,
there exists n > 0 (depending on z° and S) such that P"(x°,S) > 0. For
discretizations of SDEs, the latter inequality is often easy to establish. It
holds, for instance, with n = 1 for the Euler—-Maruyama scheme (3.8) when
o has full rank d at each point x € X, since

Gl — U(mo)—1< ' 2% — Atd(a?)

VAL

) =Gl

so that
P(2° 8) =P(G' € G, 1(S)) > 0.

When o is degenerate, several iterates may be necessary; see for instance
Bou-Rabee and Owhadi (2010), where it is proved that P?(x°,S) > 0 for
some discretization of Langevin dynamics.

Once the existence of an invariant probability measure and the irredu-
cibility of the scheme are proved, the almost-sure convergence of long-time
averages over one realization already follows (see Chapter 17 in Meyn and
Tweedie (2009)): for almost all initial conditions z° € X,

{0\ a.s. (70d7'['
Niter,At =7 At-
iter, Niter—>+oo X

Let us also mention that, when irreducibility holds with respect to the
Lebesgue measure, the measure ma; is absolutely continuous with respect
to the Lebesgue measure. In addition, when the transition kernel P(z,dy)
is absolutely continuous with respect to the Lebesgue measure dy, the above
almost sure convergence occurs for all initial conditions: see Corollary 1 in
Tierney (1994), based on Nummelin (1984).

As in the continuous case, when decay estimates on the evolution oper-
ator Pa; hold as in Theorem 2.25, it can easily be shown that the asymp-
totic variance is well defined when 2° ~ 7, provided K € L?(ra¢) and
¢ € LL(X). A way to prove that K € L?(ma¢) is to check whether the
assumptions of Theorem 2.25 are satisfied for the Lyapunov function K2
instead of I, so that the integrability condition follows from (2.64). In
practice, it is often convenient to establish minorization conditions on ar-
bitrary compact sets, and to obtain Lyapunov conditions for the family of
functions ICp, () = 1+ |z|™ (for integers n > ng sufficiently large). Note that
K2 = Kan + 2(K,, — 1), so that the L?(7a;) integrability of K, follows once
Lyapunov estimates hold for Ko),.
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To state the expression of the asymptotic variance when Theorem 2.25
holds for a Lyapunov function K € L?(ma;), let us introduce the equivalent
of the projection operator (3.3) for the invariant measure ma¢, namely

Matp = —/ pdmag.
X

Note that if 2° ~ 7as, then 2™ ~ 7a; for all n > 1 and the following
stationarity property holds:

Ery, [Mace(@)Harp(z™)] = Exy, [Mace (@™ Iawpe(2?))]
for all n,m > 0. Then,

Niter Va‘rﬂ'At (SENiter) = Niter ETI'At [(HAtS/’ENiter)Q]

Niter_]-
1
N Y Era[Masp(@)ap(a™)]
iter n.m=0
Niter_]-
1
=5 2 Ena[([Marp(a"))’]
iter -0
2
T O By [Mace(a")ace(a™)]
iter

0<m<n< Niger—1
n
=Ery [(Map)’] +2 (1 - N)Em [Masp (@) arp ()],
1<n< Njger—1 iter
where we used the stationarity property in the last step. Since

Er, [Haco(@™)ap(a)] = / (TTac) (P2, Tacg) drras,
X

and we assume (2.67) to hold, a dominated convergence argument shows
that

) ~ 2
llm NiteI‘Varﬂ'At (SONitcrvAt) = CQO’At
iter — 100

with (compare with (3.5))

400
soar = Era, [(Marp)?] +2) By, [(Tare) (2") (Marp) (2°)]

n=1
—+00
:/(HM@) Id+2) PR |Harpdmay
X n=1
:/(HAtgo)[Q(Id—PAt)1—Id]HAtg0d7rAt. (3.11)
X
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The expression for the asymptotic variance suggests a definition of a correl-
ation time, as for continuous dynamics. By the same reasoning as in (3.6),
using the variance obtained with i.i.d. samples as a reference,

2 2 2 2
So.at = Neorr, At,pSg sid,ae - Where Sp,iid, At = /X(HAW) dmag.

The number Ncor At measures the correlation between the samples: intu-
itively, it gives the number of steps which should be performed to have a new
configuration sufficiently decorrelated from the previous one. As discussed
below, the correlation time 6o, is related to the number of correlation
steps Neorr,At,, for the discrete dynamics since in the limit of small At,
ecorr,cp = Ncorr,At,goAt-

Finally, let us mention that, as in the continuous case, a central limit
theorem in fact holds true for time averages computed using ergodic Markov
chains once the solution ® of the Poisson equation

belongs to L?(ma¢); see Theorem 17.4.4 in Meyn and Tweedie (2009). If ¢ €
LE(X) and K € L?(mat) (see the above discussion for the latter condition),
one way to guarantee that ® € L?(ra¢) is to resort to Corollary 2.26.

3.2.83. Error analysis on time averages: general decomposition

Let us now discuss the topic of main interest for this section, namely error
estimates for the computation of thermodynamic averages E.(p) = [ ypdm
with (3.10), for a given one-step discretization of the continuous dynam-
ics (3.1) ergodic with respect to m. We decompose the error as the sum of
two contributions:

PNier st = En(9) = (PNiperat — Erp, (#0)) + (Enp, () = Ex(0)).  (3.13)

The first term is a statistical error arising from the finiteness of the number
of time steps Niter, while the second term is a systematic error (or bias),
which persists in the limit N, — +00, and is due to the use of finite time
steps At > 0. Let us discuss each term more precisely.

(i) According to the central limit theorem for Markov chains (which holds
when the Poisson equation (3.12) can be solved in L?(ma;): see the
above discussion), the statistical error behaves in the limit Nje, —
+o00 as a Gaussian random variable with asymptotic variance given
by (3.11). In practice, this asymptotic regime is attained when Njyep >
Neorr,At,p- However, Neorr At is often very large because of the meta-
stability of the underlying continuous dynamics (so that fcorr,,, is large),
which makes it difficult in practice to ensure that the central limit the-
orem actually holds for the values of Njt, achievable with computer
simulations.
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When the asymptotic regime can be considered to have been at-
tained, @n;,...At — Ex,, () is of order

Sp, At §¢,At\/E

Vv Niter B \/T '
This reformulation highlights the fact that the statistical error is of
the order of the inverse of the square root of the ‘physical’ simulation

time T = NijerAt. Indeed, weakly consistent discretizations of SDEs
are such that

Id — Pay
At

In addition, the variance gfa A; can be rewritten as

@ =—Lyp+ O(AL).

Id — Pa, )\t
At §$,At = Z/X(HA#P) <AtAt) Marpdmas + O(AL).

In view of the expression gg of the asymptotic variance (3.5) of the
continuous dynamics, this suggests the following convergence result:

dim At SAAL=So- (3.14)

A rigorous proof of this convergence is provided by Theorem 5.6. In
fact, it typically holds that Ocorrp = Neorr,At,0 At + O(At).

The interpretation of (3.14) is that the asymptotic variance of time
averages computed using numerical methods is, to first order in At,
related to the asymptotic variance of the time averages computed with
the continuous process. This motivates direct study of the variance
(3.5) rather than its discrete counterpart, which we therefore do in
Section 3.4.

(ii) The second term in (3.13) is a systematic error (or bias) related to
the fact that the invariant measure of the numerical scheme ma; is
different from the canonical measure 7. Although this is not obvious,
the expression of the formal correction function ha; defined as wa; =
hagm is encoded in the asymptotic expansion of the one-step evolution
operator Pay, provided some ergodicity conditions are met. A typical
result is that ha; = 1+ O(A#?) for some integer p. In fact, it is often
possible to make the leading term in the bias precise as follows (see
Theorem 3.3 below):

/cpdet:/gpdw—i—Atp/ of dm + O(APT)
X X X

for some function f to be made precise. As made clear in Theorem 3.3,
p = «, where « is the weak order of the method (in the sense that
Pp; = e + O(At**)). In some cases, it even holds that p > a + 1.
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An important remark is that the bias becomes noticeable only for sufficiently
long integration times 7" = NjterAt, namely when ¢,/ VT ~ At?. More
precisely,

2
S

Niter ~ W-

This motivates the fact that the statistical error often dominates in actual
simulations. However, it is desirable to have biases as small as possible in
order to use larger time steps (while still satisfying stability constraints).
We now analyse the bias in the next section.

3.3. Analysis of the bias

In this section we present the analysis of the bias (second term on the right-
hand side of (3.13)). We start with a presentation of the general strategy,
and then apply it to the estimation of canonical averages with discretizations
of overdamped Langevin or Langevin dynamics.

3.3.1. General strategy
Assume that the continuous dynamics, with generator £, admits a unique
invariant measure 7. Consider next a given numerical scheme, described in
terms of its discrete evolution operator Pa; defined in (3.9), and admitting
an invariant measure ma; (we do not make any uniqueness assumption on
At at this stage).

Assume that, for a C*° function ¢ and a given integer p, the evolution
operator can be expanded as

PAt(P =p+ At .Algo + At2.,42g0 4+ -+ Atp+1Ap+1(p + Atp+2’l“%At, (3.15)

for some remainder term 7, A¢ (which depends on p, although we hence-
forth omit this dependence). The operators Aj, are identified in practice by
Taylor expansions of p(2"*!) around ¢(2™), with a remainder term typic-
ally expressed as an integral. Note that, by consistency of the discretization,
it typically holds that

A =L,

although in principle it is possible to construct numerical schemes approx-
imating 7 for which this is not the case. More generally, the method is of
weak order p when A;, = L£F/k! for 1 < k < p. However, there may be
discrete dynamics for which Ay = a, £ with a prefactor a;, # 1/k! for some
1 < k < p. In this case the dynamics is not of weak order p, but the invari-
ant measure may nonetheless be correct up to error terms of order AtP*!,
Moreover, as made precise in Theorem 3.3, there are situations in which the
operators Ay, are different from £F but the invariant measure ma; is still
close to m; see for instance Abdulle, Vilmart and Zygalakis (2015) in the
context of Langevin dynamics.
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We next need some functional estimates on the operator A; appearing
in (3.15). To this end, we introduce the following set of C*° functions.

Definition 3.1 (smooth functions). Consider scale functions ICp, : X —
[1,+00) such that

Kn < Kpt1, foralln > 0.

The space S is composed of all functions ¢ € C°°(X) for which, for any
k € N%, there exists m € N such that 0%¢ € L (X).

In the simple case when X is bounded, it is possible to choose IC,, = 1
for all n > 0, in which case S = C*°(X). For unbounded spaces, a typical
choice is KCp,(x) = 1+ |z|™. In this case, the above definition means that the
functions in S, as well as all their derivatives, grow at most polynomially.
The set S can then be shown to be dense in L?(7) when 7 has moments of
all orders, so that all the operators arising in the error estimations can be
considered as operators on L?(), defined on the core S.

In order to state the regularity result we rely on, we restrict the space
of smooth functions to those with average 0 with respect to the invariant
measure 7 of the continuous process, namely

S():HS:{QOES‘/QOCMT:O}, (3.16)
X

where IT is defined in (3.3). We next consider the following assumption
on the generator of the continuous dynamics. Recall that operators are
considered on L?(7) and that adjoints are taken with respect to the corres-
ponding scalar product.

Assumption 3.2 (stability of smooth functions by inverse operat-
ors). The space S is dense in L?(7) (in particular K, € L?(r) for any
n > 0) and the operators A, and (A})~! leave Sy invariant.

Let us recall that A7 denotes the adjoint of \A; with respect to the scalar
product in L?(u) (see (2.7) and Section 2.3.2) and that typically A; =
L. The invariance of Sy by an operator 7! has to be understood in the
following sense: when ¢ € Sp, the unique solution ® of the equation 7® = ¢
belongs to Sp.

Error estimates on averages of smooth functions can finally be stated as
follows.

Theorem 3.3 (error estimates on the invariant measure). Suppose
that Assumption 3.2 is satisfied, and that an expansion such as (3.15) holds
for any ¢ € S and a given p € N, with a remainder r, A; for which there
exist K >0, m € N and At* > 0 (all depending on ¢ and p) such that

Irg.aelle <K, for all At < At”.
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Assume in addition that the operators Ay leave S invariant for any k > 1,

that
/ Arpdrn =0, forall ke {l,...,p}, (3.17)
X
and that g,41 = A7 411 € S. Finally, assume that the numerical scheme

admits an invariant measure ma; which integrates all scale functions:
/ K,drar < +00, forallm > 0.
X

Then, there exists L > 0 such that, for any At € (0, At*],

/ (pd’/TAt = / gOd’]T + Atp/ gOfp+1 dr + Atp+1R<p7At, (318)
X X X
with Ry a¢| < L and where

for1 = —(A) " gp11 € S (3.19)

Let us first comment on the assumptions of the theorem. The condition
that the operators A leave S invariant is usually very easy to check since
these operators are typically differential operators with C'°° coefficients when
b and o in (3.1) are C*°. Moreover, in order to obtain the expression of
gpr1 = A;; 11, it is convenient to resort to integration by parts to determine
the function g,11 such that, for any test function ¢ € S,

/Ap+1<pd7r:/gp+1<pd7r. (3.20)
X X

It can usually be checked by direct inspection that g,41 € S. In addition, by
considering ¢ = 1 in (3.20), it follows that g, automatically has average 0
with respect to m when A,,11 = 0, which is the case for differential op-
erators. Finally, let us emphasize once again that the important condition
which determines the order of the error is (3.17). This condition holds when
Ay, is proportional to £F, but can be satisfied for more general operators.

The interpretation of Theorem 3.3 is as follows. First, averages with
respect to ma are correct up to errors of order AtP. Second, we can give an
explicit expression of the leading-order term in the error, which can then be
eliminated either by Romberg extrapolation or by a numerical estimate (see
(3.32) below). Let us finally mention that it is possible to obtain bounds
on Ry, ¢ in terms of weighted L°°-norms of ¢ and a given number of its
derivatives when more precise estimates for £~ are available.

Proof. The proof is obtained by a generalization of the proof of The-
orem 2.13 in Leimkuhler et al. (2015). A similar result is provided in Abdulle
et al. (2015). Note first that, since f,11 has average 0 with respect to ,
it is sufficient to establish (3.18) for functions with average 0 with respect
to m, upon considering ¢ — E-(p).
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The first step is to prove (3.18) for functions ¢ € (Pa; — Id)S. This step
motivates the expression for the correction function f,41. Consider ¢ € S.
The invariance of ma; by the discretized dynamics implies that

/X KPMA;MW] drae = 0. (3.21)

On the other hand, (3.15) and (3.17) give

/ KPAtA;Id> @4 dr = Atp/ Ap+1¢d7r+AtP+1/ re At dm,
X X X

and, for a given function f € S,

Pay — Id - Pay —1Id — At Ay
/X[(At )qﬁ}fdﬂ—/)((fh(ﬁ)fdw—i—At/X[ A ¢}fd7r,

so that

(259 s

— A /X (Aps16 + (A1g)f) dr

+ Atp+1/ (w,m + {PN —ldo A qb] f) dr.
x At

The second term on the right-hand side of the previous equality is indeed
of order AtP*! since the integrand of the corresponding integral is bounded
in some weighted L°°-space. In order to choose f so that the first term on
the right-hand side vanishes for all test functions ¢ € S, we rewrite it as

/ (Aps16+ (A1) ) dm = / (gps1 + AL ).
X X

This suggests choosing f = f,+1 = —(A})"'gpt+1, which is well defined by
our assumptions on 4; since g1 € Sp. With this choice,

/X [(W) 4 (1+ AtPf, 1) dn (3.22)
Ppar—1d— At A
a0 s [P

so that (3.18) holds for ¢ = (Id — Pat)¢/At.

The second step of the proof is to extend (3.18) to all functions in Sp.
Of course, we would like to replace ¢ with At(Id — Pa;) !¢ in the previous
estimates. However, there are two obstructions to this approach: (i) the
inverse At(Id — Pag)~! is well defined only on spaces of functions with
average 0 with respect to ma¢, and (ii), when this is the case, we typically
do not have any control on the derivatives of At(Id — Pas) !¢, but only on
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the function itself (by results such as Corollary 2.26). Our strategy is to
construct an operator ()a; which leaves Sy invariant and is an approximate
inverse of (Id — Pay)/At on Sy. Since (Id — Pat)p/At = A1p + O(At), we
expect the inverse operator to be .Afl at dominant order in At.

The first task is to restrict Id — Pa; to Sy via II(Id — Pay)II, using the
projection operator IT defined in (3.3). Then (3.21) implies

/X{H<PAtAtId>H¢] drmae = —é /X(PA,@) dr, (3.23)

for ¢ € Sp (so that I1¢ = ¢). Further, using the fact that fy4 is of average 0
with respect to 7, (3.22) leads to

—1Id
[ [n(P o] 0+ gy an = - [ (st an

Par—1Id— At A
+ Atp+1 /X <T¢7At + |: At AtQ ! ¢:| fp+1) dm. (324)

This shows that, for any ¢ € Sy,

/){[H(T)Hqﬁ} d7rAt:/X[H(PAtA;Id>H¢](1+Atpfp+1)d7r

Prny—Id— At A
—Athrl/X(T(;S,At"‘[ At At2 1(;5:| fp+1> drr.

We next consider an approximate inverse operator ()a; which leaves Sy
invariant, and is such that

Pay —1d ~
H(%)HQAW =p+ Atp“r%m, for all p € Sy, (3.25)
with ||7p atllLee  uniformly bounded with respect to At for some integer
m. Such operators are constructed as follows. The fundamental idea is

to truncate the formal series expansion of the inverse of the operator A +
At B = A(Id + At A71B) in powers of A~1B:

AT AtAT'BATV+ AP AT BAT'BAT 4+

In the present situation, we set A = IIAIl and B = ITAII + --- +
Atp_ll'[Ap+1H. Note that perturbative arguments cannot be used to make
sense of the formal infinite series since B usually involves differential operat-
ors of higher order than A, so that B cannot be controlled by A (in contrast
to the situation we will encounter later on in Theorem 5.2). Introducing

Ay, = ILALII for notational simplicity, we consider

p
Qar = A" > (—1)"At" (BA)".

n=0
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We next remove operators with powers of At larger than or equal to p + 1
(arising from the higher-order terms in the expression of BA; ') in order to
write down an expression for Qs involving only powers of At smaller than
or equal to p. Finally, the so-constructed operator,

Qar = A7t = AtAT AQ AT + AP (AT Ap AT Ag AT — ATV ASATY
+ABQs + -+ APQ,,

is a well defined operator which leaves Sy invariant (since its action is given
by the application of at most p operations of the form ﬂkjl_l, and a final
application of AT!) and is such that (3.25) holds true.

In order to conclude, it remains to replace ¢ with Qa¢yp, and gather all
the higher-order terms in R, a;. This gives the desired equality (3.18) for
functions in Sp. L]

We next illustrate the strategy presented here applied to overdamped
Langevin and Langevin dynamics. We postpone numerical illustration of
the results of Theorem 3.3 to Figure 5.1 in Section 5.3. Indeed, as explained
in Section 3.3.4, the leading-order correction term can be computed as some
integrated correlation function, for which we provide elements of numerical
analysis later on, in Section 5.3.

3.8.2. Application to overdamped Langevin dynamics

For overdamped Langevin dynamics, we consider for simplicity the case
of a simple Euler-Maruyama discretization of a dynamics defined on the
compact position space D = (L']I‘)d:

[2At
"t =q" — AtVV(¢") + 5 G". (3.26)

The results below can be easily generalized to other discretization schemes.
On the other hand, an extension to unbounded position spaces is not trivial
(see Kopec 2015), although several results can be stated in a weaker form
than the results given below.

The first task is to find an expansion of the transition operator Pa; defined
in (3.9) in powers of At: see (3.15). Simple but lengthy computations show
that (see Section 4.9.2 in Leimkuhler et al. 2015)

Parp = ¢ + At Lo + AP Asp + A7 ar, (3.27)

where |7y A¢l|L < K for At sufficiently small and

Ay = %(112 +Ra), (3.28)
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with

2 1
Rop = BVQV V2 + BV(AV) Vo — VVI(VAV) V.

We want to apply Theorem 3.3 with p = 1. In summary, there are three
types of assumptions to be checked:

(i) assumptions on the generator £ = A; of the continuous dynamics;
(ii) assumptions on the operator Az, whose action is given by (3.28);
(iii) assumptions on the invariant measure of the numerical scheme.

First, recall that, as discussed after Definition 3.1, K,,(¢) = 1 for all n >
0 when D is bounded, so that § = C°°(D). Standard results of elliptic
regularity then show that £7! is a well-defined operator from

Soz{fe(]"o(l))'/pfduzo}

to itself. For dynamics in the full space D = R¢, additional assumptions
on the potential are needed to obtain the stability of S with the choice
Kn(q) = 14 |q|™, and the proof of this stability result is much more involved
(see Kopec 2015).

It can now be easily checked that g is well defined and belongs to S (recall
that, as discussed after Theorem 3.3, it automatically has average 0 with
respect to ). To obtain the precise expression for go, we use integration by
parts to compute

/RQLpdV——l v(muﬁyvvy?) -Vedv
D B Jp 2

:/£<AV—B|VV|2>¢dy.
D 2

Using that, for all ¢ € S,

1
/Aztpdy—/Rgcpdy—/gggodu,
D 2 Jp D

1 By
=—c(Aav-Zvv?).
g2 2,c< V-3l vy)

one obtains

Since A; = L = L* on L?(v), we in fact obtain the analytical expression of
the correction function fo defined in (3.19):

1 B 2 48V
f2 2( 2‘ ’ 2 >’
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where
aﬂ,vz/ AVdV:,B/ IVV |2 dv
D D

is a constant ensuring that fs is of average 0 with respect to v.

Finally, to prove that an invariant measure 7wa; exists for the numerical
scheme, we rely on Theorem 2.25. The Lyapunov condition of Assump-
tion 2.23 is trivially satisfied since the position space is compact. Therefore,
the only property to prove is the minorization condition of Assumption 2.24.
Since the space is bounded, it readily follows from (3.26) that, for any Borel
subset S C D,

2At

P(q' € Slg° =¢q) > P( 3

GteS—q+ AtVV(q)>

2AtGleS—Q>

> inf (
[QIKIDIHVV Lo B

/2 2
— ( b > inf / exp(—ﬁg‘ )dg,
A At |QI<IDI+VV e Js—0 4At

where the first inequality is due to the fact that the contributions associated
with periodic images of ¢ are not taken into account. The minorization
condition then follows by defining the measure

XAt(S) = inf / exp<_5|9!2> d.
|QISIPIH([VVLee Js5—0Q 4At

normalizing it as Aas(S) = Aae(S)/Aa¢(D), and introducing

nar = (ArAt/B)~ X ay(D).

We state below a minorization condition stronger than is needed for As-
sumption 2.24, but which will prove useful later on in Section 5.3. We call
it a ‘uniform minorization condition’ since, in contrast to the above compu-
tations, the lower bound 7 and the probability measure A do not depend on
the time step At provided it is sufficiently small. To obtain such a condi-
tion, we have to consider evolutions over fixed physical times T' ~ nAt > 0,
which amounts to iterating the elementary evolution Pa; over [T'/At] time
steps (where [x] denotes the smallest integer larger than x).

Lemma 3.4 (uniform minorization condition). Consider the evolu-
tion operator Pa; associated with the Euler-Maruyama discretization (3.26)
on the position space D = (LT)?, and a given integration time 7 > 0. There
exist At*,n > 0 and a probability measure A such that, for any bounded,
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measurable non-negative function f, for any At € (0, At*] and for any ¢ € D,

P f)(g) = / Fdx
D

Such estimates were obtained in Bou-Rabee and Hairer (2013) in unboun-
ded spaces D for a class of Metropolis—Hastings schemes whose proposition
kernel is (3.26). See also Fathi, Homman and Stoltz (2014) and Fathi and
Stoltz (2015) for related results on bounded spaces, as well as Leimkuhler
et al. (2015) and Redon, Stoltz and Trstanova (2016) for discretizations of
Langevin dynamics.

Proof. 1t is sufficient to prove the result for indicator functions of Borel
sets S C D. We therefore aim to prove that

P(q'T/A € 81 ¢ = q) = n \(S),

for a probability measure X\ and a constant n > 0. The idea of the proof is to
explicitly rewrite ¢" as a perturbation of the reference evolution correspond-
ing to VV = 0. Since we consider C'*° potentials and the position space is
compact, the perturbation can be uniformly controlled. More precisely, an
immediate induction argument based on (3.26) gives

" =q¢"+G"+F",

with
2AL n—1 n—1
Gh =D G Fr=—At) VV(d).
B k=0 k=0

Let us now fix n = [T/At] (so that T < nAt < T + At). Then |F"| <
IVV || (T + At), while G" is a Gaussian random variable with covariance
matrix 2nAtS~1 Id,. Therefore,

Plg"€S|¢"=q) >P(G" €S —q—F")

_ (. B d/Q/ e~ 219 4
2mnAt S—q—Fn 2nAt

In the latter expression and below, we assume that the random variable G"
has values in R? rather than D, and regard S—q—F" as a subset of R rather
than D. This amounts to neglecting the periodic images, and henceforth
reduces the probability on the right-hand side of the above inequality. This
is not a problem, however, since we seek a lower bound. Now, for At
sufficiently small, we have T//2 < nAt < 2T, so

1 \%? Blgl? 1\%? Blgl?
— - dg > | == - :
Gae) [, oe(aa) o= (5r) [, oo )
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Since the state space is compact, there exists R > 0 such that |¢ + F"| < R
for any ¢ € D. The conclusion then easily follows by defining the probability

measure A\ as
. Blgl?
AS) = Zz! inf / exp(— dg,
(5) B jQlkr Jsio T

for all S C D, and setting n = Zp(4nT/B)~%2. O

The proof of Lemma 3.4 shows that the measure A has a positive dens-
ity with respect to the Lebesgue measure. Application of Theorem 2.25,
together with an argument similar to that used to obtain (2.78) from the
decay at multiples of a given time, gives the following exponential conver-
gence.

Corollary 3.5 (ergodicity of Euler-Maruyama for compact spaces).
There exists At* > 0 such that, for any At € (0, At*], the Markov chain
associated with Pa; has a unique invariant probability measure va;. This
measure admits a density with respect to the Lebesgue measure. Moreover,
there exist C, k > 0 such that, for all functions f € L*>(D),

HP&f - / fdvag < Ce ™A f|lze, forall n e N. (3.29)
D

Lo

The fact that va; admits a density with respect to Lebesgue measure dg
follows from the minorization condition stated in Lemma 3.4, which ensures
that the Markov chain is irreducible with respect to Lebesgue measure.

3.8.8. Application to Langevin dynamics

Many numerical schemes have been proposed for Langevin dynamics. The
first ones, such as the BBK scheme proposed in Briinger, Brooks and Karplus
(1984), were often obtained by modifications of numerical schemes for de-
terministic Hamiltonian dynamics. Various other schemes have been pro-
posed since then; see for instance Skeel and Izaguirre (2002), Melchionna
(2007), Bussi and Parrinello (2007), Thalmann and Farago (2007) and
Leimkuhler and Matthews (2013a) for recent suggestions.

