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A NONPARAMETRIC ESTIMATOR
FOR THE COVARIANCE FUNCTION

OF FUNCTIONAL DATA

ALESSIO SANCETTA
Royal Holloway University of London

Many quantities of interest in economics and finance can be represented as par-
tially observed functional data. Examples include structural business cycle estima-
tion, implied volatility smile, the yield curve. Having embedded these quantities into
continuous random curves, estimation of the covariance function is needed to ex-
tract factors, perform dimensionality reduction, and conduct inference on the factor
scores. A series expansion for the covariance function is considered. Under summa-
bility restrictions on the absolute values of the coefficients in the series expansion,
an estimation procedure that is resilient to overfitting is proposed. Under certain
conditions, the rate of consistency for the resulting estimator achieves the minimax
rate, allowing the observations to be weakly dependent. When the domain of the
functional data is K (>1) dimensional, the absolute summability restriction of the
coefficients avoids the so called curse of dimensionality. As an application, a Box–
Pierce statistic to test independence of partially observed functional data is derived.
Simulation results and an empirical investigation of the efficiency of the Eurodollar
futures contracts on the Chicago Mercantile Exchange are included.

1. INTRODUCTION

This paper is concerned with the estimation of the covariance function of func-
tional data. The estimation framework is via series expansion. The contributions
are as follows: (1) a constrained estimation method that allows to have good con-
trol of the estimation error; (2) a greedy algorithm to solve the estimation prob-
lem; (3) minimax rates of convergence for sparsely observable functional data
when the true covariance function satisfies certain constraints, and avoidance of
the curse of dimensionality when the domain of the covariance function is high
dimensional; (4) using the estimated covariance function, a derivation of a Box–
Pierce statistic for partially observed functional data. Regarding points (1)–(3),
under the validity of certain semiparametric restrictions, the rates of convergence
for sparsely observable functional data derived here are minimax and cannot be
improved without additional conditions. Regarding point (4), this paper extends
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a Box–Pierce kind of test for fully observable functional data (e.g., Horváth and
Kokoszka, 2012, Thm. 2, Chap. 7) to the nonfully observable framework.

Functional data are realizations of functional random variables. In practice,
we may observe discrete observations from partially observed random curves.
For definiteness, consider Xr (srk) to be the r th random function observed at srk ,
k = 1,2, . . . ,mr , where the observation points srk’s can be themselves random,
in which case write S instead of s. In most applications, r represents the time di-
mension which is discrete, while Srk a random point on the r th curve, and in some
cases one can think of k as indexing the cross-sectional dimension. This means
that at each time r , instead of observing a vector of random variables, one could
observe an entire smooth curve, or just some points on the curve and these points
may change with r . The power of the framework rests on the fact that for each
r , the data are like vectors that are highly correlated and this leads to improved
asymptotics. To highlight the concept consider an i.i.d. (independent and iden-
tically distributed) sample X1 (s) , X2 (s) , . . . , Xn (s) of functional data observed
at m points s1,s2, . . . ,sm ∈ [0,1], the same for all observation and determinis-
tic for simplicity. Hence each observation is an m dimensional random vector,
i.e., [Xr (s1) , . . . , Xr (sm)] for the r th observation. Given that the observations are
functional data, by the law of large numbers in Banach spaces (e.g., Bosq, 2000),

1

n

n∑
r=1

(1−E) [Xr (s1) , . . . , Xr (sm)] → [0, . . . ,0]

a.s. (almost surely). If as m → ∞ s1,s2, . . . ,sm becomes dense in [0,1] the
above remains true for functional data no matter how large m is, e.g., even if
m/n → ∞. Actually, the problem becomes easier from a statistical point of view
when m/n → ∞, as long as also n → ∞. Contrast this with the usual law of large
numbers for random vectors. By Chebyshev’s inequality one knows that the above
display is Op

(√
m/n

)
, which does not go to zero unless m = o (n). The smooth-

ness implied by the functional data allows such powerful results. The covariance
function Cov (Xr (s) , Xr (t)) determines the smoothness of the functional data
and it is a crucial ingredient for inference.

There has been some direct interest in the econometric literature, both theoret-
ical and applied, on the use of functional data (e.g., Ramsay and Ramsey, 2002;
Bugni, Hall, and Horowitz, 2009; Müller, Rituparna, and Stadtmüller, 2011;
Bugni, 2012; Ferraty, Quintela-del-Rı́o, and Vieu, 2012). Obvious examples of
functional data in finance and economics are the yield curve, the implied volatil-
ity surface of derivative instruments, the volume weighted average price (VWAP),
intradaily volatility processes, and many others.

Suppose that Pr (s) is the price of a zero coupon bond on day r with maturity
in s years. On each day r , we may only observe zero coupon prices for some
maturities. These maturities change from day to day. Not every day new bonds
with the same maturities of the ones outstanding the day before are usually is-
sued. Then, at time r , Xr (Srk) = S−1

rk ln Pr (Srk) is the yield for the zero coupon
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bond with maturity in Srk periods, i.e., Srk is the tenor (e.g., Brigo and Mercurio,
2006, p. 6).

Suppose that Xr (s) is the implied volatility of a foreign exchange (Fx) Euro-
pean call so that s is the strike price. Call options for spot Fx are quoted in terms
of implied volatility and the price is derived using some standard market conven-
tion and the Garman and Kohlhagen pricing formula. Usually, only the implied
volatility for at the money options and the 25% and 75% delta options are widely
quoted (e.g., Bisesti, Castagna, and Mercurio, 2005, for the terminology). This
means that only 3 strike prices are very liquid, with the others being obtained by
interpolation. The strikes change every day as the price of the Fx pair changes.
Hence, Sr1, Sr2, and Sr3 represent strike prices that change every day r .

The domain of the functional data is not always a subset of the real line as in
the previous examples. It can be more complex. Suppose that Xr (s) is a point in
the swaption volatility surface. A swaption is an option on an interest rate swap
(e.g., Brigo and Mercurio, 2006). Then, s is two dimensional. One dimension
identifies the tenor (the length of the interest rate swap), while the other identifies
the maturity of the swaption (when the swap starts).

The volume weighted average price (VWAP) is a critical quantity for opti-
mal order execution (e.g., Almgren and Chriss, 2000; Almgren, 2003; Hasbrouk,
2007, for concepts and details). Let Pr (Srk) be the kth trade price on day r . Here,
Srk defines the time when that trade happened on the r th day. Let Qr (Srk) be the
related trading volume. The VWAP at time Srk is

Xr (Srk) :=
∑
l≤k

Pr (Srl) Qr (Srl)
/∑

l≤k

Qr (Srl) .

