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Abstract. We introduce a new method to compute the approximate distribution of the
Delta-hedging error for a path-dependent option, and calculate its value over various
strike prices via a recursive relation and numerical integration. Including geometric
Brownian motion and Merton’s jump diffusion model, we obtain the approximate dis-
tribution of the Delta-hedging error by differentiating its price with respect to the strike
price. The distribution from Monte Carlo simulation is compared with that obtained by
our method.
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1. Introduction

In 1973 Black, Scholes & Merton [3,10,11] derived their famous equation for the price
of a financial derivative. By calculating the price of replicating a portfolio under several
assumptions — including continuous trading, no transaction cost, perfect dynamic hedg-
ing and stock price movement with geometric Brownian motion — an option trader can
eliminate the randomness of the option price. Thus a trader can continuously replicate the
option by adjusting a portfolio with an appropriate amount of stock and risk-free assets
to remove its Delta-risk (the randomness caused by changes in the stock price), and this
strategy is called 'Delta-hedging’.

However, historical data and many empirical results show that the Black-Scholes frame-
work is imperfect and needs adjustment. For example, in practice there are transaction
costs, we are not allowed to trade continuously, model parameters are unknown and seem
to vary, and stock price movements are discontinuous. Thus perfect replication of a finan-
cial derivative is impossible, and there are errors caused by incomplete replication. Delta-
hedging error, and the profit and loss (P&L) from imperfect Delta-hedging, has been studied
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extensively by many researchers under various conditions — e.g. unknown model parame-
ters or discontinuous trading. Several authors [2,7,8] showed that the discrete time Delta-
hedging error is proportional to 1/+/N, where N is the hedging frequency with equally
distributed time intervals, and proposed a weak convergence of the Delta-hedging error. A
more general convergence of the Delta-hedging error was considered by Tankov [15], and
Bakshi & Kapadia [1] claimed that under Heston’s stochastic volatility model the Delta-
hedging error is driven by the option Vega and volatility risk premium. Cont et al. [6] and
Mina [12] claim it is possible to hedge the Delta-hedging error with risk-free assets and
additional options with the same underlying asset. Recently, Sepp [14] derived an approx-
imated distribution of the Delta-hedging error using a characteristic function, which he
found is approximated by the chi-squared distribution.

Option replicating, pricing and hedging with a transaction cost have been studied [4,9,
13,16]. Boyle &Vorst [4] discussed option replication in a discrete-time framework with a
transaction cost under a binomial option pricing model. Leland [9] claims that the volatility
should change when the option price and its Greek parameters are calculated, if there is a
transaction cost in the Black-Scholes framework. He also suggests a modified replicating
strategy and Delta-hedging error under a discrete time framework with a transaction cost,
and Toft [16] extended this to a derivation of a closed form for the expected Delta-hedging
error.

We propose a new method to estimate the distribution of the Delta-hedging error with
discrete time trading and transaction cost. In Section 2, we summarise the Black-Scholes
framework with geometric Brownian motion and Merton’s jump diffusion model, and state
some basic facts about Delta-hedging strategy. In Section 3, we derive a recursive relation
for option pricing with underlying P&L Delta-hedging error, and obtain its distribution by
differentiating the option price twice with respect to the strike price. Numerical simula-
tions presented in Section 4 are compared with distributions obtained by the Monte Carlo
method, and our conclusions follow in Section 5.

2. Preliminaries

2.1. Black-Scholes framework

We assume that there exists a risk-neutral measure Q such that the discounted asset
process e "'S, is Q-martingale, where r is a risk-free rate. We say that the stock price
process follows geometric Brownian motion (GBM) if S, satisfies the stochastic differential
equation (SDE)

dS; = uS;dt + oS, dw, , 2.1

where u denotes the drift rate and o is the volatility. From Ito’s lemma, Eq. (2.1) may be
rewritten

1
d(logS;) = (,u— 502) dt + odW,,
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such that under some conditions the price V = V(t,S;) of a financial derivative satisfies

2
_ov + 102523—‘/ + rsa_v (2.2)

v=22 .
T 7290 3s2 as

Conventionally, Greek letters are used to denote some of the partial derivatives of option
prices — e.g.

_ov 92V oV oV oV

3s’ asz’ P ot T o

and consequently, Eq. (2.2) can be rewritten as
1 52
rV=®+§aSF+rSA. 2.3)

Specifically, with the boundary condition C(T,S;) = max(S; — K, 0) where K is the strike
price and the maturity is T, a European call option price at time ¢ is

C(t,S) =S,N(d;)—Ke " ""IN(d,),

where

_ 1ogS /K +(r +302)(T —1)

! ovT—t ’
dzzdl—O'VT—t,

and N is the cumulative distribution function of the standard normal distribution. We can
then readily calculate the Greek parameters as defined above for a European call option.