One systematic way to derive numerical schemes of arbitrary order is
to resort to splitting schemes to analytically integrate the various parts of
the dynamics. However, proving rigorous ergodicity results on the corres-
ponding numerical schemes has so far been done only for compact position
spaces (see Leimkuhler et al. 2015). For unbounded position spaces, implicit
schemes should be considered (see Mattingly et al. 2002, Kopec 2015), in
which case some geometric convergence can be achieved. Alternatively, it
is always possible to superimpose a Metropolis—Hastings step upon the dis-
cretization under consideration in order to stabilize the numerical method
and ensure the existence of an invariant measure.
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We restrict ourselves in the rest of this section to compact position spaces
D = (LT)“. Let us first decompose the generator of Langevin dynamics as
L=A+ B+~C, with

1
B

First-order splitting schemes are obtained via a Lie-Trotter splitting of the
elementary evolutions generated by A, B, vC'. There are six possible schemes
of the general form

A=M"'p-V,, B=-VV(q):-V,, C=-M'p-V,+—-A, (3.30)

Z,Y, X

)

with all possible permutations (Z,Y, X) of (A, B,yC). For instance, the

numerical scheme associated with PZ’A’VC is
Pl =p" — AtVV(¢"), (3.31a)
¢ ="+ At M (3.31Db)

1— 2
P = anp /%M G (3.31c)

where aa; = exp(—yM ~1At), and (G™),>0 are i.i.d. Gaussian random vec-
tors with identity covariance. Second-order splitting schemes are obtained
by a Strang splitting of the elementary evolutions generated by A, B,~vC.
There are again six possible schemes, which are of the general form

PéY,X,Y,Z _ oALZ/2 AY/2 ALX (ALY/2 eAtZ/27

with the same possible orderings as for first-order schemes. In fact, as
already proved in Bou-Rabee and Owhadi (2010), second-order accuracy on
the invariant measure can be obtained by resorting to a first-order splitting
between the Hamiltonian and the Ornstein—Uhlenbeck parts, and discretiz-
ing the Hamiltonian part with a second-order scheme. This corresponds to
evolution operators of so-called geometric Langevin algorithm type, such as

Png’B”C — oAUB/2 (AtA (ALB/2 yAIC

The latter scheme amounts to first performing one iteration of the Verlet
scheme (eAtB/2 AtA ¢ALB/2) and then updating the momenta via an ana-
lytic integration of the Ornstein—Uhlenbeck process (which corresponds to
72t Among all these splitting schemes, some lead to smaller errors on the
invariant measure. Moreover, only certain geometric Langevin algorithms
and second-order splitting schemes admit invariant measures consistent with
v in the overdamped regime v — 0. See Leimkuhler et al. (2015) for more
precise statements.
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Remark 3.6 (stability). Stability is a necessary condition for the ex-
istence of an invariant measure pa; for the numerical scheme under con-
sideration. This property is guaranteed by the existence of a Lyapunov
function K for the transition operator Pa; (see Theorem 2.25), which typ-
ically requires the time step At to be sufficiently small. For discretizations
of Langevin dynamics, the stability conditions are similar to those obtained
for discretizations of the Hamiltonian dynamics, which correspond to v = 0;
see Leimkuhler and Matthews (20135, 2015). Note indeed that all the split-
ting schemes introduced above reduce to a symplectic discretization of the
Hamiltonian dynamics when v = 0. Recall also that the numerical stability
of these schemes requires the time step At to be sufficiently small. For one-
dimensional systems with a harmonic potential V' (q) = w?q?/2, the stability
constraint reads wAt < 2. For more general systems, this means that the
time step has to be of the order of a fraction of the period of the fastest
vibrational modes.

As for overdamped Langevin dynamics, Theorem 3.3 can be used to ob-
tain error estimates on the invariant measure (i.e. (3.18) with 7 replaced by
w), with either p = 1 for first-order splitting schemes or p = 2 for second-
order splitting schemes and geometric Langevin algorithms. We consider
the hierarchy of scale functions K, (q,p) = 1 + |p|?". There are three types
of assumptions to be checked.

(i) Assumptions on the generator Ay = L of the continuous dynamics.
The stability of the space of smooth functions Sy under £~ follows
from careful analysis of the proof presented in Talay (2002), as provided
in Kopec (2015, Appendix A) for unbounded position spaces (the ad-
aptation to compact position spaces allowing simplification of some
arguments).

(ii) Assumptions on the invariant measure pay of the numerical scheme.
It can be proved that there exists an invariant measure pa; such that
K, € Ll(um) for all n > 0. In fact, similarly to Corollary 3.5, a much
stronger result can be stated, namely the exponential convergence of
the law to a unique invariant measure, in any space Lg® (£) and with
a rate independent of the time step (see Leimkubhler et al 2015). The
proof of the existence and uniqueness of the invariant measure can be
somewhat simplified if no uniform convergence rate is sought (as done
in Mattingly et al. 2002).

(iii) Assumptions on the differential operators arising in the expansion in
powers of At of the evolution operator Pa;. The expressions of these
operators are conveniently obtained for splitting schemes with the
Baker—Campbell-Hausdorff formula; see for instance the presentation
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in Hairer et al. (2006, Section 111.4.2). Such computations are reported
in Leimkuhler and Matthews (2013a) and Leimkuhler et al. (2015).

3.3.4. Remouving the systematic error

The estimate (3.18) not only allows us to estimate the order of magnitude
of the error on average properties arising from the discretization of the
dynamics, but also provides an expression of the leading-order term in the
difference as

/godWAt—/ <pd7r:Atp/ @ fpr1 dm + O(APT).
X X X

There are two principal strategies for reducing/removing the leading-order
term on the right-hand side of the above equality.

(1) Using Romberg extrapolation as already suggested in Talay and Tubaro
(1990), by performing simulations with two different time steps, in
order to eliminate the leading-order error term by an appropriate linear
combination of the associated estimators.

(2) Directly estimating the correction term by reformulating it as an in-
tegrated correlation function. This is possible when A; = £, namely
for schemes of weak order at least one. Indeed, the expression (3.19)
for fpi1 leads to

/XSOpr dm —/ Hofpyrdr = —/ (L7 ') gy drr

+o0
:/ / el Hgo Gpt1 dm dt

= — /0 E[p(xt)gp+1(xo)] dt, (3.32)

where we have implicitly assumed that decay estimates hold for the
semigroup e'* (which allows us to rewrite the resolvent —L~! as a
time integral of the semigroup), and where the expectation E, is over
all initial conditions zg ~ 7w and for all realizations of the dynamics
with generator £. Recall that the expression of the function g,41 is
usually not too difficult to obtain once the expansion (3.15) has been
worked out: see the discussion after (3.20). The integrated correlation
on the right-hand side is then approximated as described in Section 5
(see Theorem 5.6). This strategy has been tested on a simple case in

Leimkuhler et al. (2015): see Figure 5.1 in Section 5.3 below.

An alternative strategy consists in using a Metropolis—Hastings algorithm
with the numerical scheme as a proposal, in order to completely remove
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the systematic error due to the time discretization. This is straightforward
for reversible dynamics such as overdamped Langevin dynamics. When
an Euler—-Maruyama scheme is used, one obtains the so-called Metropolis-
adjusted Langevin algorithm (MALA) in the statistics literature, known
as smart MC in the chemistry literature (Rossky, Doll and Friedman 1978,
Roberts and Rosenthal 1998). Another advantage of superimposing a Metro-
polis—Hastings procedure upon a discretization of overdamped Langevin
dynamics is that it stabilizes the numerical scheme even for non-globally
Lipschitz forces VV: an invariant probability measure exists by construc-
tion, which ensures the recurrence of the Markov chain. In contrast, nu-
merical discretizations which are not stabilized by a Metropolis—Hastings
procedure may be transient, as discussed in Section 3.2.

For Langevin dynamics, some care has to be taken since the transition
kernel associated with the Hamiltonian dynamics is irregular (because the
noise acts only on momenta), which raises some difficulties in the defin-
ition of the Metropolis—Hastings ratio. It is nonetheless possible to use a
Metropolis—Hastings procedure for schemes based on a splitting between the
Ornstein—Uhlenbeck process on the momenta and a reversible discretization
of the Hamiltonian part, upon reverting momenta when rejecting proposed
moves; see Lelievre et al. (2010, Section 2.2.3.2) for a precise discussion.

However, Metropolis corrections are usually not implemented in popular
molecular dynamics packages such as NAMD since it is not always possible
or desirable to use a Metropolis correction. First, the average acceptance
probability in the Metropolis step for MALA or related algorithms in general
decreases exponentially with the dimension of the system for a fized time
step. In fact, the time step should be reduced as some inverse power of the
system size in order to maintain a constant acceptance rate (see Roberts,
Gelman and Gilks 1997, Roberts and Rosenthal 1998). There are two ways
to limit the decrease of the acceptance probability.

(i) Change the dynamics or the measure used to compute the Metropolis
ratio. For the Metropolization of the Hamiltonian dynamics, see the
works by Izaguirre and Hampton (2004) and Akhmatskaya and Reich
(2005) where the Hamiltonian H in the canonical measure is changed
to H+ At2H , with H the first-order correction arising from backward
error analysis. For the Metropolization of overdamped Langevin dy-
namics, see Fathi and Stoltz (2015).

(ii) Evolve only subparts of the system (in the spirit of a Gibbs sampler),
as advocated by Bou-Rabee and Vanden-Eijnden (2012).

However, the latter strategy may complicate the implementation of parallel
algorithms for the simulation of very large systems, especially if long-range
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potentials are used (as acknowledged in Bou-Rabee and Vanden-Eijnden
2012, Remark 2.5). Second, the variance of the computed averages may
increase since rejections occur, and the samples along the numerical tra-
jectory are therefore more correlated in general than for rejection-free dy-
namics. Lastly, the Metropolis procedure requires that the invariant meas-
ure w of the continuous dynamics is known. This is the case for Langevin
and overdamped Langevin dynamics with forces —VV (q). However, for
non-reversible systems subjected to external forcings such as a temperature
gradient or a non-gradient force (see Section 5), the invariant measure of
the continuous dynamics is not known.

3.4. Variance reduction

As already mentioned in (3.14), the variance of trajectory averages com-
puted with discretizations of SDEs are consistent with the variance of tra-
jectory averages computed with the continuous dynamics they approximate.
In this section we discuss standard ways to reduce this variance in order to
decrease the statistical error in the estimated averages (3.10).

A first important distinction should be made between target-oriented vari-
ance reduction, which corresponds to reducing the asymptotic variance gg
defined in (3.5) for a given observable ¢; and a general-purpose reduction,
for which the aim is to decrease

2

S
sup ————— = sup Q/Hap(—ﬁlﬂgo)dﬂ'. (3.33)
per2(m ol2m2  jgllan, <t Ja

In (3.33), we choose ¢ € L?(7) for simplicity, but the same question may
be raised for specific subsets of L?(7).

For Markov chains or Markov processes, the fact that the variance is
large is due to the fact that the correlation time of the dynamics is large
(see the discussion after (3.6)), which itself is due to the metastability of the
process. The idea is therefore to modify the dynamics in order to remove,
or at least reduce the metastability, while still being able to reconstruct
canonical averages.

We present in this section standard variance reduction techniques for
Markov processes. These techniques are extensions of methods used for
i.i.d. sequences, for which a review is provided in Caflisch (1998). The
most famous techniques are antithetic variables, stratification, control vari-
ate methods and importance sampling. We present flavours of the latter
three approaches in this section.

3.4.1. Stratification

Stratification is a way of decomposing a difficult sampling problem into sev-
eral easier ones. Ideally, the phase space should be decomposed into the

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

PDES AND STOCHASTIC METHODS IN MOLECULAR DYNAMICS 773

collection of all metastable states, corresponding to local minima of the po-
tential energy function, and these regions should be independently sampled.
The local averages in each region should then be reweighted according to
the canonical weight of the region itself. This method is therefore a general-
purpose variance reduction technique.

There are two major ways to make this idea practical, depending on
whether the considered regions overlap.

(i) When there is some overlap between the regions, bridge sampling meth-
ods such as MBAR (Shirts and Chodera 2008) can be used. The
method is based on several works in statistics (Geyer 1994, Meng and
Wong 1996, Kong et al. 2003, Tan 2004).

(ii) Non-overlapping regions can also be constructed as the level sets of
some real-valued function of the configuration of the system. In this
case, the sampling is performed by constraining the dynamics on the
level set, and varying the constant defining the level set in order to
sample the full phase space. This method is known as thermodynamic
integration, with a reconstruction performed by computing the free
energy: see Section 4.5.

3.4.2. Control variate
The control variate method is a classical technique for variance reduction,
although it is not so often used in molecular simulation. Consider the case
when thermodynamic averages such as (1.3) or (1.4) are estimated by er-
godic averages of a stochastic dynamics with generator £. Recall that we
denote the invariant measure by 7 and the configuration of the system by
x € X, so that thermodynamic averages read E ().

Let us first explain the general principle of control variates applied to a

simple example. Consider a given observable ¢, and introduce an observable
¢ such that E;(¢) = 0. Then,

Er(p) = Ex(p — ¢).

The idea now is to choose ¢ such that Var,(¢ — ¢) is much smaller than
Var;(¢). Of course, the optimal choice is ¢ = ¢ — E;(¢), in which case
Var, (¢ — ¢) = 0. Note however that the optimal control variate depends
on the quantity of interest, E;(y), which is not available.

A systematic way of constructing admissible control variates (that is,
functions with average 0 with respect to 7) is to choose them in the image
of the generator £. Indeed, the invariance of the measure m, formulated
as (1.17), leads to the following equality: for any C°° and compactly sup-
ported test function P,

Baly) = Enlp = £0) = [ (o= LB)dr (3.34)
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The optimal choice corresponds to the solution of the Poisson equation
L =¢—E (). (3.35)

The solvability of this equation is ensured by Corollaries 2.4, 2.16, 2.21
and 2.27, depending on the dynamics at hand and/or the integrability
properties of the observable ¢ under consideration. By construction, the
estimator based on (3.34)—(3.35), namely

¢

+ [ el - o) s
has a variance equal to 0 since ¢(x) —LP(x) = E,(p) for any value of x € X.
Such approaches were first suggested for Markov chains in the computational
statistics literature (Andradéttir, Heyman and Ott 1993, Henderson 1997)
but have also been proposed in the statistical physics literature (Assaraf
and Caffarel 1999), where they are known as the ‘zero-variance principle’.

In practice, it is generally impossible to solve the Poisson equation (3.35)
exactly. However, it is possible to approximate the ideal function @ in (3.35)
on a basis of K trial functions ®1,...,®g. This amounts to optimizing the
coefficients a = (a1, ...,ax) € R such that the variance of the estimator

K
. I
@t(aly .. 7GK) = ; / ¢a1,...,aK (xs) ds, ¢a1,...,aK =® - Z ap Ly,
0 k=1
is minimal.

3.4.3. Importance sampling

The basic idea of importance sampling is to change the measure which
is sampled into a measure which is easier to sample. In the context of
molecular simulation, this is most commonly done by changing the potential
energy function V' in the dynamics to a modified potential V + V. However,
there are alternative strategies: see for instance Redon et al. (2016), where
the kinetic energy function is modified for Langevin dynamics. The modified
overdamped Langevin dynamics associated with the potential V4V, namely

is then ergodic for the modified probability measure vy; = Z‘gl e~ AV, Like-
wise, the modified Langevin dynamics

d(}Jt:M_lﬁtdtv
- - L 7
dpr = ~V(V + V)(@)dt — v M 1ptdt+1/%th
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is ergodic for the modified canonical probability measure ug = Z‘;l e AV .
The fundamental observation to retrieve averages with respect to v or pu
with realizations of the modified dynamics is that

B B fptpeﬁvduf/ B fggoeﬂf/du(/
/DSO((J) v(dg) —/g@(Q)M(dqdp) T o du (3.37)

Therefore, the following estimator is considered:

f() eBV q.s) ds
fO eﬁv(qs) ds

~V
Pt =

(3.38)

After discretization in time, the estimator {527 is approximated by

Ni er V(gn
@\7 — Zn:t() Sﬁ(an) eﬁV(q )
NitemAt Zf:fl_tar eﬁv( )

I

where ¢" is an approximation of g,a;.

In order for importance sampling to be efficient, the weights BV (@) should
not be too degenerate. This can be quantified in various ways, for instance
through the so-called efficiency factor

(ZnNi‘ff (_3.67/(«1"))2
Niter Z,’lel:tar e26‘7(q")

The fact that this number is indeed between 0 and 1 can be seen via the
Cauchy—Schwarz inequality. The efficiency factor counts the fraction of
significant values on average. It should be as close as possible to 1, which
is indeed the case if the weights are of similar magnitudes. In the statistics
literature, the efficiency factor corresponds to the effective sample size of
Kong, Liu and Wong (1994) divided by the number of sampled values.
When the observable ¢ under consideration is fixed (target-oriented vari-
ance reduction), it is possible to optimize the importance sampling proced-
ure in order to minimize the variance of the estimator. We illustrate this
fact for samples ¢" independently and identically distributed from a meas-

€ [0,1].

ure with density e_ﬂ(V(QHV(‘?)), whose normalization constant fortunately
does not need to be known. Consider the estimator

o Niter V(g™
Lid T o (g V@ .
Niter — Niver BV q ~ vy ii.d.
Zn:O € a

A simple computation based on the equality” vpv = e BV Zy/Z;; shows

9 With some abuse of notation, we denote the measures vi7(dg) and their densities by
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that

VNiter #Z;’}:ﬁer[ (Nn)_EV( )]y%(/\n)
\/Nlter({ﬁnj\?v EV((P)) = [Nlter 1 0 7 v ! ]

N ~
T S £ (@)

By the law of large numbers, the denominator almost surely converges to 1 as
Niter — +00, while, by the central limit theorem, the numerator converges
in law to a Gaussian distribution with variance

21/2
Z(p) = /D(H@,

vy

where we introduced Ilp = ¢ — E,(¢). By Slutsky’s theorem, the random

variable
V N1ter (@nj\;ltz EV (90))

therefore converges in law to a Gaussian distribution with variance g‘%(gp).
The Cauchy-Schwarz inequality on L?(v;) now shows that

Z(p) = ( Dmf"/ ) (/ ng|dy> ,

with equality if and only if [TIp|v/v; o< 1. The optimal biased measure for
i.i.d. sampling is thus

e (q)[ (dg)
Jp He|dv

which formally corresponds to the potential

V(g) = —; log [Mp(q)].

The latter expression is singular at configurations ¢ such that IIp(q) = 0.
More importantly, the expression of 1% depends on E,(¢), and is therefore
not available as such. We will extend such importance sampling approaches
to averages over the path space in Section 6.2, and will also show how to
approximate the optimal bias in this context.

Let us finally discuss general-purpose variance reduction in the context
of importance sampling. In view of the definition (3.33), a reduction in the
variance for any observable ¢ amounts to a decrease in the operator norm
of the symmetric part of £L~1. Note indeed that only the symmetric part of
of £7! matters in the right-hand side of (3.33). For overdamped Langevin
dynamics, the generator is self-adjoint: £ = L£* when these operators are

vy (dg) =

the same symbol. The ratio v /v is the Radon-Nikodym derivative of v with respect
to v.
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considered on L?(v). General variance reduction therefore amounts to in-
creasing the spectral gap of the operator (see (2.82)). This can be done
by choosing V to erase local minima in V' which degrade the Poincaré/LSI
constants (see Section 2.2). In Section 4 we discuss good choices of 1%
to overcome such metastability issues. When the generator £ is not self-
adjoint, there are a priori no simple relationships between the symmetric
and antisymmetric parts of £ and its inverse. However, some results can
be obtained for specific dynamics, such as overdamped Langevin dynamics
perturbed by a divergence-free non-reversible drift: see Duncan, Lelievre
and Pavliotis (2016) and Rey-Bellet and Spiliopoulos (2016).

4. Free energy computations and adaptive importance
sampling methods

This section is devoted to presentation of a sampling method of the canon-
ical measure, which was developed in the field of molecular dynamics but
could also be used in many other contexts. As explained in Section 1.2,
sampling the canonical measure is difficult because the dimension is large,
and the measure is multimodal. The high-dimensionality of the problem en-
tails the use of stochastic dynamics to sample the target measure, and the
multimodality of the target implies the metastability of the process (and
thus the slow convergence of time averages). In this section we present
techniques which circumvent the difficulties raised by the metastability of
the sampling dynamics, by using two ideas.

e Use an importance sampling method (see Section 3.4.3) by changing
the original potential V to!® V — F o ¢, where F is the so-called free
energy associated with the reaction coordinate £ (see Section 4.1 for
precise definitions).

e Since the free energy is not available in practice, instead of the biasing
potential F'o&, an approximation F; o is used, where F; is an estimate
of the free energy at time ¢, given all the configurations visited so far:
F; is updated on-the-fly in order to better approximate the free energy
F as time goes on (this is the adaptive feature of the approach).

Methods of this type are thus called free energy adaptive biasing techniques,
and encompass many algorithms (Lelievre, Rousset and Stoltz 2007): the
adaptive biasing force (Darve and Porohille 2001, Hénin and Chipot 2004),
the Wang—Landau algorithm (Wang and Landau 2001a, Wang and Landau
2001b), metadynamics (Laio and Parrinello 2002, Bussi, Laio and Parrinello
2006), and the self-healing umbrella sampling method (Marsili et al. 2006,
Dickson et al. 2010).

10 Here and in the following, o denotes the composition operator.

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

778 T. LELIEVRE AND G. STOLTZ

This section is organized as follows. In Section 4.1 we introduce the notion
of free energy. In Section 4.2 we present in detail the two families of adaptive
techniques: adaptive biasing potential (ABP) and adaptive biasing force
(ABF) methods, in a rather general setting. Section 4.3 is devoted to the
mathematical analysis of an ABF approach based on entropy techniques and
logarithmic Sobolev inequalities (in the spirit of the techniques introduced
in Section 2.2). For pedagogical purposes, this mathematical analysis is
presented in a simple setting. Extensions and related works are mentioned
in Section 4.4. The focus of this section is thus on adaptive techniques.
We will show in particular how an analysis based on partial differential
equations is very useful for understanding the efficiency of the methods.
However, we will also give a quick overview of other free energy calculation
techniques in Section 4.5.

4.1. Free energy

4.1.1. Reaction coordinate

In order to introduce the notions of free energy and reaction coordinate,
let us go back to the simple two-dimensional experiments of Section 1.2
reported in Figure 1.1. On the time evolution of the x-coordinate of the
stochastic process, one observes metastable features: the process remains
trapped for a very long time in some interval around —1 before hopping to
another metastable region, around 1. The transition between the two meta-
stable states can be inferred from the time evolution of the z-coordinate.
The z-coordinate is thus a slow variable of the system, in the sense that the
typical time scale on which hopping events occur is much larger than the typ-
ical time scale of vibrations within metastable regions. In this simple two-
dimensional example, a reaction coordinate is thus the function &(z,y) = x
(where we let (z,y) denote the two components of the position q). Generally
speaking, a reaction coordinate is a function

¢RI R™

with m < d, such that (£(q;))i>0 is a metastable process. Here and in the
following, we assume for simplicity that the position space D is R?, but
the generalization to a general space D is straightforward. The function &£
thus indexes the transitions between some metastable states. In addition
we require the dimension m of the reaction coordinate to be as small as
possible, in order to have a low-dimensional representation of the original
high-dimensional system via (£(g¢))i=0 (for the numerical methods presen-
ted in this section, m is typically required to be less than 4, even though
some methods have been proposed to deal with higher-dimensional reaction
coordinates; see for example Piana and Laio 2007). In practice, it could
be an angle in a protein, for instance, which characterizes the conformation
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of the molecule, or the position of a defect in a material. For choosing a
reaction coordinate &, the practitioner needs some a priori knowledge of the
system, since the reaction coordinate should characterize the conformations
of the system which correspond to some metastable states of the dynamics.

4.1.2. Free energy

Once a reaction coordinate & has been chosen, one can introduce the free
energy associated with £. Let us again go back to the simple two-dimensional
example of Figure 1.1, and to the specific choice {(z,y) = x. One can define
the marginal distribution of

v(dzdy) = Z, " exp(—BV (z,y)) dz dy,

in x, namely the probability measure on R:

(Zyl/Rexp(—ﬁV(x,y))dy> dz.

Notice that the integration is performed only over y in the previous defin-
ition. Then, the free energy F(z) is defined so that exp(—SF(x)) is the
density of this marginal law:

F(r) = —B1111(2,,1/exp(—ﬂV(fE,y))dy>.
R
In a more general setting, a similar definition holds.

Definition 4.1 (free energy). The free energy F' : R™ — R associated
with the canonical measure v(dq) = Z, ! exp(—BV(q)) dgq and the reaction
coordinate £ : R¢ — R™ is defined by

F(z) = —p7t ln(/z( )exp(—ﬂV(q))ég(q)z(dq)), for all z € R™, (4.1)

where (z) = {q € R%, £(q) = 2}.

The free energy F' (as the potential V) is actually defined up to an additive
constant, and is such that Z.' exp(—BF(z)) dz, where

Zp = /m exp(—pF(z))dz = Z,,

by definition (4.1), is the image of the measure v by & (or equivalently
the marginal distribution of v along £). Since the free energy F' is defined
up to an additive constant, quantities of interest are actually free energy
differences between two states indexed by &.

In Definition 4.1, we used the delta measure d¢(4)_.(dq), which is a meas-
ure supported by the submanifold ¥(z). One way to define this measure is
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the following: the delta measure d¢(y)—.(dg) is such that ‘5¢(y)—.(dg) dz =
dq’. More precisely, for all C"*° and compactly supported test functions
A:R™ - Rand B:R? — R,

AoswB@in= [ ([ Bargan)as 42

Rd

The delta measure can be understood using a regularization procedure: for
any C* and compactly supported test function A : R — R,

/E A1) = iy | A8 E) ~2)dg

e—=0 Jrd

where 0° is a C*° approximation of the identity (when ¢ — 0, §° converges
to the Dirac in the sense of distributions).

Remark 4.2 (co-area formula). The delta measure can also be defined
in terms of the surface measure oy ;) over the submanifold ¥(z) C R,

equipped with the Riemannian structure from R¢%:
S¢(q)—-(dg) = (det G)™/? dorgy,),
where
G = (VE)TVE, (4.3)
which has components
Gop =V Ve, forall (a,f8) €{1,...,m}%

The equivalence between this definition and the previous one is a con-
sequence of the co-area formula (Ambrosio, Fusco and Pallara 2000, Evans
and Gariepy 1992, Lelievre et al. 2010). Note that it is implicitly assumed
here and in the following that det G # 0 (where G is defined by (4.3)). Con-
trary to the surface measure oy, the measure d¢(;)—.(dz) does not only
depend on ¢ via its level set 3(z), but also depends on the value of V& over
Y(z). Note that in the simple case where m = 1 (one-dimensional reaction
coordinate), det G = |V¢£|2. Further, when &(q1, ..., q4) = (g1, .-, Gm), then
det G = 1 and 6¢(q)—~(dq) = dgm+1--- dgn is simply the surface measure on
the hyperplane

S(2) ={g € R (g1, qm) = (21, -, 2m)}-

Once F has been defined by (4.1), the fact that Z,'exp(—BF(z))dz is
the image of the measure v by ¢ is actually a direct consequence of (4.2).
Indeed, for any C*° and compactly supported test functions 4 : R™ — R
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and B : R — R,
BL(AE@)B@) = [ Ao)B0)Z;" exp(=BV (@) dg
= [ ([ Bz exp(= BV ()3 = (d) ) d:

() Je2) B(@)Z, " exp(—BV (4))d¢(q)—=(da)

Zztexp(—BF(z))dz.

R Zp " exp(—BF(2))
Note that
27 expl-BF @) = [ 2 expl-8V (@) --(ca)
3(z)

so the fraction in the above integral defines the average of B with respect to
a probability measure supported by ¥(z). More precisely, from this formula,
one immediately gets that the marginal law of v along & is Z;l exp(—pF(z)),
and that the conditional probability of v, given that {(z) = z, is given by

Z; exp(—BV (q))d¢(q)—-(dq) |

v(dglé(q) = 2) = — (4.4)
Zp" exp(=BF(2))
Observe that, up to an additive constant,
F(z)=—-p"'InZ., (4.5)

where
Z, = /E( )ZJlexp(—ﬁV(q))5g(q)—z(dQ)

is the partition function of the probability measure v(dq|é(q) = z). This
justifies the name ‘free energy’ (see Lelievre et al. 2010, Section 1.3.1.2).

