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We derive convexity results and related properties for the value functions of tandem
queuing systemsThe results for standard multiserver queues are. @y com-
pletenesswe also prove and generalize existing results on tandems of controllable
gueuesThe results can be used to compare queuing sysfEmmsis done for sys-
tems with and without batch arrivals and for systems with different numbers of
on—off sources

1. INTRODUCTION

During the past two decadethe study of controlled queuing systems has been a
fertile area of researcne well-researched notion is that optimal controls are often
monotone in the state of the systeor exampleunder certain assumptions about
costs the optimal choice of a server’s rate turns out to be an increase in the size of
the queue that is servethis type of result is usually obtained by proving monoto-
nocity properties of value functions of queuing systeAmveverthese monotonic-

ity results can also be useful to derive other types of ressiish as comparing the
performance of different systemAs an examplgconsider the standard single-
serverM/M/1 queuelt is well known that the dynamic programming value function

is a convex function of the number of customers in queue for many standard criteria
This is the basic step to show that for any additional controlled arrivals stream
customers should be admitted only up to a certain threshold(egelseg 10]). On

the other handconvexity is crucial in comparing uncontrolled single-server queues
with different numbers of on—off arrival processege[9]), and for comparing
tandem systems consisting ofG/s queues with their fluid limit$2]. This shows

that it is equally interesting to prove monotonicity results for controlled queuing
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systems as for uncontrolled queuing syste@mnceptuallythere is no difference in
the treatment of the two types of system

Let us consider the different classes of system for which monotonicity proper-
ties have been derive@or one- and two-dimensional systents our opinion a
fairly complete picture is given ifB8]. The results for systems of higher dimension
fall apart in first-order and second-order resulide first-order results compare
value functions in different statée.g., optimality of thecprule in[5], optimality of
shortest queue routing [7]); the second-order results deal with properties related
to convexity The only result known in the last class is thaf ®6] (and its general-
izations in[3]). It considers a tandeifor a cycle of queues where each queue has a
controlled departure ratEor suitably chosen objective functigitbis can be trans-
lated to results for single-server queukl®wever this cannot be done for multi-
server queues-or this type of queuing systerthere are no known results

In this article we present monotonicity results for tandems of multiserver queues
For the sake of completeness and to facilitate compayigemlso present results for
controlled queues

Central in our approach is dynamic programmidg), by propagating certain
properties related to convexity through the dynamic programming value function
The concept okbvent-based dfas introduced if8]) allows us to treat classes of
value functions at once and to present the results in a concise and clealt way
consists of cutting up the value function into smaller parts—ehent operators
Each operator corresponds tdhysica) event in the systepsuch as arrivals or
departures from a certain queudr the direct costs and the random environment
there are also operators to enable us to compose the value function entirely of event
operatorsWe formally introduce event-based dp and the operators that we consider
in this article in Section 2

After having formulated the subject of the study—the operators that constitute
the value function—we have to formulate the properties of which we will induc-
tively show that the value function satisfies théthese properties are formulated in
terms of inequalities that are mostly related to conveXityere are two types of
second-order property¥he first ismultimodularity a property of functions on the
lattice introduced ifi6]. The second is a property that is knownda®ctional con-
vexity (see[14]). Section 3 is devoted to the study and comparison of multimodu-
larity, directional convexityand related propertie€haracterizations are given that
simplify the proofs in later sections

The main results are derived in SectiarFbr each class of functioisharac-
terized by the second-order properjighose operators are selected that are closed
under the set of functiond=rom this it follows that value functions with these
operators as building blocks are elements of the same class of functioa$irst
class to be considered are multimodular functiargd results equivalent to those
obtained in[16] for tandem queues are derived in the more general framework of
event-based dprhe operators are characterized by the fact that the service rate
needs to be controllahlBy restricting the class of multimodular functions to those
which have also afirst-order propenye can allow for standard single-server queues
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Howeverwe argue that multimodularity is not the right class for multiserver queues
Thereforewe move to the class of directional convex functiowgh an additional
first-order property and we show that the multiserver operators are closed under
this set These results are valid for tandem systems of arbitrary dimensibas
result was only known for the considerably simpler two-dimensional [&se

Applications that are based on multimodularity or directional convexity of the
value function are related to the comparison of queuing systéfmgiive examples
of two types of comparison resulthe first type is concerned with systems with
different types of arrival procesbut with the same average number of arrivals per
time unit The first example compares a system with Poisson arrivals with the same
system except for the arrival proceswhich is twice as slowbut every arrival
consists of a batch of size twét is shown that the batch arrivals give a worse
performance for all performance measures for which the value function is direc-
tional convexThe second example generalizes the resyl®pfo tandem systems
In [9], systems with identical on—off sources are compaaedi it is shown that a
system withK on—off sources behaves better than one with one on—off s¢bute
with aK times higher arrival rate

The second type of comparison result is concerned with showing that the per-
formance of the tandem system is convex in one of the paramAtees examplg
we show that this is indeed the case for the rate at which customers arrive from the
exterior into one of the queuggiven that the value function itself is directional
convex An application of this type of result is in load balancing between parallel
(tandem systemsSuppose that customers arrive at a service facility and they have
to be routed in a Bernoulli fashion to a parallel processing, eaith consisting of a
tandem systemConvexity of the performance of each tandem queue in the Ber-
noulli parameter makes the problem of minimizing total performance a convex pro-
gramming problerpwhich is easy to solveOf coursesimilar results can be derived
for other system parameterBhis type of result can be seen as a generalization of
results i 11] to tandem systemAll of these applications can be found in Section 5

