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Abstract

Let K be a field. We study a class of left C -comodules over a basic left
Euler coalgebra C by means of the Euler Z-bilinear formbbC associated to C ,
the Euler characteristic �C .M;N / of left C -comodules M;N , and the defect
@C .M;N / 2 Z associated to any computable Euler pair .M;N / of left C -
comodules. We show thatbbC .lgthM;lgthN/D �C .M;N /C @C .M;N /, for
any computable Euler pair .M;N / of comodules over a left Euler coalgebra
C . One of the main results of the paper asserts that the defect @C .M;N / is
zero andbbC .lgthM;lgthN/ D �C .M;N /, if the comodules M;N are finite-
dimensional.
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1. Introduction

Let C be a K-coalgebra and let C–comod be the category of finite-dimensional left
C -comodules. In this paper we continue our study of left C -comodules over a basic
left Euler coalgebra C (in the sense of [12]) by means of the Euler Z-bilinear form
bC W Z.IC / � Z.IC /�!Z (2.7), the Euler characteristic �C .M;N / of comodules
M;N , and the defect @C .M;N /, we have started in [10], [11], and [12]. More
precisely, following [12] we introduce the concept of a computable Euler pair of
C -comodules (not necessarily finite-dimensional) and, for a left Euler coalgebra
C and any computable Euler pair .M;N /, we define the defect @C .M;N / 2 Z of
.M;N / by means of an inverse CF

� 2 MIC .Z/ (2.2) of the composition length
matrix CF 2MIC .Z/ (2.1) of C . We show in Theorem 2.8 that every pair .M;N / of
finite-dimensionalC -comodulesM;N over a left Euler coalgebraC is a computable
Euler pair, the defect @C .M;N / of any such a pair .M;N / is zero, and the following
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92 D. SIMSON

equality holds

bC .lgthM;lgthN/D �C .M;N /D
1X
jD0

.�1/j dimKExtjC .M;N /;

for all comodules M;N in C–comod. Moreover, we show in Theorem 4.4 that,
given a computable Euler pair .M;N / of comodules over a left Euler coalgebra C ,
the following equality holds

bbC .lgthM;lgthN/D �C .M;N /C @C .M;N /;

where bbC is an extension of the Euler Z-bilinear form bC (2.7) defined by the
formula (3.3). We also show in Theorem 4.4 that the defect @C .M;N / is zero,
for a large class of computable Euler pairs .M;N / containing all pairs of finite-
dimensional comodules.

Here we follow the notation introduced in [10], [11], [12], and [14]. Throughout
this paper, we assume that C is a basic K-coalgebra with a fixed left comodule
decompositions

.1:1/ socCC D
M
j2IC

S.j / and CC D
M
j2IC

E.j /

where IC is a set, S.j / with j 2 IC are pairwise non-isomorphic simple comodules
in C–comod, and E.j / is the injective envelope of S.j / in C–Comod, for each
j 2 IC . We denote by C–Comod the category of left C -comodules and by
K0.C / D K0.C–comod/ the Grothendieck group of the category C–comod of
finite-dimensional left C -comodules. We recall that there is a group isomorphism

.1:2/ lgth WK0.C /
'

�����!Z.IC /

that associates to any X in C–comod the composition length vector lgthX 2 Z.IC /,
see [10]. Throughout we identify the groups K0.C / and Z.IC / via the isomorphism
lgth.

2. A left inverse of the composition length matrix of a left Euler coalgebra

Throughout this paper we fix a field K and we denote by C a K-coalgebra. We
freely apply the representation theory terminology applied in [1] and [16], and the
coalgebra and comodule theory terminology introduced in [2], [6], [9], and [10]-
[14].
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A coalgebra C is defined to be pointed if the simple C -comodules are
one-dimensional, and C is basic if dimKS D dimKEndCS , for any simple
left C -comodule S . We recall from [12, Definition 4.15] that a basic coal-
gebra C with decompositions (1.1) is a left Euler coalgebra if, for all i;j 2
IC , dimKHomC .E.i/;E.j // is finite, the space ExtmC .S.i/;S.j // is zero, for m
sufficiently large, and every simple left C -comodule S.j / admits an injective
resolution 0�!S.j /�!E

.j /
0 �!E

.j /
1 �! :::�!E

.j /
n �!E

.j /
nC1�! ::: such that

E
.j /
m is socle-finite, for m � 0, and for each i 2 IC there exists mj i � 0 such

that HomC .E
.j /
r ;E.i//D 0, for all r �mj i .

It is easy to see that if C is a basic left Euler K-coalgebra then, for any pair M ,
N of comodules in C–comod, ExtmC .M;N / D 0, for m sufficiently large, and the
Euler characteristic

�C .M;N /D

1X
mD0

.�1/mdimKExtmC .M;N /

of the pair M;N is a well-defined integer, see [12, Theorem 4.18 (c2)].
We recall from [12] that, given a basic left Euler coalgebra C with fixed

decompositions .1:1/, the left composition length matrix of C is defined to be
the IC � IC matrix

.2:1/ CF D Œ`ij �i;j2IC 2MIC .Z/;

with `j i D 1
si
� dimKHomC .E.j /;E.i//, where si D dimKS.i/D dimKEndCS.i/,

for all i;j 2 IC . In other words, the matrix CF has the form

CF D

2
64

:
:
:

e.j /
:
:
:

3
75

that is, the j -th row of CF is the composition length vector

e.j /D lgthE.j / 2 ZIC

of the indecomposable injective left C -comodule E.j /, with e.j /i D `j i .
Following the proof of Theorem 4.18 in [12], for a basic left Euler coalgebra C ,

we construct a left inverse

.2:2/ CF
� D Œ`�jp�i;p2IC D

2
64
:
:
:
`�
j

:
:
:

3
75 2MIC .Z/
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of CF as follows. Given j 2 IC , the j th row `�j of CF � has the form

.2:3/ `�j D Œ:::;`
�
jp;:::�p2IC ;

with

.2:4/ `�jp D

1X
mD0

.�1/md .j /mp ;

where
1P
mD0

.�1/md
.j /
mp is a finite sum of integers d .j /mp � 0 defined in [12, (4.21)] as

follows. Given j 2 IC , we fix a minimal injective resolution

.2:5/ 0�!S.j /
h
.j/
0

�!E
.j /
0

h
.j/
1

�!E
.j /
1

h
.j/
2

�! :::
h
.j/
n

�!E.j /n
h
.j/
nC1

�!E
.j /
nC1�! :::

of the simple C -comodule S.j /, with E.j /0 DE.j / and a decomposition

.2:6/ E.j /m D
M
p2IC

E.p/d
.j/
mp D

M
p2I

.j/
m

E.p/d
.j/
mp

of E.j /m , for m � 1, where I .j /m is a finite subset of IC , d .j /mp is a positive integer,
for each p 2 I .j /m , and we set d .j /mp D 0, for any p 2 IC n I

