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SUMMARY
This paper addresses three control implementation issues for trajectory tracking of robotic manipula-
tors: unmodeled dynamics, unknown input saturation and peaking effects during the transient phase.
A model-free first-order robust-adaptive control method is used to deal with the unmodeled dynam-
ics. Robust optimality and stability of the controller are proved using the H∞ technique and the
game-algebraic Riccati equation. An intuitive approach is devised to incorporate the unknown input
saturation by modifying the speed of the desired trajectory. The trajectory scaling is performed by
using only the state errors. Furthermore, two different techniques are utilized to suppress peaking
during the transient response of the trajectory tracking. The first method adds an extra term in the
input while the second method uses variable gain to improve the transient response. A systematic
procedure for finding the controller parameters is formulated using features, such as rise time and
settling time. A three-degree-of-freedom robot manipulator is used for the validation of the proposed
controller in simulations and experiments.

KEYWORDS: H∞ optimal control; Input-to-state stability; Adaptive control; Orbital stability;
Computed torque; Euler–Lagrange.

1. Introduction
Robot manipulators are extensively utilized in industry for high-speed performance. Controlling a
robot with high speed and accuracy is still a challenging task. A few of the reasons are the highly
coupled nonlinear dynamics, complex friction characteristics, torque saturation and load variation. In
addition, there are control implementation issues because of input saturation, unmodeled dynamics
and controller tuning. Furthermore, unpredictability at the transient response, especially in adaptive
control, is often deteriorating safety. Several types of controllers have been proposed to achieve
better performance in terms of state errors, for example, adaptive control,3, 8–10, 26, 30 robust con-
trol,5–7, 19, 28 orbital stable control,1, 11 sliding mode control,2 Generalised proportional integral (GPI)
control approach31 and Active disturbance rejection control (ADRC)32. In part, adaptive control is
a well-established technique for the control of a robotic manipulator because it requires little infor-
mation about the system dynamics and guarantees the stability of the closed loop in the presence of
bounded disturbances.
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Several controllers have been proposed to address the implementation issues. Almost all of the
state-of-the-art trajectory tracking controllers do not consider input saturation, although saturation
decisively affects the performance of the control system in terms of state errors. The input con-
straints are usually state dependent and uncertain, which makes it difficult to include them in the
control loop. One way of considering input constraints is to adjust the speed of the reference path
such that the required inputs are within the allowed range. Such approaches are called time-optimal
path tracking.12 Bobrow et al.13 showed different techniques to find the minimum or optimal time
for the tracking of the end effector, while satisfying the input constraints. The optimal time for the
reference trajectory is usually evaluated from the inverse dynamics of the manipulator, which allows
to find the maximum allowed joint acceleration under the permitted torques. The speed of the tra-
jectory is adjusted according to the maximum joint acceleration; however, these techniques require
information about the input constraints and the system model for the inverse dynamics. Usually one
of the design objectives is that the end effector follows the desired trajectory even if time is compro-
mised. An approach to include the input constraints by using time scaling is proposed by Shiriaev
et al.1, 11 This method focuses on the orbital stability of the desired path. The technique converts
the system dynamics into a transverse dynamics using a moving Poincaré section.20 Any trajectory
starting in the vicinity of the desired periodic solution is forced to follow the desired trajectory. In
orbital stability, the primary objective is to ensure that the closed-loop system converges to an orbit
of the desired trajectory rather than considering the stability as a function of time. But again, the
design of such a controller requires an estimated model and information about the time-varying input
constraints. Furthermore, for constant input constraints, Lewis et al.23 proposed a technique that uses
online H∞ control. This technique uses a quasi-norm to transform the constrained control problem
to an unconstrained problem. Ahanda et al.27 proposed an adaptive back-stepping approach, applied
on a manipulator using a support vector machine. The controller is robust to system uncertainties
and external disturbances. The abovementioned techniques require that the input constraints are
known. Unfortunately, input constraints are not easy to estimate because of many reasons. For exam-
ple, torque saturation varies with joint velocity because of back electromotive force in the motors,
the motors have a maximum voltage rating that limits the maximum current, the drives have gain
uncertainty and also there is always some offset.