The results in this article parallelb some extenthe results obtained ifl2,
Chap 3]. They were obtained independently and used completely different meth-
ods From a methodological point of viewoth Meester and | find that both methods
merit publication

2. MODELS

The method we use to derive our results is inductively showing certain properties of
the dynamic programmingdp) value functionA general tool for simplifying and
generalizing this task isvent-based d@s introduced ifi8]. In that article it is also
applied to certain classes of modeighich are in essence one- or two-dimensional
Our current interest is in higher-dimensional modAls event-based dp simplifies
the current analysis as wglle start with describing the main ideas behinditer
that we analyze the current class of systems

Event-based dp is based on two crucial idé€ase is to split up the dp value
function into smaller components—tlegent operatorsThe other is to give the set
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of functions that is to be propagated a central platstead of the model itselFor
a general description of event-based s 8]. We restrict ourselves right away to
the type of model that is studied in this article

We takeNJ'" ! as the state spadwith Ny = {0,1,...}). Forx = (Xg,..., Xm) €
N§™1, the componeny;, i > 0, represents the number of customers at qlielibe
variablex, is the state of thenvironmentLet V' be the class of functions frofg+*
toR. We will define the event operators—the building blocks of the value function
The operators that we are using in this article are of two typestrolled and un-
controlled for example we consider both a regular server that is active as long as
there are customers waiting to be served and a server of which the service rate can be
controlled One of the benefits of event-based dp is that we consider both types of
operator in the same framewognkhich makes clear what difference in model as-
sumptions is necessary to deal with different operators

In giving names to the operatonse useC for “controlled” A for “arrivals,”
D for “departures’ TSfor “tandem servet and M for “multiple.” The operators
(V= V)argforallf € v:

Taiy F(X) =f(x+ &),
Teai) F(X) = min{ f(x),c+f(x+ &)},
Toi) f(X) =f((x—e&)"),

min{c + f(x—¢),f(x)} if x>0
Teoi) f(%) = [f(x) otherwise
f(x—e+e.) if x>0
Trsiy F(X) = [f(x) otherwise
min{c +f(x— & +e.1), f(x)} if x, >0
Tersi) F(X) = [f(x) otherwise
X f(x—e)+(S—x)f(x) ifx<S
Tuoa) F(X) = [Sf(x —e) otherwise
X f(x—a+e.)+(S—x)f(x) ifx<S
Twrsi) F(X) = [Sf(x —e+e,,) otherwise

Of coursethe operators incorporating one or more tandem servers are only defined
fori=1,...,m—1; the other operators are defined fet 1,..., m. Furthermorefor
ease of notatigrwe used in every operator that involves costs for some acfidgrs
cis arbitrary and can be different for each operator

The coefficients of in the operators can be interpreted as probabilig&sept
for the operators with multiple servershere the coefficients sum & We could
divide by Sto obtain probabilitiesbut this division could also be part of the envi-
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ronment operator to be introduced nekb keep the notation as simple as possible
we assume the latter

In addition to these operators dealing with the movements of customers in the
systemwe introduce an operator for the direct costs and one that determines how the
environmeni(i.e.,, Xo) changes state and influences the transitions

Tcostsf(x) = C(X) + Oéf(X)

for some cost functiol© and discount factos = 0O,

|
Tenv( fl""afl)(x) = E /\(Xan)_zlqj(XO’y)fj(X*)’
j=

YENg

wherex* is equal tox with the zeroth component replaced Yy

We see thal,,: V' — V. To see how these operators can constitute the value
functionV,, it is best to consider an example that models a simple tandem system of
M/M/1 queuesthe server at queuéhas ratqy; ) with Poisson arrival§at rated) and
some arbitrary cost function

Vn+ 1( X) = TcostJ:Tenv(TA(l) (Vn), TTS(l) (Vn)’ [ERE) TTS(m— 1) (Vn)’ TD(m) (Vn))] (X)v (1)

with the parameters of,,, chosen such that it models the well-known concept
of uniformization(e.g., see[13, Sec 11.5]), by taking Ten( f1,..., fmi1)(X) =
M) () with p(1) = A/(A + i) andp(i) = pio1 /(A + ), i =

2,...,m+ 1 ThatV, is indeed equal to the value function of the continuous-time
tandem server model can be easily seen by writing but

The operatofl,,,, howeveycan serve many more purpos®¥ge see that if the
environment moves fromy to y, which occurs with probabilitp (o, y) (but, due to
the uniformizationwe can also see this as a transition yatieen with probability
q'(xo, y), an event of typg@occurs This is exactly the definition of Markov arrival
stream[4]. A Markov arrival stream can best be interpreted as a Markov arrival
process with additional marks indicating the type of eviig shown in[4] that any
marked point process can be approximated arbitrarily close with a Markov arrival
streamThis shows the versatility in modeling capacitieSgf,. A relatively simple
example of the use of,, can be found in Section,3vhere it is used to model
parallel on—off processes

