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QO-conditional (non-classical) symmetries of the known three-component reaction-diffusion (RD)
system [K. Aoki et al. Theor. Popul. Biol. 50, 1-17 (1996)] modelling interaction between farmers
and hunter-gatherers are constructed for the first time. A wide variety of O-conditional symmetries
are found, and it is shown that these symmetries are not equivalent to the Lie symmetries. Some
operators of Q-conditional (non-classical) symmetry are applied for finding exact solutions of the
RD system in question. Properties of the exact solutions (in particular, their asymptotic behaviour)
are identified and possible biological interpretation is discussed.

Key words: Reaction-diffusion system, hunter-gatherer—farmer system, Lie symmetry,
QO-conditional symmetry, exact solution

2020 Mathematics Subject Classification: 35B06 (Primary); 35K57, 35Cxx

1 Introduction

In [2], a three-component model for describing the spread of an initially localised population
of farmers into a region occupied by hunter-gatherers was introduced. Under some assumptions
clearly indicated in [2], the spread and interaction between farmers and hunter-gatherers can be
modelled as a reaction-diffusion (RD) process in the form of the three-component system of
non-linear partial differential equations (PDEs). Recently, the model was used for mathematical
description of some other phenomena. For example, a model describing language competition
was derived in [36]. The model is based on the three-component system of non-linear PDEs,
which has the same structure as the system introduced in [2]; however, some coefficients have
opposite signs. Notably, the model proposed in [36] is a modification of another model for
language competition developed earlier in [24] (see also the recent papers [15,23]).

Here we study the original model from the paper [2] used for modelling competition between
farmers and hunter-gatherers. The work is a natural continuation of our recent paper [14], in
which Lie symmetries and travelling fronts of this model have been studied. After the relevant
re-scaling (see [14] for details), the model takes the form of the non-linear RD system

u, = dyuyy + u(l — u — ayv),
vy = dovye + av(1 — u — ajv) + uw + ajow, (1.D
Wy = dsWyy + azsw(l — w) — aquw — asvw,
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where u(t, x), v(t,x) and w(¢, x) are non-dimensional densities of the three populations of initial
farmers, converted farmers and hunter-gatherers, respectively (hereafter the lower subscripts ¢
and x mean differentiation w.r.t. these variables). Here (1.1) is called the hunter-gatherer—farmer
(HGF) system and one is the main object of investigation in this paper. A detailed explanation
of the meaning of the terms and coefficients in (1.1) is presented in [2, 14]. Here we only remind
that the diffusivities d, d, and dj are positive constants, while other parameters are non-negative
constant, except a4 that must be a positive constant (otherwise, the carrying capacity of farmers is
zero [14]). Obviously, the HGF system (1.1) is not a particular case of the well-known diffusive
Lotka—Volterra (DLV) system

Uy = diu +u(ar + biu+crv +hw),
vy = dhUyy + V(ay + bou + cov + haw), (1.2)
Wi = d3Wyx +w(az + bsu+c3v + hzw),

because of the term uw in the second equation of (1.1). Notably, in the special case
di=dy, a1 #0, ax =1

system (1.1) is reduced to the DLV system by the transformation u + a;v — v.
In contrast to our previous study [14], which is devoted to Lie symmetries, here we search for
(O-conditional symmetry (non-classical symmetry) of the HGF system (1.1) in the form

0= $O(t, X, u, v, w)o; + él(t, X, U, U, W)y
0 (% 1y 0, W)+ 17X, 11, 0, W)y + (X, 1, 0, WD, (8°) + (1)1 £0,  (13)

where the coefficients £°, £! and n* (k =1, 2, 3) should be found using the well-known criterion
(hereafter, 0, = %, z=t,x,u,v,w). The notion of non-classical symmetry was introduced in [8]
and plays an important role in investigation of non-linear PDEs (see review [34] and monographs
[7, 13, 18] for more details). In particular, having such symmetries in an explicit form (i.e., all
the coefficients in operator (1.3) are known functions), one may construct new exact solutions,
which are not obtainable by the classical Lie algorithm.

The algorithm for finding Q-conditional symmetry (following [21], we use this terminology
instead of non-classical symmetry) of a given PDE:s is based on the classical Lie method [30,32].
However, in contrast to the case of Lie symmetry, the corresponding system of determining
equations (DEs) is nonlinear and its general solution can be found only in exceptional cases.
So, obtaining an exhaustive description of O-conditional symmetry of the given equation is a
non-trivial and difficult task. As a result, scalar PDEs only were under study for a long time
because systems of DEs for systems of PDEs are much more complicated. In the case of scalar
PDEs, the first highly non-trivial results were derived in [4, 19,21, 26,29, 31, 35,40] (see also
an extensive review on this matter in Chapter 1 of [13] and the most recent papers [5,25]). To
the best of our knowledge, there are only a few papers devoted to the search of Q-conditional
symmetries for systems of PDEs published before 2010 [1, 6, 16, 17,27]. A majority of such
papers were published during the current decade [3,9-12, 37]. It should be stressed that only
the papers [1, Section 4.1] and [11] are devoted to construct O-conditional symmetry operators
for a three-component PDE system while two-component systems only are under study in other
papers. Notably, the conditional symmetries of the three-component Prandtl system derived in [1]
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coincide with the relevant Lie symmetries. In paper [11], several O-conditional symmetries of
the three-component DLV system are found, and it is shown that they are not obtainable by the
classical Lie method. Here we make essential progress comparing with the papers cited above
because all possible Q-conditional symmetries (excepting the so-called no-go case £° = 0) of the
HGF system (1.1) are constructed in an explicit form.