Recently, the concepts of functional data analysis have been applied to estima-
tion of intraday volatility (e.g., Müller, Stadtmüller, and Yao, 2006; Alva, Romo,
and Ruiz, 2009; Müller et al., 2011). Then, for day r , Xr (s) is a log volatility
process that is not observable, but can be extracted from observable quantities
(Müller et al., 2011, eqn. 10).

In a functional data context, Xr is often assumed to be independent across r and
it is smooth in the sense that its covariance function is continuous and possibly
differentiable. For finance and economic data, the independence assumption is
often violated. Smoothness of the functional data for each r can be reasonable
(e.g., the option smile, the term structure of rates and the swap surface at each
point in time r are smooth curves). However, differentiability can be too much of
a restriction if one deals with curves generated by trajectories of semimartingales,
e.g., Brownian motion. The framework of the paper is general enough to account
for these situations.

When dealing with functional data, the main ingredient is an estimator of the
covariance function. This is required for dimensionality reduction and to study the
properties of the data in the same way we can study large dimensional data by ex-
tracting a few main factors (e.g., Dauxois, Pousse, and Romain, 1982; Bosq, 2000;
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Ramsay and Silverman, 2005). Mutatis mutandis, estimation of the covariance
function or related quantities are often needed for tests of independence, stabil-
ity and group classification, regression function estimation, and variance function
estimation (e.g., Ferraty, Vieu, and Viguier-Pla, 2007; Bathia, Yao, and Ziegel-
mann, 2010; Ferraty, 2011; Ferraty and Romain, 2011; Hu, 2013; and references
therein); estimation in the frequency domain has also attracted attention recently
(e.g., Panaretos and Tavakoli, 2013a, 2013b). Some of the above references also
consider dependent functional data.

As an example, estimation of the covariance function is often used to compute
quantities such as EY Xr for some measurable variable Y , where EY is the expec-
tation conditional on Y . From the Karhunen–Loève expansion (e.g., Bosq, 2000),
under regularity conditions,

EY Xr (s) =
∞∑

l=1

ρlEY ξrlψl (s) ,

where ρ2
l and ψl are the eigenvalues and eigenfunctions of the covariance operator

with kernel Cov (Xr (s) , Xr (t)) and the ξrl ’s are uncorrelated real valued random
variables. A consistent estimator for the covariance function is needed to compute
estimators of the scores ξrl . For example, Battey and Sancetta (2013) consider
estimation of the transition distribution of some positive recurrent Markov Chains
setting Y = Xr−1, hence not just estimation of the first moment. Other references
also look at similar or related problems where inference is based on estimators
of ξrl ’s (e.g., Bosq, 2000; Yao, Müller, and Wang, 2005a, 2005b; Kargin and
Onatski, 2008; Müller et al., 2011).

The plan for the paper is as follows. The next section gives background mate-
rial and introduces the conditions used and also provides remarks and examples
around these conditions. Section 2 proposes a simple greedy algorithm for the es-
timation of the covariance function under the restrictions introduced by the model
conditions. Section 3 addresses the consistency properties of the estimator. Con-
sistency of the covariance function is then used to derive a Box–Pierce statistic
for nonfully observable functional data. Section 4 provides details on the imple-
mentation of the estimator in practice together with a fairly complete series of
simulation results to assess the relative performance of the present approach to
estimation of the covariance function by local linear smoothing. It appears that
there are advantages in using the present method, especially when the domain of
the functional data is higher dimensional. The results of the paper are then applied
to test the efficiency of the Eurodollar STIR contract on the Chicago Mercantile
Exchange. Proofs are available as Electronic Supplementary Material.

1.1. The Model and Background Material

Suppose Xr := (X (t))t∈T is a random function, with T a compact set. For def-
initeness, let T = [0,1]K be the K dimensional hypercube with integer K ≥ 1.
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Hence, for each r and t , Xr (t) is a real valued random variable. Let C0 (s, t) =
Cov (Xr (s) , Xr (t)) be the covariance function of Xr , assuming stationarity with
respect to r = 1,2, . . .. The covariance function is unknown and needs to be esti-
mated. It is assumed that the covariance admits a series expansion in terms of a
generalized Fourier series

C0 (s, t) =
∑

ω1,ω2∈NK

fω1ω2 eω1 (s)eω2 (t) , (1)

where NK is the K Cartesian product of the positive integers 1,2,3, . . . (e.g.,
Dunford and Schwartz, 1964, IV.14). The set of functions E := {

eω (s) : ω ∈ NK
}

forms an orthonormal set on T and are supposed to be continuous throughout the
paper. In consequence, also the covariance function is continuous if for example it
has finite Hilbert–Schmidt norm. Recall the Hilbert–Schmidt norm of the covari-
ance function C0 is |C0|2 :=

√∫
T
∫
T |C0 (s, t)|2 dsdt . Note that any covariance

with finite Hilbert–Schmidt norm admits a representation as in (1).
Typical examples for the basis functions E are trigonometric or Legendre poly-

nomials. The term generalized Fourier series is used to indicate that the expansion
can be in terms of any orthonormal set of functions, not necessarily trigonometric
polynomials, though continuous. For each ω1,ω2 ∈ NK , the Fourier coefficients
are defined as fω1ω2 := ∫

T
∫
T C0 (s, t)eω1 (s)eω2 (t)dsdt , and symmetry of C0

in t,s implies that
(

fω1ω2 : ω1,ω2 ∈ NK
)

is symmetric: fω1ω2 = fω2ω1 . The ex-
pansion in (1) is not to be confused with Mercer’s theorem, as E is not the set
of eigenfunctions of C0. When the Fourier basis functions are the complex ex-
ponentials, it is possible to link (1) to harmonizable and periodically correlated
processes, which however differ, as they are defined over RK and not [0,1]K and
induce further restrictions on the covariance function (e.g., Yaglom, 1987; Dehay
and Hurd, 1993; Lii and Rosenblatt, 2002).

This paper uses a sieve to approximate C0. If any of the conditions imposed on
C0 are not valid, an approximation error is incurred and the results account for
such eventuality. Hence, it is convenient to define some suitable space that can be
approximated by the methods to be discussed. Consider the following subset of
bilinear functions with finite Hilbert–Schmidt norm,

L(a) :=
⎧⎨
⎩C : C (s, t) =

∑
ω1,ω2∈NK

fω1ω2 eω1 (s)eω2 (t) ,eω ∈ E,
∑

ω1,ω2∈NK

∣∣ fω1ω2

∣∣ ≤ a

⎫⎬
⎭ .

