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Abstract. For a given factor map 7 : X — Y between two topological dynamical systems
and a Borel cover U, two notions of measure-theoretical conditional entropy hfj (T, U 1Y)
and h, (T,U | Y) for an invariant Borel probability measure x are introduced. It is shown
that hf (T, U | Y) = h,(T,U | Y). Moreover, max, hf(T,U | Y) = hop(T, U | Y)
when U is an open cover. The relative variational principle is a consequence of the results.

1. Introduction

By a topological dynamical system (for short TDS) we mean a pair (X, T') where X is
a compact metric space and 7 : X — X is a homeomorphism from X to X. It is well
known that associated to (X, T') there are invariant Borel probability measures. Since the
introduction of measure-theoretical entropy for an invariant measure in 1958 [Kol] and
topological entropy in 1965 [AKM], the relationship between these two kinds of entropy
has gained a lot of attention.

In 1969 Goodwyn [Gwyn] showed that /1, (T) < hiop(T') and later Goodman [Gman]
proved sup u hy(T) > hwp(T), where the supremum is taken over all invariant measures,
completing the classical variational principle. For a short proof, see [Mis1].

The entropy concept can be localized by defining entropy pairs or tuples (even entropy
sets [DYZ] and entropy points [YZ]) both in topological and in measure-theoretical
situations; see [Blal, Bla2, BL, BHMMR, BGH, HLSY, HY1, HY2, HMY, HMRY]
for related results. To study the relationship between the two kinds of entropy pairs or
tuples, one needs a local version of the variational principle. In [BGH] the authors showed
that for a given TDS (X, T') and an open cover U there is an invariant measure  with
infy hy (T, o) > heop(T, U), where the infimum is taken over all partitions which are finer
than . In [HY2] the authors showed that, if x is an invariant measure and 4, (T, o) > 0
for each partition o which is finer than U/, then infy»74 2, (T, @) > 0 and hyop(T, U) > 0,
providing some kind of converse statement of the above mentioned result of [BGH].
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To study the question of whether infy 747, (T, @) = hwp(T,U) for a given open
cover U, Romagnoli [Rom] introduced two kinds of measure-theoretical entropy for
covers, namely,

+ _
h, (T.U) = auzlzf/th(T, a)

and
h, (T, Uy = nlgrc}o % niPIf y Hy (@)
ax\/{Zy T-'U

(where « is a finite Borel partition). He showed that for a TDS (X, T') there is an invariant
measure y with h, (T, U) = hop(T,U). As h, (T, U) < hyop(T, U) for each invariant
measure ;. we have

max h, (T, U) = hiop(T, U). (1.1)

nw

Just recently, Glasner and Weiss [GW] showed that, for each invariant measure u,
h;“(T, U) < hop(T,U) and consequently

max i (T, U) = hiop(T, U). (1.2)
"

In [HMRY] the authors showed that if there are a TDS (X, T') and an invariant measure
W with hlJ[(T, U) > h, (T, U) then there is a uniquely ergodic TDS with the same property.
Thus, combining (1.1) and (1.2) for the first time in the literature we observe that

hE(T, U) = by, (T, U). (1.3)

Expressions (1.1) and (1.2) are called local variational principles for a given open
cover. We remark that the classical variational principle follows from the local ones by
some simple arguments.

For a factor map 7 between two TDS (X, T) and (Y, S) one has the notions of relative
topological entropy hp(T, X | Y) and relative measure-theoretical entropy 4, (T, X | Y)
for an invariant measure w. In [LW, BFF, DS] the authors obtained the relative variational
principle, i.e.

stphM(T, X 1Y) =hep(T, X |Y).

Thus it is a natural question if there are local relative variational principles for a given open
cover. We will address this question in the current paper.

To study the question we introduce two notions of measure-theoretical conditional
entropy for covers, namely hle(T,U | Y) and h, (T, U | Y). Expressions (1.1), (1.2)
and (1.3) are generalized to the relative case. Namely, for a factormap 7 : X — Y anda
given open cover Uf we show that

maxh;(T,U |Y) = hiop(T, U | Y), maxh;(T,Z/l [Y) =hep(T,U|Y) (1.4)
m "
and
h:{(T,L[IY):h;(T,UIY) = h, (T, U]Y). (1.5)

We remark that the inequalities h, (T, uly) < hj;(T, UTY) Z hop(T,U | Y) and
the equality (1.5) hold for any finite Borel cover U. Moreover, (1.4) may be false for some
finite Borel cover U (see Proposition A.4 for a more general result).
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Again the relative variational principle follows from the local ones. As it seems that
the methods in [BGH, Rom] are difficult to generalize to the relative case, we should find
some new methods, and thus some of our methods are quite different from the ones used
in [BGH, Rom].

The applications of the above results to the relative Pinsker factor, the relative entropy
tuples both in topological and in measure-theoretical settings as well as the relative
disjointness involving topological entropy will be given in a forthcoming paper [HYZ]
by the current authors.

2. Preliminaries

Let (X, T) be a TDS and B(X) be the collection of all Borel subsets. For the measurability
we always refer to B(X). In this article, a cover of X is a finite family of Borel subsets of
X, whose union is X. A partition of X is a cover of X whose elements are pairwise disjoint.
Denote the set of partitions by Py, the set of covers by Cx and the set of open covers by C%.
Given two covers U, V € Cx, U is said to be finer than V (write U > V) if each element of
U is contained in some element of V. LetUU VY = {UNV : U € U, V € V}. Given integers
M, N € Nwith M < N and U/ € Cx or Px, we use the notation Uﬁ = \/,11V=M T7U.

Let (X,T) and (Y, S) be two TDS. A continuous map 7 : X — Y is called a
homomorphism or a factor map between (X, T) and (Y, S) if it is onto and nT = Sm.
In this case we say (X, T) is an extension of (Y, S) or (Y, S) is a factor of (X, T). If w is
also injective then it is called an isomorphism.

Letw : (X,T) — (¥, S) be a factor map between TDS. Givenf € Cx and K C X,
put N | K) = min {the cardinality of 7 | F C U, Jper F D K}. When K = X, we
write N(U | K) simply by N(Uf). Fory e Y, wewrite NU | y) = NU | n’l(y)) and
HU | y) =logNU | y). Clearly, if there is another cover V > U then H(V | y) >
HU | y). In fact, for two coversUd, V wehave HUVV |y) < HU | y)+ HV | y).

We now proceed by defining the topological conditional entropy of a coverd € Cx of X
with respect to (Y, S); see [Mis2] for the definition of relative entropy of two open covers
and [Bow, Theorem 17] for the relation of entropies between a TDS and its extensions. Let

NU|Y)=supNU |y)and HU | Y)=1logNU | ¥). 2.1
yeY
It is easy to see that a, = H (Z/{g*1 | Y) is a non-negative sub-additive sequence, i.e.

Anm < an + ap, for alln, m € N. It is well known that

. ap . ap
lim — = inf —.
n—+oo n n>1l n

The conditional entropy of U with respect to (Y, S) is then defined by

1 1
hop(T,U | Y) = lim —H(Z/{g*1 | Y) = inf —H(Z/{g*1 | Y). 2.2)
n—00 p n>1n
Moreover, the topological conditional entropy of (X, T) with respect to (Y, S) is defined
by
hiop(T, X | Y) = sup hwop(T, U | Y). (2.3)
UeCs
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If (Y, S) is a trivial system, we recover the standard topological entropy. In this case we
write hiop(T,U | Y) and hyop(T, X | Y) by hiop(T, U) and hiop(T') respectively.

Let (X, T) be a TDS. Denote by M (X) the set of all Borel probability measures on X,
M(X, T) c M(X) the set of T-invariant measures, and M¢(X, T) C M(X, T) the set
of ergodic measures. Then both M (X) and M (X, T) are convex, compact metric spaces
endowed with the weak*-topology.

Given partitions «, 8 € Px, u € M(X) and a o-algebra A C B(X), define

Hu(e) =) —pu(A)logu(A),  Hula | A=) fX ~E(l4 | A)logE(la | A)dpu,

Aea Aea

Hy(e | B) = Hu(a v B) — Hu(B),  Hula | BV A =HyuaVvp|A)—-H.(B|A,

where E(14 | A) is the expectation of 14 with respect to A. One standard fact states that
H,(a | B) (respectively H, (o | A)) increases with respect to o and decreases with respect
to B (respectively A).