It should be also mentioned that there is a further generalisation of the notion of O-conditional
symmetry — generalised conditional symmetry — introduced in [20] (the terminology ‘conditional
Lie-Backlund symmetry’ suggested in [39] has the same definition but one is rather misleading).
Recently, some two-component systems of evolution equations (including RD equations) have
been studied using the generalised conditional symmetry method [22,38].

The paper is organised as follows. In Section 2, the main theorem about Q-conditional sym-
metries of the HGF system (1.1) is proved. In Section 3, the most interesting (from applicability
point of view) case of system (1.1) is examined. In particular, non-Lie ansitze are derived and
applied for reducing the system in question to systems of ODEs. The reduced systems are anal-
ysed in order to construct exact solutions, and some highly nontrivial exact solutions are derived
and their properties are studied. Finally, we briefly discuss the result obtained and present some
conclusions in the last section.

2 (O-conditional symmetries of the HGF system (1.1)

First of all, we remind the reader that similarly to Lie symmetries, Q-conditional symmetries are
constructed in the form (1.3) using the invariance criterion, which was used for the first time
in the pioneering work [8]. Taking into account the property of the O-conditional symmetries
(operator can be multiplied by an arbitrary smooth function), operator (1.3) has different forms
in the cases £° # 0 and £° = 0, namely,

O =0+ &(t,x,u, v, w)ds + n'(t,x, u, v, W)d, + n2(t, x, u, v, w)dy + > (t,x, 1, v, W)dy, (2.1)
and
Q = ax + nl(ta x) ua U, w)au + nz(t9 x) u) U, W)av + n3(t: xn u7 v) W)aw (22)

It turns out that the systems of DEs for finding Q-conditional symmetries (2.1) and (2.2) are
essentially different (see, e.g., [13, Section 1.4]). Hereafter, we concentrate ourselves on the
case £ £ 0.

According to the invariance criterion extended on the PDE systems (see, e.g., [13, Section
2.2]), operator (2.1) is the Q-conditional symmetry (non-classical symmetry) for the HGF system
(1.1) if the following invariance conditions are satisfied:

Q(Sl)‘ EQ(dmxx—u,—i-u(l—u—alv))‘ =0,

2 M 2 M

0(S) ’ =0 (dzvxx — v+ au(l —u— alv)+uw+a1vw)‘ =0, 2.3)
2 M 2 M

g(s?’) ‘M = g (d3wxx — W +a3W(1 — W) — asuw — asvw)‘M =0,
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where operator g is the second prolongation of the operator Q, the manifold
M={$=0, $=0, $3=0, Qu) =0, O(v) =0, O(w) =0}.

Here by the definition Q(1) = u, + £u, — ', Q) =v, + &v, — %, O(w) =w, +Ew, — n° and
the second prolongation of the operator O has the form

2.9
O=0+p/5; + 05, +Pra—w+0xm+anT+PxW+"txau + Oiur
3 1.0 KN 2 3 KR
t i +‘7nau,,+0ttau +‘7ttaw to xxau toaq. O XX3WXX

where the coefficients p¥ and o* (k=1,2,3) with the relevant indices are calculated by the
well-known formulae (see, e.g., [13,30,32]).

Now we apply the rather standard procedure for obtaining system of DEs, using the invariance
conditions (2.3). From the formal point of view, the procedure is the same as for Lie symmetry
search; however, six (not three!) different derivatives, say tyy, Uy, Wy, U, U; and wy, can be
excluded using the manifold M. After straightforward calculations, one arrives at the non-linear
system of DEs

)&, =§=6,=0,

(2) My = My = Wiy = MWy = 1y = 1y, =0, k=1,2,3,

() (dy —do) Enl —2dydomy, =0,  (di —d3) En), — 2dydsn), =0,
(4) (di — da) En + 2dydan?, =0,  (da —d3) En? — 2dadsn?, =0,
(5) (di — d3) &y, + 2dvdsny, =0, (dy — d5) §m; + 2dad31p}, = 0,
(6) & — d1&xx +2d1n), + 285, =0,

(7) gt - dZExx + 2d277)%v + 2€$‘c = 0:

(2.4)
(8) %-t _d3éxx+2d377iw+2$$x=07
©)n'Cl+n*Cl+n*Ch+ (26 —nl) C' = 4 nlC? = 4l CP
+din}, —n} —2&n' +( )n ny + ( 1)n m, =0,
(10) ' C2 +n*C2 + *ClL+ (26— ) C* = F n2C' = Z 2 CP
+ dyny, — 07 — 267 +( —1>n ( —1)77377@:0,
(D) n'C+n?C+n*Ch+ (26— ) CC — F niC' = £ i
+d3n}cx—n,3—2$xn3+(j—l>n nu+(@—1)n m, =0,
where
C! =u(l —u—av), C? =ayv(l —u—av) +uw+ a;ow,
C* = azw(l — w) — aguw — asvw. (2.5
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Remark 2.1 The non-linear system (2.4) is the system of DEs for the general RD system of the
form

Ur = dl”,\:x + Cl(ua v, W)s
Uy = d2vxx + Cz(u’ v, W)>
W= dSWxx + CS(“) v, W)a
where C* (k= 1,2,3) are arbitrary smooth functions and dy > 0. Here we examine this system

in the case when the functions C* (k= 1,2, 3) possess the form (2.5).