As a consequence, the free energy F' can be seen as a ‘coarse-grained’
potential function (for the degrees of freedom £(g)), which is thermody-
namically consistent with the original Boltzmann—Gibbs measure v, since
the Boltzmann-Gibbs measure associated with F (i.e. Zp"' exp(—8F(2)) d2)
is exactly the marginal law of v along £. In fact, computing the free en-
ergy is now the aim of many molecular dynamics simulations (see Chipot
and Pohorille 2007), since it gives a reduced description of the system along
specific degrees of freedom (the reaction coordinate).

4.2. Free energy adaptive biasing techniques

Let us now discuss why the free energy is useful for sampling purposes.

4.2.1. Free energy biased dynamics
As explained above, the main idea of free energy biasing techniques is to
use an importance sampling approach by replacing the original potential V'
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by the biased potential V — F o&, where F' is the free energy associated with
the reaction coordinate £. The intuition behind this idea is that by doing
so, the metastable features of the original potential along & will be removed.
Indeed, by the very definition of F', the marginal of the Boltzmann—Gibbs
distribution Z =t exp(—B(V — F 0 £)(q))dq in € has density

/E LAV (@)~ P o €@y -(do)
—exp(3F() [ expl-V (@)degy+(d0)

3(z)
— exp(BF(2)) exp(—BF () = 1 (4.6)

(up to a normalizing constant). This means that along £ the biased measure
Z Vexp(—B(V — F 0 €)(q))dq is uniform. For the normalizing constant
Z = [gaexp(—=B(V — F o ¢)(q))dg to be finite, one needs to consider a
situation where £ lives in a compact space (for example the torus if one
thinks of an angle as a reaction coordinate) or to restrict the bias to a
compact domain of R™. The idea is thus as follows. If the free energy F' were
known, it would be a good biasing potential since the biased Boltzmann—
Gibbs measure Z ! exp(—3(V —Fo¢)(q)) dg has a marginal law in & which is
the uniform law. It is thus expected that the associated sampling dynamics
(say Langevin or overdamped Langevin with V' — F o £ as a potential) will
no longer be metastable along the reaction coordinate &.

Before explaining how to make this idea practical by changing F' to an
approximation of F' in the previous reasoning, let us check that F' is in-
deed a good biasing potential on the simple two-dimensional examples we
considered in Section 1.2. In Figure 4.1 we again plot the z-coordinate for
overdamped Langevin dynamics as a function of time, but using the biased
potential V' — F o £ instead of the original potential V', with &(z,y) = x as
a reaction coordinate. In these simple two-dimensional examples, the free
energy can be very easily computed by a simple integration in y, for a fixed
value of . By comparing the results with those of Figure 1.1, it is obvious
that the biased dynamics yields a much better coverage of the configuration
space: the system now freely moves from x = —1 to x = 1, both in the
energetic and the entropic barrier cases.

4.2.2. Updating formulae

Let us now explain the second key idea of free energy adaptive biasing
techniques, namely the adaptive feature of these numerical methods. As
explained above, we would like to use V — F o £ as a potential instead of V.
The problem is that F' is unknown (it is actually the aim of many molecular
dynamics computations to compute F'). The idea is then to use V — Fy 0 &
as a potential, and to update F} in such a way that F; better approximates
F' as time goes on.
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Figure 4.1. To be compared with Figure 1.1. (a,b) Energetic barrier case, (c,d) en-
tropic barrier case. (a) Level sets of the free energy biased potential. (b) Time
evolution of the z-coordinate on the biased potential (8 = 4). (c) Free energy.
(d) Time evolution of the z-coordinate on the biased potential (8 = 10).

There are two different strategies. Adaptive biasing potential (ABP) tech-
niques rely on the following formula for F":

exp(—pF(z)) = /( )exp(—BV(q))éﬁ(q)_Z(dq), for all z € R™.
Y(z

Thus an approximation of F' at time ¢ (up to an additive constant) is given

by using the empirical marginal distribution along £ of the configurations

visited so far:

exp(—pF;(z)) ~ /Ot 0°(&(gs) — z)ds, for all z € R™,

where (gs)s>0 follows Langevin (1.9) or overdamped Langevin (1.8) dynam-
ics with the potential V and §° is a C'*° approximation of the identity. Now,
imagine that at a given time ¢, an approximation Fy of F' is used to bias
the dynamics: the potential seen by the particles is V' — Fy o { instead of V.
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Then, a natural updating formula for Fy is

el o) I
exp(—pF; (= /(5 (¢s) me eXp(—BFSE(Z))dEd’ (4.7)

for all z € R™, where (gs)s>0 now follows Langevin or overdamped Langevin
dynamics with the biased potential V' — F¥ o ¢ at time s. The factor

exp(—BF;(£(gs)))
Jgm exp(—=BFE(2)) dZ

is introduced in order to unbias the sample g5 which, if immediate equilib-
rium with respect to the biased potential were reached, would be distributed
according to Z; ! exp[—B(V (q) — F£ 0£&(q))] dg (this is the unbiasing formula
(3.37) mentioned above). The updating strategy (4.7) is one example of
an ABP technique. We refer to Fort, Jourdain, Lelievre and Stoltz (2015b)
for more details on this specific example, and to Dickson et al. (2010) for
a similar approach using a different normalization technique on F?. For
other ABP methods, we refer to Wang and Landau (2001a, 2001b), Laio
and Parrinello (2002), Bussi et al. (2006) and Marsili et al. (2006), and to
Fort et al. (2014, 20154, 2015b) for associated numerical analysis. The fun-
damental idea of all these ABP techniques is to penalize the states already
visited in £ in order to favour transitions to new regions in £. As the simu-
lation continues, the penalization strength on F; tends to zero, and all the
states in & are equally probable. In (4.7), the penalization strength is the

multiplicative factor ( [p. exp(—B8F<(Z)) dé)_l. Indeed, we have

d | exp(—BIFF (€(a) — FE(2)])

tht (2) = B‘SE(E((R) —z) me exp(—BFF(3)) dz

Because of the prefactor §°({(q;) — z), the numerator
exp(=B(F; (€(ar)) — F; (2)))

is close to one. Further, it can be checked that ( [pm exp(—BFf(Z)) di)_l
behaves as 1/t in the large ¢ limit; see Fort et al. (2015b) for a precise
statement in a discrete setting. In view of (4.8), this means that there is a
vanishing rate of adaptation of the estimated free energy. More precisely,
the adaptation rate decays as 1/t for the updating strategy (4.7). Other
vanishing adaptation rates can be used while still ensuring convergence: see
Fort et al. (20154, 20150).

The second strategy is to approximate VF instead of F'. Such techniques
are thus called adaptive biasing force (ABF) methods. Indeed, note that in
Langevin or overdamped Langevin dynamics, only VF is needed and not
F'. To introduce this updating strategy, we need a formula for VF. To give
a heuristic for this formula, let us go back to the two-dimensional example

(4.8)
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of Section 1.2, where ¢ = (z,y) € R? and &(x,y) = x. In this case, as
mentioned above, we have

Fe) = =5~ to( [ eV (@) a).
Thus, by a simple computation, we obtain

b . exp(—BV (z,y)) dy
P = [ v Y exp(—BV (e y)) dy’

We thus see that F'(x) is the average of 9,V (q) with respect to the condi-
tional probability measure

(4.9)

) oy esp(=BV(2,y)dy
v(ltta) =2) Jaexp(=BV (z,y)) dy’

that is,
Fl(z) = E,(0:V(9)[¢(q) = ).

This simple observation can be generalized to any reaction coordinate, and
we have the following result (Sprik and Ciccoti 1998, den Otter and Briels
1998).

Lemma 4.3. Let I' : R™ — R be the free energy associated with the
Boltzmann-Gibbs distribution v(dg) = Z, ! exp(—8V(q)) dg and the reac-
tion coordinate & : R? — R™, as introduced in Definition 4.1. Then,

. eXp(—ﬁv(Q))(Sg(q)—z(dQ) or all = m
VF(z)—/E(Z)f(q) ol R ferall € R, (110)

with f = (f1,..., fm) defined as

fa= ZG;}VV@ -VV — g~ tdiv <Z Ga}nyv)» for all a € {1,...,m},
v=1 =1
(4.11)

where G;}7 is the (v, y)-component of the inverse of the matrix G defined

by (4.3).

In probabilistic terms, we have VF(z) = E,(f(q)|¢(q) = z), where the
family of conditional measures v(dg|{(q) = 2) is defined in (4.4). The gradi-
ent field VF (or, depending on the convention at hand, its opposite) is called
the mean force, while f (or its opposite) is called the local mean force or the
instantaneous force. In the simple two-dimensional case mentioned above,
when £(z,y) = z, we simply have f = 9,V and (4.10) is consistent with
the simple computation (4.9) made above. For a one-dimensional reaction
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coordinate, equation (4.11) simplifies to

\ Y
f= !V§2 VYV -8 1d1v<’v§2>. (4.12)

The proof of Lemma 4.3 is a consequence of the identity d¢(,)—.(dg) dz = dg
and can be read in Lelievre et al. (2010, Section 3.2.2).

Adaptive biasing force methods rely on the formula (4.10) for VF, which
we rewrite for convenience in the form

o exp(—pV (q ))5£(q -(dg)
VE(z) = /E(z fg( exp(—BV(q))d¢(q)—=(dg)’

The fundamental observation is that, whatever the biasing potential F} :
R™ — R, we still obtain

for all z € R™.

exp(=B(V — F; 0 £)(q))d¢(q)—-(dq)
vEE) = [ i To oP(— BV — F, 0 )(0)) ety (0a)
for all z € R™. This is because the conditional measure
exp(=B(V — F; 0 £)(q))d¢(g)—-(dq)
Js(zy exp(=B(V — Fy 0 €)(q))¢(g)--(dq)
does not depend on F} (the factor exp(SF; o £)(q) = exp(BFi(z)) cancels).

This explains the principle of the updating formula for ABF approaches,
which is to consider the biasing force

Ii(2) = E(f(g)[€(qr) = 2) (4.14)

at time ¢, where ¢, follows Langevin or overdamped Langevin dynamics with
the biased force

(4.13)

—VV Qt Z Vfa (Qt)

at time . We will give an example of such ABF dynamics below: see
(4.18). The fundamental property of ABF strategies is thus to approximate
the mean force in the visited states in £, and to use this mean force as a
bias in order to favour transitions to new regions in &.

Note that ABP and ABF strategies are different in nature. Even though
the formula (4.10) for VF is simply the derivative of the formula (4.1) for
F, the updating formula (4.14) for ABF is not related to the derivative of
the updating formula (4.7) for ABP (in particular, I'; is not a gradient field
in general).

Such free energy adaptive biasing techniques are now used on a daily
basis in the molecular dynamics community, in order to efficiently compute
the free energy associated with a reaction coordinate (Chipot and Pohorille
2007). These approaches are in principle useful in other contexts, once
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the sampling of a multimodal measure is involved (see for example Chopin,
Lelievre and Stoltz 2012 for an example in computational statistics, for
Bayesian inference).

The practical implementation of all these ideas involves three types of ap-
proximations: (i) discretization in time of the dynamics, (ii) discretization in
space of the values taken by the ¢-variable (at least if £ takes continuous val-
ues), and (iii) an approximation procedure of the average values considered
in both approaches. The first approximation is related to the numerical ana-
lysis of time discretization schemes, already discussed in Section 3.2. The
second approximation is rather standard: classical projection techniques on
finite-dimensional spaces can be used (e.g. piecewise constant functions, fi-
nite element approximations, spectral approaches), and standard numerical
analysis approaches give the associated error. Approximation (iii) can be
performed using two approaches: time averages over a trajectory following
the biased dynamics (this is what was chosen in (4.7)) or averages over many
replicas (also called walkers in this context) which all follow the biased dy-
namics with the same bias, but driven by independent noises. For example,
the discretization of (4.14) in this case would be

pke (s = Sk L0 (a™ = 2))
e (€™~ 2))

where K is the total number of walkers, and € > 0 is (as in (4.7)) the para-
meter of the C* kernel 0 which approximates the Dirac mass. In (4.15),

, (4.15)

qf K s the position of the kth replica. In practice, a combination of both
time averages and averages over replicas can be used. From a numerical
point of view, the interest of a multiple walker strategy is that an addi-
tional selection procedure can be used to duplicate walkers which visit new
regions in ¢, and kill walkers which are in already well-sampled regions (see
Lelievre et al. 2007). In addition, as theoretically explored in Lelievre and
Minoukadeh (2011) and numerically illustrated in Minoukadeh, Chipot and
Lelievre (2010), it is expected that in a multiple channel situation (i.e.,
when more than one pathway links two metastable states), the multiple
walkers approach is more efficient since many channels are visited in paral-
lel by the walkers. From a theoretical viewpoint, in the limit of infinitely
many walkers (the mean field limit), one ends up with a system involving a
conditional expectation as in (4.14); see Jourdain, Lelievre and Roux (2010)
for a study of the limit K — oo and € — 0 starting from the approxima-
tion (4.15). The long-time behaviour of such a non-linear (in the sense of
McKean) stochastic differential equation can be analysed using PDE tech-
niques, as explained in the next section. On the other hand, the analysis
of approximation techniques using time averages requires probabilistic tools
(convergence of stochastic approximation algorithms) to properly analyse

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

788 T. LELIEVRE AND G. STOLTZ

the correlation in time along the trajectories which play a role in the time
integrals (see Section 4.4 for a discussion of such analysis).

Remark 4.4 (ABP versus ABF strategies). The question of which of
the variants of adaptive free energy biasing techniques is optimal is often
raised. Let us make a few comments. The idea of ABP techniques is that
they can easily handle reaction coordinates with discrete values, which are
sometimes used in practice (to take into account coordination numbers, for
example). ABP is also well suited to the case of purely entropic barriers
while ABF would only see a zero local mean force in a completely flat land-
scape. On the other hand, in the case of continuous reaction coordinates,
ABF seems more attractive. Indeed it approximates the biasing force dir-
ectly (in ABP, one needs to differentiate F; to get the force in the dynamics,
and differentiating a quantity computed as an empirical average is always
delicate because of statistical noise). In addition, in ABP approaches, there
is typically an additional numerical parameter which governs the adaptation
mechanism, and which decreases the penalization strength as time goes on.
The rate of decay of this penalization strength should be chosen with care:
if it is too fast, F; may converge to the wrong value; if it is too slow, this
also slows down the convergence of F; to F (see the discussion in Fort et al.
2014, 2015a). This is not required in ABF. This is related to the follow-
ing remark: if the free energy is actually a constant function along &, the
ABF method will not adapt the potential (the conditional expectation will
always be zero in (4.14)) while ABP will modify the potential (penalizing
the visited states will imply a modification of F}).

Remark 4.5 (back to the original sampling problem). By using free
energy adaptive biasing strategies, in the long-time limit, the free energy
biased measure Z ! exp(—B(V — F 0 £)(q)) dg is sampled instead of the ca-
nonical measure v. In order to recover averages with respect to v, one can
use for example the standard unbiasing strategy for importance sampling

(see (3.37)):
_ —B(V—Fof)
[ peFog 2
pdv = — (4.16)
/ [ e=BFog e 728 B(VZ Fo8)

Let us mention that the unbiasing strategy (4.16) is very useful in practice,
since it does not require F; to have converged to F': once a sufficiently good
approximation F; of F' has been obtained so that the dynamics visits the
modes of v efficiently, one can fix the biasing potential to this value F}, and
use the formula (4.16) with F' = F} to get unbiased results.

4.2.8. Numerical illustration
We present a simple application of ABF to the model system discussed in
Section 1.2. More precisely, let us consider the problem with an energetic
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Figure 4.2. (a) Trajectory of the ABF process on the model problem for an energetic
barrier (see Figure 1.1), with 8 = 80. The evolution of {(X}) (i.e. the abscissa of
X:) is represented as a function of time. (b) Close-up of the first 2500 time units.

barrier presented in Section 1.2 (see Figure 1.1(a,b)), with {(z,y) =z as a
reaction coordinate, and 8 = 80.

In Figure 4.2, one can see that the ABF process goes through three stages.
Starting from the left well (the abscissa is around —1.5), the process remains
in this well for approximately 1000 iterations. During this first stage, the
free energy derivative is approximated for ¢ in the vicinity of —1.5 (i.e. in
the left well). This enables us to quickly leave the left well to go to the right
well. In a second stage, the free energy derivative is learned in the right well
(the abscissa is around +1.5). This again requires about 1000 iterations.
In the final stage, the process freely moves from left to right since the free
energy derivative is well approximated over the whole range of the reaction
coordinate (which is here fixed to [—1.7,1.7]).

In addition, in Figure 4.3 we represent, as a function of £, the average
exit time from the left well for the unbiased original overdamped Langevin
dynamics, compared with the average exit time for the ABF process. One
can see that the exit time is reduced by several orders of magnitude using
ABF, which illustrates the ability of the method to escape from metastable
states.

4.8. A convergence analysis using entropy techniques

In this section we present a typical example where the use of PDE tech-
niques, and more precisely entropy estimates and logarithmic Sobolev in-
equalities (see Section 2.2.2), appear to be very useful for understanding the
efficiency of a numerical method, namely the adaptive biasing force (ABF)
method. For pedagogical purposes, the convergence result is presented in a
very simple setting (the two-dimensional case and {(z,y) = x). Extensions
are discussed in the next section.
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Figure 4.3. Average exit time from the left well as a function of the inverse tem-
perature (3, for the ABF process (squares) compared to the unbiased overdamped
Langevin dynamics (circles: see also Figure 1.2(a)).

4.3.1. The theoretical setting and the convergence result

Let us again consider the two-dimensional setting of Section 1.2, where
q = (z,y) and {(z,y) = z. Let us assume in addition that ¢ lives in the
space T x R (which simply means that V : (z,y) € R? = V(x,y) € R is
1-periodic in the z-variable). We will comment on these assumptions below.
In this case, the mean force is given by F'(z) = E,(9,V (¢)|£(q) = ) (see
(4.9)). Thus, the free energy biased dynamics on ¢; = (z,y;) € T x R is

given by
dwy = —8,V (w4, ye) dt + F' () dt + /25~ 1AW, (4.17a)
dye = =0,V (2, y¢) dt + /2B LAWY, (4.17b)
F'(z) = E,(0:V(q)[¢(q) = ). (4.17¢)

Equations (4.17a) and (4.17b) are simply overdamped Langevin dynam-
ics on q; = (x¢,y) using the free energy biased potential V(z,y) — F(x).
Equation (4.17¢) is the definition of the derivative of the free energy. As
explained above (see (4.14)), the ABF strategy is to replace the measure v
in this definition by the law at time ¢ of the pair (x¢,y;), which yields

day = =0,V (zy, ye) dt + F () dt + /281 dW, (4.18a)
dys = =0,V (wt, ye) dt + /2871 AW/, (4.18b)
Fi(x) = E(0,V (21, y1)| vt = ). (4.18c)

The key idea of the approach is that if the system were immediately at
equilibrium with respect to the biased potential V(z,y) — F;(x), then F}
would be equal to F’ (see (4.13)). But the updating strategy is dynamic:
F; always keeps on changing and it is therefore not obvious how the system
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behaves in the transient phase of the dynamics (4.18). The objective of
the mathematical analysis is to be able to prove that F] indeed converges
to F’, and that, in addition, this convergence typically occurs on much
smaller time scales than the convergence to equilibrium for the original
simple overdamped Langevin dynamics:

dg; = —VV(q) dt + /28~ 1 dW,. (4.19)

In order to study the rate of convergence to equilibrium, we will actually
analyse the long-time behaviour of the density!'! (¢, z,y) of the process
(x¢,y:) solution to (4.18), namely the Fokker—Planck equation associated
with (4.18):

atw == am[(amv - Ft/)w] + 5_13z,a;¢
+ 0[O,V )W) + 8710, 0 for (z,y) €T xR,  (4.20a)

F/(z) = Jp 0V (@ y)¥t 2,y) dy for x € T. (4.20b)

Jr vt 2, y)dy
Equation (4.20b) is obtained using the fact that, for fixed time t and x € T,
Y(t,z,y)dy/ Jg (¢, z,y) dy is indeed the conditional law at time ¢ of (x¢,y¢)
given that z; = z. In the following, we will let /¢ denote the marginal of 1
along & (i.e. the density of z;):

Gt x) = /R b(t,,y) dy.

In contrast to the Fokker—Planck equation for simple overdamped Langevin
dynamics (4.19), that is,

O = div(VVe) + 1A

(see (2.12)), the Fokker—Planck equation (4.20) is a non-linear parabolic
equation. The non-linearity comes from the conditional expectation which
appears in the drift term of the stochastic differential equation (4.18).

The following result is proved in Lelievre, Rousset and Stoltz (2008) in a
more general setting.

Theorem 4.6 (convergence of ABF). Let us consider the ABF dynam-
ics (4.18) on the domain T x R. Let us assume that

There exists p > 0 such that all the conditional
measures v(dg|é(q) = x) satisfy LSI(p) (4.21)

1 The fact that the process (z:,y:) admits a density comes from the fact that the
Brownian terms in (4.18) imply a smoothing effect on the law of the process.
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and that
The potential V' is such that ||,y V|| Lo (Txr) < 00 (4.22)

Let us assume in addition and (without loss of generality) that p # 472 and
that ¥%(0,-) is a positive function such that'? [ |0, In(¢(0,-))|?¢(0, ) <
oo. Then there exists a positive constant C such that

/ |F] — F'|2 < Cexp(—B ' min(p, 4r?)t), for all t > 0. (4.23)
\ Jr

In our specific context, note that the conditional measure v(dq|é(q) = x)
is simply the measure

exp(—BV(z,y)) dy
fR exp(—ﬁV(m, y)) dy

Notice in addition that if p = 472 in (4.21), one can use this result by
replacing p with any p < p, so that (4.23) holds in this case for any j < 472,
Finally, we will show below (see (4.24)) that ¢ simply satisfies the heat
equation on T, so that the assumptions on v¢(0, -) are not too stringent: if
they are not satisfied by 1¢(0, ), one simply has to consider the problem
on the time interval [tg, +-00) with initial condition (g, -), for a positive
time to.

Let us comment on Theorem 4.6. This theorem shows that the free en-
ergy F; indeed converges to F' (up to an irrelevant additive constant) with
rate

B min(p, 472).

As will be more clear below, the limiting parameter here is p, the term
472 being only related to the rate of convergence to equilibrium of a simple
diffusion on the torus T. Further, we will actually show that the law of
(x¢,9:) (and not only Fy) converges to its equilibrium value at this rate (see
(4.38) and the discussion below). This rate of convergence for ABF has to
be compared with (2.29), which shows that the original simple overdamped
Langevin dynamics (4.19) converges to equilibrium with rate

B'R,

where R is the logarithmic Sobolev constant of the measure v. In summary,
by using ABF, R has been replaced by p: the logarithmic Sobolev inequality
constant of the measure v has been replaced by the logarithmic Sobolev
inequality constant of the measures v(dq|é(q) = x). If the function & is
indeed a good index of the metastable features of the original dynamics,

' The quantity [, |0x In(¥(0,))[*1°(0, -) is simply Z(¥(0,-)|1% ), where 15, = 1 is the
long-time limit of ¢ (¢,-) and Z the Fisher information (see (2.25)).
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it is typically expected that p > R. This inequality is actually a way
to quantify the somewhat vague ideas that a good reaction coordinate &
should be such that ‘the metastability of the process (g:)i=0 is along & or
that ‘the directions orthogonal to £ are fast variables’, so that equilibrium is
quickly reached along those directions. For example, in the two-dimensional
examples of Figure 1.1, the logarithmic Sobolev constant of the measure
v is typically very small, while, for a fixed value of & (where {(z,y) =
x), the conditional measures v(dg|¢(q) = x) are gentle unimodal measures
with much larger associated logarithmic Sobolev constants. Unfortunately,
logarithmic Sobolev constants are very delicate to evaluate, and it thus
seems very difficult to turn this measure of the quality of £ into a numerical
procedure to construct good reaction coordinates. This result should thus
be seen as a way to understand theoretically the conditions under which an
ABEF strategy will be efficient, the measure of efficiency being the rate of
convergence to equilibrium.

4.8.2. Proof of Theorem 4.6

The proof of convergence is based on two ingredients: (i) the observation
that ¢¢(t,z) (which, we recall, is the density at time t of z;) satisfies the
simple diffusion equation

ot = 710, 0% on T, (4.24)

which is again a manifestation of the fact that, by using ABF, the potential
V is ‘flattened’ along the reaction coordinate £ (see also equation (4.6));
(ii) entropy estimates in the vein of those explained in Section 2.2.2, and a
two-scale decomposition of the entropy in the spirit of Otto and Reznikoff
(2007), Grunewald, Otto, Villani and Westdickenberg (2009) and Lelievre
(2009). Let us now present these ideas in detail.

The first ingredient of the proof is based on a simple computation, which
consists in looking at the evolution of the marginal of ¥ along &, namely,

vi(ta) = [ ity
By direct integration in y of (4.20), we obtain
8t7,b€(t, .ZL‘)

=0, (/R 0,V (a, y)(t, ) dy — Fy (@)g* (1, LU)) + B 0p w8, @)
which yields (4.24) since
[ 0V @it ag) dy - Flapis,a) =0,

by the definition of F/(z). This means that the law of z; satisfies a simple

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

794 T. LELIEVRE AND G. STOLTZ

heat equation on T, as for a simple Brownian motion on the torus.'® This
explains the interest of the ABF method: along &, the time marginal of the
process evolves as if the potential V were perfectly flat. The convergence
to equilibrium of ¢ (¢, z) is thus very easy to analyse, and in particular we
have the following convergence in terms of Fisher information, which will
be useful later (see Lelievre et al. 2008, Lemma 5.29 for a proof).

Lemma 4.7 (convergence of ¥¢). Let ¢ be the solution of the heat
equation on the torus T,

Op=PB10prponT, (4.25)
with initial condition ¢(0,-) such that

L9021 90920, T(e(0.)lew) <.
where po, =1 is the long-time limit of ¢. Then, for all ¢t > 0,
Z(p(t,) | 9oo) (A0, ) | poo) exp(—B"87%1). (4.26)

We recall that
Z(e() | o) = [ forma( £55)

is the Fisher information of ¢(¢, x) dx with respect to poo(z) dz (see (2.25)).
The rate of convergence to equilibrium for (¢, z,y) is limited by the rate
of convergence to equilibrium for ¢¢(¢,%): this explains why there is a 472
appearing in the right-hand side of (4.23). This 47 is simply the first non-
zero eigenvalue of the Laplacian on the torus T, which determines the rate
of convergence to equilibrium for the heat equation (4.25) on T.

