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We consider a model for a multivariate time series where the conditional covari-
ance matrix is a function of a finite-dimensional parameter and the innovation
distribution is nonparametric. The semiparametric lower bound for the estimation
of the euclidean parameter is characterized, and it is shown that adaptive estima-
tion without reparametrization is not possible. Based on a consistent first-stage
estimator (such as quasi maximum likelihood), we propose a semiparametric esti-
mator that estimates the efficient influence function using kernel estimators. We
state conditions under which the estimator attains the semiparametric lower bound.
For particular models such as the constant conditional correlation model, adap-
tive estimation of the dynamic part of the model is shown to be possible. To avoid
the curse of dimensionality one can, e.g., restrict the multivariate density to the
class of spherical distributions, for which we also derive the semiparametric effi-
ciency bound and an estimator that attains this bound. A simulation experiment
demonstrates the efficiency gain of the proposed estimator compared with quasi
maximum likelihood estimation.

1. INTRODUCTION

Modeling correlations of multivariate financial time series has attracted con-
siderable interest recently, as computing power more and more enables the
researcher to model large covariance matrices in flexible ways. For example,
two quite general, nonnested classes of models are the so-called VEC GARCH
model described by Engle and Kroner (1995) and the dynamic conditional cor-
relation (DCC) model of Engle (2002), including extensions allowing, e.g.,
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for asymmetries analogous to the univariate generalized autoregressive condi-
tional heteroskedasticity (GARCH) literature. For a comparison and other mod-
els, see the survey by Bauwens, Laurent, and Rombouts (2006).

In this paper we assume that the functional form of the conditional covari-
ance matrix is parametrically specified without restricting attention to specific
models such as the DCC model. Our main interest is the estimation of the
parameter that characterizes the conditional covariance matrix. Estimation by
maximum likelihood is straightforward if one supposes a specific parametric
distribution of the innovations. However, the choice of this distribution can be
quite problematic. Usually one assumes normality, which provides the so-called
quasi maximum likelihood estimator. It is now well known that quasi maxi-
mum likelihood estimation (QMLE) is consistent under quite general condi-
tions, even if the true underlying distribution is not normal; see, e.g., Bollerslev
and Wooldridge (1992) and Jeantheau (1998). However, in the case of mis-
specification there may be a substantial efficiency loss of QMLE compared
with the correctly specified maximum likelihood estimator (MLE). On the other
hand, assuming a nonnormal distribution entails the risk of inconsistent param-
eter estimation if the distribution is misspecified.

We follow a nonparametric approach by letting the data determine the distri-
bution of the innovations. With the typically large data sets in finance we would
expect to obtain density estimates that are sufficiently close to the true distri-
bution of the innovations. As our model consists of a finite-dimensional param-
eter describing the volatility and correlation dynamics and an infinite-dimensional
parameter describing the innovation distribution, it may be called semiparamet-
ric (SP) as in Engle and Gonzalez-Rivera (1991), who consider univariate
GARCH models.

The SP approach is typically more efficient than QMLE. The case where SP
estimators are asymptotically as efficient as MLEs where the true distribution
is known is usually referred to as adaptivity. For example, in a univariate frame-
work, adaptive estimation of autoregressive moving average (ARMA) models
has been treated by Kreiss (1987). Often, parameters describing the autoregres-
sive dynamics of a model can be estimated adaptively, whereas scale param-
eters cannot. For univariate GARCH models, Linton (1993) and Drost and
Klaassen (1997) show that adaptive estimators of the autoregressive param-
eters can be constructed by reparameterizing the volatility process. As we want
the model to be sufficiently general, the best we can do is to construct estima-
tors that achieve the SP lower bound. We show that the SP lower bound is in
general different from the parametric lower bound, so that adaptive estimation
of the parameter vector is not possible. However, for particular models such as
the constant conditional correlation (CCC) model of Bollerslev (1990), adap-
tive estimation of the part of the parameter vector that describes the dynamics
of volatilities is possible.

To facilitate the applicability of the model, one can, e.g., assume a priori that
the innovation distribution belongs to the class of spherical distributions. This
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bears the important advantage that a nonparametric estimator of the innovation
distribution can be constructed in such a way that it has the univariate conver-
gence rate. Hence, there is no “curse of dimensionality” and the proposed pro-
cedure can be applied to high-dimensional systems, if sufficient structure is put
on the multivariate volatility model to keep the number of parameters under
control. Of course, restricting the class of distributions increases the lower bound
of the SP estimator, but it will remain more efficient than QMLE. The idea of
considering efficiency within the class of spherical (or elliptical) distributions
has also been used in Brown and Hodgson (2004) in the context of simulta-
neous dynamic nonlinear equations. In a simulation study using a multivariate ¢
distribution, we show that there are substantial efficiency gains of SP estima-
tion over QMLE.

The paper is organized as follows. First, the model framework and the tradi-
tional estimation method are introduced. The third section discusses the SP lower
bounds and shows the properties of SP estimators. In the fourth section a sim-
ulation study is provided, and Section 5 concludes. Appendix A contains index
set definitions that are used in the proofs of Lemmas 1 and 2. All lemmas are
collected in Appendix B, and the proofs of the propositions are in Appendix C.

2. THE MODEL AND ASSUMPTIONS

Consider a vector stochastic process {¢;,t € N, g, € RV} and assume that &,
has the properties of a conditionally heteroskedastic error term, i.e., mean zero
and serially uncorrelated. Our basic model can be written as

& = H,(0)v,, 1)

where H,(6) is an N X N matrix of full rank depending on a finite-dimensional
parameter # € ® C RX and where {v,} is independent and identically distrib-
uted (i.i.d.) with E[v,] = 0 and E[v,v]] = Iy. Let F, = o (&;,&,_1,...,&;) and
assume that H,(0) is F,_;-measurable. The model implies that the covariance
matrix of g, conditional on F,_, is given by X,(0) = H,(6)H,(6)’', which is
symmetric. It is of full rank because H,(6) is of full rank. This also implies that
3,(0) is positive definite. Occasionally, we will suppress the dependence of H,
and 3, on 6 for notational convenience.

Multivariate volatility models either specify H, directly or, more commonly,
they specify 3, and say how H, is defined as a function of ,. Often, H, will be
assumed to be symmetric, in which case a definition of the matrix square root
can be employed. For example, using the decomposition %, = I; A, I; where the
columns of T contain the eigenvectors of 3, and A, is diagonal with the (pos-
itive) eigenvalues on its diagonal, then H, could be defined as

H,=T,AVT. )
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Note that H, in (2) is symmetric and positive definite. In general, however, we
impose neither symmetry nor positive definiteness. The benefit of this general-
ity will become obvious later. In the following discussion we make assump-
tions about the innovation term v,, where we denote by Iy the identity matrix
of dimension N.

Assumption 1. The stochastic error {v,} is an i.i.d. sequence with E[v,] = 0,
E[v,v/] = Iy, and E[|v,|*] < oo, where |- | denotes the euclidean norm.

Note that Assumption 1 excludes, e.g., a multivariate ¢ distribution with four
or less degrees of freedom. The assumption of finite fourth moments of v, does
not restrict g, to have finite fourth moments. However, to prove consistency
and asymptotic normality of estimators such as the quasi maximum likelihood
estimator one typically needs higher moment conditions for &, also. Next we
make assumptions about the distribution of v,.

DEFINITION 1. Let D denote the class of absolutely continuous N-variate
density functions g such that Vx € RV:g(x) >0, [xg(x)dx =0, [xx'g(x) dx =
Iy, and M, < co, where M, is the Fisher information for scale, i.e., M, =
J () (x)'g(x) dx < oo, and

dlog g(x) ,>
— QX

ox

P(x) = —vec <IN + 3)

is the score vector with respect to the scale parameters.

Absolute continuity of g with respect to the Lebesgue measure is defined as
the total differential of g being finite almost everywhere on its support.

Assumption 2. Let v, have density function g € D.

The assumption of a finite Fisher information for scale is standard in the
literature on SP scale models; see, e.g., Linton (1993) and Drost and Klaassen
(1997). Note that g is not required to be in a parametric class of densities. Model
(1) can now be characterized as a set of probability measures P = {P,:
0 € O,g € D}. Assume that the true parameter 6, converges to some fixed
0y € int(0) and that the true density g, € D. Let Py = Py, and denote by E,
the expectation under P,,.