When u € M(X, T) and A is a T-invariant measurable o -algebra of X, it is not hard
to see that H, (oz(')“1 | A) is a non-negative sub-additive sequence for a given o« € Py.
We define the conditional entropy of a with respect to A by

. 1 _ oo _
hu (T, a | A =n£r£oo;Hu(ag L) = inf ;Hu(a(')' b A). (2.4)

Moreover, we define the measurable conditional entropy of (X, T, p) with respect to A by

h(T, X | A) = sup hu(T,a | A). 2.5)
(XE’PX
Particularly, if 7 : (X,T) — (Y, S) is a factor map between TDS and « € Py, we
define the conditional entropy of o with respect to (Y, S) by

1
hu(T, o | Y) =h,(T,a| 7~ (B(Y))) = lim ;Hﬂ(ag*‘ |7~ (BX)).  (2.6)

Moreover, we define the measurable conditional entropy of (X, T, i) with respect to (Y, S)
by

hu(T, X |Y)= sup hy(T,a | Y). 2.7)

aePyx

As in the topological case, when (Y, S) is a trivial system, we recover the metric entropy
of T with respect to p. In this case we omit the restriction on Y. For the classical theory
of measure-theoretical entropy see [Par, Wal], and, for the classical theory of topological
entropy see [DGS] and [Wal]. The variational principle for conditional entropy is stated
as follows.

THEOREM 2.1. (Variational principle of conditional entropy [LW, DS]) Let & : (X, T)
— (Y, S) be a factor map between TDS. Then for every p € M(X,T), hy (T, X | Y) <
hop(T, X | Y) and sup e pqox, 1) hu (T, X 1Y) = hiop(T, X | Y).

Remark. The classical variational principle follows from Theorem 2.1 by taking (Y, S) to
be the trivial system.
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Following the idea of Romagnoli [Rom], we define a new notion of p-measure
conditional theoretical entropy for covers, which extends definition (2.4) to covers.
It allows us to give a local version (for a fixed open cover Uf) of Theorem 2.1. Let & :
(X,T) = (¥, S) be a factor map and u € M(X). ForUd € Cx define

H,U|Y)= inf H,(a |7z 'BY)). (2.8)
aePyx,a>U
In particular, H,(« | ¥) = H (o | 7 'B(Y)) for « € Px. It is not hard to prove that
many of the properties of the conditional function H, (« | Y) are extended to H,, (U | ¥)
from partitions to covers; for details see [Rom].

We remark that if i/ = {Uy, ..., U,} with U; € B(X) and ;L(Ule Ui) = 1, then we

can define H, (U | Y) in the same way.

LEMMA 2.2. Letnw : (X,T) — (Y, S) be a factor map between TDS and i € M(X). If
U,V e Cx, then the following hold:

() 0<H,U|Y)=<logNU);

2) IfU =V then H,U|Y)> H,(V|Y);

3) HUVV|Y) < HuU | Y)+ Hy (V| Y);

4) H(T™'U|Y)= Hr,U|Y).

When u € M(X, T), one gets easily that H, (Z/{(’)1 -1 | Y) is a sub-additive function of
n € N from parts (3) and (4) of Lemma 2.2, and we may define the ©~-conditional entropy
of U with respect to (Y, S) as

_ T 1 n—1 _ 1 n—1
hM(T,U| Y)—nllr_{_loo;Hu(UO | Y)—;Izlfl';Hu(UO | Y). 2.9)

If (Y, ) is a trivial system, we write H, (U | Y) and h, (T, U | Y) by H,(U) and
h;(T, U) respectively. When U is a partition of X, h;(T, ULY)=nh,(T,U]|Y), which
implies that h, (T, X | Y) = supyecy b, (T, U | Y). In fact, we may get stronger results.

LEMMA 2.3. Letnw : (X, T) — (Y, S) be a factor map between TDS and u € M(X, T).
Then

1) h(T,X1Y)= SUPy/ecy h, (T.U|Y);

(2) h,(T,U1Y) < hop(T,U | Y) for eachUd € Cx.

Proof. (1) ForU € Cf(, let @ be the Borel partition generated by ¢/. Then o > U, and
hence h (T, X | Y) = hy(T,a | Y) > h;(T,Z/l | Y). This implies 7, (T, X | ¥) >
supyecy by (T, U | Y).

Conversely, for a Borel partition « = {Aj, A2, ..., Ax} of X and € > 0, we have the
following claim.

CLAIM. There exists an open cover U of X with k elements such that, for any finite
measurable partition B finer than U as a cover, Hy(a | B) < €.

Proof of the Claim. It is well known that there exists §; > O such that if 8 =
{C1, Ca, ..., Cy} is a measurable partition of X with k elements and Zf-‘zl W(A;AC)) <
81 then Hy(a | B) < e (see for example, [Wal, Lemma 4.15]). Since u is regular,
we can take closed subsets B; C A; with w(A; \ B;) < 81/(2k2), i =1,2,...,k.

https://doi.org/10.1017/5014338570500043X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570500043X

224 W. Huang et al

Let Bp = X \ Ule Bi. Then u(Bo) < 81/(2k). LetU; = BoU B, i = 1,2,...,k.
ThenU = {Uy, Us, ..., Ui} is an open cover of X.

Now for any finite measurable partition B finer than U/ as a cover, we can find a
measurable partition 8’ = {Cy, Ca, ..., Cy} satisfying that C; C U;, i = 1,2,...,k
and 8 > B’. Hence Hy (o | B) < Hy(a | B). Note that U; D C; D X\Uj;éi Uj = B;.

One has
81 81
<

31
w(CiAA;) < u(Ai \ Bi) + u(Bo) < % + TR

Hence Zle w(CiAB;) < 81 and Hy (o | B') < €. Thus H,(a | B) < €. This ends the
proof of the claim. a

Now for n € N and a finite measurable partition 8, > U(')' —1 since T! Bn = U for
0<i <n—1,onehas

Hy(e)™ | n7 ' BO)) < Hu(B | 77" BOY)) + Hyuloy ™' | B v r ' B(Y))
n—1
< Hu(Bo | w7 BO)) + Y Hyular | T'By)
=0
< Hy(By | T 'B(Y)) +ne (by claim).

This shows that Hy, (o) ' | 7~ 'B(Y)) < H,U~" | 77 'B(Y)) + ne. Hence
_ . 1 n—1 —1
hu(T o | Y) = lim —Huog ' |7 B(Y))

1
< lirnsup—HM(Z/{g_1 | 77 B(Y)) + €

n—+oo N

=h, (T, U|Y)+e=< sup h, (T, U|Y)+e.
UeCs

Since « and € are arbitrary, one has h, (T, X | Y) < SUPy/ecy, h, (T, U | Y). This ends the

proof of part (1).

(2) It is enough to show that for each V = {V, Va,..., Vi} € Cx there exists
n € Py finer than V such that H,(n | Y) < log N(V | Y) which implies H,(V | ¥) <
logN(V | Y).

Letu = fY iy dv(y) be the disintegration of y over v where v = . Foreachy € Y,
there exists Iy, C {1,..., k} with cardinality N(V | y) such that Ul-e,y Vi o 7w ().
Hence we can find yq,...,y; € Y such that for each y € Y, I, = I, for some
i€ {l.2.....s} Fori =1,...s define D; = {y €Y : py(Uje, Vs) = 1}
Then D; is measurable fori = 1,...,s andv({Jj_, D;) = 1.

Fixi € {I,...,s}. Assume Iy, = {k; < --- < ky} where t; = NV | yi).
Take ny, = {(Wi(yi), ..., W, ()} where Wi(y;) = Vi, Wai) = Vi, \ Vs -+ 1,
Wi, (i) = Vi, \U'Z] Vi, Forany y € Dy, since pu, (U'_; W, () = wy(Ujer,, Vi) =
1, ny; can be considered as a finite partition of 7~ 1(y) (mod iy) and

Hy, (1y,) <logt; <logN(V | Y). (2.10)
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Let G = Di\ U\ Dj.i = 1,2,....5s and A = X \ (U (7" n
Ui, W) Set A= An (vi\UZ} Vj),0 =1,2,.... k. Then put

n={x"NCHNWiOD),....,7 (C)NW, (), ...
]T_I(CS) m Wl(yS)a e 771_1(CS) m Wls(yS)7 A17 AZa A3a LR} Ak}'

Clearly, n is a finite measurable partition of X finer than V. Now for y € C;,i =
1,2,...,s, we have Hﬂy(n) = Hy, (my;) <log N(V | Y) by inequality (2.10). Hence

Hy(1]Y) = /Y Ho, () dv(y) = /  Hu(dv(y) < leg NV | 1),

i=1 >

This ends the proof of Lemma 2.3. g

Remark. When (Y, S) is a trivial system, the inequality h, (T, U) < hwop(T,U) can be
obtained easily by the fact that H, (o) < log || for o € Py, where |a] is the cardinality
of a.