Solving the linear subsystem (1) and (2) of system (2.4), one specifies the form of operator
(2.1) as follows

0=208+&(tx)0 + (r't,u+q'(t,x)v + h' t, x)w+p'(1,x))d,
+ (F(t, ) + ¢*(t, x)u + H(t, x)w + p*(t, X)) D, (2.6)
+ (Pt w4 @t xu+ (4, x) + pP(1,x)) Dy,
where £, ¥, ¢*, h* and p* are unknown smooth functions at the moment.

Now we formulate the main result of this section.

Theorem 2.1 System (1.1) is invariant under Q-conditional symmetry operator(s) of the form
(2.6) if and only if one and the corresponding operator(s) have the forms listed in Table 1.

The proof of the theorem is presented in the Appendix.

Remark 2.2 In Table 1, the function P(t,x) is an arbitrary solution of the linear diffusion

equation P, = dy Py, E(81, 82) = exp I:/,L 5228:552' <x + 1 522;31 t)] ,whilea; (i=1,2,3,4) and 1 are

arbitrary constants.

Remark 2.3 Some Q-conditional symmetry operators presented in Table I are equivalent to the
relevant Lie symmetry operators obtained in [14] provided arbitrary parameters satisfy addi-
tional restrictions. For example, operator from Case 6 with «; = —ayd; is the linear combination
of Lie symmetry operators 9, and vd, + wd,, (see Case I of Table 1 [14]).

Remark 2.4 The HGF systems and relevant Q-conditional symmetry operators from Cases 4
and 5 of Table 1 can be reduced by the transformation

* * __

w=aw, v =—W+a), w=elu x*= 2.7

ST

to the subcases of Cases 7 and 5 from Table 2 [11], respectively.
3 Exact solutions of the HGF system

If one compares the HGF systems with the reaction terms arising in Table 1 with its general
form (1.1), then it is clear that Cases 2—5 are the most interesting from the applicability point of
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Table 1. Q-conditional symmetry operators of system (1.1)

Reaction terms Restrictions Operator(s)
u(1 —u) a3 #0 3 + udy + (q"u +p*)dy,
d-
Z—? v(l —u) +uw ¢ = (011 + Otzez% 1>E(d1, d>),
d-

asw(l —w) — aquw pr= —aze% tE(dl, d>)
u(l = u—ayv) a #0 & — g8 wl@d, = 3,) = 78 w;
2B vl —u—av)+ dy #d> O — it u (@9, — 9,)

dy—d)d3
uw + a;vw d\ #d; —ﬁ U0,
— DBy — adiyyy,

dy dy

u(l —u—ayv) ar #0 (dy — dh)o;
% (1 —u—ar) d #£ds +(j—§(u— 1)+ dyo + ;4 w) (@13 — 3,)
+uw 4+ avw asd; #ds
— dqUw — a1 a4 vw
u(l —u—ayv) a #0 3, + (o) + az(asd — d3) €u
v(l —u—av) d=d,=d + asai(agd — ds) €'v + aza ds e'w
+uw + ajow ayd # ds o (ds — asd) ') (a0, — 9,)
— dquw — a1a4vw
u(l —u—av) a1 #0 0 + 1oy
v(l —u—av) d=d,=d + (a1 + aze'E(ds, dyw) (a1 9, — 9,)
+uw+ a;vw
— ‘{73 uw — a %3 vw
u(l —u) asds # axds (dr — d3)0, + (Ollv + % w+
av(l —u) + uw ad, £ d, P(z, x)) 0, — ards wo,,, aP(t,x)=0
— dsuw dz ;é d3
u(l —u) 3, + ud, + (v + F*w)d, + a;wd,,,
% v(l —u) +uw h? =a, exp (““dz*“dli;dzw I)E(d3, d)
— aquw
u(l —u) asd, # d; 3 + 10y + (v + g*u+ p*)d, + aywd,,

d:
d—f v(l —u) +uw

— asuw

u(l —u)
d
ﬁ v(l —u) +uw

_d
7 uw

d-
g = (012 + Otae‘ﬁ ’)E(dl, d>),
d-
pr= —a;e% ’E(dl, dy);

d3(dyd3+d 1)
(dy — d3)0; + (0[111 + “dyasdi—d3) w

d
-t
+ oo +a3edl (H - 1)>av - % Waw

0 + pd, + (alv + qPu+ P*w +p2)3v + aywo,,
2 Ey

p = —oe;e"’l E(dl,dz),

¢ = (2 + ose® B, da),

1

h? = ay exp (7’12"3*“‘}‘{(1‘;‘127’13) t) E(ds, dy)
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Table 1. Continued.

Reaction terms Restrictions Operator(s)

10 u(l — u) dy #ds 9, + (alv—l—qzu)av + <a1w+q3u+a2)8w,
d-

bt (1 ) 4 R

—j—fuw 0+ (Ollv + 7“10"};”13 w) 0y — Z% wo,,
1wl —uw) ard, #d 3+ (alv — he g P, x)) 3, + (az (1 —u)

av(1 —u) 4+ uw ayd) #dy, — ds + ozlw)aw; (dy — d3)9, — a,dswo,,

— Suw dy #dy (v + St sy 4 P, 2)) 0,

ayds Sy ds
a,P(t,x)=0 8t+(drd2w—|—ale 4 u)ayv-i—(—av
a3
agdy 2t d3(ayd) —dy+d3)
e ok GRS P o,

12 w(l —u) a, #0 8,+;L8x+<ot1v+q2u)av+ (q3u+ozlw+p3)3w

azv(l — u) =+ uw dz = d3 =d q2 :Ole(dl, d), q3 = L?l_d qz, p3 = di_slzdl q2

d

—EMW
13wl —w) dy=dy=d a,+uax+(a1v+q2u+h2w+P(z,x))av+

uw <q3u +aw +p3>8w, W= 7‘1‘(0[1[“2), 7= —% 7

d
— it ¢ = (e ' + ) B, d), p* = LE G, d)

view. In fact, all the other cases of Table 1 lead to the systems involving the autonomous Fisher
equation in the HGF system (1.1). The autonomous Fisher equation means that initial farmers
u does not interact with converted farmers v. So, it is unlikely that such systems can describe
adequately the spread and interaction between farmers and hunter-gatherers.

