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The Euler characteristic and Euler defect for comodules over Euler
coalgebras
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Abstract

Let K be a field. We study a class of left C-comodules over a basic left

Euler coalgebra C by means of the Euler Z-bilinear form /b\c associated to C,
the Euler characteristic yc (M, N) of left C-comodules M, N, and the defect
dc(M,N) € Z associated to any computable Euler pair (M,N) of left C-

comodules. We show that /b\c (IgthM IgthN) = yc(M,N) + dc(M,N), for
any computable Euler pair (M, N) of comodules over a left Euler coalgebra
C. One of the main results of the paper asserts that the defect dc (M, N) is

zero and ZC (IgthM IgthN) = yc (M, N), if the comodules M, N are finite-
dimensional.

Key Words: coalgebra, comodule, injective resolution, Euler characteristic,
integral bilinear form, Grothendieck group, Betti number

Mathematics Subject Classification 2000: 16G60, 16W30, 16S50

1. Introduction

Let C be a K-coalgebra and let C—comod be the category of finite-dimensional left
C-comodules. In this paper we continue our study of left C -comodules over a basic
left Euler coalgebra C (in the sense of [12]) by means of the Euler Z-bilinear form
be : ZU) x zUc) 57, (2.7), the Euler characteristic xc(M,N) of comodules
M,N, and the defect d¢c(M,N), we have started in [10], [11], and [12]. More
precisely, following [12] we introduce the concept of a computable Euler pair of
C-comodules (not necessarily finite-dimensional) and, for a left Euler coalgebra
C and any computable Euler pair (M,N), we define the defect dc (M,N) € Z of
(M,N) by means of an inverse ¢ F~ € My.(Z) (2.2) of the composition length
matrix ¢ F' € M. (Z) (2.1) of C. We show in Theorem 2.8 that every pair (M,N) of
finite-dimensional C-comodules M, N over a left Euler coalgebra C is a computable
Euler pair, the defect d¢c (M, N)) of any such a pair (M, N) is zero, and the following
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equality holds

[o,0)
be(lgth M IgthN) = yc(M.N) =) (=1)7 dimg Ext/,(M.N),
j=0

for all comodules M, N in C—comod. Moreover, we show in Theorem 4.4 that,
given a computable Euler pair (M, N) of comodules over a left Euler coalgebra C,
the following equality holds

be(lgthM)gthN) = yco(M,N) + dc (M, N),

where Zc is an extension of the Euler Z-bilinear form bc (2.7) defined by the
formula (3.3). We also show in Theorem 4.4 that the defect dc(M,N) is zero,
for a large class of computable Euler pairs (M, N) containing all pairs of finite-
dimensional comodules.

Here we follow the notation introduced in [10], [11], [12], and [14]. Throughout
this paper, we assume that C is a basic K-coalgebra with a fixed left comodule
decompositions

(1.1) soccC =P SG) and  C=HEQ)

Jjelc jelc

where I¢ is aset, S(j) with j € I¢ are pairwise non-isomorphic simple comodules
in C—comod, and E(j) is the injective envelope of S(j) in C—Comod, for each
j € Ic. We denote by C—Comod the category of left C-comodules and by
Ko(C) = Ko(C—comod) the Grothendieck group of the category C—comod of
finite-dimensional left C-comodules. We recall that there is a group isomorphism

(1.2) lgth : Ko(C) —— z.Uc)

that associates to any X in C—comod the composition length vector Igth X € ZU<),
see [10]. Throughout we identify the groups Ko(C) and ZU<) via the isomorphism
Igth.

2. A left inverse of the composition length matrix of a left Euler coalgebra

Throughout this paper we fix a field K and we denote by C a K-coalgebra. We
freely apply the representation theory terminology applied in [1] and [16], and the
coalgebra and comodule theory terminology introduced in [2], [6], [9], and [10]-
[14].
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A coalgebra C is defined to be pointed if the simple C-comodules are
one-dimensional, and C is basic if dimgS = dimgEndcS, for any simple
left C-comodule S. We recall from [12, Definition 4.15] that a basic coal-
gebra C with decompositions (1.1) is a left Euler coalgebra if, for all i,j €
Ic, dimgHomc (E(i),E(j)) is finite, the space Ext{(S(i),S(j)) is zero, for m
sufficiently large, and every simple left C-comodule S(j) admits an injective

resolution 0—>S(])—>E(] —>E(’)—> —>E(J)—>E,5J+)1—>... such that

E,(,{ ) is socle-finite, for m > 0, and for each i € I¢ there exists m;; > 0 such
that Home (E, E(i)) = 0, for all r > m j;.

It is easy to see that if C is a basic left Euler K-coalgebra then, for any pair M,
N of comodules in C—comod, Ext{(M,N) = 0, for m sufficiently large, and the
Euler characteristic

xc(M.N) = Z( 1)™dimg Ext (M, N)

m=0

of the pair M, N is a well-defined integer, see [12, Theorem 4.18 (c2)].