For any 8 € Px and 6 € M(X) we define |Blg = |[{B € B : 6(B) > 0}|. Then in the
proof of Lemma 2.3 part (2), in fact we have obtained the following result.

COROLLARY 2.4. Let m : (X, T) — (Y, S) be a factor map between TDS and u €
MX,T). If u = fY wy dv(y) is the disintegration of p over v = mu, then for any
V € Cx, there exists n € Px such thatn >V and |n|,, < NV | Y) forv-a.e. y €Y.

By parts (1) and (2) of Lemma 2.3, we get easily the inequality stated in Theorem 2.1.
In fact we could show the following.

THEOREM 2.5. Letm : (X, T) — (Y, S) be a factor map between TDS. For everyU € C§
there exists p € M(X, T) such that hop(T,U | Y) = h;(T, uly).

Theorem 2.5 shows that hwp(T,U | Y) < sup, h,(T, X | Y). By taking the supremum
over all open covers in Theorem 2.5 and using Lemma 2.3, Theorem 2.1 is followed.
Moreover, Theorem 2.5 shows that if there exists i € C§ such that hqp(T,U | ¥V) =
hiop(T, X | Y), then there exists 4 € M(X, T) such that b, (T, X | Y) = heop(T, X | ¥).

We will delay the proof of Theorem 2.5 until §4. In the next section we will introduce
another new notion of w-measure conditional theoretical entropy for covers, then prove a
variational inequality of conditional entropy which parallels a result in [BGH]. Note that
the method we use is completely different from the one in [BGH], which is influenced
by [Mis1] and [DS]. Then we use the inequality to prove Theorem 2.5 in §4. Again the
method is different from the one used in [Rom].

3. Avariational inequality of conditional entropy for h;’;
Letm : (X, T) — (Y, S) be a factor map between TDS. Given u € M(X, T) andUf € Cx
define

(T, U Y) = Pinf uhM(T,oz | V). (3.1)

el X0z

If (Y, ) is a trivial system, we write 2 (T,U | Y) by ht(T,U). It is clear that
h;’[(T,Z/l | Y) > h;(T,Z/l | Y). Moreover, by Lemma 2.3 part (1), it is not hard to see
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that b, (T, X | Y) = SUPy/ecy, hj;(T, U | Y). In this section, we aim to show that, for a
given U € C$, there exists u € M(X, T) such that hj;(T, ULY) = hop(T,U|Y).
To start, we need several lemmas. The first lemma is an obvious fact.

LEMMA 3.1. Letw : (X, T) — (Y,S) and ¢ : (Z,R) — (X, T) be two factor maps
between TDS. If u € M(Z, R), v = pu, a € Px andU € C;’( then:

(1) hiop(R, 9™ ' U) | Y) = hiop(T, U | Y);

() hu(R, 97 @) | Y)=hy(T,a | Y).

The following lemma is well known.

LEMMA 3.2. Let (X, T) be a TDS, u € M(X) and @« € Px. If F1 C Fo C -+
is an increasing sequence of measurable sub-o-algebras with F, /' F (respectively,
F1 D F2 D --- is a decreasing sequence of measurable sub-o-algebras with F, \( F),
then Hy(a | Fn) \y Hy (o | F) (respectively, H, (o | Fn) 7 Hy(o | F)).

We also need the following lemma.

LEMMA 3.3. Let w : (X,T) — (Y,S) be a factor map between TDS and o« € Px.
Then the following hold:

(1)  The function He(a | Y) is concave on M(X);

(2)  The function he(T, o | Y) and he(T, X | Y) are affine on M(X, T).

Proof. (1) Take an increasing sequence of finite Borel partitions {8;} of Y with
lim;_, 4o diam(B;) = 0. Let u = av + (1 — a)n, where v, € M(X)and 0 < a < 1.
Using the concavity of ¢ () = —t logt, for each A, B € B(X) we have

¢<M(AﬂB)) . 1}(15’)45(\)(1403)>Jr(1 _a)n(B)qb(n(AﬂB))’

w(B) LB\ v wB\ 0B
ie.
w(AN B) V(AN B) n(AN B)
(3.2)
Now, for any 8 € Px using (3.2) we get
u(ANB)
H = —nw(ANB)log ———
(e | B) AE;E/S (AN B)log = s
v(AN B) n(ANB)
—av(ANB)log—— — (1 — AN B)log——
er;eﬁ av( ) log (B (I —a)n( ) log 7B
=aHy(a | pB)+ (A —a)Hy(a | B). (3.3)

In particular, replacing 8 by n_l(ﬁj) in inequality (3.3), letting j — 400 and using
Lemma 3.2 one has

Hu(e | Y) = aHy(e | V) + (1 —a)Hy(er | Y). (3.4)

This ends the proof of part (1).
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2)Letu =av+ (1 —a)n, where v,n € M(X,T) and 0 < a < 1. Using (3.3) we
have for each y, 8 € Py,

0<Hu(y | B)—aH(y | B)— (1 —a)Hy(y | B)
= (Hu(y v p) —aH,(y v ) — (1 —a)H,(y v B))
— (Hu(B) —aH,(B) — (1 —a)Hy(B))
<Hu(yvp) —aH,(y Vv p) ——-a)H,(y v p) (by(3.3)
<¢@a)+¢(l —a) (well known). 3.5)

In particular, replacing 8 by n_l(ﬁj) in inequality (3.5), letting j — 400 and using
Lemma 3.2 one has

O0<H,(y|Y)—aH)(y |Y)—(—-a)Hy(y |Y) < ¢(a) +¢( —a).

Hence 0 < Hy ()" 1Y) —aHy(af " 1Y) — (1 —a)Hy(e 7' | Y) < ¢p(a) + ¢(1 — a).
Thus
hy(T, o | Y) = ahy(T,a | Y) + (1 —a)hy(T,a | ¥), (3.6)

sothat w — h, (T, | Y) is affine.

Finally, take an increasing sequence of finite Borel partitions {c«;} of X with
diam(ej) — 0. Replacing o by o; in the equality (3.6), letting i — +00 one has
hy(T, X |Y) =ah(T, X | Y)+ (A —a)hy(T,X | YV),ie. w— h(T,X | Y)is
an affine map. O

A real-valued function f defined on a compact metric space Z is called upper semi-
continuous (for short u.s.c.) if one of the following equivalent conditions holds:
(A1) limsup,_, . f(z') < f(z) foreach z € Z;
(A2) foreachr € Rtheset{z € Z: f(z) > r}is closed.
By (A2), the infimum of any family of u.s.c. functions is again a u.s.c. one; both the sum
and supremum of finitely many u.s.c. functions are u.s.c. ones.

LEMMA 3.4. Letmw : (X, T) — (Y, S) be a factor map between TDS and o € Px whose
elements are clopen (closed and open) sets of X. Then:

(1)  He(a | Y)is au.s.c. function on M(X);

2) he(T,a | Y)is au.s.c. functionon M(X, T).

Proof. (1) To show that He(x | Y) is a u.s.c. function on M (X), it remains to show that,
foreach p € M(X), limsup,/_, , Hy (e | Y) < Hy(e | Y).

Fix © € M(X) and set v = mu. It is well known that for each n € N we can choose
Vn € Py satisfying
(i) diam(y,) < 1/nand
(i) v(@A)=0,forall A € y,.

Let B, = \/i_; ¥, n € N. Then {B,} is a sequence of partitions of ¥ with diam(B,) —
0 and v(0A) = 0, for all A € B,. Note that an~1(A) c 771 (8A) foreach A € Bn, and
uw@r1(A) < n(@~1(@A)) = v(dA) = 0 for each A € B,. Combining the above fact
and the assumption of «, one has that, for each n € N,

W is a continuous point of function He(« | ! (Br)) on M(X). 3.7
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Lete > 0. Since Hy (o | ¥V) = limy_ 400 Hy (o | 77 1(B,)), there exists M € N such that
Hy(a | n_l(,BM)) < Hy(a | Y) + €. Hence by (3.7) we get

limsup Hy (o | ¥) < limsup Hy (e | 7~ (By)) = Hule | 77 (Bu)) < Hule | Y) + €.
wWp W
Letting ¢ — 0 we finish the proof of (1).