To understand the convergence to equilibrium, it now remains to un-
derstand the convergence of the conditional measures v (t, z, y) dy /¥ (¢, z).
We will use entropy techniques to study their long-time behaviours (see
Section 2.2.2). Here comes the second ingredient of the proof, namely a
decomposition of the entropy in terms of marginal and conditional meas-
ures, very much inspired by Otto and Reznikoff (2007) and Grunewald et al.
(2009). Let us explain this decomposition. We let 1o, denote the expected
long-time limit of ¥ (¢, z,y), defined by

Yoo(,y) = Z~ exp(=B(V(z,y) — F(x))) (4.27)

2
o(t,x) dx

where

7= / exp(~B(V (z,y) — F(z))) dz dy.
'I[‘Z

13 The reader should not be confused here: this does not mean that the law of the process
(z¢)iz0 (on C(R4,T)) is the same as the law of the process (Wi)i>0. Ounly the time
marginals agree.
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The marginal of 1, along & is

V) = 27 [ expl-(V(wy) — F)]dy =1

R

and the conditional measure of ¥ (z,y) dz dy given &(x,y) = x is

Ty dy @ =2)

Likewise, as explained above, the marginal of ¢ along £ is

G (tz) = /R bt z.y) dy,

and the conditional measure of ¥(¢,x,y)dzdy given that £(x,y) = x is
U(t, z,y) dy /1 (t, ). Let us now introduce the total entropy (see (2.24))

E(t) = 7'[(1?(757 )W]oo)a

the macroscopic entropy (namely the relative entropy of the marginal laws)

En(t) = H@ (L, )vs),

and the microscopic entropy

By(t) = /T e (1, )05 (1, 2) da, (4.28)

where e, (¢, z) is the relative entropy associated with the conditional meas-

ures:
em(t,x) =H (w(;,;é,yi)dy w"‘;ﬁ(go’(?)dy) (4.29)
It is straightforward to check the following relation.
Lemma 4.8 (extensivity of entropy).
E(t) = Ey(t) + Ep(t), forallt > 0. (4.30)

In order to measure the convergence of ¥(t,+) to ¥, we will study the
rate of convergence to zero of E. We already know that Ej;(t) converges
exponentially fast to zero, that is,

En(t) < Epn(0) exp(—f7187%t), for all t > 0. (4.31)

since the logarithmic Sobolev constant of the uniform law on T is 472 (see
for example Bakry et al. 2014, Proposition 5.7.5) and it is therefore sufficient
to understand the convergence of E,,(t) to zero. The convergence (4.31) can
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also be seen as a consequence of Lemma 4.7 since

Eni(t) = H((t, )ooo) = B / Moo dt

< oa T )

B dEn
= t).
S 872 dt —ar W
The proof of Theorem 4.6 is then conducted as follows. Starting from
(4.30), we have'4

dE, dE dEy

At dt dt
2

VIH<1ZO)

8 ln< >

which is easily obtained after some integration by parts, using the fact that
1 satisfies the following equation, which is equivalent to (4.20a):

L)) o - o).

We next rely on a very useful formula for F} — F’.

A/IR(Fg—F')aI ln<1;io>1/1

(4.32)

O = B\ div (%v(

Lemma 4.9. For all t > 0, we have

13
B(F{ —F') = /T@m ln(i)idy—@z ln<:fgo>. (4.33)

Proof. A simple computation gives (using the fact that wgo =1)

Y @ZJg)
/8 ln<¢oo>w£ dy — 0, 1n<1/100

Y
:/Raxlwwfdy—/axlnwoowgdy—axlnwf
Ozt Y
1/)5 >w5

dy — 9, In®

4 Here and in the following, even though 9% is simply the constant function equal to 1
in our setting, we keep the notation 1, in the various expressions we obtain in order
to emphasize the homogeneity of the resulting formulae, which remain the same for
more general functions £ and more general settings.
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where in the last line we used

1 %y
&Dlm,[)f:ws@x/Rwdy: :

This concludes the proof. O

By using (4.33) in (4.32), we obtain
2 2
T JR ayln(%o)
2 2
(e (o) 2
B (4
8- //8 ln( )8 ln<¢oo) 8 ln( Oo)

Note that by the Cauchy—Schwarz inequality, the sum of the two terms on
the second line above is non-positive. Therefore, again using (4.33),

R@m(i) /a ln< >z/15(Ft F'). (4.34)

Further, using assumption (4.21), we know that for any positive time ¢, and
for any = € T,

Yt @, ) Yoo, ) 1 _ (9t ) | Yool -)
H<¢§(t7x)\ S () ) S 2pz<wf(t,:c)‘ 5o () )

which is given more explicitly by

1 W/t \[F v L v \[*v
em(t,x) < QP/]R 8yln<¢oo/z/1§o> — 2p 7) hl(dbo) e dy
since ¥¢ and u}§o do not depend on y. Therefore
E,(t) = /Tem(t x) 8 In <1/}OO> .

By using this in (4.34), we thus obtain

dEn, y*
— <267 pEm /a ln< m)wﬁ(Ft F). (4.35)

To continue, we now need an upper bound on F/ — F’ in terms of the
‘distance’ (in some sense) between the two conditional measures

G(t,2,y) dy/vt(te) and  oo(z,y) dy /v, (z).
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It seems natural that such an estimate holds since
p(t )d d
Fi(z) /8V gxy Y /av 2.9) woo(gf,y) y
w t, x ww(w)

is the difference between the averages of the same function (0,V) with
respect to the two conditional measures. It is the purpose of the next
lemma (which is probably the most technical part of the proof) to obtain
such an estimate, the ‘distance’ being measured in terms of relative entropy.

Lemma 4.10. Suppose assumptions (4.21) and (4.22) are satisfied. Then,
for all £ > 0 and for all x € T,

2
|Fl(z) — F'(x)| < |03V |1 ;em(t,x), (4.36)

where e, is defined by (4.29).

Proof. The proof uses the Talagrand inequality, which relates the Wasser-
stein distance and the relative entropy between two probability measures.
Let us first recall the Wasserstein distance and the Talagrand inequality.

Let us introduce the set of coupling measures II(v 4, Voo o), Where, for
ease of notation, we let

Vt,w(dy) = Qz)(tv z, y) dy/¢§(t? iL'), Voo,w(dy) = wOO(xa y) dy/l/)go (.CI}),

respectively, denote the conditional measures of

Y(t,z,y)dedy, oo(z,y)dedy

given that {(x,y) = x. By definition of II(v4 4, V0z), the measures = €
II(vt 4, Voo) are probability measures over R x R such that, for any C*°
and compactly supported test function ¢ : R — R,

/ @(y1)m(dyr, dy2) = / (Y1)t (dy1)
RxR R
and

/ () (dyr, dya) = / (1) Voora ().
RxR R

In other words, the marginal of 7 € II(14 4, Voo ) On the first (resp. the
second) variable is vy ; (resp. Voo ). Now, the Wasserstein distance between
Utz and Vs 5 is denoted by W(vy g, Voo i) Where, for any measures 7 and
7o on R?, the Wasserstein distance between 7, and 7y is

W(T(l,ﬂ'g) = \/ inf / \yl — yg‘gﬂ'(dyl, dyg).
RxR

mell(m,m2)
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The Wasserstein distance appears very naturally when estimating the
difference F{ — F’. Indeed, for any coupling measure m € (v 4, fioo z), We
have

|Fi () = F'(x)| =

/ 0V (. ) — 0.V () w(dy, dy)
RxR

< [0y Ve / ly — ' (dy, dy)

RxR
< 10y V oo / ly — o2 (dy, dy).
RxR

Now taking the infimum over all 7 € II(vy 4, Voo o), We get
[F{(z) = F'(2)| < |02,y V| L2oW (V1,2 Voo ) (4.37)

This is where the assumption (4.22) is needed.
Now, in (4.35), it is not the Wasserstein distance between v, and veg »
which appears, but the relative entropy since in view of (4.28),

B, = /H(Vt,m\uoo,m)wg(t, z)dz.

The Talagrand inequality is exactly what we need since it relates the Wasser-
stein distance to the relative entropy between two measures. Bobkov and
Gotze (1999) and Otto and Villani (2000) have proved the following result
(though in a more general setting).

Lemma 4.11 (Talagrand inequality). Let my be a probability measure
on R? which satisfies LSI(p). Then, for all probability measures m; on RY,

2
W(m1,me) < \/;H(Tr1|7r2).

Using this result and Assumption (4.21), which exactly states that v, =
v(dglé(q) = =) satisfies LSI(p), we thus have

2
WV, Voow) < \['H(Vt,x]l/oo,x), for all t > 0.
p

By using this inequality in (4.37), we thus obtain (4.36). This concludes the
proof of Lemma 4.10. O

Using (4.36) in (4.35), we obtain, using Cauchy—Schwarz,

dE,, . - Y
5 S 207 pEn+ \//TwﬂFt - F \2\//T &cln(%)
2
< 28 s+ |00V 1 \fp@ T(es).

2

wé
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By dividing by 2v/E,, and using the estimate (4.26) on Z(1¢|yS), we thus

obtain
dv E,, _ 1 _
W < 57 oV B+ [0V 1 3 T0E0, ) expl—5 1)

Using the fact that p # 472, a Gronwall lemma'® then easily shows that
there exists a constant C' such that, for all £ > 0,

En(t) < Cexp(—A~min(p, 47?)t). (4.38)

From this result, the extensivity of the entropy (4.30), and the convergence
of the marginals in x (4.31), one immediately deduces that y/E(t) (and thus
19 (t; ) = Yooll L1 (rxry Dy the Csiszar-Kullback inequality (2.27)) converges
exponentially fast to zero with rate 5! min(p, 472).

To deduce from these results the convergence of

JALE A
T

exponentially fast with the same rate, one simply uses the fact that

N / F - PP < 0\/ / ] — F]2g€ < CVEn(D).
T T

The first inequality is a consequence of the fact that wg(O, -) is assumed to
be positive and ¢ satisfies the heat equation on T, so that ¢ is bounded
from below by a positive constant. The second inequality is a consequence
of (4.36). This concludes the proof of Theorem 4.6.

4.4. Extenstons and related works

4.4.1. Extensions of Theorem 4.6

Let us make a few comments on the specific setting in which we presented
the convergence result of Theorem 4.6. First, we assumed that the z-variable
lives in the torus in order for £ to be with values in a compact domain, so that
the free energy biased Boltzmann—Gibbs measure with density exp(—/3(V —
F o ¢)) can be normalized. The fact that [exp(—B(V — Fo§)) < oo is
necessary for the dynamics to actually have a stationary state and this has
already been discussed above (see (4.6)). In practice, if £ does not take
values in a compact domain, the classical technique is to apply the bias
only over a compact domain, by using a restraining potential W o £ (see
Lelievre et al. 2008, Alrachid and Lelievre 2015 for more details). Second,
we assumed that £ is a linear function of ¢q. Let us consider the case of more

15 If p = 472, one obtains an upper bound of the form (Cy + Caot) exp(—8~ t4n%t).
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general reaction coordinates ¢ : R? — R (we consider one-dimensional &
for simplicity). For general reaction coordinates, one in fact has to slightly
modify the ABF dynamics (4.18) by terms which depend on |V{| in order to
recover the results of Theorem 4.6 (see Lelievre et al. 2008, equation (10)).
These modifications are only necessary for theoretical purposes: they are not
used by practitioners. However, from a theoretical viewpoint, without these
additional terms we are only able to prove a weaker result (see Lelievre et al.
2008, Section 2.3). With these additional terms, the results of Theorem 4.6
can be proved by rewriting (4.22) as

IVse(an F (@)l o= < o0 (4.39)

(where Vy.y denotes the surface gradient in %(z) and f is the local mean
force: see (4.12)) and by assuming in addition that there exists m < oo such
that

0 < |VE&(q) <m, forall geRY

Further, assumption (4.21) can be somewhat weakened. Lelievre and Min-
oukadeh (2011) consider the situation when two channels link metastable
states, so that the assumption (4.21) is only satisfied on some bounded sub-
interval of the range of . In this situation, it can be shown that if the
free energy profile does not differ too much in each channel, then a similar
convergence result can be obtained.

Finally, Alrachid and Lelievre (2015) have proved the convergence of a
variant of the ABF method, where the biasing force is projected onto a
gradient field (which makes sense since the expected limit, the mean force,
is indeed a gradient).

4.4.2. Related works

The pair of assumptions (4.21) and (4.22) seem to be very useful in other
contexts. In Otto and Reznikoff (2007) and Lelievre (2009), it appears as a
set of assumptions in order to prove that a logarithmic Sobolev inequality
can be derived for a measure p if, for a given function &, it holds on the
marginal probability measure (£ * u)(dg), on the conditional probability
measures /(dg|é(q) = z) (which corresponds to (4.21)) and if a so-called
bounded coupling assumption of the form (4.39) holds.

This set of assumptions also naturally appears in order to measure the
error of a coarse-graining technique, which yields an effective Markov dy-
namics which approximates the dynamics of (£(qt))¢>0. The aim is thus to
reduce the dimension of the original problem by deriving an effective dy-
namics on the reaction coordinate. This is closely related to the question of
the relevance of the free energy to approximate dynamical quantities such
as transition times (and not only to compute thermodynamic quantities).
We refer to Legoll and Lelievre (2010) for more results along these lines.
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Similar assumptions are also used for Markov chains (in a discrete set-
ting); see for example Madras and Randall (2002) and Jerrum, Son, Tetali
and Vigoda (2004).

4.4.8. Open problems

Among the open problems related to free energy adaptive biasing tech-
niques, the extension of the efficiency analysis to Langevin dynamics (as
opposed to overdamped Langevin dynamics) remains to be done. As already
explained in Section 2, the entropy technique does not apply to Langevin
dynamics because of the lack of ellipticity. Hypocoercivity is then a good
way to study the long-time behaviour of Langevin dynamics, and it would
be interesting to extend the standard results on linear Langevin dynam-
ics presented in Section 2.3 to the non-linear setting of adaptive biasing
methods.

Let us also mention that we lack a good understanding of the efficiency
of free energy adaptive techniques when time averages are used (instead of
averages over multiple replicas) to compute the biasing force. We refer to
Fort et al. (20154, 2015b) for convergence results for the Wang—Landau and
self-healing umbrella sampling algorithms, and to Fort et al. (2014) for a
preliminary study of the efficiency of the Wang—Landau dynamics. See also
Benaim and Bréhier (2016) for recent results on ABP methods.

4.5. Other free energy computation techniques

In this section we have focused on adaptive importance sampling techniques
for calculations of free energy differences. As mentioned above, such compu-
tations are actually the aim of many molecular dynamics simulations today
(see Chipot and Pohorille 2007), and many techniques have been proposed
to this end. We refer to Lelievre et al. (2010) for an extensive presentation
of such techniques. In this article we focus on adaptive importance sampling
techniques, since their analysis typically relies on partial differential equa-
tion techniques. In practice, adaptive importance sampling approaches are
very popular since they do not require many tuning parameters, and they
appear to be rather efficient for a large class of systems. However, let us
mention here the three other main classes of techniques for free energy cal-
culations, aside from adaptive importance sampling methods.
Thermodynamic integration (Kirkwood 1935, Carter, Ciccotti, Hynes and
Kapral 1989) consists in computing the free energy derivative, and then in-
tegrating this derivative to obtain free energy differences. It is based on
the formula (4.10). Let us consider the case of a one-dimensional reaction
coordinate for simplicity (the generalization to m > 1 is straightforward).
The principle is to compute F'(z;) at some points (21,...,2;) and then to
use a numerical quadrature to approximate F(z) — F(z1) = f;l’“ F'(z)dz
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by a weighted sum over the values F’(z;). This requires us to sample the
conditional probability measures v(dg|{(q) = z;), which can be done us-
ing Langevin or overdamped Langevin dynamics projected onto the sub-
manifold 3(z;). We refer to Carter et al. (1989), Ciccotti, Lelievre and
Vanden-Eijnden (2008) and Lelievre, Rousset and Stoltz (2012) for more
details of the sampling of such conditional measures, and to Lelievre et al.
(2010, Chapter 3) for a general presentation of thermodynamic integration
methods. Let us mention that the sampling of measures supported on sub-
manifolds (such as the conditional measures v(dg|{(q) = z;)) is actually a
very important subject in practice. Apart from thermodynamic integra-
tion, this question naturally appears when considering molecular systems
with constraints: for example, a covalent bond is sometimes modelled using
a fixed bond length instead of a stiff potential, which can be useful in dimin-
ishing the stability constraint on the time step (see Remark 3.6). In such
cases, the canonical measure is defined on a submanifold of R3Y or (LT)3V,
and the differential operators associated with the ergodic stochastic pro-
cesses are differential operators on manifolds. For more details on sampling
methods with constraints, we refer to Lelievre et al. (2012).

Another free energy calculation method consists in using statistical ap-
proaches to estimate directly the marginal density exp(—SF(z)). Examples
include the free energy perturbation method introduced in Zwanzig (1954),
and histogram methods, such as the MBAR method (Shirts and Chodera
2008). We refer to Lelievre et al. (2010, Sections 2.4 and 2.5) for more
details and references.

A more recent class of methods relies on dynamics with an imposed
schedule for the reaction coordinate. These technique therefore use non-
equilibrium dynamics. With suitable exponential reweighting, however,
equilibrium properties (such as free energy differences) can be recovered
from the non-equilibrium trajectories: see Jarzynski (1997). This is ex-
plained in Proposition 6.2 below in a slightly different setting (the so-called
alchemical setting); see also Lelievre et al. (2010, Chapter 4).

5. Non-equilibrium systems and transport coefficients

In this section we discuss how to compute transport coefficients such as the
mobility, the thermal conductivity or the shear viscosity. At the macro-
scopic level, transport coefficients relate an external forcing acting on the
system (e.g. electric field, temperature gradient, velocity field) to an average
response expressed through some steady-state flux (i.e., of charged particles,
energy, momentum). At the microscopic level, this is modelled by systems
in a stationary state, evolving according to perturbations of equilibrium
dynamics. Here we consider two paradigmatic situations.
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(1) Langevin dynamics perturbed by a constant force term:

dg = M~ "p, dt, (5.1a)
2
dpr = (=VV(q) + nF) dt — v M~ 'p, dt + /% AW, (5.1b)

where (g, p¢) € £ = T4 x RY, F € RY, with |F| = 1 a given direction,
and V a C* periodic potential. The parameter nn € R determines the
strength of the external forcing. A non-zero velocity in the direction
F' is expected in the steady state due to the external force F. Let
us emphasize that F' does not derive from the gradient of a periodic
function: it indeed holds that F' = —VWg(q) with Wr(q) = —FTq,
but the function Wr is not periodic. It is precisely because the per-
turbation is not of gradient type that some particle flux can appear in
the steady state.

(2) Langevin dynamics with modified fluctuation:

dg; = M~ 'p, dt, (5.2a)
dpy = =VV (g) dt — yM ~'py dt + /29T (q) AWy, (5.2b)

where the temperature 7, : D — R, is a non-negative C*° function,
of the form

Ty(q) = Tret + 117 (q)

for some C*™ function T and a given reference temperature Ty > 0.
In order for T}, to remain non-negative, the parameter n € R should

be sufficiently small. Typically, T is constant and positive on a sub-
domain Dy C D, and constant and negative on another subdomain
D_ C D, with some C'* transition between D4 and D_. Some energy
flux is expected from the ‘hot’ part D4 of the system to the ‘cold’
one D_. The model (5.2) we consider here for pedagogical purposes is
a simplification of more realistic models of thermal transport such as
heat transport in one-dimensional chains; see the model presented in
Olla and Letizia (2015), as well as the more general review articles by
Bonetto, Lebowitz and Rey-Bellet (2000), Lepri, Livi and Politi (2003)
and Dhar (2008).

The two dynamics (5.1) and (5.2) reduce to the standard Langevin dy-
namics (1.9) when n = 0. Most of our analysis is illustrated with the
dynamics (5.1), but we will occasionally refer to the dynamics (5.2) as well.

As discussed more precisely in Section 5.1, dynamics such as (5.1) and
(5.2) model non-equilibrium systems since they are non reversible: the law
of forward trajectories is different from the law of backward trajectories.
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From a physical point of view, the arrow of time can be read off the tra-
jectories. We do not make a distinction here between non-reversible and
non-equilibrium systems, although such a distinction is sometimes made in
the physical literature; see for instance (Bertini et al. 2015) and references
therein.

It is observed that, in general, the response of the system, as encoded
by the steady-state average of a physical observable (such as the velocity
for (5.1) or the energy flux for (5.2)), is proportional to the strength n of
the forcing for small values of . This corresponds to the so-called linear
response regime. By definition, transport coefficients are the proportionality
constants relating the response to the forcing. For (5.1), the velocity of the
particle in the direction of F' at stationary state is proportional to 7, and the
proportionality constant is called the mobility. For (5.2), the energy flux
at stationary state is proportional to 7, and the proportionality constant
is called the thermal conductivity. It turns out that this linear response
constant can in fact be rewritten as some integrated correlation function for
an equilibrium dynamics, a celebrated equality known as the Green—Kubo
formula (see Proposition 5.4 below).

We start with a general presentation of non-equilibrium dynamics in Sec-
tion 5.1, with some emphasis on perturbations of equilibrium dynamics such
as (5.1) and (5.2). We next show in Section 5.2 how first-order changes in
average properties with respect to some forcing parameter (namely 7 in
(5.1) and (5.2)) can be computed, and how these quantities are related to
transport coefficients. Error estimates on the computation of transport coef-
ficients are provided in Section 5.3. Finally, we discuss variance reduction
techniques in Section 5.4.

5.1. Definition of non-equilibrium dynamics

5.1.1. Abstract characterization of non-equilibrium dynamics
Consider a general stochastic dynamics such as (3.1):

dxt = b(fL’t) dt + O'(xt) th

Recall that the existence and uniqueness of an invariant probability meas-
ure m can be proved in such a general setting with the techniques provided
in Section 2.4, for instance. From a mathematical viewpoint, equilibrium
systems are characterized by the self-adjointness of the generator £ on the
weighted Hilbert space L?(7):

[engan= [ sicgan (53)
X X
This expresses the reversibility of the dynamics with respect to the invariant

measure of the process. A more probabilistic reformulation of the reversib-
ility is as follows: when xy ~ 7, the law of the forward paths (zs)o<s<t is

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

806 T. LELIEVRE AND G. STOLTZ

the same as the law of the backward paths (z;—s)o<s<t (note that xy ~ 7
by the invariance of 7). Therefore, the arrow of time cannot be read off the
trajectories.

In some cases, the reversibility property holds only up to a one-to-one
transformation preserving the invariant measure. For example, for Langevin
dynamics, reversibility is valid only upon momentum reversal S(q,p) =

(g, —p):
/fﬁﬁgdw=i/(foSME@oSde
X X

see Lelievre et al. (2010, Section 2.2.3.1). At the level of trajectories, this
means that the law of the forward paths (gs, ps)o<s<t is the same as the law
of the pathS (Qt—Su _pt—s)Oésgt-

In this work, we define non-equilibrium dynamics to be stochastic evol-
utions for which reversibility properties such as (5.3) no longer hold true.
The non-reversibility can be quantified by the entropy production, for which
fluctuation theorems hold (Gallavotti and Cohen 1995, Kurchan 1998, Le-
bowitz and Spohn 1999).

5.1.2. Invariant measures

An important property of non-equilibrium systems is that their invariant
measures are in general not analytically known, in contrast to equilibrium
dynamics. In addition, the invariant measure depends non-trivially on the
details of the dynamics due to long-range correlations, which are generally
present in non-equilibrium systems (see for instance Derrida, Lebowitz and
Speer 2002). Let us make the latter statement precise for overdamped
Langevin dynamics on the compact configuration space T = R/Z, for a
C®® periodic potential V and 8 = 1. For the reversible dynamics

the unique invariant probability measure is Z~'e~V(@) dgq, which depends
only on the value of V at the configuration ¢ of interest (apart from a
global normalization constant). For the perturbed dynamics

dg; = (=V'(q) + F)dt + V2dW,, (5.5)

where F' € R is a constant force, it can be shown that there exists a unique
invariant probability measure 1p(q) dg. Indeed, the density ¥ satisfies the
stationary Fokker—Planck equation

d dyp
—((V' = F /= | = .
5 (7= Ppwe+ 55 ) = (56)
which can be solved as
Yr(q) = ZEI/ eV (a+y)=V(g)-Fy dy, (5.7)
T
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with Zg chosen such that fol Y = 1. It is clear from the expression of the
invariant measure that, when F' # 0, the invariant measure depends on the
values of V' everywhere.

Let us also check that the dynamics (5.5) is a non-equilibrium dynamics
by checking that its generator is not reversible on L?(¢r). Since we do
not need the precise expression of the invariant measure, we generalize the
dynamics in arbitrary dimension, and consider D = T¢. We first rewrite 15
in exponential form as

’(/)F(q) = e_UF(q)’

and introduce a stochastic dynamics with a general drift b(q):

dg; = b(q) dt + V2 dW;. (5.8)

The generator L of this generalized dynamics reads £, = b-V + A. A
simple computation shows that

/ (Lof)gibr = / F(Log) b —2 / F1b+ VUF) - Vgl
D D D

+ / fgl—div(b) — AUr + VUF - (b+ VUR)] ¢F.
D

When b(q) = —VV(q) + F, reversibility holds if and only if
F4+V(Up—V)=0.

This condition cannot be satisfied since F' does not derive from the gradient
of a periodic function. More generally, the above computation shows that
dynamics such as (5.8) are reversible if and only if the drift is the gradient
of a potential energy function.

5.1.8. Computation of transport coefficients

A transport coefficient p relates the magnitude of the response of the system
in its steady state (an average current) to the magnitude of the external for-
cing. We present a specific example in Section 5.2; see in particular (5.10).
For the paradigmatic dynamics (5.1) and (5.2), the magnitude of the ex-
ternal forcing is 7.

Before embarking on a more detailed analysis, it is useful to classify the
current methods for computing transport coefficients, as reviewed in Evans
and Morriss (2008) and Tuckerman (2010) for instance, into three main
classes.

(i) Equilibrium techniques based on Green—Kubo formulae, which are in-
tegrated correlation functions of the general form

-~ T En (oo ole0)) dt.
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where ¢, ¢ are two observables whose expressions depend on the phys-
ical context at hand, and where the expectation is taken with respect to
all initial conditions distributed according to an invariant probability
measure 7 for the reference dynamics (z;);>0, and for all realizations
of this dynamics.

(ii) Transient methods, where the system is initially locally perturbed, and
the relaxation of this perturbation is monitored as a function of time.
The comparison with some assumed macroscopic evolution equation
(for instance the heat equation for thermal transport) allows us to
identify the physical parameters of the macroscopic evolution (such as
the thermal conductivity). See Hulse, Howley and Wilding (2005), for
example, for an application of this technique.

(iii) Non-equilibrium steady-state techniques, where a forcing is perman-
ently applied to the system. The latter methods can be decomposed
into two subcategories: boundary-driven techniques, where the ex-
ternal forcing is imposed only in boundary regions (think of (5.2) with a
perturbation T localized in two subdomains D_,D.), and bulk-driven
dynamics, where the perturbation is experienced everywhere in the sys-
tem (think of (5.1)). In both cases a flux is measured, and the transport
coefficient is obtained as the average flux divided by the magnitude 7
of the external forcing. The expression of the flux function is again
defined by analogy with macroscopic laws.

Bulk dynamics are often numerically more efficient since the forcing
is applied globally to the system, and therefore the steady state can
be reached more rapidly. Further, it is in general impossible to prove
the existence and uniqueness of an invariant probability measure for
boundary-driven dynamics, except in very simple geometries such as
one-dimensional atom chains, or for stochastic lattice gases.

It should be emphasized that the definition of transport coefficients is based
on an analogy with macroscopic evolution equations, which are (a system
of) partial differential equations. This is clear for transient and steady-
state dynamics. It is in fact also the case for equilibrium methods, since
the expression of the transport coeflicient as some integrated correlation
function is, up to algebraic manipulations, a straightforward consequence
of linear response results for steady-state non-equilibrium dynamics (see for
instance (5.18) below for the specific case treated in Section 5.2).

Note that, in the simplest cases, it is in fact possible to rigorously de-
rive the macroscopic evolution equations from microscopic dynamics. The
corresponding system of PDEs is known as the hydrodynamic limit; see for
instance Kipnis and Landim (1999) for a pedagogical introduction.
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5.2. Linear response for non-equilibrium dynamics

In this section we sketch the derivation of the expression of transport coef-
ficients, in the paradigmatic case of the mobility, which is computed with
the dynamics (5.1). The extension to more general dynamics may require
more elaborate frameworks, such as the one provided in Hairer and Majda
(2010). We let £, = Lo + nL denote the generator, where £ = F' - V,, and
Ly is given in (2.34):

1
Lo=p"M 'V, -VVV, + 7(—pTM1vp - ﬁAp)

5.2.1. Existence and uniqueness of the invariant measure

The first observation is that, by a simple extension of the results of Sec-
tion 2.4, the dynamics (5.1) admits a unique invariant probability measure.
Upon introducing the Lyapunov functions KC,,(¢,p) = 1 + |p|™ for n > 2,
it is in fact possible to formulate the following convergence result, where
some uniformity in the parameter 7 holds; see Leimkuhler et al. (2015) and
Joubaud, Pavliotis and Stoltz (2015) for related results.