We recall from [12] that, given a basic left Euler coalgebra C with fixed
decompositions (1.1), the left composition length matrix of C is defined to be
the /¢ x I¢ matrix

(2.1) cF =[lijli,jerc € M. (Z),
with £;; = $ -dimgHom¢ (E(j),E(i)), where s; = dimg S(i) = dimg Endc S(i),
for all i, j € I¢. In other words, the matrix ¢ F' has the form

cF = | e

that is, the j-th row of ¢ F is the composition length vector
e(j) =1gthE(j) € Z'

of the indecomposable injective left C-comodule E(j), withe(j); = £ ;.
Following the proof of Theorem 4.18 in [12], for a basic left Euler coalgebra C,
we construct a left inverse

(2.2) CF™ =6, )iperc = | & | € My (Z)
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of ¢ F as follows. Given j € I¢, the jth row KJT of ¢ F~ has the form

(2.3) 0 =Ll D petes

with

(2.4) Up = (=D"d).
m=0

o0 . .
where ) (—l)md,ffg is a finite sum of integers d,g{; > 0 defined in [12, (4.21)] as
m=0
follows. Given j € Ic, we fix a minimal injective resolution
h(j) ) h(j) . h(j) h;j) . h:lj) X
25) 0—S()—EPHSED L ILED IS ED

of the simple C-comodule S(j), with Eéj )=E (j) and a decomposition

: J) J)
(2.6) EQ = P Ep)r = @ E(p)
pEelc peln(/lj)

of E,(,,] ), for m > 1, where I,,({ ) is a finite subset of Ic, d,s,jp) is a positive integer,
for each p € I, and we set d,S{p) =0, forany p € Ic \ I{. The comodule EY’

is socle-finite and has such form, because C is a left Euler coalgebra. This also
implies that, given j, p € I, the space Homc (E,(,{ ),E (p)) vanish, for m sufficiently

large. Hence, S(p) is not embedded into E,(,{ ) and d,%) = 0, for m sufficiently
o0 .
large. Consequently, the sum {7, = > (—l)md,(,,j} is an integer and the matrix
m=0
cF = [ﬁj_-p]i,pelc € M. (Z) (2.2) is well-defined, see also [12, Theorem 4.18].
Following [12, (4.6)], we define the Euler Z-bilinear form
(2.7) be :ZU) x 7z 7
of the coalgebra C by the formula
bc(x,y) =x-(cS-cF")-y"

=(x-cS-cF™)-y"

=x~(cS-cF_”'y"),
for x,y € ZUS) where ¢ F~ is the matrix (2.2), cF 77 = (cF)!",and ¢S =

diag[s;] is the /¢ x I¢ diagonal matrix with s; = dimg S(j) = dimgEndc S(j) on
the (/, ) entry.
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The Euler quadratic form g¢ : Z/¢) — Z of C is defined by the formula
gc(x) =bc(x,x)=x-¢cS-cF™'"-x!" for x e ZUC),

Now we prove that the matrix ¢ '~ is a left inverse of the composition length
matrix (2.1) of C. This is part (a) of the following important result that improves
[12, Theorem 4.18].

Theorem 2.8 Let C be a basic left Euler K-coalgebra. Let cF = [{;jli jer. €
My (Z) be the composition length matrix (2.1) of C and cF~ = [{} i perc €
My (Z) the matrix (2.2).

(a) The matrix ¢ F~ is a left inverse of the matrix ¢ F in M. (Z).

(b) For any pair j,p € Ic, we have

_ 1 . . .
2.9 t;,= o xc(S(p).S(j)), where s, =dimgS(p)=dimgEndcS(p).
p
(c) If j € Ic is such that inj.dim S () is finite, then the jth row EJ_. of the matrix
c F~ has at most finitely many non-zero entries.
(d) Foreach pair M,N of comodules in C—comod, the following equality holds

o0
(2.10) bc (gth M, IgthN) = Z(—l)’"dimKExt’g(M,N).
m=0
Proof: (a) We follow the proof of [12, Theorem 4.18 (a)]. To show that the equality
cF~ - ¢ F = E holds, we prove that, given a pair of indices i, j € Ic, we have

1, fori=j,
(2.11) D Uty = L
pele 0, for i # j.

It follows from the definition of the matrix ¢ F of C that, for each j € I,
the j-th row of the matrix ¢ F is the length vector e(j) = IgthE(j) € Z¢ of the
indecomposable injective left C-comodule E(j), i.e. e(j); ={;;.

We recall from [12, Proposition 2.6(b)] that

¢;(N) = lgthy Home (N, E(i)),

for any C-comodule N.

Fix a pair of indices 7, j € I¢ and fix a minimal injective resolution (2.5) of the
simple C-comodule S(j). It has the properties stated in [12, Definition 4.15(c)].
Since C is a left Euler coalgebra the resolution (2.5) is socle-finite and, giveni € I¢,
we find an m ;; > 1 such that

t:(EY) = 1gthy Home (EY, E(i)) = 0,
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forr > mj; + 1, where B; = Endc E(i). Since E(i) is injective then, forn =m ;,
the sequence

0—>Hom¢ (EY),E(i))—> ...—>Hom¢ (EY, E(i))—Home (S(j). E(i))—>0

induced by the resolutlon (2.5) of S(j) is exact.
Recall that ¢; (E ) = lgthp Homc(E(]) E(i)), for any r > 0. Then, by
summing up the B;-lengths, we get

(2.12) 6(S(j)) = i( D™ (ES) = Z( D™ (ED),
m=0 m=0

because Z,-(Er(j)) = Igthp, Homce (Eﬁj),E(i)) =0, forall r > m;; + 1. Since
: (j) (J)
ED =D Ep™ = D Ep®.
pelc petl)
where I,f,j)
vector

C Ic is a finite subset of /¢, then, for any m > 0, the composition length
IgthES) = (L(E)))iere € 2'¢
of the comodule E,(,{ ) has the form

IgthEL) = ) di) IghE(p)= ) di)-e(p)= ) dl)-e(p)

pelc pelc pely)

and its i th coordinate has the form
(2.13)

(gthE) i = Y d(gthE(p) = Y d\e(p)i= Y dPDtp= Y dly

pGI,(nj) pEelc pelc pe],(,,j)

Note that the sums have only finitely many non-zero summands. Since, given m >
m i + 1, we have (Igth ES); = £;(ES’) =0, then Y, d\) €, =0 and

pElc
Ay =0,
form>m;; +1andall p € Ic.
It follows that
mjj m;jij m;ji
DICD IR UIED WD S IRED i 3
pel(” pel(j,i) pel(j,iym=0
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where 1(j,i) = Iéj) U Il(j) U...u I,f//)l is a finite subset of /¢, and therefore the sums
have only a finite number of non-zero summands. In view of (2.12) and (2.13), we
get a sequence of equalities