Though the notation does not make it explicit, L(a) does depend on
E . Denote by L := ⋃

a<∞L(a) the union of L(a) for any a < ∞.
The space L has interesting approximation properties under the Hilbert–
Schmidt norm (Lemma 5, in Electronic Supplementary Material see also Bar-
ron, Cohen, Dahmen, and DeVore, 2008, for a discussion). Here, it is also
shown that covariance functions in L(a) allow one to turn convergence un-
der the Hilbert–Schmidt norm into uniform convergence (Lemma 1 in Sec-
tion 3 and its byproduct for eigenfunctions: Lemma 2 in Section 3.1). This is
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crucial when one wants to construct inferential procedures based on the scores
for sparsely observed functional data (see the Box–Pierce kind of test derived in
Section 3.1 for details).

1.1.1. The Conditions. Throughout, the symbol � will be used to indicate
inequality up to a finite absolute constant and the symbol 	 to indicate that the
right and left hand sides are proportional to each other. The following conditions
are used in the paper, while remarks and examples will follow right after.

Condition 1. (Xr )r∈N is mean zero strictly stationary beta mixing se-
quence of random functions (stationarity is w.r.t. r ) on T = [0,1]K with
values in R, with continuous covariance function C0 on T × T , such that
maxs,t E |X1 (s) X1 (t)|α < ∞ for some α > 2, and with mixing coefficients sat-
isfying β (k)� k−β for some β > (α −2)/α.

Condition 2. The set of orthonormal basis functions E is continuous on T , and
C0 ∈ L(a0) for some a0 < ∞, and for any large enough N,

sup
ω1ω2 /∈{1,2,...,N }K

∣∣ fω1ω2

∣∣ ≤ inf
ω1ω2∈{1,2,...,N }K

∣∣ fω1ω2

∣∣ . (2)

Condition 3. S := {
(Srk)k∈{1,2,...,mr } : r ∈ N} is an independent collection of

i.i.d. random variables with values in T , independent of (Xr )r∈N, and with law
absolutely continuous with respect to the Lebesgue measure. Moreover, for each
r, mr 	 m, some constant that may depend on the sample size n, but m → ∞ is
not assumed.

1.1.2. Discussion of the Conditions. The functional observations Xr ’s are
strictly stationary, but allowed to be dependent across the index r . Suppose that
the functional observations (Xr (s))s∈T satisfy the Karhunen–Loève expansion

Xr (s) =
∞∑

l=1

ρlξrlψl (s) , (3)

where ρl ≥ ρl+1 ≥ 0, the ξrl ’s are uncorrelated, Eξrl = 0, Eξ2
rl = 1, where the

equality is in L2. The above is true if C0 (s, t) = EXr (s) Xr (t) is continuous on
T ×T (e.g., Bosq, 2000, Thm. 1.5), which is assumed throughout via Condition
2. By separability (implied by the Karhunen–Loève expansion), all the quantities
are measurable (e.g., Bosq, 2000, Lem. 1.2), hence one can define mixing coef-
ficients, in particular beta mixing coefficients. For clarity, recall the definition of
beta mixing. Let σ (Xr : r ≤ 0) and σ (Xr : r ≥ k) be the sigma algebra generated
by (Xr )r≤0 and (Xr )r≥k for k ≥ 1. The beta mixing coefficient β (k) for (Xr )r∈Z
is

β (k) := E sup
A∈σ(Xr :r≥k)

|Pr(A|σ (Xr : r ≤ 0))−Pr(A)| (4)
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(see Rio, 2000, Sect. 1.6, for other equivalent definitions). Other dependence
conditions and concepts have been applied to functional data (e.g., Bosq, 2000;
Hörmann and Kokoszka, 2000; Ferraty and Vieu, 2006; Kargin and Onatski, 2008;
Battey and Sancetta, 2013).

In practice, the above sigma algebra is very difficult to control, consequently,
the mixing coefficients cannot be derived directly. However, the sigma algebra
generated by Xr coincides with the one generated by {ρlξrl : l ≥ 1} (e.g., Bosq,
2000, p. 22). Hence, the functional data are beta mixing if in (4) σ (Xr : r ≤ 0) is
replaced by σ (ρlξrl : r ≤ 0, l ≥ 1) and σ (Xr : r ≥ k) by σ (ρlξrl : r ≥ k, l ≥ 1).
This remark can be helpful in finding the beta mixing coefficients for functional
data using existing results for real valued random variables.

Example 1. In (3) suppose that the ξrl ’s are independent across l, e.g., Gaussian.
Let βl (k) be the kth mixing coefficient for each score (ρlξrl)r∈Z. The beta mixing
coefficient for independent pairs of sigma algebras is bounded by the sum of the
beta mixing coefficients for each pair (e.g., Bradley, 2005, Thm. 5.1). Then, the
kth mixing coefficient of (Xr )r∈Z is bounded by

∑∞
l=1 βl (k), by independence of

the ρlξrl ’s. This requires the scores to become independent across r as l → ∞. Of
course, this holds if Xr is finite dimensional, i.e., in (3) there is an L < ∞ such
that ρl = 0 for l ≥ L .

Beta mixing for real valued random variables is satisfied by many common
models. For example, any finite order ARMA model with i.i.d. innovations and
law absolutely continuous w.r.t. the Lebesgue measure satisfies absolute regularity
with geometric mixing rates (Mokkadem, 1988), i.e., one can take β (k) = O

(
βk

)
for some β ∈ (0,1). Similarly, GARCH models and more generally, multivariate
models that can be embedded in some stochastic recursive equation are also ab-
solutely regular (e.g., Basrak, Davis, and Mikosch, 2002, for details: they state
their results for strong mixing, but the proof shows that these models are actually
absolutely regular). However, some simple processes may not satisfy absolute
regularity (e.g., Andrews, 1984).

The mean zero condition on the data is used for simplicity. An estimator of the
mean function does usually have a second order effect on the convergence rates
(e.g., Fan and Yao, 1998; Hu, 2013).

Condition 2 is related to the regularity of the covariance function C0. If C0 has
number of derivatives that grow with K and E is a set of trigonometric polyno-
mials, or smooth wavelet basis with some vanishing moments, it can be inferred
that C0 ∈ L(a) (e.g., Barron et al., 2008). However, covariances in L(a) do not
need to be differentiable, and if this is the case, their smoothness is more easily
controlled by imposing conditions on the coefficients in the expansion. For exam-
ple, let E be the set of trigonometric polynomials and let K = 1. In this case, all
that is required is that the covariance function has a Fourier representation with
absolutely summable coefficients. This space is more general than the usual space
of twice differentiable functions considered in the literature of partially observed
functional data (e.g., Conditions C in Hall, Müller, and Wang, 2006). One strand
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of literature also studies functional data smoothed using some roughness penalty
estimation method (Ramsay and Silverman, 2005). Justification of this method re-
quires smooth trajectories, if some acceptable convergence rate is needed (see also
Müller et al., 2011, for a related discussion). Recently, Cai and Yuan (2010) have
considered covariance functions in a Reproducing Kernel Hilbert Space (RKHS).
Often, these spaces are smooth, though, the exact meaning of this depends on the
specific RKHS. In consequence, this literature often rules out examples that can
be of interest in economics and finance, e.g., Brownian motion.

