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TIME-INVARIANT REGRESSOR IN
NONLINEAR PANEL MODEL
WITH FIXED EFFECTS

JINYONG HAHN AND JUERGEN MEINECKE
UCLA

This paper generalizes the intuition of Hausman and Tayl681 Econometrica

49, 1377-1398and develops a method of dealing with a time-invariant regressor
in nonlinear panel models with fixed effecé/e illustrate the usefulness of our
result by discussing the implication for some nonlinear models of social
interactions

1. INTRODUCTION

Panel data allow the possibility of controlling for unobserved individual spe-
cific effects In linear modelssuch “fixed effects” are usually eliminated by
differencing An unintended consequence of differencing is that it also elimi-
nates the time-invariant regressarhich renders its coefficient unidentified
Hausman and Taylof1981) used an instrumental variabléB/) approach to
overcome such a problerfthey show that a variable that is uncorrelated with
individual fixed effects can be used as a valid instrument in estimating such a
coefficient

In this paperwe generalize their intuition and develop a method of dealing
with a time-invariant regressor in the nonlinear framewaikis method requires
a large number of observations per individ(&), so its applicability is limited
to the case where is large Because the IV estimation requires a large number
of individuals(n), we adopt an asymptotic framework where botandT grow
to infinity at the same rateThis result is made possible by recent technical
progress of panel analysis under such alternative asympt&#ese.g., Hahn
and Kuersteine(2002 2003, Hahn and Newey2004), and Woutersei2002).
We illustrate the usefulness of our result by discussing the implication for some
nonlinear models of social interactians

2. IV ESTIMATION
Suppose that we are given a set of moment restrictions

E[@(yit,’yio+wi’80+Xi/teo)]:0, i=l,...,n; t:].,,T (l)
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456 JINYONG HAHN AND JUERGEN MEINECKE

for some vector-valued functiop, whereyy, x;;, andw; denote the dependent
variable in thetth period time-varying regressor in theh period and time-
invariant regressotJnobserved individual specific effects are summarized by
the scalar variable;. For examplein the case of the linear model

Yit = Yio W 8o + X0 + & (2)
with (w/, xj;) strictly exogenous such that
Wi

©(Yit,Yio T W 6o + Xitbp) = | Xit | (Vi — ¥io — W 6o — Xit o).
1

Our primary focus is to estimate the coefficidgtof the time-invariant regres-
sorw; whenvwy; is possibly correlated withy; andx;;. We should note that esti-
mation off, does not present any substantive conceptual challdhpeth n
andT grow to infinity at the same rat#, can be\nT-consistently estimated
Letting ajo = yio + W 8y, we can rewrite the model &[ ¢ ( Vi, aio + X 6p)] =
0, to which we can apply variants of recently developed methods discussed in
Hahn and Kuersteing2002 2003, Hahn and Newey2004), and Woutersen
(2002.

To understand hows, could be estimatedsuppose for a moment that
we observey;q. Also suppose that we observe an additional variableith
dim(z) = dim(w;)* and such that the following condition applies

CONDITION 1 (i) E[zyio] = 0; (ii) E [zyw/] is nonsingular.

Note thatz is required to be uncorrelated with the individual fixed effetits
is clear that we can consistently estiméagey

under the mild condition that the data are independent and identically distrib-
uted(i.i.d.) overi.

CONDITION 2. ({yil’ yi2"'~}”{xil’ Xi2,...}, Zi,Wi,’)/io) is i.i.d. over i.

Hausman and Taylar1981) noted tha® would remain consistent even if we
replacea;o by an unbiased estimatin the nonlinear contexit is difficult to
come up with such an unbiased estimator &@g. Therefore¢ Hausman and
Taylor's method cannot be directly appliethe basic intuition in this paper is
that when bothn andT grow to infinity at the same rateve can come up with
a \/T-consistent estimator fax;o, say &;.
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CONDITION 3. n, T — oo such that #T — p, where0 < p < co.

Because the estimation error becomes very small as the sample size increases
the IV estimator

is expected to be consistent f8yin general This is quite intuitive Note thatd
is an IV estimator ofy; on w;. Becausey; is a proxy fora;o, and because the
“measurement error” disappearss> oo, we should expect that the distribu-
tion of V'n(é — &,) should be similar to that of/n(8 — &) if T is large

To come up with ayT-consistent estimata;, we will assume that

E[u(Xit;60, )] = 0, El[v(Xit;600,ai0)] =0

for some functionau andv, where X;; = (Yi1,..., Yit, Xi1,..., Xi7) and where
dim(#) = dim(u) = p and dim«) = dim(v) = 1. We will consider the estima-
tor that solves

n T T
0= D uX;h,a), 0= v(X:0,&). (5)
i=1t=1 t=1

This indicates thai) the first componenti is used throughout the sample for
estimation off; and(ii) the second componentis used only for theth indi-
vidual to estimatey;o. We do not expect this separation to be constraining in
practice For examplein the linear model(2), we may takeu(X;;6,a;) =
X+ (Ve — @ — X 0), v(Xii;0,0i) = Y — i — X;6, which will result in the
usual fixed effects estimator

Under regularity conditions discussed in AppendixifAcan be shown that
the &;, which solves(5), is uniformly consistent over.? Becausey; is a proxy
for a;q, there is a “measurement erfolf there is a correlation between the
measurement error and the instrumenthe resultant estimatcﬁrmay be biased
Condition 4 rules this out

CONDITION 4. E[v(Xi;0,)|z] =03

Theorem 1 establishes that the IV estimaidn (4) based on the proxg; of
ajo has the same asymptotic distribution& (3).

