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Abstract

In this paper we derive cumulant bounds for subgraph counts and power-weighted edge
lengths in a class of spatial random networks known as weight-dependent random con-
nection models. These bounds give rise to different probabilistic results, from which
we mainly focus on moderate deviations of the respective statistics, but also show a
concentration inequality and a normal approximation result. This involves dealing with
long-range spatial correlations induced by the profile function and the weight distribu-
tion. We start by deriving the bounds for the classical case of a Poisson vertex set, and
then provide extensions to a-determinantal processes.
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1. Introduction

In the random geometric graph, the vertex set is a random set of points in Euclidean space,
and any two vertices are connected by an edge if their distance is smaller than a fixed thresh-
old. Such a random geometric graph is a model in a wide variety of applications such as
wireless networks. Therefore its asymptotic behavior for a large number of nodes has been
studied extensively in the literature [16]. However, with the rise of network science, it has
become apparent that often this model is not flexible enough to capture more complex struc-
tures. Driven by this need, the class of weight-dependent random connection models (WRCMs)
has recently appeared as a promising approach for describing phenomena in large complex net-
works [7, 8, 13]. Instead of a fixed connection threshold, the WRCMs quantify the connectivity
via a profile function and a weight distribution. However, due to the complexity of the models,
the analysis of their asymptotic behavior is still in its infancy. In this paper we study the ques-
tion of asymptotic normality of suitable functionals on the WRCM. This is relevant in order to
put the analysis of data via WRCMs on a firm statistical foundation.

One of the main tools in the analysis of asymptotic normality is the method of cumulants
[3, 19]. Its popularity stems from the level of generality where it is applicable and the variety
of implications it draws. Moreover, one obtains specific non-asymptotic bounds for the rate

Received 21 March 2024; accepted 15 January 2025.
* Email address: nils.heerten @rub.de

** Email address: hirsch@math.au.dk

*** Email address: m.f.p.otto @math.leidenuniv.nl

© The Author(s), 2025. Published by Cambridge University Press on behalf of Applied Probability Trust.

1406

https://doi.org/10.1017/jpr.2025.13 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2025.13
https://orcid.org/0000-0003-4136-3740
https://orcid.org/0009-0006-6146-3975
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jpr.2025.13&domain=pdf
https://doi.org/10.1017/jpr.2025.13

Moderate deviations for weight-dependent random connection models 1407

of convergence to the normal distribution. However, the challenge in applying the method of
cumulants is that it requires the computation of higher-order integrals of the functional under
consideration. This is particularly challenging in settings involving long-range spatial corre-
lations. Important progress was recently achieved by Liu and Privault [15] and Schulte and
Thile [20], who derived a general formula for the cumulants of U-statistics based on Poisson
processes; see e.g. [20, Theorem 3.2]. This formula relies on the computation of higher-order
integrals, which are particularly accessible for random geometric graphs, where the corre-
sponding integrands are bounded and of bounded support. This is no longer true in the WRCM
where the range of the support depends on the profile function and the weight distribution.

While Poisson processes are certainly the simplest model for a random point pattern in
Euclidean space, they are inappropriate in settings with substantial spatial correlations. In order
to overcome this limitation, one considers determinantal and permanental point processes that
are based on a spatial kernel function [11]. These classes of point processes are particularly
well-suited to cumulant-based methods since their cumulant density can be expressed in closed
form in terms of the kernel function [9]. Recently, asymptotic normality for U-statistics of
determinantal point processes associated with spectral projection kernels on the unit sphere
has been obtained in [5]. One of the key observations in [10] and [12] is that the cumulants
of U-statistics can again be bounded in terms of higher-order integrals. These integrals are
reminiscent of those appearing in [20, Theorem 3.2] but are more complex due to the presence
of the kernel function. We show that the results in the Poisson case can be extended to this
more complex setting at the cost of weaker bounds on the convergence rate. In this context we
provide a lower bound on the variance of the functional under consideration, which may be of
independent interest.

The main contributions of this paper are as follows.

(i) Show asymptotic normality for power-weighted edge lengths and subgraph counts in
the WRCM. One of the key achievements of our result is that our bounds are com-
pletely transparent in the moment assumptions on the weight distribution and the profile
function.

(i) While [20] focuses on the case of Poisson processes, we extend the results to
a-determinantal processes. This relies on expansions derived in [9], [10], and [12].

(iii) Explain how variance lower bounds can be established for the considered functionals.

The rest of the manuscript is organized as follows. In Section 2 we introduce the model and
state our main results. Then we discuss certain preliminary results concerning general cumulant
computations in Section 5. Sections 6, 7, and 8 contain the proofs of the main results. Finally,
Section 4 contains some considerations regarding the lower variance bounds.

2. Model and main results

The main goal of this work is to establish moderate deviations in the setting of WRCM.
To do so, we will rely on the so-called method of cumulants (see Section 5.2 below for more
details). One of the core strengths of this method is that it gives rise not only to moderate
deviations but to a variety of different limit results as elaborated in [3], and [19]. To make our
presentation self-contained, we reproduce these consequences here.

Let (X,,),>1 be a sequence of square-integrable random variables, let y > 0 be a constant,
and let (Ap),>1 be a positive real-valued sequence. We say that (X,),>1 satisfies the following.
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e MDP (y, (A,)n>1) if for any positive real-valued sequence (a,),>1 With
an

A an =00 and i ey =

the rescaled random variables

Kdn=1:= (ay "Xy — E[X,1)/+/Var(X,)n=1

satisfy a moderate deviation principle (MDP) with speed an and good rate function
T(z) = 72/2. That is, for all Borel sets A,

— inf Z(z) < hm 1nfa 2 log ]P’(X eA)

z€int(A)

<limsupa, -2 log ]P’(X,, €A)

n—oo

<— inf Z(z),
zecl(A)

where int(A) and cl(A), respectively, stand for the interior and the closure of A [2]. This
might look quite familiar to a large deviation principle. However, since in our setting the
speed a,, is of order smaller than /Var(X,,), the term MDP is more appropriate.

o CI(y, (An)u>1) if the Bernstein-type concentration inequality

2
P(|X, — E[X,]| > z/Var(X,)) <2 exp(—% min{ e A })

holds foralln > 1 and z> 0,

e NACC (y, (An)n>1) if a normal approximation bound with Crdmer correction holds,

that is, if there exist constants cq, c1, ¢3 > 0 only depending on y such that, for all n > 1

and z € [O, COA,I,/(IH}')],

I+z
P(1X, — E[X,]| = zy/ Var(X,)) = eliz(l — <I>(z))<1 +019§rzw>
l’l
and
_ _ 1+z
P(1X, — E[X,]| < —zy/Var(X,))) = e"ne(1 — d>(z))(1 + C19,,,ZW>
n

with0F., 6. e[—1, 1] and

n,z’ ’n,z
L L e(- szs/A:L/(wzy)’6223/A111/(1+2y))7

n,z’
where @ is the distribution function of a standard normal random variable.
We now provide a formal definition of the WRCM considered in this paper; see [7], [8], and
[13]. Let Pp:= {P;}i>1 := {(Xi, U))}i>1 be a Poisson point process on the space W x [0, 00)
with intensity measure f,,dx ® Py(du) for some compact set W € R? with non-empty interior,

some t, > 0, and Py is a probability distribution. Then, in the WRCM, between any pair of
points P;, P; we place an edge independently with probability

IBjx;,—x;) |
X — X, U;, U)):= P e i LA ,
on(X; — X;, Ui, Uj) w(vnK(Ui’ U

where we now explain the individual components in detail.
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(1) ¢: [0, 00) — [0, 1] is the profile function, which is non-increasing and for which we
assume the normalization f o) dr=1.