.j /
m . The comodule E.j /m

is socle-finite and has such form, because C is a left Euler coalgebra. This also
implies that, given j;p 2 IC , the space HomC .E

.j /
m ;E.p// vanish, form sufficiently

large. Hence, S.p/ is not embedded into E.j /m and d .j /mp D 0, for m sufficiently

large. Consequently, the sum `�jp D
1P
mD0

.�1/md
.j /
mp is an integer and the matrix

CF
� D Œ`�jp�i;p2IC 2MIC .Z/ (2.2) is well-defined, see also [12, Theorem 4.18].
Following [12, (4.6)], we define the Euler Z-bilinear form

.2:7/ bC W Z
.IC / �Z.IC /����!Z

of the coalgebra C by the formula

bC .x;y/ D x � .CS � CF
�tr/ �ytr

D .x � CS � CF
�tr/ �ytr

D x � .CS � CF
�tr �ytr/;

for x;y 2 Z.IC /, where CF
� is the matrix (2.2), CF �tr D .CF

�/tr , and CS D

diagŒsj � is the IC � IC diagonal matrix with sj D dimKS.j /D dimKEndCS.j / on
the .j;j / entry.
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The Euler quadratic form qC W Z
.IC /����!Z of C is defined by the formula

qC .x/D bC .x;x/D x � CS � CF
�tr � xtr , for x 2 Z.IC /.

Now we prove that the matrix CF
� is a left inverse of the composition length

matrix (2.1) of C . This is part (a) of the following important result that improves
[12, Theorem 4.18].

Theorem 2.8 Let C be a basic left Euler K-coalgebra. Let CF D Œ`ij �i;j2IC 2

MIC .Z/ be the composition length matrix (2.1) of C and CF
� D Œ`�jp�i;p2IC 2

MIC .Z/ the matrix (2.2).
(a) The matrix CF � is a left inverse of the matrix CF in MIC .Z/.
(b) For any pair j;p 2 IC , we have

.2:9/ `�jp D
1

sp
��C .S.p/;S.j //; where sp D dimKS.p/D dimKEndCS.p/:

(c) If j 2 IC is such that inj:dimS.j / is finite, then the j th row `�j of the matrix
CF
� has at most finitely many non-zero entries.
(d) For each pairM;N of comodules in C–comod, the following equality holds

.2:10/ bC .lgthM;lgthN/D
1X
mD0

.�1/mdimKExtmC .M;N /:

Proof: (a) We follow the proof of [12, Theorem 4.18 (a)]. To show that the equality
CF
� � CF DE holds, we prove that, given a pair of indices i;j 2 IC , we have

.2:11/
X
p2IC

`�jp`pi D

(
1; for i D j;
0; for i ¤ j:

It follows from the definition of the matrix CF of C that, for each j 2 IC ,
the j -th row of the matrix CF is the length vector e.j / D lgthE.j / 2 ZIC of the
indecomposable injective left C -comodule E.j /, i.e. e.j /i D `j i .

We recall from [12, Proposition 2.6(b)] that

`i .N /D lgthBiHomC .N;E.i//;

for any C -comodule N .
Fix a pair of indices i;j 2 IC and fix a minimal injective resolution (2.5) of the

simple C -comodule S.j /. It has the properties stated in [12, Definition 4.15(c)].
SinceC is a left Euler coalgebra the resolution (2.5) is socle-finite and, given i 2 IC ,
we find an mj i � 1 such that

`i .E
.j /
r /D lgthBiHomC .E

.j /
r ;E.i//D 0;
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for r � mj i C 1, where Bi D EndCE.i/. Since E.i/ is injective then, for nD mj i ,
the sequence

0�!HomC .E
.j /
n ;E.i//�! :::�!HomC .E

.j /
0 ;E.i//�!HomC .S.j /;E.i//�!0

induced by the resolution (2.5) of S.j / is exact.
Recall that `i .E

.j /
r / D lgthBiHomC .E

.j /
r ;E.i//, for any r � 0. Then, by

summing up the Bi -lengths, we get

.2:12/ `i .S.j //D

mjiX
mD0

.�1/m`i .E
.j /
m /D

1X
mD0

.�1/m`i .E
.j /
m /;

because `i .E
.j /
r /D lgthBiHomC .E

.j /
r ;E.i//D 0; for all r �mj i C 1. Since

E.j /m D
M
p2IC

E.p/d
.j/
mp D

M
p2I

.j/
m

E.p/d
.j/
mp ;

where I .j /m � IC is a finite subset of IC , then, for anym� 0, the composition length
vector

lgthE.j /m D .`i .E
.j /
m //i2IC 2 ZIC

of the comodule E.j /m has the form

lgthE.j /m D
X
p2IC

d .j /mp � lgthE.p/D
X
p2IC

d .j /mp � e.p/D
X
p2I

.j/
m

d .j /mp � e.p/

and its i th coordinate has the form
.2:13/

.lgthE.j /m /i D
X
p2I

.j/
m

d .j /mp .lgthE.p//i D
X
p2IC

d .j /mp e.p/i D
X
p2IC

d .j /mp `pi D
X
p2I

.j/
m

d .j /mp `pi :

Note that the sums have only finitely many non-zero summands. Since, given m �
mj i C 1, we have .lgthE.j /m /i D `i .E

.j /
m /D 0, then

P
p2IC

d
.j /
mp `pi D 0 and

d .j /mp `pi D 0;

for m�mj i C 1 and all p 2 IC .
It follows that

mjiX
mD0

.�1/m
X
p2I

.j/
m

d .j /mp `pi D

mjiX
mD0

.�1/m
X

p2I.j;i/

d .j /mp `pi D
X

p2I.j;i/

mjiX
mD0

.�1/md .j /mp `pi ;
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where I.j;i/D I .j /0 [I
.j /
1 [:::[I

.j /
mji is a finite subset of IC , and therefore the sums

have only a finite number of non-zero summands. In view of .2:12/ and .2:13/, we
get a sequence of equalities