2.2. Jump-diffusion model

In Merton’s jump diffusion model (JDM), the stock price S, satisfies the SDE
dS, = (u—ApB)S,dt + oS, dW, + (e’ —1)S,dN, , 2.4

where u is the drift rate, o the volatility conditional on no arrivals of some important event,
W, defines a Brownian motion, and N, is a Poisson process with deterministic intensity A
and 8 = E[e’ —1]. In this model, the jump size of the logarithmic return J follows a normal
distribution with mean v and variance 62 and the N,, J, W, are independent. It is easy to
see that

p=E[’ —1]=e""2% 1,

and that Eq. (2.4) can be rewritten as

ds, {(u —Ap)dt + odw, if the Poisson event does not occur,

S_t (u—AB)dt + odW, + (e’ —1) if the Poisson event occurs.
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Moreover, from Ito’s lemma Eq. (2.4) may be written

dlogS, = (,u— %02 —Aﬁ)dt +odW, +JdN(t),

so that

N,

S 1 :

]og—t:(‘u——az—kﬁ)tﬁ'(jwt-i' E Jk. (2.5)
So 2 Py

The mean and variance of log(S,/S,) are

mean = (,u— %02 —AB+ Av) t,
variance = (02 + AV + 52)) t,

respectively, and the transition probability of log(S,/Sy) obtained by an inverse Fourier
transform has the characteristic function described in Appendix A.

However, under a risk-neutral measure () we can consider the drift rate of the JDM as
risk-free, so that the discounted stock price e™"'S, is a Q-martingale — i.e. u = r and

ds
S—t = (r—AB)dt + odX, + (e’ —1)dN, ,

t

where X, is a Q-Brownian motion. Further, under the JDM, the option price V(t, S, ) satisfies
Merton’s differential equation

2
_o9v + 1ozsza—v +(r —A/&)sg—‘; + AE[V(t,Se!)—V(t,9)], (2.6)

V==
T 290 sz

so V(t,S,) is given by the weighted sum of solution of the Black—Scholes equation — i.e.

0 AT rq/.N\k
e AT
V(t,St)ZZ%VBS(I',SUT,T']OO'](), (27)
k=0 :
where
T=T—t,
A =A1+p8),
k(v+ 152
rk=r—kﬁ+¥,
T
k&2
oi=02+—,
T

and VBS(t,S,,7,r,0) is an option price under the Black-Scholes framework with the
risk-free interest rate ;. and volatility o;. For a detailed proof, see Appendix B.
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Similarly, we obtain the Greek parameters of an option under the JDM as a weighted
sum of the Greek parameters under the Black-Scholes framework with adjustments. For
example, for an option under the JDM we have

AT Ak
/DM _ Z ( 7) r85(t,8,, 7,1, 00),

where I'85(¢,S,, 7,7y, o)) is the option Gamma under the Black-Scholes framework.

2.3. Delta-hedging error

Consider an option trader who sells a European option V and hedges its 6. Let V, =
V(t,S;) be a option price at time t with stock price S, and I1, be a Delta-hedging portfolio
at time t such that

I = A5 = Ve,

where A, = 3dV(t,S,)/dS and thus the 6 of this portfolio is zero — i.e., d11/3S = 0. Now
suppose that A, = A(t,S,) is fixed on the time interval [¢t,t + 6t) and adjust its 6 at time
t + 6t. The Delta-hedging error on time interval [t,t + &t) then becomes

M5 — e = ASeise — Verse — (1 +188)(AS — Vi)
= A5S, — 8V, —r8t(AS, —V,), (2.8)

where 6S; =S5, —S; and 6V, =V, 5, — V,. By Ito’s lemma, we can approximate 6V by

av av 1 82

SV, =V,i5.— Vi ~ e —(t,5,)5t +33 (t $,)8S, +3 (t 5.)(88)?
1
=0,5t +A,5S, + Ert(esst)2 , 2.9)
where ©, = dV(t,S,)/dt and T, = 82V (t,S,)/3S2. It is notable that Eq. (2.3) implies
1

e, =rV,— Eozsfn — 1S, A, . (2.10)

Combining Egs. (2.8), (2.9) and (2.10), we therefore obtain
M5 =T, = 265, =6V, —r6t(AS, —V,)

1
~ASS, — (@t5t +A,8S, + EFt(esst)z) —r&t(AS, —V,)
1
=—0,5t— Ert(esst)2 —r&t(AS,—V,)
1 1
= (Eozsfn + 1SN — th) St— Ert(5st)2 —r&t(AS, —V,)

1 1
= 5o%sfrtéSt—El}((SSt)Z,
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SO we may write
1 58S\
M5 —1II, ~ 5533{02&—(—[) } (2.11)
t
Thus even if the stock price follows a GBM and the option price satisfies the Black-Scholes
equation, risk remains since the Delta-hedging portfolio is rebalanced discretely. Since T'
is always positive for a European option, the option seller who hedges its A discretely will

lose money if the realised volatility is larger than the volatility used for calculating the A.