(i1) |Bjx,—x;|| is the volume of the Euclidean ball of radius ||X; — X;|| in R<. In the literature,
the scaling || X; — X; 1 is sometimes used. Since the difference is only in a constant mul-
tiple, the two parameterizations are equivalent. For our analysis, the parameterization
with the ball-based scaling will substantially simplify the statements and proofs of our
main results.

(iii) (vu)n>1 is a positive real-valued sequence that is bounded from above. It can be thought
of as the volume of a ball around a typical node within which most neighbors of this
node are located.

(iv) Finally, « : [0, c0) x [0, oco) — [0, 00) is the interaction kernel, which is non-decreasing
in both arguments. We assume that « is such that 1 <« (u, v) < uv for all u, v > 0.

In a broad sense, our cumulant bounds are similar to those considered earlier in the setting
of standard random geometric graphs [20]. However, in the setting of WRCM the conver-
gence will depend sensitively on moment estimates for both the profile function and the weight
distribution. To make this precise, we now introduce specific conditions on these quantities.

We assume that U > 1 a.s. and that there are constants cy,1 > 0 and cy2 < 1 such that for
all x> 1,

My(x):= E[U*] < cpy T (1 +x)V2, MU)
where ~
r(y):= / Pledr
0

is the standard Gamma function. For instance, if X is exponentially distributed with some
parameter A > 0, then U := X + 1 satisfies (MU) with cyy 2 = 1. Moreover, if X is a standard
normal random variable and U ~ X | {X > 1}, then (MU) holds with cyy 2 = 1/2. As we will see
in Theorem 2.1 below, the value of the constant ¢y 2 is much more important than that of ¢y ;.

The first functional of interest is the subgraph count, which was also considered in [20], and
we recall the definition here. Let G be a fixed connected graph on the vertices {1, . .., g}. Then
we let S,(G) denote 1/4! times the number of g-tuples (P, ..., Py) € P, such that for every
edge {7, j} in G, the WRCM has an edge between P; and P;.

Theorem 2.1. (Cumulant bounds for subgraph count.) Let d > 1 and G be a fixed connected
graph on q vertices. Assume that U > 1 a.s. and that condition (MU) holds, and set Asg :=
(g — 1)(1 + cy 2). Moreover, assume that there exists v > 0 such that for all n > 1,

Var(S,(G)) = v|W|tdvd= 1 (1 v t,v,)7 1. (VSG)
Then S,(G) satisfies MDP (AsG, (Bn)n), CL(AsG, (Bu)n), and NACC (Asg, (Bn)n) with

B e VVIW[ta(1 A ty0,)471
n -—
4% (bsc V b3 /v)

Second, for fixed v > 0, we consider the t-power-weighted edge length given by

1
=0 Y X=X
Pi’VPjEP;L

. where bsg == ((1V e (g — )U2)7", n>1,
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where P; ~ P; indicates the existence of an edge in the WRCM. Here we additionally need to
impose similar assumptions concerning ¢ as we did for the weights in (MU). More precisely,
we assume that there are constants ¢, 1 > 0 and ¢, 2> < 1 such that for all x > 0,

My(x) = / e dr <5 (1 +x)%?  and
0
M, (x) 1= supy=0 (O <& | T(1 +x)%2, (MPHI)

For instance, (MPHI) holds if ¢ has compact support. Moreover, similarly as for the case of
weights, one can also consider the cases of exponential tails where ¢y, > = 1 and Gaussian tails
where ¢y 2 =1/2.

Theorem 2.2. (Cumulant bounds for power-weighted edge lengths.) Let d>1 and t© > 0.
Assume that U > 1 a.s. and that conditions (MU) and (MPHI) hold, and set AgL := 1+
2cy2(tqg + 1) + cp 274, Where 14 := t/d. Moreover, assume that there exists v > 0 such that
foralln>1,

Var(S() > v|W|2v2% (1 v 1,v,). (VEL)

Then the power-weighted edge length ng) satisfies MDP (AgL, (Bn)n), CY(AEL, (Bu)n), and
NACC (AgL, (Biu)n) with

VIVt (1T A tyvy)

. where b= (cg1(ta v 1)) (cy,1(tg + 1) V22D
64(bEr V by /v) ¢

Bni=

forn=>1.

Note that for U =1 a.s. and ¢(-) = 1|o,1}, the weight-dependent random connection model
reduces to the classical random geometric graph. In this situation, [20, Section 4.2] establishes
the analogue of Theorem 2.1. Since we can choose a = cy,1 = 1, cy 2 = 0 in this case, Theorem
2.1 generalizes [20, Corollary 4.2] to the weight-dependent situation.

We also note that for many real-world datasets one can encounter the setting where the
weights only have a finite number of moments. In such situations our results do not apply
since the condition (MU) is violated.

Finally, in Theorems 2.3 and 2.4 below, we replace the Poisson point process with an «-
determinantal point process («¢-DPP) as input. We note that while a homogeneous Poisson
point process is a special case of an «-DPP, the convergence rates derived for «-DPPs are less
sharp than that for Poisson input. Hence the results in Theorems 2.3 and 2.4 do not supersede
those in Theorems 2.1 and 2.2.

Recall that for « € R a simple point process is called «a-determinantal point process (o-
DPP) with covariance kernel K: R? x R¢ — C if, for all k > 1, its kth product density py is
given by

k
o, o=y O T K@i ) .1)
7 ePer (k) i=1

for all xi,... ,xkeRd, where Per(k) is the set of all permutations of {1,...,k} and
n(r) is the number of cycles in the permutation 7. Important special cases are determi-
nantal processes (o« = —1) and permanental processes (o = 1). Following [9, Section 3],
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we assume throughout that the kernel is stationary, i.e. K(x, y) = K(o, y — x) = Ko(y — x) for
allx,ye R4, where Ko(x) is a continuous, complex-valued, positive semi-definite function, i.e.
Y71 ziKo(i — x)z = Oforallxy, ..., x, € RY, z1, ..., z, € C. This implies that Ko(0) > 0,
Ko( — x) = Ko(x), |Ko(x)| < Ko(0) for all x € R¥ and that the «-DPP with kernel K is stationary.
Moreover, we assume that

Ko(0o) €[0,1] and |[Koll1:= /lgkd |[Ko(x)| dx < oo. (DPP)

Under these assumptions, it is shown in [9, Theorem 2] that the o-DPP with kernel K
is Brillinger-mixing, which says that for all k> 1, its kth cumulant density is absolutely
integrable.

