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Abstract. We introduce a new method to compute the approximate distribution of the

Delta-hedging error for a path-dependent option, and calculate its value over various

strike prices via a recursive relation and numerical integration. Including geometric

Brownian motion and Merton’s jump diffusion model, we obtain the approximate dis-

tribution of the Delta-hedging error by differentiating its price with respect to the strike

price. The distribution from Monte Carlo simulation is compared with that obtained by

our method.
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1. Introduction

In 1973 Black, Scholes & Merton [3,10,11] derived their famous equation for the price

of a financial derivative. By calculating the price of replicating a portfolio under several

assumptions — including continuous trading, no transaction cost, perfect dynamic hedg-

ing and stock price movement with geometric Brownian motion — an option trader can

eliminate the randomness of the option price. Thus a trader can continuously replicate the

option by adjusting a portfolio with an appropriate amount of stock and risk-free assets

to remove its Delta-risk (the randomness caused by changes in the stock price), and this

strategy is called ’Delta-hedging’.

However, historical data and many empirical results show that the Black–Scholes frame-

work is imperfect and needs adjustment. For example, in practice there are transaction

costs, we are not allowed to trade continuously, model parameters are unknown and seem

to vary, and stock price movements are discontinuous. Thus perfect replication of a finan-

cial derivative is impossible, and there are errors caused by incomplete replication. Delta-

hedging error, and the profit and loss (P&L) from imperfect Delta-hedging, has been studied
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extensively by many researchers under various conditions — e.g. unknown model parame-

ters or discontinuous trading. Several authors [2,7,8] showed that the discrete time Delta-

hedging error is proportional to 1/
p

N , where N is the hedging frequency with equally

distributed time intervals, and proposed a weak convergence of the Delta-hedging error. A

more general convergence of the Delta-hedging error was considered by Tankov [15], and

Bakshi & Kapadia [1] claimed that under Heston’s stochastic volatility model the Delta-

hedging error is driven by the option Vega and volatility risk premium. Cont et al. [6] and

Mina [12] claim it is possible to hedge the Delta-hedging error with risk-free assets and

additional options with the same underlying asset. Recently, Sepp [14] derived an approx-

imated distribution of the Delta-hedging error using a characteristic function, which he

found is approximated by the chi-squared distribution.

Option replicating, pricing and hedging with a transaction cost have been studied [4,9,

13,16]. Boyle &Vorst [4] discussed option replication in a discrete-time framework with a

transaction cost under a binomial option pricing model. Leland [9] claims that the volatility

should change when the option price and its Greek parameters are calculated, if there is a

transaction cost in the Black–Scholes framework. He also suggests a modified replicating

strategy and Delta-hedging error under a discrete time framework with a transaction cost,

and Toft [16] extended this to a derivation of a closed form for the expected Delta-hedging

error.

We propose a new method to estimate the distribution of the Delta-hedging error with

discrete time trading and transaction cost. In Section 2, we summarise the Black–Scholes

framework with geometric Brownian motion and Merton’s jump diffusion model, and state

some basic facts about Delta-hedging strategy. In Section 3, we derive a recursive relation

for option pricing with underlying P&L Delta-hedging error, and obtain its distribution by

differentiating the option price twice with respect to the strike price. Numerical simula-

tions presented in Section 4 are compared with distributions obtained by the Monte Carlo

method, and our conclusions follow in Section 5.

2. Preliminaries

2.1. Black–Scholes framework

We assume that there exists a risk-neutral measure Q such that the discounted asset

process e−r tSt is Q-martingale, where r is a risk-free rate. We say that the stock price

process follows geometric Brownian motion (GBM) if St satisfies the stochastic differential

equation (SDE)

dSt = µStdt +σStdWt , (2.1)

where µ denotes the drift rate and σ is the volatility. From Ito’s lemma, Eq. (2.1) may be

rewritten

d(log St) =

�

µ− 1

2
σ2

�

dt +σdWt ,
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such that under some conditions the price V = V (t,St ) of a financial derivative satisfies

rV =
∂ V

∂ t
+

1

2
σ2S2 ∂

2V

∂ S2
+ rS

∂ V

∂ S
. (2.2)

Conventionally, Greek letters are used to denote some of the partial derivatives of option

prices — e.g.

∆ =
∂ V

∂ S
, Γ =

∂ 2V

∂ S2
, ρ =

∂ V

∂ r
, Θ =

∂ V

∂ t
, Vega=

∂ V

∂ σ
;

and consequently, Eq. (2.2) can be rewritten as

rV = Θ +
1

2
σ2S2

Γ + rS∆ . (2.3)

Specifically, with the boundary condition C(T,ST ) = max(ST − K , 0) where K is the strike

price and the maturity is T , a European call option price at time t is

C(t,S) = St N (d1)− Ke−r(T−t)N (d2) ,

where

d1 =
log St/K + (r +

1
2σ

2)(T − t)

σ
p

T − t
,

d2 = d1 −σ
p

T − t ,

and N is the cumulative distribution function of the standard normal distribution. We can

then readily calculate the Greek parameters as defined above for a European call option.