GSG) = Y Dm Y diey,
= Y Y —)mdfe,
pel(j,igom=0
@14 = X X"y
pelcm=0
= Y (X )mdEhe,
pelc m=0
pElc

because KJ_.p = anozo(—l)md,%jp) € Z, for j,p € Ic. This shows that the sum

21: (Z;pﬁpi is finite and, given i,j € I¢, the integer Zj_.pﬂp,- is zero, for all but a
€
gnitce number of indices p € I¢. Since ¢;(S(j)) = 1, for j =i, and £;(S(j)) =
0, for j # i, then (2.14) implies the equality (2.11) and, consequently, we get
cF~ -cF = E, that is, the matrix ¢ F'~ is a left inverse of ¢ F.

(b) To prove the formula (2.9), we note that the integer d,f,jp) that appears in the
formula (2.4) is just the mth Bass number ., (S(p),S(j)) (=Betti number) of the
pair (S(p),S(j)) of the simple C-comodules S(p) and S(;j), see [7], [8] and [11,

p. 480]. It follows from [11, (4.23)] that, given m > 0 and j,p € Ic, we get

i . 1 . .
d9) = um(S(p),S(j)) = — -dimg Home (S(p).EY)
p

= L imgExe2(S(p).S())).
Sp

Hence, the integer £, has the form

.- ) [ N .
Up =2 (="d) =3 (1) — - dimg EX(Z(S(p). 5 () = — - xc (S(p).5 ().
m=0 m=0 p p
This finishes the proof of (b).
(c) Assume that j € I¢ and inj.dim S () is finite. Then the injective resolution
(2.5) of S(j) in C—Comod is finite and has the form
h(lj) B h)

n ) i .
0—S(j)—E{’ 5 EV 2, . —>EJ —0,
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where Eﬁ{ ) is a finite direct sum of the comodules E (p), form =0,...,n;. Hence,
the module E((,j )® E fj o.. @ E,(l’j) has only finitely many direct summands of
the form E(p), up to isomorphism. Therefore Ext¢: (S(p),S(j)) =0, if m > 0 and
E(p) is not a summand of the module E(()j) &) Efj) b...® E,g’j) This shows that the
pth coordinate £, = i - xc(S(p),S(j)) of the vector (2.3) is zero, if E(p) is not

a summand of the module E(gj -y fj ) G ... @ E,(,i) Consequently, the number of
non-zero coordinates E;p of the vector (2.3) is finite.

(d) First we show that the equality (2.10) holds, for any pair M = S(p) and
M = S(j) of simple C-comodules. In this case, we have e, = IgthM and e; =
Igth N and, in view of (b), we get

be(gthMIgthN) = be(ep.e;)
ep-cD .cF7" -ez-’
(ep-sp-cF™'")-elf
(5p-Luty) -

spt,

Sp5, xc(S(p),S()))
xc(M.N),

where £, is the pth column of the matrix ¢ F~ and E,_Iﬁr =[...4; . Jierc s the
pth row of the matrix ¢ F~*". Since both sides of the equality b¢ (Igth M, lgthN ) =
xc(M,N) are additive functions of M and N, and the equality holds if M and N
are simple comodules then an easy induction on IgthM + Igth N > 2 shows that the
equality holds for all M and N in C—comod. This finishes the proof of the theorem.

O

We end this section by showing that the matrix ¢ F has a two-sided inverse, if
C is a simply dualising Euler coalgebra in the following sense.

Definition 2.15 A coalgebra C is defined to be a simply dualising Euler coalgebra
if

(a) C is both left and right Euler coalgebra, and

(b) dimg Ext((S,S’) = dimgExt(,,(DS’,DS), for all m > 0 and all simple
left C-comodules S and S’, where D : C—comod —> C?’—comod is the standard
duality, see [10].

The class of simply dualising Euler coalgebras contains the incidence coalge-
bras KU1 of intervally finite posets (see [12], [13], [15]) and semiperfect (left or
right) coalgebras of finite global dimension, see [4].

Theorem 2.16 Let C be a pointed simply dualising Euler K-coalgebra. Let ¢ F =
[ijli,jerc € M. (Z) be the composition length matrix (2.1) of C. Then the left
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inverse cF~ = [Zj_'p]j,pelc e M. (Z) (2.2) of cF is also its right inverse, that is,
the equality cF - cF~ = E holds in M. (Z).

Proof: Since C is pointed, it is basic [11, Lemma 2.1] and both left and right Euler
coalgebra. Then, by Theorem 2.8 (a), the matrix ¢ F~ = [Z;p] (3.2), with E;p =
xc (S(p), S(] )), is a left inverse of ¢ F = [K ] and the matrix Fo = corF™ =
[ ] with E‘ = ycor (DS(p) DS(j)),is a left inverse of the compos1t10n length
matrlx Fc = CopF [ J,g] of g"”, with K jp = dimg Homcor (E(j),E(p)), for all
i,pelc = Icor,where E(j),E(p) are the images of E(j), E(p) under the duality
C-inj — C“?-inj given in [3]. Hence we get

4;; = dimgHomeor (E(i).E(j)) = dimg Home (E (/). E(i)) = £,

for every pair i,j € Ic. This yields the equality F[” = ¢F. Since
dimg ExtZ(S,8') = dimgExt{,,(DS’,DS), for all m > 0 and all simple
left C-comodules S and S’, by our assumption, then xcor(DS(p).DS(j)) =

xc (S()), S(p)) for all j,p € Ic = Icor, and we get (F )" = ¢F~. Hence,
theequahtyF -Fc = E yields E = F{ - (F VT =cF- (F )T =¢F-cF~,that
is, c F~ is aright inverse of ¢ F'. This ﬁnlshes the proof. O

3. Euler comodules over a left Euler coalgebra

We recall from [12, Section 2] that a left C-comodule M is defined to be com-
putable if, for each j € I¢, the jth coordinate £; (M) = % -dimg Hom¢ (M, E(j))
of the composition length vector Igth M of M is finite.