The next issue in control implementation is to ensure safety during the transient phase. In theory,
it is feasible to use a high-gain adaptive controller for fast convergence. But this leads to peaking
effects14 because of the large initial state error and high controller gain. Furthermore, there is high-
frequency noise which is partially suppressed by the intrinsic property of motor drives that act as low-
pass filters. One of the remedies is to choose a trade-off between fast response and high performance
by selecting mid-range values for the control parameters. Another important issue is the tuning of
the controller parameters. Tuning is a complicated task,4, 8 and in some cases, it is not desirable to
tune the controller by trial-and-error method. A detailed discussion about controllers tuning is given
in Hayat et al.4

The objective of this paper is the use of a model-free robust-adaptive controller that (a) gives an
improved transient and steady-state response by incorporating unknown input saturation, (b) reduces
the peaking effect during the transient phase, (c) provides robustness of the system under parameter
variations and (d) allows intuitive tuning of the control parameters. A second-order robust-adaptive
controller was proposed in our previous work.4 As a first contribution, we present a simpler first-order
version of this robust-adaptive controller with robust optimality and stability proofs. The advantage
of the first-order controller is the ease of implementation and avoiding high-frequency noise. Two-
players zero-sum game theory25 is used to form a performance index (PI) that must be minimized and
maximized with respect to inputs and disturbances, respectively. H∞ optimality is used to perform
the analysis, where an inverse-optimal approach is applied to find the PI for the given adaptive
controller.

This adaptive controller allows for a performance analysis in terms of the state errors. This means,
in steady state, the error only exceeds the maximum allowed value if there is input saturation. The
second contribution of this paper is the introduction of a trajectory-scaling formulation that modifies
the desired trajectory depending on the input saturation. The desired trajectory is modified only
when the motor drives are unable to generate the required torques for the nominal trajectory. The
advantage of the proposed method is that no constraints information is required and only states are
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used in the feedback loop. The proposed trajectory scaling is only applicable for controllers that offer
quantitative performance at steady state.

For an improved transient response, and to avoid peaking without compromising the performance
of the system, two techniques are presented in this paper. The first procedure adds an extra term to the
controller that is a filtered value of the system states.24 The second method uses the well-known gain-
scheduling technique to improve the transient response. An analytical expression is introduced that
modifies the controller gains to avoid peaking during transient phase by using only the state error.

Finally, the adaptive control3 parameters can be evaluated with little information requirements,
for example, rise time, settling time and maximum allowed steady-state error.29 In general, most of
the state-of-the-art controllers have no tuning mechanism.4 Tuning by trial and error might not be a
feasible solution for experiments because of safety issues. The fourth contribution is the evaluation
of the control parameters for the adaptive controller using performance limitations.

The rest of the paper is organized as follows: Section 2 explains prerequisites required for the
proposed techniques. Section 3 covers the contributions of the article. The validation of the proposed
techniques using simulations and experiments is presented in Section 4. Conclusions are drawn in
Section 5.

2. Background on the Adaptive Controller
With ease of implementation in mind, we introduce a first-order version of a robust-adaptive con-
troller introduced in our previous work.3, 4 An advantage of the first-order controller is the use of
few control parameters compared to the higher-order adaptive control. In Section 3, rigorous stabil-
ity and robustness proofs are performed for the first-order adaptive controller. We start with a brief
introduction to feedback linearization for robotic manipulators, also known as computed-torque or
inverse-dynamics controller that is later needed to motivate the first-order robust-adaptive controller.

2.1. Computed torque
Feedback linearization can be utilized to design a proportional derivative (PD) controller for a
robotic system with known dynamical parameters. The system dynamics for an n-link manipulator
is represented using Euler–Lagrange equations:

M(q)q̈ + C(q, q̇)q̇ + G(q) + F(q, q̇) = τ in + τ d, (1)

where M(q) ∈R
n×n is a symmetric positive definite inertia matrix, C(q, q̇) ∈R

n×1 is a vector of
Coriolis and centrifugal effects, G ∈R

n×1 consists of the gravitational terms acting on the robot,
F ∈R

n×1 is a vector representing friction, q ∈R
n×1 is a vector of joint-angles and τ in and τ d are

vectors of the fully actuated input torques and disturbances applied at each joint, respectively.
For the purpose of feedback linearization, the input torques are chosen such that they cancel all

the nonlinearities.15 Thus

τ = M̂
(
q̈d − Kdė − Kpe

) + Ĉ(q, q̇)q̇ + Ĝ(q) + F̂(q, q̇), (2)

where ˆ(·) represents the estimated value, Kd and Kp are the PD gains of the controller, e = q − qd
and qd is the vector of desired joint angles. In an ideal scenario when there is no disturbance and the
system dynamics are known, the above equation reduces to

ë + Kdė + Kpe = 0, (3)

where e∗ = 0 is a stable equilibrium point for appropriate values of Kd and Kp. The controller (2)
results in a Lyapunov stable system even if the estimated model is not the exact representation of the
real system15 – however, the performance might be deteriorated.

2.2. Adaptive control
The first-order adaptive controller3, 4 is a model-free control method with only three tuning param-
eters. One parameter is used to remove the mismatch between the estimated and the real system
dynamics. The other two parameters are used to achieve the desired response.

Let

φ = M(q)q̈ + N(q, q̇) + F(q, q̇) − q̈ − τ d. (4)
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Fig. 1. Adaptive control with speed adjustment.

If we choose

τ in = φ̂ + q̈d − Kdė − Kpe, (5)

where φ̂ is the estimate of φ, then for the system (1), we get the error dynamics

ë + Kdė + Kpe = φ̂ − φ. (6)

The advantage of considering a dynamical vector φ that consists of all the system dynamics and
the disturbance is that the feedback linearization will not require the individual information about
M, N, G and F. To find the input torques in Eq. (5), the proposed adaptive controller is3

φ̂ = −a

(
ė + Kde + Kp

∫
e dt

)
. (7)

In the next section, we consider Eq. (6) as our new system representation with Eq. (7) as the adaptive
controller. The only parameters used in the controller are a, Kd and Kp. The parameter ‘a’ serves the
purpose of feedback linearization, while Kp and Kd are the PD gains for the adaptive controller. Later,
an intuitive approach is used to identify the minimum allowed values for the control parameters.

3. Contribution
The contributions of the paper are presented in four parts:

• Robustness and stability of the first-order adaptive controller (7) – see Section 3.1.
• Compensation for unknown input saturation to improve the steady-state response – see Section 3.2.
• Improvement of transient response – see Section 3.3.
• Controller parameters’ tuning – see Section 3.4.

As shown in Fig. 1, the proposed controller has three feedback loops. The inner loop in the ‘Feedback
Linearization’ removes the mismatch in the estimation of φ. By considering a high value for the
controller gain ‘a’, the mismatch will vanish quickly.3 Once the vector φ̂ → φ, the outer loop will
achieve the desired specification by tuning the PD gains Kd and Kp.

To follow the desired trajectory, the controller might require input that are higher than the maxi-
mum allowed torques. Unfortunately, it is not easy to identify the bounds for input torques, so a third
loop is devised ‘Speed Control’ that will modify the speed of the desired trajectory whenever the end
effector moves away from the predefined vicinity of the desired path. Finally, an intuitive approach
is given to find the controller parameters after finding the minimum allowed values.

3.1. Robust optimality and stability
Before we proof robustness of the control systems (6) and (7), we start with a brief introduction of
game-algebraic Riccati and Hamilton–Jacobi–Isaacs equations using the H∞ optimality approach.
Let a system be given in the state-space form as

ẋ = Ax + Bu + Dd, (8)
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where x, A, u and d are the states, transition matrix, input and disturbance, respectively. The H∞
PI is

V(x) = min
u

max
d

∫ ∞

τ

(
xTQx + uTRu − γ 2||d||2)dt. (9)

The matrices Q and R are positive definite and γ > 0 is the sensitivity of the system with respect
to the disturbance. The above optimal min-max control problem is also called two-players zero-sum
problem, where one player (u) tries to minimize the cost function, and the other player (d) tries to
maximize it.16 The input to the system (8) that results in an optimal solution is

u∗ = −R−1BTSx �−Kx. (10)

Considering the worst-case disturbance, the game-algebraic Riccati equations for the system is

ATS + SA − SBR−1BTS + 1/γ 2SDDTS + Q = 0. (11)

In the following, we use an inverse optimal approach to determine weighting matrices Q, S and R
given the controller (7) for (6).