Example 2. Suppose that (Xr (t))t∈T is standard Brownian motion, so that
C0 (s, t) = min{s, t}, which is not differentiable at s = t . It is well known that

C0 (s, t) =
∞∑

ω=1

8

(2ω−1)2 π2
sin

(
(2ω−1)

π

2
s
)

sin
(
(2ω−1)

π

2
t
)

(e.g., Bosq, 2000, p. 26). Then, if eω (s) = sin
(
(2ω−1) π

2 s
)

it is clear that Con-
dition 2 is satisfied because fω1ω2 = 8

(2ω−1)2π2 if ω1 = ω2 = ω, and 0 otherwise

so that the coefficients are absolutely summable.

The above example shows that the choice of basis functions can be crucial. An
understanding of the econometric problem and consequent choice of basis does
usually lead to a better solution than blind application of an estimation technique.
However, the smoother the covariance function, the less important the choice of
basis becomes. In some financial applications (e.g., the term structure of interest
rates, the smile of implied volatility, the swaption surface), smoothness of the
covariance function, including differentiability, is a common implicit technical
condition (e.g., Duffie and Kan, 1996; Castagna and Mercurio, 2007).

Example 3. Consider an affine yield factor model of interest rates (Duffie and
Kan, 1996). Then, at time r , the zero coupon bond price with expiry at r + t is
Xr (t) = exp

{
A (t) +∑L

l=1 Bl (t) Zrl
}
, where A (t) and the Bl (t)’s are smooth

functions and the Zrl ’s are L Gaussian stochastic factors. When r is a contin-
uous time variable the factors are diffusions, hence, Markov processes. Assume
the Gaussian factors to be stationary, e.g., stationary AR(1), Ornstein–Uhlenbeck
processes in continuous time or its generalizations (this is usually the case in
factor models for interest rates, e.g., Brigo and Mercurio, 2006, for a review
of such models). Then, by stationarity (w.r.t. to r ) setting σkl = Cov (Zrl , Zrk),
Cov (Xr (s) , Xr (t)) = exp

{∑L
l,k=1 Bl (t) Bk (s)σkl

}
so that the smoothness of the

covariance function is determined by the functions Bl (t)’s, which are differen-
tiable in order to satisfy some basic regularity conditions.

Finally, (2) is a technical device to say that the basis E is indexed in such a
way that the larger the index (in each dimension), the smaller the corresponding
Fourier coefficient. This is needed to ensure that as N increases in each dimension
at the same time, one can deduce the convergence rate of the approximation error.
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In some practical situations, the generalized Fourier coefficients of C0 will satisfy

∣∣ fω1ω2

∣∣ = O

(
K∏
k

∣∣∣ω(k)
1 ω

(k)
2

∣∣∣−(1+ε)
)

, (5)

for some ε > 0, where ω
(k)
i is the kth entry in ωi := (

ω
(1)
i ,ω

(2)
i , . . . ,ω

(K )
i

)
, i = 1,2.

Then, C0 ∈ L and (2) is satisfied. However, (2) is a weaker requirement than
assuming (5). Also, one could work with sets of functions with L2 norm equal
to 1, not necessarily orthogonal (e.g., Barron, 1993; Barron et al., 2008, for a
discussion). Simple examples in this case are polynomials and sigmoid functions.
However, this extension requires extra technical and notational details and it is
not pursued here.

Condition 3 is similar to A1.1 in Yao et al. (2005a, 2005b) and Conditions C
in Hall et al. (2006). However, Hall et al. (2006) also consider the case m → ∞
at a certain rate, and similarly Cai and Yuan (2010). When m → ∞, improved
rates are possible though never faster than the root-n rate even if nm is arbitrarily
large. If the functional data are not fully observable, observation points need to
be random in order to identify uniquely the covariance function, no matter how
smooth the latter is. The framework is different from the local one where as the
sample size increases, also the points at which we observe the functional data
become more dense. This is not necessarily assumed in the partially observed
functional data literature and the related applications (Yao et al., 2005a, 2005b;
Hall et al., 2006; Cai and Yuan, 2010). On the other hand m → ∞ is an assumption
commonly used in diffusion estimation (e.g., Fan, 2005). There only a sample
trajectory is available, i.e., X1 (S1) , X1 (S2) , . . . , X1 (Sm) so that m is the sample
size and n = 1.

Independence of the observation points from the functional data is a technical
simplification. One might conjecture that by suitable control of the dependence
between Xr and Sk the results presented here might still hold. However, this leads
to further complications and technical details.

2. ESTIMATION

Observe a sample of size n from (Xr (Srk) : k = 1,2, . . . ,mr )r∈N. For each r ,
Sr1, Sr2, . . . , Srmr are the points at which Xr is observed, hence for each r , Srk

is a vector for K > 1.
Let θ = (ω1,ω2) and �N = {1,2, . . . , N }K × {1,2, . . . , N }K . Write the trun-

cated Fourier series representation of C0, as CN (s, t) =∑
θ∈�N

fθϕθ (s, t) , where

ϕθ (s, t) = ϕω1,ω2 (s, t) = const.× (
eω1 (s)eω2 (t)+ eω2 (s)eω1 (t)

)
, (6)

because the covariance function is symmetric in its arguments. Here, const. = .5
if ω1 = ω2,

√
.5 if ω1 
= ω2, and it is chosen to ensure

∣∣ϕω1,ω2 (s, t)
∣∣2 is normalized
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to integrate to 1. Computationally, it is more convenient to write the above as a
single summation, i.e.,

CN (s, t) =
N (K )∑
j=1

fθj ϕθj (s, t) , (7)

where N (K ) is the cardinality of �N , and
{
θ1,θ2, . . . ,θN (K )

} = �N . In prac-
tice, since ϕω1,ω2 (s, t) = ϕω2,ω1 (s, t) by construction, one uses

[
N K

(
N K +1

)
/2
]

terms and the summation should run over these terms only. To avoid trivialities in
the notation just suppose that N (K ) = N 2K .