(2) By (1), H.(oz(')“1 | Y) is also a u.s.c. function on M(X, T). Note that for
nweMX,T),h,(T,a |Y) = inf,,zl(l/n)HM(Ot(’;*1 | Y), i.e. the function he(T, ¢ | Y)
is the infimum of the family of u.s.c. functions (1/n) H, (0161_1 | Y)on M(X, T). By (A2),
he(T,a | Y) is au.s.c. functionon M(X, T). O

The following lemma plays a key role in our proof of the variational inequality of
conditional entropy for h;’[. Using it and following Misiurewicz’s idea, we can avoid
a similar combinatorial lemma in [BGH] and can prove the variational inequality of
conditional entropy stated in the beginning of this section.

LEMMA 3.5. Letmw : (X, T) — (Y, S) be a factor map between TDS, y € Y andU € C%.
Assume K € N and {oq}lK:1 is a finite sequence of partitions of X finer than U. Then for
each N € N, there exists a finite subset By C =\ (y) with cardinality [N(Z/lév_1 | ¥v)/K]
such that each atom of (oq)(])v_l contains at most one point of By for 1 <1 < K, where
[N(Z/{év_1 | v)/K1] is the integer part ofN(Z/{év_l | v)/K.

Proof. Let N € N. Forany x € P (y)and 1 <1 < K, let A;(x) be the atom of (ozl)(])v_l
containing x. Then for any x; and x3 in 71 (y)and 1 <[ < K, x1 and x; are contained
in the same atom of (oz;)(/)vf1 if and only if A;(x1) = A;(x2).

Let BI’V be a maximal subset of n’l(y) such that any atom of (ozl)(])V ~! contains
at most one point of BI’V for 1 <1 < K. We claim that the cardinality of BI’V is at
least [N(Z/{(;V*1 | ¥)/K]. Assume the contrary, i.e. By = {x1,...,x4} with d <
INU™" 1 3)/K].

Set By, = (Ufl:l Ulel Al(xi)) Nz~ !(y). Forany1 <i <dand1 <[ < K, A;(x;)
is an atom of (oq)(l)V _1, and thus is contained in an element of Z/lév -1 Particularly, By is
covered by at most dK < K[N(Z/lév_1 | v)/K] < N(Z/lév_1 | ¥) elements on/léV_l. Since
any subcover of Uév ~! Which covers 7! (v) has at least N (Z/lév -1 | ¥) elements, we have
7 () \ By # 0.

Choosing an arbitrary point x € 7~ (y)\ By, wehave x ¢ Ule Ulel A;(x;). Note that
forany 1l <i <dand1 <1 < K, Aj(x) # A;(x;). We conclude that B;V U {x} is also
a subset of 7 ~!(y) such that any atom of (oq)év_1 contains at most one point of By, U {x}
for1 <[ < K, a contradiction, as B]’V is maximal. Choosing By C B;V with cardinality
[N(Z/lév_1 | y)/K] we are done. O

Now, let us prove the variational inequality of conditional entropy for h;; stated before.

THEOREM 3.6. Let w : (X, T) — (Y, S) be a factor map between TDS and U € C%.
Then there exists i € M(X, T) such that h;;(T, ULY) = hop(T, U Y).

Proof. LetU = {Uy, Uy, ..., Uy}. Define

U'={laePx:a={A1, ..., Az},Vm e {l,...,d}, Ay C Up}. (3.8)
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Case 1. Assume first that X is zero-dimensional. The family of partitions finer than U,
consisting of clopen sets in /¥, is countable; let {oy : [ > 1} be an enumeration of this
family.

Fix n € N. By definition, there exists y, € Y such that N(Z/{(')’er”*1 | V) =
N(Z/l(')’2+"_1 | yu). By Lemma 3.5, there exists C, = B2 (T"U{T"a}},ya) C
771 (y,) with cardinality [N (Z/l,'l’2+”_1 | yn)/n] such that any atom of (oq):’lz"’"_l contains
at most one point of C,, for 1 <[ < n. Let v, be the equidistributed probability measure
on Cp,. Then foreach 0 < i,/ < n, every element of T*"((;q)gz*”*1 (finer than (Olz)f,er"*l)
contains at most one atom of the discrete measure v,. Since

2, _ 24, 24—
NUy " y) < NUGT Ty N L ya) < d" N1 ),
one has
N(u}l’lz*Fn*l | yn) Z dan(u(l)’lz‘l’n*l I yn) — dan(u(;lz*anl | Y)
Thus, for any 1 < i,/ < n we have
2, i 2,
Hyi, (g 7Y = Hy, (T () ™)
24, 2401
NU" +n—1 N U +n Y
= log Uy, | yn) > log (0 | )
n nd"

Since v, is supported by 7~ (y,), T'v, is supported by 71 (S'y,), for 1 <i,l < n we
have

nd"
Fix m € Nwithm < n, and let n2 +n = km + b, where 0 < b < m — 1. Then for
1 <i,l <n we have
r)

2
N un +n—1 Y
Hyi,, (@) 711 Y) = Hypa,, (@) ™71 2 1og[M]

24,
Hypi, () 771 Y)

k—1
24n—1 —mj -1
= Hpi,, <(a,)zm+" v \/ T ()

j=0
k=1
2 - —mj —
E HTiVn((al)Zm+n : I Y) + ZHTiUn(T m'l(al)g 1 I Y)
Jj=0

k—1

< Z Hyismiy, (()) " | Y) +mlogd (by Lemma 2.2 (1) and (4)).
j=0

Summingover ) <i <m — 1 foreach 1 <[ < n, we get

2
N(un +n—1 | Y) m—1 5 ~
mlOg[o,q#] <> Hpi, ()y 771 Y)
=0
m—1k—1
= Z ZHTHmjvn((Oll)f)"_l | Y) +m?logd
i=0 j=0
n24n—1
= Z HTiun((Oll)glfl | Y) 4+ m?logd.
i=0
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Put
n24n—1

1 .
= — TlU .
I’Li’l I’l2+}’l ; n

As H.((ozl)glf1 | Y) is concave on M (X) (Lemma 3.3 part (1)), we getforeach1 </ <n

m—1 1 ! m—1
Hy, (@)~ 1Y) = —— Y Hyiy ()]~ 1Y)
netn 5
m NUH )
> 2 +n log pym —mlogd ). 3.9

Suppose that p,, — w with p € M(X) in the weak*-topology, where ny — 00 as
k — oo. Clearly, u € M(X, T). Fixingm € N, we have

anrnkfl

og| Yo IO ea) hepTtt 7). (3u10)
nid"* P

lim —
k—o00 ny + ny

Since any element of (oz;)g'_l is clopen, by Lemma 3.4 (1), equation (3.10), and

replacing n by ny in the inequality (3.9) and letting k — 400, we get
1 _
—Hyu (g~ 1Y) = hop(T,U | V),

for any fixed positive integers /, m € N.

Now fixing / € N, and letting m — +o0, one gets h, (T, | Y) > hop(T, U | Y).
Since X is zero-dimensional, (o;);cN is dense in the collection of Borel partitions of X
satisfying (3.8) with respect to the distance associated with L' (). Hence

AP (T, U |Y)= inf h,(T,B|Y)=infh,(T, Y) > hioo(T,U | Y).
u( | Y) ,seﬁf,,s:u w(T,B1Y) inf w(Toap | Y) = hp( | Y)

This completes the proof of Case 1.

Case 2. This is the general case.

Let us recall a well-known fact (see e.g. [BGH]): there exist a TDS (Z, R) (where Z is
zero-dimensional) and a continuous surjective map ¢ : Z — X with pR = To.