Describing formally howv,,;; can be constructed from, is done in[8]. We
will not repeat it here because frofi), the main ideas will be cleaWith this
construction many different systems with different criteria can be modeldte
main classes of models are those in discrete time and continuoustiodeled with
uniformization. The standard criteriéfinite horizon infinite horizon discounted
and average costsan be modeled as we(Note that for the infinite horizon models
there are existence questions to be addred¥edvill not deal with them hereout
will concentrate on the properties\dffor finite n.) However more general systems
can be addressed as wellhich are not time-homogenequshich have salvage
costs and so forth
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The next step is formulating sets of functioR< V such that itV,, € F, then so
is V.1 for particular choices oY¥/,. For these setsve showfor some or all of the
operatorsT introduced abovghat if f € F, then alsolf € F. From this it readily
follows that if V; € FandC € F, then alsov,, € Ffor all n. The setsF should be
chosen such that some useful results can be derived from Tendifferent sets
and their comparison are the subject of the next section

Remark 2.1:In[16,8] Tcrgi) is generalized to a continuously controlled operator of
the form mineoyic, + uf(x — & + &.1) + (1 — Wf(x)}, with zero as the only
possible action ik; = 0. The results of the next sections remain the same under this
generalizationwe have decided not to include &s it complicates the notation

3. INEQUALITIES

The sets of functions that we consider are defined by inequalRiemember that
our state space ign+ 1) dimensionalHowever we will pose no restrictions on the
environmentthus the inequalities are essentialtydimensional The inequalities
are both of first and second ord&he two basic second-order properties direc-
tional convexityandmultimodularity We start with directional convexit¢dc).

DerinNiTION 3.1: A function f€ Vs called directional convex if, for all ¥,z €
Ngﬂ—l! yO =Zy= O,

f(x+y) +f(x+2z)=f(x) +f(x+y+2),
which we write aDC(y, z).

Later, when studying queuing modelswill become clear that Definition.3 is
difficult to use in our proofsTherefore we derive an alternative characterization of
directional convexityTo do sq we define the following inequalities for some func-
tionf € Y, forallx e N, i,je{1,...,m}, i #]:

e CC(i): 2f(x+¢g)=f(x)+f(x+2¢)
* Supe(i,j): f(x+g)+f(x+eg)=f(x)+f(x+e+g).

The inequalities are easily interpret&C stands for componentwise convexity and
Supefi, j) is known assupermodularityNote that CQi) is equal to Supéi,i).
All functions satisfying a certain inequalifyfor all x are denoted byF(A). We
also writeF(A, B) = F(A) N F(B). The set of all dc functions is denoted BYDC).
The characterization of directional convexity is as follo{@ee alsq14]; for
completenessve also supply a progf

LEmmA 3.2: F(CC(i),i =1,...,m;Supefi,|),i,j=1,...,mi #]j) = F(DC).
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Proor: The inclusionD follows from the definition of directional convexityak-
ingy=z= g gives CQi) and takingy = g andz= g gives Supefi, j ). The inclusion
C follows by induction toX; (y; + z). If 2i(y; + z) = 2, then DQYy, z) is either
CC(i) for somei or Supefi, j) for somei andj. Assume tha®; (y; + z;) > 2 and
suppose that; y; > 1. Then for somei, y can be written ag = ¢ + uwith u= 0.
Now DC(y, z) is the sum of

f(x+g+u+f(x+g+2=f(x+g)+f(x++u+2z
and
f(x+e)+f(x+z2=f(x) +f(x+¢ +2).
Both inequalities hold by induction u

Lemma 32 greatly simplifies the proofs in the next sectiémstead of having to
prove DQy, z) for all possibley andz, we can restrict ty andz being unit vectors

Next, we define multimodularityit was introduced in Haje6] for the study of
assignment rules to a queuts relation to monotonicity results for tandem queues
was recognized ifl5, top of p. 295]. First, definedy =¢e,,d; = —¢ + €4, 1 =
1...,m—1, andd,= —e,. LetD ={d,,...,dy}.

DEerINITION 3.3: A function f€ Vis called multimodular (mm) if for all & Z™*?,
v,W E D, v #w, such that x- v, x + w € NJ"1

f(x) +f(x+v+w =f(x+v)+f(x+w),
which we write adMM (v, w).

Note thatf is only defined onNJ'*1. The definition makes sense because it
follows fromx + v, x + w € NJ"** that alsox, X + v + w € NI L,

The usefulness of multimodularity lies in the fact that the basic transitions given
in the operators are elements®f In the next lemmawe derive a more general
characterization of multimodularityvhich will help us in comparing multimodu-
larity with directional convexity

LeEmMaA 3.4: A function fis mm if and only if
f(X)+f(X+U1+ e +Uk) Sf(X+v1+ e +v|)+f(X+v|+1+ e +Uk) (2)
for {vy,...,u} € D, 0 < | <Kk, andv; # v; fori # j.