.2:14/

`i .S.j // D
mjiP
mD0

.�1/m
P

p2I
.j/
m

d
.j /
mp `pi

D
P

p2I.j;i/

mjiP
mD0

.�1/md
.j /
mp `pi

D
P
p2IC

1P
mD0

.�1/md
.j /
mp `pi

D
P
p2IC

.
1P
mD0

.�1/md
.j /
mp /`pi

D
P
p2IC

`�jp`pi ;

because `�jp D
P1
mD0.�1/

md
.j /
mp 2 Z, for j;p 2 IC . This shows that the sumP

p2IC

`�jp`pi is finite and, given i;j 2 IC , the integer `�jp`pi is zero, for all but a

finite number of indices p 2 IC . Since `i .S.j // D 1, for j D i , and `i .S.j // D
0, for j ¤ i , then .2:14/ implies the equality (2.11) and, consequently, we get
CF
� � CF DE, that is, the matrix CF

� is a left inverse of CF .
(b) To prove the formula (2.9), we note that the integer d .j /mp that appears in the

formula (2.4) is just the mth Bass number �m.S.p/;S.j // (=Betti number) of the
pair .S.p/;S.j // of the simple C -comodules S.p/ and S.j /, see [7], [8] and [11,
p. 480]. It follows from [11, (4.23)] that, given m� 0 and j;p 2 IC , we get

d .j /mp D�m.S.p/;S.j //D
1

sp
� dimKHomC .S.p/;E

.j /
m /

D
1

sp
� dimKExtmC .S.p/;S.j //:

Hence, the integer `�jp has the form

`�jp D

1X
mD0

.�1/md .j /mp D

1X
mD0

.�1/m
1

sp
� dimKExtmC .S.p/;S.j //D

1

sp
��C .S.p/;S.j //:

This finishes the proof of (b).
(c) Assume that j 2 IC and inj:dimS.j / is finite. Then the injective resolution

(2.5) of S.j / in C–Comod is finite and has the form

0�!S.j /
h
.j/
0

�!E
.j /
0

h
.j/
1

�!E
.j /
1

h
.j/
2

�! :::
h
.j/
nj

�!E.j /nj �!0;

https://doi.org/10.1017/is009010019jkt081 Published online by Cambridge University Press

https://doi.org/10.1017/is009010019jkt081
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where E.j /m is a finite direct sum of the comodules E.p/, for m D 0;:::;nj . Hence,
the module E.j /0 ˚ E

.j /
1 ˚ :::˚ E

.j /
nj has only finitely many direct summands of

the form E.p/, up to isomorphism. Therefore ExtmC .S.p/;S.j //D 0, if m � 0 and
E.p/ is not a summand of the module E.j /0 ˚E

.j /
1 ˚ :::˚E

.j /
nj . This shows that the

pth coordinate `�jp D
1
sp
��C .S.p/;S.j // of the vector (2.3) is zero, if E.p/ is not

a summand of the module E.j /0 ˚E
.j /
1 ˚ :::˚E

.j /
nj . Consequently, the number of

non-zero coordinates `�jp of the vector (2.3) is finite.
(d) First we show that the equality (2.10) holds, for any pair M D S.p/ and

M D S.j / of simple C -comodules. In this case, we have ep D lgthM and ej D
lgthN and, in view of (b), we get

bC .lgthM;lgthN/ D bC .ep;ej /

D ep � CD � CF
�tr � etrj

D .ep � sp � CF
�tr/ � etrj

D .sp � `
�tr
�p / � e

tr
j

D sp � `
�
jp

D sp �
1
sp
��C .S.p/;S.j //

D �C .M;N /;

where `��p is the pth column of the matrix CF
� and `�tr�p D Œ:::;`

�
ip;:::�i2IC is the

pth row of the matrix CF �tr . Since both sides of the equality bC .lgthM;lgthN/D
�C .M;N / are additive functions of M and N , and the equality holds if M and N
are simple comodules then an easy induction on lgthM C lgthN � 2 shows that the
equality holds for allM and N in C–comod. This finishes the proof of the theorem.

We end this section by showing that the matrix CF has a two-sided inverse, if
C is a simply dualising Euler coalgebra in the following sense.

Definition 2.15 A coalgebraC is defined to be a simply dualising Euler coalgebra
if

(a) C is both left and right Euler coalgebra, and
(b) dimKExtmC .S;S

0/ D dimKExtmCop .DS
0;DS/, for all m � 0 and all simple

left C -comodules S and S 0, where D W C–comod�!C op–comod is the standard
duality, see [10].

The class of simply dualising Euler coalgebras contains the incidence coalge-
bras K�I of intervally finite posets (see [12], [13], [15]) and semiperfect (left or
right) coalgebras of finite global dimension, see [4].

Theorem 2.16 Let C be a pointed simply dualising Euler K-coalgebra. Let CF D
Œ`ij �i;j2IC 2 MIC .Z/ be the composition length matrix (2.1) of C . Then the left
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inverse CF � D Œ`�jp�j;p2IC 2MIC .Z/ (2.2) of CF is also its right inverse, that is,
the equality CF � CF � DE holds in MIC .Z/.

Proof: Since C is pointed, it is basic [11, Lemma 2.1] and both left and right Euler
coalgebra. Then, by Theorem 2.8 (a), the matrix CF

� D Œ`�jp� (2.2), with `�jp D
�C .S.p/;S.j //, is a left inverse of CF D Œ`�jp� and the matrix eF �C D CopF

� D

Œè�jp�, with è�jp D �Cop .DS.p/;DS.j //, is a left inverse of the composition length
matrix FC D CopF D Œèjp� of C op, with èjp D dimKHomCop .eE.j /;eE.p//, for all
i;p 2 IC D ICop , where eE.j /;eE.p/ are the images of E.j /;E.p/ under the duality
C -inj! C op-inj given in [3]. Hence we get

è
ij D dimKHomCop .eE.i/;eE.j //D dimKHomC .E.j /;E.i//D `j i ;

for every pair i;j 2 IC . This yields the equality F trC D CF . Since
dimKExtmC .S;S

0/ D dimKExtmCop .DS
0;DS/, for all m � 0 and all simple

left C -comodules S and S 0, by our assumption, then �Cop .DS.p/;DS.j // D

�C .S.j /;S.p//, for all j;p 2 IC D ICop , and we get .eF �C /tr D CF
�. Hence,

the equality eF �C �FC DE yields E D F trC � .eF �C /tr D CF � .eF �C /tr D CF �CF
�, that

is, CF � is a right inverse of CF . This finishes the proof.