Next, we summarize regularity conditions that are used by Jeantheau (1998)
and Comte and Lieberman (2003) to show consistency of quasi maximum like-
lihood estimators.

Assumption 3. We assume the following conditions for all g(v,) € D.

(a) O is compact.

(b) V6, € 0, model (1) admits a unique strictly stationary and ergodic solu-
tion with stationary distribution given by P,. The initial value H,(0) is
drawn from P,.
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(c) There exists a deterministic constant ¢ > 0 such that V¢, V6 € 0O,
det3,(0) = c.

(d) V6, € 0, Ey[|log(det=,(0y))]] < co.

(e) The model is identifiable.

(f) H,(0) is a Py-a.s. continuous function of 6.

Note that because of the generality of our model, the conditions of Assump-
tion 3 are necessarily high level and therefore possibly difficult to check. For
the BEKK model' proposed by Engle and Kroner (1995), Comte and Lieber-
man (2003) give simple conditions under which Assumption 3 holds.

Several specifications have been proposed for H, or 3,; see Bauwens et al.
(2006) for a survey. Our results concerning SP estimation of 6 are sufficiently
general to be applicable to any such specification as long as the regularity con-
ditions of Assumption 3 hold. However, in our simulation study of Section 4
we will work with the so-called vector error correction (VEC) representation
of a multivariate GARCH( p,¢) model, which is given by

q )4
vech(3,) = w + D, A, vech(e,_;e/_,) + 2, B;vech(2,_;), 4

i=1 J=1

where A; and B; are N* X N* parameter matrices and w is an N* parameter
vector with N* = N(N + 1)/2. If one imposes restrictions on the parameters w,
A;, and B; that guarantee positive definite %,, such as the BEKK model of Engle
and Kroner (1995), then a sufficient condition for stationarity of &, is that the
eigenvalues of 27| A, + Zf 1 B; have modulus smaller than one.

We now turn to the problem of estimating 6. If one supposes that the dis-
tribution of v, is known then maximum likelihood estimation is in principle
straightforward. Nevertheless, because the number of parameters is often large,
estimation can become a tedious exercise. If v, is assumed to be normally dis-
tributed with zero mean vector and Iy variance matrix then g, will be condi-
tionally normally distributed with zero mean vector and 3, as covariance matrix.
The likelihood, up to an additive constant, for a sample of n observations then
takes the form

é (logdet3,(0) + /3, ' (0)e,). (5)

=1

L (9) =

m|~

Defining [7"(8) = —1(logdet3,(0) + &/3:'(0)g,), we can write L (6) =
S 17"(6). Define the quasi maximum likelihood estimator as 6, =
arg maxyco L7 (6). As shown by Bollerslev and Wooldridge (1992) in a gen-
eral conditional heteroskedasticity framework, 6, is consistent even if the like-
lihood is misspecified under fairly general conditions. Therefore this method
has been termed quasi maximum likelihood estimation (QMLE). We next
assume finiteness of expectations of the Hessian and the outer product of the
gradients.
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Assumption 4. We assume that

(a) Z(8y) = Eol[(a!™"/90) (311" /96")] < oo.
(b) J(6y) = —E,[(921/"/3606")] < co.
(c) For all i,j, k, Eq[supjy_g, =5/ (0°17"(0)/06,6,06,)|] < oo for all § > 0,

where derivatives are evaluated at 6.

Under Assumptions 1-4, Comte and Lieberman (2003) prove that the asymp-
totic distribution of 6, is given by

\/;(én - 0()) 2) N(O’ qul)

with V., = J(60) "' Z(6,) J(6p)~". In the case of correct specification, i.e., the
distribution of v, is indeed multinormal, J = Z and V,,, = Z~'. Comte and
Lieberman (2003) assume that the components of v, for a given ¢ are indepen-
dent, which seems to be a rather strong assumption. We believe that it should
be possible to prove their asymptotic result without this independence assump-
tion but leave it open to debate.

Although the quasi maximum likelihood estimator is consistent, it is ineffi-
cient if the likelihood is misspecified. Therefore one sometimes considers the
multivariate ¢ distribution as an appropriate choice because of potential fat tails
in the innovations. The drawback of this assumption is that if the assumption
of a specific nonnormal distribution is not correct, then in general the estimator
may not even be consistent; see, e.g., Bollerslev and Wooldridge (1992). There-
fore, we will not pursue the assumption of a specific parametric distribution in
our paper. In the next section we formalize our motivation for giving all the
weight to the data in search of a suitable distribution.

3. SEMIPARAMETRIC ESTIMATION

This section first characterizes the SP lower bound and compares it with the
parametric and quasi maximum likelihood lower bounds. Then, construction of
efficient or even adaptive estimators is considered. Finally, we discuss the case
of imposing more structure on g, namely, assuming that it belongs to the class
of spherical distributions.

3.1. The Semiparametric Lower Bound

In the following discussion we characterize the SP lower bound for multivari-
ate volatility models of the form (1). In the context of univariate GARCH mod-
els, standard references are Linton (1993), Drost and Klaassen (1997), and
Gonzalez-Rivera and Drost (1999). A detailed description of general SP estima-
tion theory and adaptivity is beyond the scope of this paper. We refer to Bickel
(1982), Newey (1990), Steigerwald (1992), Bickel et al. (1993), and Drost,
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Klaassen, and Werker (1997) for details. We follow a standard approach to derive
the SP efficiency bound. Alternative methods such as that proposed by Severini
and Tripathi (2001) may be possible also.

One can estimate the SP model using a two-step procedure that uses the
so-called influence function to correct an initial consistent estimator such as
the quasi maximum likelihood estimator. The correction is essentially a one-
step Newton—Raphson algorithm based on the score vector of the likelihood.
Assume for now that the unknown density g of v, is parameterized by some
nuisance parameter n and write this density as g(v,,n). A particular parameter-
ization of g that contains the true parameterization as a special case is known
as the parametric submodel. Let us write the log likelihood as

L(6,m) = — X log|det H,(0)| + > log g(H,(8)'e,,m) = >, 1,(6,7) (6)
=1 =1 =1

with

1,(8,m) = —log|det H,(0)| + log g(H,(6) 'e,,m) (7)

and denote by /,(6,m) = l,/96 the score vector with respect to the parameter
of interest and by s,(0,n) = dl,/9dn the score with respect to the nuisance param-
eter. Note that s,(60,7) is a vector of length dim(7), so that its dimension differs
among parametric submodels. It is easily seen that Ey[s,(0,7)] = 0. Also, recall
that g is restricted to be density of a mean-zero, identity covariance matrix ran-
dom vector, so that s,(6,7) is orthogonal to the vector F(v,) where F(x) =
(x',vech(xx” — Iy)")". In the following discussion we suppress the dependence
of I, and [, on 7 for notational convenience.

To obtain efficient estimates, it is required to eliminate the variation of 1.(0)
that is due to the nuisance parameter 7. This is achieved by projecting the score
on the so-called tangent set, which is the mean square closure of x's,(6,7),
where k € RIMMXK. goe e.g., Newey (1989, 1990). Because of the properties
of 5,(6,7), the elements of the tangent set are characterized by zero mean and
orthogonality to F;. Thus, the tangent set is defined by

T={f:RY > R¥[E,[f(x)] =0, E, [ f(X)F'(x)] = 0, E,[ f(x)f(x)'] < oo}
To do the projection on 7 it is often crucial to factorize the score /,(9) into a
term that depends on # and F,_; and another that depends on 6 and the nui-

sance parameter. The next proposition shows that this is possible for the model
under study.

PROPOSITION 1. For the model (1), the score vector takes the form

[,(6) = W,(0)¢(v,(0)), 8
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where

dvec(H,)
W,(0) = TR (Iy @H,™") )

and i, = Y (v,(0)) is given by (3).

Note that W; is JF,_;-measurable and depends only on the specification of
H,(6). The other term ¢, depends on the innovation v,, so that W, and i,
are independent. Note also that the score vector is a martingale difference
sequence. The reason is that Eo[[,(0)|F_;]1 = W,(0)Ee[(v,(0))| F—] =
W,(0)E[ ¢ (v,(0))] = 0 because Ey[,] = 0 as implied by Assumptions 1 and 2.