For a left C-comodule N, we fix a minimal injective resolution

h(N N N N N hN Nhn+1
(3.1) 0—>N—>E —EN % 5L E! —>En+1—>

of N in C—Comod. We call the resolution socle-finite and computable, if the
injective C-comodules E N E {v ,Eév ,... are socle-finite and computable.

It is easy to see that, for any computable comodule M and a comodule N such
that the injective resolution (3.1) is socle-finite and computable the K-dimension of
Extg (M, N) is finite, for any m > 0, see [12, Corollary 3.3].

Now we generalise Theorem 2.8 (d) to the class of Euler comodules in the
following sense.

Definition 3.2 Let C be a basic left Euler K-coalgebra. Let ¢F € My.(Z) be
the composition length matrix of C, ¢ F~ the left inverse of ¢ F defined by the
formulae (2.2)-(2.4), and let ¢ F~"" = (¢ F )" be the transpose of the matrix ¢ F .
A comodule N in C—Comod is defined to be an Euler comodule if
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(a) N is finitely copresented (see [12], [14]), and

(b) the minimal injective resolution (3.1) of N in C—Comod is socle-finite,
computable, and weakly bounded in the sense that, for any i € /¢, there exists
an m; > 1 such that Hom¢c (EN , E(i)) = 0, for all m > m;.

Note that the class of Euler comodules over a left Euler coalgebra C contains
all simple comodules, the comodules of finite dimension, socle-finite injective
comodules, the syzygy comodules 2,,N = Q7N = Imh,,, with m > 1, for
any comodule N in C—comod, and the (socle) finitely copresented comodules N
in C—Comod that admit a socle-finite and computable injective resolution of finite
length.

Following [12, Section 4], we set

(3.3) be,w):i=v-cS-(cF w")y=v-cS-(w-cF)",

for a pair of vectors v,w € Z¢, if the multiplication v-(¢ F ™" -w'") = v-(w-c F )"
is a well-defined integer.

Now we extend Theorem 2.8 (d) from comodules in C—comod to Euler
comodules as follows.

Theorem 3.4 Let C be a basic left Euler K-coalgebra. Let cF = [{;;]i jer. €
My (Z) be the composition length matrix (2.1) of C and cF~ = [{},]j perc €
My (Z) the matrix (2.2). Assume that N is an Euler comodule, 1gthN =
(L;j(N))jer- € Z1¢ is the composition length vector of N, and d jN is the integer
defined by the formula (3.10).

(a) For any index j € Ic, the jth coordinate {;(N) of the vector 1gthN has
the form;(N) = )" dll,vﬁpj, where d})v = i-){c(S(p),N).

elc
(b) For any incl;excj € Ic, the following equality holds

(3.5)
be(lgthS(j).IgthN) == e; - S [cF™" - (AgthN)"] =5} = 1o (S().N).

if the comodule N is finite-dimensional, or dimg N = oo and ¢ F - ¢ F~ = E (that
is, cF~ is the right inverse of c F'), where e; = 1gthS(j).
(©) If cF-cF~ = E and M is a computable left C-comodule, we have

bc(Igth M IgthE(j)) = s, -£(M); = dimg Home (M. E(j)) = xc(M.E())).

for any index j € Ic.
(d) Assume that M is a computable comodule and N is an Euler comodule in
C—Comod. The following equality holds

o0
(3.6) be (gthM IgthN) = yc(M.N) = Y (—1)"dimg Ext (M. N),

m=0
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in any of the following three cases:

(d1) both comodules M and N are finite-dimensional.

(d2) ¢ F-cF~ = E, dimg M is finite, and dimg N is infinite.

(d3) cF -cF~ = E, dimg M is infinite, and inj.dimN is finite.
Proof: (a) It follows from the definition of the composition factors matrix ¢ F' of
C that, for each j € Ic, the j-th row of the matrix ¢ F is the composition length
vector e(j) = lgthE(j) € Z!¢ of the indecomposable injective left C-comodule
E(j),ie.e(j)p, ={;p, forall p € Ic. We also recall that the ith coordinate £; (N)
of the vector Igth N is defined by the formula

1
£;(N) = lgthg Homc (N, E(i)) = — -dimg Homc (N, E(i)),
5

4

where B; = End¢ E(i) and s; = dimg S(i) = dimg End¢ S(i), see [12, Proposition
2.6(b)].

We assume that N is an Euler comodule and we fix a minimal injective
resolution (3.1) of N. Fix an index j € I¢ and fix an integer m ; y > 1 such that

€;(EY) =1gthg Home (EY . E(j)) =0,
forr > m; y + 1. Since E(j) is injective then the sequence
0—>Homc (EYN E(j))—>...—>Homc (EY ,E(j))—>Homc (S(j),E(j))—0,
with n = m y, induced by the resolution (3.1) of N is exact.