2.4. Transaction cost

In a real market, important differences from the Black-Scholes framework are that
there is not continuous trading and there is a transaction cost. If there were no transaction
cost, we could reduce the risk from the discrete Delta-hedge by increasing the frequency
of portfolio adjustment. However, even if the trading is assumed to be continuous, many
portfolio adjustments generate large losses due to the nonzero transaction cost as follows.

Consider the time intervals 0 = t, < t; < -+ < ty = T. For convenience, let S,
I, and A, denote S, , I, and A, , respectively. Suppose that the portfolio at time ¢, is
A,S, —V(t,,S,) and we rebalance this portfolio to A, ,1S,41 — V(tp41,Sne1) at thyr —
i.e. the holding assets number A, at time t, and A, at time ¢, ;. Let us assume that
transaction cost is proportional to |A, — A, and S(n+ 1) —i.e.

transaction cost on [t,, t, 1] = oS, 11|14, — Al
for some constant a. Since A =9V /3S, we have

aSpi1 |An - An-ﬁ-1| Nasn+1|Fn5Sn|

S S
ZGSZFH ( n+1 _ 1) n+1
" Sn Sn
5S 58
=a$2rnM (1 + —) ) (2.12)
tTS, Sn

(It is notable that transaction cost is also driven by the option I' and the realised variance.)

3. Profit and Loss Distribution Estimation

Even if we may reduce our risk from the Delta-hedging error by holding some deriva-
tives on variance, we cannot determine whether we should bet on higher volatility or lower
volatility than expected, so we need to predict the Delta-hedging error. Many researchers
have studied the distribution of the discrete Delta-hedging error with various methods un-
der various assumptions, and it is well known that the distribution corresponds to the sec-
ond derivative if the price of European call option with respect to the strike price. In this
section, we view the Delta-hedging error as a path-dependent contingent claim, and find
the European call option price with various strike prices to estimate its distribution.
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3.1. Setting

We consider an option trader who sells a European style option V with maturity T, and
suppose the trader tries to hedge its 6 discretely at times 0 =ty <t; <:-- <ty =T. Sup-
pose that the interest rate r(t), drift rate u(t) and volatility o(t) are known deterministic
functions of t, and that the stock price process S; follows a GBM

dS, = u(t)S,dt + o(t)S,dw, .

Since the option trader changes the portfolio at each t, for n =0,1,---,N such that its A
is zero, we can assume that the number of assets in the portfolio is constant from time ¢,
and t,,,— and changes at t,,; foralln=0,1,--- , N —1.

In the remainder of this article, we adopt the notation

r(s:t) :=J r(t)de,
uls : t) 1=J p(e)de,

o(s:t) :=J o2(t)de .

Moreover, we let Y, denote a Delta-hedging error over the time interval [t,_;,t,], and
define

N
Y — Z Yner(tn:T)
n=1

as the total Delta-hedging error on time interval [t, t5] = [0, T].

Our goal in this section is to find E[(Y — k)" ] for various values of x under the Black-
Scholes framework and Merton’s jump diffusion model. For this purpose, we define a func-
tion

N +
g](\;l)(so,Sl,... S K, K)=E (ZYner(tn:T)_K) Z,
n=1

=E[(Y —x)"|Z,]

denoting the expectation of (Y — k)" conditional on %, (which means S,,S;,---,S, are
given), where Y is the total Delta-hedging error on the time interval [t, ty ]. For example,
ggl) is a call option price of Y at time t;, where Y is a total Delta-hedging error on the time
interval [tg, t3] with 3 time steps.
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3.2. Recursive relation under the GBM

The Delta-hedging error between time t,, and ¢, is

1 Sii1—S.)?
th+1— - th N Esrzlrn {Oz(tn Dlap1) — (%) }
n

1 2 2 Sn+1 2
= ESnl"n o(ty  ther) — S -1 , (3.1)
n

and the error caused by discrete Delta-hedging consists of two parts — i.e.
Delta-hedging error = Error from portfolio — Transaction cost.