Remark 1. If one has a model for ¥, the score can also be expressed in
terms of derivatives of X, rather than H,. However, it turns out that the score
will in general have a different form depending on whether H, is restricted to
be symmetric or not. In the first case (H, = H/), W, takes the form

~ dvec(3,)

w.(6) = Py (Iv@H} +H,@H,)™ (10)

and in the second case

W,(0) = L dvee)r (H'®H") 11
t _2 90 t ® t . ( )

If g has certain symmetry properties, e.g., sphericity or componentwise
independence, then the score in (8) can be equivalently written as [,(0) =
W,(0)Dy Dy ¢s,(v,(8)).2 In that case, [,(#) does not depend on H, being sym-
metric or not, because W,(0)Dy is the same whether (10) or (11) is used.

In the following paragraphs we discuss the conditions under which one obtains
local asymptotic normality (LAN) of the SP multivariate volatility model. Con-
sider two local parameterizations 6, = 6, + O(n~"/?) and 8, = 6, + O(n~"/?)
such that n'/?(8, — 6,) — A. Suppose the log-likelihood ratio A, = L(6,) —
L(6,) can be written in the form

A, = 2 A{lIy + E,) = l(Iy)} +R,,
=1

where 2,, = H,'(0,)H,(0,) — Iy and where [(H,(0)) = 1,(0,7) is given in (7).
Let W,, be defined such that

W' (6,—6,) = vec(E,,). 12)
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As we assumed continuity of H, in 0, we see that W, is asymptotically equiv-
alent to W,. Note also that, by definition, W,, is measurable with respect to
Fi.

We now have the following conditions to obtain LAN.

Assumption 5. Let W, and W, be defined as in (9) and (12), respectively.

(@) 2 [(W,, = W) (6, = 6,)]* = 0p, (1)

(b) n~' 21, [W,(6,) — Wi(6)]* = op, (1)

(c) n7! ‘EI::]'W/t(on)ML//dIVVt(en), p,, J(60) > 0, where J(0) =
Ey[1,(8)1,(0)']

(d) n= " 2 W, (001 112w, 60)125) = Op, (1) for all § > 0.

PROPOSITION 2. Under Assumption 5, it follows that R, = op, (1) and
1
A, 2 N(—E NJ(6,)A, /\’J(GO)/\>.

Furthermore, the probability measures P; and P, are contiguous.

Denote M,(0) = Ey[4, F/], Mgy (0) = M,(0), and Mpz(0) = E[F, F/],
where ¢, = (v,(0)) and F, = F(v,(6)). We can now derive the projection of
[,(#) on the tangent set. The orthogonal complement of this projection is the
so-called efficient score function, which can be used to do a one-step Newton—
Raphson improvement of the quasi maximum likelihood estimator.

PROPOSITION 3. The projection of [,(8) on T is given by
P(0) = P (0)T) = Ey[W,(0)] (¢ (1,(0)) — Myr(0)M} (0)F(v,(6))).  (13)

Define by () = [,(6) — P,(8) the efficient score function. The SP lower
bound is then given by

Vsp = J*(ao)il, (14)

where J*(0) = E,[1(0)1;'(6)] is the SP information matrix. By definition,
adaptive estimation is possible if and only if P,(6,) = 0, which means that the
SP efficient score, I, is equal to the parametric score /, and, hence, Vi, 1s equal
to the parametric lower bound, V,,; = J(6,)~". In the following proposition we
characterize the asymptotic covariance matrices of the three estimation meth-
ods in terms of W, and ¢,.

PROPOSITION 4. Under Assumptions 1-5, the information matrices can be
expressed as

J(0) = Ee[Wth;Wz’], (5)
J*(0) = EB[W/tML//L//‘/‘/t,] —Ey[W,]OE,[W/], (16)
J(0)Z(0)' T(0) = Eg[W, Mz W, 1E,[W, My W/ 1™ "Eg[W, M, W/], a7)
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where dependence of W,, My, Myr, and Mgr on 0 is suppressed and where
0= M./np - Mz//FM;ﬁ] MF://' (18)

As a corollary, we obtain that the difference of the information between the
MLE and the SP estimator is given by the positive semidefinite matrix

J(00) - J*(ao) = EO[WIt(e())] QEO[W;(QO)]-

The matrix Q determines the inefficiency of the SP estimator with respect to
maximum likelihood estimation. Adaptive estimation is possible if and only if
Q = 0. This would clearly be a special case, and we show later that Q = 0
happens only if g is Gaussian. The conclusion is that adaptive estimation of
the model in (1) without reparameterization of H, is not possible. Similar to
Gonzalez-Rivera and Drost (1999) it can also be verified that V' — V_ | is
positive semidefinite, meaning that the SP estimator is at least as efficient as
the quasi maximum likelihood estimator.

To characterize the distance of the SP estimator from adaptivity, it will be
necessary to evaluate the matrices M, and Mgy by numerical integration. How-
ever, there are special cases where they take simple forms. In the following
discussion we consider two subclasses of D for which calculation turns out to
be particularly simple. The first one is the class of spherical distributions:

D, ={g:R" > R..[g€D,If:g(x) =f(x'x)}, 19)

and the second one is the class where the components are independent with
identical and symmetric marginal densities:

D, = {g:RN — R++|g € D,g(x) = H h(x;),h(x;) = h(_x[)}, (20)
i=1

where h(-) is the marginal density of any component of v,.

The following discussion analyzes the properties of the SP estimator with
respect to maximum likelihood estimation in the case that g happens to be in
D, or in D; without having made this assumption to construct the estimator.
The situation where one has superior knowledge about g and, e.g., knows a
priori that g is in D;, is different and is treated in Section 3.4.

The matrix Mgy depends on the structure of fourth moments of v,. Lemma 3
in the Appendix implies that, for spherical distributions, the marginal kurtosis
k = E[v;] is linked to any co-kurtosis ¢ = E[vjv;],j # i by k = 3¢, and My
depends on only one parameter.

PROPOSITION 5.
(1) If g € D, then

Ml//F = [0N2><N 2DNDIJ\; D;\;(l (21)
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(2) If g € Dy, then

M Iy ON><N* (22)
e Oyxn 2¢Dy DS+ (¢ — 1)vech(Iy)vech(Iy)' |’

My, = 27Dy Dy + (7 — 1)vec(Iy)vec(ly), (23)

where

T:EKM) x?]/l 24)
x4

(3) If ¢ € D;, then

[ Iy Onscn ]
Mpp = , (25)
Onsen Iy* + [Ty O {(k — 2)vech(Iy)vech(Iy)'}]

M,, = 7Dy Dy + Dy[Iy- O {(1, — 1 — 7,)vech(ly)vech(Zy)'}|Dy,
(26)

where T, = 37, © is the Hadamard product (elementwise multiplication),
K is the marginal kurtosis, and

(et | o
0x,

Note that Assumption 2 implies that 7 in (23) and 7, in (26) are finite. The
scalar 7, can be interpreted as the Fisher information for location that for dis-
tributions in D; is the same for all components.

Clearly, the parametric and SP lower bounds coincide in the Gaussian case
because then ¢ = 1, 7 = 1, and therefore Q = 0. In a univariate framework,
Gonzalez-Rivera (1997) has shown that a class of symmetric bimodal distribu-
tions allows one to attain the parametric lower bound. The following proposi-
tion states that, for higher dimensions, the Gaussian distribution is the only one
for which parametric efficiency can be attained.

PROPOSITION 6. If N = 2, then the multinormal distribution is the only one
for which the parametric and SP lower bounds for the estimation of model (1)
coincide.

See however Section 3.3 for examples where reparameterizations may yield
adaptive estimates of particular linear combinations of 6.

3.2. Efficient Estimation

To construct an estimator that attains the lower bound J*~ !, we rely on a dis-
cretization of the first-stage estimator and on sample splitting as in Linton (1993)
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and Drost et al. (1997). This is convenient for the proofs but may not be nec-
essary in practice. Let 6, be the point in {8 : 8 = n~"/2Z%} that is closest to the
quasi maximum likelihood estimator. The vector 6, can then be considered deter-
ministic with 6, = 6, + O(n~"/?). Furthermore, denote &, = v,(6,) = H,(6,)'¢,.