Theorem 1. Robustness: The controller (7) for the error dynamics (6) is a robust H∞ control
with the performance index (9), if

Q =
⎡
⎢⎣

K̃K2
p 0 0

0 K̃(K2
d − 2Kp) 0

0 0 K̃

⎤
⎥⎦, K̃ > 0. (12)

Proof. To rewrite Eqs. (6) and (7) in the forms (8) and (10), let u = φ̂, d = −φ, D = B and
x = [∫ eTdt eT ėT ]T ∈R

3n×1. As a consequence,

A =
⎡
⎣0 I 0

0 0 I
0 −Kp −Kd

⎤
⎦ ∈R

3n×3n, B =
⎡
⎣0

0
I

⎤
⎦ ∈R

3n×1.

The control input (7) can be written as

φ̂ = −a
[
Kp Kd I

]
⎡
⎣

∫
edt
e
ė

⎤
⎦�−Kx. (13)

From K defined in Eq. (13), using the inverse optimal control technique, the matrices S and Q can be
evaluated by Eqs. (10) and (11). With the assumption that Q is a diagonal matrix, we obtain Eq. (12)
and

S =
⎡
⎢⎣

K2
p + K̃KpKd K̃Kp + KpKd Kp

K̃Kp + KpKd K2
d + K̃Kd Kd

Kp Kd I

⎤
⎥⎦. (14)

Remark 1. The matrix

R−1 = αK̃ + I/γ 2 � aI, α, K̃ > 0 (15)

is identified using the input-to-state stability approach.17, 18 The procedure for finding R is similar as
in Chung et al.6

Remark 2. The requirement that Q and R are positive definite delivers the following conditions
for K̃, Kp and Kd:

• K̃, Kp and Kd ≥ 0,

• K2
d ≥ 2Kp.
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Theorem 1 shows that the adaptive controller along with the matrices given by Q and R leads
to a robust-optimal solution. Theorem 2 explains how to choose the control parameters that will
satisfy the maximum allowed joint errors at steady state. For the quantitative performance analysis,
we define the maximum error |xperf| that is allowed in the steady state. K̃ is assumed to be scalar for
the sake of simplicity.

Theorem 2. For the control law (7) with the conditions given in Remark 2, the performance
limitation |xperf| is provided as4

|xperf| ≤ 2SB
λmin

|φmax|, (16a)

where

λmin = λmin
(
Q + (2a − K̃)SBBTS

)
. (16b)

Proof. Let the Lyapunov function for the game-algebraic Riccati equation along with worst-case
disturbance (11) be given by

V(x) = 1

2
xTSx. (17)

Using Eq. (8), the first derivative of Eq. (17) delivers

V̇ = 1

2
xT(ATS + SA)x + xTSBφ̂ − xTSBφ. (18)

Using Eqs. (11) and (15) with scalar K̃, we obtain

V̇ = −1

2
xT

(
Q + (2a − K̃)SBBTS

)
x − xTSBφ. (19)

The first term is negative if 2a > K̃, which is obvious from Eq. (15). With Eq. (16b), we get

V̇ ≤ −1

2
λminxTx − xTSBφ. (20)

Using that V̇ < 0, we obtain a performance limitation

|xperf| ≤ 2SB
λmin

|φmax|.

To summarize, the state vector |x| will decrease until |x| ≤ |xperf| because of the performance
limitation explained in Theorem 2.