Thus from Egs. (3.1) and (2.12), the Delta-hedging error Y, over the time interval [t,_;,t,]
under the geometric Brownian motion model is
( Sn 1) Sn
Sn—l Sn—l

1 2 2 Sn 2 2
Yn NESn_an_l O (tn—l . tn) - —1 - aSn_an_l
Sn }
Sn—l ’

Sn—l
where 02(t,_; : t,,) is the expected variance and (S,/S,_; — 1)? is the realised variance on
[tho1,thl.
For simplicity, lets, = S,,/S,_; such that s, follows a log-normal distribution with initial
value 1 and

1 2 2 Sn 2
=§Sn—]_1—‘n—]. o) (tn_]_ . tn) — S —1 —2a
n—1

S
i1

n—1

1

Yn = Esi—lr‘n—l {Gz(tn—l : tn) - (sn - 1)2 —2a |(ST1 - 1)Sn|} :

We can now derive a recursive relation to find the call option price with an underlying Y,
and thus obtain the distribution of the Delta-hedging error with the stock price under the
geometric Brownian motion model (GBM).

Theorem 3.1. We have the recursive relation
0 0
8 S K, k) = B[ 811 (Sni1, Ko K1) Z ) (3.2)

forn=0,1,--- ,N —2and

ggo)(SN—pK, kK)=E [(YN —x)" gN—1:|

forn=N —1, where

1 2 2 Sn 2
Yn = ESTI—].F"_]- o) (tn_]_ . tn) — S —1 —2a

n—1
n
_ r(t;:T
Kn—K—ZYie(‘ ),
i=1

S
L

n—1

S, }
Sn—l ’
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and
azg](\?)(SO’K’ K)
Jx2

approximates the probability distribution of the Delta-hedging error in the Black—Scholes frame-
work under GBM.

fPR) =

Proof. See Appendix C.

For simplicity, we may assume all of the parameters are constant and that the t,,’s are equally
spaced in [0, T], to render a simpler form of Theorem 3.1.

Lemma 3.1. Let r be a constant risk-free interest rate and assume the stock price follows a
GBM with constant drift rate u and constant volatility o, and that t,’s are equally spaced in
[0, T]with 6t =T /N —i.e. t, =ndt. Then

g (S K k) =E[g{? ) (8:X, K,k — y,(x)er Tt} (3.3)

forn=0,1,--- ,N — 2 where
1
y.(X) = ESﬁrn(sn,K) {o?6t— (X —1)*—2alX —1|x}
and

1 +
ggo)(sN—l,K, K)=E [(551%—1FN—1 {025t -X- 1)2 —2alX — 1|X} - K) ]

for n=N —1, where logX ~ N((u— %02)5@ o?5t).

In order to calculate the expectation in Egs. (3.2) and (3.3), we need to find the values
of g with sufficiently wide ranges of x and x at each time step. However,

K x,

0 0
g](\]ln(SnJK: Kn) = Sng](vln (11 < _)
Sn Sn

for any n, and using this property we proceed to find gl(\?)(l,K , k) for various values of K
and « to allow a much simpler numerical calculation.

Lemma 3.2. Let I}, (1,K/S,,) be the Gamma of a European option with initial stock price 1
and strike price K /S,, at time t,,. Under the conditions in Lemma 3.1,

K K— X er(T_trH-l)
2, 1) =5 xgl?, (1.4, =220 5.4

forn=0,1,--- ,N —2, where

y.(X) = %rn (1, SE) {o?6t—(X —1)*—2a|x —1|X}.

n
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Forn=N—1,
1 +
gLk, x)=E [(EFN_l(l,K) {026t —(X =1 —2a|X —1|X} — K) ]

where logX ~ N((u— %oz)6 t,028¢t).
In Lemmas 3.1 and 3.2, it is notable that

(0)
fDH(K) — aZg]\[ (So,K, K)
dx?2

approximates the probability distribution of the Delta-hedging error under the Black—Scholes
framework with the GBM, where the seller of a European option with strike price K hedges
its Delta for ty, t1,- -+, ty where t, =ndt.