Let a, be an integer sequence such that a,/n — a € (0,1). Defining F, =
F(D,), consistent estimators of My are given by M pr = a, ' 2%, F, F/ and
My = (n — )" 2i,, ;| F, F}. For the matrix M, an explicit expression is
available for all g € D, given by (21).

To estimate the unknown score function ¢, we use a kernel estimator of the
multivariate density of #,; see, e.g., the monograph of Scott (1992). Because
the scale of the components of v, is the same by construction, it is reasonable
to use a scalar bandwidth, A, > 0, and a product kernel with univariate kernel
function K. Our density estimators for the two parts of the sample are

- 1 Znﬁ <l7i,r_xi)
g1n(x30,) = K
Gin( ) anh,],v <14 h,

and

R ~ 1 " Uiy = X
gon(x36,) = ———= > [IK ;

(n - an)h,],v r=a,+1i=1 hn

where K(u) = Q7)™ 2 exp(—u?/2).
Using g, we can estimate i/ by

gih(ﬁt) = dn

d1og g,(,0,) . s
i —vec <1N + + o, | ify l9logg,(@,)/00,] = c,
it = U ~
' 19, = e,
—vec(ly) otherwise,

i = 1,2, where d, — 0, ¢, = oo, and ¢, — oo. Further, let iu = W,(6,) s, and
l,, = W,(6,)i,,. Finally, we can estimate P,(6,) in (13) by

N & ~ . — -
Plt(an) = (_ 2 VVt(Gn)>(¢2r - Ml//FMl_FIFFt)

Ay =1

and

E Wz(@))(‘&lz - M¢FM2_JFIFFI)

n—a, =a,+1

ﬁZr(én) = (

and the efficient score function by /3(6,) = li,(é,,) - P,(8,),i=12.
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Assumption 6. There exists a square integrable matrix W,(6,) such that
(1/n) 2=, W,(6,) —p, Wo(6p).
Our estimator for the SP information matrix is
lanA*""*"r nA*”A*"r
=~ 2 llt(gn)llt(gn) + E th(en)th(an) .
n\i=1 t=a,+1

We propose the following SP estimator for 6:

n

=0, +J( (21”<0)+ > i;(én)). (28)

t=a,+1

=Q:>

=

For the estimator é,, in (28) we now have the following result.

PROPOSITION 7. If Assumptions 1-6 hold, c,h, — 0, and c?e>n~' X
h, ™) 0, then J*(6,) —p, J(60) and

(0, = 6,) > N(0,7*(6,) "),
where J*(0y) ! is the SP lower bound defined in (14).

3.3. Adaptive Estimation

As we have seen in Proposition 6, adaptive estimation of the euclidean param-
eter, 6, is not possible. For a given model it may be possible, however, to find
linear combinations of 6, possibly after reparameterization, such that adaptive
estimation of these linear combinations is possible. Technically, this amounts
to an additional orthogonality condition so that the efficient influence function
is equal to the heuristic influence function. This condition is stated in the fol-
lowing assumption.

Assumption 7. There exists a matrix A € R¥*", 1 = r < K, of rank r, such
that

AT(0) "W, =0, P,—a.s.

Define the estimator of the information matrix by

\o
%

) <2llt(0 )l]t(a )’ 2 iZt(én)EZt(éII)’)

t=a,+1

and the estimator of » = A'6 by

p,=A6,+AJ,0,) <2(W W), + 2 (W, — Wz)lﬁl,)

t=a,+1
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PROPOSITION 8. Under Assumptions 1-7, v, is an adaptive estimator of
v, ie.,

\n (9, —v) 25 NO,AJ(6,)'A).

By Corollary 3.1 of Drost et al. (1997), a matrix A that satisfies Assumption
7 can be found if B'W,(0) is invertible and does not depend on ¢, where B is a
K X N? matrix such that A’B = 0. We consider two examples.

Example 1.

Suppose a model for H,(#) can be parameterized such that H,(0) = Z,(v)(,
where 6 = (v',vec(Q)’)’ and Z,,Q € RN symmetric and invertible. Define
A = (Ix_n>,0k n2xn2)" and B = (Oy2xn2,1y2)". Then, using (9),

B'W.(0 _aVL(I‘I,)’ I H’*l
0= oy W OHT

= (IN®ZI)(IN®ZI_IQ_1)
=(Iy®Q™"),

and therefore A’ = v is adaptively estimable. Most of the well-known multi-
variate GARCH-type models can be parameterized in this form, but unfortu-
nately they are all for 3, and not for H,. For example, if the BEKK model was
formulated for H,, then the “dynamic part” of the model could be estimated
adaptively after a similar reparametrization as in the univariate case.

The second example is for a model for ¥,.
Example 2.

Let Z,, Q, 6, v, A, and B be defined as in Example 1. Suppose a model for
3,(0) can be parameterized such that 3,(0) = Z,(v)Q*Z,(v). Let the square
root be H,(0) = Z,(v)Q, which is not restricted to be symmetric. Thus, we can
use (11) to obtain

B'W,(6) = %(Q_' ®ah),

and therefore A’'6 = v is adaptively estimable. For example, the well-known CCC
model of Bollerslev (1990) falls into this category. Assuming univariate
GARCH(1,1) models for the conditional variances, define Z, = diag(1 +
a8l + BiZi, 1), D= diag(w,...,wy), and R the CCC matrix. Then

the CCC model can be written in the form 3,(0) = Z,(»)Q2Z,(v) with Q =
(DRD)"?. The parameter v = (a, ..., ay,B1,...,By) is adaptively estimable.
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3.4. Efficient Estimation in D

In practice one may want to impose more structure on the multivariate density
g to avoid the curse of dimensionality, e.g., the data sparseness problem described
by Silverman (1986). One way to do so is to assume that g belongs to the class
of spherical distributions, which we do in Assumption 8.

Assumption 8. For the density g, assume g € D,, where D; is defined by
(19).

The density g(v,) is said to be spherical if there exists a positive function f
such that g(v,) = f(w,) with w, = v/ v,. Examples of spherical distributions are
the multivariate versions of the normal, the # and Laplace distributions. The
class of spherical distributions (or elliptical, respectively, if the conditional dis-
tribution of &, is considered) is the most general one that is consistent with the
conditional capital asset pricing model, as shown by Berk (1997); see also Hodg-
son and Vorkink (2003) and Brown and Hodgson (2004). In our framework,
the main advantage of Assumption 8 is that it allows for univariate conver-
gence rates of nonparametric estimators of g.

SP estimators of model (1) that are based on Assumption 8 have a lower
bound that is larger than the bound in the general case. The score in the non-
parametric direction, s(6,7), is now a function of v, only through w,, and there-
fore, the tangent set contains functions that all depend on w, only. But still,
these functions have to be orthogonal to F, because g is restricted to have mean
zero and identity covariance matrix. Thus, the tangent set under Assumption 8
is defined by

T, ={f: Ry > REE [ f()] = 0,E, [ f(»F' ()] = 0,E [ f(»)f(y)'] < oo},

’

y=ux'x.

Note that 7, C 7. We can now derive the projection of /,(8) on 7.

PROPOSITION 9. Under Assumption 8, the projection of [,(0) on T, is given
by

P:(0) = P(1,(0)|T;) = EIW,(O)](; — My M, FY), (29)

where i} = *(w,(0)) = Eo[(v,(0))|w,], F} = F*(w,(0)) = Eg[F(v,)|w,],
Mysp = Ey [y F/], and My = E,[FF/].