3.2. Modified desired trajectory
The joint errors will not exceed the maximum allowed error |xperf(2)| = |eperf| in steady state if the
control parameters are selected according to Eq. (16a). However, Eq. (16a) might not be satisfied
because the controller does not consider input constraints,

|τ | < |τ |.
For the trajectory scaling, we selected the state error e as a design feature, since the proposed adap-
tive controller offers quantitative performance analysis. The desired trajectory is modified whenever
e exceeds a maximum allowed values at steady state. |xperf| is a function of the system dynamics
φ(q, q̇, q̈) and input torques are dependent on the estimate of φ. So, to deal with the unknown satu-
ration, the speed of the desired trajectory should be compromised whenever the error at steady state
exceeds the maximum allowed |eperf|. Next we explain how to modify the desired trajectory by mak-
ing the path a function of a variable θ rather than time.1, 12 Intuitively, the trajectory is tracked slower
when the motor drives cannot deliver the required current/torque. At times when the torque require-
ments are low, the speed of the trajectory can be increased to achieve the task in a prescribed span
of time. A scalar differential equation is proposed to perform a variable speed scaling for the desired
trajectory.
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Fig. 2. User-defined specification for f (e).

Trajectory scaling: Given a desired trajectory xd(θ), where θ = t only when the torque required
for generating the desired motion does not saturate |τ̄ |. Otherwise,

dθ

dt
= 0.5 − f (e) + g(θ, t), θ(t0) = 0, (21)

where

f (e) = 0.5 tanh
(
K1(|e(t)|∞ − xoff)

)
,

g(θ, t) = K2(t − θ),

where |e(t)|∞ = |x(2)perf|∞ is a scalar representing the maximum joint error, K1 and K2 are positive
gains and xoff is an offset. The function f (e) can be derived from Fig. 2 using curve-fitting technique.
From the above differential equation, there are three conditions as follows:

1. If |e(t)|∞ ≤ |x(2)perf|∞ for all t, then θ = t because f (e) = −0.5 and g(θ, t) = 0.

2. If |e(t)|∞ > |x(2)perf|∞, then θ < t because −0.5 < f (e) ≤ 0.5 thus decreasing the speed of
trajectory.

3. If |e(t)|∞ ≤ |x(2)perf|∞ and θ(t) < t, then

θ(t) = t + θ(t0)e
−K2t,

where t0 is the time instant where |e(t)|∞ > |x(2)perf|∞ → |e(t)|∞ ≤ |x(2)perf|∞.

The function f (e) returns an output in the range of −0.5 to 0.5. If the error in the joint angle is
above the allowed maximum error during the steady state, θ will slow down according to the mag-
nitude of the error. Once the trajectory is slowed down enough that the adaptive control can follow
the desired trajectory, f (e) → −0.5. The term g(θ, t) always tries to reduce the error between θ and
t. Depending on the value of the gain K2, θ will move faster to approach t. The functions f (e) and
g(θ, t) have conflicting objectives. The former tries to slow down the trajectory and the latter tries to
increase the speed of trajectory. The domination of f (e) depends on the speed of desired trajectory.
If τin > |τ̄ | for most part of the trajectory tracking, then g(θ, t) will not have enough time to force
θ → t, and one complete circular rotation would take more time compared to the original trajectory.
Although the trajectory modification improves both the transient and steady-state performance, how-
ever, if the starting position of the end effector is far away from the desired trajectory, there will be
peaking.

The state-of-the-art methods use time-optimal control methods.12, 13 However, these techniques
require knowledge about the input saturation.

Remark 3. The function f (e) can be selected differently, for example, a ramp function or a step
function. The only conditions are that f (e) = −0.5 if |e|∞ ≤ |xperf(2)|∞ and f (e) = 0.5 if |e|∞ >>

|xperf(2)|∞. Eq. (21) can be customized and velocities of the joint errors can also be included in
defining the trajectory modification.

Remark 4. The trajectory scaling method devised in this section is not specific to the adaptive
controller (7) because the method only modifies the reference signal and not the controller.
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3.3. Improve transient response
The trajectory scaling explained in the previous subsection improves both the transient and steady-
state performance as it will be evident in Section 4. But there might be a peaking effect if the initial
conditions for the joint angles are not in the region of attraction, that is, |e(0)|∞ >> |x(2)perf|∞.