Proor: The “if” part of the proof is trivial the “only if” part follows by induction
tok. Fork = 2, (2) is equivalent to mmConsider somé& > 2 and assume th&®)
holds up tdk — 1. Furthermoreassume thdt+ 1 < k. This does not restrict gener-
ality; by reorderinguy,...,vx in descending order in the cake- 1 = k, we find

| +1 < k becausd& > 2. Equation(2) is equal to the sum of
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f(x) +f(Xx+ov,+ -+ +vq)
=f(X+v,+ - +v) +f(XFv+ - Foeq)
and
f(X+o 1+ - to) HE(X+v+ -+
=f(X+ov,+ - o) FE(XFv 0+ - Fop).

Both inequalities hold by inductignhe second in the state+ v, + -++ + vi_1.
[ |

With (MM ), we denote the set of mm functians

An inequality that will prove to be useful superconvexityintroduced in[8]
for the control of various two-dimensional queuing modédss defined for all
ih,j=1,...,mi#j,as

* Super@Gi,j): f(x+e)+f(x+eg+eg)=Ff(x+26)+f(x+g).

Form= 2, itis readily seen that(MM ) = F(Supek1,2), SuperQl,2), SuperG2,1)).
For generam, we have the following

LemmA 3.5: F(MM) C F(SuperQi,j)) for all i #j.

Proor: If i <j, then Super@,j) is equal to(2) applied inx + g with dy + --- +
d_,=egandd + .- +d_;=—¢ +¢.Ifi >j, thenitis(2) appliedinx+ & + g
withd, + --- +d_;=¢ —gandd + --- +d,= —8§. u

Next, we compare the sets of dc and mm functions
LemmaA 3.6: F(MM) C F(DC).

Proor: We first showC. Because of Lemma3, it suffices to show fof € F(MM )
that CQ(i) and Supefi, j) holds for alli, j. We do this using Lemma.&. We have
g=dy+ --- +d_,and—e =d + --- + d,. Equation(2) in x + g gives CGi). To
show Supefi, j ), assumewithout restricting generalijythati < j. In addition to
g=0dy+ .- +d_;weneed-¢=d + .- +dnyande —g=do+ --- +d_,+d +
-+ + dm. Equation(2) iny = x + g is equivalent to Supét, j ).

We give a function orlN3 that is dc but that does not satisfy Supét@).
Because of Lemma.B, this function is not mmThis function isf (X) = X; X,. Veri-
fying CC(1), CC(2), and Supel,2) in all x is simple It is also easily seen that
Super@1,2) does not hold for any. u

Remark 3.7:So far we discussed the second-order propetirectional convexity
and compared it to multimodularitinother natural question is to compare both
properties with the traditional convexity on the lattickefined by the inequality
2f(x) = f(x—y) + f(x+ y) that has to hold for each& Z™ andx such thak —y,
x+yeNJ"LIn[1, Thm 22], itis shown that mm implies convexitit is also easily
seen that the functioh(x) = x; X, is not convex(although we just showed in the
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proof of Lemma 3 thatx;x, is dg. On the other handg(x) = max{xy, X,} is
convex([1], Counterexample.2), but g is not supermodulafe.g., Supe1,2) in

x = 0 does not holy thus it is neither dcn conclusionif we denote with(C) the
set of convex functions/(MM) C F(C), F(DC), but there is no such ordering
betweenF(C) andF(DC).

This closes the discussion of second-order propeffiescontinue with first-
order propertiesDefine the following inequalities for some functiére V), for all
xe NI ie{1,...,m:

e (i) f(x)=f(x+g)
e F(i): f(x+e.)=f(x+¢g)

Inequality | (i) simply states that is increasingin the nonstrict sengen i. F(i)
means thatitis advantageous to have customers further down thidditesthat= (i )
is only defined foi < m. We introduce the notatia&(l) = F(I(i),i =1,..., m) and
FF)=FF(G),i=1...,m—-1).

LemMa 3.8: If i < j, then F(F(i),...,F(j — 1),1(j)) C F(I(i)) and, thus,
FFQ),...,F(m=1),1(m) = F(I,F).

Proor: The proof simply consists of adding the inequalities that constitute the smaller
(left hand set in each possible state |

4. RESULTS

In this sectionwe first discuss the operators that can be controllé@ suitable set

of functions for these operators 5 MM). Later, we consider the other operators
and functionsFirst, we assume that the value function is mm and we consider the
consequences for the operatokter that we prove that the value function is in-
deed mm for certain operatoithe monotonicity results for the controlled operators
shown in the proof are equal to those[1t6] for controlled tandem system®ur
interest is mainly in the structure of the value functioN®te, furthermore the
generalizations with respect to the resultd 8] due to event-based dp and the
inclusion of the environment

THEOREM 4.1: Forallf € F(MM),
Tawy Freo oy Tagm ©, Teawy £ Tersny - oo Teram-n) T Teom T € F(MM),
andifCe F(MM) and f,..., i € F(MM),
Teosts, Tenul f1, -+, fi) € F(MM).

Proor: Assume thaf € F(MM ). ConsiderT,, for somei. We have to show that
Taiy F(X) + Tan T (X + v+ W) = Ta) F(X +0) + Tay F(x + w) for all v,w € D.
Thisis equivalenttd(x+ ) +f(x+e +v+w) =f(x+¢g +v) +f(x+ g +w),
which holds by inductionTo facilitate the notation in the rest of this proof and other

https://doi.org/10.1017/50269964804181023 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964804181023

22 G. Koole

proofs as well we add the state to the inequalitthus we have to show that
MM (v, W) (X + &).