2.2. Jump-diffusion model

In Merton’s jump diffusion model (JDM), the stock price St satisfies the SDE

dSt = (µ−λβ)Stdt +σStdWt + (e
J − 1)StdNt , (2.4)

where µ is the drift rate, σ the volatility conditional on no arrivals of some important event,

Wt defines a Brownian motion, and Nt is a Poisson process with deterministic intensity λ

and β = E[eJ−1]. In this model, the jump size of the logarithmic return J follows a normal

distribution with mean ν and variance δ2 and the Nt , J , Wt are independent. It is easy to

see that

β = E[eJ − 1] = eν+
1
2δ

2 − 1 ,

and that Eq. (2.4) can be rewritten as

dSt

St

=

¨

(µ−λβ)dt +σdWt if the Poisson event does not occur ,

(µ−λβ)dt +σdWt + (e
J − 1) if the Poisson event occurs .
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Moreover, from Ito’s lemma Eq. (2.4) may be written

d log St =

�

µ− 1

2
σ2 −λβ

�

dt +σdWt + JdN (t) ,

so that

log
St

S0

=

�

µ− 1

2
σ2 −λβ

�

t +σWt +

Nt
∑

k=1

Jk . (2.5)

The mean and variance of log(St/S0) are

mean=

�

µ− 1

2
σ2 −λβ +λν

�

t,

variance =
�

σ2 +λ(ν2 +δ2)
�

t,

respectively, and the transition probability of log(St/S0) obtained by an inverse Fourier

transform has the characteristic function described in Appendix A.

However, under a risk-neutral measure Q we can consider the drift rate of the JDM as

risk-free, so that the discounted stock price e−r tSt is a Q-martingale — i.e. µ = r and

dSt

St

= (r −λβ)dt +σdX t + (e
J − 1)dNt ,

where X t is aQ-Brownian motion. Further, under the JDM, the option price V (t,St ) satisfies

Merton’s differential equation

rV =
∂ V

∂ t
+

1

2
σ2S2 ∂

2V

∂ S2
+ (r −λβ)S ∂ V

∂ S
+λE[V (t,SeJ )− V (t,S)] , (2.6)

so V (t,St ) is given by the weighted sum of solution of the Black–Scholes equation — i.e.

V (t,St ) =

∞
∑

k=0

e−λ
′τ(λ′τ)k

k!
V BS(t,St ,τ, rk,σk) , (2.7)

where

τ = T − t ,

λ′ = λ(1+ β) ,

rk = r −λβ + k(ν+ 1
2δ

2)

τ
,

σ2
k
= σ2 +

kδ2

τ
,

and V BS(t,St ,τ, rk,σk) is an option price under the Black–Scholes framework with the

risk-free interest rate rk and volatility σk. For a detailed proof, see Appendix B.
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Similarly, we obtain the Greek parameters of an option under the JDM as a weighted

sum of the Greek parameters under the Black–Scholes framework with adjustments. For

example, for an option under the JDM we have

Γ
J DM =

∞
∑

k=0

e−λ
′τ(λ′τ)k

k!
Γ

BS(t,St ,τ, rk,σk) ,

where Γ BS(t,St ,τ, rk,σk) is the option Gamma under the Black–Scholes framework.

2.3. Delta-hedging error

Consider an option trader who sells a European option V and hedges its δ. Let Vt =

V (t,St ) be a option price at time t with stock price St , and Πt be a Delta-hedging portfolio

at time t such that

Πt =∆tSt − Vt ,

where ∆t = ∂ V (t,St )/∂ S and thus the δ of this portfolio is zero — i.e., ∂Π/∂ S = 0. Now

suppose that ∆t =∆(t,St ) is fixed on the time interval [t, t + δt) and adjust its δ at time

t +δt. The Delta-hedging error on time interval [t, t +δt) then becomes

Πt+δt− −Πt =∆tSt+δt − Vt+δt − (1+ rδt)(∆tSt − Vt)

=∆tδSt −δVt − rδt(∆tSt − Vt) , (2.8)

where δSt = St+δt − St and δVt = Vt+δt − Vt . By Ito’s lemma, we can approximate δV by

δVt =Vt+δt − Vt ≈
∂ V

∂ t
(t,St )δt +

∂ V

∂ S
(t,St )δSt +

1

2

∂ 2V

∂ S2
(t,St )(δS)2

=Θtδt +∆tδSt +
1

2
Γt(δSt)

2 , (2.9)

where Θt = ∂ V (t,St )/∂ t and Γt = ∂
2V (t,St )/∂ S2. It is notable that Eq. (2.3) implies

Θt = rVt −
1

2
σ2S2

t Γt − rSt∆t . (2.10)

Combining Eqs. (2.8), (2.9) and (2.10), we therefore obtain

Πt+δt− −Πt =∆tδSt −δVt − rδt(∆tSt − Vt )

≈∆tδSt −
�

Θtδt +∆tδSt +
1

2
Γt(δSt)

2

�

− rδt(∆tSt − Vt )

= −Θtδt − 1

2
Γt(δSt)

2 − rδt(∆tSt − Vt)

=

�

1

2
σ2S2

t Γt + rSt∆t − rVt

�

δt − 1

2
Γt(δSt)

2 − rδt(∆tSt − Vt)

=
1

2
σ2S2

t Γtδt − 1

2
Γt(δSt)

2 ,
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so we may write

Πt+δt− −Πt ≈
1

2
S2

t Γt

�

σ2δt −
�

δSt

St

�2
�

. (2.11)

Thus even if the stock price follows a GBM and the option price satisfies the Black–Scholes

equation, risk remains since the Delta-hedging portfolio is rebalanced discretely. Since Γ

is always positive for a European option, the option seller who hedges its ∆ discretely will

lose money if the realised volatility is larger than the volatility used for calculating the ∆.