Since there is no natural analogue to an increasing intensity parameter for o-DPPs, we
will instead consider the scenario of an independent Py-marking P of an o-DPP on W, :=
n'/4W. This is as in [23]. Note that due to the scaling invariance property of a Poisson process,
Theorems 2.1 and 2.2 could also be formulated in this setup.

Theorem 2.3. (Cumulant bounds for subgraph count for a-DPPs.) Let d > 1 and let P be
an independent Py-marking of an a-DPP for some o € [—1, 1]. Assume that the stationary
covariance kernel K satisfies the conditions (DPP). Let G be a fixed connected graph with g
vertices and consider the subgraph count S,(G). Assume that U > 1 a.s. and that condition
(MU) holds and set Agg := 2q9 4+ (q — 1)cy,2 — 1. Moreover, assume that there exists v > 0
such that for alln > 1,

Var(S,(G)) = v|W,[vi~1(1 v vd~h, (VSG)
Then S,(G) satisfies MDP (Asg', (Bn)n), CL(Agqys (Bu)n), and NACC (Aggr, (Bn)n) with

B, VVIWa|(1 Avp)d~1

= here bgg := (||[Koll1 v D7 'b >1
22 (bsgy v b V)’ where bsg := ([[Koll1 vV D" "bsg, n=1,

with bsg from Theorem 2.1.
The next result is the analogue of Theorem 2.2 for «-determinantal input.

Theorem 2.4. (Cumulant bounds for power-weighted edge lengths for «-DPPs.) Let d > 1 and
let ‘P be an independent Py-marking of an a-DPP for some o € [—1, 1]. Assume that the
stationary covariance kernel K satisfies the conditions (DPP). Consider the t-power-weighted
edge length S,(f). Assume that U > 1 a.s. and that conditions (MU) and (MPHI) hold, and
set Agyy = 3+ cp 2ty + 2cy2(tq + 1), where 14 := t/d. Moreover, assume that there exists
v > 0 such that for alln > 1,

Var(S) > v|W, [v2% T (1 v vy). (VEL))

Then the power-weighted edge lengths ng) satisfy MDP (Agr/, (Bw)n), CY(AgL/, (Bnn), and
NACC (Agv, (Bpn) with

NVVIWal(I A vy)

Pu:= 64 (b v b3, /v)

., where bgrr == (|Koll1 vV DbgL, n>1,

with bgy, from Theorem 2.2.
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Remark 2.1. We stress that the existence of an «-DPP with a given covariance kernel K is not
guaranteed. Hence we say that some « € R is admissible if there exists a point process whose k
product intensity is given by (2.1). By [21, Theorem 1.2], it is known that all @ € {£1/m: m €
N} are admissible.

Remark 2.2. In Propositions 4.1 and 4.3 below we show that the variance lower bounds
assumed in Theorems 2.1 and 2.2 hold for an appropriate sequence (v,),>1 and give a pos-
sible choice for the constant v > 0. Note that variance lower bounds are also required in
Theorems 2.3 and 2.4 for t > 0. Here, due to the different scenario of an increasing sam-
pling window, we rather work with a sequence where (v,/n),>1 is bounded. In Remark 4.1
we address the problem of obtaining variance lower bounds for U-statistics of «-determinantal
processes if o < 0. It is interesting that for U-statistics of determinantal point processes associ-
ated with spectral projection kernels, the symmetry of the sphere can be used to derive explicit
variance asymptotics (see [5, Theorem 3]).

Remark 2.3. Our techniques also allow us to obtain Berry—Esseen bounds for S,(G) and S,(f).

For details we refer to [3, Theorem 2.4].

3. Applications

In this section we explain how our results apply to well-known random geometric graphs
and make the constants in the theorems above more explicit. In the following, let W  R? be a
compact set with non-empty interior.

Example 1. (Total edge length in the Gilbert graph.) For k =1 and ¢(-):= 1{- <1} our
model reduces to the Gilbert graph, in which two points X; and X; are connected whenever
their Euclidean distance is at most (v, /Kd)l/ 4 Then (MU) and (MPHI) are satisfied with
cui1=cp1=1and cyr=cy2=0.Let 7 := 1. Then Sﬁ,l) is the total edge length in the ran-
dom geometric graph built on the point process P. From Proposition 4.1 below it follows that
conditions (VEL) and (VEL') hold for some v > 0 (see Remark 2.2).

If P is a Poisson process with intensity measure #,dx ® Py(du) on W x [1, co), Theorem
2.2 gives MDP/CI/NACC (1, (8,),) with

VVIW (1 A tvy)
64(1v 1/v)

/371: s neN.

Next, let P be an independent Pyy-marking of an «-DPP with o € [0, 1] on n!'/4W x [1, 00),
where the stationary covariance kernel satisfies condition (DPP). Then Theorem 2.4 yields
MDP/CI/NACC (3, (8,),) with

_ W1 Avy,)
64 max(1, 1/v, |Koll1, IKoll3/v)’

Bn

Example 3.2. (Triangle count in the Boolean model.) Let k(U;, Uj) = (Ul.l/d + U/.l/d)d and
@(-):= 1{- < 1}. Then we are in the situation of a Boolean model, where X; and X; are
connected if the balls with volumes v,U; and v,U; centered at X; and X, respectively,
have non-empty intersection. Let A >0 and assume that Py has the probability density
re =215 o) (u). Then assumption (MU) holds with cyj =re?* and cys=1. From
Proposition 4.3 it follows that conditions (VSG) and (VSG’) are satisfied for some v > 0.
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If P is a Poisson process with intensity measure #,dx @ Py(du) on W x [1, oo), Theorem
2.1 gives MDP / CI / NACC (4, (B,),,) with

VIW[t(1I A tnvn)z

,  Where bgg := 4 1vA4edt , n>1.
P (bso v bl/v) sG := 4( ), n=

Bn =

Next, assume that P is an independent Py-marking of an «-DPP with « € [0, 1] on n/dW x
[1, 00), where the stationary covariance kernel satisfies condition (DPP). Then Theorem 2.3
yields MDP / CI / NACC (7, (8,),) with

WI(1 A vy,)?
By i= 18;(';' |(vb3“”;v), where bggy := 4(1 v 2%SM) (Kol v 12, n> 1.
SG’ SG/

4. Variance lower bounds

All of our main results depend on lower bounds for the variance of S,(G) and S,(f), respec-

tively. Before proving our results in the upcoming sections, we elaborate on how these lower
bounds can be established. Although the following propositions are stated for the scenario
of a fixed point process restricted to a growing sampling window W,,, they hold analo-
gously in the case of a Poisson process with a growing intensity #, on a fixed sampling
window W.

For some a > 0, let

Wn_a = {)C eW,: B(a/|31|)1/d(x) - Wn}
be the set of all x € W), such that a ball centered at x with volume a is still contained entirely in

Wh.
We start with the lower bound on VaI(S,(fd)).