Now, we continue by considerintay, Tetsys---» Tetsm—1)> Tepm), all at the
same timeLet us introduce some further notatidtach of these operatofg has the
form T f(x) = min{c + f(x + ), f(x)}, with y € D. We first prove the following
property of the minimizersThe optimizing actions of¢ f are such that the follow-
ing hold

e If c+f(x+y)="f(x)for somex, thenc+f(x+d+y)=f(x+d)forany
d € Dsuchthad #y.
e Iff(X)=c+f(x+y),thenf(x+y)=c+f(x+2y).

The first expression follows directly because mm is equivalehttp— f(x +y) =
f(x+d) — f(x+d+y). For the second expressiome use Lemma.2 to get

f(x+y)+f<x+y+ > u) sf(x+2y)+f<x+y+ > v>.

vED vED,v#y
BecauseX,cpv = 0 andX,ep ,+yv = —Y, it follows that X(x +y) = f(x) +
f(x + 2y) (which is the convexity of in y), from which the second expression
follows.

In fact, we just showed that the optimal actions &a@nsition monoton¢16],
which means that every event occurring at an operator makes it more attractive for
the other operators to choose the action that forces a state ctzomeerselyif a
transition occursit is less likely that it is still optimal for the same operator to take
the action that makes the state chanyfe now use this monotonicity of the opera-
tors to prove the theorer@onsider some operatdg with vectory. We have to show
that

Tof(X)+Tef(x+v+w) =T f(x+0v) + T f(x+w)

forallv,w € D. If the minimizing actions ix + v andx + ware equalthen it follows
immediately by inductionFor exampleassume that the minimizing action is a state
changethus Tcf(x+v) + Tef(x+w)=c+f(Xx+y+v)+c+f(x+y+w). Then

Tef(X) +Tef(x+v+w)=c+f(x+y) +c+Hf(x+y+v+w
=c+f(x+y+tv)+c+f(x+y+w),

the second inequality by M, w) (X + y).

Assume that both minimizing actions are different and tha&tv, w. Then we
can takeTe f(x +v) + Tef(x +w) = f(x +v) + ¢ + f(x + y + w), without loss of
generality However then

Tef(X) +Tef(x+v+w) =f(X) +c+f(x+y+ov+w
=f(x+ov)+c+f(x+y+w),

the second inequality by Lemma43
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Finally, assume that = v. By the monotonicity of the optimal actiopwe know
that if the actions are differesthen it must be such thag f (x +v) + Te f (X +w) =
f(x+ov)+c+f(x+y+w =f(x+v)+c+f(x+ov+w).ltfollows that

Tef(X)+Tef(x+v+w) =sc+f(x+y) +f(x+v+w
=T f(Xx+v)+ T f(X+w).

The proof forT,ossand Ty is trivial. u

Theorem 41 shows us that models consisting of the controlled operators cor-
responding to a tandem systépius additional uncontrolled arrivals at any of the
queueshas a mm value functioBy Lemma 36, other properties such as convexity
in all of the state components folloWncontrolled operatorgiowever cannot be
propagated through mm alofi® see thisconsidefp ;) andf € F(MM ). As F(MM)

C F(CC(i)), let us see what we need to halsg;, € F(CC(i)). Forx; = 0, we need
I (i), indicating also that mm is not enough for the study of uncontrolled operators
The first step in this direction is the following theorem

THEOREM 4.2: Forall f € F(F, 1), if the costs of operating & O for all operators
Ters1), -+ -5 Tetsm-1)» Tepm), then

TA(l) f7 oo 9TA(m) f’ TCA(l) f’ ey TCA(m) fa TCTS(l) f’ ey TCTSmfl) f’ TCD(m) f € ]:( F7 I );
forallf,,..., f, € F(F1),ifC € F(F 1), then
Tcostsf, Tenv( fl’ LEES) fl) € ]:(Fa I )

Proor: We considerfor each operatothe inequalities that constitutg(F, 1), one
by one By Lemma 38, 7(F(1),...,F(m—1),1(m)) = F(F,1); thus we only have
to consider~(1),...,F(m—1),1(m).

For Taqy,-- ., Tam), the result follows directly by inductionConsiderTcag).
ConsiderF ( j). We have to shoWcai) f (X + 1) = Teai) f (X + g); this follows by
taking on the left-hand sidehe minimizing action of the right-hand sigfer ex-
ample if it is optimal to accept a customer i+ g, then

Teai) f(Xx+g41) =f(x+ & +tg,) =f(x+e+¢g)=Teai f(X+8).

The proof forl (m) is equivalent ConsiderTcrgi). The proof is similar to that of
Teady, except forF (i), if x; = 0 and the optimal action iR+ g is serving Then

Tersiyf(X+ &) =f(x+e.) =c+f(X+e,1) =Teas F(X+ ).

The same line of reasoning works fidim) and Tep(my. The proof forTeesisand Teny
is again trivial u

Forf € F(F,1),we have thaf(x—e + g,1) =f(x)if x;, > 0andf (x—e,) =
f(x) if xn > 0; thus if c= 0 for the operatorScrgy), .- ., Tetsm-1)> Tepmy, then itis
always optimal to serve anthus the operators are equal to their uncontrolled equiv-
alent This leads to the following corollary
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CoROLLARY 4.3: Forall f € (MM, F,1),
Trsp fe oo, Trsmen s Tom f € F(MM, F ).