2.4. Transaction cost

In a real market, important differences from the Black–Scholes framework are that

there is not continuous trading and there is a transaction cost. If there were no transaction

cost, we could reduce the risk from the discrete Delta-hedge by increasing the frequency

of portfolio adjustment. However, even if the trading is assumed to be continuous, many

portfolio adjustments generate large losses due to the nonzero transaction cost as follows.

Consider the time intervals 0 = t0 < t1 < · · · < tN = T . For convenience, let Sn,

Γn and ∆n denote Stn
, Γtn

and ∆tn
, respectively. Suppose that the portfolio at time tn is

∆nSn − V (tn,Sn) and we rebalance this portfolio to ∆n+1Sn+1 − V (tn+1,Sn+1) at tn+1 —

i.e. the holding assets number ∆n at time tn and ∆n+1 at time tn+1. Let us assume that

transaction cost is proportional to |∆n−∆n+1| and S(n+ 1)— i.e.

transaction cost on [tn, tn+1] = αSn+1|∆n −∆n+1|

for some constant α. Since ∆ = ∂ V/∂ S, we have

αSn+1|∆n −∆n+1| ∼αSn+1|ΓnδSn|

=αS2
nΓn

�

�

�

�

�

Sn+1

Sn

− 1

�

Sn+1

Sn

�

�

�

�

=αS2
nΓn

|δSn|
Sn

�

1+
δSn

Sn

�

. (2.12)

(It is notable that transaction cost is also driven by the option Γ and the realised variance.)

3. Profit and Loss Distribution Estimation

Even if we may reduce our risk from the Delta-hedging error by holding some deriva-

tives on variance, we cannot determine whether we should bet on higher volatility or lower

volatility than expected, so we need to predict the Delta-hedging error. Many researchers

have studied the distribution of the discrete Delta-hedging error with various methods un-

der various assumptions, and it is well known that the distribution corresponds to the sec-

ond derivative if the price of European call option with respect to the strike price. In this

section, we view the Delta-hedging error as a path-dependent contingent claim, and find

the European call option price with various strike prices to estimate its distribution.
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3.1. Setting

We consider an option trader who sells a European style option V with maturity T , and

suppose the trader tries to hedge its δ discretely at times 0= t0 < t1 < · · · < tN = T . Sup-

pose that the interest rate r(t), drift rate µ(t) and volatility σ(t) are known deterministic

functions of t, and that the stock price process St follows a GBM

dSt = µ(t)Stdt +σ(t)St dWt .

Since the option trader changes the portfolio at each tn for n = 0,1, · · · , N such that its ∆

is zero, we can assume that the number of assets in the portfolio is constant from time tn

and tn+1− and changes at tn+1 for all n= 0,1, · · · , N − 1.

In the remainder of this article, we adopt the notation

r(s : t) :=

∫ t

s

r(t)dt ,

µ(s : t) :=

∫ t

s

µ(t)dt ,

σ2(s : t) :=

∫ t

s

σ2(t)dt .

Moreover, we let Yn denote a Delta-hedging error over the time interval [tn−1, tn], and

define

Y =

N
∑

n=1

Yner(tn:T)

as the total Delta-hedging error on time interval [t0, tN ] = [0, T ].

Our goal in this section is to find E[(Y − κ)+] for various values of κ under the Black–

Scholes framework and Merton’s jump diffusion model. For this purpose, we define a func-

tion

g
(n)
N
(S0,S1, · · · ,Sn, K ,κ) = E





�

N
∑

n=1

Yner(tn:T) − κ
�+ �
�

�

�

Fn





= E[(Y − κ)+|Fn]

denoting the expectation of (Y − κ)+ conditional on Fn (which means S0,S1, · · · ,Sn are

given), where Y is the total Delta-hedging error on the time interval [t0, tN ]. For example,

g
(1)
3

is a call option price of Y at time t1, where Y is a total Delta-hedging error on the time

interval [t0, t3] with 3 time steps.
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3.2. Recursive relation under the GBM

The Delta-hedging error between time tn and tn+1 is

Πtn+1− −Πtn
≈ 1

2
S2

nΓn

�

σ2(tn : tn+1)−
�

Sn+1 − Sn

Sn

�2
�

=
1

2
S2

n
Γn

�

σ2(tn : tn+1)−
�

Sn+1

Sn

− 1

�2
�

, (3.1)

and the error caused by discrete Delta-hedging consists of two parts — i.e.

Delta-hedging error = Error from portfolio− Transaction cost.

Thus from Eqs. (3.1) and (2.12), the Delta-hedging error Yn over the time interval [tn−1, tn]

under the geometric Brownian motion model is

Yn ≈
1

2
S2

n−1
Γn−1

�

σ2(tn−1 : tn)−
�

Sn

Sn−1

− 1

�2
�

−αS2
n−1
Γn−1

�

�

�

�

�

Sn

Sn−1

− 1

�

Sn

Sn−1

�

�

�

�

=
1

2
S2

n−1Γn−1

�

σ2(tn−1 : tn)−
�

Sn

Sn−1

− 1

�2

− 2α

�

�

�

�

Sn

Sn−1

− 1

�

�

�

�

Sn

Sn−1

�

,

where σ2(tn−1 : tn) is the expected variance and (Sn/Sn−1 − 1)2 is the realised variance on

[tn−1, tn].