Note that F;* contains the conditional expectations E[v,|w,] and E[v,v]|w,].
The first one is zero because the distribution of v, conditional on w, is symmet-
ric in v,. The second one, E[v,v/|w,], can be estimated with arbitrary precision
as described by Hodgson and Vorkink (2003). We can therefore consider it known
and denote it by m(w,).
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In the following discussion we propose an estimator of # in the spherical
case. To simplify the presentation we do not use sample splitting here. Because
y has a positive support, one faces the problem of estimating its density near
the boundary. To solve this problem, Hodgson, Linton, and Vorkink (2002) and
Hodgson and Vorkink (2003) apply a Box—Cox transformation to y and then
use the standard kernel density estimator to the transformed variable. We use
an alternative method by applying a gamma kernel estimator; see the paper by
Chen (2000), who shows that gamma kernels are particularly suited for the esti-
mation of density functions with bounded support. As before we use a first-
stage consistent estimator, 6,, say, and let &, = v,(6,) and W, = 0/ 5,. First, the
gamma Kernel estimator of g(x) is given by

(/)

gb(x) (x x)] Nz — 2 Gx'x/bJrl,b(wr)’
n =1

where G, , is the density function of a gamma( p, ¢) random variable. As g,(x)
depends only ony = x'x, we can write g,(x) = f,(y). Using f, we can estimate
¥ by

f,(,) =d,

dlogfy(@) \ . |ldlogf,(w)/0m,| =c,
. —vec|ly +2———m(w,) | if
‘ﬂiv = W wt = €,
Wl zf;z’
—vec(ly) otherwise,

where d, — 0, ¢, = o, ¢, — oo, and f, — 0. Further, let if = W,(6,);.
Finally, we can estimate P;(6,) in (29) by

f’(é ( EW(Q ))(‘//z ML//FMIFFF)

and the efficient score function by /*(8,) = l?f(é,l) — P#(6,). Analogous to the
general case define

R
= (Sraia)

=1
and the estimator

(6,). (30)

PROPOSITION 10. If Assumptions 1-8 hold, c,b, — 0, and either
cEn (b, f,)* + (bye,)*} — 0 for N =1 or ¢2n 'b,V2fV2N 5 0
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for N =2, then J;*(8,) =5, J*(8,), where J*(8y) = Eo[{i,(6,) — P;(6,)}
{1,(6y) — P (6,)}'] and

\n(6, = 6,) 2> N(0,J°(8,)7").

Note that this result is similar to that of Proposition 7, but because the gamma
kernel is unbounded near zero, we have to take care that ¢, is bounded by
using appropriate trimming conditions.

4. FINITE-SAMPLE PERFORMANCE

In this section we are interested in the performance of the proposed SP estima-
tor (28) relative to the quasi maximum likelihood estimator and MLE in finite
samples. Intuitively, the SP method should perform better than quasi maximum
likelihood, but worse than maximum likelihood, when there are strong depar-
tures from normality.

For convenience we consider the VEC model for T, in (4) of order p = g = 1
and define H, as in (2). To calculate W,(6) in (10) one needs to evaluate
dvec(X,)'/06. We obtain

dvech(s,)
— =y B
oo’
dvech(X dvech(X,
(f):nt’ﬂ@IN*—i-B (zl)

dvec(A) dvec(A)

dvech(,) dvech(Z,_,)

et e =h;_]®IN*+B—”

d vec(B)' d vec(B)'
where 71,_; = vech(g,_, &/_,). Empirical estimates using financial time series

typically imply positive unconditional correlation, small off-diagonal elements
of A and B, and diagonal elements of B larger than those of A. Motivated by
this observation, we choose our process as

1 02 0 0 et -1 05 0 0 ity
h=[07[+]0 01 0 [|e, & |+]0 01 0 [|hy,.
1 0 0 02 2, 0 0 06| hy.s

For the distributional assumption on v, we take the bivariate standardized ¢
distribution with five degrees of freedom. We assume that it is known that g
belongs to the spherical class. For the nonparametric estimation of g(-), this
assumption allows us to use the gamma kernel estimator of Section 3.4. The
employed estimator is given by (30). Chen (2000) provides formulas for the
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TABLE 1. Monte Carlo results based on 500 replications of the diagonal VEC
model with n = 2,000

ML QML SP

Population ~ Mean SD MSE Mean SD MSE Mean SD MSE

cp=1 1.021  0.209 0.0441 1.043 0.286 0.0841 1.0121 0.2394 0.0574
¢ =07 0.725 0.245 0.0609 0.739  0.309 0.0975 0.7227 0.2964  0.0883
cp =1 1.039  0.218 0.0493 1.060 0.285 0.0853 1.0302 0.2328  0.0551

Bt =05 0.492  0.081 0.0066 0.483 0.113 0.0131 0.4961 0.0930  0.0086
B2 = 0.1 0.070  0.269  0.0735 0.060 0.324 0.1066 0.0824 0.3211 0.1034
B3z = 0.6 0.591 0.062 0.0040 0.581 0.084 0.0075 0.5950 0.0690  0.0047
a;p =02 0.201  0.038 0.0014 0.201 0.055 0.0030 0.1942 0.0400 0.0016
ay = 0.1 0.099 0.032 0.0010 0.102 0.043 0.0018 0.0962 0.0347 0.0012
a3z = 0.2 0.201  0.035 0.0012 0.208 0.052 0.0028 0.1961 0.0378  0.0014

Note: The innovation density is a bivariate ¢ distribution with five degrees of freedom. ML = maximum likeli-
hood estimation, QML = quasi maximum likelihood estimation, and SP = semiparametric estimation. MSE =
mean squared error, and SD = standard deviation.

bandwidth b that minimize the mean integrated squared error that we use here.
The results are displayed in Table 1.

Concerning the bias, the three estimation procedures perform similarly; per-
haps one could notice that SP estimation performs better than QMLE for most
of the parameters. There are, however, substantial differences between the stan-
dard deviations. Clearly maximum likelihood estimation performs best for all
the parameters. SP estimation is as expected in between the two other proce-
dures, also for all the parameters. The same holds true for the mean square
error of §. One can see that a good part of the loss of the inefficient QMLE
(compared to maximum likelihood estimation) is recaptured by SP estimation.
We also compared the performance of the univariate gamma kernel estimator
with the bivariate product kernel estimator when the assumption of sphericity
is dropped and the estimator (28) is used. The latter estimator had higher mean
squared errors for all parameters but still considerably less than the quasi max-
imum likelihood mean squared errors. However, the relative performance of
the multivariate kernel estimator for N > 2 is likely to become worse if the
dimension increases and if the true density is close to the spherical class.

5. CONCLUSIONS AND OUTLOOK

This paper shows that efficiency gains of SP univariate volatility models over
QMLE carry over to the multivariate case. We suggest two alternative types of
SP estimator. The first one applies to general innovation densities, whereas the
second one is based on the assumption of sphericity. An advantage of the sphe-
ricity assumption is that a nonparametric density estimator can be constructed
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that has univariate convergence rates. Both estimators are efficient, but the SP
and parametric lower bounds are different in general, so that adaptive estima-
tion is not possible.

In practice, the general approach outlined in Sections 3.1 and 3.2 will only
be feasible in small dimensions. In high dimensions one would like to reduce
the dimensionality, and the assumption of sphericity is only one way of doing
this. Another one would be to assume that innovations are componentwise i.i.d.
One would again obtain univariate convergence rates and hence avoid the curse
of dimensionality. Another advantage of componentwise independence of v, is
that it is possible to define impulse response functions for volatility that avoid
typical orthogonalization and ordering problems as shown by Hafner and Her-
wartz (2006).

Yet another possibility is to work with copulas. Copulas allow one to decom-
pose the information captured in the joint distribution into information concern-
ing the marginal distributions and information about the dependence structure.
To keep a flexible innovation distribution one could estimate the univariate mar-
ginal distributions nonparametrically and fit a parametric copula. Restricting
the innovation distribution to have identity covariance matrix can be achieved
as in Lee and Long (2005). This seems a promising direction for future research.

NOTES

1. After an unpublished paper by Baba, Engle, Kraft, and Kroner.

2. Here Dy denotes the N> X N(N + 1)/2 duplication matrix, defined by the property
Dy vech(A) = vec(A) for any symmetric (N X N) matrix A, and Dy denotes its generalized
inverse.

REFERENCES

Bauwens, L., S. Laurent, & J.V.K. Rombouts (2006) Multivariatt GARCH models: A survey. Jour-
nal of Applied Econometrics 21, 79-109.

Berk, J. (1997) Necessary conditions for the CAPM. Journal of Economic Theory 73, 245-257.

Bickel, P.J. (1982) On adaptive estimation. Annals of Statistics 10, 647-671.

Bickel, PJ., C.A.JL. Klaassen, Y. Ritov, & J.A. Wellner (1993) Efficient and Adaptive Statistical
Inference for Semiparametric Models. Johns Hopkins University Press.

Bollerslev, T. (1990) Modelling the coherence in short-run nominal exchange rates: A multivariate
generalized ARCH approach. Review of Economics and Statistics 72, 498-505.