Then by Lemma 3.1 and the above Case 1, there exists v € M(Z, R) such that
BER, @™ U 1Y) 2 hiop(R, 97 @U) | Y) = hiop(T,U | Y). Thatiis, hy(R, B | ¥) =
hwp(T,U | Y) for every Borel partition B of Z finer than ¢~ 'U). Let u = @v. Then for
any Borel partition o of X finer than I/, ¢! () is a Borel partition of Z finer than ¢~ (f).
By Lemma 3.1 we have h, (T, | Y) = hy(R, o Y @) | Y) > hwp(T,U | Y). Hence
hI(T, U|Y) = hop(T,U | Y). This completes the proof of the theorem. O

4. A local variational principle of conditional entropy for h;

In this section, we shall provide a proof of Theorem 2.5. First, we state some relations
between two kinds of measure conditional entropy of covers, then use the relations and
Theorem 3.6 to prove Theorem 2.5.
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LEMMA 4.1. Letmw : (X, T) — (Y, S) be a factor map between TDS and u € M(X, T).
Then for U € Cx, we have:

(1) o (UL Y) < hETU | Y);

Q) h(T.U|Y)= (/M) (T" U™ | Y) for each M € N;

(3)  h (T U|Y) =Ty oo (1/mRf (T U | Y.

Proof. Parts (1) and (2) are easy to prove. In the following we prove part (3). By parts (1)
and (2), we get that, forany M € N,

- | PV v
B (TUY) = by (T U] Y)

A

1 _ 1 _
Mh:[(TM,Ué” Ny < MH,L(Z/[é” Ly,
Now take the limit when M — +o00 to conclude argument. O

With the above preparation, now we prove Theorem 2.5.

Proof of Theorem 2.5. We follow the arguments in the proof of [HMRY, Theorem 4].
Letd = {Uy, Uy, ..., Uy}. Put

U =f{aePx:a=1{A1..., A, Ym e {l,....d}, Am C Un).

Case 1. Assume first that X is zero-dimensional. The family of partitions finer than U,
consisting of clopen sets in /*, is countable; let {o; : [ > 1} be an enumeration of this
family. Clearly, for any k € Nand u € M(X, T)

k—1
WY (T Uy~ | Y) = inf hM(Tk, \/ T ey ‘ Y). (4.1)

. k
sreN i=0

For any k € N and s; € N, set
1 k—1 )
M (k, sg) = {u € MX,T): vhy <T’<, \ T agq) ‘ Y)
i=0
1 _
> Lhop(T*, Uy ™ 1Y) = hiop(T, U | Y)}.

By Theorem 3.6 we know that there exists ux € M(X, T*) such that
RETS U™ 1Y) = hiop(TE U™ | Y).

Since \/i-‘;(} T~ g, ;) is finer than L{(l)‘fl for each s; € N¥, one has

k—1
iy <Tk’ \/ T a5,i)

i=0

Y) > hop(TE, US| 7). (4.2)

Let T’ﬁk = ukoT_i,i € N and

T T
= p .

Vk
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Then T ux € M(X, T*) foreachi € {0, 1, ...,k — 1} and vy € M(X, T). For s; € N¥
and j =1,2,...,k— 1, denote

Pjsk =sptk—j)sktk—j4+ 1D ...sktk— 1) sg(0)se (1) ...sk(k—j—1) € Nk,

J k—j
Set Posk = si. Itis easy to see thatfor j =0,1,2,...,k — 1

k—1 k—1
hei <Tk, \/ T~ g Y) = hy, <Tk, \ T apig ‘ Y) (by the definitions)
i=0

i=0
> hop(TE U 1Y) (by (4.2)).

Moreover by Lemma 3.3 part (2) for each s € Nk

k—1 k—1 k—1
. 1 B
I <Tk’ V T a0 Y) =7 > :hTfuk(Tk’ V T e ‘ Y)
i=0 i=0

i=0
> hop(T*, US| 1),

This implies vx € mskeNk Mk, s;). Write M (k) = mskeNk M (k, s;). Then M(k) is a
non-empty subset of M (X, T).

Since for every s; € N, \/f;& T_"(xsk(,-) is a clopen cover, hence the map u +—
hM(Tk, \/f‘;& T_iask(i) | Y) is a u.s.c. function from M(X, T¥) to R by Lemma 3.4
part (2). Since M(X,T) C M(X,T5), ho(T*, \/f;& T_iask(i) | Y) is also u.s.c. on
M(X, T). Therefore, M (k, s) is closed in M (X, T) for each s, € N¥. Thus M (k) is a
non-empty closed set of M(X, T).

Now we show that if k1, k2 € N with kq |k, then M (ko) C M (k). Let u € M (ky) and
k = ka/ky. For any sy, € Nkt Tet Sky = Sky - - Sk; € N 2, Then

1 ki—1 171 k—1 k-1
k —i kk —Jjk —i
k—th(T L\ T a6 ‘ Y) = k—l[%hM<T L\ TR\ Ty 6 ‘ Y)}
i=0 j=0 i=0
1 ko—1 )
= k—th<Tk2, \/ Ty 0) ‘ Y) > hiop(T, U | Y).
i=0

Hence € M(ky, sk,) for each s¢, € Nk, That is, u € M(ky). This shows that
M (ky) C M(ky).

Since M (k1) N M (kz) D M (kika) # ¢ for any ki, k2 € N, one has (o M (k) # 9.
Take u € mkeN M (k). For any k € N, by equation (4.1) one has

1 - ‘ 1 k—1 »
EhZ(Tk,Z/l(’)‘ My = inf, th<Tk, \ T ag0) ‘ Y) > hiop(T, U | Y).
sreN i=0

Moveover, by Lemma 4.1 part (3), one gets that
ho(T,U|Y)= lim 1h+(T’< U Y) > hiop(TLU | Y)
m ) - k00 k I s Yo — Ittop ) .

Following Lemma 2.3 part (2), we have h, (T, U |Y) = hop(T,U | Y). This completes
the proof of Case 1.
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Case 2. This is the general case.

First, there exists a zero-dimensional TDS (Z, R) and a factor map ¢ : (Z, R) —
(X,T). Let V = ¢~ 'U). One has hop(R,V | Y) = heop(T,U | Y) by Lemma 3.1
part (1). Using Case 1, we know that there is v € M(Z, R) for which h (R, V | ¥) =
hiop(R,V | Y). Let u = ¢v. Note that if N € N and 8 € Py is finer than Z/lév_l,
then ¢~ !(B) is a finite partition finer than Vév_l. Thus H, (B | Y) = Hy (o718 1Y) >
Hv(Vév_1 | Y). Hence HM(Z/{({V_l | Y) > Hv(Vév_l | Y) for each N € N. Thus we get

_ .1 N-1 N N-1
hp(TU 1Y) = Jim S H, @ 1Y) 2 lim - H, 0 1Y)
=h, R, V1Y) =hop(R,V|Y) =hop(T,UY) = h, (T, U]|Y).
This ends the proof of Theorem 2.5. a

5. Ergodic decompositions
In this section, we will give the ergodic decompositions of two kinds of measure
conditional entropy of covers. Consequently, we can strengthen Theorem 2.5 so that the
obtained measure is ergodic.

Let (X,T)beaTDS and u € M(X,T). Givena € Px, puta™ = \/°2, T '« and

n=1
af = :ﬁi oo I . The following lemma is a classical result in ergodic theory (see for

example [Par]).
LEMMA 5.1. (Pinsker formula) Let «, B € Px. Then
hu(T, v B) = hy(T, B) + Hu(a | B Va7).

LEMMA 5.2. Letnw : (X, T) — (Y, S) be a factor map between TDS, u € M(X, T) and
aePx. If u= fQ Ue dm(w) is the ergodic decomposition of W, then

hy(T,o|Y) :/ hy,(T,o | Y)dm(w) and h,(T|Y) =/ hy, (T |Y)dm(w).
Q Q

Proof. First, we take an increasing sequence of finite Borel partitions {8;} of ¥ with
lim;_, 4 oo diam(B;) = 0. Then using the Pinsker formula and the dominated convergence
theorem, we have

hy(T,a | Y) = Hy(a | o™ v 'B(Y))
= lim Hy(x|a™ v @ '
J—>00

= lim [h,(T,a v~ (B))) — hu(T, 71 (B)]

Jj—o0o

= lim Q[hM(T,avn*l(ﬁj))—hﬂm(r,nfl(ﬁ,-))]dm(w)

j—o0

= lim [ Hy, (a|a” V@ 'gnT)dmw)
J=70JQ

=/ lim H,, (¢ |a” Vv @ (BT dm(w)
Q

j—o0

=/ hy,(T,o | Y)dm(w).
Q
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Now we take an increasing sequence of finite Borel partitions y; of X such that
lim;_, 4 o diam(y;) = 0, then

hy(T1Y)= lim h,(T,y; |Y)
J—>00

= lim hyu,(T,yj1Y)dm(w)
Q

j—o0o
=/ lim h, (T,y; | Y)dm(w)
Qj—)OO

=/ hu, (T 1Y) dm(w). ad
Q

The proof of the following theorem follows the idea of the proof of Lemma 4.8 in
[HY2].
THEOREM 5.3. Letw : (X, T) — (Y, S) be a factor map between TDS, n € M(X,T)
andU € Cx. If u = fQ Ue dm(w) is the ergodic decomposition of u, then

hE(T U Y) =/ R (T,U | Y)dm(w)
Q

and
h;(T,L{ | Y) = / h;w(T,U | Y)dm(w).
Q

Proof. LetU = {Uy, U, ..., Uy} € Cx and define
U =laePx:a={A1, ..., Ay}, An CUn, Ym € {1,..., M}).