For simplicity, let sn = Sn/Sn−1 such that sn follows a log-normal distribution with initial

value 1 and

Yn =
1

2
S2

n−1Γn−1

�

σ2(tn−1 : tn)− (sn − 1)2 − 2α |(sn − 1) sn|
	

.

We can now derive a recursive relation to find the call option price with an underlying Y ,

and thus obtain the distribution of the Delta-hedging error with the stock price under the

geometric Brownian motion model (GBM).

Theorem 3.1. We have the recursive relation

g
(0)
N−n
(Sn, K ,κn) = E

�

g
(0)
N−n−1

(Sn+1, K ,κn+1)|Fn

�

(3.2)

for n= 0,1, · · · , N − 2 and

g
(0)

1
(SN−1, K ,κ) = E

�

(YN − κ)+
�

�

�

�

FN−1

�

for n= N − 1, where

Yn =
1

2
S2

n−1Γn−1

�

σ2(tn−1 : tn)−
�

Sn

Sn−1

− 1

�2

− 2α

�

�

�

�

Sn

Sn−1

− 1

�

�

�

�

Sn

Sn−1

�

,

κn = κ−
n
∑

i=1

Yie
r(ti :T) ,
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and

f DH(κ) =
∂ 2 g

(0)
N
(S0, K ,κ)

∂ κ2

approximates the probability distribution of the Delta-hedging error in the Black–Scholes frame-

work under GBM.

Proof. See Appendix C.

For simplicity, we may assume all of the parameters are constant and that the tn’s are equally

spaced in [0, T ], to render a simpler form of Theorem 3.1.

Lemma 3.1. Let r be a constant risk-free interest rate and assume the stock price follows a

GBM with constant drift rate µ and constant volatility σ, and that tn’s are equally spaced in

[0, T ] with δt = T/N — i.e. tn = nδt. Then

g
(0)
N−n(Sn, K ,κ) = E

�

g
(0)

N−n−1

�

SnX , K ,κ− yn(X )e
r(T−tn+1)

�
�

(3.3)

for n= 0,1, · · · , N − 2 where

yn(X ) =
1

2
S2

nΓn(Sn, K)
�

σ2δt − (X − 1)2 − 2α |X − 1| x	

and

g
(0)

1
(SN−1, K ,κ) = E

�
�

1

2
S2

N−1ΓN−1

�

σ2δt − (X − 1)2 − 2α |X − 1|X	− κ
�+
�

for n= N − 1, where log X ∼ N ((µ− 1
2σ

2)δt,σ2δt).

In order to calculate the expectation in Eqs. (3.2) and (3.3), we need to find the values

of g with sufficiently wide ranges of x and κ at each time step. However,

g
(0)
N−n(Sn, K ,κn) = Sn g

(0)
N−n

�

1,
K

Sn

,
κn

Sn

�

for any n, and using this property we proceed to find g
(0)
N (1, K ,κ) for various values of K

and κ to allow a much simpler numerical calculation.

Lemma 3.2. Let Γn (1, K/Sn) be the Gamma of a European option with initial stock price 1

and strike price K/Sn at time tn. Under the conditions in Lemma 3.1,

g
(0)
N−n
(1, K ,κ) = E

�

X g
(0)
N−n−1

�

1,
K

X
,
κ− yn(X )e

r(T−tn+1)

X

��

(3.4)

for n= 0,1, · · · , N − 2, where

yn(X ) =
1

2
Γn

�

1,
K

Sn

�

�

σ2δt − (X − 1)2 − 2α |X − 1|X	 .
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For n= N − 1,

g
(0)

1
(1, K ,κ) = E

�
�

1

2
ΓN−1(1, K)

�

σ2δt − (X − 1)2 − 2α |X − 1|X	− κ
�+
�

,

where log X ∼ N ((µ− 1
2σ

2)δt,σ2δt).

In Lemmas 3.1 and 3.2, it is notable that

f DH(κ) =
∂ 2 g

(0)
N (S0, K ,κ)

∂ κ2

approximates the probability distribution of the Delta-hedging error under the Black–Scholes

framework with the GBM, where the seller of a European option with strike price K hedges

its Delta for t0, t1, · · · , tN where tn = nδt.

3.3. Recursive relation under the JDM

Let us now estimate the distribution of Delta-hedging error under Merton’s jump diffu-

sion model. First, we find the jump diffusion model (JDM) version of Eq. (2.11), noting

that Merton’s differential equation (2.6) can be rewritten

Θt = rVt −
1

2
σ2S2

t Γt − (r −λβ)St∆t −λE
�

V (t,Ste
J )− V (t,St )

�

.

Using a similar argument as for Eq. (2.8) before, we have

Πt+δt− −Πt =∆tδSt −δVt − rδt(∆tSt − Vt)

≈∆tδSt − (Θtδt +∆tδSt +
1

2
Γt(δSt)

2)− rδt(∆tSt − Vt)

=−Θtδt − 1

2
Γt(δSt)

2 − rδt(∆tSt − Vt)

=

�

1

2
σ2S2

t Γt + (r −λβ)St∆t +λE[V (t,St e
J )− V (t,St )]− rVt

�

δt

− 1

2
Γt(δSt)

2 − rδt(∆tSt − Vt)

=
1

2
σ2S2

t Γtδt − 1

2
Γt(δSt)

2 +
�

E[V (t,St e
J)− V (t,St )]− βSt∆t

�

λδt.