3.3. Recursive relation under the JDM

Let us now estimate the distribution of Delta-hedging error under Merton’s jump diffu-
sion model. First, we find the jump diffusion model (JDM) version of Eq. (2.11), noting
that Merton’s differential equation (2.6) can be rewritten

1
Q,=rV,— 5ozsfl} —(r—AB)S. A, —AE[V(t,S.e”)—V(t,S,.)].
Using a similar argument as for Eq. (2.8) before, we have
Miy5e-—T, =065, =6V, —rét(A S, — V)
1
~ASS, — (0,6t +A,5S, + EFt(esst)z) —r6t(AS,—V,)
1
=—0,6t— Ert(esst)z— rét(AS,—V,)
1
= (EUZSEQ +(r—AB)S. A, + AE[V(t,S,e))—V(t,5,)]— th) 5t
1
- Ert(6st)2 —ré6t(AS— V)
1 1
=§ozsfrt5t — 5rt(esst)2 +(E[V(t,S.e))—V(t,5.)]—BS.A,) ASt.
With 8 = E[e’ — 1], we obtain
10%v

v
E[V(t,SteJ)— V(t,5)]—BS. A, ~E [%(Ste”’ —S)+ Ew(stej _St)z] —BS:A;

1
=E [AtSt(eJ -1+ Ertsf(ej - 1)2] —BS. A,
1
=A,S.E[e/ —1]+ EFtSfIE[(eJ —1)?2]1-pBS.A,

1
=§Sfrt]E[(eJ —-1)%].
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Thus we can approximate the Delta-hedging error over [t,t + 6t) by

1 2 J 2 2 5St 2
M5 —1II, = Estrt (AE[(e’ —1)*]+ 0 )64‘.—(8—) ) (3.5)
t

where E[(e —1)2] = E[e¥ —2¢’ + 1] = e2"*20° —2(B + 1) + 1 = 2"420" _0e"+35" 4 1,
In passing, we note (AE[(e/ —1)?]+ 02)5t is the expected variance and (S,,/S,_; —1)* is
the realised variance on [t,_q, t,].

Since the transaction cost part of the Delta-hedging error is independent of the model,

we can estimate the distribution of the Delta-hedging error under the JDM by replacing the
portfolio error term given in Eq. (2.11) with the result in Eq. (3.5).

Theorem 3.2. Let
g](\;l)(SO’Slﬁ T 3Sn’K’ K) = E[(Y - K)+|gn]

where

1 S, 2
I L R e A )

Sn—l
Sn }
Sn—l ’
n
Kp= K—ZYier(tf:T).
i=1

Then the following recursive relation holds:

S
1
Sn—l

—2a

0 0
gl(vln(sn’K’ Kn) =E I:g](\[ln_l(sn-i-l,K, Kn+1)|gn]

forn=0,1,--- ,N—2, and

g§0)(SN_1,K, K) =E |:(YN —_ K)+ gN—1:| .

Under the JDM,
azgr(IO)(SOJKJ K)
ox2

approximates the probability distribution of the Delta-hedging.

o) =

Proof. We proceed as in the proof of Theorem 3.1.

As in the GBM case, we obtain a simpler form of Theorem 3.1 with constant parameters
and re-hedging on equally distributed time intervals over [0, T].
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Lemma 3.3. Let r be a constant risk-free rate and assume the stock price follows the JDM
satisfying Eq. (2.4) where all parameters are constant. Also assume that the t,’s are equally
spaced over [0, T] with 6t =T /N —i.e. t, =ndt. Then

K K—Yy (X)er(T—an)
g,(fln(l,K,K)=E[ngv‘)ln_1(1,)—{, =

forn=0,1,--- ,N —2, where

Ps¢
1
X:exp((u—iaz—kﬁ)5t+OW5t+ZJ),

k=1

700 = 51 (1.5 nex),

h(X) = (AE[(e’ —1)*]+ 0%) 6t — (X —1)* —2a|X —1|X,

and Ps, follows a Poisson distribution with parameter Adt. Forn=N —1,

g§0)(1,K, k)=E [(%FN_l(l,K)h(X)— ;<)+] .

It is notable that
D () — 328\ (S0, K, )
fr) = dK2
approximates the probability distribution of the Delta-hedging error under the JDM.
In practice, there is no analytic form of the probability density function for X, so we
take the inverse Fourier transform of its characteristic function numerically to simulate the
random variable in the jump diffusion model.

4. Numerical Simulations

For simplicity, in our numerical simulations we took 6t = T/N and t, = n x 6t for
n=0,1,---,N, so the t;’s produce an equally distributed partition over [0, T] with 0 =
to < t; <--- <ty =T, and all parameters to be constants (scaled per annum) over the
time period [0, T']. In the Monte Carlo simulation undertaken for comparison, we computed
the Delta-hedging error at time t,, as

o H]T\l/[ ¢ =Error from portfolio — transaction cost
=768 — 6V, —r8t(AS; — V) —aSy|A,— Ay,

and the total Delta-hedging error

N

MC T—
Z ot e (T—n)
n=1
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Table 1: Statistics and 95% VaR of distribution of Delta-hedging error under GBM obtained by Monte
Carlo simulation and the recursive relation in Theorem 3.1 with 6t =1/50.