To improve the performance in terms of joint errors, we will first discuss the cause of the peaking
effect. For the proposed adaptive controller, a high gain a for the control Eq. (7) is required to remove
the mismatch as quickly as possible and thus have a system with performance similar to Eq. (3). To
show the necessity of high gain for the controller gains, we use the Bellman equation16

V̇ + 1

2

(
xTQx + uTRu − γ 2dTd

) = 0. (22)

Using Eq. (10), we can rewrite the Bellman equation in input-to-state-stable form as

V̇ ≤ −1

2
λQk x

Tx + 1

2
γ 2dTd := −γ1||x||2 + γ2||d||2 γ1, γ2 > 0, (23)

where λQk is the minimum eigenvalue of the matrix Q + KTK. From the above equation, we can
also set the maximum allowed steady-state error as explained in Section 3.1. Integrating the previous
equation:

||x||22 ≤ 2

λQk

V(0) + γ 2

λQk

||d||22, (24)

where − ∫ ∞
0 V̇dt = −V(∞) + V(0) ≤ V(0). Under the assumption that at any time the cost function

is given by

V(0) = 1

2
xT(0)Sx(0),

the L2 norm of states is given by

||x||22 ≤ λS

λQk

||x(0)||2 + γ 2

λQk

||d||22, (25)

where λS is the maximum eigenvalue of S. From the above result, it is evident that the joint error
decreases as we increase the controller gains λQk . Also, the offset in the steady state reduces with
higher controller gain.

We have shown quantitatively that high gains are essential to achieve better performance regarding
tracking error. Next, we will present the adverse effect of high gains, which is also called peaking
effect in literature. High gains introduce high-frequency oscillations during the transient phase, which
might make the system unstable. Some of this influence is reduced naturally because of the input
saturation. Also, the motor drives have a first-order response that limits high-frequency torque. The
oscillations in transient-response are because of the derivative of the input applied to the system:

u̇ = −Kẋ. (26)

After some computation, the L2 norm of input u is given by

||u̇||22 ≤ λkmax ||Ax + Bφ̃||22, (27)

where λkmax is the maximum eigenvalue of KTK. From Eq. (26), we conclude that the oscillations,
which deteriorate the transient response, increase with high controller gain K, joint errors and the
mismatch. Of course, once the system reaches steady state and the mismatch φ̃ → 0, the effect of
oscillations is minimal and can be ignored.

To summarize, we need a low controller gain during the transient response because the initial
conditions are usually unknown and can be anywhere in the workspace of the robot end effector.
Next, a couple of techniques for the improvement of the transient response are presented.
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Fig. 3. Specifications for the gain scheduling used in the results.

3.3.1. Procedure 1. This procedure is inspired from Na et al.,24 where a model-reference adaptive
control is used. An extra term is added to the input torque, which depends on the filtered values of
the states.

Let xf is the filtered values of states,

kẋf + xf = x (28)

and

E = Axf − x − xf

k
. (29)

By adding the term E in the input torque, the state space representation of Eq. (6) is given by

ẋ = Ax + Bφ̃ + E. (30)

The above equation can be written as

ẋ = Ax + B(φ̃ − φ̃f ). (31)

Considering the new system dynamics, the oscillations in the systems can be related to

||u̇||22 ≤ λkmax ||Ax + B(φ̃ − φ̃f )||22. (32)

As it is clear that u̇ is reduced because of the factor φ̃ − φ̃f . The value of k is selected as low as
possible such as to avoid oscillations.

3.3.2. Procedure 2. To reduce the oscillation, one method is to use small values of gains a during the
transient response. For that purpose, after selecting minimum and maximum values of a, the gains
for the controller can be adjusted as follows:

Let

a(x) = amax − (amax − amin)

1 + σ
(|e|∞−σ2)

1

, (33)

the values for σ1 and σ2 can be easily identified using Fig. 3.

Theorem 3. The system (6) and control law (7), along with the modified gain a(x) of (33), result
in a stable closed-loop system.

Proof. The stability of the modified controller is easily verified using Eq. (22). The control vector
K is now a function of the states, but there are upper and lower bounds because of amax and amin. We
get

V̇ = −1

2
xT

(
Q + KT(e)K(e)

) − 1

2
γ 2dTd. (34)

Because K(e) is bounded, V̇ is always negative with respect to the states if condition (16a) is satisfied
for all a(x).33

The controller gain K becomes a constant as x approaches to zero. More details about the state-
dependent controller gains are available in refs. [21, 22].
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Real robot Sketch

(a) (b)

Fig. 4. A 3-DoF manipulator used in experiments. The lengths are l1 = 0.305 m, l2 = 0.225 m and l3 = 0.305 m.