With β = E[eJ − 1], we obtain

E[V (t,St e
J )− V (t,St)]− βSt∆t ≈E

�

∂ V

∂ S
(Ste

J − St) +
1

2

∂ 2V

∂ S2
(Ste

J − St)
2

�

− βSt∆t

=E

�

∆tSt(e
J − 1) +

1

2
ΓtS

2
t (e

J − 1)2
�

− βSt∆t

=∆tStE[e
J − 1] +

1

2
ΓtS

2
t E[(e

J − 1)2]− βSt∆t

=
1

2
S2

t ΓtE[(e
J − 1)2].
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Thus we can approximate the Delta-hedging error over [t, t +δt) by

Πt+δt− −Πt =
1

2
S2

t Γt

�

�

λE[(eJ − 1)2] +σ2
�

δt −
�

δSt

St

�2
�

, (3.5)

where E[(eJ − 1)2] = E[e2J − 2eJ + 1] = e2ν+2δ2 − 2(β + 1) + 1= e2ν+2δ2 − 2eν+
1
2δ

2

+ 1.

In passing, we note (λE[(eJ − 1)2] +σ2)δt is the expected variance and (Sn/Sn−1 − 1)2 is

the realised variance on [tn−1, tn].

Since the transaction cost part of the Delta-hedging error is independent of the model,

we can estimate the distribution of the Delta-hedging error under the JDM by replacing the

portfolio error term given in Eq. (2.11) with the result in Eq. (3.5).

Theorem 3.2. Let

g
(n)
N (S0,S1, · · · ,Sn, K ,κ) = E[(Y − κ)+|Fn]

where

Yn =
1

2
S2

n−1Γn−1

�

λE[(eJ − 1)2](tn − tn−1) +σ
2(tn−1 : tn)−

�

Sn

Sn−1

− 1

�2

− 2α

�

�

�

�

Sn

Sn−1

− 1

�

�

�

�

Sn

Sn−1

�

,

κn = κ−
n
∑

i=1

Yie
r(ti :T) .

Then the following recursive relation holds:

g
(0)
N−n
(Sn, K ,κn) = E

�

g
(0)
N−n−1

(Sn+1, K ,κn+1)|Fn

�

for n= 0,1, · · · , N − 2, and

g
(0)
1
(SN−1, K ,κ) = E

�

(YN − κ)+
�

�

�

�

FN−1

�

.

Under the JDM,

f DH(κ) =
∂ 2 g(0)n (S0, K ,κ)

∂ κ2

approximates the probability distribution of the Delta-hedging.

Proof. We proceed as in the proof of Theorem 3.1.

As in the GBM case, we obtain a simpler form of Theorem 3.1 with constant parameters

and re-hedging on equally distributed time intervals over [0, T ].
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Lemma 3.3. Let r be a constant risk-free rate and assume the stock price follows the JDM

satisfying Eq. (2.4) where all parameters are constant. Also assume that the tn’s are equally

spaced over [0, T ] with δt = T/N — i.e. tn = nδt. Then

g
(0)
N−n(1, K ,κ) = E

�

X g
(0)

N−n−1

�

1,
K

X
,
κ− yn(X )e

r(T−tn+1)

X

��

for n= 0,1, · · · , N − 2, where

X = exp

�

�

µ− 1

2
σ2 −λβ

�

δt +σWδt +

Pδt
∑

k=1

J

�

,

yn(X ) =
1

2
Γn

�

1,
K

Sn

�

h(X ),

h(X ) =
�

λE[(eJ − 1)2] +σ2
�

δt − (X − 1)2 − 2α |X − 1|X ,

and Pδt follows a Poisson distribution with parameter λδt. For n= N − 1,

g
(0)

1
(1, K ,κ) = E

�
�

1

2
ΓN−1(1, K)h(X )− κ

�+
�

.

It is notable that

f DH(κ) =
∂ 2 g

(0)
N (S0, K ,κ)

∂ κ2

approximates the probability distribution of the Delta-hedging error under the JDM.

In practice, there is no analytic form of the probability density function for X , so we

take the inverse Fourier transform of its characteristic function numerically to simulate the

random variable in the jump diffusion model.

4. Numerical Simulations

For simplicity, in our numerical simulations we took δt = T/N and tn = n × δt for

n = 0,1, · · · , N , so the t i ’s produce an equally distributed partition over [0, T ] with 0 =

t0 < t1 < · · · < tN = T , and all parameters to be constants (scaled per annum) over the

time period [0, T ]. In the Monte Carlo simulation undertaken for comparison, we computed

the Delta-hedging error at time tn as

δΠMC
n =Error from portfolio− transaction cost

=∆tδSt −δVt − rδt(∆tSt − Vt)−αSn|∆n−∆n−1| ,
and the total Delta-hedging error

N
∑

n=1

δΠMC
n

er(T−n) .
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Table 1: Statisti
s and 95% VaR of distribution of Delta-hedging error under GBM obtained by Monte

Carlo simulation and the re
ursive relation in Theorem 3.1 with δt = 1/50.

MC simulation(%) Recursive relation(%)

Mean 0.0248 1.1556

Variance 501.7 470.0

95% VaR -36.00 -34.95

Table 2: Statisti
s and 95% VaR of distribution of Delta-hedging error under GBM obtained by Monte

Carlo simulation and the re
ursive relation in Theorem 3.1 with δt = 1/150.

MC simulation(%) Recursive relation(%)

Mean -0.0045 0.3966

Variance 172.8 166.0

95% VaR -22.00 -22.13

Table 3: Statisti
s and 95% VaR of distribution of Delta-hedging error under GBM obtained by Monte

Carlo simulation and the re
ursive relation in Theorem 3.1 with δt = 1/252.