The researcher may estimate CN instead of C0 and then let N → ∞. To help
the researcher, suppose they do not know a0, but they can guess an upper bound
ā for a0 (a0 as in Condition 2). Of course, if a0 > ā, then, the guess is not good
and a nonvanishing approximation error will be incurred, even when N → ∞,
unless also ā → ∞. The results account for this possibility, however, to avoid
extra notation it is convenient, for the moment, to assume that the guess is correct.
This means that the following holds∑
ω1,ω2∈NK

∣∣ fω1ω2

∣∣ ≤ ā < ∞. (8)

When (8) is true, one also has
∣∣ fθj

∣∣ ≤ ā, using the equivalent notation in (7).
The following steps are suggested for the estimation algorithm. Let J > 1,

J ∈ N. Start with j = 1 and Ĉ0 = 0. While j ≤ J , do the following: find

[
âj , θ̂j

]
= arg min

a∈[−ā,ā],θ∈�N

n∑
r=1

mr∑
k 
=l:k,l=1

×
∣∣∣∣Xr (Srk) Xr (Srl)− j −1

j
Ĉj−1 (Srk, Srl)− 1

j
aϕθ (Srk, Srl)

∣∣∣∣2

set Ĉj (s, t) = j−1
j Ĉj−1 (s, t)+ 1

j âjϕθ̂j
(s, t), and j = j +1.

This algorithm is a modified instance of an iterative Hilbert space approxima-
tion algorithm (Jones, 1992; Barron, 1993; Li and Barron, 2000, see Sancetta,
2013b for this constrained version). Unlike standard sieve estimation where
N 2K /n needs to be small, here N 2K /n can be a large number. The precise re-
quirements are given in Theorem 1.

The optimization at each step of the algorithm is quite fast, as it is just a re-
gression that requires to choose the regressor j−1ϕθ (s, t) (recall that �N is a
finite set) that minimizes the residual sum of the squares at each step j .

Then,

ĈJ (s, t) = J−1
J∑

j=1

âjϕθ̂j
(s, t) (9)
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is the resulting estimator, which is a linear combination of basis functions such
that

∑J
j=1

∣∣âj/J
∣∣ ≤ ā. Hence, (8) is imposed in the estimation. The averaging

J−1∑J
j=1 âj allows the estimator to possess good asymptotic properties.

In particular, as J → ∞, the estimator leads to the solution of the following
Lasso problem:

min
f1, f2,..., fN (K )

n∑
r=1

mr∑
k 
=l:k,l=1

∣∣∣∣∣∣Xr (Srk) Xr (Srl)−
N (K )∑
j=1

f jϕθj (Srk, Srl)

∣∣∣∣∣∣
2

,

s.t.
N (K )∑
j=1

∣∣ f j
∣∣ ≤ ā (10)

(Lemma 3 in Electronic Supplementary Material). Note that the constraint above
is satisfied at each iteration of the algorithm. The estimator is not guaranteed to
be positive definite in a finite sample and this is common for other estimators of
the covariance function, such as local linear smoothers.

The algorithm is a variation of the approximation algorithm discussed by Jones
(1992) and Barron (1993) and also studied in Sancetta (2013a, 2013b). The con-
straint to bound the absolute value of the estimated coefficients by ā is new and
this is what provides direct control of the estimation error. From a practical point
of view, the algorithm appears resilient to overfitting unless we allow the car-
dinality of �N , N 2K , to grow exponentially fast. Essentially, this is the same
conclusion reached by the L2 boosting algorithm of Bühlmann (2006) where the
absolute summability of the regression coefficients is used. Integrability condi-
tions for the Fourier transform has been discussed by Barron (1994) to avoid the
so called curse of dimensionality. Mutatis mutandis, here, this condition avoids
exponential dependence on K , the dimension of T . However, as shown by Con-
dition 2, this requires an increasing rate of decay for the Fourier coefficients to
be summable. Letting ā → ∞ leads to a larger class of covariance functions
dense in L.

Section 3 provides the rates of convergence of the estimation algorithm. Com-
putational details and numerical evidence are deferred to Section 4.

3. CONSISTENCY

THEOREM 1. Let ĈJ be the estimator from the algorithm with J > 1 such that

J−1 ln J �
√

K ln N
n . Under Conditions 1–3, if N K � n p, for some (any) p < ∞,

∣∣∣C0 − ĈJ

∣∣∣2
2
= Op

(
ā

(
1+ ā +a0√

m

)√
K lnn

n
+ ∣∣C0 −CN ,ā

∣∣2
2

)
,

where ĈJ is as in (9) and CN ,ā minimizes |C0 −C |22 amongst all covari-
ance functions with representation as in (7) and such that

∑
θ∈�N

| fθ | ≤ ā.

https://doi.org/10.1017/S0266466614000784 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000784


1370 ALESSIO SANCETTA

Moreover, if also n1/4 � N K � n p for some p ∈ [1/4,∞), and C0 satisfies (8),∣∣∣C0 − ĈJ

∣∣∣2
2
= Op

(
ā
(

1+ ā√
m

)√
K lnn

n

)
.

Theorem 1 shows that the number of components N does not need to be fine
tuned as is typically the case for series/sieve estimators (e.g., Example 3.4.10
in van der Vaart and Wellner, 2000). Hence, it is possible to choose N of the
same order of magnitude as n, if not almost exponentially larger in order to
make sure that the approximation error

∣∣C0 −CN ,ā
∣∣
2 is small enough. Then, the

complexity of the estimator is essentially determined by ā. This is of practical
importance because for a covariance on [0,1]K × [0,1]K , the number of terms
grows exponentially in K , i.e., N (K ) = O

(
N 2K

)
so it is naturally larger than the

sample size n.
Lower bounds for the rates of convergence can be used as a benchmark for

the result in Theorem 1. The convergence rate from Theorem 1 is slower than
the parametric rate n−1. Tsybakov (2003) and Bunea et al. (2007) provide mini-
max rates and explicit estimators for certain function classes when the errors are
Gaussian under i.i.d. sampling. When the class of functions is the convex com-
bination of O

(
N 2K

)
bounded functions, the convergence cannot be faster than

[(K ln N )/n]1/2 under the expected integrated square error as soon as N 2K �√
n

(Tsybakov, 2003, Thm. 2). Recall that here the number of functions used is
O
(
N 2K

)
and that the convex combination of these functions is contained in the

space L(ā) when ā ≥ 1. Hence, it is not possible to improve the rates given here,
at least for fixed ā. In consequence, the rate of convergence is minimax when the
functional data are not densely observed, i.e., m is bounded.

Covariance function estimation for densely observed functional data can
achieve the parametric rate in special circumstances. This can be achieved by
taking the partially observed functional observation (Xr (Srk) : k = 1,2, . . . ,mr )
and approximating the values of Xr at the unobserved points by a smooth curve.
For example, Hall et al. (2006) suggest using a local linear kernel smoother when
Xr is not just partially observed, but also subject to additional idiosyncratic error.
Then, the empirical covariance function estimator using the approximated func-
tional data can achieve the same rate of convergence of the empirical covariance
function of fully observable functional data, under regularity conditions. Amongst
other things, the conditions require twice differentiable functional data, Xr to be
observed at m (mr = m) points with m of larger order of magnitude than n1/4. Cai
and Yuan (2010) suggest a procedure to estimate the covariance function in such a
way that if the Xr ’s are densely observed, the rate of convergence is the paramet-
ric rate. Once again the restrictions imposed on the data are more stringent than
in here.