Bollerslev, T. & J. Wooldridge (1992) Quasi maximum likelihood estimation and inference in dynamic
models with time varying covariances. Econometric Reviews 11, 143-172.

Box, G.E.P. & J.S. Hunter (1957) Multi-factor experimental designs for exploring response sur-
faces. Annals of Mathematical Statistics 28, 195-241.

Brown, B.W. & D.J. Hodgson (2004) Efficient Semiparametric Estimation of Dynamic Nonlinear
Systems under Elliptical Symmetry. Mimeo, Rice University.

Chen, S.X. (2000) Probability density function estimation using gamma kernels. Annals of the Insti-
tute of Statistical Mathematics 52, 471-480.

Comte, F. & O. Lieberman (2003) Asymptotic theory for multivariate GARCH processes. Journal
of Multivariate Analysis 84, 61-84.

https://doi.org/10.1017/50266466607070119 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466607070119

270 CHRISTIAN M. HAFNER AND JEROEN V.K. ROMBOUTS

Drost, E.C. & C.A.J. Klaassen (1997) Efficient estimation in semiparametric GARCH models. Jour-
nal of Econometrics 81, 193-221.

Drost, E.C., C.AJ. Klaassen, & B.JM. Werker (1997) Adaptive estimation in time series models.
Annals of Statistics 25, 786-817.

Engle, R.E. (2002) Dynamic conditional correlation—A simple class of multivariate GARCH mod-
els. Journal of Business & Economic Statistics 20, 339-350.

Engle, R. & G. Gonzalez-Rivera (1991) Semiparametric ARCH models. Journal of Business &
Economic Statistics 9, 345-359.

Engle, R. & K. Kroner (1995) Multivariate simultaneous GARCH. Econometric Theory 11, 122-150.

Fang, K.T., S. Kotz, & K.W. Ng (1990) Symmetric Multivariate and Related Distributions. Chap-
man and Hall.

Gonzalez-Rivera, G. (1997) A note on adaptation in ARCH models. Econometric Reviews 16, 55—68.

Gonzalez-Rivera, G. & F.C. Drost (1999) Efficiency comparisons of maximum-likelihood-based
estimators in GARCH models. Journal of Econometrics 93, 93—111.

Hafner, C.M. & H. Herwartz (2006) Volatility impulse response functions for multivariate GARCH
models: An exchange rate illustration. Journal of International Money and Finance 25, 719-740.

Hodgson, D.J., O. Linton, & K.P. Vorkink (2002) Testing the capital asset pricing model efficiently
under elliptical symmetry: A semiparametric approach. Journal of Applied Econometrics 17,
617-639.

Hodgson, D.J. & K.P. Vorkink (2003) Efficient estimation of conditional asset-pricing models. Jour-
nal of Business & Economic Statistics 52, 471-480.

Jeantheau, T. (1998) Strong consistency of estimators for multivariate ARCH models. Econometric
Theory 14, 70-86.

Lee, T. & X. Long (2005) Copula-Based Multivariatt GARCH Model with Uncorrelated Depen-
dent Errors. Working paper, University of California, Riverside.

Linton, O. (1993) Adaptive estimation of ARCH models. Econometric Theory 9, 539-569.

Kreiss, J.P. (1987) On adaptive estimation in stationary ARMA processes. Annals of Statistics 15,
112-133.

Liitkepohl, H. (1996) Handbook of Matrices. Wiley.

Newey, W.K. (1989) Locally Efficient, Residual-Based Estimation of Nonlinear Simultaneous Equa-
tions. Bellcore Economics Discussion Paper 59.

Newey, W.K. (1990) Semiparametric efficiency bounds. Journal of Applied Econometrics 5, 99-135.

Scott, D. (1992) Multivariate Density Estimation: Theory, Practice, and Visualisation. Wiley.

Severini, T. & G. Tripathi (2001) A simplified approach to computing efficiency bounds in semi-
parametric models. Journal of Econometrics 102, 23—66.

Silverman, B.W. (1986) Density Estimation for Statistics and Data Analysis. Chapman and Hall.

Steigerwald, D.G. (1992) Adaptive estimation in time series regression models. Journal of Econo-
metrics 54, 251-275.

APPENDIX A: Index Set Definitions

Define the index

L J
k{;’=1+(]—1)<N—5> (A.1)
and the index sets

N=1

KN = (A.2)
/ {{k{]‘.’lj=1,...,N1; i=j+1,...,N} N=2
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and
KN ={kli=1,...,N} (A.3)

The index k] is the position of the (i, j)th element of an (N X N) symmmetric matrix A
in the vector vech(A). Remember that vech(A) contains N* = N(N + 1)/2 elements.
The set IC?}’ contains all indices of the elements below the diagonal of A in the vector
vech(A); this set contains N(N — 1)/2 elements. The set K contains all indices of the
N diagonal elements. For example, for N = 2, K7 = {2} and K} = {1,3}, and for N = 3,
K} =1{2,3,5} and K}, = {1,4,6}. Note that K} U Ky ={1,.. N }and K N KY = .

APPENDIX B: Lemmas

LEMMA 1. The matrix DN Dy is an (N* X N*) diagonal matrix with I at the
(i,i)th position, i € K, and 5 at the (j,j)th position, j € K, where KY is defined in
(A.2) and K in (A.3).

ij’

Proof. The statement holds for D; D{"’ = 1. Noting that kf*' = k¥, , |, + N + 1,
where k) is defined in (A.1), and using the recursive equation for Dy, Dy}, in Liitke-
pohl (1996, p. 125), the statement follows by induction. n

LEMMA 2. The matrix vech(Iy)vech(ly)' is an (N* X N*) matrix with 1 at the
(i, j)th position, i,j € K¥, and 0 elsewhere, where K7 is defined in (A.3).

Proof. By definition, K/ contains the positions of the diagonal elements of an
(N X N) matrix A in the vector vech(A). Therefore, K% contains the positions of the
ones in the vector vech(Zy). The matrix vech(Iy)vech(ly)’ then contains ones at pairs
of any permutations of these positions and zeros elsewhere. So there is a total of N2
ones in the matrix. u

LEMMA 3. For any spherical distribution,

0 if one (or more) «; is odd

1] e

j=1 a/2)’

if all a; are even,

where a = ZJN:

Proof. See Box and Hunter (1957).

a; and K, depends on « only.

LEMMA 4. Under the conditions of Proposition 7, f:(é,,) —p, J*(6y).

Proof. The proof is similar to Lemma 3.1 of Drost et al. (1997). Let W, =
(1/a,) 27, W, and ¢y, = W, M, M} F,. Then, for some a € RX,

ap

- E |a,i1*r‘2 - aIJJa

Q) =1

E |a’llz|2 —a'J,

&, =1

E @'}, = [a'T; |

nrl

(B.1)
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The first term on the right-hand side of (B.1) is 0,(1) by invoking a weak law of large
numbers. The second term is

1 @ R .
Ul_ 2 |a’lrr‘2 - |a’lT[‘2
=1

n

ay

1 _ . ~ L
_Z‘a'((Wt_Wl)‘/fzr+¢lx)|2_‘a'((m_wl)‘!’t"'(l"nﬂz

Q=1

1 & . _
— 2@’ (W, = W), — )

a, =1

I\

a,

1 . . o _ .
— 224" (W, = W) (4o, — ) (W, = W) + &})a

o, =1

+ . (B.2)

Applying Cauchy—Schwarz, and condition (3.1) and Lemma 2.2 of Drost et al. (1997),
both terms on the right-hand side of (B.2) converge to zero under P; . The same argu-
ment applies to the estimator using the second part of the sample. This implies that
J*(8,) converges to J*(6,) under P; . By contiguity (Proposition 2), this implies con-
vergence under P, . n

LEMMA 5. Define g,(x) = h™Vfun [I'C, K((x; — y;)/h)g(y) dy. Under the condi-
tions of Proposition 7, there are suitable constants k( and k| such that

1
Ey [Ix17g, ' (){8,(x,6,) — g,(x)}*] = — Kol x[?
nh,

and

i=1

.....

where g,(,i)(x,0n) and g,(,”(x) are the ith partial derivatives of g, and g, respectively,
evaluated at x.

Proof. See, e.g., Scott (1992).