Proposition 4.1. (Variance lower bounds for power-weighted edge count.) For « € [0, 1], let
‘P be a stationary a-DPP. Let ¢ > 0 and T > 0. Then, for n > 1,

Var(STD) > vWu w2 (1 v wy),

where

| —gvy

& &
v:= inf ";/ IB1| 72" Ko(0)? / IZTH(p(t)dt(lAZKO(O) f t2f+1<p(t)dr>.
0 0

n=l Wyl

Note that if the sequence (v,/n),>1 is bounded, we have v > 0. Indeed, our assumptions
(that fooo ¢(#) dt = 1 and that ¢ is non-increasing) guarantee that there exists some ¢ > 0 such
that ¢(¢) > 0 and

W—avn
inf Wr_|
n=1 |Wy]

> 0.

Proposition 4.2. (Proof of Proposition 4.1.) Given an «-DPP P, recall that its kth product
density py is given as in (2.1). Then, expanding the second moment of ngd) into three terms,
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we find that the variance of S,(fd) is given by
|B] |2‘[ Var(SElrd)) — |B] |2‘L’ (E[(S;Td))z] _ E[S;Td)]Z)

= /wz |Blx—yi 1" Elgn(x — y, U, V)]pa(x, ) d(x, y)

+2 [ 1Bl By Bl U, Vognte =, U V)
X pax 3. G v, )

[ BBy Bl =3, U Vi =/, U V)
x pa(x, ¥, y, ) dix, y, ¥, )

~ [ Bl B Bl 3, U, Vi = U V)

X pa(x, V)2, y) dx, y, X', ),

where U, U', V, V' ~ Py are independent. Since for an a-DPP with o >0 all terms on the
right-hand side in (2.1) are non-negative, we have p4(x, x',y,y") > p2(x, y)p2(x', ¥) for all

x, X, y,y € R% Therefore,

|B1[** Var(S;7) > /Wz 1By P Elpa(x = 3, U, V)Ipa(x, ) dx, y)

+ 2/ . IBix—yil ¥ 1Bjx—y | | "El@n(x — y, U, V)gu(x — y', U, V)]
W.

n

x p3(x, y, y)d(x, y, ¥).

We now give lower bounds for the two terms separately, starting with the first one. We use
spherical coordinates and exploit that k(u, v) > 1. Since pa(x, y) > Ko(0)? for all x,y € R,

this gives

&
f Bl PP Elgn(x =y, U. V)loa(x, y) dx, 3) = Ko(o) W, oy / (0 dr.
W, 0

n

Similarly, for the second integral we obtain the lower bound

& 2
KO(0)3|Wn—8Vn |U5(T+l) </ t2‘[+l(p(t) dt) .
0

Hence combining the two bounds yields the assertion.

Next we consider the variance of the subgraph count S, (G).

Proposition 4.3. (Variance lower bounds for the subgraph count.) For « € [0, 1], let P be a
stationary a-DPP, and let G be a fixed connected graph on q vertices. Let € > 0. Then, for

n>1,
Var(S,(G)) = vIW, v~ (1 v vi™h),
where
—gv, /24
vim inf Y2 ko(o)(eKo(0)/271 (1 A aleKo0)/24 ).
=l Wyl

https://doi.org/10.1017/jpr.2025.13 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2025.13

Moderate deviations for weight-dependent random connection models 1415

Proof. Let G be a fixed connected graph on vertices 1, ..., g. Fors; € X:= W x [1, 00) X
[0, I]N, i=1,...,q letfy(s1, ..., s4) be 1/g! times the number of subgraphs in the WRCM
built on these points that are isomorphic to G (see the proof of Theorem 2.1). Moreover, for
k € N, let p; be the kth product density of P. Then we have

q

Var(s,(G) =" (4 / / FaO)fu(Sg—ks ©Pgx(X, Yy (dDp(ds)
k=0 k Xa Jxk
- / / Jn(S)fn(£) pg(X) pg () (dt) ] (ds), 4.1)
X4q JX4
where s:= (s1,...,s) and x; is the first coordinate of s; for i=1,...,q, and s, :=
(81, ..., Sg—k) (similarly for t and y). Accordingly, we formally put f,(so, t) = f,(t). Since

for a > 0 all terms on the right-hand side in (2.1) are non-negative, it holds that p24(X, y) >
Pg(X)pg(y) forall x € R% y e R%. This yields

q—1
Var(S,(G) = (Z) /X /X S8y Dpg k(% DIRAOUIES).  (42)
k=0 -
To bound the term with k = 0, note that f,,(x) is bounded by the indicator that x5, . . . , x4 are all
contained in a ball with volume r,, := ev,/ 24 around x; and that the WRCM builtonxj, . . ., Xq

is connected. Here ¢ > 0 is chosen such that ¢(g) > 0 and such that for all x e W,, " and all
n > 1, the ball centered at x with volume r,, is entirely contained in W,,. Such an ¢ exists since
the sequence (v, /n), is bounded. Since any two points in a ball with volume r,, are connected
with probability at least p := ¢(e) and p,(x) > Ko(0)? for > 0, this yields the lower bound

/ Fu($)pg()d(ds) > Ko(o)! W, [p@ ra~1,
X4

With an analogous argument for the term with k =g — 1 in (4.2), we find that

f / FulS)o(s1, ©p2g—1(%, )l (dt)ud(ds) > Ko(o)?a~ W p>®) 242,
X¢ JX4-1

Combining these estimates gives the assertion. U

Remark 4.1. It is a notoriously challenging task to obtain lower bounds on the variance of
geometric functionals of (stationary) determinantal point processes (see also the discussion in
Remark (iii) after Theorem 1.14 in [1]). This is due to the fact that p24(X, y) < pg(X)04(y)
for T <0, which results in positive and negative terms in the expansion of the variance
in (4.1). In the case g=1 (where S, is the number of points in P N W,), we have for
f |K0(x)|2 dx = Ko(o) that the variance of S, grows for n — oo as the surface area of W,,
i.e. Var(S,) ~ |Wn|(d_l)/d (see [6], (4.15)). For instance, this is the case in the Ginibre process,
and similar phenomena also occur for f |Ko(x)|% dx > Ko(0). However, if f |Ko(x)|% dx < Ko(0)
we have Var(S,) ~ |W,|. If g > 2, the situation is more complex, since the asymptotic behav-
ior of the variance of S,(G) is determined by the asymptotic properties of K, (v,),>1 as well
as the profile function ¢. A concrete scenario in which we can determine the growth rate of
Var(S,(G)) is when g =2, G is the connected graph on two vertices, v, — 0, and the profile
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function ¢ has bounded support. In this case we obtain from (4.1) that

Var(S,(G)) = /WZ Elgn(x1 —x2, U1, Uz)]p2(x1, x2) d(x1, x2)

n

+2/ . Elg.(x1 —x2, Ur, U2)en(x1 — x3, Ut, U3)]p3(x1, X2, x3) d(x1, X2, X3)
%

n

+ / \ Elga(x1 — x2, U1, U2)@n(x3 — x4, Uz, Us)]
W

n

X (p4(x1, X2, X3, X4) — p2(x1, X2)02(x3, x4)) d(x1, X2, X3, X4).