Recall that £;(E}Y) = lgthg Homc (EN,E(j)), for any r > 0. Then, by
summing up the B;-lengths, we get

(3.7) G = 3 E)mGEN) = 3 D™ (EY),
m=0 m=0

because £; (EN) = lgthB/.Homc(EfV,E(j)) =0, forall r > m; 5y + 1. Since the
injective comodule EY is socle-finite then, given m > 0, there is a decomposition

(3.8) EN = P E(p)¥r = @ E(p)¥.
pely pElc

where d ), > 0 are integers and 1) € I¢ is a finite subset of I¢ such that d, =0,

forany p € Ic \ IV. Hence, for any m > 0, the composition length vector

IgthEY = (L (EN))ier. € Z'€
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of the comodule E}Y has the form

lgthEy = dyY, - 1gthE(p)= ) dpy,-e(p)= ) dyy,-e(p)

pelc pelc pell

and its jth coordinate has the form
(3.9

(UgthEy); = ) dpy-(gthEp); = Y dylp-e(p)j = Y dpplpi = ) duylp;.

pelc pelc pelc pell

Note that the sums have only finitely many non-zero summands. Since, given m >
m ;N + 1, we have Homc (EN E(j)) = 0, then (IgthEN); = £;(EN) = 0. Hence
> dN ¢, =0and

pelc “mp
N L
dmpzp, =0,

form >m; y +1andall p € Ic. It follows that

m; N mj.N
YD Y At = X D" X dity,

peLy peI(j,N)

mj N
= Z Z (_l)mdrypepj

PEI(j,N)m=0
o0
= X X =D"dat,.

p€lcm=0

where I(j,N) = I({V U IlN U...UIN s a finite subset of /¢, and therefore the

mj.N
o0
infinitesum ) ) (— l)mdrlrypﬁ p; has only a finite number of non-zero summands.
pelcm=0

Given p € I¢, we set
o0
N N
dp = E (—1)mdmp.
m=0

Note that, for p € Ic and N, the integer m, n is chosen in such a way that
Homc(EnIY,E(p)) =0, forall m > mp y + 1. It follows that, givenm > m, y + 1,
the injective comodule E}Y has no direct summand isomorphic to E(p) and, hence,
dnlyp = 0. Consequently,

mp.N

(3.10) dy =% (=1)"dy, =Y (=)"d,,
m=0 m=0
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and d II,V is an integer. Hence, in view of (3.7) and (3.9), we get the equalities

m; N

Li(N) = Z -nm > d

- PEIm
mj N

= X Y (nral,

pel(j,N)m=0

311 = Y Syl e,

peElcm= 0

- T (Y D" dgy,)pj

p€lc m=0

= > dll,vﬁpj.
pElc

This shows that thesum ) d IIJV { i has only a finite number of non-zero summands
pelc

and, given i, j € I, the integer d }JV { ;i is zero, for all but a finite number of indices

pelc.

Now we note that the integer d,jryp that appear in the formula (3.8) is just the
mth Bass number pu,,(S(p),S(j)) (=Betti number) of the pair (S(p),N) of the
comodules S(p) and N, in the sense of [11, p. 480]. It follows from [11, (4.23)]
that, given m >0 and p € Ic, we get

. .
dpp = Hm(S(p).N) = — -dimg Home (S(p). Ey)) = — - dimg EX(Z (S(p).N).
p p

Hence, the integer d 117\7 (3.10) has the form

o0 o0
=S )mdY = 3 (17 dimg x2S (p). N) = — - 2c(S(p). N).
- m—0 Sp Sp
This finishes the proof of (a).
(b) Note thate; -cF~ = {; =[..., lp, Jperc is the ith row of the matrix ¢ F~
and {7 = (£7)"" is the ith column of the matrix ¢ F~ 7 see (2.2).
First we prove (b) in case the comodule N is finite-dimensional. We apply the
induction on the length n = 1gth N of N. If n = 1, the comodule N is simple. Then
N = S(i), IgthN = ¢;, for some i € /¢, and we have

be(ejdgthN) = ej-¢S-[cF™ - (IgthN)'"]
= €;- cS-lei- CF_]
e, oS =8y
dN
j b
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because d ]N = a’f(i) = ﬁl._j, by (a) and (2.9). The inductive step easily follows,
because all terms in the formula (3.5) are additive functions of N.
Now we prove (b) in case the comodule N is infinite-dimensional and ¢ F -

cF~ = E. Inview of (a), we get

ej-cS-[cF™-(gthN)"] = 3 s;;6(N)= Y s;4; Y d) ey
ielc ielc pGIC
= Y (X Lpily)sidY =s;dV,
pelc i€lc
0, forp#j.

because the assumption ¢ F - ¢ F~ = E yields )_ ﬁpiﬁi_j = ]
ielc 1, forp=j.

(c) Let M be a computable C-comodule and fix j € Ic. Assume that £ =
cF - cF~, thatis, the matrix ¢ '~ is a right inverse of ¢ F' in M. (Z). It follows
thate(j)-cF~ =e;, withe(j) =IgthE(j), and we get

b (Igth M Igth E(j)) (gthM)-cS-[cF" -e(j)""]
(gthM)-cS-[e(j)-cF7]""
(Igth M) - (s; - ")

= UM);-s;
dimKHomK(N,E(j))

= xc(N.E())),

and we are done.

(d) In case (d1), the equality (3.6) is a consequence of Theorem 2.8 (d). To
prove (d) in cases (d2) and (d3), assume that ¢ F - ¢cF~ = E, M is a computable
comodule, and N is an Euler comodule in C—Comod.

(d2) Assume that dimg M is finite and dimg N is infinite. We prove the equality
(3.6) by induction on the length 1gthM > 1 of M. If 1lgthM = 1 then M is a simple
comodule, there is an isomorphism M == S(j), for some j € Ic, and IgthM =
IgthS(j) = e; is the jth standard basis vector e; of the group ZU¢) . Then the
equality (3.6) holds for IgthM = 1, by (b). Since both sides of the equality (3.6) are
additive functions of the variable M then the inductive step easily follows and we
are done.