Proposition 5.1. Consider 7, > 0. For any n € [—n.,7.], the dynam-
ics (5.1) admits a unique invariant probability measure with a C*° density
Yy (g, p) with respect to the Lebesgue measure. Moreover, for any n > 2,
there exist Cp, A, > 0 (depending on 7,) such that, for any n € [—n., 1]
and for any ¢ € Lg (€),

etnyp — / oy
e L

Recall that the density of the invariant measure satisfies the Fokker—
Planck equation

<Cyp e_’\”tHcpHL’%on, for all t > 0.

[ee]
Kn

EIﬂ/}n =0, /gwn =1,

where, we recall, E:g denotes the adjoint of £, on the flat space L%(E).

The smoothness of v, is a consequence of the hypoellipticiy of E;g (see
Section 2.3). For notational consistency, we set

Yo(q,p) = 2~ e PP,

Note also that, as a corollary of Propositions 2.1 and 5.1, it is possible to
define E; 1 as a bounded operator on the subspaces

126 = {e c1z.6)| [ov,=0}.
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5.2.2. Linear response

It is expected, from a physical viewpoint, that the application of a non-
zero constant force in a given direction induces a non-zero velocity in this
direction. At the macroscopic level, the mobility is the proportionality con-
stant between the observed average velocity and the force F. To rigorously
define the mobility for the microscopic dynamics (5.1) under consideration,
we consider the observable

R(q,p) = FTM™'p. (5.9)

The response of interest is the steady-state average E,(R), where E, is the
expectation with respect to the invariant measure of the non-equilibrium
dynamics (5.1). Note that Eq(R) = 0. This allows us to define the mobility
in the direction F' as the ratio of the average projected velocity R divided
by 7, in the limit of small forcings (provided this limit exists), that is,

pr = lim Ey(R) = Bo(R) = lim M (5.10)
n—0 n n—0 n

This is the definition of the mobility based on the linear response of non-
equilibrium dynamics.

In order to ensure that the limit (5.10) is well defined, and eventually to
rewrite pp as some integrated correlation function, we need to characterize,
to first order in 7, the modification of the density (g, p) of the invariant
measure of the dynamics (5.1) with respect to the reference canonical meas-
ure. To this end, it is convenient to work in the Hilbert space L%(1). We
also introduce the projection operator

tof =1 = [ fon
and the Hilbert space L (o) = IoL?(1). Recall also the notation A* for

the adjoint of a given operator A on L?(vbp) (see (2.7)).

Theorem 5.2 (power expansion of the invariant measure). Consider
the dynamics (5.1) with generator £, = Ly +nL, where L is given in (2.34)
and £L = F - Vp. Let r be the spectral radius of the bounded operator
(LL3")* € BLA()):

r= T |[EL5)TM

n—-+o0o

Then, for |n| < r~!, the unique invariant measure can be written as Yy =
fatbo, where f,, € L%(1p) admits the following expansion in powers of 7:

+o0
fo= (Lt n(ELy ) 1 = (1 n Z(—n)”[(fﬁal)*]”>1- (5.11)
n=1
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The linear term in 7 in the expression of f,, is denoted by
fi = —(LL7H)*1. (5.12)

As will become clear in the proof of Theorem 5.2, this result can actu-
ally be proved for other dynamics than (5.1). This will be made precise
in Section 5.2.4. As a corollary of Theorem 5.2, we immediately get a for-
mula for the transport coefficient pp defined by (5.10), using the fact that

fg Ry = 0:
o = lim J& Y0 _ / Rf11bo. (5.13)
&

Note that the measure fy1 is a probability measure. In particular, the
normalization constant for v, does not depend on 7. This is due to the fact
that f, —1¢€ L3(1), so that

/g?l)n:/glbo:l-

It can also be shown by a direct computation that f, > 0: see Remark 5.3
below.

Proof. Let us first show that (Zﬁa 1)* is a bounded operator on L3 (). To

this end, we show that its adjoint £L£;" is bounded from L3 () to L?(to).
For C*° and compactly supported functions ¢,

Y
BHVWH%%%) = —(Low, ©) 12(v0) < [1L0Pll L2 (o) 1] L2 (30) 5
so that
= B
11172050 < IVoll72(59) < §||£080HL2(¢0)||<P||L2(¢o)-

Since L is invertible on L3(vpo) by Corollary 2.21, it follows that, for any
¢ € L (o),

~ 3 B
Hﬁﬁo ISOH%?(%) < ;HSOHB(%)HEO 180HL2(¢0)-
The operator Zﬁa s therefore bounded from L3(10) to L?(vh), with oper-

ator norm bounded from above by BHE(;I”B(B(%))/’Y- Denoting by Il the
projection operator

Hosoztp—/gsowo,

it follows that the operator Hofﬁa ! is bounded on L%(@ZJO), so that its adjoint
(LLy")*TIy is also bounded on L3(tp). In fact, (LLy')*Tly = (LLy")* on
L2(10), which proves that (££;')* is bounded on L2(¢)9) with operator
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norm bounded from above by B[|Ly? B(L2(vo))/ V- As a consequence the
spectral radius r satisfies r < BH£61||B(L2(¢O))/7.

It is then easy to check that (5.11) is a convergent series in L?(1yg) when
In|r < 1, since the series

400 "

D=ty

n=1
converges in B(L(to)). Therefore, the function f, defined by (5. 11) is well
defined in L?(vpg). Henceforth we denote ¢n = fytho. Note that [.1p, =1
since f,;, — 1 € L3(¢o).

Our aim is to prove that ¢, = 1,. To this end, we consider the follow-

ing characterization of the invariant probability measure: for any C'*° and
compactly supported function ¢,

/g(et5"¢)¢n = /gap@/}n, for all t > 0. (5.14)

The same equality holds with ), replaced by {/;n. Indeed, a straightforward
computation shows that, by definition of f,,

Lifn=Lo(L+n(LLy")) fy= L1 = 0.

Therefore, e“n fn = fy for all t > 0. The measure 1/1,7 = fytbo is therefore
such that, for all ¢ € L%(1y) and all t >0,

Lot = [eesin= [osin= [ ob

This equality is true in particular for bounded, measurable functions.

However, it is not possible to conclude at this stage that 1, = v, because
(5.14) characterizes invariant probability measures, whereas it is not clear
that v, is a probability measure: the non-negativity of the density is not
guaranteed (but see Remark 5.3 below, which provides an alternative way
to conclude the proof presented here). To prove non-negativity, we rely
on the ergodicity of the continuous dynamics: for any bounded measurable
function ¢ and any initial condition (qo,pg) € &, ergodicity of the Langevin
dynamics'® implies

1/t 1/t
(qo.po) [ = _ sL
E (t/o w(qs,ps)> t/o(e "¢)(g0, po) ds ——— /gwwn,

16 The proof of the almost-sure convergence of averages over a trajectory, for all initial
conditions, is obtained as in Section 3.1, via the results by Kliemann (1987). The first
step is to prove that 1), is positive, for which we refer to the discussion after (2.76).
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so that, using Fubini’s theorem to justify the first equality and the domin-
ated convergence theorem for the limit,

e (] oy

Since, for any ¢t > 0,

UL (feai) - [ o5,
/SSO@ZW = /g‘“b’?'

This shows that {En = 1. In particular, 1;,7 > 0. ]

we conclude that

Remark 5.3 (positivity of the invariant measure). It is possible to
prove directly the positivity of the invariant density f,1o by introducing
the following Poisson equation:

£W(I)n = 1{fn<0} - / 1{f»,7 <0} 7%,, /gCI)n ¢n = 0, (515)

where f,, is defined by (5.11). This equation is well posed since L, is invert-
ible on weighted L°°-spaces of functions with average 0 with respect to 1,
(see the discussion after Proposition 5.1). Now, by the definition (5.11)

of fy,
/g (Ly®y) foytho = 0. (5.16)

On the other hand, by definition of ®,),

/g(ﬁnq)n)fnwﬂz/l{fn O}fnwﬂf <[£ 1{fn<0} ¢n> /gfvﬂﬁO

Z/gl{fn@}fn%—/gl{fn@} V-

The first integral on the right-hand side of the previous equality is non-
positive, while the second one is non-negative; hence the quantity on the
right-hand side is non-positive. Since the right-hand side is equal to 0
by (5.16), each term must be 0. This allows us to conclude that f, > 0
almost everywhere (using the first integral, since 1y has a positive density
with respect to the Lebesgue measure).

5.2.83. Reformulating the linear response as an integrated correlation

A very useful corollary of (5.12)—(5.13) is the following reformulation of
the linear response definition (5.10) of the transport coefficient through the

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

814 T. LELIEVRE AND G. STOLTZ

celebrated Green-Kubo formula. To state it, we introduce the conjugate
response function, formally defined as S = £*1. Its expression is found in
practice by integration by parts, as follows: for any C*° compactly suppor-
ted function ¢,

/€E¢¢0=/€¢5¢0~ (5.17)

Note that the expression of S is determined by the applied perturbation EN,
and not by the response function R chosen in (5.10). For the non-equilibrium
Langevin dynamics (5.1), a simple computation shows that

S(a,p) = BR(q,p) = BETM " 'p.
Note that S € L3(1)p) in this case.

Proposition 5.4 (Green—-Kubo formula). Consider the non-equilibrium
Langevin dynamics (5.1) and the definition (5.17) of the conjugate function
S. Then, for any R € L2(3o),

+oo
i Z0 [ g (G 1) ao, ) (518)
n—0 n 0
where E,, is an average with respect to the invariant measure v, (g, p) dg dp of
the non-equilibrium dynamics (5.1), while the expectation Eq on the right-
hand side is taken over all initial conditions distributed according to the
canonical measure ¢y(q,p) dgdp, and over all realizations of the reference

equilibrium dynamics with generator Lg.

The Green—-Kubo formula thus shows that a non-equilibrium property
(namely the transport coefficient pr = lim,,_,o E, (R)/n of the left-hand side
of (5.18)) can be obtained using simulations at equilibrium, namely for n = 0
(see the right-hand side of (5.18)). This result can easily be generalized to

other dynamics when the perturbation £ is such that S € L?(ig) and the
linear response result (5.12) holds (see Section 5.2.4 for possible assumptions
on L).

Proof. In view of (5.10), (5.12) and (5.13), as well as the equality

+oo
Lot = / e'fo dt
0

as operators on LZ(1y) (as given by Corollary 2.21), we can write, for R €

L (4o),
CE,R) I PP
#%7%—4Rh%——lw&mwuw
+o0

= /0 E(R(g:, p)S(q0,po)) dt,
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which gives the claimed result. O

Let us rewrite equation (5.18) more precisely in the context of (5.1). The
mobility pp in the direction F', defined in (5.10), is equal to S times the
integrated velocity autocorrelation:

-1 +oo

szhmE“Fﬂdf”:ﬁ/] Eo(F - M~'po)(F - M~'pg)) dt. (5.19)
n—0 n 0

5.2.4. Generalization to other dynamics
It is of course possible to generalize linear response results and Green—
Kubo formulae to dynamics other than (5.1), either by generalizing the
assumptions ensuring that Theorem 5.2 and Proposition 5.4 hold (as we
do below), or by working with a different set of assumptions as in Assaraf,
Jourdain, Lelievre and Roux (2015).

An inspection of the proof of Theorem 5.2 shows that the result can be
generalized to other perturbations, and in fact to other reference equilib-
rium dynamics (z});>0 with generator £, = Lo 4+ nL, under the following
conditions.

(a) Ezistence of a unique invariant measure. For any n € R, the perturbed
dynamics admits a unique invariant measure with C*° density ()
with respect to the Lebesgue measure dz on X'. Such results can be
proved with the techniques from Section 2.4.

(b) Ergodicity of the perturbed dynamics. The perturbed dynamics is er-
godic in the following sense: for any bounded measurable function ¢
and almost all initial condition zg,

1

t
t/o cp(azs)dsm chzl)n almost surely.

See Section 3.1 for techniques to obtain such convergence results.

Alternatively, as discussed in Remark 5.3, the ergodicity condition
can be replaced with solvability conditions for the Poisson equation
(5.15).

(c) Properties of the equilibrium dynamics. Ker(Lj) = 1 and L is invert-
ible on L(1p). See Corollary 2.4 for overdamped Langevin dynamics
and Corollary 2.21 for Langevin dynamics.

(d) Properties of the perturbation. Ran(L*) C L2(t) and (Zﬁal)* is
bounded on L3(1)). Note that, if £1 = 0, then the function £*¢ has
average 0 with respect to yg:

Aﬁwm=4¢h%=0
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The last condition, namely that (Zﬁa 1)* is bounded on L (1), expresses

the fact that the perturbation £ is sufficiently small. A typical way of
proving that (L£L£5')* is bounded on L2(ty) is, as at the beginning of the
proof of Theorem 5.2, to show that L is Lo-bounded, namely that there
exist a,b > 0 such that, for all C*° and compactly supported functions ¢,

1£01 120y < allLo®llL2yo) + bllellL2(0)- (5.20)
Then, for all ¢ € L3(¢y),

HZﬁglwﬂm(wo) < allell (o) + b”£51<ﬁHL2(¢0)7

so that Zﬁa 1 and its adjoint, are bounded operators on L(2)(¢0) with oper-
ator norm bounded by a + bHEO_IHB(L%(wO)).

Remark 5.5 (stronger perturbations). There are situations for which
the condition (5.20) is not satisfied. This is the case for generalizations of
the dynamics (5.2), for which the perturbation operator L involves second
derivatives of the momenta p, whereas £y may control only first-order deriv-
atives. In this case, it is not possible to write an expansion of the invariant
measure as a power series in 7. Nonetheless, linear response results on av-
erage properties can still be stated by following the same strategy as in
the proof of Theorem 3.3. To this end, we assume that Assumption 3.2 is
satisfied for Ay = Ly and A; = L. First, introduce f; such that

/X (Lo + nE)el(1 + nfit)do = O().

A simple computation shows that f; is formally given by (5.12). In fact,
f1 = —(L£5)1S, where S is defined in (5.17). We next replace ¢ by Qyp,
where @, is the approximate inverse

Q’? = Hgﬁalno - nHOEEIHOZHOE(;lHO.

The operator @, is a well-defined operator acting on C°° functions with
zero average with respect to vg. It can therefore be shown that, under
moment conditions on the invariant measure (that is, 1, integrates all the
scale functions appearing in Definition 3.1),

/wan=/Xsowo+n/x<pf1wo+n%,n,

where |r, | < K for |n| sufficiently small.

5.8. Error estimates on the computation of transport coefficients

The results of the previous section show that there are two ways to com-
pute transport coeflicients, either by discretizing the integrated correlation
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function based on the Green—Kubo formula (5.18), or by approximating the
derivative of equilibrium averages with respect to the magnitude of the ex-
ternal forcing as in (5.10). In this section we provide, for both approaches,
error estimates on the bias generated by the use of finite time steps to
integrate the dynamics. The results quoted here were first presented in
Leimkuhler et al. (2015).

5.8.1. Green—-Kubo formulae

We first provide error estimates on linear responses computed using Green—
Kubo formulae such as (5.18). We state the result on a general space X for
a general dynamics (3.1) with generator £ (instead of the notation £y used
in Section 5.2). The precise result is formulated for smooth functions in the
sense of Definition 3.1. We let 7 denote the reference invariant measure,
and still suppose that Assumption 3.2 holds with A; = £ (i.e., the space S
introduced in Definition 3.1 is dense in L?(7) and the operator £~1 : Sy —
Sp is well defined, where Sy is defined in (3.16)).

As in Section 3.2, we consider a discretization of the continuous dynamics
under consideration, with transition operator Pa;, and let ma; denote an
invariant measure of the numerical scheme (see Section 3.2.2 for a discussion
of possible conditions ensuring the existence of an invariant measure). We
also introduce the projection operator

At = —/ @ dmag,
X

as well as
IR, a0 =L () = { € 17,2 | [ wdmae =0},
X
The range of IIa; is contained in the set of functions with average zero with

respect to the invariant measure wa; of the numerical scheme.

Theorem 5.6 (error estimates for Green—-Kubo). Consider a numer-
ical method with an invariant measure wa; which integrates any scale func-
tion /C,, introduced in Definition 3.1. Assume that there exists an integer
a > 1, such that, for any observable ¢ € S, there is K, At* > 0 for which
the following conditions hold.

(i) Error on the invariant measure:

/qﬁdﬂ'At:/ gbd7r—|—At°‘7“¢7At, (5.21)
X X

with |rg a¢] < K for 0 < At < At”.
(ii) Expansion of Pay:
Id — Pay

A O=Lo+AtSi+ + AL TIS, ¢+ At Ranc, (5.22)
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where the operators S1,...,Sq_1, Emm (which are defined independ-
ently of ¢) are well defined on S with values in S; and there exists

so € N (depending on « and ¢) such that HEO‘AWHL%O < K for
S0
0 < At < At™.

Moreover, we assume the following.

(iii) Uniform-in-At exponential convergence of Pa;. For any s > 0, there
exist Cs, As > 0 such that, for all 0 < At < At*,

1PR sz, ) < Cse™m8, foralln € N. (5.23)

Then, the integrated correlation of two observables ¥, € Sp can be ap-
proximated by a Riemann sum up to an error of order At®: there exists
R > 0 such that

(e —+o0 _
[ Bt i = 0SBy (FaealaMple?) + A5EE, (520
n=0

with \ri’t‘p < R for 0 < At < At*. In this expression, the expectation
E, is over all initial conditions (qo,pg) ~ 7w and over all realizations of the
continuous dynamics with generator £, while the expectation E,, is over
all initial conditions (qo,po) ~ ma¢ and over all realizations of the Markov
chain induced by Pa;. Moreover, the modified observable TZAt,a e S is

defined as Yasa = Hai¥At,q With
Uata = (Id+ At S LT 4+ At S, 1 L7, (5.25)

This result deserves several comments, both on the three main assump-
tions (5.21), (5.22) and (5.23), as well as on the error estimate (5.24) itself.
The proof is presented after this discussion.

Let us start with the assumptions of Theorem 5.6. Equation (5.21) can
be proved by following the general strategy presented in Theorem 3.3. Note
that the remainder term in (5.21) can vanish, for example when a Metro-
polis procedure is superimposed on the numerical scheme. In this case, « is
determined by (5.22). Condition (5.22) has already been encountered when
proving error estimates on the invariant measure (see (3.15)). Finally, the
uniform-in-At convergence (5.23) is given, for the Euler-Maruyama discret-
ization of overdamped Langevin dynamics, by (3.29), which is a consequence
of the uniform minorization condition of Lemma 3.4; similar results exist for
certain discretization of Langevin dynamics (see Leimkuhler et al. 2015).

Let us now comment on the error estimate (5.24). First, the result shows
that the error is of order At*, upon modifying the observable ¢ as Ya¢.q-
Therefore, a first limitation to the reduction of the error in Green—Kubo
formulae arises from the error on the invariant measure itself. However,
in practice, especially when « is large, the error is actually determined by
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the approximation of the corrected observable JAW. When the operators
S, are powers of £, the correction terms S;L 11 in (5.25) can be easily
computed. Let ky denote the last index for which S, £~ can be evaluated.
For example (see the discussion after (3.15)), if the discretization method is
of weak order kg, then Sy = LF/k! for all k = 1,..., ko, so that S,.L~ 14 is
easy to evaluate up to k = kg. If kg < «, the error estimate which can be
used in practice is

+o0 o ~
/0 Er(t(21)@(x0)) dt = ALY Bry, (Par ko (a™)p(a)) + ALK,
n=0

However, even if 1A, can be evaluated, it still remains to approximate
YAt ko = Hat¥aLk,, typically by approximating the average of ¥a¢ r, with
respect to wa; by trajectory averages.

Remark 5.7 (error estimates for Metropolis—Hastings dynamics).
For discretizations of the continuous dynamics stabilized by a Metropolis—
Hastings procedure, such as MALA for overdamped Langevin, the invari-
ant measure of the numerical scheme is exact by construction. However,
since the quantity S;£~ 14 cannot be evaluated in general, the resulting ap-
proximation of the integrated correlation is based on a0 = IIa¢9, which
leads to an approximation of order At of the Green—Kubo integral. An er-
ror estimate of order At%/2 can nevertheless be obtained by modifying the
Metropolis—Hastings proposal. It is even possible to obtain errors of order
At? by modifying the Metropolis acceptance rule. See Fathi et al. (2014)
and Fathi and Stoltz (2015) for further details.

Let us now present the proof of Theorem 5.6.

Proof. Fix two observables p, 9 € Sy. Note that

+oo
/ En (4 (1) (o)) dt = / (L )pdr.
0 X

In order to introduce the correlation functions of the numerical scheme,
we would like, in view of (5.22), to replace the measure m by 7ma; and the
operator —L~! by

Id — Pa\ ! =
(m) = at) A

However, this is not possible as such, for two reasons. First, as indicated
in (5.23), the above sum is only convergent when the operators under consid-
eration are restricted to subspaces of functions with average 0 with respect
to mar. We therefore need to introduce the projections operators Ila; to
restrict £7! to the range of IIn;. Second, it is not possible to consider
the inverse of the right-hand side of (5.22) directly, so we will introduce
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(Id — Pa;)"1(Id — Pa;) instead, in order to retrieve some operator £ to
dominant order in At, so as to cancel the inverse operator £ 1.

Let us first introduce the projection operators IIa; and the invariant
measure ma; of the numerical scheme, using the fact that —£ !4 has zero
average with respect to =

/ (—L'Y)pdr = / (—L7 ") Harp dr
X X
- / (—L7 ) Tarpdmay + ALFE, 9,
X
= / Tay(—L ) Happdra, + ALFE, V9, (5.26)
X
where |F§;1Wp\ < K/2for 0 < At < At* by (5.21) (possibly upon increasing
the value of K and decreasing At*).

The next step is to approximate IIas(—£714)) in terms of powers of Pa;.
We use the fact that IIa;Pa; = Patllas, and that

Id— Pa\ H/Id—P
HN:HN( At> < At)

At At
“+oo

Id - P,
n=0

Note that the above sum is convergent in B(L§® A,) in view of (5.23). Re-
lying on (5.22),

= Id — Pa,
—HAtﬁ_1¢ = —1IIa; <At Z Pﬁt> <At>ﬁ_1¢
n=0
+oo "
= At (Z Pgt> Tar(L A+ 4 At 1Sy 1 4+ At°Roae) L7190,

n=0

R Id—Pa\ 7L <
— A3 PRava+ A (ML) M
n=0

Note that the sums on the right-hand side are well defined in view of the
decay estimates (5.23). Substituting the above equality in (5.26) leads to

—+o00
/ (—L)pdr = ALY / P2 s (Tlarg) dray
X n=0 X

d-Pa\ ' 5 i
A / <<Atm> HAtRa,Atﬁ_1w> Mavp dmar + A7y, v,
x
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To conclude the proof, we use the fact that, for a given smooth function f
and upon increasing K and decreasing At*, there exist an integer s and
a constant K > 0 (depending on f) such that ||Ra Atf”Loo < K for any

At € (0, At*]. In addition, the following resolvent bound is dlrectly obtained

from (5.23):
It5)

Finally, wa; integrates all scale functions IC,, by assumption. Therefore,
upon increasing the value of K, the following inequality holds for any At €

Cs
< —.
A

B(LE, as)

(0, At*]:
Id—Pa\ ' = . K
_— II o II < =
/X(< At ) atR ,Atﬁ (0 Atp dmat B
Since
+o0 » +o00o »
Z/ PgtlﬁAt,a(HAtSO) dmas = Z/ Pgt¢At,a pdmag
n=0 X n=0 X
+oo "
= Z Era (¢At,a (xn)(p(xo))v
n=0
equation (5.24) finally follows. O

Remark 5.8 (Green—Kubo formulae for second-order schemes).

the particular case when o = 2 in (5.21), which is very relevant in prac-
tice (e.g. for second-order splittings of Langevin dynamics, or the geomet-
ric Langevin algorithms discussed in Section 3.3), it is possible to avoid
modifying the observable 1) when S; is proportional to £2, by appropri-
ately changing the quadrature rule. For schemes of weak order 2, for which
Sy = £2/2, this amounts to discretizing the time integral with a trapezoidal
rule instead of a Riemann sum. See Corollary 2.20 in Leimkuhler et al.
(2015) and Theorem 6 in Fathi and Stoltz (2015) for further details.

To illustrate Theorem 5.6, we consider a simple two-dimensional sys-
tem with position ¢ = (z,y) € M = (27T)?, a potential energy function
V(q) = 2cos(2x) + cos(y), an inverse temperature 5 = 1, a friction v = 1
and an identity mass matrix. The external force is set to F' = (1,0). Fig-
ure 5.1 displays simulation results obtained for the scheme associated with
PVCBABWC (see the discussion after (3.31) and Leimkuhler et al. 2015)
When approximating the mobility

“+o00
pF = 5/0 E,.(pt - po) dt.
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Figure 5.1. (a) Error in the mobility as a function of the time step At when the
integrated velocity autocorrelation function is computed using a Riemann sum or
with the corrected formula (5.24) in the case @ = 2. The result from computing the
integral using the trapezoidal rule is also shown. (b) Error in the computed average
of total energy, with the correction term computed using the same step size by a
discretization of (3.32) with the discrete Green-Kubo formula (5.24). Averages
obtained with a reference correction computed more accurately at a smaller time
step in a separate simulation are labelled as the ‘exact correction’. In both cases,
‘order o’ means that the error scales as CAt®.

For this second-order scheme, an approximation of the time integral based
on a simple Riemann sum leads to errors of order At, while a second-order
convergence is obtained upon modifying the observables according to (5.25)
or using a trapezoidal rule. In addition, we show how to improve the compu-
tation of the average value of the Hamiltonian H(q,p) = V(q)+|p|?/2 based
on an estimation of the correction term (3.32) reformulated as some integ-
rated correlation function. In the case of the total energy, the corresponding
correction is proportional to the mobility pp. As predicted by theoretical
results similar to Theorem 3.3, errors in average properties can be reduced
from At? to At? when the correction term is correctly estimated; in fact,
the errors can be shown to be reduced to order At* (see Theorem 2.16 in
Leimkuhler et al. 2015).

5.83.2. Linear response approaches

In this part, we discuss how to approximate a transport coefficient by es-
timating numerically the derivative of equilibrium averages with respect to
the forcing parameter; see (5.10). This requires expansions of the invariant
measures of numerical approximations of non-equilibrium dynamics with re-
spect to two small parameters: the magnitude n of the forcing and the time
step At. To be more concrete, we illustrate the approach on the computa-
tion of the mobility with the perturbed Langevin dynamics (5.1). We first
present numerical schemes for this dynamics, before stating error estimates
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on the computation of average properties and linear responses. The discus-
sion here follows the presentation of Leimkuhler et al. (2015, Section 3), to
which we refer for further details.

We still consider splitting schemes which reduce to the schemes presented
in Section 3.3 when n = 0. Recall that Lo = A + B + yC, where the
elementary operators A, B, C' are introduced in (3.30):

1
B

Since the aim is to decompose the evolution generated by £,, = Ly —i—nZ into
analytically integrable parts, there are two principal options: either replace
B by

A=M"1'p-V,, B=-VV(q)-V,, C=-M'p -V, +-A,.