A detailed analysis of the three different terms that proceeds along the lines of the proof of [10,
Theorem 3.2] shows that the first term grows at rate |W,|v,, whereas the second and the third
terms grow at a rate that is at most |Wn|v,zl. Hence there is some v > 0 such that

Var(S,(G)) ~v|Wy|v, asn— oo.

5. Preliminaries

In this section we set the stage for the proof of our main results and recall some material
from [20]. To keep the presentation self-contained, we start in Section 5.1 with elementary
facts on some partitions which play a fundamental role in the method of cumulants. Then, in
Section 5.2, we recall the method of cumulants, and following this, the main results from [20].

5.1. Partitions

Partitions play a central role in our application of the method of cumulants, and in the
present section we reproduce some material from [14, Chapter 12.2]; see also [20, Section
2.4]. However, since we only deal with single U-statistics and not linear combinations of U-
statistics, we can simplify the presentation.

Let m>1 and let g > 1. We then define N = mgq, and for each £ € {1, ..., m} we let J, :=
{€—1Dg+1,...,4£q}. As an illustration, one may imagine N numbers arranged in an array
of m rows, each having ¢ entries. Then J; is the £th line in this arrangement. A partition o of
{1,..., N} is acollection {By, ..., By} of 1 <k <N pairwise disjoint non-empty sets, called
blocks, such that By U---UBr ={1, ..., N}. By I1"(g), we denote the set of all partitions o
such that

max max |[BNJy| <1,
Beo (<m

and by H’fz(q) the set of all o € [1"(g) with minge, |B| > 2.

Every partition o € T1"(g) induces a partition o* of {1, ..., m} in the following way: k, £ €
{1,...,m} arein thegame block of o* whenever there is a block B € o such that |BNJ| =1
and [BNJ¢| = 1. Let [1"(g) be the set of all partitions o € I1"(g) such that |o*| = 1, and define
H’;Z(q) in the same way as H’;z(q).

Let (X, X) be a measurable space. For functions f: X7 — R, we define their product
fem: XN — R by

m
FE™M(x1, . xN) = Hf(x(é—l)q-H, cey Xeg)
=1
Notice that for each £ the function f in the product takes entries of J; as its input.

Then, for some o € I1"(g), the function (f®™), : X|°l — R is obtained by replacing in f&™
all variables that belong to the same block of o by a new common variable. For example,
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if m = g =2, and for a partition o on {1, . . ., 4} that consists of the blocks {2}, {1, 3}, and {4},
this means
(F&)e (x1, X2, x3) = FE2(x1, x2, X1, X3) = (x1, X2)f (x1, X3)

(see e.g. [14, Chapter 12.2]). Note that in this way (f®™), is only defined up to permutations
of its arguments. Since in what follows we always integrate with respect to all arguments of
(f®™),, this does not cause problems.

5.2. Method of cumulants

In this section we introduce the key tool for the proof of the main results, namely the method
of cumulants, whose development has been mainly attributed to V. Statulevicius. The results
of earlier articles (see e.g. [18], [22]) are collected in the textbook [19]. We also want to point

to the more recent survey [3]. Henceforth, cum (X1, . . ., Xj;,) denotes the joint cumulant of the
random variables X1, . .., X;,. We recall that with i the imaginary unit, this is given as
am
cum (X] EERIRICNE] Xm) = (_l)m— log ¢X1 ..... Xm(tl ) L) z‘}’ﬂ)|l]="'=lm=05
oty -+ - Oty
where
Ox1, X (E1s oo s ) 1= E[exp(i Z tiXi)j|
i<m

is the characteristic function of the random vector (X1, . . ., X;,). We henceforth always assume
that all considered random variables have finite moments of all orders. Moreover, we denote
the mth-order cumulant of a random variable X by cum,, (X) and note that cum(X, ..., X) =

cum,, (X), where the left-hand side takes an m-tuple as its input.

The following proposition can be regarded as the application of the method of cumulants
to Poisson-based U-statistics and is a variant of [20, Theorem 3.2]. In contrast to the latter,
we allow for the additional factor (m!)” in assumption (5.1) below. Although we do not need
it for our purposes, we note that the statement could be generalized to linear combinations of
U-statistics.

Proposition 5.1. (Variant of Theorem 3.2 in [20].) Let (P,), be a family of Poisson processes
over o -finite measure spaces (X, Xy, n))n and let f,: X? > R, neN, be measurable and
satisfy the integrability condition

2
\/};( x f(yla LR 7yl'9-x17 e 7xq—l) Mz_l(d(xlv e 7xq—l))) N«;,(d(y% LR yl)) <00
i q—i
forie{0, ..., q}and sup,>1 |[f,,||22(uq) > 0. Define for n > 1 the random variables

Zy = Z Sn(xt, ..o, xg).

Assume that there is a positive real-valued sequence (Bn)n>1 and some p > 0, such that for any
neN, forall o € T,,(q) and m > 3,

Var(Z,)™"/? / (™) !
xlol

< (m\y B, " 2. (5.1)
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Then
()
Var(Z,) ) ,
satisfies MDP, CI, and NACC, all with parameters (p + q — 1, (g3 B,),).

Proof. The main tool of the cumulant method is to find parameters y >0 and A, >0,
such that the cumulants of the random variable Z,/+/Var(Z,) as in the proposition satisfy the
condition

( Z, )‘ - (m!)!+Y

cum,

"\VWVarZ,) )|~ Am2?

for all m >3 and n € N. This condition is widely known as the Statulevicius condition and
implies that MDP, CI, and NACC are all satisfied with parameters (y, (A,),>1); for more
details we refer to [3, Section 2]. To do so, we follow the arguments in the proof of [20,
Theorem 3.1]. If we fix some m > 3, by definition of the cumulant, its multilinearity, and the
triangle inequality, we have

Zo \|_ 1
el ( JVar (z,J) ‘ ~ Nar Zny"

Now, according to [20, Theorem 3.7], we can rewrite

> [ (") dpul”!
Xlol

oelin(g)

S leum(Z, ... Zy).

| cumy, (Zna R Zn)' =

/ (fy(,g)m)a dl/vlal
Xlel

= } ﬁm(Q) ’ Supaeﬁ’"(q)

Additionally, we observe _
|TT"™(g)| < IT1"(g)| < ¢*"(m!)?,

where the first inequality is a straightforward consideration by the definitions of ﬁ’”(q) and
I1"(g) respectively, and the second one is due to the first part of [20, Proposition 6.1]. Putting
this together with assumption (5.1) gives

Zn
cumy, [ ———— )| < g?(m"PTI8"=D < iy ta(g—31p,)" "2,
m( Var(Z,,)) =g (mly™B, < (m)™ (g™ Bn)
so that in comparison to the above cumulant bound we observe that y =p+¢—1 and
Ap = Buq =34, U

5.3. Parameter specifications

In this section we prepare the proofs of our main theorems by explaining how we choose
the model parameters in Proposition 5.1.