MC simulation(%) Recursive relation(%)

Mean 0.0248 1.1556
Variance 501.7 470.0
95% VaR -36.00 -34.95

Table 2: Statistics and 95% VaR of distribution of Delta-hedging error under GBM obtained by Monte
Carlo simulation and the recursive relation in Theorem 3.1 with 6t =1/150.

MC simulation(%) Recursive relation(%)

Mean -0.0045 0.3966
Variance 172.8 166.0
95% VaR -22.00 -22.13

Table 3: Statistics and 95% VaR of distribution of Delta-hedging error under GBM obtained by Monte
Carlo simulation and the recursive relation in Theorem 3.1 with 6t =1/252.

MC simulation(%) Recursive relation(%)

Mean -0.0091 0.2374
Variance 103.7 100.6
95% VaR -18.00 -17.47

Table 4: Statistics and 95% VaR of distribution of Delta-hedging error under GBM with transaction
cost coefficient a =0.001 obtained by Monte Carlo simulation and the recursive relation in Theorem 3.1
with §t =1/50.

MC simulation(%) Recursive relation(%)

Mean -5.6607 -3.7159
Variance 525.0 493.4
95% VaR -46.00 -43.10

4.1. Geometric Brownian motion

We supposed the stock price follows a GBM with r = y = 0, o = 0.2 and considered
a trader who sells a European call option with a strike price 110% of the initial purchase
price with maturity T = 1. In the following figures and tables, we present the distributions
of the Delta-hedging errors with hedging frequencies N = 50 (weekly), N = 150 (three
times a week) and N = 252 (daily), with a transaction cost in each case.
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Table 5: Statistics and 95% VaR of distribution of Delta-hedging error under GBM with transaction

cost coefficient a = 0.001 obtained by Monte Carlo simulation and the recursive relation in Theorem 3.1
with 5t =1/150.

MC simulation(%) Recursive relation(%)

Mean -9.2567 -8.0479
Variance 195.9 193.8
95% VaR -36.00 -33.78

Table 6: Statistics and 95% VaR of distribution of Delta-hedging error under GBM with transaction

cost coefficient a = 0.001 obtained by Monte Carlo simulation and the recursive relation in Theorem 3.1
with 5t =1/252.

MC simulation(%) Recursive relation(%)

Mean -5.6607 -3.7159
Variance 525.0 493.4
95% VaR -48.00 -43.10
0.031 e ‘ 0.045 A e ‘
oozl 4 0.04:
v ‘ \
0.02 ’ 0.03F q
2 o015 [ \ Z o005 |

|
|' |
0.01f i “ 0.015+ i
|’ \ |
1 1\ 0.01+ I
0.005 f b
4 ‘ ‘ ||’ 0.005 I\
0 - ......|||III||||||||” “l"l"lln ..... -l\lll‘ll

-150 -100 -50 0 50 100 150 350 -100 50 0 100 150
Hedging frequency = 50 Hedging frequency = 150
Figure 1: Distribution of Delta-hedging error. Figure 2: Distribution of Delta-hedging error.

4.2. Jump-diffusion model

The variance of the log return under the jump-diffusion model (JDM) over the time
interval [0, t] is given by

(03m+ AP+ 8%t

so we chose a different volatility value to make the JDM’s realised variance equal to the
realised variance of the GBM in subsection 4.1 — viz.

GJDM = ‘JO‘;SM_A(’Vz'i‘(SZ),

with the stock price following the JDM where r = y = 0, 0 = 0.1414, A =50, v =0
and 6 = 0.02. We again considered a trader who sells a European call option with the
strike price 110% of the initial price and maturity at T = 1. The figures and tables present
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Table 7: Statistics and 95% VaR of distribution of Delta-hedging error under JDM obtained by Monte
Carlo simulation and the recursive relation in Theorem 3.2 with 6t =1/50.

MC simulation (%)

Recursive relation (%)

Mean -0.0057 1.5930
Variance 681.8 641.5
95% VaR -45.00 -41.96

distributions of the Delta-hedging error with hedging frequencies N = 50 (weekly), N =
150 (three times a week), N = 252 (daily) and a transaction cost in each case.

In brief, we find that our method works well for the GBM and JDM whether or not
there is a transaction cost, and the variance of the profit and loss (P&L) reduces as the
hedging frequency increases. However, we must also note that a nonzero transaction cost

may produce a loss if the trade is too frequent.
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Table 8: Statistics and 95% VaR of distribution of Delta-hedging error under JDM obtained by Monte
Carlo simulation and the recursive relation in Theorem 3.2 with 6t =1/150.