When (8) is not satisfied, i.e., a0 > ā (a0 as in Condition 2), one can let ā → ∞.
The following result also allows a0 → ∞ as long as a0 is eventually smaller
than ā. Hence, this generalizes the results in Theorem 1 to even more general
covariance functions.
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COROLLARY 1. Suppose that Condition 2 holds. Then,∣∣C0 −CN ,ā
∣∣
2 � a0 N−K +max{a0 − ā,0} ,

where CN ,ā is as in Theorem 1.

Let εn → 0 be any sequence such that
(

ā + ā2√
m

)√
K lnn

n = O (εn). Under Con-

ditions 1,2, and 3, if n1/4 � N K � n p for some p ∈ [1/4,∞), and eventually
a0/ā ≤ 1, and J−1ā ln(J ) = O (εn), then |CJ −C0|22 = Op (εn).

The first part of Corollary 1 implicitly shows that C0 ∈ L(a0) imposes more
stringent conditions on C0 as the dimension K of the domain of the functional data
increases. The second part shows that possibly ā,a0 → ∞, though in a restricted
way. If a0 → ∞, then the “true” covariance C0 should itself be understood as a
sieve.

The convergence under the Hilbert–Schmidt norm can be turned into uniform
by the following useful lemma for functions in L.

LEMMA 1. Let ĈJ be the estimator from the algorithm. Then,

max
s,t∈T

∣∣∣C0 (s, t)− ĈJ (s, t)
∣∣∣ ≤ √

ā +a0 max
t∈T

sup
ω∈NK

|eω (t)|2
∣∣∣C0 − ĈJ

∣∣∣
2
,

where a0 is as in Condition 2.

The rate of convergence deteriorates linearly in K (compare this to the
exponential growth of kernel smoothers). As shown in the Electronic Supple-
mentary Material this is a consequence of the sparsity of the Fourier coefficients,
i.e., their absolute summability. Moreover, the bound is in terms of ā. As shown
in Corollary 1, letting ā → ∞ with n allows us to consider larger classes of
covariance functions. Letting J → ∞ does not change the bound and it is actu-
ally recommended, as the complexity of the model is defined in terms of ā and
N .

Convergence in distribution for the algorithm is not possible under the condi-
tions chosen here. In fact, the number of components N 2K in the approximation
can be much larger than the sample size n (N K = O (n p), for any p < ∞). The
covariance function is predominantly needed as a quantity in some intermediary
estimation step. Hence, consistency is the most important property for any such
estimator.

3.1. Application: A Box–Pierce Test for Functional Data

A natural application of the estimation of the covariance function is dimension-
ality reduction via functional principal components. It is well known that if Cn

is any estimator of the covariance function C0, the first L estimated eigenfunc-
tions derived from Cn , say {ψnl : l ≤ L}, are close to the true eigenfunctions
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{ψl : l ≤ L} of C0, if Cn is close to C0. In particular,∫
T

|ψl (s)−ψnl (s)|2 ds ≤ �−1
l |C0 −Cn|22 , (11)

where �l is proportional to the spacing between the l and l − 1 true eigenvalue
(Bosq, 2000, Lem. 4.3).

Using Lemma 1 one can also turn the above convergence into uniform. This
is important when the functional data are not fully observable and one needs to
control the error uniformly.

LEMMA 2. Suppose that Cn is a covariance function such that maxs,t∈T
|C0 (s, t)−Cn (s, t)| = op (1). Suppose that C0 is continuous on T × T and
its first L eigenvalues are distinct and greater than zero. Then, for all l ≤ L,
maxs∈T |ψln (s)−ψl (s)| = op (1), where ψln and ψl are the eigenfunctions of Cn

and C0, respectively.

Knowledge of the eigenfunctions allows us to recover the ξrl ’s in the
Karhunen–Loève representation in (3), at each time r . As in principal component
analysis, the lth estimated score is

ρlnξrln =
∫
T

Xr (s)ψln (s)ds, (12)

where ψln (s) is the estimated eigenfunction and ρ2
ln is the lth estimated eigen-

value. In practice, the integral in (12) is replaced by a sum at the points
Sr1, Sr2, . . . , Srmr at which one observes Xr (s). If mr is too small, the approxima-
tion of the integral via a sum will be poor and one has to rely on other approaches
(e.g., Yao et al., 2005a). For simplicity, here, it will be assumed that mr = m → ∞
with n, but no specific rate is assumed. Otherwise the analysis would require sub-
stantial departure from the standard setup. Denote the estimated scores using the
approximate integral by

ρl(n,m)ξrl(n,m) = |T |
m

m∑
k=1

Xr (Srk)ψln (Srk) , (13)

where |T | is the volume of T . When m → ∞, the above becomes a Monte
Carlo integral approximation to (12) (e.g., Geweke, 1996). Of course, |T | = 1
in the present treatment, but it is made explicit to avoid any possible confusion.
Lemma 2 is a useful tool to control the error in the above approximation.

One can then test if the scores are independent. In particular, interest lies on the
null hypothesis H0: the functional data (Xr )r∈N are i.i.d. against an alternative
H1: H0 does not hold.

To derive the asymptotic distribution to test such hypothesis, introduce the fol-
lowing conditions.
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Condition 4. (Xr )r∈Z are independent and identically distributed, mean zero
functional data with covariance function C0 and maxs,t E |X1 (s) X1 (t)|α < ∞
for some α > 2.

Condition 5. Fix an integer L > 0. Then, the first L eigenvalues ρ2
1 ,ρ2

2 , . . . ,ρ2
L

of C0 are distinct and greater than zero.

Condition 6. The set of orthonormal basis functions E is continuous on T .
The estimated covariance function Cn ∈L(ā), C0 ∈L(a0) for some a0 < ∞, and√

ā |C0 −Cn|2 = op (1), i.e., ā can diverge to infinity.