MC simulation(%) Recursive relation(%)

Mean -0.0091 0.2374

Variance 103.7 100.6

95% VaR -18.00 -17.47

Table 4: Statisti
s and 95% VaR of distribution of Delta-hedging error under GBM with transa
tion


ost 
oe�
ient α = 0.001 obtained by Monte Carlo simulation and the re
ursive relation in Theorem 3.1

with δt = 1/50.

MC simulation(%) Recursive relation(%)

Mean -5.6607 -3.7159

Variance 525.0 493.4

95% VaR -46.00 -43.10

4.1. Geometric Brownian motion

We supposed the stock price follows a GBM with r = µ = 0, σ = 0.2 and considered

a trader who sells a European call option with a strike price 110% of the initial purchase

price with maturity T = 1. In the following figures and tables, we present the distributions

of the Delta-hedging errors with hedging frequencies N = 50 (weekly), N = 150 (three

times a week) and N = 252 (daily), with a transaction cost in each case.
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Table 5: Statisti
s and 95% VaR of distribution of Delta-hedging error under GBM with transa
tion


ost 
oe�
ient α = 0.001 obtained by Monte Carlo simulation and the re
ursive relation in Theorem 3.1

with δt = 1/150.

MC simulation(%) Recursive relation(%)

Mean -9.2567 -8.0479

Variance 195.9 193.8

95% VaR -36.00 -33.78

Table 6: Statisti
s and 95% VaR of distribution of Delta-hedging error under GBM with transa
tion


ost 
oe�
ient α = 0.001 obtained by Monte Carlo simulation and the re
ursive relation in Theorem 3.1

with δt = 1/252.

MC simulation(%) Recursive relation(%)

Mean -5.6607 -3.7159

Variance 525.0 493.4

95% VaR -48.00 -43.10
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Figure 1: Distribution of Delta-hedging error.
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Figure 2: Distribution of Delta-hedging error.

4.2. Jump-diffusion model

The variance of the log return under the jump-diffusion model (JDM) over the time

interval [0, t] is given by

(σ2
JDM +λ(ν

2 +δ2))t ,

so we chose a different volatility value to make the JDM’s realised variance equal to the

realised variance of the GBM in subsection 4.1 — viz.

σJDM =
q

σ2
BSM
−λ(ν2 +δ2) ,

with the stock price following the JDM where r = µ = 0, σ = 0.1414, λ = 50, ν = 0

and δ = 0.02. We again considered a trader who sells a European call option with the

strike price 110% of the initial price and maturity at T = 1. The figures and tables present

https://doi.org/10.4208/eajam.010116.220516a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.010116.220516a


328 M. Park, K. Lee and G. H. Choe

−100 −50 0 50 100
0

0.01

0.02

0.03

0.04

0.05

0.06

Hedging frequency = 252

D
en

si
ty

 

 
MC
recursive

Figure 3: Distribution of Delta-hedging error.
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Figure 4: Distribution of Delta-hedging error.
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Figure 5: Distribution of Delta-hedging error

−100 −50 0 50 100
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

Hedging frequency = 252

D
en

si
ty

 

 
MC
recursive

Figure 6: Distribution of Delta-hedging error.

Table 7: Statisti
s and 95% VaR of distribution of Delta-hedging error under JDM obtained by Monte

Carlo simulation and the re
ursive relation in Theorem 3.2 with δt = 1/50.

MC simulation(%) Recursive relation(%)

Mean -0.0057 1.5930

Variance 681.8 641.5

95% VaR -45.00 -41.96

distributions of the Delta-hedging error with hedging frequencies N = 50 (weekly), N =

150 (three times a week), N = 252 (daily) and a transaction cost in each case.

In brief, we find that our method works well for the GBM and JDM whether or not

there is a transaction cost, and the variance of the profit and loss (P&L) reduces as the

hedging frequency increases. However, we must also note that a nonzero transaction cost

may produce a loss if the trade is too frequent.
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Table 8: Statisti
s and 95% VaR of distribution of Delta-hedging error under JDM obtained by Monte

Carlo simulation and the re
ursive relation in Theorem 3.2 with δt = 1/150.

MC simulation(%) Recursive relation(%)

Mean 0.0384 0.8491

Variance 355.7 354.4

95% VaR -35.00 -31.47

Table 9: Statisti
s and 95% VaR of distribution of Delta-hedging error under JDM obtained by Monte

Carlo simulation and the re
ursive relation in Theorem 3.2 with δt = 1/252.

MC simulation(%) Recursive relation(%)

Mean -0.0360 0.6969

Variance 293.2 292.9

95% VaR -30.00 -27.97

Table 10: Statisti
s and 95% VaR of distribution of Delta-hedging error under JDM with transa
tion


ost 
oe�
ient α = 0.001 obtained by Monte Carlo simulation and the re
ursive relation in Theorem 3.2

with δt = 1/50.

MC simulation(%) Recursive relation(%)

Mean -5.6099 -3.1434

Variance 707.1 671.6

95% VaR -55.00 -48.96

Table 11: Statisti
s and 95% VaR of distribution of Delta-hedging error under JDM with transa
tion


ost 
oe�
ient α = 0.001 obtained by Monte Carlo simulation and the re
ursive relation in Theorem 3.2

with δt = 1/150.