3. Euler comodules over a left Euler coalgebra

We recall from [12, Section 2] that a left C -comodule M is defined to be com-
putable if, for each j 2 IC , the j th coordinate `j .M/D 1

sj
�dimKHomC .M;E.j //

of the composition length vector lgthM of M is finite.
For a left C -comodule N , we fix a minimal injective resolution

.3:1/ 0�!N
hN0
�!EN0

hN1
�!EN1

hN2
�! :::

hNn
�!ENn

hNnC1
�!ENnC1�! :::

of N in C–Comod. We call the resolution socle-finite and computable, if the
injective C -comodules EN0 ;E

N
1 ;E

N
2 ;::: are socle-finite and computable.

It is easy to see that, for any computable comodule M and a comodule N such
that the injective resolution (3.1) is socle-finite and computable the K-dimension of
ExtmC .M;N / is finite, for any m� 0, see [12, Corollary 3.3].

Now we generalise Theorem 2.8 (d) to the class of Euler comodules in the
following sense.

Definition 3.2 Let C be a basic left Euler K-coalgebra. Let CF 2 MIC .Z/ be
the composition length matrix of C , CF � the left inverse of CF defined by the
formulae (2.2)-(2.4), and let CF �tr D .CF �/tr be the transpose of the matrix CF �.
A comodule N in C–Comod is defined to be an Euler comodule if
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(a) N is finitely copresented (see [12], [14]), and
(b) the minimal injective resolution .3:1/ of N in C–Comod is socle-finite,

computable, and weakly bounded in the sense that, for any i 2 IC , there exists
an mi � 1 such that HomC .E

N
m ;E.i//D 0, for all m�mi .

Note that the class of Euler comodules over a left Euler coalgebra C contains
all simple comodules, the comodules of finite dimension, socle-finite injective
comodules, the syzygy comodules �mN D ��mN D Imhm, with m � 1, for
any comodule N in C–comod, and the (socle) finitely copresented comodules N
in C–Comod that admit a socle-finite and computable injective resolution of finite
length.

Following [12, Section 4], we set

.3:3/ bbC .v;w/ WD v � CS � .CF �tr �wtr/D v � CS � .w � CF �/tr ;
for a pair of vectors v;w 2 ZIC , if the multiplication v�.CF �tr �wtr/D v�.w�CF �/tr

is a well-defined integer.
Now we extend Theorem 2.8 (d) from comodules in C–comod to Euler

comodules as follows.

Theorem 3.4 Let C be a basic left Euler K-coalgebra. Let CF D Œ`ij �i;j2IC 2

MIC .Z/ be the composition length matrix (2.1) of C and CF
� D Œ`�jp�j;p2IC 2

MIC .Z/ the matrix (2.2). Assume that N is an Euler comodule, lgthN D

.`j .N //j2IC 2 ZIC is the composition length vector of N , and dNj is the integer
defined by the formula (3.10).

(a) For any index j 2 IC , the j th coordinate `j .N / of the vector lgthN has
the form `j .N /D

P
p2IC

dNp `pj , where dNp D
1
sp
��C .S.p/;N /:

(b) For any index j 2 IC , the following equality holds
.3:5/bbC .lgthS.j /;lgthN/ WD ej � CS � ŒCF �tr � .lgthN/tr �D sj � dNj D �C .S.j /;N /;

if the comodule N is finite-dimensional, or dimKN D1 and CF � CF
� D E .that

is, CF � is the right inverse of CF /, where ej D lgthS.j /.
(c) If CF � CF � DE and M is a computable left C -comodule, we have

bbC .lgthM;lgthE.j //D sj � `.M/j D dimKHomC .M;E.j //D �C .M;E.j //;

for any index j 2 IC .
(d) Assume that M is a computable comodule and N is an Euler comodule in

C–Comod. The following equality holds

.3:6/ bbC .lgthM;lgthN/D �C .M;N /D
1X
mD0

.�1/mdimKExtmC .M;N /;
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in any of the following three cases:
(d1) both comodules M and N are finite-dimensional.
(d2) CF � CF � DE, dimKM is finite, and dimKN is infinite.
(d3) CF � CF � DE, dimKM is infinite, and inj:dimN is finite.

Proof: (a) It follows from the definition of the composition factors matrix CF of
C that, for each j 2 IC , the j -th row of the matrix CF is the composition length
vector e.j / D lgthE.j / 2 ZIC of the indecomposable injective left C -comodule
E.j /, i.e. e.j /p D `jp, for all p 2 IC . We also recall that the i th coordinate `i .N /
of the vector lgthN is defined by the formula

`i .N /D lgthBiHomC .N;E.i//D
1

si
� dimKHomC .N;E.i//;

where Bi D EndCE.i/ and si D dimKS.i/D dimKEndCS.i/, see [12, Proposition
2.6(b)].

We assume that N is an Euler comodule and we fix a minimal injective
resolution (3.1) of N . Fix an index j 2 IC and fix an integer mj;N � 1 such that

`j .E
N
r /D lgthBjHomC .E

N
r ;E.j //D 0;

for r �mj;N C 1. Since E.j / is injective then the sequence

0�!HomC .E
N
n ;E.j //�! :::�!HomC .E

N
0 ;E.j //�!HomC .S.j /;E.j //�!0;

with nDmj;N , induced by the resolution (3.1) of N is exact.
Recall that `j .ENr / D lgthBjHomC .E

N
r ;E.j //, for any r � 0. Then, by

summing up the Bj -lengths, we get

.3:7/ `j .N /D

mj;NX
mD0

.�1/m`j .E
N
m /D

1X
mD0

.�1/m`j .E
N
m /;

because `j .ENr / D lgthBjHomC .E
N
r ;E.j // D 0; for all r � mj;N C 1. Since the

injective comodule ENm is socle-finite then, given m� 0, there is a decomposition

.3:8/ ENm D
M
p2INm

E.p/d
N
mp D

M
p2IC

E.p/d
N
mp ;

where dNmp � 0 are integers and INm � IC is a finite subset of IC such that dNmp D 0,
for any p 2 IC n INm . Hence, for any m� 0, the composition length vector

lgthENm D .`i .E
N
m //i2IC 2 ZIC

https://doi.org/10.1017/is009010019jkt081 Published online by Cambridge University Press

https://doi.org/10.1017/is009010019jkt081


102 D. SIMSON

of the comodule ENm has the form

lgthENm D
X
p2IC

dNmp � lgthE.p/D
X
p2IC

dNmp � e.p/D
X
p2INm

dNmp � e.p/

and its j th coordinate has the form
.3:9/

.lgthENm /j D
X
p2IC

dNmp � .lgthE.p//j D
X
p2IC

dNmp �e.p/j D
X
p2IC

dNmp`pj D
X
p2INm

dNmp`pj :