Either Theorem 1 or Corollary 1 can be used to verify Condition 6. When
dealing with truncated basis expansions in terms of orthonormal functions E =
{eω : ω ∈ N}, the eigenfunctions can be easily found by finding the eigenvec-
tors of the matrix of coefficients. For simplicity, consider the case T = [0,1]
and the first N terms in E . Construct the matrix F with the (ω1,ω2) entry equal
to fω1ω2 . Find the eigenvectors and eigenvalues of F . Assume the eigenvalues
are sorted in decreasing order. Let ρ2

l be the lth eigenvalue and denote by plω

the ωth entry in the corresponding eigenvector. Then, the lth eigenfunction is
equal to ψl (s) = ∑

ω≤N plωeω (s). The construction requires an orthonormal ba-
sis indexed in the natural numbers. Hence, the extension to T = [0,1]K with
K > 1 is just a matter of reindexing the basis E which has elements indexed in
N

K rather than N. Consider
{
eω : ω ∈ {1,2, . . . , N }K }, i.e., the first N indexes in

each dimension. Then, redefine the index {1,2, . . . , N }K as {1,2,3, . . . , N , N +1,
N + 2, . . . , N K }, as there are N K terms, and ẽj = eω with j = ω(1) +∑K

k=2

(
ω(k) −1

)
N k−1, where ω(k) is the kth entry in ω. The above display maps

uniquely an element ω in {1,2, . . . , N }K to an element j in
{
1,2, . . . , N K

}
. The

specific mapping is actually irrelevant, and any one-to-one correspondence would
work. Since

{
ẽj : j ∈ {

1,2, . . . , N K
}}

is an orthonormal basis, then one can con-
struct the matrix F̃ with (i, j) entry f̃i j and find its eigenvalues and eigenvectors
with p̃l j being the j entry in the lth eigenvector. The lth eigenfunction is then
ψl (s) = ∑

j≤N K pl j ẽj (s).
The result below derives the asymptotic distribution to test the null hypothesis.

THEOREM 2. Suppose Conditions 3–6 hold. Define

γ(n,m) (k, l) = 1

n

n−k∑
r=1

(
ρl(n,m)ξrl(n,m)

)(
ρl(n,m)ξr+k,l(n,m)

)
,

with ρl(n,m)ξrl(n,m) as in (13). Then, for any fixed finite integers Q, L > 0, the
Box–Pierce statistic

n
L∑

l=1

Q∑
k=1

(
γ(n,m) (k, l)

γ(n,m) (0, l)

)2

→ χ2
(QL)

in distribution if m → ∞ with n.
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Above, Q is the number of lags to include in the test, while L denotes the num-
ber of factor scores used in the test. Mutatis mutandis, the same result holds for the
Ljung–Box test. The usefulness of this test relies on the fact that we are actually
testing independence of the functional data across r using only a few variables.
Note that any consistent covariance function is allowed as long as Condition 6
is satisfied. However, the convergence rate of the covariance controls the conver-
gence of the eigenfunctions (e.g., (11)). This rate of convergence affects the rate
of weak convergence in Theorem 2.

Horváth and Kokoszka (2012, Thm. 2, Chap. 7) state a similar result. How-
ever, the framework there is the one of fully observable functional data. That is
equivalent to have the r.h.s. term op (1) in Condition 6 replaced by Op

(
n−1/2

)
and being able to compute (12) directly. The asymptotics for fully observable
functional data follows from probabilistic results of random variables in Banach
space. Hence, parametric rates are possible in that case. Here, one is not even
making the assumption that (12) can be computed exactly, as it is often the case
in practice.

4. NUMERICAL EXAMPLES

For the sake of clarity, the minimization of

n∑
r=1

mr∑
k 
=l=1

∣∣∣∣Xr (Srk) Xr (Srl)− j −1

j
Ĉj−1 (Srk, Srl)− 1

j
aϕθ (Srk, Srl)

∣∣∣∣2 (14)

requires to find for each v ∈ {
1,2, . . . , N 2K

}
(recall we look over N K integer

values for ω1 and ω2)

av =
j
∑n

r=1
∑mr

k 
=l:k,l=1 ϕθv (Srk, Srl)
(

Xr (Srk) Xr (Srl)− j−1
j Ĉj−1 (Srk, Srl)

)
∑n

r=1
∑mr

k 
=l:k,l=1 ϕ2
θv

(Srk, Srl)

and to project it on [−ā, ā], i.e., av = max(min(av , ā) ,−ā) and then choose the
av and the corresponding θv that minimize (14). Using R or Matlab this procedure
can be vectorized and requires to run O

(
N 2K

)
univariate regressions. For the

problems discussed here, running the algorithm only required a few seconds.
In the numerical examples to follow, the tensor product of shifted Legendre

polynomials on [0,1]K was used for ϕω1,ω2 (s, t), with the latter as in (6). In par-

ticular eω1 (s) = ∏K
k=1 e(k)

ω1

(
s(k)

)
, where e

ω
(k)
1

(s) is the shifted Legendre poly-

nomial of order ω
(k)
1 − 1 on [0,1]. As usual the superscript (k) denotes the kth

element in a K dimensional vector. For example, for ω
(k)
1 = 1,2, e1

(
s(k)

) = 1,
e2
(
s(k)

)= √
2
(
2s(k) −1

)
. This means taking a Legendre polynomial, which is de-

fined on [−1,1] and using the transform x (k) = 2s(k) −1 (hence the name shifted)
and standardizing to ensure its square integrates to one.
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Most of the Matlab code used for the estimation is available from the author’s
webpage and it includes the tensor product Legendre basis generation, the vector-
ized implementation of the algorithm, and the calculation of the estimated scores
and the test statistics from Theorem 2.

4.1. Monte Carlo Experiment

The estimator is compared to the usual bivariate local linear estimator of the co-
variance function. As done elsewhere in a functional data context (e.g., Cai and
Yuan, 2010; Battey and Sancetta, 2013), data are generated according to a random
model. This reduces the dependence of the results on the Monte Carlo design. In
particular, for K = 1,

Xr
(
Skr

) =
100∑
ω=1

( aω

ω1.1

)
Zrω cos

(
ωπ Skr

)
, (15)

where the Zrω’s are standard normal, i.i.d. across r , and have correlation .75
across ω. The above does not imply that the eigenfunctions are cosines because
the Zrω are correlated. In fact, the covariance function is equal to

C0 (s, t) =
100∑

ω1=1

100∑
ω2=1

0.75
aω1aω2

(ω1ω2)
1.1

cos(ω1πs)cos(ω2π t) . (16)

For each simulation, a sample of n = 10,50 observations is generated from the
above model where the constants aω’s are random samples from a [0,1] uni-
form distribution while for each r , {Srk : k = 1,2, . . . ,m} are [0,1] uniform with
m = 4,20. The total number of simulations is 250. This framework is quite
general.

While C0 admits a trigonometric expansion, the basis used in the estimation
will be shifted Legendre polynomials up to order 9 plus a constant, i.e., 10 ele-
ments. Exploiting symmetry, this means that the total number of possible coeffi-
cients to estimate equals 10×11/2 = 55. Of course, the estimation procedure only
leads to a sparse estimator as in Lasso (see end of Section 2) so only a handful of
coefficients are nonzero (e.g., 5).

The case K = 2 is also considered. Then, the 2 dimensional half period cosines
are constructed via tensor product. To ease the computational burden, in this case,
the Zrω’s are uncorrelated across ω. This means that the eigenfunctions are prod-
uct of cosines. The Srk’s are now [0,1]2 uniform random variables. The order of
the Legendre polynomials in each dimension is chosen to be 4 plus the constant,
i.e., 5 elements in each dimension. This means that the total number of possible
coefficients to estimate is 52 × (

52 +1
)
/2 = 325.