(d3) Assume that assume that dimg M is infinite and the dimension sy =
inj.dimN > 0 is finite. Then the injective resolution (2.5) of N in C—Comod is
finite of the form

Y T
0—N—Ey —E —...—E;, —0,
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and EN = @pel(j)E(p)d,&[,? is the finite direct sum (2.6), for m = 0,...,sy. It

follows that Igth E,S{) = Zpel‘” d,%,,) -e(p) and, by applying (c), we get

be(gthMIgthE) = Y ordyly - (gthM)-cS-[cF™'" e(p)'’]
= Zpelr(hi)dr%))')(C(M»E(p))
)
Ke(M.& 0 E(p)*or)
= Xc(N.E}).

for m = 0,...,sy. Since the injective resolution of N is finite, the additivity of

SN
the function Igth yields IgthN = ) (—1)" -lgthE,{:’ and, by the additivity of

m=0

Zc (IgthM,—) and yc(M,—), we get

~ SN ~
bc(gthM,lgthN) = > (=1)"-bc(lgthM IgthEN)
m=0
SN

= > D" pe(ME))

m=0

et XC(M,N)

This finishes the proof of (c) and completes the proof of the theorem. O

The properties of the pairs of comodules M, N that are not of any of the type
(dl), (d2), and (d3) studied in Theorem 3.4 are discussed in the following section
and in particular in Remark 4.9.

4. Computable Euler pairs of comodules and the Euler defect

We recall from [12, Definition 4.12] that a pair M N of left C-comodule is defined
to be an Euler pair if dimg Ext{ (M, N) is finite, for all m > 0, and ExtZ(M,N) =
0, for m sufficiently large. Hence the Euler characteristic yc(M,N) of the Euler
pair M, N is an integer.

It follows from Theorems 2.8 and 3.4 that, over a left Euler coalgebra C, each
of the pairs M, N studied in (d1), (d2) and (d3) of Theorems 3.4 (d) is an Euler
pair such that ZC (IgthM IgthN) = yc(M,N). Our aim of this section is to study
a class of so called computable Euler pairs M, N over a left Euler coalgebra C
such that the above equality holds, up to a well-defined integer dc (M, N ), called
the Euler defect of M, N, see [12, Definition 4.12]. More precisely, we show that
/b\c (IgthM IgthN) = yc(M,N) + 0c(M,N). In particular, this covers some of
the pairs M, N studied in Theorems 3.4 (d3), when we drop the assumption that
inj.dim N is finite.

Following [12, Theorem 4.18], we introduce the following concept.
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Definition 4.1 Let C be a K-coalgebra and let M and N be left C-comodules.

(a) The pair M, N is called a computable Euler pair, if the following
conditions are satisfied:

(al) M and N are computable.

(a2) The minimal injective resolution (3.1) of N is socle-finite and computable.

(a3) There exists a minimal integer mo > 0 such that ExtZ(M,N) = 0 and
Homc(M,EnA{) =0, for any m > 1 + my.

(b) We denote by deg(M, N) the minimal integer m with this property, and we
call it the Euler defect degree of the pair M, N.

Note that, (al) and (a2) yield dimg Ext{z (M, N) is finite, for m > 0, see [12,
p- 52]. Then every computable Euler pair M, N is an Euler pair and yc(M,N) is
defined. Note also that each of the pairs M, N over a left Euler coalgebra C studied
in (d1), (d2) and (d3) of Theorems 3.4 (d) is a computable Euler pair. In Example
4.10 below, we present a pair of computable comodules M, N that is not an Euler
pair and such that Ext;(M,N) = K and Hom¢ (M, ENY 0, forany m > 1.

By adapting [12, Definition 4.12] to any computable Euler pair we introduce the
concept of an Euler defect as follows.

Definition 4.2 Let C be a left Euler K-coalgebra, c F = [{;;]i,jer- € M. (Z) the
composition length matrix (2.1) of C, and ¢ F~ = [éj_.p]l-, pelc € My (Z) the matrix
(2.2). Assume that M, N is a computable Euler pair of comodules in C—-Comod
such that the multiplication (IgthM) - [c F~'" - (IgthN)'"] is defined. The Euler
defect of the pair M, N is defined to be the integer

43) Ic(M,N) = (=1)ym+1.he(IgthM IgthQ,,, +1N)
' = (=1)m*!l.(gthM)-cS-[cF™"" - (IgthQpu,+1N)'"],

where ¢ F™'" = (¢ F~ 1", mo = deg(M,N) > 0 is the Euler defect degree of the

pair M, N, and Q,,,,+1N = Ima’,f;’OJrl is the mg + 1-cosyzygy comodule of N.

By the formula (4.7) proved below and the assumption that the multiplication
(IgthM) - [c F7'" - (IgthN)'"] is defined, the defect dc(M,N) is a well-defined
integer.

Now we generalise [12, Theorem 4.18] as follows.

Theorem 4.4 Let C be a basic left Euler K-coalgebra, c F = [{;;]i jer- € M. (Z)
the composition length matrix (2.1) of C, and cF~ = [ﬁj_.p],-,pgc € My.(Z) the
matrix (2.2). Assume that cF -cF~ = E and M, N is a computable Euler pair
of comodules in C—Comod such that (IgthM) - [c F~'" - (IgthN)'"] is defined. Let
dc(M,N) be the Euler defect (4.3).
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(@) If mg =deg(M,N) > 0 is the Euler defect degree of the pair M, N then

@5) bc (Igth M, lgthEm +s) =0, and
dc(M,N) = (=1)™*S . hc (Igth M IgthQ,,,, +5sN),
fors=1,234,..
(b) The following equality holds
(4.6) be(lgthM 1gthN) = yo(M,N) + d¢c (M, N).