Here we study in detail the system with the reaction terms from Case 2 of Table 1 because
this system admits two O-conditional symmetries (i.e., possesses a wider symmetry) in contrast
to those from Cases 3 to 5. Thus, we examine the system

u; =dijyy +u(l —u — ajv),

Vi =dovy + Zf:ji v(l —u—ayv) +uw+ ajvw, (3.1

d3 ayds
W = d3Wy — a W — S ow,

where aj 750, d] #dz and dl #d_g
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One can set a; =1 without losing a generality because of the transformation ajv — v,
a;w — w, hence system (3.1) and its operators take the forms

U =dijyy +u(l —u —v),

vV =drVyg + 32:2 v(l —u—v)+uw+ vw, (3.2)
d d
Wy = d3Wyy, — 7 Suw — va
Ql =0, — dldldz u av) dld W0y,
sty (o By~ R o G-
2 — 0y d3 u v dl(dl—dS)z W

It can be easily checked using Theorem 1 [14] that system (3.2) admits the trivial Lie symmetry
allowing to search only for plane wave solutions, in particular travelling fronts (see [14, Section
4]). Because operators (3.3) present non-Lie symmetries, we construct here exact solutions with
more complicated structure.

It is well known that using any Q-conditional symmetry, one can reduce the given two-
dimensional system of PDEs to a system of ODEs via the same procedure as for classical Lie
symmetries. Thus, to construct an ansatz corresponding to the operator Q, the system of the linear
first-order PDEs

Q) =0, Q()=0, Q(w)=0 G4

should be solved.
In the case of the operator O, system (3.4) takes the form

d d d
u=—glzw, vu=glpw, w=-—g 3d3 w. (3.5)
Solving system (3.5), one obtains the ansatz
— d1(d1—d3) d
u=1() + P gy exp (727 1)
— di(d—d3) d
v=02(0) — 9= gy exp (527 1) (3.6)

d
=g (125 1),
where ¢;, ¢, and @3 are unknown functions.

In order to construct the reduced system, we substitute ansatz (3.5) into (3.2). Making the
relevant calculations one arrives at the ODE system

dig] +<p1(1 — Q1 — (ﬂz) =0,

ey + d1 — <.02<1 — Q1 — (02> =0, (3.7)

dipy — ¢ (901 +¢2+ d;ﬁdl) =0.
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Using the same procedure for the operator O, we obtain the ansatz

u =@ (x) exp (djfdl t) ,

V=00 - i exp (727 1). (3.8)

d3(dy—d. d-
=03 + S o () exp (725 1)

and the ODE system

d
dipy —¢1 (ﬁ + <P2> =0,

gy + =5 02 (1- 02+ 955 03) =0, (39

di¢§ — 203 =0.

The ODE systems (3.7) and (3.9) are non-linear systems, which are non-integrable. To the
best of our knowledge, even particular solutions of these ODE systems are unknown. Thus, we
consider some special cases allowing to construct their exact solutions.

Let us consider system (3.7) with the additional restriction ¢, =1 — ¢, which essentially
simplifies the system. Thus,we immediately obtain

pr=ax+p, pp=—ax+1—-p,

where @ and B are arbitrary constants. Because ¢; 4+ ¢, = 1, the third equation of (3.7) has the
general solution

ds
=c;sin (VD ) cos(\/D ),D:— 0;
@3 =cC) ( X))+ X 4 —d) >
(p;:clemx—i—cze_ Plx D <0

(hereafter c; and ¢, are arbitrary constants). Substituting the functions ¢;, ¢, and @3 into ansatz
(3.6), we observe that

(u7 an)_)((ph‘pZaO) 1ft—)OO, (310)

provided d; > d3 (otherwise, all the components tend to infinity with time).

Because the asymptotic behaviour (3.10) is plausible from the applicability point of view, we
concentrate ourselves on this case. Assuming for a simplicity that ¢ = k(d, — d)D > 0, ¢; =0,
k > 0 and substituting the functions ¢, ¢, and @3 into ansatz (3.6), we obtain exact solution of
the HGF system (3.1)

u=—ksin (\/Bx) exp (—d|Dt) +ax+ B,
v =ksin (ﬁx) exp (—d\D1) —ax+1— B, (3.11)
w=k(d, — d;)D sin (x/ﬁx) exp (—d|D?t).

All the components of solution (3.11) are bounded and nonnegative in the domain

Q= {(t,x)e(O,—}—oo) x <o, %)}
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FIGURE 1. Solution (3.11) of the HGF system (3.2) with « = 1/8 (a) and & = 0 (b). Other parameters are
k=1/4, B=3/5, di =1, dy =2, d; =1/2. The upper, middle and lower surfaces represent the functions
u, v and w, respectively.

if the additional restrictions

max{o,k—ﬂ}gﬁgl—— if o >0,

max{—ﬂk on }<ﬁ<1, ifa<0,

VD' 2D

take place. Notably, the asymptotic behaviour (3.10) takes the form
(u,v,w)—> (B,1 —B,0)if t - o0 (3.12)

in the border case o = 0. Here the point (8, 1 — 8, 0) is nothing else but a steady-state point of
system (3.2).