B,=B+nL

or replace vC' by ~vC + nE. However, the schemes built on the latter op-
tion do not perform correctly in the overdamped limit, since their invariant
measures are not consistent with the invariant measures of non-equilibrium
overdamped Langevin dynamics, that is,

/2
dqt = (—VV(C]t) + UF) dt + B th (527)
The latter dynamics is obtained from (5.1) in the limit v — 400 upon
rescaling the time as ~t. To illustrate this point, consider for instance the
first-order splitting scheme associated with the evolution operator

ABA~CHnL _ AtA AtB At(yC+nL)
Py; =e e e ,

that is,
qn+1 — qn —|—AtM_1pn,
P =t = ALYV (g,

2
pn+1 — O‘Atﬁn—i_l + ﬂn}?‘_{_ :l_ﬂ%MGn,

where aa; = exp(—yM~1At) is defined after (3.31), and (G™) is a sequence
of i.i.d. Gaussian random vectors with identity covariance. When M = Id
and v — 400, a standard Euler—-Maruyama discretization of the equilibrium
overdamped Langevin dynamics (i.e. n = 0) is obtained; whereas we would
like to obtain a consistent discretization of non-equilibrium overdamped
Langevin dynamics (5.27). This suggests that numerical methods based
on the integration of vC + 772 will not estimate the mobility for large ~
correctly.
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We therefore prefer to consider schemes obtained by replacing B with
B + nL, such as the first-order splitting

P££B+nﬁ,vc — AtA AY(B+1L) eVAtC (5.28)

or the second-order splitting
PwC,B+nE,A,B+nE,wc_ YAtC/2 AHB+nL)/2 AtA _At(B+nLl)/2 ~AAtC/2
AL =e e e e e .

(5.29)
For example, the numerical scheme associated with P§£B+”£’Vc,
qn+1 _ qn + At M—lpn’

P ="+ AH=VV (¢ + 0 F),

1 +1 1- a2At
P = aap™ T + TMG”,

when M = Id and in the limit as v — +o00, is a consistent discretization of
non-equilibrium Langevin dynamics (5.27). Henceforth we let P, A; denote
the evolution operator associated with one of these schemes for a fixed value
of the friction v (see Remark 5.11 for a discussion of the limiting regime
v — 400).

It can be shown that there exists a unique invariant measure i, A¢ for
the Markov chains induced by P, a; by following the strategy outlined in
Section 2.4. The crucial point is that the gradient structure of the force
term is never used explicitly in the proofs of the Lyapunov and minoriza-
tion conditions (see Assumptions 2.23 and 2.24) since we rely solely on the
boundedness of the force. This in fact allows us to obtain exponential con-
vergence results similar to (2.65) (Leimkuhler et al. 2015, Proposition 3.3):
for any 7, > 0 and for any s > 0, there exist C, A, At* > 0 (which depend
on s and 7)) such that, for all At € (0, At*] and for all n € [—n, 7],

1Py adlBg A0 < Ce AL foralln € N,

where
LI%C;Atm(g) = {‘10 € Ly, (€) ‘ /g@dﬂn,m = 0}.

Let us emphasize that we do not have any control over the convergence
rate A in terms of n*, and it could well be that A goes to 0 as n* increases.

The following result provides error estimates for the invariant measure
of splitting schemes such as (5.28) and (5.29) (see Theorem 3.4 in Leim-
kuhler et al. (2015)). The proof follows the same lines as the proof of
Theorem 3.3, except that expansions are performed with respect to the two
small parameters At and 7.
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Theorem 5.9 (error estimates on the invariant measure for n # 0).
Set o = 1 for first-order splitting schemes such as (5.28) and a = 2
for second-order splitting schemes such as (5.29). Then there exist func-
tions fa,0,fa1 € So such that, for any smooth function ¢ € S, there
is At*,n*, K > 0 (depending on ¢) for which, for all n € [—n*,n*] and
At € (0, At"],

/ o dpy At = / o1 +nfor+ At” foo +nAt* for)dp+ronae,  (5.30)

£ £

where fy 1 is the unique solution of the Poisson equation
Lifoq=—L1=—BF'M 'p,

and

rpmadl < K + Aoty endt = Teostl g o i)
n

Let us now comment on (5.30). In this formula, the function fy; en-
codes the linear response of the invariant measure when the perturbation
is turned on for the continuous dynamics (see (5.12)), while fq 0, to lead-
ing order, accounts for the perturbation induced by the use of finite time
steps. As shown below in Corollary 5.10, the errors on transport coefficients
are determined at leading order by the cross-term of order nAt®, which in-
volves the correction function f, 1. Note that the remainder term 7, A
now collects higher-order terms both as powers of the time step At and the
non-equilibrium parameter 7. The estimates we obtain on the remainder,
however, allow us to take the linear response limit n — 0, as made precise
by the following error estimate on the transport coefficient (which is an
immediate consequence of Theorem 5.9). In order to state the result, we
introduce the reference linear response for an observable ¢ € S, namely

1
Rpo = lim — dy,, — du ),
0 77—>077</5¢ o /590 M)

and its numerical approximation,

1
Ry Ay = lim — / d —/ d ) 5.31
o At mon< ¢ dimar— | @duoar (5.31)

It is often the case that the observable ¢ of interest has a vanishing average
with respect to u, as for the function £*1 = SFTM~1p used to compute
the mobility in (5.10). Even in such cases, ¢ generally has a non-zero
average with respect to the invariant measure jio o¢ of the numerical scheme
associated with a discretization of the equilibrium dynamics, so that it is
indeed important to subtract the average obtained with n = 0 in (5.31).
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Corollary 5.10 (error estimates on linear responses). Under the as-
sumptions of Theorem 5.9, and for any ¢ € S, there exist At* > 0 and a
constant K > 0 such that

Ko nt = Koo + ALY / @ o dp+ Aty Ay,
£

with [roa¢] < K when 0 < At < At™.

Note that, in contrast with the error estimates provided by the Green—
Kubo formulae, the error is of order At® without any need to modify the
observable. This makes the linear response approach more attractive than
Green-Kubo techniques when « is large and the correction function (5.25)
is difficult to compute.

As an application, we obtain the following estimate on the numerically
computed mobility:

1 _ _
PEAL = hm< / FTM™'p juy a(dgdp) — / F'ym 1puo,m(dqdp)>
7]4)07’] £ E

— pp+ A / FTMp foy dpi+ Ay, (5.32)
£

where pp is defined in (5.10). This error estimate is illustrated in Figures 5.2
and 5.3 for the same system as in Figure 5.1. More precisely, we check
in Figure 5.2 that, for a given time step At, the average velocity in the
direction F' is indeed linear with respect to n for n sufficiently small. The
corresponding slope gives an estimate of ppa¢. These estimates are then
reported as a function of At in Figure 5.3. They extrapolate to the same
value at At = 0, with errors of order At for first-order splitting schemes, and
At? for second-order splitting schemes, as expected from Corollary 5.10.

Remark 5.11 (overdamped limits). As explained in Leimkuhler et al.
(2015, Section 3.4), it is possible to study the overdamped limit v — +o00 in
the above results, and in particular to obtain error estimates on the invariant
measure and on the linear response which hold uniformly for v > 1.

5.4. Variance reduction for non-equilibrium systems

One of the difficulties with the computation of average properties of non-
equilibrium systems is that standard variance reduction techniques, such
as those described in Section 3.4, cannot be used as such, as we illustrate
below. We believe that finding appropriate variance reduction techniques
for non-reversible dynamics is a challenging and interesting open problem.

5.4.1. Importance sampling
If the drift term —VV of equilibrium (overdamped) Langevin dynamics is
modified to —V(V + V), the changes in the invariant probability measure
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fitted linear response

0.04
2z
‘c 0.03 | o b
ke K
) .
> o
S
3 0.02 q
)
>
<<

0.01 b

0 . . . .
0 0.1 0.2 0.3 0.4 0.5

Forcing strength

Figure 5.2. Linear response of the numerical approximation of the aver-
age velocity E,(FTM~!p) as a function of n for the scheme associated with

PZ?’BH’L’A’BH’L”C, for At = 0.01. A linear fit on the first ten values gives a
slope of pp A+ ~ 0.07416.
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Figure 5.3. Estimated mobility pr ; for the first-order scheme Py; and

second-order scheme PX?’B+"E’A’B+"E’VC as a function of the time step At. The
fits give pp A+ == 0.0740 4+ 0.0817At and pp A+ =~ 0.0741 + 0.197A¢?, respectively.

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

828 T. LELIEVRE AND G. STOLTZ

can be explicitly written down: this measure now reads Z *1e*5(v+‘7)(q)dq.
On the other hand, consider non-equilibrium dynamics

dqt = b(qt) dt + \/Qth,

with invariant measure ¥ (q) dg, perturbed by a gradient term, such as

dg; = (b(qe) + VA(g)) dt + V2 dW;.

We let wfo(q) dgq denote the invariant measure of this process, assuming it
exists. In general, ¢ (¢) dg is different from Z 1o (q)e(@ dg (consider for
instance the simple example (5.5), for which the unique invariant probability
measure is the uniform measure on D = T when V = 0, which transforms
into (5.7) when V # 0). The expression of ¥2 is not known, and generally
has no simple relationship with the expression of 1. It is therefore unclear
how to use importance sampling strategies for non-equilibrium systems.

5.4.2. Stratification

For equilibrium systems, it is easy to construct constrained dynamics to
sample the restriction of the invariant measure of the unconstrained dy-
namics to some submanifold. This is the principle of thermodynamic integ-
ration, for example (see Section 4.5). The invariant measure of constrained
non-equilibrium dynamics may, on the other hand, have no relationship
whatsoever with the invariant measure of the unconstrained non-equilibrium
dynamics. Let us illustrate this point with a simple example. Consider the
dynamics

dgre = 0g,U (g1t q24) + V2d Wiy,

dgz = =0, U (a1 a2,) + V2dWay,
on the state space T?, for a given C* periodic function U. A simple compu-
tation shows that ¥, = 1p2 is an invariant probability measure. In addition,
this is the unique invariant probability measure since the process is irredu-
cible. Consider now the constraint £(q) = 0 for the choice £(¢) = ¢2. On the
one hand, the restriction of 1, to the space {q € T? | £(¢q) = 0} = T x {0}

is 1. (q1) = 1r. On the other hand, the process constrained using a con-
straining force in the direction of V¢ reads

dgrs = f(qre) dt +V2dWiys,  flq1) = 8, U(q1,0).

In general, the invariant measure for this process is different from 1t. In-
deed, introduce

F= 1 v =- [ 06 - as

Note that V is a periodic function (V(0) = V(1) = 0), and that f(q1) =
—V’(q1). The computations performed in Section 5.1 show that the unique
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invariant probability measure of the constrained process is

1
VYoo(q1) = Z_l/ eV (a+y)=Vig)-Fy dy,
0

which is different from 17 in general.

5.4.8. Control variate method

This method has been applied to non-equilibrium systems, but only for
stochastic dynamics, for which the coupling between two configurations
driven by the same random noise is strong — for example one-dimensional
lattice gas systems (Goodman and Lin 2009). The general idea of the con-
trol variate method in this context is to simulate a system at equilibrium
and a system subjected to a small external forcing, and to monitor the dif-
ference between the flux of interest in the non-equilibrium system, and the
flux in the equilibrium one (which, up to statistical errors, should vanish).
When the coupling is sufficiently strong, the variance of the difference of the
fluxes is much smaller than the variance of the flux of the non-equilibrium
system alone. On the other hand, this approach is very difficult to use in
systems where the coupling is too weak, such as perturbations of Hamil-
tonian dynamics, or overdamped Langevin dynamics in regions where the
Hessian of the potential is not positive definite. With some care, however, it
is possible to estimate finite time correlation functions, as done by Ciccotti
and Jacucci (1975).

An interesting question is: Is there a way to modify the dynamics in
order to increase its coupling properties, while keeping the value of the
linear response of the observable of interest fixed? This is, to the best of
our knowledge, an open problem.

Remark 5.12 (adding non-reversible drifts). Non-reversible dynam-
ics can also be obtained by perturbing reversible dynamics with a non-
gradient force, which is divergence-free with respect to the equilibrium
measure, however, and hence does not modify the invariant measure un-
der consideration. At variance with the situations discussed above, where
the non-reversible drift in the dynamics is fixed by the physical problem
at hand (the computation of a given transport coefficient, induced for in-
stance by the constant force nF' in (5.1)) and the non-equilibrium steady
state is unknown, here the non-equilibrium steady state is fixed and equal
to the equilibrium measure of the reversible dynamics under consideration.
Moreover, the non-reversible drift is chosen by the user in order to acceler-
ate the sampling procedure. For overdamped Langevin dynamics, there are
several results confirming that the addition of non-gradient but divergence-
free drifts improves the sampling, measured either in terms of convergence
of the law of the process to the invariant distribution or in terms of asymp-
totic variance of observables of interest. In fact, both criteria are related to
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spectral gap estimates. For further precision we refer to Hwang, Hwang-Ma
and Sheu (1993, 2005) Lelievre, Nier and Pavliotis (2013), Duncan et al.
(2016) and Rey-Bellet and Spiliopoulos (2015, 2016), for example.

6. Computing dynamical quantities: path sampling and
accelerated dynamics

In this section we discuss the computation of dynamical quantities, namely
average properties over trajectories of Langevin or overdamped Langevin
dynamics (1.9) and (1.8). As already explained above (see in particular
Section 1.2), the main difficulty when computing average properties with
such dynamics is metastability: the trajectories remain trapped for very long
times in some metastable states. This means that behind the continuous
state-space dynamics (1.9) or (1.8), there is a discrete state-space Markov
process encoding the jumps from one metastable state to another. This
has already been mentioned in Section 2.5 and is discussed at length in
Section 6.3. Discrete state-space Markov dynamics are also very prevalent
in molecular dynamics: these are called kinetic Monte Carlo or Markov
state models (see for example Voter 2007). Continuous state-space models
are then typically used to parametrize these Markovian models, that is,
to compute the jump rates between metastable states, using Arrhenius (or
Eyring-Kramers) formulae, for example (see (2.83)).

We will present some techniques to efficiently sample the exit event from
a metastable state, or the reactive path between metastable states. In
Section 6.1 we first introduce a preliminary tool, to be used many times
thereafter, namely the Feynman—Kac formula, which we immediately illus-
trate with a simple application: the Jarzynski identity (which we already
mentioned briefly in Section 4.5). We then present two ideas which have
been followed to efficiently sample metastable paths: importance sampling
approaches on path space, using control problems to build good importance
functions (see Section 6.2), and the notion of quasi-stationary distributions
(QSDs), to analyse the exit event from a metastable state (see Section 6.3).
Finally, in Section 6.4, we present accelerated dynamics techniques, which
were introduced by A. F. Voter in the late 1990s, and which can be analysed
using the framework introduced in Section 6.3.

Let us finally make two preliminary remarks before embarking on the
details. First, as explained in Sections 3 and 4, computing thermodynamic
quantities (i.e. sampling the canonical measure) is a fairly well understood
problem, with many techniques available that are used in many other sci-
entific fields (e.g. computational statistics and uncertainty quantification).
In contrast, the computation of dynamical properties is a numerical chal-
lenge that has been less explored by applied mathematicians, probably be-
cause it is more specific to molecular dynamic simulations. Many techniques
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are available, and this is a very lively subject with new methods appearing
at a rapid pace. We will devote Section 6.5 to an overview of such tech-
niques, to the best of our current knowledge. The second remark is more
technical. In this section we mainly focus on overdamped Langevin dynam-
ics (1.8) when presenting mathematical results, but the reader should bear
in mind that the algorithms presented apply equally to Langevin dynamics
(1.9). We will comment below on the mathematical questions raised by the
extensions of the proofs to Langevin dynamics.

6.1. Feynman—Kac formula and the Jarzynski identity

6.1.1. Feynman—Kac formula
In this subsection we introduce the Feynman—Kac formula which, together
with the Fokker—Planck equation presented in Section 2.1, is the second
natural way to associate a partial differential equation with a stochastic
differential equation. It is a generalization of formula (2.8).

Let us consider a general stochastic process ()i in R? satisfying the
stochastic differential equation (1.11). Let us recall that we let £ denote
the associated infinitesimal generator (see (1.12)).

Proposition 6.1. Let S be a C* bounded domain of R¢, and let f : S —
R v : S — R? and ¢ : S — R be three C™ functions. Let v(t,y) be a
smooth solution (C! in ¢t and C? in y is sufficient) to the boundary value

problem:
v=Lv+ fv fort>0,y€l,
V= on 085,
v(0,y) = vo(y)-
Then,

v(t,y) = EY <1Ts<t @(2rg) exp (/OTS f(zs) dS))

+8 (Lrgsrmten) exo [ ) ) 6

where (x);>0 is the process satisfying (1.11), 7g is the first exit time of
(zt)t=0 from S,

T7s = inf{t > 0,2, & S},

and the superscript y in the notation EY indicates that the initial condition
: _ d
is xg =y € R%

Let us emphasize that (6.1) is a representation formula: it gives a prob-
abilistic representation to a smooth solution of the PDE, but does not say
anything as such about the existence or the regularity of this solution.
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Proof. Fix a time ¢t > 0 and consider u(s,y) = v(t —s,y) for s € [0,t]. The
function w satisfies

Osu+ Lu+ fu=0 for s € [0,t], y € 5,
u=q on 0S5,
U(t,y) :UO(y)'

Using It6 calculus, for all s € [0, min(7g,t)] we obtain

o esp [t ar)

— (0, 30) + /0 (Ot Lu+ fu)(r,zp) exp < /0 " Hz,) dp> dr
v [ exp< [ 16 dp> Vu(r,z2) - o) AW,

- U(O, y) + M57

where
M, = /2871 /s exp </T f(z,) dp) Vu(r,z,) - o(x,) dW,
0 0

is a local martingale. Since u and f are assumed to be C*°, and z, lives in
the bounded domain S up to time min(7g,t), we conclude that

min(¢,7s)
U(tu y) = U(O, y) =EY <u (mln(t’ TS)7 xmin(t,’rs)) €xp </0 f(‘TT) dT‘))

_ g (1Ts<tu(fs,xm) exp ( /0 ) dr))
4 Ey(lTS>tu(t,mt)exp ( /0 t f(xr)dr))

efomatronl [ To0a))
+]E<1Ts>t vo(2t) exp (/Ot f(xr) dr>>-

This concludes the proof of (6.1). 0

We have presented the Feynman—Kac formula in a specific setting and
under strong regularity assumptions. Many extensions exist; see for example
Friedman (1975, Section 6) for a general introduction and the recent work
by Le Bris and Lions (2008) for generalizations to non-smooth data.
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6.1.2. Jarzynski identity
Let us now present the Jarzynski identity (Jarzynski 1997), which is not
a method for computing dynamical quantities but a free energy computa-
tion technique, like the adaptive importance sampling methods presented
in Section 4. This method is described in this section since it is a simple
application of the Feynman—Kac formula. For simplicity, we present it in
the so-called alchemical setting, where the free energy is indexed by an ex-
ternal parameter A\ rather than by the value of the reaction coordinate (as
in Section 4.1). For extensions to the reaction coordinate case, we refer for
example to Lelievre et al. (2010, Chapter 5) and to Lelievre et al. (2012).

Let us assume that the potential energy V is indexed by a parameter
A € [0,1], and that (X, q) — Vi(g) is C! in A and C* in ¢. Typically, one
could think of the situation V)(q) = AVi(q) + (1 — A)Vy(q), where Vj and V;
are associated with two different models. For example, Vj is a potential for
a homogeneous system with N particles, and V; is the equivalent potential
but for NV + 1 particles. Going from A = 0 to A = 1 is thus equivalent
to inserting one particle in a bath of N particles — a process known in the
physics and chemistry literature as Widom insertion (Widom 1963). Since
this process needs not be physical, we can simulate extraordinary chemical
operations such as the change of lead into gold, which explains the name
‘alchemical setting’.

The free energy change associated with the transformation from Vj to V)
is defined as

F(\) - F(0) = -8 ln<2‘>

(similar to the formula (4.5) in the reaction coordinate case), where for any
A€ [0,1],

7y = /D exp(—BVA).

Let us explain how the Jarzynski identity can be used to compute this
quantity. The idea is to introduce a C* schedule A : [0, T] — [0, 1] such that

A(0) =0,
and then to simulate the non-homogeneous-in-time stochastic process

dqt = *VVA(t) (qt) dt + vV Qﬁfl th (62)

with an initial condition ¢qq distributed according to the probability measure
Zy Lexp(—=BVo(q)) dg. We associate with each trajectory a weight defined
by

W = / Vo) (a)A(s) ds, (6.3)
0
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where A is the time derivative of A. Intuitively, the weight W, represents
the work associated with the alchemical process up to time ¢t. Then we have
the following interesting result.

Proposition 6.2. Assume that (q;);>0 satisfies (6.2) with gy distributed
according to the probability measure Z; Lexp(—BVo(q)) dg. Then, for any
time ¢ € [0, 71,

Elexp(—pW)] = exp[=B(F(A(t)) — F(0))], (6.4)
where W, is defined by (6.3).

This formula is called the Jarzynski identity. It shows that one can recover
an equilibrium quantity (the free energy difference F'(A(t)) — F(0)) from
non-equilibrium simulations (i.e. the non-homogeneous-in-time dynamics
(6.2)) started at equilibrium. In many cases of interest, only the free energy
difference F'(1) — F'(0) associated with the transformation from Vj to V; is
of interest: one then chooses A such that A(T) = 1, and the free energy
difference is given by F (1) — F(0) = —8~ ! In(E[exp(—SWr))).

Proof. The proof is based on a Feynman—Kac formula in the spirit of (6.1)
but adapted to the non-homogeneous-in-time setting. Indeed, for a fixed
time t, let us consider a C'™ solution v : [0,¢] x D — R to the backward-in-
time partial differential equation

Osv(s,x) = —Lsv(s,x) + BO\Vi(s) ()A(s)v(s,x) for (s,2) € [0,t] x D,
o(t,z) = f(z) for x € D,

where L5 = —VVj(4)-V + B7LA is the infinitesimal generator of (6.2). This
is a standard parabolic equation which admits a unique C*° solution under
standard regularity assumptions on the coefficients, the domain D and the
function f. The Feynman—Kac formula in this context is given by

v(s,x) = B (f(gr) e POV), (6.5)

where the superscript s, z indicates that one considers the solution to (6.2)
for t > s with initial condition gs = x. The proof of (6.5) is very similar
to the proof of (6.1). Indeed, using It6 calculus over the time interval [s, ],
one obtains

it ex (6 | 0\ Va (4,)A(0) 4) = ol
V25T / t eXP<—6 / " 0\Va (a0)A () dp) Volrg) - AW,

where we have used the partial differential equation satisfied by v to cancel
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the bounded variation part in the It6 formula. Equation (6.5) then imme-
diately follows by taking the expectation %%,
Now, it is easy to check that for any s € [0, ],

(i(/p v(s, ) eXp(—ﬂvA(s)(ﬂﬁ))dx) =0. (6.6)

Indeed, using the partial differential equation satisfied by v,

% ( /D v(s, x) exp(—=FVi(s) () dx)

= /D(asv(sal‘) — BV (2)A(s)u(s, 7)) exp(—BVi(s) (2)) da
—/D,Csv(s,x) exp(—BVa(s)(z)) dz = 0,

where the last equality is a consequence of the invariance of the canonical
measure (see (1.17)). As a consequence of (6.6), we have

/ o(t, ) exp(— BV () do = / 0(0, 2) exp(—BVa(o)(x)) da.
D D

Using (6.5), this equality can be rewritten as

/ F(@) 23 exp(=BVy g (@) de
- /D E"[f(ar) exp(—BWD)| Zy " exp(~BVa o) (2)) da.

Taking f = 1, the left-hand side is exp(—S(F(A(t)) — F(0))) and the
right-hand side is (using a conditioning argument on initial conditions)

E(exp(—pBW,)), where the weight W is computed using the solution (g;)¢>0
to (6.2) with initial conditions gy distributed according to the probability
measure Z; ' exp(—BVj(0)(x)) dz. This concludes the proof of (6.4). O

The Jarzynski identity is mainly useful for extracting free energy differ-
ences from experimental measurements, by performing many non-equilib-
rium externally driven experiments between two states of interest (Hummer
and Szabo 2001).

There are many extensions to this identity: generalization to other dy-
namics (Langevin, Hamiltonian, Nosé-Hoover dynamics), computation of
free energy differences associated with a reaction coordinate (with driven
constrained processes), and combination of forward-in-time and backward-
in-time schedules (Jarzynski-Crooks identity). We refer to Lelievre et al.
(2010, Chapter 5) for a more comprehensive presentation.
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6.2. Importance sampling on path space and Hamilton—Jacobi equations

In this section we present ideas that were developed in order to construct
optimal importance sampling functions for some observables which are func-
tions of the path of the stochastic process. This can be seen as an extension
of importance sampling for canonical averages, as presented in Section 3.4.3.
In this setting, partial differential equations (and in particular Hamilton—
Jacobi equations) play a crucial role.

6.2.1. General setting
We consider overdamped Langevin dynamics (1.8), which we recall for con-
venience:

dgr = —VV(g) dt + /281 dW,.

In this section we assume for simplicity that the initial condition is determ-
inistic: gg = xg for a fixed zg € D. Assume that the observable of interest is

1=l (g0 + [ flaas), (6.7

for given functions f : D — R and g : D — R and a stopping time 7, defined
by

T = inf{t =20,q € D},

where D C D is a given domain. Let us give two examples.

e One could think of D = 5¢, the complement of a bounded set S. Then,
when f = 0, (6.7) is the average of the test function exp(g) with respect
to the first exit point probability on S (which thus characterizes the
exit point distribution by varying g). When ¢ = 0 and f = A, (6.7)
is E(exp(A7)), where 7 is the exit time from S, which thus gives the
moment generating function of 7. Computing (6.7) is thus important in
understanding the exit event from S (see Section 6.3 for more discussion
of the exit event from a state .5).

e Another example!'” is D = AU B, where A and B are two metastable
states, f = 0 and exp(g) = 1p, in which case (6.7) is the probability of
reaching B before A. Trajectories starting from xg close to A and which
reach B before A are called reactive trajectories (Hummer 2004, E and
Vanden-Eijnden 2004, Lu and Nolen 2015) and are important to sample
in order to identify the transition states between A and B, for example.

17 The reasoning here is partially formal since it requires us to choose g = 0 on B and
g = —oo on B¢. One should think of g = —M on B¢, with a large M. See for example
Dupuis, Spiliopoulos and Wang (2012, Proposition 4.2) for a rigorous treatment.
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Typically, approximating I by an empirical average

where I,, are independent realizations of the random variable
R T
P=ep(glar) + [ fla)as) (6.9
0
yields a large statistical error since

Var(I)
72

is large. For instance, in the second example above, I is the probability of
reaching B before A, which is very small, so the relative error

Var(I I1-1
I

is large. We would therefore like to apply an importance sampling procedure
to reduce the variance in the estimation of I.

6.2.2. Biased dynamics
Let us assume that we consider the biased dynamics

dGe = —V(V + V) (G) dt + /261 dW, (6.9)

as for classical importance sampling (see (3.36)). Here V : D — R is a
C* biasing potential. We assume that gy = qo = xg. Using the Girsanov
theorem (see for example Revuz and Yor 1999, Chapter VIII), one can show
that!®

I =E[[;],

18 The Girsanov theorem holds under some assumptions on V and on the stopping time 7.
One way to make the argument fully rigorous is to consider from the beginning the
observable I = E[exp(g(g-)+ [y f(gs)ds)1-<7] for a fixed time T > 0; see for example
Dupuis, Spiliopoulos and Zhou (2015). Another approach to make this reasoning rigor-
ous is to directly prove that E*(I) = E*(I) for all z € D°, by using the Feynman-Kac
formula (6.1) to show that E*(I) and E”(I) are solutions of the same partial differ-

ential equation. Here we stick to a formal and hopefully intuitive presentation.