Note that the sums have only finitely many non-zero summands. Since, given m �
mj;N C 1, we have HomC .E

N
m ;E.j //D 0, then .lgthENm /j D `j .ENm /D 0. HenceP

p2IC
dNmp`pj D 0 and

dNmp`pj D 0;

for m�mj;N C 1 and all p 2 IC . It follows that

mj;NP
mD0

.�1/m
P
p2INm

dNmp`pj D
mj;NP
mD0

.�1/m
P

p2I.j;N/

dNmp`pj

D
P

p2I.j;N/

mj;NP
mD0

.�1/mdNmp`pj

D
P
p2IC

1P
mD0

.�1/mdNmp`pj ;

where I.j;N / D IN0 [ I
N
1 [ :::[ I

N
mj;N

is a finite subset of IC , and therefore the

infinite sum
P
p2IC

1P
mD0

.�1/mdNmp`pj has only a finite number of non-zero summands.

Given p 2 IC , we set

dNp D

1X
mD0

.�1/mdNmp:

Note that, for p 2 IC and N , the integer mp;N is chosen in such a way that
HomC .E

N
m ;E.p//D 0, for all m�mp;N C 1. It follows that, given m�mp;N C 1,

the injective comodule ENm has no direct summand isomorphic to E.p/ and, hence,
dNmp D 0. Consequently,

.3:10/ dNp D

1X
mD0

.�1/mdNmp D

mp;NX
mD0

.�1/mdNmp
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and dNp is an integer. Hence, in view of .3:7/ and .3:9/, we get the equalities

.3:11/

`j .N / D
mj;NP
mD0

.�1/m
P
p2INm

dNmp`pi

D
P

p2I.j;N/

mj;NP
mD0

.�1/mdNmp`pj

D
P
p2IC

1P
mD0

.�1/mdNmp`pj

D
P
p2IC

.
1P
mD0

.�1/mdNmp/`pj

D
P
p2IC

dNp `pj :

This shows that the sum
P
p2IC

dNp `pi has only a finite number of non-zero summands

and, given i;j 2 IC , the integer dNp `pi is zero, for all but a finite number of indices
p 2 IC .

Now we note that the integer dNmp that appear in the formula (3.8) is just the
mth Bass number �m.S.p/;S.j // (=Betti number) of the pair .S.p/;N / of the
comodules S.p/ and N , in the sense of [11, p. 480]. It follows from [11, (4.23)]
that, given m� 0 and p 2 IC , we get

dNmp D �m.S.p/;N /D
1

sp
� dimKHomC .S.p/;E

N
m /D

1

sp
� dimKExtmC .S.p/;N /:

Hence, the integer dNp (3.10) has the form

dNp D

1X
mD0

.�1/mdNmp D

1X
mD0

.�1/m
1

sp
� dimKExtmC .S.p/;N /D

1

sp
��C .S.p/;N /:

This finishes the proof of (a).
(b) Note that ei �CF � D `�i D Œ:::;`

�
ip;:::�p2IC is the i th row of the matrix CF �

and `�trj D .`�j /
tr is the i th column of the matrix CF

�tr , see (2.2).
First we prove (b) in case the comodule N is finite-dimensional. We apply the

induction on the length nD lgthN of N . If nD 1, the comodule N is simple. Then
N Š S.i/, lgthN D ei , for some i 2 IC , and we have

bbC .ej ;lgthN/ D ej � CS � ŒCF
�tr � .lgthN/tr �

D ej � CS � Œei � CF
��tr

D ej � CS � `
�tr
i D sj � `

�
ij

D sj � d
N
j ;
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because dNj D d
S.i/
j D `�ij , by (a) and (2.9). The inductive step easily follows,

because all terms in the formula (3.5) are additive functions of N .
Now we prove (b) in case the comodule N is infinite-dimensional and CF �

CF
� DE. In view of (a), we get

ej � CS � ŒCF
�tr � .lgthN/tr � D

P
i2IC

sj `
�
ij `i .N /D

P
i2IC

sj `
�
ij

P
p2IC

dNp `pi

D
P
p2IC

.
P
i2IC

`pi`
�
ij /sjd

N
p D sjd

N
j ;

because the assumption CF � CF
� DE yields

P
i2IC

`pi`
�
ij D

(
0; for p ¤ j ;
1; for p D j .

(c) Let M be a computable C -comodule and fix j 2 IC . Assume that E D
CF � CF

�, that is, the matrix CF
� is a right inverse of CF in MIC .Z/. It follows

that e.j / � CF � D ej , with e.j /D lgthE.j /, and we get

bbC .lgthM;lgthE.j // D .lgthM/ � CS � ŒCF
�tr � e.j /tr �

D .lgthM/ � CS � Œe.j / � CF ��tr

D .lgthM/ � .sj � e
tr
j /

D `.M/j � sj
D dimKHomK.N;E.j //

D �C .N;E.j //;

and we are done.
(d) In case (d1), the equality (3.6) is a consequence of Theorem 2.8 (d). To

prove (d) in cases (d2) and (d3), assume that CF � CF � D E, M is a computable
comodule, and N is an Euler comodule in C–Comod.

(d2) Assume that dimKM is finite and dimKN is infinite. We prove the equality
(3.6) by induction on the length lgthM � 1 of M . If lgthM D 1 then M is a simple
comodule, there is an isomorphism M Š S.j /, for some j 2 IC , and lgthM D
lgthS.j / D ej is the j th standard basis vector ej of the group Z.IC /. Then the
equality (3.6) holds for lgthM D 1, by (b). Since both sides of the equality (3.6) are
additive functions of the variable M then the inductive step easily follows and we
are done.