Solution (3.11) has a clear biological interpretation and describes such interaction between
farmers and hunter-gatherers that hunter-gatherers disappear while the initial and converted farm-
ers coexist. Moreover, the population of initial farmers is increasing with time, while the number
of converted farmers is decreasing. Examples of the solution are presented in Figure 1.

We also point out that the components of solution (3.11) obey the property u+v=1.
Interestingly, the numerical solutions presented in Figure 2 [2] (see curves for the components F'
and C excepting a vicinity of the point x = /) possess the same property. We note that the curves
representing F' and C vanish at the point x =/ because the zero Dirichlet conditions are used
in [2], hence the property /' 4+ C =1 is not valid in the vicinity of the point x =/ (in contrast to
our solution (3.11)).

Now we turn to the reduced system (3.9) and assume that the functions ¢, and ¢s are linearly
dependent. One notes that second and third equations of system (3.9) coincide if the restriction

_ ds(dry —dy)

_m(¢2 —1) (3.13)

@3
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takes place. Thus, we obtain the single ODE

digs = pa(p2 = 1). (3.14)

The general solution of the non-linear equation (3.14) can be found in the parametric form
[33]:

+ ¢, (3.15)

wzziéy, X=\/671f Y

2 Jazr 7
where the integral in the right-hand side can be expressed in terms of elliptic functions. Here
the constant ¢, can be removed by applying the space translation x — ¢, — x. Moreover, we can
obtain the exact solution of equation (3.14) in an explicit form for some correctly specified values
of ¢;. For instance, solution (3.15) with c; =0 and ¢; = % has the forms

3( +tan? — ) (3.16)
= = an” —— .
=3 2J4d,
and
1( 1+ 3 tanh? — ) (3.17)
=—|- anh” —— |, .
¥2 5 2Jd;

respectively. Thus, the solution of the HGF system (3.2) corresponding to the function ¢, from
(3.16) has the form

u=pi@exp (727 1),

v :% (1 + tan? #E) — @1(x) exp (d;lfdl t) R (3.18)

_ d3(dr—dy) 2 d3(d—d3) d3
W= 2 dr—ds) (1 +3tan wxa) + G #1() exp (ds—dl ’) ’
where the function ¢;(x) is an arbitrary solution of the linear ODE

3d; —d 3
3 ! —}——tan2

X
2ds—dy) 2 2\/671)

It turns out that equation (3.19) can be reduced to the hypergeometric equation:

dig] — @1 ( =0. (3.19)

" 1 , 1 3d; — d; _
by the substitution [33]
., X a2 X
z=sin _2\/0'_1’ Y(z) = cos Nz ©1(x). (3.21)

Thus, the general solution of the equation (3.20) can be presented in the form of the hypergeo-
metric functions.

Equation (3.20) is integrable in terms of elementary functions provided diffusivities d; and ds
have some correctly specified values. For example, this equation with d3 = gdl has the solution
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Yv(z)=(1 —z)%. Thus, using formulae (3.8), (3.13), (3.17), (3.18), (3.21) and transformation
x — /dix, we obtain the exact solution
3 x

u=cjcos’ % exp (—21),

v=3 (1+tan*3) —c  cos®  exp (—3 1), (3.22)

w:@ (1+ 3 tan? )2—‘)+c1%_d) cos® 3 exp (—3 1)

of the HGF system

U =ty +u(l —u—v),

vtzdvxx+%{T_5v(l —u—v)+uw—+ ow, (3.23)

5 5 5
Wy = 9 Wyy — §MW— §UW,
d.
where d = 2.

Now we observe that the exact solution (3.22) possesses the asymptotic behaviour

3 5(d—1
(u, v, w) — (0, E(l—i—tan2 %), %(l—i—ﬂanz %)) if t — oo.

In contrast to the exact solution (3.11), a possible interpretation of (3.22) says that the initial
farmers disappear while the hunter-gatherers and converted farmers coexist. Moreover, the limit-
ing distribution of the hunter-gatherers and converted farmers is nonconstant. The corresponding
domain, in which all the components of solution (3.22) are bounded and nonnegative, can be eas-
ily specified if one sets d > 1 and 0 < ¢; < % Of course, this scenario looks unrealistic; however
we have shown mathematically that the HGF model with some coefficients (e.g., as specified in
(3.23)) admit a complete disappearance of the initial farmers.
Applying a similar procedure for the function ¢, from (3.17), the exact solutions
X

u=cosh’ £ exp (27),

v=1(—1+3tanh® £) —cosh’ £ exp (3 7), (3.24)

w= TG0 (1 tanh? 3) 4 20 cos’ 3 exp (1)

and

u=e*sinh  cosh’ %,

v=1(—1+3tanh® §) — & sinh § cosh’ %, (3.25)

w=6(d — 1) (1 —tanh® §) + 4(d — 1) ¢* sinh % cosh® }

of the HGF system (3.2) have been constructed. The exact solution (3.24) is valid if d| =
1, dy=d and d3 = 2, while (3.25) is valid if d; = 1, d, =d and d3 = 3. We note that solutions
(3.24) and (3.25) are growing unboundedly with time; therefore, their biological interpretation is
questionable.
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4 Conclusions

In this paper, Q-conditional (non-classical) symmetry of the non-linear three-component system
(1.1) used for describing the spread of farmers into a region occupied by hunter-gatherers was
under study. The main result is formulated in Theorem 2.1, and it says that there are exactly
13 inequivalent systems of the form (1.1) admitting O-conditional symmetry operators of the
form (2.1). The result is rather unusual because the corresponding non-linear system of DEs
(see (2.4)—(2.5)) was fully integrated without any additional restrictions. For example, the non-
linear system of DEs corresponding to the three-component DLV system was not solved in [11]
but only under the restriction that the symmetries in question are Q-conditional symmetries of
the first type (see the definition in [9]). A natural question arises: Why conditional symmetry
of a more complicated system can be easier identified than the DLV system (1.2)? We have
the following hypothesis: systems involving PDEs with the same structure (the DLV system
is a typical example) possesses a wider conditional symmetry comparing with those involving
equations with different structures. Roughly speaking, a symmetric structure of PDE systems
leads to a wider conditional symmetry.