MC simulation(%) Recursive relation(%)

Mean 0.0384 0.8491
Variance 355.7 354.4
95% VaR -35.00 -31.47

Table 9: Statistics and 95% VaR of distribution of Delta-hedging error under JDM obtained by Monte
Carlo simulation and the recursive relation in Theorem 3.2 with 6t =1/252.

MC simulation(%) Recursive relation(%)

Mean -0.0360 0.6969
Variance 293.2 292.9
95% VaR -30.00 -27.97

Table 10: Statistics and 95% VaR of distribution of Delta-hedging error under JDM with transaction
cost coefficient a = 0.001 obtained by Monte Carlo simulation and the recursive relation in Theorem 3.2
with 5¢ = 1/50.

MC simulation(%) Recursive relation(%)

Mean -5.6099 -3.1434
Variance 707.1 671.6
95% VaR -55.00 -48.96

Table 11: Statistics and 95% VaR of distribution of Delta-hedging error under JDM with transaction
cost coefficient a = 0.001 obtained by Monte Carlo simulation and the recursive relation in Theorem 3.2
with 5t = 1/150.

MC simulation(%) Recursive relation(%)

Mean -8.6607 -7.0002
Variance 385.5 382.4
95% VaR -45.00 -43.13

Table 12: Statistics and 95% VaR of distribution of Delta-hedging error under JDM with transaction
cost coefficient a =0.001 obtained by Monte Carlo simulation and the recursive relation in Theorem 3.2
with 6t =1/252.

MC simulation(%) Recursive relation(%)

Mean -10.7197 -9.1976
Variance 325.2 330.2
95% VaR -45.00 -43.13

5. Conclusion

The connection between Delta-hedging error and path-dependent option pricing has
been analysed. The hedging error and transaction cost are proportional to the option
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Gamma, which therefore plays an important role in Delta-hedging strategy, Our method
differs from previous approaches to Delta-hedging error, because the Delta-hedging error
and option pricing are interconnected, whereas others have tried to find the distribution
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of the Delta-hedging error directly. The presentation here involved geometric Brownian
motion and Merton’s jump diffusion model, but may be applicable to other models. Our
method is also applicable to a diffusion process with time-dependent parameters where the
approximate value of the option Gamma is calculated.

A. Characteristic Function of the JDM
Consider the JDM where s, = 1og(S;/Sy). Then from Eq. (2.5),

N,
1 t

st=(u—§02—kﬂ)t+owt+ E Jr = Normal part + Jump part =X, + Y,
k=1

where X, is a normal distribution with mean (u — %02 — AB)t and variance 02, and Y, =
N, . . . .
Zk‘:l Ji is a compound Poisson process. Since W,, X; and J; are assumed independent,

E[eiwst] — E[eiw(X[-b-Yt)] — E[eiWX‘ ]E[eti[]

or
b5, (W) = ¢x, W)y, (W),

where ¢, (w), ¢x,(w) and ¢y (w) are characteristic functions of s;, X, and Y,, respectively.
It is well known that the characteristic functions of the normal distribution and compound
Poisson process are

1 2
¢x,(w) = exp {i(,u— 502 —Aﬂ) tw— %th} ,
¢y, (w) =exp{A(¢;(w)— 1)},
where ¢;(w) is a characteristic function of single jump size J — i.e.
62
¢, (w) =exp (ivw— ?wz) .

Thus the characteristic function of s, is given by

¢s, (W) = exp |:i(,u— %02 —Aﬂ) tw— GTZtWZ +A {exp (ivw— %sz) - 1}]

B. Option Price and Greek Parameters for the JDM

For simplicity, let E,[F] denote the conditional expectation given &, — i.e. assume
E,[F]=E[F|Z],

where F is an appropriate contingent claim. By the martingale method with a risk-neutral
measure QQ, we can readily obtain the price of a derivative under the JDM when its price
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under the Black-Scholes framework is known. For a risk-neutral measure, it is notable
that the discounted stock price e 'S, with risk-free rate r should be a martingale, and we
assume that the stock price satisfies

d(logS;) = (r— %oz—lﬂ)dt +odX, +JdN(t)

where X, is a Q-Brownian motion. Note that

V(t,S,) =e T OEYF(S;)]

N,
= e_”IEI(E2 |:F (Stexp{(r—lﬂ - %2)7: +0X, +;Ji}>:|

2 N
= e_”IEl(tQ |:]EQ |:F (St exp{(r—kﬁ —%)T-FO‘XT +;Ji}> N, = k“

o0 _ar k
= e—rrz%ﬂa‘t@ |:F (St exp{(r—lﬂ — %Z)T +0X, +ZJi}):|.

k=0 i=1
(B.1)