Since X is a compact metric space there exists a sequence of partitions (o : k € N) in U*
thatis L!(X, B(X), v)-dense in {* for every v € M(X, T). In particular, it holds that

forevery v e M(X, T), h (T, U |Y) = kinlghU(T, o | Y). (5.1
€

Write o = {A]f, R Aljw}, k € N. By Fatou’s lemma

hE(T, U Y) = inf hy (T, | Y)
keN

= inf/ hu,(T,or | Y)dm(w) (Lemma5.2)
keN Jqo

3/ inf hy, (T, o | Y)dm(w):/ hi (T U | Y)dm(w).
Q keN o ¢

This proves one inequality. To prove the other one, for every ¢ > O and n € N
define B, = {w € @ : hy, (T,a, | V) < h;“w(T,Z/l | Y) 4+ ¢}. By (5.1) we know
that m(QA Unen Bf;) = 0, so there exists a partition (2, : n € N) of Q with m(2,,) > 0,
and a sequence of partitions (ck, : n € N) such that for m-a.e. w € 2, and n € N one
has hy,, (T, o, | Y) < h;;w(T,U | Y) + ¢. Therefore, for every n € N we can define

Un € M(X, T) as
1

) /Qn e dm(w).

MUn =
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We deduce
1
m(£2)
1
<
m($2,)

hy, (T, ox,, | Y)

/ huo(T, ok, | Y)dm(w) (by Lemma 5.2)
Qﬂ

/h;; (T,U | Y)dm(w) + ¢.
Q, 7

Since {un}nen is mutually singular, there exists a family of Borel sets { X, },,en such that
pn(X) = 1 and pa(Xx) = O for k # n. For 1 < i < M define A; = [, (Xa N A"),
thena = {A,..., Ay} € U* and

RE(TUY) < hu(T,a | Y)

=" m(Qu)hy, (T.a | Y)  (by Lemma 3.3(2))
neN

= Zm(Qn)hun(T, akn | Y)
neN

sfh; (T, U | Y)dm(w) +&.
Q @

We conclude that 1 (T, U | Y) < [ hif (T, U | Y)dm(w).
Finally, using statement (2) of Lemma 4.1 we deduce

_ .1 _
h (T.U 1Y) = Tim ;h:[(T",L{g Yy

1
— lim —/ WY (" U V) dm(o)
Q

n—oon

1
=/Q lim —hf (7" U™ | Y) dm(w)

n—oo n
:/ h; (T, U | Y)dm(w). g
Q w

As a corollary of Theorem 2.5 and Theorem 5.3, we have the following result.

THEOREM 5.4. Letw : (X, T) — (Y, S) be a factor map between TDS. For everylU € C;’(
there exists i € M®(X, T) such that hyop(T,U | Y) = h, (T,U |'Y). Moreover,
hiop(T,U|Y)= max h, (T,U|Y)= max h (T,U|Y).
top( | Y) emax u( [Y) oA u( | Y)

Remark. Theorem 5.4 shows that if there exists i/ € C% such that h,(T,U | ¥V) =

hiop(T, X | Y), then there exists u € M®(X, T) such that b (T, X | ¥Y) = hop(T, X | ).

6. A local variational principle of conditional entropy for h;’;
Letw : (X,T) — (¥,S) be a factor map between TDS, u € M(X,T) and 4 € Cy.
In this section, we shall prove that /if (T,U | Y) < hop(T,U | Y) and k¥ (T,U | Y) =
h, (T, U | Y) for each u € M(X, T). Note that the first inequality was proved in [GW]
when (Y, §) is trivial.

The following is the well-known Rohlin lemma (see [Gla] for more details and see
[GW] for a universal version of it).
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LEMMA 6.1. (Rohlin’s lemma) Let (X,T) be a TDS and © € M°(X,T). Suppose
is non-atomic (i.e. u({x}) = 0 for each x € X). Then given any N € N and ¢ > 0,
there exists a Borel subset D of X such that D, T D, ..., TN~!D are pairwise disjoint and
;L(va:?)l T'D) > 1—e.

With the help of Lemma 6.1 and Theorem 3.6, we have our next theorem.

THEOREM 6.2. Letw : (X, T) — (Y, S) be a factor map between TDS, u € M(X,T)
andU € Cx. Then hl";(T, UIY) < hop(T,U | Y), and thus when U € C%,
max Al (T,U|Y) = hop(T,U | Y).
Lmax UL Y) = hop(T U )
Proof. We follow the ideas in [GW]. By Theorem 5.3, it remains to show that
hI(T, U 1Y) < hop(T,U | Y) for all non-atomic measures . € M¢(X, T). Now let u €
ME(X, T) and u be non-atomic. Thenv = 7 € M(Y, S). LetU = {Uy, Ua, ..., Ui}
Choose for € > 0 an integer N large enough so that

1 1 1 1
NUYT" 1Y) < oNbooTUNFO - gng <1 - N) 10g<1 - N) - ylog— <e

(6.1)
Take small enough 1 > § > 0 such that

2+/8logk < €. 6.2)

Applying Lemma 6.1 to u, we can find a Borel subset D of X such that
D,TD,...,TN='D are pairwise disjoint and M(UlN:Bl T'D) > 1 —34. Letu =
fY My dv(y) be the disintegration of u with respect to v. By Corollary 2.4, we can take
B> Uévfl a partition of X such that [B],, < N(Z/lévf1 | Y) forv-ae.yeY.

Consider the partition 8p = {B N D : B € B} of D. Then each element P € Bp has
the form P = Py ;,...iv., © (ﬂ?:ol T Uij) N D. Next use the partition Sp to define
a partition « = {A; : i = 1,..., k} of X by assigning to the set A; all sets of the form
T/ Pig.iy,....ix_; Whereij =i (j can be any number in [0, N — 1]). On the remainder of the
space o can be taken to be any partition refining U. For y’ € Px and R C X, we define
yNR={ANR:A €y and AN R # @}. From the construction of ¢, it is easy to see
that oz(])V 'np= Bp. Moreover,

)™ N DIy = 1Boly < 1Bluy = NUG™" | V) forvae. y ey, (63)

Now, we verify that & (T.U | Y) < hiop(T.U | ¥) +3e. Let E = X' T'D,
then £(E) > 1 —6. Fixann > N, let f,(x) = (1/n) Y723 1g(T'x) and let
G,={xeX: fu(x)>1—+/8}. Since

1w(Gn) + (1 = V&)1 — w(Gn)) Z/G fn(x)du(x)+/\G Jn(x)dp(x)
n X n

=/xfn(X)d/L(X)
= u(E) > 1-34,
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one has

w(Gp) > 1 — /6. 6.4)
Foreachx € G,, let S,(x) = {i € {0,1,....,n — 1} : T'x € D} and U, (x) = {i €
{0,1,...,n — 1} : Tix € E}. Note that forany x € X andi € Z, if T'x € E then there
exists j € {0, 1,..., N — 1} such that 7"~/x € D. Using this fact, it is not hard to see that
for each x € G,,, one has

N-1
Un(0) € [ J S+ Huto 1,...,N =1},
j=0
Since for each x € G, |U,(x)| = 7;(} 1£(T'x) > n(l —+/8), we have |{0, 1, ...,

n—1}\Uy(x)| < n+/3. Therefore, for each x € G, one gets
N-1
‘{0117"'7’1_1}\ (Sn(x)‘i‘j)‘
j=0

<HO,LI,....N=1}U{0,1,...,n— 1} \ Up(x))|
<nv8+N. (6.5)
Now let 7, = {S,(x) : x € G,}. Since foreach F € F,, FN(F +1i) = 0,i =
I,...,N —1,onehas |F| < (n/N)+ 1. Putting a, = [n/N] + 1, then we have
n ! n! n!