(d3) Assume that assume that dimKM is infinite and the dimension sN D

inj:dimN � 0 is finite. Then the injective resolution (2.5) of N in C–Comod is
finite of the form

0�!N
hN0
�!EN0

hN1
�!EN1

hN2
�! :::

hNsN
�!ENsN �!0;
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and ENm D ˚p2I .j/m
E.p/d

.j/
mp is the finite direct sum (2.6), for m D 0;:::;sN . It

follows that lgthE.j /m D
P
p2I

.j/
m
d
.j /
mp � e.p/ and, by applying (c), we get

bbC .lgthM;lgthE.j /m / D
P
p2I

.j/
m
d
.j /
mp � .lgthM/ � CS � ŒCF

�tr � e.p/tr �
D

P
p2I

.j/
m
d
.j /
mp ��C .M;E.p//

D �C .M;˚p2I .j/m
E.p/d

.j/
mp /

D �C .N;E
N
m /;

for m D 0;:::;sN . Since the injective resolution of N is finite, the additivity of

the function lgth yields lgthN D
sNP
mD0

.�1/m � lgthENm and, by the additivity of

bbC .lgthM;�/ and �C .M;�/, we get

bbC .lgthM;lgthN/ D
sNP
mD0

.�1/m �bbC .lgthM;lgthENm /

D
sNP
mD0

.�1/m ��C .M;E
N
m /

D �C .M;N /:

This finishes the proof of (c) and completes the proof of the theorem.
The properties of the pairs of comodules M , N that are not of any of the type

(d1), (d2), and (d3) studied in Theorem 3.4 are discussed in the following section
and in particular in Remark 4.9.

4. Computable Euler pairs of comodules and the Euler defect

We recall from [12, Definition 4.12] that a pair M N of left C -comodule is defined
to be an Euler pair if dimKExtmC .M;N / is finite, for all m� 0, and ExtmC .M;N /D
0, for m sufficiently large. Hence the Euler characteristic �C .M;N / of the Euler
pair M , N is an integer.

It follows from Theorems 2.8 and 3.4 that, over a left Euler coalgebra C , each
of the pairs M , N studied in (d1), (d2) and (d3) of Theorems 3.4 (d) is an Euler
pair such thatbbC .lgthM;lgthN/ D �C .M;N /. Our aim of this section is to study
a class of so called computable Euler pairs M , N over a left Euler coalgebra C
such that the above equality holds, up to a well-defined integer @C .M;N /, called
the Euler defect of M , N , see [12, Definition 4.12]. More precisely, we show thatbbC .lgthM;lgthN/ D �C .M;N / C @C .M;N /. In particular, this covers some of
the pairs M , N studied in Theorems 3.4 (d3), when we drop the assumption that
inj:dimN is finite.

Following [12, Theorem 4.18], we introduce the following concept.

https://doi.org/10.1017/is009010019jkt081 Published online by Cambridge University Press

https://doi.org/10.1017/is009010019jkt081


106 D. SIMSON

Definition 4.1 Let C be a K-coalgebra and let M and N be left C -comodules.
(a) The pair M , N is called a computable Euler pair, if the following

conditions are satisfied:
(a1) M and N are computable.
(a2) The minimal injective resolution (3.1) of N is socle-finite and computable.
(a3) There exists a minimal integer m0 � 0 such that ExtmC .M;N / D 0 and

HomC .M;E
N
m /D 0, for any m� 1Cm0.

(b) We denote by deg.M;N / the minimal integerm0 with this property, and we
call it the Euler defect degree of the pair M;N .

Note that, (a1) and (a2) yield dimKExtmC .M;N / is finite, for m � 0, see [12,
p. 52]. Then every computable Euler pair M , N is an Euler pair and �C .M;N / is
defined. Note also that each of the pairsM , N over a left Euler coalgebra C studied
in (d1), (d2) and (d3) of Theorems 3.4 (d) is a computable Euler pair. In Example
4.10 below, we present a pair of computable comodules M , N that is not an Euler
pair and such that ExtmC .M;N /ŠK and HomC .M;E

N
m /¤ 0, for any m� 1.

By adapting [12, Definition 4.12] to any computable Euler pair we introduce the
concept of an Euler defect as follows.

Definition 4.2 Let C be a left Euler K-coalgebra, CF D Œ`ij �i;j2IC 2MIC .Z/ the
composition length matrix (2.1) of C , and CF � D Œ`�jp�i;p2IC 2MIC .Z/ the matrix
(2.2). Assume that M , N is a computable Euler pair of comodules in C–Comod
such that the multiplication .lgthM/ � ŒCF

�tr � .lgthN/tr � is defined. The Euler
defect of the pair M , N is defined to be the integer

.4:3/
@C .M;N / D .�1/m0C1 �bbC .lgthM;lgth�m0C1N/

D .�1/m0C1 � .lgthM/ � CS � ŒCF
�tr � .lgth�m0C1N/tr �;

where CF �tr D .CF �1/tr , m0 D deg.M;N / � 0 is the Euler defect degree of the
pair M , N , and �m0C1N D ImdNm0C1 is the m0C 1-cosyzygy comodule of N .

By the formula (4.7) proved below and the assumption that the multiplication
.lgthM/ � ŒCF

�tr � .lgthN/tr � is defined, the defect @C .M;N / is a well-defined
integer.

Now we generalise [12, Theorem 4.18] as follows.

Theorem 4.4 LetC be a basic left EulerK-coalgebra, CF D Œ`ij �i;j2IC 2MIC .Z/

the composition length matrix (2.1) of C , and CF
� D Œ`�jp�i;p2IC 2 MIC .Z/ the

matrix (2.2). Assume that CF � CF � D E and M , N is a computable Euler pair
of comodules in C–Comod such that .lgthM/ � ŒCF

�tr � .lgthN/tr � is defined. Let
@C .M;N / be the Euler defect (4.3).
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(a) If m0 D deg.M;N /� 0 is the Euler defect degree of the pair M , N then

.4:5/
bbC .lgthM;lgthENm0Cs/D 0; and

@C .M;N /D .�1/
m0Cs �bbC .lgthM;lgth�m0CsN/;

for s D 1;2;3;4;:::.
(b) The following equality holds

.4:6/ bbC .lgthM;lgthN/D �C .M;N /C @C .M;N /:

(c) If any of the conditions (d1)-(d3) in Theorem 3:4 is satisfied, for the
comodules M , N then @C .M;N / D 0 and the equality bbC .lgthM;lgthN/ D
�C .M;N / holds.

Proof: Let M , N be a computable Euler pair of comodules in C–Comod such that
.lgthM/ � ŒCF

�tr � .lgthN/tr � is defined and let m0 D deg.M;N / � 0 be the Euler
defect degree of M , N .

(a) For any s D 1;2;3;4;:::, we set

Lm0Cs D lgth�m0CsN and w.m0Cs/ D lgthLm0Cs D lgth�m0CsN .