Even if all Poisson points {(X;, U;)}; are assumed as given, in the current framework the
decision whether to put an edge between (X;, U;) and (X, U)) still involves additional ran-
domness. We resolve this technicality in the same way as in [17] (see particularly Section
4 therein). More precisely, we formally enlarge the state space of P, from W x [1, co) to
X:= W x[1, o0) x [0, 11N and augment each Poisson point (X;, U;) with additional i.i.d. uni-
form marks (T,-(/))jz1. Hence we choose u, := t,dx ® Py ® (Unif[0, 1])N. We then index the
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points of P, in lexicographic order and put an edge between P; and P; with i < j if and only if

, |Bjx;—x;1
T <onXi = X;, Uiy U= | ————~ |,
i = gol’l( 1 J ! j) w(VnK(Ui» ljj)>

and thereby realize the edge probability ¢, (X; — X, U;, Uj).

6. Proof of Theorem 2.1

Let G be a fixed connected graph on vertices 1, . . ., g. For
pi=(xi,ui, (1)) eWx [1,00 x [0, 1V, i=1,....q,

let fu(p1, ..., py) be 1/q! times the number of subgraphs in the WRCM built on these points
that are isomorphic to G. While now the basic idea is similar to the representation given in [20,
(7.1)], where the functionals for the subgraph count in the classical random connection model
are given as a linear combination of indicator variables, the presence of long-range correlations
through the profile function ¢ and the weights requires additional work.

Let 0 € ﬁm(q) be a partition, and note that it induces a connected graph (V, E) with
vertex set V={1,...,|o]|}, where the block B; € 0 has been identified with node i€V,
i=1,...,|o|. Thereisanedge (i, j) € Eif thereare k;, kj € {1, ..., g}and £ € {0, ..., m — 1},
such that £g + k; € B;, £q + k; € B; and there is an edge between k; and k; in G. For instance,
let G be the graph on vertices {1, 2, 3} with edges (1, 2) and (2, 3), let m=2 and o =

{B1, ..., Bs} with By ={1, 4}, B, ={2}, B3 ={3}, B4 ={5}, Bs ={6}. Then V={1,...,5}
and E ={(1, 2), (2, 3), (1, 4), (4, 5)}. Note, moreover, that in this case
EENe 1, .. p5) =fulP1, P2, PV (P1. P4 PS), D1, ... D5 EX.

In general, we have

(f;?m)” dﬂlngl =t’|16| / . IE|: 1_[ on(xi — x5, U, Uj):| d(x1, ..., Xjo)- (6.1)
W(T

(i.)ek

Xlol

We shall give a few more details regarding the above equation. On the left-hand side of (6.1),
the integration over Xlel formally is an integration over (W x [1, oo) x [0, 1]N)|”| and the inte-
gral is split accordingly. The integrand is then the indicator that for an edge (i, j) € E (the edge
set of the graph induced by o), there is an edge in the WRCM between the points P; and P;.

The latter now depends on the marks Tl.(j ) as described above. The integral over [0, 1]°! is then

formally solved by writing the probability that Tl-(]) < @u(-) as @, (-). Further, the expectation
on the right-hand side of (6.1) represents the integral over [1, 00)/°! so that the only ‘visible’
integral is the one with respect to the Lebesgue measure t‘,f‘d(xl, ces Xg))-

Next we fix a spanning tree of (V, E) with induced edge set E; C E. Then we successively
integrate the tree E;, where we use spherical coordinates in each integration step. Since the
factors in the product on the right-hand side of (6.1) are at most one, this indeed gives an upper
bound.

In more detail, first observe that by Fubini’s theorem and the fact that E; C E, the integral
in (6.1) is bounded from above by

E|:/| H (Pn(Xi,Xj, Ui, Uj)dxl,...,dx|(,|j|,
W(7

(i.)€E;s
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For better illustration, we consider one of the |o|-fold integrals separately and let (i, j) € E;.

Then,
/ (i, xi, Ui, U-)dx'</ (p<B”X’—_xf|> dx:.
wo T Jra P\ v (U, Up )
The right-hand side integral over R? can now be rewritten using spherical coordinates around
x;. This gives
o0
vllK(Ui7 l]j)/o (p(s) ds = VnK(Uh Uj)a

where we have used that fooo ¢(s) ds = 1 by assumption from Section 2. Now, since the edge
set of the spanning tree satisfies |Es| = |o| — 1 by construction, an iteration of the above yields

]E|:/| 1_[ on(xi, x5, Ui, l]j)dxl,...,dx|g|:|
WG'

(i,))EEs
5/ dx|(,|v,|f|_1E|: [] «w. Uj)}.
W (i)eEy

Since the first factor on the right-hand side equals the volume of W, we have arrived at

/X e =07 7 W E[ [ «wi U,)]. (6.2)

(i.j)eE;s

So the only thing left to care about is the expectation on the right-hand side of (6.2).
Therefore let deg (i) denote the degree of i€ {1, ..., |o|} in (V, E). Then «(u, v) < uv and
(MU) give

E[ [] «ws U,-)} < [T Mu(deg,i))

(iJ)eEs i<lo|
deg, (i .
< [T 05 (degypnv2

i<|o]

= 77V T (deg v

i<|o|

Here the product overi =1, ..., |o| can be expressed as

[T (degy))¥2> =exp (cU,z > log I'(degy(i) + 1)>.

i<lo| i<|o]

First we show that the function f(sy, ..., Sjg|) := Zislal log I'(s; + 1) is convex. Indeed, for
n > 1, the (n + 1)th-order derivative of log I'(s) is the polygamma function of order n given by

1

Wy(s):= (="t T

k>0
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This implies that
2 1

¢, D) =)= 0
— lo s) = s) = —— >0,
a2 8 R

which yields convexity of the function log I'(s). Hence, on the set
{(s1, 80D €Nl sy o 55 =2(l0| — D,

the function f takes its maximum at an extremal point. In other words, there is some iy €
{1,..., |o|} such that s;; = |o| — 1, and s; = 1 for i # ip. In particular,

l—[ (deg, (N2 <((lo] = DHHU2 < ((m(g — 1)HHV? < (g — 1y"@=Dev2 (y1y(a—Deva

i<|o]
where we have used |o| <m(q — 1) 4+ 1 and the elementary inequality

(ck)! < cK(k1)°, (6.3)

which holds for all ¢ > 1 and k € N. Thus,

E|: 1_[ «(U;, UJ):| < C%](’Iflfl—l)(q _ l)m(q—1)CU,2(m!)(‘]—l)CU,2 < b’S"G(m!)(q_l)CU’z, (6.4)
(i.)€E;s

where we recall that
bsg = ((1v el )(g—D2)""!

from Theorem 2.1. Hence we arrive at
e = 77 W Bty Dev2,
Xlo
Now, by condition (VSG), there exists some constant v > 0 such that
Var(S,(G)) > vIW v~ (1 v ¢~ Ta~ 1.
Next we distinguish the cases #,v, <1 and #,v, > 1. If #,v, < 1, we use |o| > g and find with
a:= (g — ey that

1

q q—
m) ™ (Var Su(G) ™2 | (F8™)y dul! < [Wltnbggvn
! ot T Ty pm2ymy2fnal?  ma=/2

_ b’SnG|W|*(mf2)/2
vm/ztglm—Q)q/2 vr(lm—2)(q—1)/2

_ - -2
< (1V b3 /"2 (bsa /y IWIvedvd =" 2.