Remark 5. A simple filter can be applied on the input torque to get slight improvement in terms of

noise. The oscillations in the system are because of the ˙̂
φ which is used in finding the input torque.

To show this effect, we have

τ̇ in = ˙̂
φ + ...

q d + Aẋ, (35)

τ̇ in ≤ | ˙̂φ| + |...q d| + |A2ẋ + ABφ̃|. (36)

For the experiments performed in this paper, the low-pass filter is not used because of the power
supply acting as a filter. In the end, a systematic and intuitive procedure is devised to find the control
parameters, analytically or numerically.

3.4. Auto-tuning for the controller
This subsection explains a systematic and intuitive strategy to find the control parameters for the
controller (7).

1. Evaluate the minimum values for the control parameters using Eq. (16a) that satisfy the condition
for the allowed maximum joint error at steady state.

2. Find the values of Kp and Kd satisfying a performance criterion such as settling time and rise time.
3. Choose a such that the value of the pole of3

˜̇φ + aφ̃ = 0

is 3–5 times higher than the poles of (3).

The intuition for the above procedure is that the PD gains will perform in a deterministic way by
choosing a proper rise time, settling time, and so on. The PD controller will perform linearly only
if the mismatch is removed. For that reason, the pole location for the convergence of mismatch to
zero (a) must be faster than the PD gains (Kp and Kd). Finally, to compensate for the peaking effect
during transient phase, a is selected as a variable with upper and lower bounds (see Section 3.2).

4. Simulations and Experiments
A three-degree-of-freedom (3-DoF) planar robot is used to validate the proposed controller in both
simulations and experiments. For experiments, 10-ampere Maxon drives along with 150-watt motors
are used (Fig. 4). The desired end-effector trajectory qd is a circle in the first quadrant of the x–y plane
with radius 0.24 m and center 0.3x̂ m + 0.3ŷ m. The values for the controller gains are Kp = 40I,
Kd = 400I, a = 80 and |eperf|∞ = 0.01 rad. The end effector starts at x̂ 0.83 m. The dynamical
equations of the 3-DoF robot manipulator used in experiments are calculated from the real robot; see
Table I. Since, the adaptive controller is model-free, the dynamics are only used for simulations.

4.1. Simulations
The simulation results are divided into three parts. The objective of the first result is to show that
using Eq. (16a), the joint error at steady state is always less than |eperf|∞ = 0.01 rad/s. Figure 5
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Table I. The dynamical equations of 3-DoF planar robot.

Var. Equivalent

M(1, 1) 1.04 + 0.08cos(q2 + q3) + 0.34cos(q2) + 0.05cos(q3)

M(1, 2) 0.43 + 0.04cos(q2 + q3) + 0.17cos(q2) + 0.05cos(q3) = M(2, 1)

M(1, 3) 0.17 + 0.04cos(q2 + q3) + 0.023cos(q3) = M(3, 1)

M(2, 2) 0.43 + 0.05cos(q3)

M(2, 3) 0.17 + 0.03cos(q3) = M(3, 2)

M(3, 3) 0.17
N(1, 1) − 0.17sin(q2)q̇

2
2 − 0.04sin(q2 + q3)q̇

2
2 − 0.03sin(q3)q̇

2
3 − 0.04sin(q2 + q3)q̇

2
3

− 0.34sin(q2)q̇1q̇2 − 0.08sin(q2 + q3)q̇1q̇2 − 0.05sin(q3)q̇1q̇3

− 0.08sin(q2 + q3)q̇1q̇3 − 0.05sin(q3)q̇2q̇3 − 0.08sin(q2 + q3)q̇2q̇3

N(1, 2) 0.17sin(q2)q̇
2
1 + 0.04sin(q2 + q3)q̇

2
1 − 0.03sin(q3)q̇

2
3 − 0.05sin(q3)q̇1q̇3

− 0.05sin(q3)q̇2q̇3

N(1, 3) 0.028sin(q3)q̇2
1 + 0.03sin(q3)q̇2

2 + 0.04sin(q2 + q3)q̇2
1 + 0.05sin(q3)q̇1q̇2

F(i, j) 2.6 × 104 ∀ i = j
F(i, j) 0 ∀ i 
= j

Fig. 5. Simulation: tracking without input constraints: (a) position of the end effector in Cartesian coordinates;
(b) joint errors.

shows that the error at steady state is much lower than 0.01 rad/s for all time during steady state. For
one complete rotation of the end effector, the desired trajectory requires 3.14 s. Here the assumption
is that the torque requirements for the desired trajectory are lower than the saturation.