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

838 T. LELIEVRE AND G. STOLTZ

where

Iy = exp(g(q}) + /0 %f@s)ds) (6.10)
1

~ 1 /7 1 ~
G- W, — & 2(3.)ds).
@) aW -y [ VTR as )

X exp </0 Tﬁ_l

where 7 is now the first hitting time of D for (G;)¢>0. This is the equivalent of
the unbiasing formula (3.37) on path space: the Girsanov formula gives the
change of measure so that averages with respect to the law (g;)o<i<r can be
obtained from weighted averages with respect to the law of (G;)o<i<#. Using
1t6 calculus, we have

V(G) — V(o) = /0 t(—vv YV — [VV [+ B71AV)(G5) ds

++/28-1 /Otvf/(qs)- dw, (6.11)

which, once inserted in (6.10), yields

i T 1 i
Iy = xp o) + [ 1) s+ 5 (V) = Vaw)
17 ~ 1~ -
+ _/ VV -VV + Z|VV]? = B7LAV ) (gs) ds]|. (6.12)
26-1 J 2
The aim is now to build a good biasing potential V such that Var(ff/) <
Var(I). Let us consider
V =-25"1nu, (6.13)

where, for x € D¢,

u(z) = E° [eXp <g(qr) + /OT f(as) d8>] :

We recall that (g;)¢>0 satisfies overdamped Langevin dynamics (1.8) and

that the superscript z in E* indicates that gy = x. Notice in particular that

I = u(zp). From Proposition 6.1 (formally consider the limit ¢ — oo in

(6.1)), the function u : D¢ — R satisfies the partial differential equation
Lu+ fu=0 in D¢,

6.14
u=-exp(g) on dD, (6.14)

where £ = —VV -V 4+ B71A is the infinitesimal generator of overdamped
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Langevin dynamics introduced in (1.13). Therefore V = —2~! In u satisfies

~ ~ 1 ~
VV-VV = BIAV + Z|VV?+2871f =0 in D¢,
v B I VVIE+267f in (6.15)
V=-23"1 on 0D

(this is the celebrated Cole-Hopf transformation). Using V =-28"'lnu
as a biasing potential, one thus obtains from (6.12)

f‘~/ = exp <g(cj;) + 261_1(‘7(@%) - v(%)))

1 ~
= exp <251V($0)> =u(xg) = 1. (6.16)
Let us summarize this discussion in a lemma.

Lemma 6.3. Consider the random variable I}/ defined by (6.12), built
using the biased dynamics (6.9). This random variable is an unbiased es-
timator of I (defined by (6.7)):

o) =1

Moreover, let us assume that the biasing potential V is defined by (6.13).
Then, I is a zero variance estimator of I: almost surely,

I; =1
Therefore, we see that using V= —2B7!'Inwu as a biasing potential, f‘~/
is a zero variance estimator of I: the biasing potential V= —2B8 1 1nu is

optimal in terms of variance. Of course, this result is not surprising, since
being able to compute V requires us to know the quantity we would like to
estimate from the very beginning:

I = u(zo) = exp(—28"1V (o)) (6.17)

This is very much reminiscent of the discussion of the optimal importance
functions for classical importance sampling approaches in Section 3.4.3.
This result also explains why we restrict ourselves ab initio to biasing drifts
which are gradients: this is sufficient to get zero variance estimators. Let us
mention that this approach can be easily generalized to non-homogeneous-
in-time stochastic differential equations. We refer to Vaikuntanathan and
Jarzynski (2008) for examples related to the dynamics (6.2).

6.2.3. Approximating Vin practice

The above computations are nonetheless interesting for the following reason:
if an approximation V of the optimal bias —237! Inw is available, it can be
used as a bias in the dynamics, to sample the estimator I};. The closer V'
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is to —287 ! Inwu, the better is the associated Monte Carlo procedure. Now
the question is how one should approximate the solution to (6.14), or equi-
valently, the solution to (6.15). One idea that has been explored in the
literature is to interpret the solution to (6.15) as an optimal control prob-
lem, using the link relating Hamilton—Jacobi-Bellman equations to control
problems. Indeed, (6.15) can be rewritten as

(1 o —1 AT -1 > e
min|( =|ul* = (VV +u) - VV + AV —2 =0 in D,
u€D<2| = ) & by (6.18)

V= —287 1y on 0D.

It is also well known that, under some regularity assumptions on the coef-
ficients that we do not make precise (see e.g. Fleming 1977, Fleming and
Soner 2006), the solution to this equation satisfies

17 . T 1 ™ — ™ u — u
V()= inf E( [l ar-27 [ ptay a2 19(%“)),
(us)sz0€U 2 Jo 0
(6.19)

where (gf')¢>0 satisfies the stochastic differential equation

dgi' = —=(VV(q}) + ue) dt + /2871 AW,

and 7" is the first entrance time in D for (g;*)¢>0. We recall that the super-
script z in (6.19) means that the stochastic process starts from z: ¢ = x.
Furthermore, U denotes the set of adapted stochastic processes with values
in D. Let us recall quickly why (6.19) holds. The proof is in two steps.

For V solution to (6.15) (or equivalently (6.18)) and any stochastic process
(us)s>0 € U, we first prove that

. 1 T T
Vi <m (5 [ luPar-20 [0 e -2 ). 620

Indeed, by Ito calculus, we have

u

V(gh) = ‘7((18)+/0T (—(VV(g) +ur) - VV (') + 87 AV (g1)) dt

+\/251/0 VV(g) - dW.

Taking the expectation and applying (6.18) to deduce

~(VV{g) + ) VV{q) + 5 AV () > 2571 (a) - 5lulP
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we obtain (6.20). Now, to conclude the proof of (6.19), it is sufficient to
exhibit a process (u})s>o such that

. 1 o .
Vo e (5 [ lita-2t [T faat 26700 ). (62

where V is again the solution to (6.15). This is the second step of the proof,
which considers the feedback control

uj = VV(@), (6.22)

where (§t)i=0 satisfies (6.9), so that, with the previous notation, (:)i=0 =
(% )i=0 and 7 = 7%". Using (6.15) and It6 calculus in succession, we obtain

E? (; /O "IV P dt - 257! /0 " Fadt - 26‘19((%))

=E* </T(|V‘~/(Cjt)’2 +VV. Vv(Qt) — /B*lA‘N/((jt)) dt — 2ﬁlg(@;)>
’ ~

= E*(V(do) — V(d) — 287" g(dz)) = V (2).

This is very close to the computations leading to (6.11) above. This con-
cludes the proof of (6.21), and thus of (6.19). In particular, it shows that
the infimum in the right-hand side of (6.19) is attained for the feedback
control (6.22).

Using the characterization (6.19) of the optimal biasing potential V as
a solution to a control problem, many ideas have been explored to ap-
proximate V. For example, Hartmann and Schiitte (2012) have proposed
solving the control problem by discretizing the minimization set over feed-
back controls of the form w; = (E;n:l a;V;) (i) for fixed basis functions
¢; + D — R (Galerkin procedure), or using coarse-grained models to ap-
proximate the solution to the control problem (see Schiitte, Winkelmann
and Hartmann 2012, Zhang et al. 2014, Hartmann, Schiitte, Weber and
Zhang 2015, Banisch and Hartmann 2016). Another approach, followed
in Dupuis et al. (2012, 2015) and Vanden-Eijnden and Weare (2012), for
example, consists in sending the temperature to zero (3 — o0o) while scal-
ing f and ¢ such that 287'f = f and 287 'g = §, in order to replace the
stochastic control problem with a deterministic control problem. Formally,
(6.15) becomes

~ 1 _~ -
VV -VV+Z|VV2P4+f=0 in D
2 (6.23)

V=—-g onadD,
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and (6.19) can be rewritten as

V)= if @[ﬁw#m—éﬂﬂ#mw@@m) (6.24)

(uS)SZOEZ/{

where (g}')¢>0 satisfies the ordinary differential equation
t
it =t [ (VY@ - w)at
0

From the definition (6.13) of the optimal bias V at positive temperature,
one observes that the solution to the problem (6.24) should be the limit

,BH—>I20 —25""In <Ex [exp <§ (/OT Flgs)ds + é(qv)»] > :

This is related to large deviation results: see Fleming (1977), Fleming and
Soner (2006), Freidlin and Wentzell (1984) or Dupuis and Wang (2004).
The idea is thus to use the rate function (here ‘7) associated with a large
deviation principle (here in the limit 8 — oo0) to build good importance
sampling functions (see also Siegmund 1976, Bucklew 2004). Let us em-
phasize that our presentation here is very informal, and that proving rig-
orously that efficient estimators are obtained by using a large deviation
principle requires some work: see for example Dupuis et al. (2012, 2015). In
particular, many works by Dupuis et al. actually rely on smooth subsolu-
tions of (6.23), which is sufficient to get asymptotically efficient importance
sampling schemes. Other related works studying rare events via large devi-
ations and control theory are those of Jack and Sollich (2010) and Chetrite
and Touchette (2014).

Let us also mention the work by Kundu, Sabhapandit and Dhar (2011),
where an importance sampling procedure based on a Girsanov transform
is used for Langevin dynamics for efficient sampling of the energy flux in
a system linking two thermal baths at different temperatures (for further
references on this model, see (5.2) and the subsequent discussion).

6.2.4. Concluding remarks
Let us conclude this section with two comments.

First, in the second example given at the beginning of Section 6.2.1 (D =
AU B, where A and B are two metastable states, f =0 and exp(g) = 1p),
the function u(z) = P*(7p < 74) is the so-called committor function, which
is the solution to (see (6.14))

Lu=0 in (AUB),
u=0 on A,

u=1 on B.
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This function plays an important role in importance sampling (as explained
here) but also in optimal splitting techniques (Vanden-Eijnden, Venturoli,
Ciccotti and Elber 2008, Guyader 2015). It is also very useful for theoretical
purposes, to compute transition rates from A to B (E and Vanden-Eijnden
2004, Hummer 2004, Lu and Nolen 2015).

Second, the function u solution to (6.14), used here to build an optimal
importance sampling scheme, can also be used to build an optimal control
variate (see Section 3.4.2 for an introduction to variance reduction by control
variates). Indeed, by It6 calculus, it is easy to check that if u satisfies (6.14)
and (g:)¢>0 follows overdamped Langevin dynamics (1.8), then

u(ge) exp (/Ot f(as) d8> = u(qo) + /Ot(ﬁu + fu)(gs) exp (/OS flar) d?“) ds
+v25 [ e [ far)ar) vutan) - aw,

so that, by choosing ¢t = 7 (see (6.17), with xo = qo),
T T S
exp(g(qT)Jr/O f(qs)ds) = I+\/2ﬁ71/0 exp</0 f(qﬁdr)Vu(qs)-dWS.

On the left-hand side, one recognizes the unbiased estimator I (see (6.8))
of I, and from this equality, one can see that

2=vaT [Cew( [ ta)ar)uta) - aw.

is an optimal control variate for I, since E(Z) = 0 and
Var(l — Z) = 0.

This shows that a good approximation of the solution to (6.14) could also
be used to build a good control variate.

6.3. The quasi-stationary distribution and the exit event from a metastable
state

As mentioned in the introduction of Section 6, the difficulty when sampling
paths of overdamped Langevin or Langevin dynamics is that the system
remains trapped for very long times in metastable states. In this section we
analyse the exit event from such a metastable state, denoted by S C D in
the following.

An interesting mathematical tool to study the exit event is the quasi-
stationary distribution (QSD). The reason why a partial differential equa-
tion is involved in this problem is that the QSD attached to a state S is
simply the first eigenvector of the Fokker—Planck operator with homogen-
eous Dirichlet boundary conditions on 9S.
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6.3.1. The quasi-stationary distribution

Let us consider a fixed state S (i.e. an open bounded!® and smooth subset of
the configurational space D) and let us focus for simplicity on overdamped
Langevin dynamics (1.8). Consider the first exit time from S:

g =inf{t > 0, ¢; ¢ S},

where (g;)¢>0 follows overdamped Langevin dynamics (1.8).
Let us start with the definition of the QSD.

Definition 6.4. A probability measure vg with support in S is called a
QSD for the Markov process (q¢)i>o if and only if

_ fSPx(Qt € At < 1g)vg(de)
o JgPe(t <7s)vs(dz)

We recall that P* denotes the probability measure under which ¢y = x.
In other words, vg is a QSD if, when ¢qq is distributed according to vg, the
law of ¢, conditional on (gs)o<s<: remaining in the state S, is still vg, for
all positive t.

The QSD satisfies three properties which will be crucial in the following.
We refer for example to Le Bris, Lelievre, Luskin and Perez (2012) for
detailed proofs of these results and to Collet, Martinez and San Martin
(2013) for more general results on QSDs.

forallt >0, ACS. (6.25)

vs(A)

Proposition 6.5. Let (g)¢>o follow the dynamics (1.8) with an initial
condition ¢y distributed according to a distribution vi,;; with support in S.
Then there exists a probability distribution vg with support in .S such that,
for any initial distribution v4,;; with support in .S,

tlim Law(gt|ts > t) = vs. (6.26)
The distribution vg is the QSD associated with S.

A consequence of this proposition is the existence and uniqueness of the
QSD. The QSD is the long-time limit of the law of the (time marginal of
the) process conditioned to stay in the state S: it can be seen as a ‘local
ergodic measure’ for the stochastic process in S. This proposition can be
useful for properly defining a metastable state. A metastable state is a state
such that the typical exit time is much larger than the local equilibration
time, namely the time to observe the convergence to the QSD in (6.26); see
Section 6.4.1 for a precise discussion of this point.

Let us now give a second property of the QSD.

19 Some of the results presented below can be generalized to an unbounded subset S.
Boundedness implies the compactness of the embedding H*(S) C L*(S) which is used
in the proof of Proposition 6.6 to show the existence and uniqueness of the QSD.
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Proposition 6.6. Let £L = —VV -V + 37'A be the infinitesimal gener-
ator of (qt)i=0 (satisfying (1.8)). Let us consider the first eigenvalue and
eigenfunction associated with the adjoint operator £I = div(VV + 71V)
with a homogeneous Dirichlet boundary condition:

ETul =—Xu; on S,

(6.27)
u; =0 on 0S.
Then, the QSD vg associated with S satisfies
uy(x) dz
dvg = —————
Vs fS uy () dz’

where dx denotes the Lebesgue measure on S.

The QSD thus has a density with respect to Lebesgue measure, which is
simply the ground state of the Fokker-Planck operator £ associated with
the dynamics with absorbing boundary conditions. In (6.27), it can be
shown that u; has a constant sign and hence can be chosen non-negative.
In addition, A\; > 0. Let us give the main arguments of the proof of this
proposition (see Le Bris et al. 2012 for more details).

Proof. Let us first notice the equivalence between two properties: (—Aj,uq)
is an eigenvalue-eigenfunction pair for £ (with zero Dirichlet boundary
condition on 95) and (—A1, uj exp(5V)) is an eigenvalue—eigenfunction pair
for £ (with zero Dirichlet boundary condition on 9S). This is a simple
consequence of the following identity: for any C*° test function ¢ : D — R,

LY (pexp(—BV)) = (L) exp(—BV).

Now, the operator £ with homogeneous Dirichlet boundary condition is
symmetric for the weighted L?(v) scalar product (where, we recall, v(dq) =
Z; L exp(—BV(q)) dq is the canonical measure: see (1.5)). For any two C'™
test functions ¢ and v which vanish on S¢,

[otenar= [ vieoar =51 [ 9o voan

Since V' is assumed to be C'*° and S bounded, the inverse of the operator £
from L?(v) to L?(v) is compact and symmetric. Thus £ admits a discrete
spectrum, and in particular a smallest eigenvalue —\; associated with an
eigenvector ;. Using standard arguments, one can show that ¢; > 0 and
— A1 is a non-degenerate eigenvalue.

Let us now introduce the probability density u; = Zglcpl exp(—pV') with
Zg = fs p1exp(—pV). As explained at the beginning of the proof, (A1, u1)
satisfies (6.27). Let us prove that uq(x)dx is a QSD, by checking (6.25).
Fix a subset A of S and introduce v(t,z) = P*(q; € A,t < 7g) as well as
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o(t,x) = P*(t < 7g). From Proposition 6.1, the function v satisfies
o = Lo fort >0,y €8,
v=20 on 085,
v(0,y) = 1a(y).

Likewise, the function v satisfies the same equation, with initial condition
v(0,y) = 1. Therefore,

(i(/s P*(qr € At < Tg)u1(x) dx)

- 251% (/Sv(t, et exp(—ﬂV)>
— Zgl/s(ﬁv)% exp(—BV)

= 2" [ ot exp(-pV)
= —AlZsl/Svgpl exp(—pV)

=-\ / P*(q € A,t < 75)ur(z) de,
S

which yields

/ P*(qt € At < 15)ui(z)dx = </ up(z) dm> exp(—A1t). (6.28)
S A
Likewise, considering v, it is easy to check that (taking A = .S in (6.28))
/ P (¢ < 7g)u1(x) dz = exp(—Ait). (6.29)
S

This concludes the proof in view of (6.25). O

Finally, the third property of the QSD concerns the exit event, when ¢g
is distributed according to vg.

Proposition 6.7. Let us assume that gg is distributed according to the
QSD vg in S. Then the law of the pair (73, ¢r;) (i.e. the first exit time and
the first exit point) is fully characterized by the following properties.

e 7g is exponentially distributed with parameter \; (defined in (6.27)).
e 75 is independent of g.

e The law of g, is given as follows: for any bounded measurable function
p:08 = R,

B Jo5 9 Onu1 do
B fSul(a:) dz’

E"S (p(grs)) = (6.30)
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where o denotes the Lebesgue measure on 0.5 induced by the Lebesgue
measure on D and the Euclidean scalar product, and d,u; = Vuy - n
denotes the outward normal derivative of u; (defined in (6.27)) on 0S.

In (6.30), the superscript vg indicates that the initial condition ¢q is
assumed to be distributed according to vg. Let us give a brief proof of this
important result (see again Le Bris et al. 2012 for more details).

Proof. The fact that 75 is exponentially distributed with parameter Ay is
a direct consequence of (6.29). To prove the two remaining items, let us
consider the solution v to the following PDE:

Ow=Ly fort>=0,z€S,
v=¢ onds,
v(0,z) =0 forzeS.
From Proposition 6.1, we have the probabilistic representation formula
v(t, z) = E* (Lrg <t 9(4rs))-

Let us introduce

F(E) = B (Lgct 9l(drs)) = /S E? (1<t 9(rs))vs(dz) = Z3! / oft, Jur.

S

where Zg = | gu1. Using integration by parts and the fact that uy = 0 on
0S5, we obtain

f = Zgl/atvul
S
=75 /(Ev)m =7z5! /(—vv Vo + 7 AU
S s
= Z§1 / v(div(mVV) + ﬁ_lAul) — Zslﬁ_l/ vOuy do
S as

=-\f- Zs_l,Bfl /as pOhuy do.

By solving this ordinary differential equation in f, we thus get

F(t) = B (Lg <t 9(grs)) = (1~ exp(~Aeh)) /

pdp, (6.31)
aS
where p denotes the probability measure
-1
- \iZs

Note that d,u1 < 0 and Zg > 0 when wuy is chosen positive in S, hence p
indeed has a non-negative density with respect to o. Since 1 —exp(—Ait) =
P¥(rs < t), equation (6.31) shows that, if gy ~ vg, the random variables

dp = Opuy do.
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7s and ¢r, are independent, and g, is distributed according to p. This
concludes the proof of Proposition 6.7. O

Remark 6.8. The existence of the QSD and the convergence of the condi-
tioned process towards the QSD for the Langevin process (1.9) require extra
work compared to the overdamped Langevin process (1.8). For results in
that direction, we refer to the recent paper by Nier (2014).

6.3.2. FExit event and the state-to-state dynamics
Proposition 6.7 explains the role of the QSD in relating the continuous-in-
time process (¢;)i>0 to a jump process between metastable states.

Indeed, if the process remains for a long time in .S, then, according to Pro-
position 6.5, it is approximately distributed according to the QSD. There-
fore, to study the exit from S, it is relevant to consider a process starting
from vg and to look at the pair (7g, ¢ry) which fully characterizes the exit
event from S. Proposition 6.7 shows that the exit event from the state S is
Markovian. It can be rewritten as one step of a Markov jump process, thanks
to two important properties: 7g is exponentially distributed and independ-
ent of ¢r4. This is reminiscent of what is assumed to build kinetic Monte
Carlo (Voter 2007) or Markov state models (Sarich and Schiitte 2013, Bow-
man, Pande and Noé 2014).

Let us make this more precise. The aim is to build from the continuous
state-space dynamics (g¢);>0 a discrete state-space dynamics, which jumps
from state to state. Let us assume that we are given a mapping

S:D N, (6.32)

which to any given x € D associates S(z), the label of the state in which
x lies. The mapping S thus defines a partition of the state space. In the
simple two-dimensional case of Figure 1.1, for example, one could use just
two states: S(x,y) is 0if x < 0 and 1 if x > 0. The state-to-state dynamics
is then simply the dynamics

(S(ar))e=o0, (6.33)

where (g;)¢>0 is obtained by the Langevin (1.9) or overdamped Langevin
(1.8) dynamics. Of course this is not a Markovian dynamics. If S is well
chosen, however, it is close to a Markovian dynamics. In the next section
we will come back to one way to correct for non-Markovian effects. We
concentrate here on the parametrization of the Markov dynamics associated
with the partition and the original dynamics. Let us assume that the process
(g¢)t=0 remains in one of the components of the partition for a sufficiently
long time, so that the limit in (6.26) is reached (see Proposition 6.9 for an
estimate of this convergence time). Let S denote this state: S = S~1({n})
for some n € N.
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Figure 6.1. The state S with the partition of the boundary 95 into four subsets
(0S;)i=1,...a. The dashed line represents the trajectory of a dynamics entering S.

Let us now assume that the state S is surrounded by I neighbouring
states. The boundary 0S5 is then divided into I disjoint subsets (0.5;)i=1.....1,
each of them associated with an exit towards one of the neighbouring states
(see Figure 6.1 for a situation where I = 4). The exit event from S is
characterized by the pair (7g,Z), where Z is a random variable which gives
the next visited state:

fori=1,...,I, {Z=1i}={q. €0Si}.

Notice that 7¢ and Z are independent random variables. The kinetic Monte
Carlo model is then parametrized as follows. Introduce

f@Si 8nu1 do
ﬂ)\l fS ui dl’7

For each exit region 0.5, there is a corresponding rate k(i) = A\1p(7). Now,
if (T};)i=1,...,r are independent random variables, where T; is exponentially
distributed with parameter k(i), one can check that

(1s,Z) £ ( min (7;), argmin(ﬂ)),
ie{1,....,I'} ie{l,...I}

p(i) =P(grs € 0S;) = fori=1,...,1I.

where £ denotes equality in law. A natural way to parametrize a kinetic
Monte Carlo model associated with the partition (S71({n}))nen is thus to
consider the stochastic process starting from the QSD associated with each
state, and to use the random variables (7g,¢rs) to parametrize the jump
process. In practice, computing the rates k(i) associated with S may be
complicated. Most often, rates are evaluated using an approximation (Voter
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2007, Berglund 2013): for instance the harmonic transition state theory, the
Arrhenius law, or the Eyring—Kramers law (see formula (6.39) below).

We have discussed one natural way to relate a continuous state-space
dynamics to a discrete state-space dynamics: introduce a partition of the
state space and consider the position of the process within this partition.
Another natural idea is to introduce an ensemble of disjoint subsets (M;);>1
and to project the dynamics (g;);>0 onto a discrete state-space dynamics by
considering the last visited milestone (Buchete and Hummer 2008, Schiitte
et al. 2011). Notice that these subsets do not create a partition of the state
space. They are sometimes called milestones (Faradjian and Elber 2004),
target sets or core sets (Schiitte et al. 2011) in the literature. The nat-
ural parametrization of the underlying jump process is then to consider,
starting from a milestone (say Mj), the time to reach any of the other
milestones (M;);x1 and the index of the next visited milestone. This re-
quires us to study the reactive paths among the milestones, for which
many techniques have been proposed (Dellago and Bolhuis 2009): for ex-
ample, transition interface sampling (van Erp, Moroni and Bolhuis 2003, van
Erp and Bolhuis 2005), forward flux sampling (Allen, Warren and ten
Wolde 2005, Allen, Valeriani and ten Wolde 2009), the string method (E
and Vanden-Eijnden 2004, E, Ren and Vanden-Eijnden 2002, E, Ren and
Vanden-Eijnden 2005), and adaptive multilevel splitting techniques (Cérou
and Guyader 2007, Cérou, Guyader, Lelievre and Pommier 2011). React-
ive paths are the pieces of a trajectory at equilibrium between metastable
states: see Hummer (2004), E and Vanden-Eijnden (2004) and Lu and Nolen
(2015). Let us finally discuss the error introduced by this approach, namely
the Markovianity of the projected dynamics. On the one hand, in the limit
of very small milestones,?’ the sequence of visited states (i.e. the skeleton of
the projected process) is naturally Markovian (even though the transition
time is not necessarily exponential), but the description of the underlying
continuous state-space dynamics is very poor (since the information of the
last visited milestone is not very informative about the actual state of the
system). On the other hand, taking larger milestones, the projected process
is close to a Markov process under some metastability assumptions with
respect to these milestones. We refer to Sarich, Noé and Schiitte (2010),
Sarich and Schiitte (2013) and Bovier and den Hollander (2015) for a math-
ematical analysis.

6.4. Accelerated dynamics

The idea of the numerical methods presented in this section is to take ad-
vantage of metastability in order to simulate paths over very long time scales

209 One could think of one-dimensional overdamped Langevin dynamics, with milestones
defined as points: in this case the sequence of visited points is Markovian.
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more efficiently. In the spirit of a predictor—corrector method, the principle
is indeed to use the underlying Markov jump process to more efficiently sim-
ulate the original dynamics, or more precisely the state-to-state dynamics
which encodes the ambient metastable state at a given time (see equation
(6.33)). These techniques, called accelerated dynamics, were introduced by
Voter and his co-workers in the late 1990s.

Using the notation of the previous section, let us consider a function
S : D — N which defines a partition of the state space. The aim of accel-
erated dynamics techniques is to efficiently generate paths of the dynamics
(S(qt))i=0- As explained above, this is not a Markovian dynamics but,
if § is well chosen, it is close to a Markovian dynamics. The main idea
of accelerated dynamics is to take advantage of this fact, by checking the
Markovianity on-the-fly (see Section 6.4.1 below). However — and this is
very important — we show below that for any mapping S, the accelerated
dynamics are consistent, in the sense that they simulate the state-to-state
dynamics (6.33) up to an error term which goes to zero when certain nu-
merical parameters go to zero. Somehow, the mapping S is very similar
to the reaction coordinate £ introduced in Section 4.1, except that it takes
values in a discrete state space (which can be chosen to be N without loss of
generality: see (6.32)). For further comments on the practical way to choose
S, we refer to Remark 6.11 below.

Given the mapping S, the principal idea of accelerated dynamics al-
gorithms is as follows: if the stochastic process remains trapped for a very
long time in a given state S = S~({n}) (for some n), then it has ‘lost its
memory’, and there is a way to generate the exit event from this state much
more efficiently than by running the original dynamics until the exit time.
This is formalized mathematically below. These algorithms thus efficiently
simulate the exit event from S, which means that they efficiently sample
the pair of random variables (7g, ¢r4). Thanks to these techniques, one ef-
ficiently samples the state-to-state dynamics (S(g:))t>0. Let us emphasize
that the aim is to get the correct law on the paths (in order to be able to com-
pute dynamical quantities, such as the typical time to go from one state to
another). This is much more demanding than, for example, simply comput-
ing the relative likelihood of the states (S71({n}))nen (Which is equivalent
to computing the free energy associated with S: see Section 4.1).

Three algorithms have been proposed by Voter and co-workers. Before
going into the details, let us briefly describe the ideas behind these three
algorithms.

In the Parallel Replica method (Voter 1998), the principle is to simulate
in parallel many trajectories following the original dynamics (1.9) or (1.8),
to consider the first exit event among the replicas, and to generate from
this first exit event a consistent exit time and exit point. The gain is thus
obtained in terms of wall clock time. This algorithm can be seen as a way to

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

852 T. LELIEVRE AND G. STOLTZ

parallelize a computation in time, which is not an easy problem in general
due to the sequential nature of the time evolution.