Remark 4.4:The necessity to include(i) if the server at queukis uncontrolled
was already recognized iri6, Sec 4]. However to propagate=(i), F(i + 1),
...,F(m—1) andl (m) are also necessariyn fact, Theorem 42 can be generalized
slightly by assuming onl¥ (i ),..., F(m— 1) andl (m); then the service operators
can be uncontrolled from queu®nward

We next move to the operators that model multiple serwesfirst argue why
the set of mm functions does not propag&g Lemma 35, Super(i, j) holds iff
is mm Let us applyTyp ), with S= 2 in statex with x; = 0. Thus we need to show

Twoa) F(X+ &) + Tupa) F(X+ & +6) = Tupa) F(X+ 26) + Tupiy F (X + §),
which is equal to
f(x) +f(x+g)+f(x+teg)+f(x+e+g)=2f(x+g)+2f(x+g),

which gives after cancellation of termsubmodularity—the inverse of supermod-
ularity. Because supermodularity is a consequence of this line of reasoning
does not workThe solution is to relax the conditions on the value function and to
show that for this larger class of functigrike operators related to multiple servers
do propagate

THEOREM 4.5: For all f € F(DC,F,1),
Taw b s Tam & Tursy T -+ -5 Tursim—1 T, Twuom F € F(DC, F, 1),
and if Ce F(DC,F,1)and f,..., fy € F(DC,F 1),
Teostsh Tenul T1,-.., 1) € F(DC, F,1).

Proor: As usua) the proof for the operatorBy ), ..., Tam)s Tcosts @NUTepny IS SIM-
ple. Let us concentrate on the served$ coursebecause of LemmasZand 38, we
only have to consider CQ) for all i, Supe(i, j) foralli #j, F(1),...,F(m—1), and
I (m). The proof forF (i) andl (m) is simple ConsiderTyrsy. Propagating CQ)
fori # kis trivial; consider = k. We consider the cas&= x;, S=x; + 1, andS=
Xi + 2.

e If S= x;, then allSservers are busy ir x + g, andx + 2e, and thus
2Tyrsiy F(X+ &) = 2Sf(X + €.1)
=Sf(x—e +e,,) +Sf(x+¢g +8g,1)
= Tursi) F(X) + Tursi) (X + 28),

where the inequality holds by applying CiC in x — ¢ + e, for Stimes
which we write asSX CC(i )(x — & + g41).
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o If S=x; + 1, then we get
2Tursiy f(x+ &) = 2Sf(x + &.44)
=(S-1f(x—g+eg,1) +f(x)+Sf(x+¢e +¢e,,)
= Tursi) F(X) + Tyrsi) F(X + 28).

The inequality is equal tt5— 1) X CC(i ) (x— g + & 1) + Supe(i, i +1)(x) +
F(i)(x). Note that ifx; = 0 and thus S= 1, then the coefficient of CG)(x —
e + e.,) is zerq avoiding negative queue lengths

o If S=x; + 2, then

2Twrsiy f(x+ &) = 2(x + Df(X+ 641) +2(S—x —Df(x+g)
=xf(x—a+e.)+(S=x)f(x
+ (X +2)f(x+e+e.1) +(S—x —2f(x+2¢)
= Tursi) F(X) + Tyrsi) F(X + 28),

which follows fromx; X CC(i)(x— g + &41) + (S—% — 2) X CC(i)(x) +
2 Supefi, i +1)(x). Again, the coefficients are suchthat CQ3(x— e + € 1)
is only used ifx; > 0.

We now propagat@yrs for Supeli, j). Again, k # i, j is trivial; assume that
k=i. First assume thgt# i + 1. We consider the cas&= x; andS= x; + 1.

e If S= x;, then all S servers are busy in all statehis gives by S X
Supe(ivj)(x — 6 + Q+1)7

Tursi) f(X+ &) + Tursiy F(x + ) = Sf(x+ €.,) + Sf(x— &g + &1+ )
=Sf(x—e + ;1) +Sf(x+e.1+g)
= Tursi) T (X) + Tursi) F(X+ & + §).

e If S=x; +1, then
Tursi) F(X+ &) + Tursiy (X + §)
=(x+Df(x+eg.1) +(S—x —Df(x+g)
+xf(x—e+e,,+¢g)+(S—x)f(x+g)
=xf(x—a+te,) +(S—x)f(X)+(x+Df(x+e, tg)
+(S—=x —Df(x+e +¢g)
= Tursiy F(X) + Tyrsiy (X + & + ).

The inequality holds because of X Supefi,j)(x — & + e,1) +
(S—x —1) X Supefi, ) (x) + Supefi + 1,j)(x).