It is interesting that two systems among the HGF systems admitting O-conditional symmetry
are reducible to the three-component DLV systems. It occurs in Cases 4 and 5 of Table 1, in
which the local substitution (2.7) reduces the corresponding systems to those arising in Cases 7
and 5 of Table 2 [11]. However, all other systems of the form (1.1) with the reaction terms
listed in Table 1 are not reducible to any DLV system. It means that the relevant O-conditional
symmetries are indeed new and cannot be derived from those presented in [11].

Each O-conditional symmetry listed in Table 1 can be applied for reduction of the relevant
HGF system to a system of ODEs and search for exact solutions. Here the symmetries listed in
Case 2 of Table 1 were examined in order to find exact solutions of system (3.2) because the latter
is the most interesting among others from both mathematical and applicability point of view. As
a result, several solutions in explicit form were derived (see formulae (3.11), (3.22), (3.24) and
(3.25)). The most interesting among them is the exact solution (3.11), which describes plausible
scenarios of interaction between the three populations and possesses (with correctly specified
parameters) similar properties to numerical solutions presented in the pioneering work [2]. In
particular, the solution predicts the scenario when hunter-gatherers disappear while the initial
and converted farmers coexist and their densities tend with time (see formula (3.12)) to the
steady-state point of system (3.2).

Finally, we point out that the following problem is still open: to find O-conditional symmetries
of the HGF system in the so-called no-go case, i.e., to construct operators of the form (2.2). Our
experience in the case of two-component RD systems [12] says that some progress can be done
in this direction if one applies the definition of QO-conditional symmetry of the first type [9].
Another possibility is to use the method of their equations introduced in [28].
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Appendix. The proof of Theorem 2.1

In order to prove Theorem 2.1, one needs to solve the system of equations (3)—(11) from (2.4)
under restrictions (2.5) on the functions C* and taking into account that unknown functions have
the structure (see (2.6))

E=&(tx), n' =r'(t,xu+q' (t,x0+ ' 6, )w+p'(tx),
n* = (t, ) + ¢*(t, x)u + I (t, x)w + p*(t,x),
=1 X)W+ ¢ (t,Ju+ h(t,x)v + p’(t, x).

It turns out that essentially different solutions of equations (3)—(11) from (2.4) are obtained
depending on parameters dj and a; arising in the HGF system (1.1). All such solutions are
identified in what follows.
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First of all, one notes that equations (3)—(8) of system (2.4) do not depend on u, v and w, and

take the form
(di —dy) Eq' — 2d\dag! =0, (di — d3) ER' — 2d,d3h! =0,
(di — db) Eq* + 2d,drq? =0, (dy — ds) EW* — 2dyd3h? =0,
(di — d3) Eq° + 2d\dsq® =0, (dy — d3) €W + 2dyd3h> =0,
di (e — 2ry) =& + 2£E,, dy(Ere — 2r7) = & + 2EE,,
d3(§er — 2)) = & + 286,

(AD)
(A2)
(A3)

(A4)

On the other hand, equations (9)—(11) of system (2.4) can be splitted with respect to the

variables u, v, w, uv, uw, vw, 1>, v> and w?. As a result, one obtains the system
azh' =0, dsh' + (a3ds + ards) I* =0, (asdy — araxds) b =0,
ai (axdy — dy) q' =0, dy (asdy — 2d3) h' — ardpdsh® — dvdsq' =0,
dy (asdy — ardz) h' — a1didzq" =0,
di (asdy — ards) I° + b (asdy — ards) ¢ =0, (asdy — d3) ¢° =0,
ag® +r' 425 =0, (ad —db) ¢ — dig® =0,
dsh® + asdrg® + 2a3drg® + asds (r' +2&,) =0,
Al —ay Qard) — o) ¢ + ardig’ — axd, (r' +26,) =0,
(ard) —2db) ¢ — ar1d> (72 + ZSX) =0, |’ —arg' — a1an (72 + Zéx) =0,

d
<2a3 + a d—3> e+ a4q1 = —as (r2 + ZSX) , ash' +ash> = —a3 (r3 + ZSX) s
2

ardsh' — (asdy — 2a1axdy) h* — dsq' = avds ( + 2§,),
(a4d2 — a2d3) hz + a1d3q2 + d3 (1’1 — 7’2) + d3 (}"3 + 2‘§x) = O,