MC simulation(%) Recursive relation(%)

Mean -8.6607 -7.0002

Variance 385.5 382.4

95% VaR -45.00 -43.13

Table 12: Statisti
s and 95% VaR of distribution of Delta-hedging error under JDM with transa
tion


ost 
oe�
ient α = 0.001 obtained by Monte Carlo simulation and the re
ursive relation in Theorem 3.2

with δt = 1/252.

MC simulation(%) Recursive relation(%)

Mean -10.7197 -9.1976

Variance 325.2 330.2

95% VaR -45.00 -43.13

5. Conclusion

The connection between Delta-hedging error and path-dependent option pricing has

been analysed. The hedging error and transaction cost are proportional to the option
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Figure 7: Distribution of Delta-hedging error.
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Figure 8: Distribution of Delta-hedging error.
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Figure 9: Distribution of Delta-hedging error
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Figure 10: Distribution of Delta-hedging error.
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Figure 11: Distribution of Delta-hedging error.
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Figure 12: Distribution of Delta-hedging error.

Gamma, which therefore plays an important role in Delta-hedging strategy, Our method

differs from previous approaches to Delta-hedging error, because the Delta-hedging error

and option pricing are interconnected, whereas others have tried to find the distribution

https://doi.org/10.4208/eajam.010116.220516a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.010116.220516a


Distribution of Discrete Time Delta-Hedging Error via a Recursive Relation 331

of the Delta-hedging error directly. The presentation here involved geometric Brownian

motion and Merton’s jump diffusion model, but may be applicable to other models. Our

method is also applicable to a diffusion process with time-dependent parameters where the

approximate value of the option Gamma is calculated.

A. Characteristic Function of the JDM

Consider the JDM where st = log(St/S0). Then from Eq. (2.5),

st =

�

µ− 1

2
σ2 −λβ

�

t +σWt +

Nt
∑

k=1

Jk = Normal part+ Jump part = X t + Yt

where X t is a normal distribution with mean (µ− 1
2σ

2 − λβ)t and variance σ2, and Yt =
∑Nt

k=1
Jk is a compound Poisson process. Since Wt , X t and Jk are assumed independent,

E[eiwst ] = E[eiw(X t+Yt)] = E[eiwX t ]E[eiwYt ]

or

φst
(w) = φX t

(w)φYt
(w) ,

where φst
(w), φX t

(w) and φYt
(w) are characteristic functions of st , X t and Yt , respectively.

It is well known that the characteristic functions of the normal distribution and compound

Poisson process are

φX t
(w) = exp

�

i

�

µ− 1

2
σ2 −λβ

�

tw− σ
2 t

2
w2

�

,

φYt
(w) = exp {λ(φJ (w)− 1)} ,

where φJ (w) is a characteristic function of single jump size J — i.e.

φJ (w) = exp

�

iνw− δ
2

2
w2

�

.

Thus the characteristic function of st is given by

φst
(w) = exp

�

i

�

µ− 1

2
σ2 −λβ

�

tw− σ
2 t

2
w2 +λ

�

exp

�

iνw− δ
2

2
w2

�

− 1

��

.

B. Option Price and Greek Parameters for the JDM

For simplicity, let Et[F] denote the conditional expectation given Ft — i.e. assume

Et[F] = E[F |Ft] ,

where F is an appropriate contingent claim. By the martingale method with a risk-neutral

measure Q, we can readily obtain the price of a derivative under the JDM when its price

https://doi.org/10.4208/eajam.010116.220516a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.010116.220516a


332 M. Park, K. Lee and G. H. Choe

under the Black–Scholes framework is known. For a risk-neutral measure, it is notable

that the discounted stock price e−r tSt with risk-free rate r should be a martingale, and we

assume that the stock price satisfies

d(log St) =

�

r − 1

2
σ2 − λβ

�

dt +σdX t + JdN (t)

where X t is a Q-Brownian motion. Note that

V (t,St ) = e−r(T−t)E
Q
t [F(ST )]

= e−rτE
Q
t

�

F

�

St exp

¨
�

r −λβ − σ
2

2

�

τ+σXτ +

Nτ
∑

i=1

Ji

«��

= e−rτE
Q
t

�

EQ

�

F

�

St exp

¨
�

r −λβ − σ
2

2

�

τ+σXτ +

Nτ
∑

i=1

Ji

«�
�

�

�

�

Nτ = k

��

= e−rτ
∞
∑

k=0

e−λτ(λτ)k

k!
E
Q
t

�

F

�

St exp

¨
�

r −λβ − σ
2

2

�

τ+σXτ +

k
∑

i=1

Ji

«��

.

(B.1)

Since the Ji are independent and identically distributed (i.i.d.) with N (ν,δ2) and Xτ is a

Q-Brownian motion,

�

r −λβ − σ
2

2

�

τ+σXτ +

k
∑

i=1

Ji =

�

r −λβ − σ
2

2

�

τ+ N (0,σ2τ) + N (kν, kδ2)

=

�

r −λβ − σ
2

2
+

kν

τ

�

τ+ N

�

0,

�

σ2 +
kδ2

τ

�

τ

�

=

 

r −λβ − σ
2 + kδ2

τ

2
+

kδ2

τ

2
+

kν

τ

!

τ+σkXτ

=

�

r −λβ + k(ν+ 1
2δ

2)

τ
− σ

2
k

2

�

τ+σkXτ

=

�

rk −
σ2

k

2

�

τ+σkXτ ,

where σ2
k
= σ2 + kδ2/τ and rk = r −λβ + k(ν+ 1

2δ
2)/τ.