Now, assume thak = i andj = i + 1. We consider the case€s = x; and
S=x + 1
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e If S= x;, then all S servers are busy in all stateEhis gives by S X
Supefi,i +1)(x— & + €1),
Tursi) F(X+ &) + Tursi) F (X + §)
= Sf(x+ &,,) + Sf(x— & + 26,,)
=Sf(x—e +e,,) + Sf(x+ 2e.,)
= Tursiy F(X) + Tyrsiy fF(X+ & + ).
e If S=x; +1, then
Tursi) (X + &) + Tursi) F (X + &)
=+ Df(x+es) +(S=x —Df(x+e)+xf(x—e+26.)
+(S=x)f(x+e.1)
=xf(x—g+e,1) +(S—x)f(X)+(x; +Df(x+2e,,)
T (S=x—Df(x+e& +e.q)
= Tursi) F(X) + Tyrsiy (X + & + ).

The inequality holds because &f X Supefi,i + )(x — & + €,1) +
(S—x —1) X Supeli,i +1)(x) + CC(i + 1)(x).

Now, considerTypm—first for CC(m). We consider the case$= x,, S=
Xm+ 1, andS=x,, + 2.

e If S= x,, then allSservers are busy in x + e,,, andx + 2¢,, and thus
= Sf(x—e,) + Sf(x+ e,,)

= Tursim F(X) + Tursm f (X + 2€5);

the inequality equalS§ X CC(m)(x — &).
e If S=x,,+ 1, then we get

=(S—1f(x—ey,) +f(x)+ Sf(x+ e)
= Tursm F(X) + Tursim (X + 2€4);

the inequality is equal t6S— 1) X CC(m)(x — &;) + 1 (M) (X).
e If S=x,,+ 2, then

2Tuwrsim F(X+ &) = 2(Xpn + D F(X) + 2(S— Xy — D F (X + &)
=Xnf(X—ey) + (S—X)f(X) + (Xp + 2 f(X+ €&,)
+(S—Xn— 2f(x+ 2e,)

= Tvrsm T (X) + Tursm F(X + 2€n),
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where the inequality equakg, X CC(m) (X —€,) + (S— Xy, — 2) X CC(m)(X).
Proving CGi) for i # mis simple

Finally, we proveTyp ) for Supefi, j ). Assume thait= m, the other case
being simple It is readily seen that only Sup@m,j) suffices to prove the
inequalities u

We summarize the results of this section in the following corollary

CoroLLARY 4.6: ForV,,constructed from ), ..., Tam), Teaa) Tets)s---» TeTsm-1)»
Teomys Tenw and TogsWith CE F(MM ) and if \p € F(MM ), then \, € F(MM ) for
alln>0.

For V, constructed from gy, ..., Tam), Tcaa) Tersays---»> Tetsm—1) With ¢ >0,
TCD(m) with ¢ > 0, TTS(l)’ . ’TTS(mfl)a TD(m)a Tean and -EOStSWith ce .F(MM , F, | ),
and if \p € F(MM, F, 1), then \, € F(MM, F, 1) foralln > 0.

For V, constructed from g),..., Tagm), Tmtsa)--«> IMTs(m=1)» TMp(m)s Tenw and
TeostsWith C € F(DC,F, 1) and if \; € F(DC,F, 1), then \, € F(DC,F, 1) for all
n> 0.

Up to now we have not really discussed the crucial role played by the direct
costsC of Teosts AS We can take any functidd satisfying the right set of inequalities
there are many possibilitie&n obvious choice i€(x) = X ¢ X;, withc, = --- =
cnif C € F(F). If Ce F(MM), we can also tak€(x) = > (x; — B;)"P;, intro-
ducing a penalty; for each customer that exceeds the buffer I&8éh queusi.

5. APPLICATIONS

We provide some applications of the comparison of models with different input
processed\s a simple first applicatigreonsider two modeJsvith value functionv,,
andV,, that are different only in the fact that the first has an operatgs and the
latter has;T, + 3Taw Taw- Here T, is simply the identity operatdi.e., T, f(x) =
f(x)]. We did not discuss it yebut it is clear that if & Ffor some sefF, then also
T, f € F.An operator that models convex combinations is easily built Wity thus
5T + 3Taw Ta falls within our frameworkin words underV, arrivals at queue 1
are twice more likely to occur than undéf, but each arrival iV, is a batch of size
2. Thus the resulting load is equalVe would like to show tha¥,(x) = V. (x).
Propagating this for all operators Wf other thanT,(y is trivial, as the same oper-
ators occur inv,. Thus let us try to show

Tam Va(X) = GTi + 3Taw Ta@) Vi (X). ®3)
This is equivalent to
V(X +e) = 2Vi(X) + 3V (X + 2ey).
Now, assume tha¥, is convex inx;. Then

Vn(X + el) = ;Vn(x) + :_2LVn(X + 261) = %Vn,(x) + %Vn,(x + 261)
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and thus (3) holds Thereforeif the value function is convex in the first compongnt
the model with batch arrivals has greater co$ts check that the value function
satisfies CQ1), we use Corollary 4, noting that#(DC) C F(CC(1)). This also
imposes conditions on the performance megdareexampleif all service opera-
tors are controlledthen we have the conditio@ € (MM ), which allows for
decreasing direct cost®n the other handf the operators are uncontrollgithen we
needC € F(MM,F, 1) or C € F(DC,F, ) and thus the direct costs must be in-
creasing in all components