If w.m0C1/ D 0, there is nothing to prove. Assume that w.m0C1/ ¤ 0 and note that
the comodules Lm0C1 � ENm0C1 and Lm0C2 D Imh.m0C2/ Š ENm0C1=Lm0C1 are
computable. It follows that lgthENm0C1 D w

.m0C1/Cw.m0C2/ and

ENm0C1 D
M

p2INm0C1

E.p/
dNm0C1p D

M
p2IC

E.p/
dNm0C1p

where dNm0C1p � 0 are integers and INm0C1 � IC is a finite subset of IC such that
dNm0C1p D 0, for any p 2 IC n INm0C1. Since the pair M , N is computable then

0D HomC .M;E
N
m0C1

/D
M

p2INm0C1

HomC .M;E.p//
dN

m0C1p
:

Consequently,

0D dimKE
N
m0C1

D
X
p2IC

dNm0C1p � dimKHomC .M;E.p//D
X
p2IC

dNm0C1p � sp � `p.M/:

On the other hand, since we assume that CF � CF � D E then, by Theorem 3.4 (c),
we getbbC .lgthM;lgthE.p//D sp � `p.M/ and

bbC .lgthM;lgthENm0C1/ D
P
p2IC

bbC .lgthM;dNm0C1p � lgthE.p///

D
P
p2IC

dNm0C1p �
bbC .lgthM;lgthE.p///

D
P
p2IC

dNm0C1p � sp � `p.M/D 0:
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It follows that

0DbbC .lgthM;lgthENm0C1/DbbC .lgthM;w.m0C1//CbbC .lgthM;w.m0C2//;

that is,bbC .lgthM;w.m0C1//D�bbC .lgthM;w.m0C2//: Hence we get

@C .M;N / D .�1/m0C1 �bbC .lgthM;w.m0C1//
D �.�1/m0C1 �bbC .lgthM;w.m0C2//
D .�1/m0C2 �bbC .lgthM;lgth�m0C2N/;

and (a) follows for s D 2. The proof for s � 3 is analogous and we leave it to the
reader.

(b) The additivity of the function lgth yields

.4:7/ lgthN D
m0X
rD0

.�1/r � lgthENr C .�1/
m0C1 � lgthLm0C1:

It follows that the integer .lgthM/ � ŒCF
�tr � .lgthN/tr � is defined if

and only if .lgthM/ � ŒCF
�tr � .lgth�m0C1N/tr � is defined, because

.lgthM/ � ŒCF
�tr � .lgthENr /tr � is defined, for r D 0;:::;m0, by Theorem 3.4 (c)

and (d).
By our assumption,M;N is a computable Euler pair. Then HomC .M;E

N
r /D 0,

for all r �m0C 1, and the complex

0! HomC .M;E0/
eh1
�!HomC .M;E1/

eh2
�! :::

�!HomC .M;Em0�1/
ehm0
�!HomC .M;Em0/! 0

consists of finite-dimensional K-vector spaces. Since ExtmC .M;N / is the mth
homology group of this complex, for any m � 0, then we have a chain of exact
sequences

0 �! HomC .M;N / �! HomC .M;E
N
0 / �! ImehN1 �! 0

0 �! ImehN1 �! KerehN2 �! Ext1C .M;N / �! 0

0 �! KerehN2 �! HomC .M;E
N
1 / �! ImehN2 �! 0

0 �! ImehN2 �! KerehN3 �! Ext2C .M;N / �! 0

0 �! KerehN3 �! HomC .M;E
N
2 / �! ImehN3 �! 0

0 �! ImehN3 �! KerehN4 �! Ext3C .M;N / �! 0

:::
:::

:::

0 �! KerehNm0 �! HomC .M;E
N
m0�1

/ �! ImehNm0 �! 0

0 �! ImehNm0 �! HomC .M;E
N
m0
/ �! Extm0C .M;N / �! 0
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of finite-dimensional K-vector spaces. In view of .4:7/ and the equality

dimKHomC .M;E
N
r /D

bbC .lgthM;lgthENr /

proved in Theorem 3.4 (d), summing up the dimensions yields

�C .M;N / D
Pm0
rD0.�1/

r � dimKHomC .M;E
N
r /

D
Pm0
rD0.�1/

r �bbC .lgthM;lgthENr /
D bbC .lgthM;

Pm0
rD0.�1/

r � lgthENr /
D bbC .lgthM;lgthN C .�1/m0 � lgthLm0C1/
D bC .lgthM;lgthN/C .�1/m0 �bbC .lgthM;lgth�m0C1N/
D bC .lgthM;lgthN/� @C .M;N /:

Hence, we get bC .lgthM;lgthN/D �C .M;N /C @C .M;N / and (b) follows.
Since the statement (c) is a consequence of (b) and Theorem 3.4 (d) then the

proof is complete.
We say that the Euler defect @C .M;N / of a computable Euler pair M , N is an

additive function of the variable M , if @C .M;N /D @C .M 0;N /C @C .M 00;N /, for
any short exact sequence 0!M 0 !M !M 00 ! 0 of computable comodules in
C–Comod such thatM 0,N andM 00,N are computable Euler pairs. We also say that
the Euler defect @C .M;N / is an additive function of the variableN , if @C .M;N /D
@C .M;N

0/C@C .M;N
00/, for any short exact sequence 0!N 0!N !N 00! 0 of

computable comodules in C–Comod such that M , N 0 and M , N 00 are computable
Euler pairs.

Corollary 4.8 Assume that C is a left Euler coalgebra as in Definition 4:2 such
that CF � CF � D E. Then the Euler defect @C .M;N / of a computable Euler pair
M , N is an additive function of each of the variables M and N .

Proof: Assume thatM ,N is a computable Euler pair in C–Comod and 0!M 0!

M !M 00! 0 is an exact sequence of computable comodules such that M 0, N and
M 00, N are computable Euler pairs. It is easy to show that m0 WD deg.M;N / �
deg.M 0;N / and deg.M;N / � deg.M 00;N /. It follows from (4.5) that there exists
s � 1 such that

@C .M
0;N /D .�1/m0Cs �bbC .lgthM 0;lgth�m0CsN/,

@C .M
00;N /D .�1/m0Cs �bbC .lgthM 00;lgth�m0CsN/, and

@C .M;N /D .�1/
m0Cs �bbC .lgthM;lgth�m0CsN/.