(c) If any of the conditions (d1)-(d3) in Theorem 3.4 is satisfied, for the

comodules M, N then dc(M,N) = 0 and the equality ’b\c (IgthM IgthN) =
xc(M,N) holds.
Proof: Let M, N be a computable Euler pair of comodules in C—Comod such that
(IgthM) - [c F~'" - (IgthN)!"] is defined and let mo = deg(M,N) > 0 be the Euler
defect degree of M, N.

(a) Forany s = 1,2,3,4,..., we set

Lumg+s = 1gthQ,n,+sN and w0+ = lgth L, 4 = IgthQp, s N.

If w01 = 0, there is nothing to prove. Assume that w°*1 =£ 0 and note that
the comodules Lyy+1 € EN ) and Lygyo = Imh™0+D =~ EN /1, 1 are
computable. It follows that Igth EN | = wmoF1) 4 4 (m0+2) and

an an
En1¥0+1 = @ E(p)imo+1r = @ E(p)“mo+1r
pely +1 pelc

where a’mO f1p
ay

mo+1p = 0, forany p € Ic \I,flV 41+ Since the pair M, N is computable then

0= HOInc(M Em0+1) - @ HomC (M E(p))m0+1p
pelN

> 0 are integers and 1,270 +1 C Ic is a finite subset of /¢ such that

mo+1

Consequently,

0= dlmKEmO+1 deo+1p -dimg Homc (M, E(p)) = deO+1p Splp(M).
pelc pelc

On the cher hand, since we assume that ¢ F - ¢ F~ = E then, by Theorem 3.4 (c),
we get be (IgthM . 1gthE(p)) = s, - £,(M) and

be(gthMIgthEY ) = Y be(gthM.dY . -lgthE(p)))
pElc
= Y dY .., -bc(gthM.IgthE(p)))
PElc
= X dm0+1p sp-Lp(M)=0.
pelc
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It follows that
0=bc(gthMIgthEY . ) =bc (gthM,w™+D) 1+ b (1gthM,w™0*2),
that is, bc (Igth M, w™0+D) = —p ¢ (Igth M, w0 +2)) Hence we get

dc(M.N) = (=1y"+!-be (IgthM.w™ D)
—(=1)moF 1. b (Igth M, wmo+2))
(=1)m0+2. b (Igth M IgthQ,,, 12 N).

and (a) follows for s = 2. The proof for s > 3 is analogous and we leave it to the
reader.
(b) The additivity of the function Igth yields

mo
(4.7) IgthN =) (1) -1gthEYN + (= 1)"* ! -Igth Ly 1.
r=0

It follows that the integer (IgthM) - [cF~'" - (IgthN)'"] is defined if
and only if (IgthM) - [cF7"" - (IgthQu,+1N)'"] is defined, because
(IgthM) - [c F~'" - (IgthEN)""] is defined, for r = 0,...,mg, by Theorem 3.4 (c)
and (d).

By our assumption, M, N is a computable Euler pair. Then Hom¢ (M,EN) = 0,
forall r > mg + 1, and the complex

~

0 — Hom¢ (M, EO)—>H0mC (M, El)—> ~
—Hom¢ (M, E 1)—>Homc(M Epny) — 0

consists of finite-dimensional K-vector spaces. Since Exty(M,N) is the mth
homology group of this complex, for any m > 0, then we have a chain of exact

sequences
0 — Hom¢(M.N) — Hom¢(M.EY) —  ImhV — 0
0 — Ith — KerhN — ExtC(M N) — 0
0 — KerhN —  Hom¢(M,EN) — Al — 0
0 — Imhfz\’ — Ker Y — Extg(M.N) — 0
0 — Kerh® —>  Hom¢(M,EY) — Im#Y — 0
0 —> ImhY — Ker/ —  Ext3Z(M,N) — 0
—  Kerh) =~ — Homc(M.EY ) —  Imhl =~ — 0
— ImhY, —  Homc(M,EY) — ExtZ°(M,N) — 0

https://doi.org/10.1017/is009010019jkt081 Published online by Cambridge University Press


https://doi.org/10.1017/is009010019jkt081

The Euler characteristic and Euler defect for comodules 109

of finite-dimensional K-vector spaces. In view of (4.7) and the equality
dimg Home (M, EN) = b (1gth M. IgthEN)
proved in Theorem 3.4 (d), summing up the dimensions yields

xc(M.N) = 370 (=1)"-dimg Home (M, E}Y)

Y700 (=1)" -bc (IgthM.lgth EN)

be(lgth M, Y70 (~1)" -Igth EN)

be (IgthM IgthN + (—1)™0 .Igth Ly, +1)

be (Igth M IgthN) 4 (—=1)™ -be (Igth M Igth Q.+ 1 N)
= bc(lgthM.IgthN) —dc (M, N).

Hence, we get be (IgthM,IgthN) = yc (M,N) + dc (M,N) and (b) follows.
Since the statement (c) is a consequence of (b) and Theorem 3.4 (d) then the
proof is complete. 0

We say that the Euler defect d¢ (M, N) of a computable Euler pair M, N is an
additive function of the variable M, if ¢ (M,N) = d¢(M’,N) + d¢c(M",N), for
any short exact sequence 0 — M’ — M — M" — 0 of computable comodules in
C—Comod such that M’, N and M”, N are computable Euler pairs. We also say that
the Euler defect d¢ (M, N) is an additive function of the variable N, if dc (M,N) =
dc(M,N")+ dc(M,N"), for any short exact sequence 0 > N' — N — N” — 0 of
computable comodules in C—Comod such that M, N’ and M, N” are computable
Euler pairs.

Corollary 4.8 Assume that C is a left Euler coalgebra as in Definition 4.2 such
that cF - cF~ = E. Then the Euler defect dc (M,N) of a computable Euler pair
M, N is an additive function of each of the variables M and N.