This example is a nice illustration of how convexity in the first state component
can be used to compare systems with different arrival procebtm® complex
systems can be handled as wali we show nextVe consider the model ¢9], in
which a single queue is considered with an arrival process consisting of parallel
on-off processedn [9], the number of on—off processes is varigdhile keeping
the total offered load equiland it is shown that systems with many on—off sources
perform better for direct costs for which the value function is con8ed 9, Lemma
3.4]. We generalize this Lemma4to tandems of queues

To do sg we first show how to modeN on—off sourcegin fact, the whole
value function with the environment operataConsider first the state¥he set of
all possible states of the on—off sourceq0s...,K}, representing the number of
on—off sources that is off necessarywe could model an additional environment
variable (note that a multidimensional environment can always be written as a
one-dimensional environmenecause the number of states remains countable
but we will not do soBy x € Ng', we denote the state of the queuAs in [9],
p is the probability that an on—off source goes on arid the probability that an
on—off source goes aftWhen a source is grcustomers arrive at a rate Fur-
thermore assume that the service rates of queue 1 um tve equal tqly,..., Un
and assume thdtp + g + MK + > i = 1. Then

T i fas fre, F) (K %) = (K= K)pfi(k+ 1, %) + kafi(k — 1, x)
+ (kp+ (K= k) (q+ A)fi (k x) + kAfa(k, X)

+ 2 W i (K, x).

Denote withV/X(k, x) the value function at stageof the system withK sources
(With respect to the notation if9], we dropped the environment variableand
replaced\, n, andk by K, k, andn, respectively Using the definition ofTX, and
writing T; as a generic way to indicate the service operator at queue have the
following recursive expression faf<(k, x):

ans—l(k’ X) = TcostiTeIfw(Vm TA(l) Vm Tl Vm [ERE) TmVn )] (k5 X)~

Having modeled the tandem system with an on—off source jnpaitare ready to
compareV,< with V1. The equivalent of equatiof20) in [9] for tandem systems
which we have to show heres
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K /K
ng( k> P g T (K = k)Via“(k, x) + KV (k, x +y))

=K(p+ @ gVi(0,x) + K(p+ @ *pVi (L x +y) (4)

forall x,y = 0.

The comparison result follows by taking= 0 and observing that the coeffi-
cients are proportional to the stationary probabilities of the on—off souFbes the
comparison holds for an initially stationary arrival proceBs prove(4), we first
have to assume th&t“ € F(DC). We discuss those parts of the proof4fthat are
different from the proof given 9] for a single dimensianTo prove the terms
related to arriving customera/e need

(K= K)2Vi'(k, x) + (K — K kVp(k, x + &) + k(K — k) V< (k, x +y)
+ K2VX(k, x+y+e)
= (K — KKVX(k, x) + KKVE(k, x+y + &).

This holdg(after cancellation of term&y directional convexity of the value function

To propagate the tandem serves® have to assume that the operators are un-
controlled thus Tyrsi) for i < mand Typm). Otherwise it might occur that the
minimizing action on the right-hand side @f) is different In conclusionLemma
3.4 of [9] and with that the related TheoremsSand 36 of [9] are generalized
to tandem systems with uncontrolled operators and cost functions that belong to
F(DC,F,1).

Directional convexity is also useful for certain minimization problems involv-
ing multiple systemsHere we consider customers that have to be handled by one
of a group of parallel tandem systenihe arrival stream has to be split up in a
Bernoulli fashion Convexity of the objective function allows that the global mini-
mum can be found using a simple minimization procedure such as steepest descent
To prove this convexitywe have to show that the performance measure for a single
tandem system is convex in the rate assigned to that sy$tenwill prove this
again using directional convexity in the stafefine the operatolly;;), for A €
[0,1], by T&i, f(X) = Af(x+ &) + Af(X) (with A =1 — A) and letV;}(x) be the value
function of a tandem system with uncontrolled operators as defined in Section 2 and
by T4ii).- We would like to show convexity in; that is

VoAt @a(x) < qVM(X) + &V, 2(x). ()

If we assume\; = A, then for each of these value functioifsT,y;, occurs then the
arrivals occur with a probability ifA4,A,]. Thus we can rewriteTA‘fi>, B €
[A1,A2], ST = A Tag) + (A2 = A) T + ATy, with y = (8 — A0)/(A2 — Ay).
Note thatif3 €[4, A,], theny €[0,1]. Thus proving(5) for all « is, given that the
standard arrival operator propagatesich is the case for all sets of functions that
we considerej] equivalent to proving

Vi (X) = aViH(x) + @V (x)
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for all @. This inequality follows from
aVE(x+y) + aVa(x) = aVii(x+y) + aV2(x),

which we will prove for ally = 0. Note the similarity with(4). Again, the only
operator that is not trivial to propagateTig;; it results in

a?VE(x+y+e)+aaVi(x+y) + aaVi(x+eg) + a?Vi(x+y)
=aVix+y+e)+ aVvi(x).

It suffices to show that the left-hand side is smaller th&ff (x +y + &) + aV,¥(x),
which is equivalent to

Vit(x+y) + Vi(x+ &) = Vi (x+y+ &) + Vi(x),

which holds by the directional convexity ®¢. Thus for the same systems as the
last example with on—off sourcese have shown that the performance is convex in
the arrival rateThis generalizes pafi) of Theorem 27 of[ 11] to multistage systems
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