Thus under the condition Nτ = k, Merton’s jump diffusion model becomes

ST =St exp

¨
�

r −λβ − σ
2

2

�

τ+σXτ +

k
∑

i=1

Ji

«

=St exp

��

rk −
σ2

k

2

�

τ+σkXτ

�

, (B.2)
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so we may regard ST as a GBM with drift rate rk and volatility σk.

The Black–Scholes option price can also be derived by the martingale method:

V BS(t,St ,τ, r,σ) = e−rτE
Q
t [F (ST )]

= e−rτE
Q
t

�

F

�

St exp

��

r − σ
2

2

�

τ+σXτ

���

. (B.3)

Thus from Eqs. (B.1), (B.2) and (B.3) we obtain

V (t,St ) = e−rτ
∞
∑

k=0

e−λτ(λτ)k

k!
E
Q
t

�

F

�

St exp

��

rk −
σ2

k

2

�

τ+σkXτ

���

= e−rτ
∞
∑

k=0

e−λτ(λτ)k

k!
erkτe−rkτE

Q
t

�

F

�

St exp

��

rk −
σ2

k

2

�

τ+σkXτ

���

=

∞
∑

k=0

e−(λ+r−rk)τ(λτ)k

k!
V BS(t,St ,τ, rk,σk) , (B.4)

and also note that

β = E[eJ − 1] = eν+
1
2δ

2 − 1

and

e−(λ+r−rk)τ(λτ)k = exp

§

−(λ+λβ)τ+ k

�

ν+
1

2
δ2

�ª

(λτ)k

= exp
�−λ′τ� (β + 1)k(λτ)k

= exp
�−λ′τ� (λ′τ)k . (B.5)

From (B.4) and (B.5) we then obtain Eq. (2.7).

C. Proof of Theorem 3.1

From the tower property of conditional expectation we have

g
(n)
N (S0, · · · ,Sn, K ,κ) = E

�

g
(n+1)
N (S0, · · · ,Sn,Sn+1, K ,κ)|Fn

�

and

g
(n)
N (S0, · · · ,Sn, K ,κ) =

∫

g
(n+1)
N (S0, · · · ,Sn,Sn+1, K ,κ) f (Sn+1; Sn)dSn+1 , (C.1)
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where f (Sn+1; Sn) is the transition probability function for the stock price from Sn to Sn+1.

Now

g
(n)
N (S0, · · · ,Sn, K ,κ) = E[(Y − κ)+|Fn]

= E





�

N
∑

i=1

Yie
r(ti :T) − κ

�+ �
�

�

�

Fn





= E





¨

N
∑

i=n+1

Yie
r(ti :T) −

�

κ−
n
∑

i=1

Yie
r(ti :T)

�«+ �
�

�

�

Fn





= g
(0)
N−n
(Sn, K ,κn) , (C.2)

hence from Eqs. (C.1) and (C.2) we have

g
(0)
N−n
(Sn, K ,κn) =

∫

g
(0)
N−n−1

(Sn+1, K ,κn+1) f (Sn+1; Sn)dSn+1

=

∫

g
(0)

N−n−1
(Sn+1, K ,κn − yn+1er(tn+1:T)) f (Sn+1; Sn)dSn+1

for n= 0,1, · · · , N − 2 and

g
(0)
1
(SN−1, K ,κ)

=

∫ ∞

0

�

1

2
ΓN−1(SN−1, K)

�

σ2(t0 : t1)−
�

SN

SN−1

− 1

�2
�

− κ
�+

f (SN ; SN−1)dx

for n= N − 1.

D. Proof of Lemma 3.1

Since

κn = κ−
n
∑

i=1

Yie
r(ti :T) = κ−

n
∑

i=1

Yie
r(T−ti ),

we have

κn+1 = κn − Yn+1er(tn+1:T).

From Theorem 3.1,

g
(0)
N−n
(Sn, K ,κn) = E

�

g
(0)
N−n−1

(Sn+1, K ,κn+1)|Fn

�

=

∫ ∞

0

g
(0)

N−n−1
(Sn+1, K ,κn+1) f (Sn+1 : Sn)dSn+1

=

∫ ∞

0

g
(0)
N−n−1

(Sn x , K ,κn+1) f (x)dx ,
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where X = Sn+1/Sn, for n= 0,1, · · · , N − 2. We note that log X ∼ N ((µ− 1
2σ

2)δt,σ2δt).

Similarly, for n= N − 1 we have

g
(0)

1
(SN−1, K ,κ) = E

�

(YN − κ)+
�

�

�

�

FN−1

�

=

∫ ∞

0

(YN − κ)+ f (SN : SN−1)dSN

=

∫ ∞

0

�

1

2
S2

N−1
ΓN−1

�

σ2δt − (x − 1)2 − 2α |x − 1| x	− κ
�+

f (x)dx ,

where X = SN/SN−1.

E. Proof of Lemma 3.2

From Lemma 3.1,

g
(0)
N−n
(Sn, K ,κn) =

∫ ∞

0

g
(0)
N−n−1

(Sn x , K ,κn − yn(x)e
r(T−tn+1)) f (x)dx

=

∫ ∞

0

Sn x g
(0)

N−n−1

�

1,
K

Sn x
,
κn − yn(x)e

r(T−tn+1)

Sn x

�

f (x)dx ,

so with Sn = 1, we obtain the desired result.
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