Proof: Assume that M, N is a computable Euler pair in C—Comod and 0 — M’ —
M — M — 0 is an exact sequence of computable comodules such that M’, N and
M", N are computable Euler pairs. It is easy to show that mg := deg(M,N) <
deg(M’,N) and deg(M,N) < deg(M",N). Tt follows from (4.5) that there exists
s > 1 such that

dc(M'.N) = (=1)"0% be (Igth M’ Igth Qe 45N,
dc(M".N) = (=1)mFs b (IgthM” Igth S, s N), and
dc(M,N) = (—1)mo+s . h (Igth M Igth Qs N).

On the other hand, by definition,
(IgthM)-[c F~'" - (1gthN)'"],
(IgthM’)-[c F~"" - (IgthN)""],
(IgthM")-[c F~'" - (IgthN)""]
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are well-defined integers and the equality IgthM = IgthM’ + IgthM” holds. It
follows from the formula (4.7) that

(Igth M) - [CF_tr ’ (lgtth0+sN)tr],

(IgthM)-[cF ™" - (IgthQue+sN)""],

(IgthM")-[cF " - (IgthQmg+sN)""]
are defined, because (IgthM)-[c F~'"-(Igth EN)'"], (IgthM")-[c F~'"-(Igth EN )'T],
and (IgthM")-[c F~'" - (Igth EN )] are defined, for r = 0,...,my, see Theorem 3.4
(c) and (d). Consequently, we get

dc(M.N) = (=)™ (gthM)-[cF™"" ¢S - (IgthQmsN)""]
= (=1)mts(gthM’)-[cF "¢ S - (IgthQm,+sN)'"]
+(=D)" (AgthM") - [c F™'" - ¢ S - (IgthQpe+5N)']

= 9c(M'.N)+9dc(M".N).

The additivity of dc (M,N) at N follows in a similar way. O

Remark 4.9 (a) We do not know if there exists a computable Euler pair M, N of
indecomposable socle-finite comodules over a left Euler basic K-coalgebra C, with
cF - ¢cF~ = E, such that the Euler defect d¢ (M, N) is non-zero. It follows from
Theorem 3.4 (d) that if M, N is such a pair then dimg M = oo and inj.dimN = oo.

(b) Note that if M is computable and dimg M is infinite then £,(M) # 0, for
infinitely many indices p € /¢, and the sum

bc(gthM.lgthS(j)) = (gthM)-cS-[cF ™" -e!]
(IgthM)-c S - (£;)"
sj- 2 (M) -4,

pelc

has no sense, if £,(M) - E]_'P is non-zero, for infinitely many indices p € Ic.
Obviously, the sum has a sense if and only if the set {p € Ic:; L, (M) €7} is finite.
In the particular case when M = E(i) is an indecomposable injective comodule,

with i € I, we have

be(gthE()IgthS() =5, Y Lp(ED) -6, =5, ) liplp,

pelc pelc

and the sum has no sense if and only if £; £ , is non-zero, for infinitely many indices
p € Ic. Note that, if dimg E(i) is finite, then Theorem 3.4 (d1) applies and we get
the equality /b\c (IgthE(i),lgthS(j)) = xc (E(),S5())).

The following example illustrates the situation of 4.9 (b) and constructs pairs of
computable Euler comodules M, N such that the pair M, N is not a computable
Euler pair and b¢ (Igth £(j).lgthS(j)), dc (M, N) are not defined.
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Example 4.10 Let C = K"I be the incidence coalgebra of the infinite poset /
whose Hasse quiver Q7 has the form

i ——4 —> 2 —> 0 — 2 —> 4 —> .. —> 2r —>
i >3 — -1 — 1 — 3 —> 5 —> .. —> 2r4+l —>

It is shown in [12, Example 4.26] that C is a left and right Euler coalgebra that is

left and right locally artinian, see [5], and C is neither left nor right semiperfect.

Moreover, the matrices ¢ F = ¢//",c F~ = ¢;'" € Mj(Z) = Mz(Z) are constructed

in [12, p. 65]. It is easy to see that ¢ F'~ is a unique left inverse and a right inverse

of CF .

Note that C is basic, dimg C = Rg, soccC = EBPGIC S(p), where Ic = Z is
the set of integers, and there is a group isomorphism K¢ (C) == ZUc) = 7@,

It is clear that the left comodules M = E(0) and N = S§(0) are computable
Euler comodules. It follows from the shape of the matrices ¢ F'" = ¢;,cF 7" =
¢;' € M;(Z) constructed in [12, Example 4.26] that Igth £(0) is the Oth column of
c;and ¢ F7'" ey = (eg- ¢ F ™)' is the Oth column of c;l, that is,

IgthE£(0) = (...,1,1,1,1,1,1, 1, 1,1,0,0,0,0.,...) and
(eo-cF7)"=(..,1,1,-1,-1,1,1,-1,-1,1,0,0,0,0,...).

It follows that /b\c (IgthM IgthN) = (IgthE(0)) - (eg - ¢ F)'" is not defined.
Moreover, using the minimal injective resolution of the simple C-comodule
S(0) constructed in [12, Example 4.26], we show that Hom¢ (E(0),S(0)) = 0,
Homc¢ (E(O),E;,Z(O)) # 0, and Ext(E£(0),5(0)) = K, for any m > 1. It follows
that the Euler characteristic yc (E£(0),S(0)) is not defined, M = E(0), N = S(0)
is not a computable Euler pair in the sense of Definition 4.1, and the Euler defect
dc(M,N) of the pair M = E(0), N = S(0) is not defined.

Remark 4.11 The results of the paper are applied in [13] and [15] to comodules over
the incidence coalgebras KU1 of intervally finite posets /. They are also used in the
study of the Coxeter transformation and almost split sequences for comodules, see
[4].
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