LEMMA 6. If G, ,(t) is the density function of a gamma (p,q) random variable,
then 9G, ,(1)/dp = G, ,(t){In(t/q) — V(p)}, where ¥(-) is the digamma function.

Proof. The proof consists of straightforward calculations that are omitted.

LEMMA 7. Var(n™'2,0G,/p41,5(w:)/9x) = O(n~'b2y~32) for y/b — oo.
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Proof. Using Lemma 6 and the results of Chen (2000),

n G, b+1,b( )
/—W> n=1B,(3)E[ f(n,){log(n,/b) — ¥(y/b + D}]

Var(lE

n =1 ay

IA

(supf(x)) n™'B,(y)E[{log(n, /b) — W (y/b + 1)}*],

(B.3)
where 7, is a gamma(2y/b + 1,b/2) r.v. and B,(y) = O(b~%?y~1/?). Note that E[n,] =
y + b/2 and Var(n,) = yb/2 + b?/4. We now expand the expectation on the right-hand
side of (B.3) about E[n,] = y + b/2. The digamma function has asymptotic expansion
V(z+ 1) =logz+ 1/(2z) — 272, B,,;/(2iz*"), where B,; are Bernoulli numbers. Thus,
W(z + 1) =log(z + 3) + O(z~2), and hence

E[{log(n,/b) — ¥(y/b + 1)}*]

B R R Yy ’
_E[{O((y/b) )+y/b+1/2 2<y/b+1/2> +} ]
= O((y/b)~* Var(n,)) = O((y/b)"*(yb/2 + b*/4))

=03y ).

Finally, Var((1/n) /-, (0G, 11 ,(w,)/3y)) = O(n~'B,(y)b3y~") = O(n~'b'/2y=3/2).
|

APPENDIX C: Proofs
Proof of Proposition 1. Let us write the likelihood as L(6) = X/_, [,(0) with
1
l, = -5 logdets, + logg(H, 'e,),
where 3, = H,H] and v, = v,(0) = H, '(6)e,. The score vector is given by

al,(0) 1 dlogdets, . dlog g(v,)

a6 2 a0 a6

9’

where the first term is

dlog det dvec(H,)
7082 2vec(H ') ————.
00’ 00’
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With the chain rule for matrix differentiation we can write

dlogg(v,) dlogg(v,) v, dvec(H,)
96,  av  avec(H) 96,

i

We can further write

Lvt) — ’ I H/71 H71
dvec(H,)' = (e @I)H T QH )
=~/ @Iy)H @Iy)(H'®@H")
= 7(vr, R Iy Uy @ Ht_l)-
Thus,
dlogg(v,)  dlogg(v,) | | dvec(H,)
PYY = ! (v, ® Iy)(Iy ® H, ") 96"
= —vec <—a loigt(”’) v;> @ H )
_ _Vec<610gg(v,) v,’) W
vl

with W, = (9 vec(H,)'/00)(Iy ® H] '). Defining o, = —vec(Iy + (dlog g(v,)/dv,)v,),
this can be written as

dlog g(v,)
a0,

i

=/ W + vec(ly)' W, .

However, vec(Iy)'W, = vec(H, ') (d vec(H,)/d0"). Thus, the score vector can be writ-

ten as
81;20) _ ave;;H,) {_VeC(H,’l) -y ® H,’l)vec:((ﬂ%j(v’) U;)}
- T e+ W+ P et )
a0 Iy
=W,
as stated. .

Proof of Proposition 2. The proof follows directly from Theorem 2.1 of Drost et al.
(1997).
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Proof of Proposition 3. First note that P, € 7 because E[P,] = 0, E[P, F/] = 0, and
E[P,P]] is finite because E[¢,1/] < oo by Assumption 2 and E[F,F/] < oo by
Assumption 1 (finite fourth moments).

Next, we show that the orthogonal complement of the projection is orthogonal to 7.
It can be written as

i7(0) = [,(0) = P,= (W, — E[W, 1)), + E[W, 1M, M} F,. (C.1)

The first term on the right-hand side of (C.1) is orthogonal to 7 because (W, — E[W,])
has mean zero and is independent of v, and, hence, independent of all elements in 7.
The second term on the right-hand side of (C.1) is orthogonal to 7 because it consists
of linear combinations of F, and F; is, by definition, orthogonal to 7. n

Proof of Proposition 4.
(a) J = E[L] = E[W,,, W/] = E[W, M, W/].
(b) J* = E[l,[/]1 - E[l,P/] - E[P[[]]+ E[P,P]].
The second term is
E[i,P]1= E[W,4, () = F/ Mg My, )E(W,)]
= E[W,JE[¢,4/ — o, F/ My M, JE[W/]
= E[W,](MW, - MwFM;Fl MF‘//)E[W/]-

Similar calculations show that E[/,P;] = E[P,i'] = E[P,P/], which then gives
the stated result.
Recall that V,,,; = J 'Z7 ! and thus V,,; = JZ ' J with

\7 . azl;]m[ . . al,”ml altqml
B 0000" |’ B 90 90’

and 017" /00 = W,Ky F,, where Ky = [0y2y Dy ]. We have

(c

~

I= E[WzKNF:Fz/K&W/] = E[VVIKNMFFKI(/u/t/]

and
9219 f dg(x) a1
S dx = c2
J LNg(x) 0000" " ey 00 o0 (€2)
dlog g(x) o™ dlog g(x) ars™
R 0 a6’ 90 06’
=E[W,¢, F, K\ W] =E[W,M,. K\ W/]. (C~‘2

Proof of Proposition 5. (a) M,r: Note first that ¢, is orthogonal to v,: E[,v/] =
—E[vec{(dlog g(v,)/dv,)v/}v,] and writing this expectation elementwise one obtains
—Jrv(9g(v,)/dv;,)v;, 04, dv,. Using integration by parts, for i = j = k this is just equal to
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2E[v;] = 0, and for i = j # k it is equal to E[v;, | = 0, and the same holds for i # j # k
and i # j = k. Hence, the left block of M is equal to Oy2y .
The right block can be written as

a1
—-E [vec <0§—g(v,) v,’) vech(v,v,)’ ]—vec(IN)vech(IN)’. (C.5)

v,

Writing the expectation term in (C.5) elementwise, one obtains — [z~ (dg(v,)/dv;,)
Vj, Uy, Uy, dv,, which for i = j = k = [ is equal to 3, for i = j # k = [ is equal to 1, and zero
otherwise. Therefore, we have the following symmetry relation:

ag(v,) ag(v,)
BV th Uk Vg dvr = s P Vit Vgt Uy dUn

Wy, Uj;

and, as a consequence, the first term in (C.5) can be written as Dy.J; where

dlogg
J, = —E[vech( £ v,’) Vech(vtv,’)’]
UY

is, because of the preceding elementwise calculations, an (N* X N*) matrix with 3 at
the (i,7)th position, i € K¥; a 1 at the positions (i), i,j € KY,i # j; a 1 at the posi-
tions (i,), i € KJ; and zeros elsewhere. Thus, using Lemmas 1 and 2, J, = vech(Iy)
vech(Ily)' + 2Dy Dy'. Rearranging and multiplying from the left by Dy we obtain
DyJ, — vec(Iy)vech(ly)' = 2Dy Dy Dy, the stated expression for the right block of
Myp in (C.5).

(b) g € D,: To derive My for spherical distributions, note that v, is orthogonal to
vech(v,v, — Iy) because of Lemma 3 (moments containing odd orders are zero). Thus,
M r is block-diagonal. The upper left block of M is just E[v,v,] = Iy by Assumption
1. The lower right block of Mgy can be written as

E[vech(v,v;)vech(v,v])"] — vech(ly)vech(ly)". (C.6)

Using Lemma 3, the (i,i)th element, i € K¥, of the first term in (C.6) is equal to 3c;

the (i,/)th element, i,j € K}, i # j, is equal to ¢; the (i,i)th element, i € K}, is equal
to ¢; and all other elements are zero. Together with Lemma 2, this implies that the (i, i)th
element, i € K¥ of (C.6), is 3¢ — 1; the (i,j)th element, i,j € K¥, i # j, is ¢ — 1; and
the (i,i)th element, i € ICQ’ , is ¢. The stated formula is then immediately obtained by
applying Lemmas 1 and 2.