F.| < <a <n .
| "|_;j!(n—j)!_ Tat(n—ap)! T ap! (n —ap)!

By Stirling’s formulation and the latter inequality in (6.1), one has
. 1 n! 1 1 1 1
lim —logln— )| =—(1——=)log|l — =) — =log— <e.
n—+o0o n a,! (n —ay)! N N N N
Hence we have

1 1 !
limsup — log(|Fx| + 1) < lim —log<nn7 n 1) <e (6.6)
n n—+oon

n—00 ay! (n — ay)!

For each F € F,, let B = {x € G, : Sy(x) = F}. Clearly, {Br}rez, forms a partition
of G,,.

For F € Fplet F={s; <52 <--- <syand Hp = {0,...,n — 1}\ UM, (F +0).
Then! < (n/N) + 1, |Hr| < nv/8 + N (see (6.5)) and for v-ae. y € Y

—1
|05(')l N BFluy

1
T35~ 'nD)v T "o
0

Jj=1 reHp

=

l
<as Br C G, N ﬂ TS D)
My

j=1

:lN

=

1T~ ()™ D)y ] 1Tty
1 reHp

~.
I

Il
:lN

N—-1
g~ O Dl [T 1l

j=I reHp
SNUYT I EEF (by (6.3))
< kn\/g+N (N(ué\/—l I Y))n/N+1. (67)
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Put b, = K™VHN (N@UY ' | ¥))"/N+1 and ¢ (1) = —1 log1, then we have
Hu(e) ' NBp | Y) =/YHMy(ag—1 N Br) dv(y)
< /Y iy (Br)(og ot~ 0 B, — log 11y (BF)) dv(y)
< /Y/Ly(BF)(IOg bp —log uy(Br)) dv(y) (by (6.7))

= u(BF)logb, +/y¢(My(BF))dV(y)~ (6.8)
Similarly, one has
HM(OtS_l NX\Gp) |Y) < u(X\ Gn)loglotg_ll +/y¢(My(X \ Gn))dv(y). (6.9)

Let y = {Br}rer, U{X \ G,}. Combining (6.8) and (6.9), one gets
Hu(og ' 1Y) < Hulog ' vy | Y)

= Y Hule} ' NBr|Y)+ Hu(ag ' N(X\Gn) | Y)
FeF,

< (Gn) loghy + w(X \ Gu) loglaf ™!

+ ﬁ Hy (y)dv(y) (by (6.8)and (6.9))

§logbn+\/§nlogk+/ log |y |dv(y)
Y

= logb, + Vénlogk + log(|Fy| + 1). (6.10)
Finally, one has
hf{(T,U | Y) <h,(T,alY)

1
= lim —H, ()" | Y)

n—oon

1
< limsup —(log b, + log(|F,| + 1)) + «/glogk (by (6.10))

n—oo N

1
= lim sup — (log(l}'nl + 1)+ (nv/8 + N)logk

n— oo

+ <% " 1) log N@UY ! | Y)) + V3 logk

1 1
= lim sup — log | F,| + I logN(Z/{éV*1 | Y)+ 2\/glogk

n—oo N

1
< ﬁlogzv(uoN*‘ | Y) 4+ 2¢ (by (6.2) and (6.6))
< hiop(T,U | Y) + 3¢ (by (6.1)).

Since € > 0 is arbitrary, one has h;’[(T, U 1Y) < hop(T,U | Y). This completes the proof
of Theorem 6.2. O

https://doi.org/10.1017/5014338570500043X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570500043X

A local variational principle 239

In the following, we prove that hj;(T, uly)= h, (T, U | Y) for any given factor map
T: X, T) > (¥,9), u € M(X,T) and U € Cx. Given two measurable covers U =
(Ui, U, ..., Uy} and V = {Vi, Va, ..., Vi), we set wUAV) = XM u(UnAVi).
The proof of the following lemma is completely similar to that of in [HMRY, Lemma 9].

LEMMA 6.3. Letrw : (X, T) — (Y, S) be a factor map between TDS. For every M > 1,
for every e > 0, there exists § = §(M, €) > O such that for all M -set measurable covers of
X, U={U,Us,....Uy}tandV = {V1, Vo, ..., Viy} satisfying u(UAV) < &, one has
WU, T|Y) =k, T|Y)| <e.

When a TDS is uniquely ergodic we have the following result.

THEOREM 6.4. Let w : (X, T) — (Y, S) be a factor map between TDS. If (X, T) is
uniquely ergodic, then:

(1) foreachU € C%, h, (T, U|Y)= hI(T,L{ |Y) =hop(T, U Y);

(2) foreachV € Cx, h (T, V|Y) = hlj‘(T, VI0Y).

Proof. (1) This is a direct consequence of Theorems 2.5 and 6.2.
(2) Fix V € Cx and € > 0. Put R = |V|. By Lemma 6.3, there exists §; > 0 such that
for every U; € Cx with |U1| = R, when (U1 AV) < §1 one has

RET,V|Y) BT U | Y) +e. (6.11)

Using Lemma 4.1 part (3), there exists M € N such that
_ £
h+(TM \/ T~ mv‘ ) <h,(T,V| Y)+§. (6.12)

By Lemma 6.3, there exists 8, > 0 such that for every U» € Cx with |U| = RM gsuch that
JTX(Z57AN \/M Lr- ™))y < §, one has

M—1
h+(TM U | Y) < —h+<Tm \/ T~ mv‘ ) + < (6.13)
m=0 2
Now we consider a cover U of X made of open sets with [(/|] = R such that
wUAV) < min{81, 82/RM}. From equation (6.11), we get
KT VIY)<hi(T.U|Y)+e. (6.14)

For measurable sets Ay, Az, By and B> one has pu((A; N A2)A(B;1 N By)) <
W(A1ABy) 4+ n(A2AB3). Thus we have

M—1 M—1
u( \/ 77"va\/ Tmu) < RMuwaAlU) < 8.

m=0 m=0

Now from equations (6.12) and (6.13)

1 M=l €
+ M M m -
MhM<T \/Tmu‘ ) (T \/ 17° W‘ )+§§hM(T,V|Y)+e.

m=0
(6.15)
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Therefore, from equations (6.14) and (6.15) and Lemma 4.1
RET, V| Y) BT, U|Y) + €
= (T, U V) +e (by (1)
I _ _
= MhM(TM,Z/lé” Yy)+e

1
(TM M1|Y)+6

/\

< h;(T, V1Y)+2 (by(6.19)).
Since € is arbitrary, one has hlJ[(T, VI Y) = h;(T, V| Y), completing the proof. d
Now we are ready to show the following theorem.

THEOREM 6.5. Letw : (X, T) — (Y, S) be a factor map between TDS, n € M(X, T)
andU € Cx. Then
hE(T U Y) =h (T,U|Y).

Proof. By Theorem 5.3 it is enough to consider an ergodic measure p. Let v = 7 o w.
By the relative Jewett—Krieger theorem [Wei], there exists a unique ergodic model 7 :
(3(\, /f n) — (? § Mofm: (X, T u) — (Y, S, v), i.e. there ex1st measure- -theoretical
isomorphisms ¢ : (X, T, u) — (X T ) and ¥ : (Y,S,v) — (Y S D) such that the

diagram
¢ S o~
(¥.5,v) —— (? 5.9)
is commutative. Then
W (T, U Y) = hz (T, ¢U) | 7). (6.16)
By Theorem 6.4
5T | 9) = k(T | ). 6.17)

Therefore, from equations (6.16) and (6.17) we obtain h, (T, uly)= hl“;(T, uly). O
Remark. By Theorem 6.5, we can define h, (T, U | Y) = ht(T, U |Y). Clearly,

M—1
h(T, U | Y) = —hM(TM \/ 17° 'u‘ )

i=0
foreach M € N.
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A. Appendix
In this section we shall prove a stronger version of Theorem 6.2.

Let X be a compact metric space. A subset A C X is called universal measurable if,
for any u € M(X), A is u-measurable, i.e. there are a Borel set A’ and a j-zero measure
set B with A = A’AB.

A universal measurable cover of X is a finite family of universal measurable subsets
of X, whose union is X. A universal measurable partition of X is a universal measurable
cover of X whose elements are pairwise disjoint. Denote the set of universal measurable
partitions by P%, and the set of universal measurable covers by C¥.