d d
diry — 1 —2r'E 4+ 28 + (é - 1) 9@+ (é - 1) R =2p' +ap?,

d d
dyry, — 17 = 276 + 2426, + (d—2 - 1) a'q+ (d—2 - 1) Wh
1 3

—ayp' —2a1ap* + ap® =0,

d d
dsrd, — 1 =276+ 2ask 4+ (= — 1) W' + (2 — 1) K
d] d2
—agp' —asp® —2a3p* =0,

diq' d
oty =g =206+ (1 =)'+ (P =) S (5 =1 ) 0 —ap'
3
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b dy—d
b’ — q,2 — 24+ (az — rl) 7+ (rl — 1) % + % Rqg =ap*—p’, (A20)
drq® d
gy — q, —2¢°6+ (a3 — ') ¢ + (r' = 1) ;—q + (d—3 — 1) B q* = asp?, (A21)
1 2
d\h! d
dihy, —hf —20'E 4+ (1 =) h' + (7 — a3) ;,—3 + (é - 1) nq' =0, (A22)
dyh?
ol — h} =206+ (ay — ) I + (P — a3) ;_3
d 1.2 1 2
+ (d— - 1) hq +p +ap” =0, (A23)
1
a3 d
dshy, — I} =206+ (a3 — ) P + (¥ — an) ;—2 + (d—? — 1) 4@ =asp’,  (A24)
dip! 1 1 1 d 21 d 1.3
P =P —206+p +\ - —1)pg +|-—1|hp =0, (A25)
d2 d3
o> 2 2 2 d> 1.2 d> 2.3
Wi =P — 2076+ ap” + d_1_1 Pq+ d—3—1 Wp =0, (A26)
dn’ 3 3 3 ds 1.3 ds 3.2
3D — P — 208 +azp” + d—l—l pq+ d—2—1 hp~=0. (A27)

Although the above system is very cumbersome, one is highly overdetermined because
the equation number is much larger than the number of unknown functions &, %, ¢*, h*
and p*. Moreover, equations (A5)—(A8) are algebraic (not PDEs !). It allows us to identify all
inequivalent solutions of system (A5)—(A27).

First of all, we note that the non-linear system (A1)—(A27) in the case
F=r=0k=1,2,3)

is reducible to the system of DEs for searching Lie symmetry operators. All possible Lie
symmetries were found in [14] (see Table 1 therein).

Now we observe that a linear combination of equations
(A9) and (Al1l) leads to dsh® =0, i.e., h* =0. Moreover, two essentially different cases,
a3 # 0 and a3 = 0, follow from the first equation of (AS5).

Let us examine in details case a3 # 0. Having /* = 0 and assuming a3 # 0, equations (A5)—
(A8), (A9) and (A10) immediately lead to

ql :q3:h1 :h2:O (AZS)

Thus, one needs to set g> # 0 in order to find a non-Lie symmetry; therefore, equations (A9) and
(A10) produce restrictions

a) = —, d5 =Aa1d4.

Moreover, using (A28), we obtain p! = p* = 0 from equations (A19), (A21) and (A23).
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Hence, the system of DEs (A1)—(A27) for finding Q-conditional symmetries of the HGF
system (1.1) with a3 # 0 takes the form

P =rl=-2¢, (A29)
& — S5y §xx +285. =0, & — 5d; &, + 266, =0, (A30)
d\(§er — 2ry) = & + 288, (A31)
arg* +r' + 28, =0, (A32)
dirl —rl =21l 428, =0, (A33)
dor? — 12 — 217, + 25—? £ =0, (A34)
dyry, — 17 — 27, + 2a3E, =0, (A35)
(di — dr) £q° + 2drdog? =0, (A36)
gy — q; = 2476+ <Z—j - 1) g'r' =0, (A37)
dpy =P = 2076+ Z—jpz =0, a;p’=0. (A38)

The corresponding O-conditional symmetry has the form
O =0, 4 &0 + r'ud, + (v + g*u + p*)d, + r*wd,.

Let us integrate system (A29)—(A38). Substituting (A29) into (A34) and using the first
equation of (A30), one obtains the overdetermined system

d
E 4285 —5dy o =0, £+ 262 —dy b + 2j £.=0.

The general solution of this system is well known (see (2.28) in [4]):

£=pu, (A39)

where p is an arbitrary constant. Having (A39), we immediately obtain from equations (A29),
(A31)—~(A33)

P=r=0r=r=0,aq¢+r=0.

If a; #0, then d; = d, (see (A37)), and the general solution of system (A29)—(A38) leads to the
operator

1
O=0,+ pud,+r' (uau — —u8U> )
a

This is nothing else but Lie symmetry operator (see Case 4 of Table 1 [14]).
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If a; = 0, then the general solution of system (A29)—(A38) has the form

E=p, r'=r=r=04¢=¢=1=0k=1,23), p' =p’ =0,

dy dy — dy)? dy—d
qzz(a1~|—azed| t)exp(uz( 1= ) t+u e ),

> X
4d1d2 2d1d2
dz (d] — d2)2 d2 — d]
2 2
= — — — |t B — ,
D oy EXp ((dl +u 4dfd2 +un 2dids b

where «; and «, are arbitrary constants. Thus, Case 1 of Table 1 is obtained, and the case a3 # 0
is completely examined.

The second generic case a; = 0 can be examined in a quite similar way. The second equations
of (AS5) and (A13)

W4+ ah®> =0, ash' +ash®> =0

lead to the restriction as = ajas (otherwise, h' =h*=0= q' =¢*> =¢*> =0, so that only Lie
symmetries can be derived).

Moreover, one notes from the first equation of (A6) that two possibilities a; # 0 and a; =0
should be analysed.

Let us assume that a; # 0. Equations (A6), (A8) and (A9) lead to the restriction (ad; —
d>)(asd, — d3) = 0 (otherwise, we obtain &' = h?> = ¢' = ¢*> = ¢> = 0). Thus, we need to consider
two subcases:

() aady — da #0= aydy = ds; (i) axdy = da.