If t,v, > 1, we use the bound |o| <m(qg — 1) + 1 and obtain

|W|tz1(q71)+lbgn6v:l”(q*])
m!)~*( Var S,(G —'"/2/ oy, dulol <
(m!)~%( w(G)) ol (fn )o My _|W|m/2vm/2l:’;1q_m/2vgl(q_l)

—(m— 1-m/2
B |W| (m 2)/2tn m/ brSnG
- yin/2
-2 -2
< (1vbig/v)" " (bsc/VIWIve,)" "

Therefore a cumulant bound as in (5.1) is satisfied and the result follows from Proposition 5.1.
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7. Proof of Theorem 2.2

In this section we prove Theorem 2.2. We apply Proposition 5.1 with state space X :=
W x [1, 00) x [0, 11N, g=2 and

FulPi, Py = 1Bix—x"YT < gu(Xi = X, Uy, Up)).
In the proof, we replace the 7-power-weighted edge length || X; — X;||* by
|Bix—x;|” = |B1|"I1X; — X;1|".

Note that the linear scaling of S,(f) by |B1]* has no influence on the fraction Si,r) /+/ Var(St) and
therefore does not affect our bounds. As we will see below, this reparameterization will make
the integral computations substantially more accessible.

As in Section 6, we use the fact that the partition o induces a connected graph (V, E) on the
vertex set V= {1, ..., |o|}. In fact, in the present setting this graph is far easier to comprehend
since g = 2. Moreover, for (i, j) € E we henceforth let m;; be the multiplicity of (i, j) in o and
note that Z(i’j)eE m;; = m. Then,

/‘ ‘(f,{@m)a dp)! =f*|f|]E[/ | [T 1Bl ™ in(xi —x;, Uy, Uj)d(x1»~~X|o|)}-
Xlo wie

(ij)eE
(7.1)
Again, we fix the edge set E; C E of a spanning tree and rewrite the inner integral in the
above as
/ |: 1_[ (pn(xi —Xj, U;, Uj))lBllx,'ﬂc_/H |tmij:|
W L ek,
X [ l_[ on(xi — x;, U, Uj)|B|x[—x,'|||tmij:| d(x1, ..., x|0|)
(i,))EE\E;s
< [ [T ows L’j))tnlijM;(Tmzj):|
(i J)EE\E
X / l_[ n(Xi — Xj, Ui, UpDIB gy |0 d(x1, . . ., X|o)),
WL G ek,
where M(’p is given at (MPHI). Next, we bound the integral over xi, ..., X|5|. Again, suc-

cessively integrating out the contributions of the spanning tree leaves gives the bound

f o] l_[ @n(xXi — Xj, Ui, UpDIB gy | d(x1, - . -, Xo))
wiel .-,
(i,))eEs

<IWI T (kUi U™ My (xmyp)].
(i.))EE;s

Now, assumption (MPHI) gives that

[T Myamp [ Mymy) <clTA+Tm)e2.
(i )EE\ES (i.)€E;y
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Note that for dy, . . ., dx > 0 and identically distributed random variables Y1, . .., Y;, Holder’s
inequality gives
By . yH ] < Byt

Using this, |[o| <m + 1, and (6.3) shows that (7.1) is bounded by

t,|f||W|cZ”lF(l+tm)CV”2E|: [] owewi o™t T] wes, Uj)f'"'-‘f}
(i.)EEs (i./))EE\E

=17 WeI" T (1 + rm)C”*2E|: [T vk, lfj))”""f*l“’*”eﬁ"]
(i.)eE
<t \WIcH T (1 + Tm)e2vi " OB e (U, Up) ™07

<t7\Wl(cy,1(x v D) M (ml)e2Ty OB e (Uy, U2) DM,

where we have used that I'(1 4+ tm) < (v v 1) (m!)? in the last inequality, which follows from
convexity for T < 1 and from (6.3) for > 1. Hence it remains to bound the expected value on
the right-hand side. To do so, since « (#, v) < uv, using condition (MU) we find with the bound
(6.3) that

E[c(Uy, U™ < 54001 4 (¢ + Dm)v2
< (cy,1(T + vy TFDmeynev 2@+, (7.2)

Moreover, by condition (VEL), there exists some v > 0 such that
Var(STD) > v|W|2v2 (1 v 1,0,).

Now we combine these bounds and consider the cases #,v, >1 and t,v, <1 separately.
Recall that bgr 1= (cy,1(z vV D2) (cy,1(T + Dev2)Xt+D and q:= 2cy2(t + 1) +cyot.
If t,v, < 1, we use |o| > 2 and obtain

2. Ttmpm
m Wit b
(m!) ™ Var(s{r@)=m/2 ®my dull < | Wlt,v," bEg v
Xlol |‘)|I|m/2vm/2vr€mt}y1nv

bm
= EL
|W|(m=2)/2ym/2n=2,,(m=2)/2

m/2
n

m—2

-2
< (1v b /v)" (beL/y IW |2y,
If t,v, > 1, because of |o| <m + 1, we have

w tm+lvrmbm i
(m!) =@ Var(s(d)y~m/2 oy gl < — W E—
xlol |W|m/2ym/2yTm e, vyt
by,
a |W|n=2)/2,0=D/2 ym 2

< (1v B3 v)" 2 (ber/VIWIvE)" 2. O
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8. Proof of Theorems 2.3 and 2.4

Before giving the proof of Theorem 2.3, we provide a formula from the Appendix of [10]
(or see Lemma 1 in [5]) for the mth cumulant of a U-statistic of an «-DPP, and explain how
this formula can be interpreted graphically. This will allow us to proceed similarly as in the
proof of Theorem 2.1, with the difference that edges in the graph induced by o can now have
two different meanings.