Next, we derive M, for the case g € D,. The idea is to show that Dy M,,, Dy’ has

the same structure as the lower right block of Myr. We have

dlog g(x) dlog g(x)
—x' Jvech| ——«x

’) :| — vech(Iy)vech(Iy)".
x

Dy My, Dy' =E [Vech(

X

A typical element of the first term can be written as

E[ 0log g(x) dlog(x) xkx,] =4E I:fz(x’x) < 8f(x’x)> xixjxkx,]

ox; ox; dax'x
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because g(x) = f(x'x), which is equal to

9 ’ 2
4] N (x'x) < fx x)) X, X; X, X, dXx. (C.7)
RN ox'x ’

Now the function 4 (x'x) = 4f '(x'x)(9f (x'x)/dx'x)? depends on x only through x'x
and is positive and integrable by Assumption 1. Thus, it is itself a spherical density up
to some scale, and (C.7) is just the fourth-order moment structure with respect to h.
Therefore, Lemma 3 applies to s, and we obtain the same structure as for the lower
right block of M. That is, for i # j,

- (alogg<x>> x?] _ 3E[<alogg<x>> xfz]
B 0x; ox; :

and

_al 1 1 2
. ogg(x) dlogg(x) x,x,] _ E[<M> xlz] (C.8)
dx; ax; ’ ox; '

L i j i

Thus, Dy M, Dy' = 27Dy Dy’ + (7 — 1)vech(Iy)vech(Iy)’, and, because Dy Dy is
symmetric and idempotent, we obtain M, = 27Dy Dy + (7 — 1)vec(Iy)vec(Iy)'.

(c) g € D;: Because of the independence and symmetry, My is diagonal where the
first N diagonal elements are 1 because E[v2] =1,i =1,...,N by Assumption 1. The
next N* diagonal elements are either equal to k — 1, corresponding to E[v;] — 1, or
equal to 1, corresponding to E[v? vﬁ], i # j. The formula given in the statement is easily
seen to fulfill this requirement.

Finally, the given formula for My, can easily be checked by noting that a typical
element can be written as

e dlog g(x) dlog g(x)
0x;

i xj

kaz] —Hi=kA(j=0D5

where I(-) denotes the indicator function. For i = j = k = [, this is equal to 7; — 1 by
definition. For i = k # j = [, we have

[ 910 X dlo X
. gg()xi]E[ gg()x-:|1=11=0

| Ox; ax; /

and for i = j # k = [, because of independence and E[sz] =1,

. _<810gg(X) >2x_2] _ E[(alogg(x)>2 ] ,
i ax; ! ox;

which is equal to 7, by definition. All off-diagonal elements of M,,, are zero, and the
provided formula is easily seen to hold. n

Proof of Proposition 6. Full parametric efficiency is possible if and only if P, = 0.
As the case E[W,] = 0 can be excluded in general, this is equivalent to ¢, = AF,, with
constant matrix A = M, M}. This is a system of partial differential equations where
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(dg(x)/dx)x'/g(x) is affine in linear and quadratic terms in x. In the case N = 2, the
unique solution is the multivariate normal distribution. n

Proof of Proposition 7. It suffices to show that our estimator is asymptotically lin-
ear in the efficient influence function. Denote J; = J*(6,), J; = J*(6,), and J,
J*(6,). We have to show that

n 6
\/;(én - 0}1) - n71/2~1571 2 ll*(en) = 2 I, = Op(l)’
=1 i=1
where, denoting by E expectation under P,

T

Nu (8, = 6,) + ;" 'n™ 2 3 05(6,) = 1y 2 315 (6,),
=1 =1
T,=n"'"2(J; " =T ) 2 116,
=1

T3 = nil/z‘fjil z vvt(én)(lﬁh - l/;r - E[J’Zt‘ﬁa,ﬁrl’- . "ﬁn])5
=1

_nl/zj:l< ZW(O ))Z(l!fzx l]}t_E[l[j2t|ﬁa”+|7"'7ﬁn])$

T, =
n s=1
Ts=n""2070 S W8, — &, — B[y, |oy,...,04, 1),
t=a,+1
—1/2 -1 ! c a c 7
T, = —n""2J; > W6, ) X G~ —ELy,l0,,...,0,)).
n—a, s=aq,+1 t=a,+1

The projection P,(#) in (13) is continuous in € so that the smoothness of the influence
function J~'(0)n~ ' X"_,1,(#) as implied by LAN (Proposition 2) carries over to the
efficient influence function J*~'(6)n~' X, (). Hence, Ty —p, 0. The same holds
for 7, by Lemma 4. For the remaining terms to be op, (1) it suffices to show that con-
dition (3.1) of Drost et al. (1997) holds, i.e.,

E,, [1¢ = 12 lvy....0,] =5, 0, (C9)
where vy,...,v, are i.i.d. with density g. The proof of (C.9) is similar to that of Theo-
rem 5 of Linton (1993) except that his Lemmas 5.1 and 5.2 are replaced by our Lemma 5.

|

Proof of Proposition 8. The proof follows directly from Theorem 3.1 of Drost et al.
(1997).

Proof of Proposition 9. First note that P} € 7 because E[P’] = 0, E[P;F/] =0
and E[P;P'] is finite because E[y; 4] = E[E[p,4/|w,]] = E[§,4/] < oo by
Assumption 2 and E[F F"] = E[E[F, F,|w,]] = E[F, F/] < oo by Assumption 1 (finite
fourth moments).
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Next, we show that the orthogonal complement of the projection is orthogonal to 7.
It can be written as

i7(0) = 1,(8) — P;(0) = (W, — E[W,1)¢s; + E[W, 1M, M, F;. (C.10)

The first term on the right-hand side of (C.10) is orthogonal to 7; because (W, — E[W,])
has mean zero and is independent of w, and, hence, independent of all elements in 7.
The second term on the right-hand side of (C.10) is orthogonal to 7; because Vs(w,) €
7;, BIE[F,|w,]s(w,)] = E[E[F,s(w,)|w,]] = E[F,s(w,)] by the law of iterated expec-
tations. However, by definition, F, is orthogonal to 7. This proves that [*(6) is orthog-
onal to 7. |

Proof of Proposition 10. If x has a spherical density g(x) = f(y),y = x'x, then the
density of y is given by

N/2

h(y) = YV (y); (C.11)

T(N/2)

see Fang, Kotz, and Ng (1990, p. 36). Thus, a consistent estimator of g(-) is obtained by
estimating /(-) and transforming according to (C.11).
The motivation for the estimator of ¢, is

dlog f(w
w,:| =E|:2L’)v,v,’ w
ad

W,

EI:MLg(Ur)U, m(wt)7

I3
v,

t]zzﬁ%ﬂm)
ow,

where m(w;) = E[v,v/|w,] can be calculated with arbitrary precision; see Brown and
Hodgson (2004). Note that |vec(m(w,))| = w,. The remainder of the proof is analogous
to that of Proposition 7, except that the trimming conditions change. The gamma kernel
estimator has variance Var(n™' X, Gy 41 5(w,)) = O(n'b~2y~1/2) for y/b — o; see
Chen (2000). Thus, the variance of ¢(x) is of order Var(g(x)) = O((x'x)¥?> Nn=1p=1/2),
By Lemma 7, Var(n™'>,0G,/p+1,5(w:)/dy) = O(n~'b2y~3/2) for y/b — co0. Now,
letting G, = G,/p+1,5(w,) and Cy = T (N/2)/m ™2,

98, (x) | 9G
s _ CN(x’x)N/2—2<G,+(x’x)—’>x
ox n =1 ay

with euclidean norm

agb(x)
x

] n
‘ _ CN(X,X)l/z—N/z _ 2

n =1

G,
G, + (x'x) —
dy

n

1
= Cy(x'x)127N2 - (G, + (x'x)

=1

)
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Noting that |Cov(G,,dG,/dy)| = max(Var(G,), Var(dG, /dy)), we obtain

65’17(35)
ox

Var

‘ = Ciy'""Mn Y Var(G,) + y? Var (G, /dy) + 2y Cov(G,,dG, /dy)}

_ O{n—lyl/z—zvb—l/z + n—|y3/2—Nb|/2}, y=x'x,
which is o(1) under the given trimming conditions. This enables us to show that (C.9)

holds, following the lines of argument of Bickel (1982), Kreiss (1987), and Linton (1993).
|
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