Subcase (i). From the first equation of (A6), we find ¢' =0, and, as result, p' =p* =0 (see
(A19) and (A24)). Integrating the first equation of (A2), we find

dr) —d
= g(t) exp ( f o s(r,x)dx>,

were ¢(1) is arbitrary smooth function and ¢* = (a; — %) ¢* from the second equation of (A9).
Substituting the function ¢ into the first equation of (A3), we have

(dy—d3) 9§ =0.

If £ # 0, then only Lie symmetries can be obtained. If £ = 0, then 7> = 0 (see the first equation
(A12)) and

qs =g, =h, =h. =0 (see (A1)~(A3)).

Under the above equalities system (A5)—(A27) essentially simplifies and takes the form

d d
2+ (1 _ _1> <a2 _ _2) 21— g =0, (A40)

d. d d
h,2+a1 <a2——2) (—3— 1) h2q2+a1d—3p2:0, (A41)
1
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d d d. d

2 2 2 2 2\2 2 2 2 2

& _ &y ~2)V (12 =0, (A%

qﬂL(dl az)q i (dl )(q) ~|—<a2 dl)( da) =0 (AR

dy\ ,  d b\ , b\ (s 2
_& Be—2 _82) (B —0 A43

<az d1>6], +d1 <az d1>q +a|a 4 ) \a, (¢%) , (A43)
d d

-1 —(a-2) (5 -1)#) =0 (A44)
d, ds

d
hi — ayh* — (a2 - d—) (d— - 1) () +a (d—2 - 1) g —ap*=0,  (A45)
1 3 1

and

g'=r*=p'=p’=0, p; =0, ap’ =0,

r=—a ¢ = (Clz — d—2> ¢ =—alk? = (az — d—2> 2.
d 1 d 1

Thus, we obtain the overdetermined non-linear system of PDEs with two unknown func-
tions ¢ and 4? under the restriction (q2)2 + (hz)2 # 0 (otherwise, only Lie symmetries can be
derived). Note that this system is incompatible in the case g>h? # 0. Integrating system (A40)—
(A45) for ¢> =0, h* #0 and h* =0, g* # 0, we obtain first and second operators of Cases 2 of
Table 1, respectively.

Subcase (ii) was examined in a similar way. As a result, Cases 3—5 of Table 1 have been
derived.

Thus, subcase a; #~ 0 is completely examined and Cases 2—5 of Table 1 were obtained.

Finally, the subcase a; =0 was examined. Because three parameters a;, a3 and as vanish,
the system of DEs (A5)—(A27) simplifies essentially. It turns out that the detailed analysis of
the system of DEs (A1)—(A27) in this case leads only to the possibility £ = u with x being an
arbitrary constant.

Thus, the system of DEs (A1)—(A27) for finding O-conditional symmetries of the HGF system
(1.1) takes the form

Pl = ql =h' =p1 =0, 1* = const, 1’ = const, (A46)
(asd) — d3) ° =0, (ard) — d>) ¢* — dvq’ =0, (A47)
(asdy — ards) I* + d5 (P — ) =0, (A48)
and
2 M(dz_dl) 2 42 M(dz—d3) 27 3 M(d3_dl) 3
= N h - h 5 = s A49
T oad, T T 2, =04, 4 (A49)
d d, —d
g’ — ¢ + (az - —2> P+ 2B RP —ap*+p =0, (A50)
d, ds
d 3
doh2, — h + (az —P 4 2—r) W =0, (A51)
3
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ds
iz —q) = 54 —asp’ =0, (A52)
> 2, (2 23 33
dpi — Py +ap” + & 1) h"p” =0, dsp;, —p; =0. (AS53)

A further integration of equations (A49)—(A53) depends essentially on the parameters a, and
a4 in the algebraic equations (A47) and (A48).

In the case ayd; # d, and a4d, # ds, we immediately obtain ¢> = ¢°> = 0 from equations (A47)
and a,p? =0, p* =0 from equations (A50) and (A52), hence 4* # 0 (otherwise Lie symmetries
are obtained). At the last step, equation (A48) leads to two subcases, namely asd, — ayd; =0
and asd, — ad; # 0. As a result, Cases 6 and 7 of Table 1 have been derived.

In the case a,d| = d,, we arrive at the requirement ¢*> = p> = 0. Taking into account algebraic

equation (A48), one can obtain the restriction: (i) 4> = const if ayd) # ds; (i) ¥* =r° = oy if
a4d1 = d3.
In subcase (i), the second equation of (A49) and equation (AS51) lead to the algebraic
conditions
H«(d2_d3)h2=0, <é+dz d3 3)]12_0
dy d;

hence wh? = 0. If 11 is an arbitrary constant, then 4> = 0, and the first operator listed in Case 8 of
Table 1 can be easily obtained. Indeed, integrating the first equation of (A49) we arrive at

) w(d, —dy)
g~ =exp (—2 dids x| @i1(1),

where ¢;(¢) is a smooth function that can be found from the first equation of (A53) using the

function
d p*(dy — dr)? w(dr —dy)
= =l () + ————— oi(f — x]).
p dz( @)+ 4 @1(1) | exp 2ad, ©

Similarly, the subcase 1 = 0 and 4> # 0 leads to the second operator in Case 8 of Table 1.
Subcase (ii). Integrating the second equation of (A49), one obtains

= (M)

where the function ¢,(¢) can be specified from equation (A51). So, the functions ¢ and p? are
found in a similar way as in subcase (7). Thus, Case 9 of Table 1 is identified.

Finally, Cases 10—13 of Table 1 were obtained by examination of the last possibility, namely,
a4d 1= d3.

The proof'is now complete.
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