Given a partition o € [1"(g) of {1, ..., mq}, let p be a partition of {1, ..., |o|}. Recalling
the definition of J; from Section 5.1, we call the pair (o, p) decomposable if there are a decom-
position {T}, T>} of {1, ..., ¢} and decompositions 0 =P U@ and p = p» U p® such

that o is a partition of UteT1 Js, oc@isa partition of UteT2 Js, ,0(1) is a partition of 71, and
p? is a partition of 7>. Otherwise (o, p) is indecomposable. Given o € I1"(g), let I1(g; o)
be the set of all partitions p such that the pair (o, p) is indecomposable. This notion of inde-
composability is compatible with the notion of indecomposable integrals used in [10] in the
following sense. An integral is indecomposable in the sense of [10] if it cannot be defined
with respect to a decomposable partition. Hence the notion of indecomposable partitions is
less restrictive than indecomposable integrals.
Therefore, with f,, defined as in the proof of Theorem 2.1, we have

lcum,, (S, (GNI< Y > fx LM [T ray, 3.1)

oell(q) pell(g; o) Qep

where

B, )= Y KO X)) K@) Xr@) - Ky x1) (8.2)
7 ePer(k)

is the kth cumulant density of the «-DPP and we recall that Per(k) is the set of all permutations

ofl,... k.
As above, we note that the choice of partitions I1"(g) and I1(g; o) induces a graph on
{1,...,|o|}. However, in contrast to the Poisson setting, an edge in this graph can now have

two different meanings, and therefore we refer to them as type I or type Il edges. First, an edge
of type I is put between nodes i and j if the product of the functions f;, imposes an edge. This
is just as in Theorems 2.1 and 2.2. However, secondly, an edge of type II is now also if i and j
are members of the same element in p € I1(g; o). This is new in the determinantal case. Then
the indecomposability assumption means that the so-constructed graph is connected.

Proof of Theorem 2.3. First we bound the number of partitions involved in the double sum in
(8.1). From [20, Proposition 6.1] we have |I1"(g)| < g?™(m!)?. To bound the sum over the par-
titions I1(g; o), we observe from (8.2) that when expanding the kth-order cumulant measure,
we obtain a sum consisting of (m — 1)! < m! summands. For |p| =r, let pq, . . ., p, denote the
r blocks of p. Hence, given o € I1"(g), we obtain the bound

lo|

S T rPerdoni=>" > ot loel!

pell(g; o) Qep r=1 pell'll(q;a)
pl=r

201151

r!

o]
r=1
<251

= Q2™ (m!)1,
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where the upper bound of the inner sum holds by [4, Lemma 3.5] and we have used (6.3) in
the last step. Since || < 1, this gives that | cum(S,(G))| is bounded by

Q> (mH* sup 2o [ sup kiz@kr@uxe) - krqon. | wlf(dx),
oel™(g) JXlo| 0cp TEPer(101)
pell(q; o)
(8.3)
where k; j := K(x;, xj) fori, j=1,..., |0l

Hence it remains to bound the individual integrands in (8.3), which consist of a product of
the functions f(-) and products of the kernels K(-, -).

We construct a spanning tree such that for points x;, x; in the same element of the partition
0, we place a type II edge (x;, x;) in the spanning tree if the factor K(x;, x;) is present in the
integral. We put type I edges in the spanning tree that connect the different Q € p. To bound
the integral (8.3), we integrate over the edges of the spanning tree. If we integrate over a type
I edge ((x, u), (y, v)), then we obtain a contribution of Ky(o)v,k(u, v). This is analogous to
the proof of Theorem 2.1. Second, each time we integrate over a type Il edge, we obtain a
contribution bounded by || K| 1. This follows from the integrability of the covariance kernel K.
Let E 1 denote the set of type I in the spanning tree and let E » denote the set of type II edges
in the spanning tree, respectively. Since sup, yerd [K(x, )| < Ko(o) < 1, we deduce from (6.4)
the bound

E[fw,'f [ entvi—x.0n0p ] |K<xi,xj)|d<x1,...,xa>}

(. )EEs 1 (i)€Es2
[Es 11 |E; 2]
< [Walvn E[ [T «ws zJj)}nKon1 :
(i, J)EEs,1
[Es 11 |E; 2]

< [Wylvy M mha—DevapliKo |1,

where bsg is given in Theorem 2.1. Since g — 1 < |E; 1| <m(q — 1) and |Es 2| <m — 1, we can
in general conclude that

| cum,, (S, (G| < [Wo|(1 Vv, Y" "D (1Ko ll1 v 1)(2g%) bsc)™ (m!)*T .

From here, the assertion follows as in the proof of Theorem 2.1. O

Proof of Theorem 2.4. To prove Theorem 2.4, we combine arguments used in the proofs
of Theorems 2.2 and 2.3. Again, we replace the t-power-weighted edge length || X; — X;||* by
|Bx;—x;||" to ease the presentation. Form > 1,let o € I1"(2) and p € [1(2;0). Let (V, E) be the
connected graph induced by the pair (o, p) on the vertex set V={1, ..., |o]|}. As above, we
can partition E into a set E7 of type I edges and a set E; of type I edges. For (i, j) € E, let m;
be the multiplicity of (i, j) in (V, E) and note that Z(i’ ek, Mij =m. Let E; » € E> be such that
the induced subgraph of (V, E) with edge set E1 U E; > is connected. Since sup, yerd [K(x, y)| <

Ko(o) <1 for all x, y € W,,, we obtain analogously to (8.3) that | cum,, (Sﬁfd))| is bounded by
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64m(m!)4supael'[’"(q)suppel'l(q;a)E|:/Wla [1 ontxi—x, Ui, UpIBjg
" ()eEr

<[] IKG xpldee, ... ,xf,)}.
(i.))EE;s 2

Now we fix some E; 1 € Ej such that E; | U E; > is the edge set of a spanning tree of (V, E).
Then we find as in the proof of Theorem 2.2 that | cum,, (Sﬁ,rd))l is bounded by

64m(m!)4E[ ]_[ (Vak (Us, UD)™i M, (tmyj)
(i.))€E1\Es,1

x /W;I [T enti—x. Ui UpIBra—ul™ ] |K<xi,xj)|d<x1,...,x.g>], (8.4)

(iJ)€E; | (i.)€Es 2

where pr is given at (MPHI). Next, we bound the integral over xi, ..., X|5|. Again, suc-
cessively integrating out the contributions of the leaves implies that the expectation above is

bounded by
|Es,2 |

(WalllKolly > T [ak(Us, UD™5 My (xmyp)].
(i.))€E;s 1
Now assumption (MPHI) and }_; ;). mjj = m give that
[T Myemp TT Mo(emy = cira+omye.
(L)EENE;S 1 (i)eEy

Moreover, analogously to the proof of Theorem 2.1, by the Holder inequality,

E|: 1_[ (VnK(Ui, []j))TMij+1 1_[ (UnK(Ui, l]j))‘[m,-j:|

(i.))€Es 1 (. )EEI\ES 1
< v;m-HEs,llE[K(U]’ Uz)(r—i-l)m].
Thus (8.4) is bounded by

64" () Wl 1Ko 1y e (1 4 zmye2y™ 5 By, U2) D],

Using
E[c(U1, Un™ "2 < ey (e + Do) Do,

by (7.2) and the bounds g — 1 < |E; 1| <m(g — 1) and |E 2| <m — 1, we arrive at the estimate

| cumy, (ST < [Wu (1 V | Koll1)64bEL) ™ vE™ (1 v 1, )"0~ D mtyHep2mt2ev2()

where
bEL == (cp.1( V 1)) (cy 1 (T + 1)U2)2TFD,

Now the claim follows as in the proofs above. U
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