In the Hyperdynamics method (Voter 1997), the idea is to modify the
potential V' within the state S in order to accelerate the exit from the state
for the original dynamics (1.9) or (1.8). Again, using an appropriate time
rescaling, it is possible to generate from the observed exit event on the
biased potential an exit event which is consistent with what would have
been observed on the original unbiased potential V.

The Temperature Accelerated Dynamics (TAD) method (Sorensen and
Voter 2000) considers the original dynamics (1.9) or (1.8) at a higher tem-
perature than the original one. The idea is then that, under appropriate
assumptions, there is a way to infer from the exit events observed at high
temperature the exit event which would have been observed at the original
lower temperature.

This section is organized as follows. In Section 6.4.1 we present the de-
correlation step: this is used in practice to assess whether the process has
remained sufficiently long in a state that one can assume it is distributed
according to the QSD. In Sections 6.4.2-6.4.4 we successively introduce the
three algorithms: Parallel Replica, Hyperdynamics, and Temperature Ac-
celerated Dynamics. Section 6.4.5 is devoted to some concluding remarks.

6.4.1. The decorrelation step

The accelerated dynamics algorithms are based on the assumption that the
process remains sufficiently long in the state .S that it can be assumed to
be distributed according to the QSD vg.

A natural preliminary question is therefore how to assess in practice that
the limit has been reached in (6.26). This is done in the so-called decor-
relation step, which consists in waiting for a given time tco (a so-called
decorrelation time) before assuming that the local equilibrium vg has been
reached. This correlation time can be state-dependent, and is typically as-
sumed to be known a priori. However, let us mention the recent work of
Binder, Simpson and Lelievre (2015), where a numerical method is proposed
in order to approximate the time to reach the QSD using a Fleming—Viot
particle process together with convergence diagnostics.

From a mathematical viewpoint, t.oy should be chosen sufficiently large
that the distance between the law of ¢, conditioned to 7g > tcorr and the
QSD vg is small. Le Bris et al. (2012) prove the following result.

Proposition 6.9. Let (g)¢>0 satisfy (1.8) with go € S. Introduce the first
two eigenvalues —\o < —A; < 0 of the operator £ on S with homogeneous
Dirichlet boundary conditions on 9S (see Proposition 6.6 for the definition
of £). Then there exists a constant C > 0 (which depends on the law
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of qp), such that, for all t > C/(A2 — A1),

; ”;‘Fp IE(f(ts —t,qrg)|Ts =) —E"S(f(7s,4rs))| < Cexp(—(A2 — A1)t).
) LOOgl

The supremum is taken over all bounded functions f : Ry x 35S — R, with
L°°-norm smaller than one.

In other words, the total variation norm (2.26) between the law of (7 —
t,qry) conditioned to 7g > ¢ (for any initial condition gy € S), and the law
of (7s,¢rg) when g is distributed according to vg, decreases exponentially
fast with rate As — A;. This means that t.or should be chosen of order
1/(A2 — A1). Of course, this is not a very practical result since computing
these eigenvalues is in general impossible. From a theoretical viewpoint,
this result tells us that the local equilibration time is of order 1/(A2 — A1),
so the state S is metastable if this time is much smaller than the exit time
(which is typically of order 1/A;: see Proposition 6.6).

From now on, we assume that the decorrelation step has been success-
ful (the process remained in S for a time teoy), and we look for efficient
techniques to generate the exit event (i.e. a sample of the random variables
(7s,qrg)) starting from the QSD. Let us describe in succession the three
algorithms proposed by Voter and his co-workers.

6.4.2. Parallel Replica

Consider an initial condition gy € S such that ¢q is distributed according
to the QSD in S. Assume that we are given a computer with many CPUs
in parallel. The idea of the Parallel Replica method is to distribute N
independent initial conditions (g)1<i<n in S according to the QSD vg, to
let them evolve according to (1.8) driven by independent Brownian motions
(so that the replicas remain independent), and then to consider the first
exit event among the replicas:

Iy = argmin 75 where 75 =inf{t >0 : ¢, € S}. (6.34)
ie{1,...,N}

The integer Iy € {1,..., N} is the index of the first replica to leave S, and

min(rd,..., ) = Téo. The effective exit time is set as N times the first
exit time, and the effective exit point is simply the exit point for the first

exit event.

The consistency of the method is a corollary of Proposition 6.7. Indeed,
using the fact that, starting from the QSD, the exit time is exponentially
distributed and independent of the exit point, we easily obtain that

NTéO = Nmin(73,...,7Y) £ T, (6.35)
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Figure 6.2. Parallel Replica. Many exit events are simulated in parallel, all starting
from the QSD in S. The dashed line trajectory represents the reference walker,
which stays sufficiently long within S that we can assume the end point (circle)
is distributed according to the QSD. The other dots (squares) represent i.i.d. ini-
tial conditions distributed according to the QSD. The solid line trajectories are
simulated in parallel.

which means that the effective exit time has the correct law, and
In £ 1
Xt = %51

which means that the first exit point of the replica I (the first one to exit
among V) has the same law as the first exit point of any of them. Moreover
N7lo = Nmin(7d,..., 7)) and XI?O
Ts

are independent, so we have proved the following lemma.

Lemma 6.10. Let Iy be the index of the first replica exiting 5, defined
by (6.34). Then we have the equality in law

L
(NTh, XTIEO) = (Tg,Xjé).

This lemma shows that Parallel Replica is exact: the law of the effective
exit time and exit point is exactly the law of the exit time and exit point
which would have been observed for only one replica.

Let us make a few remarks on this algorithm. First, the full algorithm
actually iterates the following three steps; see Figure 6.2 for a schematic
illustration of the method.

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

PDES AND STOCHASTIC METHODS IN MOLECULAR DYNAMICS 855

e The decorrelation step (see Section 6.4.1), where a reference walker is
run following the dynamics (1.8) until it remains trapped for such a
long time in one of the sets S~1({n}) that it can be assumed to be
distributed according to the QSD vg associated with this set. During
this step, the algorithm thus simply integrates the original dynamics.
No error is introduced and there is no computational gain.

e The dephasing step, which is a preparation step during which N in-
dependent initial conditions distributed according to vg are sampled,
each one on a different CPU. This is done in parallel. During this step
the simulation clock is stopped. This step is thus purely overhead.
It requires appropriate algorithms to sample the QSD such as the re-
jection algorithm or Fleming—Viot particle systems (see Le Bris et al.
2012). For example, the rejection algorithm consists in running inde-
pendent walkers following the dynamics (1.8) (starting from a point
within S) and to consider the final point of the trajectory conditional
on the walker remaining in the state, for a sufficiently long trajectory
(typically for the time t.oy introduced in the previous paragraph).

e The parallel step, just described above, which consists in running the
N replicas independently in parallel, and waiting for the first exit event
among the N replicas. The simulation clock is then updated by adding

the effective exit time N Téo. The exit point X I?O is used as the initial
Ts

condition of the reference walker for the next decorrelation step. The

computational gain of the whole algorithm comes from this step, which

divides the wall clock time to sample the exit event by the number of

replicas N.

In practice, if the rejection algorithm is used in the dephasing step, one does
not actually need to wait for the N replicas to be dephased to proceed to
the parallel step: see Voter (1998), Le Bris et al. (2012) and Binder et al.
(2015).

The Parallel Replica algorithm is very versatile; see Aristoff, Lelievre
and Simpson (2014) for an extension to Markov chains. In particular, it
applies to both energetic and entropic barriers. The only errors introduced
in the algorithm are related to the rate of convergence of the law of the
conditioned process to the QSD. For an analysis of the errors introduced by
the algorithm and a discussion of the parallel efficiency, we refer to Le Bris
et al. (2012) and Binder et al. (2015). The algorithm is more efficient when
the convergence time to the QSD is small compared to the exit time (i.e.,
the states are metastable): in this case, the speed-up in terms of wall clock
time is linear as a function of N.

Remark 6.11 (on the mapping S). Let us comment on the mapping
S which defines the states. These comments are actually also relevant to
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the two other algorithms (Hyperdynamics and TAD). First, from a practical
viewpoint, it is important to notice that the numbering of the states need
not be defined a priori: the states are numbered as the simulation proceeds,
when they are successively discovered by the stochastic process.

Now, an important question is how to choose the partition (S~ ({n}))nen
of the state space. A useful output of the mathematical analysis is that,
thanks to the decorrelation step, the Parallel Replica algorithm is consistent
whatever the choice of the partition, in the limit of a large t¢o,. However,
the efficiency of the algorithm highly depends on the choice of the partition:
the states should be metastable regions, in the sense that the law of the
stochastic process typically reaches the QSD (a local equilibrium) before
the exit event occurs. In this case, t.or can be chosen small so that the
decorrelation and dephasing steps are quickly completed, and most of the
computational time is spent in the parallel steps, which yields an important
speed-up in terms of wall clock time. The design of a good partition is a
difficult question. For a system with high energy barriers (this is often the
case for applications in materials science, for example), the original idea of
Voter and co-workers is to define the states as the basins of attraction of the
local minima of VV for the simple gradient dynamics ¢ = —VV(z). For a
system with more diffusive or entropic barriers (this is typically the case for
biological applications), one could think of defining the states using relevant
reaction coordinates; see for example Kum et al. (2004), where the states
are defined in terms of the molecular topology of the molecule of interest.
Notice that choosing a good partition also implies being able to estimate
the correlation time within each state, either from some a priori knowledge
or from on-the-fly estimates (Binder et al. 2015).

Finally, let us mention that the Parallel Replica method (and the other
two algorithms below) can be seen as a way of efficiently simulating the
exit event from the state S, once the QSD in S has been reached. From
this point of view, these techniques can be applied even if no partition of
the state space is available but only an ensemble of disjoint subsets of the
configuration space, in the spirit of the milestoning technique mentioned at
the end of Section 6.3. In this case, they can be used to efficiently simulate
exit events from these states, if the system happens to be trapped in one of
them. In between these states, standard molecular dynamics is run. If the
union of the disjoint subsets contains most of the metastable states, this
could yield a very efficient simulation technique.

6.4.3. Hyperdynamics
Let us again assume that we are given an initial condition ¢y € S such that
qo is distributed according to the QSD in S. In other words, assume that
we are at the end of the decorrelation step: the reference walker stayed
sufficiently long in S.

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

PDES AND STOCHASTIC METHODS IN MOLECULAR DYNAMICS 857

Figure 6.3. Hyperdynamics. The exit event is simulated on a biased potential in
S. The honeycomb region S~ represents the support of the biasing potential 6V
The inset represents the original potential V' (black line) and the biased potential
V 4 0V along the axis represented by the dashed line.

The principle of the Hyperdynamics algorithm is to raise the potential
inside the state in order to accelerate the exit from S. The algorithm thus
requires a biasing potential §V : S — R, which satisfies appropriate as-
sumptions detailed below. The algorithm then proceeds as follows.

e Equilibrate the dynamics on the biased potential V + §V. In other
words, run the dynamics (1.8) on the process ()" )¢=0 over the biased
potential conditional on staying in the well, up to the time the random
variable qfv has a distribution close to the QSD ng associated with
the biased potential. This first step is a preparation step, which is
purely overhead. The end point ¢?V is used as the initial condition for
the next step.

e Run the dynamics (1.8) over the biased potential V' + §V up to the
exit time Tgv from the state S. The simulation clock is updated by
adding the effective exit time B78", where B is the so-called boost
factor defined by

%
1 [T
B= W/ exp[BoV(g)Y)] dt. (6.36)

The exit point is then used as the starting point for a new decorrelation
step.

See Figure 6.3 for a schematic illustration of the method.

https://doi.org/10.1017/50962492916000039 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492916000039

858 T. LELIEVRE AND G. STOLTZ

Roughly speaking, the assumptions required on dV in the original paper
of Voter (1997) are twofold.

e 0V is sufficiently small that the exit event from the state S still satisfies
the standard assumptions used for kinetic Monte Carlo models and
transition state theory: the exit time is exponentially distributed and
independent of the exit point.

e OV is zero on (a neighbourhood of) the boundary 95.

The original derivation of the method relies on explicit formulae for the laws
of the exit time and exit point, using the transition state theory: see Voter
(1997). The aim of the mathematical analysis presented below is to give a
rigorous set of assumptions to make this algorithm consistent.

The algorithm we present here is actually slightly different from the way
it is introduced in the original paper by Voter (1997). Indeed, in the original
version, the local equilibration steps (decorrelation step and equilibration
step on the biased potential) are omitted: it is assumed that the states
are sufficiently metastable (for both the original potential and the biased
potential), so these local equilibrations are immediate. It would be inter-
esting to check if the modifications proposed here improve the accuracy of
the method.

Let us now discuss the mathematical foundations of this technique, and
in particular a way to understand the formula (6.36) for the boost factor.
We actually need to compare two exit events. The first one is the exit event
for the original process (¢)¢>o following the dynamics (1.8), starting from
the QSD vg associated with the state S and the dynamics with potential
V. The second is the exit event for the process (¢?");>o following the
dynamics (1.8) on the biased potential V + §V, starting from the QSD
ng associated with the state S and the dynamics with potential V + §V.
Referring to Proposition 6.7, comparing the two exit events amounts to
understanding how the first eigenvalue A; and the normal derivative of the
first eigenvector 0,u; are modified when changing the potential from V to
V 4+ 6V. Let A1 (V) (resp. Ai(V +V)) and Opu1 (V) (resp. Opui(V + V)
denote the first eigenvalue and the normal derivative when considering the
original potential V' (resp. the biased potential V' + §V'). In Lelievre and
Nier (2015), the following result is proved.

Theorem 6.12. We assume there exists an open set S~ such that S— C S,
and the following.

e Regularity. V and V|ss are Morse functions, which means that the
critical points are non-degenerate (the Hessian at any critical point is
invertible).
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e Localization in S~ of the eigenvectors associated with small eigenvalues:
(i) [VV]|#0in S\ S,
(ii) 9,V >0o0n 0S™,
(iii) mingg V' > mingg- V,
(iv) mingg- V — V* > V* —ming- V, where
V* = max{V(z),z s.t. |VV(z)| = 0}.

e Non-degeneracy of exponentially small eigenvalues. The critical values
of V in S are all distinct and the differences V(y) — V(z) are all
distinct, where o ranges over the set (%) of local minima of V|g- and
y ranges over the set Y1) of critical points of V|g- with index 1.

Let us also assume that the biasing potential 6V is such that (see Figure 6.3
for an illustration of the two domains S~ and S):

e V + 0V satisfies the same assumptions as those on V' above,
e V=00nS\S".
Then, there exists ¢ > 0 such that, in the limit 3 — oo,

MV + 0V e=BY
1(A1(J‘r/) - fsiﬁﬂ(vwm (1+0(™)), (6.37)

871 [Ul (V + (5‘/)] }35 N 8n[u1 (V)] ’85’ e—,Bc . .
10, [t (V + 0V)]l110s)  10alur (V)] 2109y +0(e™") in L'(99).

(6.38)

The proof is based on results from semi-classical analysis for Witten
Laplacians on bounded domains, which is an extension of the semi-classical
analysis for Witten Laplacians on domains without boundaries, already dis-
cussed in Section 2.5.

Note that the formula (6.37) provides a justification of the formula (6.36)
for the boost factor. Indeed, by assuming that Tgv is sufficiently large, we
have by an ergodic property

75" exp(BV) exp(—B(V + 6V
B= Tglv/o exp[ B3V (X7V)] dt =~ 15 ?iixp()_ﬁlzi/ f%v;r) )
B Jsexp(=BV) AV +6V)
~ feexp(=B(V+46V)) T A(V)
By multiplying the exit time on the biased potential V' + §V by
M(V +0V)
Mv)
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we indeed obtain (in law) the exit time on the original potential V. Moreover,
the estimate (6.38) shows that (up to exponentially small errors in the limit
of low temperature), the first exit point from S for the biased potential has
the same distribution as the first exit point from S for the original potential
(see equation (6.30) in Proposition 6.7).

A practical aspect we do not discuss here at all is the effective construction
of the biasing potential V. Voter (1997) proposes a technique based on the
Hessian V2V. A well-known alternative in the context of materials science
is the bond-boost method introduced in Miron and Fichthorn (2003).

Notice that, contrary to the Parallel Replica method, Hyperdynamics is,
at least for our mathematical analysis, limited to energetic barriers (see
assumptions (iii) and (iv) in Theorem 6.12). On the other hand, for very
high energetic barriers, Hyperdynamics is in principle much more efficient
than Parallel Replica: the Parallel Replica method only divides the exit
time by N (the number of replicas), while for deep wells, the boost factor
B is very large.

6.4.4. Temperature Accelerated Dynamics

Let us finally introduce the Temperature Accelerated Dynamics (TAD)
method proposed by Sorensen and Voter (2000). We again assume we are
at the end of the decorrelation step: the reference walker stayed sufficiently
long in S. The principle of TAD is to increase the temperature (i.e., to
increase 37! in (1.8)) in order to accelerate the exit from S. The algorithm
consists in

e simulating many exit events from .S at high temperature, starting from
the QSD at high temperature,

e extrapolating the high-temperature exit events to low-temperature exit
events using the Arrhenius law.

As for the Hyperdynamics algorithm, in the original paper by Sorensen
and Voter (2000) no equilibration step is used: it is assumed that, at both
high and low temperatures, the states are sufficiently metastable that the
convergence to the QSD is immediate. Let us now describe more precisely
how the extrapolation procedure is made.

Consider the exit event from S, at a given temperature. Using the
notation of Section 6.3, the set S is surrounded by I neighbouring states.
Let 0S5; denote the common boundary with the ith neighbouring state,
i € {1,...,1}. The sets 05, thus form a partition of the boundary 05S.
Introduce, for i € {1,...,I}, the saddle point z; € 05;, which is the point
of lowest energy on 0S;: in the low-temperature regime, the paths leav-
ing the state S through 0S; leave through a neighbourhood of x;; this can
be inferred from results from large deviation theory, for example those of
Freidlin and Wentzell (1984). Let us also denote by xq the global minimum
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Figure 6.4. Temperature Accelerated Dynamics. Exit events are simulated at a
higher temperature and then extrapolated to the original smaller temperature.

of V on §; see Figure 6.4 for a schematic representation of the geometry.
As explained in Section 6.3, the interesting quantities to define the exit
events are:

e the probability of exiting through 0.5;, given by

f@Si 8nu1 do

p(i) = Plgrs € 05:) = _ﬁ)\l fS ui(z)dz

(see Proposition 6.7),
e the parameter of the exponential random variable g, that is,
A1 = 1/E(7s).

As explained in Section 6.3, one way to rewrite the exit event is to attach to
each exit region 9.5; (or to each saddle point z;) a rate k(i) = A\1p(i), and to
consider I independent exponential random variables 7; with parameter k(7).
The exit event is then given by

(i) the exit time min;egy . 1y (7i) £ Tg, and
(ii) the exit region argmin;cry (7)),
since, for i € {1,...,1},
P(arg min(r;) = z) = p(3).
je{l,..1}

The TAD algorithm requires as an input an approximate expression of the
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rate k(7), namely the Arrhenius law (see (2.83) and recall that the spectrum
of —L is 8 times the formula given in (2.83))

k(i) = Aup(i) = niexp(=BIV (zi) = V(20)]), (6.39)

where 7); is a prefactor independent of 8. In the original paper by Sorensen
and Voter (2000), the Arrhenius law is justified using the (harmonic) trans-
ition state theory.

Let us now go back to the TAD algorithm. Using the underlying kinetic
Monte Carlo model presented above, and in view of the Arrhenius law (6.39),
we obtain

EM() _ AYpM()

) = Abpiy = OO IV V) (60

where, with obvious notation, 5 denotes the inverse low temperature, 5%
the inverse high temperature, and the superscripts ‘lo’ and ‘hi’ refer to
the associated quantities at low and high temperature, respectively. The
extrapolation formula (6.40) is used in TAD in order to infer the exit event
at low temperature from the exit events observed at high temperature, by
using the formula

o oy £ i i
(rlo, ..., m°) = (Orh, . el (6.41)
where
Gz_khl(Z)N _(phi _ plo Vie) —V
- klo(i) _exp( (B BO)(V (i) (x())))
is a multiplicative factor constructed from the ratio of the rates (6.40). In

the equality in law (6.41), the random variables Tih i/lo are, as described
above, exponential random variables with parameter k"/1°(7). To have ana-
lytical formulae for the correction factors ©; and make the algorithm prac-

tical, the Arrhenius law is assumed to be exact, and in practice one uses
0 = exp(— (8" - B)(V(2:) — V(20)))-

The TAD algorithm thus consists in running the dynamics at high tem-
perature, observing the exit events through the saddle points on the bound-
ary of the state,?! and updating the exit time and exit region that would
have been observed at low temperature. More precisely, if exits through

21 In practice, to associate an exit path with a saddle point, the nudged elastic band
method (Jénsson, Mills and Jacobsen 1998) can be used: it consists in computing the
closest minimum energy path to the initial exit path using a gradient descent method,
the end points of the trajectory being fixed. In addition, note that it is implicitly
assumed that the exit point distribution through 9S; (i € {1,...,I}) is the same for
B and B'°: the exit points at 8" are used to continue the dynamics, once the exit
region has been selected.
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the saddle points {si,...,s,} C {1,...,I} have been observed, one com-
putes min(@slfg, .. .,@3"7‘?;) and arg min(@slrgi, .. .,@5”721) to get the
exit time and the exit region at low temperature.

Let us now discuss how to determine the number n of exit events to be
taken into account. The interesting feature of TAD compared to a brute
force saddle point search is that it is not required to observe exits through
all the saddle points in order to obtain a statistically correct exit event.
Indeed, a stopping criterion is introduced to stop the calculations at high
temperature when the extrapolation procedure will no longer modify the
low-temperature exit event (i.e., it will not modify min(@slT;lli, cee @S"Tshi),
where {s1,...,s,} C {1,...,I} are the saddle points discovered up to the
time when the stopping criterion is fulfilled). This stopping criterion re-
quires us to provide some a priori knowledge, typically a lower bound on
the barriers V(z;) — V(z), for i € {1,...,I} (there is also a variant using a
lower bound on the prefactors 7; in (6.39)). In some sense, TAD can be seen
as a clever saddle point search, with a rigorous way to stop the searching
procedure.

If the Arrhenius law (6.39) is exactly satisfied, one can check that the
TAD algorithm simulates an exit event which is statistically exact. The
mathematical question raised by this algorithm is thus to estimate the dif-
ference between the ratio of the rates

)\klnphi(i)
Nopo(d)
and the estimate deduced from the Arrhenius law
exp(— (8" = ) (V(xi) — V(20)))

(see the extrapolation formula (6.40) above). In Aristoff and Lelievre (2014)
we consider as a first step the case of a one-dimensional potential, where S
is a single well, and we prove that in the limit 8", 81 — oo with £ / A

fixed,
AP (M) (V () (o) (1 n o( 1 _ 1)) (6.42)
)\lopio Bhl ,310
The extension of this result to a high-dimensional setting is a work in pro-
gress.

Notice that, compared to Hyperdynamics, TAD is based on an additional
assumption, namely the Arrhenius law. We expect that this implies larger
errors for TAD than for Hyperdynamics: for Hyperdynamics the error in
(6.37)—(6.38) is exponentially small in the limit 8 — oo, while for TAD, the
error scales like 1/5 in (6.42). However, the interest of TAD compared to
Hyperdynamics is that it does not require a biasing potential, which may
be complicated to build in some situations.
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6.4.5. Concluding remarks and discussion

This section has given some elements on the analysis of three algorithms
that were proposed by A. F. Voter and his co-workers in order to efficiently
generate the state-to-state dynamics associated with a metastable stochastic
process. The analysis is based on the notion of quasi-stationary distribu-
tion (QSD). As explained above, starting from the QSD within a well, the
exit event is Markovian since the exit time is exponentially distributed and
independent of the next visiting state. From a theoretical viewpoint, the
QSD thus seems to be an interesting way to relate Markovian dynamics in
continuous state spaces (such as Langevin dynamics (1.9) or overdamped
Langevin dynamics (1.8)) with Markovian dynamics in discrete state spaces
(kinetic Monte Carlo models or Markov state models). It also gives a nat-
ural definition of a metastable region (see Lelievre 2013) as a region where
the stochastic process reaches local equilibrium, namely the QSD, before ex-
iting. The associated time scales can be used to quantify the metastability
of the process (see after Theorem 4.6 for a related discussion of the quanti-
fication of metastability using an alternative approach, namely logarithmic
Sobolev inequalities).

Going from Parallel Replica to Hyperdynamics to TAD, the assumptions
required for the algorithm to consistently sample the state-to-state dynamics
are ever more stringent. Indeed, for Parallel Replica, no assumptions are re-
quired beyond the fact that a good estimate of ¢, is available (to assess the
convergence of the QSD). Hyperdynamics requires additional assumptions
on the potential: the metastability of the state should come from energetic
barriers (at least for our mathematical analysis to apply). Finally, the TAD
algorithm also requires the Arrhenius law to be satisfied. Likewise, going
from Parallel Replica to Hyperdynamics to TAD, the errors introduced by
the algorithm are expected to be ever larger. On the other hand, the ex-
pected computational gain with Parallel Replica is typically smaller than
for the two other methods. In addition, comparing Hyperdynamics with
TAD, the advantage of TAD is that it does not require the construction of
a biasing potential, which is a difficult task in general.

We would like to stress that all these algorithms are used in practice
with Langevin dynamics (1.9). The mathematical results presented above
assume that the dynamics is overdamped Langevin (1.8). Further work is
required to extend these results to Langevin dynamics.

6.5. Conclusion: other algorithms and other mathematical frameworks for
studying reactive trajectories

In the previous subsections we focused on importance sampling and control
techniques to sample reactive paths (see Section 6.2) and on accelerated
dynamics techniques to sample exit events from a metastable state (see
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Section 6.4). As mentioned in the introduction to Section 6, there are in
fact many other relevant methods for studying dynamical properties. For
the sake of completeness, let us mention a few of them.

For the analysis and sampling of reactive paths and transitions between
two metastable states that are a priori fixed, one can mention the following.

o Local search techniques. Starting from an initial guess, these methods
look for transition paths through an iterative procedure on paths (in
the spirit of local optimization methods). For example, let us men-
tion the nudged elastic band (Jénsson et al. 1998), the string method
(E et al. 2002, 2005), and the max flux approach (Zhao, Shen and
Skeel 2010). These techniques aim to find one typical representative
path (the minimum energy path or minimum free energy path). Let
us also mention transition path sampling methods (Dellago, Bolhuis
and Chandler 1999, Dellago and Bolhuis 2009), which sample trans-
ition paths starting from an initial guess using a Metropolis—Hastings
algorithm in path space.

e Global search, ensemble of trajectories. Other approaches aim at samp-
ling the ensemble of paths joining two metastable states, without any
initial guess (in the spirit of global optimization methods). Examples
include splitting techniques over ensembles of paths such as the ad-
aptive multilevel splitting method (Cérou and Guyader 2007, Cérou
et al. 2011, Bréhier et al. 2016), transition interface sampling (van Erp
et al. 2003, van Erp and Bolhuis 2005), forward flux sampling (Allen
et al. 2005, 2009), milestoning techniques (Faradjian and Elber 2004,
Maragliano, Vanden-Eijnden and Roux 2009, Schiitte et al. 2011), and
the associated transition path theory, which gives a nice mathematical
framework (E and Vanden-Eijnden 2004, Vanden-Eijnden et al. 2008,
Lu and Nolen 2015).

There are also techniques which consist in looking for all the local min-
ima and saddle points of the potential energy function, and then build-
ing from that a Markov state model using the Arrhenius law (6.39). Ex-
amples of saddle point search techniques are the dimer method (Henkelman
and Joénsson 1999, Zhang and Du 2012), activation relaxation techniques
(Barkema and Mousseau 1996, Mousseau and Barkema 1998), or gentlest
ascent dynamics (Samanta and E 2012). This can be used to explore very
complicated landscapes: see Wales (2003).
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