The second set of simulations shows how the torque saturation affects the trajectory tracking.
We have increased the speed of the desired path until input saturation is reached, and thus the
manipulator could not follow the trajectory for most of the desired trajectory as shown in Fig. 6(a).
The desired trajectory span was 1.62 s for one complete rotation. After applying the path scaling, the
trajectory slowed down in the region where the input torque requirement is higher than the saturation
Fig. 6(b). The modified desired trajectory makes sure that the error is much lower compared to the
previous results. The parameters for the trajectory modification (21) are evaluated using Fig. 2.
Figure 7 shows that the parameter θ , which ideally is equal to time, slowed down during the first
1000 ms because of the function f (e). In the last half of the desired trajectory, the function g(θ, t)
reduces the difference between θ and t. At the end of one complete circle, the total time is equal for
both the trajectories in Fig. 6, as evident from Fig. 7.

The third result provides the improvement of the transient response by using the two techniques
of Section 3.3. Figure 8 shows the effect of variable gain to improve the transient response. The
maximum and minimum values for the parameter a are 80 and 20, respectively, as in Fig. 3.

4.2. Experimental results
The adaptive controller includes all the uncertainties and disturbance in the vector φ, and as long as
φ is bounded, the controller will force the system to follow the desired trajectory with an accuracy of
0.01 rad. Figure 9 shows results of two experiments with the same desired trajectory but with different
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Fig. 6. Simulation: trajectory in the presence of input constraints. (a) Without scaling and (b) with scaling.

(a) (b)

Fig. 7. Simulation: comparison of time t and θ . (a) t and θ ; (b) q and qd.
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Fig. 8. Simulation: (a) without gain adjustment. (b) Gain adjustment with a = 20 − 80 using (33).

speeds. The first experiment, Fig. 9 (a-blue and b) satisfies the |eperf|∞ = 0.01 bound because the
torques for the desired trajectory are less than the saturation. This condition is not satisfied if the
torque saturation is lower than the required torque as evident in Fig. 9 (a-green and c). The desired
trajectory took 3.1/1.2 s for one complete rotation for blue/green trajectories. To make sure that
the end effector follows the orbit of the desired trajectory, the second experiment is improved by
modifying the desired trajectory. Figure 10 (a-blue and b) shows that the performance limitations
are now satisfied but the total time required for the circular trajectory is higher than the original
time Fig. 9 (c). The transient response is further improved by using the variable gain technique from
Section 3 as shown in Fig. 9 (a-green).

5. Conclusion
Robust optimality of the first-order adaptive controller is evaluated using H∞ technique. The stability
is proved by using the inverse-optimal method, where the matrices for the optimized cost function are
identified using the adaptive controller. To compensate for the unknown torque saturation, a solution
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(a) (b)

(c)y

x

Fig. 9. Experiment: (a) trajectory of the end effector; (b) shows that the performance limitation is satisfied by
the blue trajectory in (a). (c) represents the error in the joint angles for the green trajectory in (a).

(a) (b)

(c)

x

y

Fig. 10. Experiments: (a) the desired trajectory took 1.2 s for one complete rotation for both trajectories. (b)
shows that the performance limitation is satisfied by the blue trajectory in (a). (c) represents the difference
between θ (red) and t (blue).

is proposed that modifies the speed of the desired trajectory such that the error in the joint angles
remains within certain bounds at steady state. For the transient response improvement, two methods
are discussed that can be used to improve the high-frequency noise and peaking effect during the
transient phase. And lastly, an intuitive procedure for the identification of the minimum allowed
control parameters is formalized.
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