Since the J; are independent and identically distributed (i.i.d.) with N(v,5%) and X is a
Q-Brownian motion,

2 k
(r—)\ﬂ—%)r+aXT+ZJi = r—)t/o’—%)T+N(0,027)+N(kv,k52)

i=1
2 2
r—Aﬂ—U—+Q)T+N(O,(02+&)7)
2 T T

=(r—7t[5——T+L+—v T+ 01X,
T

where 02 = 02+ k6%t and r, =r — A + k(v + 36%)/7.
Thus under the condition N, = k, Merton’s jump diffusion model becomes

2 k
St =Stexp{(r—kﬂ —%)T+0XT +Z‘]l}
i=1

oy
=S, exp rk—7 T+o0 X ¢, (B.2)
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so we may regard S; as a GBM with drift rate r;, and volatility oy.
The Black-Scholes option price can also be derived by the martingale method:

VBS(t,S,,7,1,0) = e TTE[F (Sp)]

2
e 52

Thus from Egs. (B.1), (B.2) and (B.3) we obtain

AT k 2
V(t,St):e_”Z# |: (S exp{(rk—%)f+okXT})]

k=0

oo —AT k 0'2
=e " Z e ) IE'AT) erkfe_rkfl[ﬂ(f2 [F (St exp {(rk — 7]() T+ okXT})]

k=0
0 —(l+r rk)T(lT)k

=2,

k=0

VBS(t)StJT: Tk O-k) 5 (B4)

and also note that

p=E[e’ —1]=e""3% 1

and

e AT (A )k = exp {—(A +AB)T+k (v + %62)} (AT)k

=exp(—A'7) (B + 1Atk
=exp (—A/T) (A7), (B.5)

From (B.4) and (B.5) we then obtain Eq. (2.7).

C. Proof of Theorem 3.1

From the tower property of conditional expectation we have

1
g](\[n)(SOJ o )Sn)K) K) = [ (nt )(SO) )Sn:Sn+1:K: K)|gni|

and

1
g](\ln)(SO: e :S"’K’K) = J v )(SO: 5SS, K, K‘)f(sn+1;Sn)dSn+1 > (C1
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where f(S,11;S,) is the transition probability function for the stock price from S, to S, ;.
Now

gM(So, -+, 8K, K) = E[(Y —k)*|.,]

N +
[ (Srenn )
i=1

Tn

N n +
=FE { Z Yier(ti:T)_(K_ Yier(ti:T))}

i=n+1 i=1

Tn

=g\ (S, K,Ky,), (C.2)

hence from Egs. (C.1) and (C.2) we have
© s,Kxk)=| g9 (S.1,K S,11:S,)dS
gN—n( n» ,Kn) - gN—n—l( n+1> ’Kn+1)f( n+1> n) n+1

0 .
= J gj(vln_1(sn+1:K: Kn— yn+1er(tn+1‘T))f(Sn+1; Sn)dSn+1

forn=0,1,--- ,N—2and

gg())(SN—l:K: K)

oo S 2 +
=JO [%FN—].(SN—].?K) {O-Z(to . tl)_(SN]il - 1) }_K:| f(SN)SN—].)dx

forn=N—1.
D. Proof of Lemma 3.1
Since
n n
K, =K— Z Yier(ti:T) == Z Yier(T—ti),
i=1 i=1
we have

_ r(tpe1:T)
Kn+1 = Kp _Yn+1e AR

From Theorem 3.1,

0 0
g](\]ln(sn,K, Kn) =E [g](\[ln_l(sn-i-l,K, Kn+1)|gn]

0o
0
= J g](\]ln_l(sn-i-l,K, Kn+1)f(sn+1 : Sn)dsn+1
0

oo
= J gl(\?ln_l(Snx,K,KnH)f(x)dx 5
0
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where X =S,,,,/S,, forn=0,1,--- ,N —2. We note that logX ~ N((u— %02)5t,025t).

Similarly, for n = N — 1 we have

o]

g (Sy_1,K,x) =E [(YN —x)*
oo
=J0 (Yy —x)" f(Sy : Sy—1)dSy
o 1 2 2 2 ’
:Jo (ESN_er_l {026t —(x—1) —2a|x—1lx}—'<) f(x)dx,
where X =Sy /Sy_;1-

E. Proof of Lemma 3.2

From Lemma 3.1,

oo
SN (S K1) = J 8Nt (SnX Ky = Y () )Y f (x)dx
0
oo J— (T_tn 1)
©) K Kp—ynlx)e™
= S.x 1,—, x)dx ,
Jo nX8N—n-1 ( S,x S,x £
so with S,, = 1, we obtain the desired result.
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