The current estimator under semiparametric restriction (SP) was computed with
J = 1,000/K (division by K is for convenience when K = 2) and ā ∈ A ×
{1,3,9,27,81} chosen by cross-validation, where A = 1

nm

∑n
r=1

∑m
kr=1

∣∣X (
Skr

)∣∣.
For comparison the covariance was also estimated by a local linear smoother.
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The smoothing matrix was chosen to be hIK (IK the K dimensional identity), and

h = c
√

σX X σS
0.6745

(
4

n(K+2)

) 1
K+4

, where σX X and σS are in sample mean absolute de-

viations for [X1 (S1) X1 (S2)] and S1, respectively. Hence, the above is one of the
several rules of thumb for bandwidth selection. The constant c ∈ {.5,1,1.5,2,3}
was chosen by cross-validation for each iteration. The simulation results showed
that the SP estimator provides good performance against the local linear smoother.
Of course, a different Monte Carlo setup could reverse the picture. Due to space
constraints, only results for n = 10, m = 4, and K = 1,2 are reported. Figure 1,

FIGURE 1. Box plot for SP and local-linear smoother. Panel A: n = 10, m = 4, K = 1.
Panel B: n = 10, m = 4, K = 2.

https://doi.org/10.1017/S0266466614000784 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000784


ANONPARAMETRIC ESTIMATORFORTHECOVARIANCE FUNCTION 1377

Panels A and B, reports the box plots for the root integrated square error (RISE).
Results for other box plots are qualitatively the same and reported in the Elec-
tronic Supplementary Material.

4.2. Testing Efficiency of Term Structure of Eurodollar Futures
Contracts

Consider the term structure of interest rates implied by the Eurodollar futures
contracts traded on the Chicago Mercantile Exchange (CME). The contracts
underlying is the 3-month Euribor. The contracts trade for different expiry
dates and details can be found on the CME URL. The data used here are the
smoothed curves used in Kargin and Onatski (2008, Sect. 3) and available from
http://www.prismnet.com/˜slava/papers/ED rates CRB.txt. Given that the curves
can be considered to be fully observed, the framework is within the scope of the
paper by letting m be very large.

Each observation is a vector of yields describing the yield curve for that day,
where each point on the curve is a tenor 30 days apart from the previous one.
Hence, the curves are observed at equally spaced points. Each vector has size
114, i.e., 114 months. CME Eurodollar contracts are priced such that if Pr is the
price of a contract on day r , 1 − Pr is the annualized yield. If the prices are ef-
ficient, the price of each contract behaves as a random walk, and the contract
prices are integrated of order 1. Hence by first differencing and changing the
sign, define Xr = Pr−1 − Pr to be the change in yield. The observation points
on each day are equally spaced and standardized to lie in [0,1], e.g., Srk = k/114,
k = 1,2, . . . ,114 for all r ’s, so one can drop the r subscript. Hence, by construc-
tion, 1− Pr (Sk) is the 114× Sk-month forward on the 3 months Euribor yield on
day r . In turn this implies that Xr (Sk) is the daily change in yield for a 3 months
deposit which starts to mature in 114 × Sk months. After differencing, the data
have been demeaned using the sample mean over the period considered. In par-
ticular, 3 different periods of 3 months each are considered: 01/Mar/1999–28/
May/1999, 01/Mar/2001–31/May/2001, 01/Jul/2003–30/Sep/2003. Longer peri-
ods may lead to spurious conclusions due to some forms of heterogeneity. The
periods correspond to the Brazilian crisis, the after dot-com bubble with the Fed
reducing rates from 5.5% to 4% over those three months, and, lastly, the period
when the Fed lowered rates to 1% and kept it there for one year. The demeaned
functional data for the third period are plotted in Figure 2, Panel A. Due to liq-
uidity issues, contracts with expiry after 24–36 months tend to be less actively
traded. This is reflected in the yield differences being flat after 24–36 months.
Figures showing the data trajectories and eigenfunctions for the other two periods
are available in the Electronic Supplementary Material.

One could have considered the discretized data directly and conducted a test
of independence on all the points across time. In this case, one would be dealing
with a multidimensional problem with 114 variables. Without the functional data
framework such a problem would require a very large sample size. In fact, one
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FIGURE 2. Functional data during 01/Jul/2003–30/Sep/2003. Panel A: centered data.
Panel B: first 2 eigenfunctions.

would be required to estimate the covariance between 114 variables with their
lags, for a total of O

(
1142 × L

)
univariate sample covariances.

The forward yield curve can be first decomposed into a few factors that explain
a large proportion of the variation, say 95%. For the present dataset this leads
to 2 components. This is in line with other studies of the term structure: usually,
only up to 3 components are retained, commonly termed level, slope, and curva-
ture (e.g., Diebold and Li, 2006). These factors can also be related to tradeable
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instruments, i.e., futures on the level, calendar spreads, and butterflies. Given
that the data have been first differenced and the sample mean subtracted from
it, one expects the first factor, i.e., the constant level, to drop from the sample
calculations.

The eigenfunctions are computed using a shifted Legendre polynomial basis.
Because of the aforementioned remarks about level, slope, and curvature, the
choice seems appropriate. The eigenfunctions for the three different periods are
similar. Figure 2, Panel B, shows the first two eigenfunctions for the third pe-
riod, where the lower line is the first eigenfunction and the upper one is the sec-
ond eigenfunction. The eigenfunctions seem to capture the salient features that
emerge from looking at the data in Figure 2, Panel A. There is increasing vari-
ability as one approaches the 20th month and then it progressively flattens out.
Given the aforementioned remarks on taking first differences and subtracting the
sample mean, the first two eigenfunctions should mostly reflect changes in slope
and curvature, which seems to be the case up to the 20th month.

To test the hypothesis of independence of the yield changes, the results in Sec-
tion 3.1 are used with 5 lags. It is found that the null of independence is only
rejected for the subsample corresponding to the after dot-com bubble. Hence it is
possible to infer some level of predictability in “slope” and “curvature”. This is
in line with the anecdotal claims by traders and practitioners that trading opportu-
nities increase during crisis. The actual results are reported as a table in the Elec-
tronic Supplementary Material, where implementation details are also included.
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Henri Poincarè, Probabilitès et Statistiques 38, 1039–1052.

Ramsay, J.O. & J.B. Ramsey (2002) Functional data analysis of the dynamics of the monthly index of
nondurable goods production. Journal of Econometrics 107, 327–344.

Ramsay, J.O. & B.W. Silverman (2005) Functional Data Analysis, 2nd ed. Springer.
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