On the other hand, by definition,
.lgthM/ � ŒCF

�tr � .lgthN/tr �,
.lgthM 0/ � ŒCF �tr � .lgthN/tr �,
.lgthM 00/ � ŒCF �tr � .lgthN/tr �
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are well-defined integers and the equality lgthM D lgthM 0 C lgthM 00 holds. It
follows from the formula (4.7) that

.lgthM/ � ŒCF
�tr � .lgth�m0CsN/tr �,

.lgthM 0/ � ŒCF �tr � .lgth�m0CsN/tr �,

.lgthM 00/ � ŒCF �tr � .lgth�m0CsN/tr �
are defined, because .lgthM/�ŒCF

�tr �.lgthENr /tr �, .lgthM 0/�ŒCF �tr �.lgthENr /tr �,
and .lgthM 00/ � ŒCF �tr � .lgthENr /tr � are defined, for r D 0;:::;m0, see Theorem 3.4
(c) and (d). Consequently, we get

@C .M;N / D .�1/m0Cs.lgthM/ � ŒCF
�tr � CS � .lgth�m0CsN/tr �

D .�1/m0Cs.lgthM 0/ � ŒCF �tr � CS � .lgth�m0CsN/tr �
C.�1/m0Cs.lgthM 00/ � ŒCF �tr � CS � .lgth�m0CsN/tr �
D @C .M

0;N /C @C .M
00;N /:

The additivity of @C .M;N / at N follows in a similar way.

Remark 4.9 (a) We do not know if there exists a computable Euler pair M , N of
indecomposable socle-finite comodules over a left Euler basicK-coalgebra C , with
CF � CF

� D E, such that the Euler defect @C .M;N / is non-zero. It follows from
Theorem 3.4 (d) that if M , N is such a pair then dimKM D1 and inj:dimN D1.

(b) Note that if M is computable and dimKM is infinite then `p.M/ ¤ 0, for
infinitely many indices p 2 IC , and the sum

bbC .lgthM;lgthS.j // D .lgthM/ � CS � ŒCF
�tr � etrj �

D .lgthM/ � CS � .`
�
j /
tr

D sj �
P
p2IC

`p.M/ � `�jp

has no sense, if `p.M/ � `�jp is non-zero, for infinitely many indices p 2 IC .
Obviously, the sum has a sense if and only if the set fp 2 IC I `p.M/ � `�jpg is finite.
In the particular case when M D E.i/ is an indecomposable injective comodule,
with i 2 IC , we have

bbC .lgthE.i/;lgthS.j //D sj �
X
p2IC

`p.E.i// � `
�
jp D sj �

X
p2IC

`ip`
�
jp;

and the sum has no sense if and only if `ip`�jp is non-zero, for infinitely many indices
p 2 IC . Note that, if dimKE.i/ is finite, then Theorem 3.4 (d1) applies and we get
the equalitybbC .lgthE.i/;lgthS.j //D �C .E.i/;S.j //:

The following example illustrates the situation of 4.9 (b) and constructs pairs of
computable Euler comodules M , N such that the pair M , N is not a computable
Euler pair andbbC .lgthE.j /;lgthS.j //, @C .M;N / are not defined.
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Example 4.10 Let C D K�I be the incidence coalgebra of the infinite poset I
whose Hasse quiver QI has the form

::: �!�4 �! �2 �! 0 �! 2 �! 4 �! ::: �! 2r �! :::
::: %& %& %& %& %& %& ::: %& %& :::
::: �!�3 �! �1 �! 1 �! 3 �! 5 �! ::: �! 2rC1 �! :::

It is shown in [12, Example 4.26] that C is a left and right Euler coalgebra that is
left and right locally artinian, see [5], and C is neither left nor right semiperfect.
Moreover, the matrices CF D ctrI ;CF

� D c�trI 2MI .Z/DMZ.Z/ are constructed
in [12, p. 65]. It is easy to see that CF � is a unique left inverse and a right inverse
of CF .

Note that C is basic, dimKC D @0, socCC D
L
p2IC

S.p/, where IC D Z is
the set of integers, and there is a group isomorphism K0.C /Š Z.IC / D Z.Z/.

It is clear that the left comodules M D E.0/ and N D S.0/ are computable
Euler comodules. It follows from the shape of the matrices CF tr D cI ;CF

�tr D

c�1I 2MI .Z/ constructed in [12, Example 4.26] that lgthE.0/ is the 0th column of
cI and CF

�tr � e0 D .e0 � CF
�/tr is the 0th column of c�1I , that is,

lgthE.0/D .:::;1;1; 1; 1;1;1; 1; 1;1;0;0;0;0;:::/ and
.e0 � CF

�/tr D .:::;1;1;�1;�1;1;1;�1;�1;1;0;0;0;0;:::/.

It follows that bbC .lgthM;lgthN/ D .lgthE.0// � .e0 � CF �/tr is not defined.
Moreover, using the minimal injective resolution of the simple C -comodule
S.0/ constructed in [12, Example 4.26], we show that HomC .E.0/;S.0// D 0,
HomC .E.0/;E

S.0/
m / ¤ 0, and ExtmC .E.0/;S.0// Š K, for any m � 1. It follows

that the Euler characteristic �C .E.0/;S.0// is not defined, M D E.0/, N D S.0/

is not a computable Euler pair in the sense of Definition 4.1, and the Euler defect
@C .M;N / of the pair M DE.0/, N D S.0/ is not defined.

Remark 4.11 The results of the paper are applied in [13] and [15] to comodules over
the incidence coalgebrasK�I of intervally finite posets I . They are also used in the
study of the Coxeter transformation and almost split sequences for comodules, see
[4].
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1. I. Assem, D. Simson and A. Skowroński, Elements of the Representation Theory of
Associative Algebras, Volume 1. Techniques of Representation Theory, London Math.
Soc. Student Texts 65, Cambridge Univ. Press, Cambridge-New York, 2006.

2. W. Chin, A brief introduction to coalgebra representation theory, Lecture Notes in Pure
and Appl. Math., Marcel-Dekker 237(2004), pp. 109–131.

https://doi.org/10.1017/is009010019jkt081 Published online by Cambridge University Press

https://doi.org/10.1017/is009010019jkt081


112 D. SIMSON

3. W. Chin, M. Kleiner and D. Quinn, Almost split sequences for comodules, J. Algebra
249(2002), 1-19.

4. W. Chin and D. Simson, Coxeter transformation and inverses of Cartan matrices for
coalgebras, preprint, 2009.

5. M. Kleiner and I. Reiten, Abelian categories, almost split sequences and comodules,
Trans. Amer. Math. Soc. 357(2005), 3201–3214.
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