Letw : (X,T) — (¥, S) be a factor map and u € M(X, T). ForU € Cy, it is easy to
see that

h(T,U1Y) = ae??i;?,fazuh“(T’a | Y). (A.1)
LEMMA A.l1. Let m : (X,T) — (Y, S) be a factor map between TDS. Then for any
V € Cx, there exists n € Py such thatn > Vand N(n | Y) < N(V | Y). Particularly,
when 'V € C%, we can require that n € Py.

Proof. LetV = {V, Vo,..., Vidandl = NV | Y). Let F = {{iy,i2,..., 0} : 1 <iy <
ip < -+ < iy <k}. ForI = {iy,ip,...,i;} € F, denote Y; = {y eyY: rr_l(y) C
Uie[ Vi}. AsY; =Y \rr(X \ Uie[ V,-), we have Y; is universal measurable, since the
image of a Borel set of X under 7 is universal measurable (when V € C%,, Y; is a Borel set
of Y). Then we define 8; = {V,-,, Vi, \ Vi, .-, Vi \ (Ulj;l1 V,-].)}, and one has |8/] < [.

Let F = {I1,Io,..., I}, where r = C}. Set Y(1) = Y;,, Y(2) = Y, \ Yiy....,
Y(r)y=Y1 \ (U;;ll Y]j.). Clearly, Y(j), j =1, ..., r,is a universal measurable set of Y.
Putn; = B, N 7~ 1(Y(j)), and note that each element of n;j is universal measurable, since
the pre-image of a universal measurable set of Y is universal measurable.

Since J—; Y(j) = Uj=, Y1; = Y, we have n = | Jj_; n; € P§ and n > V (when
V € C%, n € Px). By the construction of n, foreach y € Y, thereis j € {1,2,...,r} such
that y € Y (j). Therefore

O~ Wl =y Nx Ol < Injl < 1B, 1 < NOV | Y).
This ends the proof. a

The following is a universal version of the Rohlin lemma (see [GW] for a proof).

LEMMA A.2. (Rohlin’s lemma) Let (X, T) be a TDS. Then for any given N € N and
€ > 0, there exists a Borel subset D of X such that D, TD, ..., TN-1D are pairwise
disjoint and ,u( U,N:Bl TiD) > 1 — € for any non-atomic u € M*(X, T).

Now we are ready to strengthen Theorem 6.2.

THEOREM A.3. Let w : (X,T) — (Y, S) be a factor map between TDS and U € Cyx.
Then infaep;«(,aiu sup e mx, 1y (T o | Y) < hiop(T, U | Y), and when U € Cy

inf sup  hu(T,a|Y) = hep(T,U | Y).
O‘E,PXW‘EMMEM(X,T)
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Proof. Choose for € > 0 an integer N large enough so that

1 1 1 1
NUY | Y) < 2N UINTE) gpg — <1 — N) log<1 - N) —yley <e

Take small enough 1 > § > 0 such that
28 logk < €. (A.2)

Applying Lemma A.2, we can find a Borel subset D of X suchthat D, TD, ..., TN='D
are pairwise disjoint and ;L(va:?)l TiD) > 1 — § for any non-atomic u € M (X, T).
By Lemma A.2, we can take 8 > Uév ~1 4 universal measurable partition of X such that
BN7~ (y)| < N(Z/lév_1 | Y) fory € Y (when U € C%, we can require 8 € Py).

Consider the partition Bp = {B N D : B € B} of D. Then each element P € Bp has
the form P = Piyi;....iy, © (ﬂ?’;ol T Ui;) N D. Next use the partition Sp to define
a universal measurable partition « = {A; : i = 1,..., k} of X by assigning to the set A;
all sets of the form TJ'P,-O,,-I,,,.,,-Ml where i; = i (j can be any number in [0, N — 1]).
On the remainder of the space « can be taken to be any partition refining /. We need to
mention that when U € C%, we can require o« € Py. For y’ € Px and R C X, we define
yNR={ANR: A€y and AN R # @#}. From the construction of «, it is easy to see
that oz(])V 'np= Bp. Moreover,

ld "Nt =1Bp N WM< BN DI < NUY T 1Y) foryevy.
(A.3)
Now, following the proof in Theorem 6.2, we have that h,(T,o0 | Y) <
hiwop(T,U | Y) + 3e for all non-atomic measures i € M¢(X,T). By Theorem 5.3, we
have h, (T, o | Y) < hiop(T, U | Y) + 3€ for all u € M(X, T). Since € is arbitrary, this
finishes the proof of Theorem A.3. g
Note that a TDS (X, T) is transitive if there is x € X such that {x, Tx, T2x, .. .}is
dense in X. To end the section, we now prove the following very general result concerning
the entropy of closed covers. In particular, for any non-periodic transitive system (X, T)
with zero entropy, (1.4) is false even for some finite closed cover I/ of X.

PROPOSITION A.4. Let (X, T) be a non-periodic transitive system. Then for any 1 > € >
0and N € Nwith N > 2, there exists a closed coverU = {A1, Az, ..., AN} of X such
that hyop(T,U) > (1 — €)log N.

Proof. We just prove the case of N = 2; it works similarly for the general case. Let u €
M(X, T). Then for any transitive point x of (X, T'), u({x}) = 0, since (X, T) is non-
periodic. Hence there exist two non-empty open subsets U, UZ1 such that U 11 N UZ1 =0
and u(cl(U] UU,)) < €/2. Put Vi = X \ cl(U} UU,).
For N; € N large enough, since
Ni—1

1 .
-/Xﬁl(g lvl(T’x)> du(x) = (V) > 1 — ;

there exists x| € X with

1Nl . €
— 1y (T 1 ——.
N(z " xl>)> ‘
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Let Ay ={n e€Zy :n < Ny —1and T"x; € Vi}. Then one has

| A > (1 — %)Nl and xp € ﬂ T7"Vy # 0,
ne A,

and so we can choose for each s € {1, 2}“41 a transitive point x; € mneA. T "V} such that
Tixy # TJx;, whens,t € {1,2/ andi, j € {0, 1, ..., Ni — 1} with (i, ) # (j, 1).

Now foreachn € Aj ands € {I, 2}“41, take an open neighborhood U, s of the transitive
point T"x such that cl(U, ) € Vi and U, s N Up,; = @ when s,t € {1, 2}“4l and
n,m € Ay with (n, s) # (m, t). Since u({T"x;}) = 0, we can require that

M( U Cl(Un,s)) < 2

neA;,se{l,2}41

Let

v2=v1\< U cl(Un,S)).

neA;,se{l,2}41

Then V5 is open and (V) > 1 — 3€/4. Take

Ui=U}U U Ups, j=1,2.
neA;,se{l,2}A1:s(n)=j

Then Ulz, U22 are open with UlzﬁUz2 =0, Vzﬂ(UIZUUzz) = () and foreach s € {1, 2}“41,

X5 € ﬂ T_"Usz(n) # 0.
nE.A|

For V,, repeating the same process, we obtain some N, > Nj large enough and A, C
{0,1,..., No — 1} with |4z > (1 — 3€/4) N>, and two open subsets U} D UZ, U3 D U?
and an open subset V3 such that U13 N U23 =0, uVz) >1—-"7¢/8, V3N (U13 U U23) =0
and for any s € {1, 2}“42,

() 77U}, #9.
nE.Az

Doing induction for each k > 3, we can obtain some N; > Ny_; large enough and
Ac € {0,1,..., Ny — 1} with |4x] > (1 — 2F — 1)e/2%) Ny, and two open subsets
U{"H D U{‘, Ué"“ ) Ué‘ and an open subset Viyi such that U{‘H N Ué"“ = 0,
1t(Vigr) > 1— QM1 — De/2M4 Vi n(UFT U UST) = Band forany s € (1, 2},

—nyrk+1
() 77Ul #9.
ne Ay

PutU; = Ufil Uj.,j = 1,2, then Uy, U, are open and U1 N U, = @J. Moreover, for
eachk € Nands € {1, Z}Ak,

() T7"Usy 2 [ TTULE # 9.
neAg neAg
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Now define the closed cover of X by i = {X \ Uy, X \ Uz}. One has

1 _
hiop(T, U) = lim VlogN(Z/lévk h

k—o00 INf
1
> liminf — log N T7"U
> i s v(  7u)
neAg
1
= lim inf — log(2M4!
jmint 37 log2 )
> (1 —¢€)log2.
This finishes the proof of Proposition A.4. a
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