THEOREM 1 Assume Conditions 1-7. Further assume thpizEw/|] < oo
and E[|y%z z/|] < c. We then have

Vn(8 = 8) = N(O,(E[zW 1) *E[y%5z Z1(E[w; Z 1) ).

Proof See Appendix E
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3. APPLICATION: NONLINEAR MODEL OF SOCIAL INTERACTIONS

Identification and estimation of various social effects in the nonlinear model of
social interactions based on the preceding framework are straightforward and
provide one way of dealing with the typical identification problems that are
peculiar to these models

For a grouped cross-section of dadamodel of social interactions can have
the form of a conditional likelihood(yy;, yq0 + Egl Ygi 18 + EglSgi ] + s5id +
Xgi6o). Herg yy; is the outcomgbehavior of interest for théth individual in
the gth group and E4[ - ] denotes the mean for thgth group Following the
classification of Manski1993, the coefficient orEy[ y,; ] determines the strength
of endogenousocial effects in explaining individual outcomeésn addition to
Ygi» WE observesy;, a vector of individual characteristics that also geneexisy-
enous (contextualocial effectsandxg;, a vector of individual characteristics
that operate at the individual level onlyinally 4o, which is not observed by
the econometriciarcaptures the presence afrrelatedgroup effects

The focus of Graham and Halip003) is on the linear-in-means model with-
out contextual effectsThey exploit the idea of Hausman and Tay(@©81) of
using IVs to identify the parameterilentification of the endogenous effect is
made possible by an instrument that exogenously explains the between-group
variation of the individual characteristiog;. To be more specificthey con-
sider the simplified model

Ygi = Ygo t Eg[ygi]lg + Xéieo t &g

and examine whether the endogenous effects can be identified in the presence
of correlated effectsFor such purposehey considered the social equilibrium

b | Yoo
1-p 1-p

They show thafi, = plim[(1/N) §_; (%3 X %] [(1/N) S 2(SH3 %y 950)]
under a standard strict exogeneity condifiarhere for any vectosy;, & =
Si — - They also note tha, /(1 — B) is the limit of the two-stage least squares
estimator applied to the social equilibriu®) if (i) Eg[ygi] and Eg[x4i] are
observed and (i) there exists an instrumem, such thatE[zyy4] = 0 and
ElzgEq[xgi]]l # O.

Brock and Durlauf2001a 2001b are concerned with nonlinear modegh-
outcorrelated group effect3o be specificthey considered a logit modelith

exp(k + Eg[ yqi 1B + hgé + x§i65)
1+ exp(k + Eg[ygi 18 + hié + x§i65)

Eg[ygi] = Eg[xéi] (6)

Pr(ygi = 1‘Eg[ygi],hg,xgi) =

wherehy = (E4[s;], 85)". They show that the parameték, 8, ¢, 6,) is identi-
fied and can be consistently estimated by maximum likelihood estimation
Exploiting nonlinearity they established that the endogenous eff@ctain be
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identified from¢. Becausehy containsEg[ s, ], the contextual effects are iden-
tified from the endogenous effects in nonlinear models in geferal

The result in the previous section can be used to identify social effects in the
presence of correlated group effect®t y4, denote the group characteristic
that may be correlated with observed variables suclE@dy,i] or Xq. As-
sume that the conditional likelihood given gg, E¢[ yqil, hg, X, takes the form
f(Ygi» g0 + Egl YgilB + hgé + X56,). Note that the explanatory variables af-
fect the outcome through the linear indgy, + Eg[ ygil8 + hyé + x4 6,. For
example we may have

eXp(Vgo + Eg[ygi]IB + héf + Xéieo)
1+ explygo + Egl Ygi 1B + hyé + x§i6o)

Pr(ygi = 1")’gOaEg[ygi]7 hg,xgi) =

which is a generalized version of Brock and Durlauf’s logit model that allows
correlated group effectdnterpretingEy[ yqi] as just one of the regular time
invariant regressors and writing; = (Ey[ Y4 1, hg)" andwgdy = BEg[ ygil +

hgé, we get the conditional likelihood af(yyi,ygo + Wgdo + Xgifp). This
model can be understood to be a nonlinear panel model with group fixed effects
and some individual-invariant regressay, for which identification results have
been established earlier in this papsfe note that consistent estimatiomgp +

wgdo andf, can be achieved by considering the maximum likelihood estima-
tor, i.e., by taking

U(Xgi; 600, aig) = dlogf(ygi, g+ X4i60)/36,
v(Xgisbo, i) = d10gf(ygi, aq + Xgi0o)/datig.

We may therefore conclude that the social effects are identified as such

4. SUMMARY AND EXTENSION

In this paperwe generalized the result of Hausman and Tayl@81) to non-
linear panel models with fixed effect§he usefulness of the result is illustrated
with some nonlinear models of social interactiottswould be interesting to
generalize Hausman and Taylor’s specification test to the nonlinear, sétigh

is left for future research

NOTES

1. Itis easy to generalize the discussion to the overidentified case whefe;dlim dim(w;).
Because the primary purpose of this paper is identification and consistent estimatgnved
focus on the exactly identified case

2. See Appendix D

3. We havev(Xi; 0, ;) = &it in the linear model2), and Hausman and Taylor’s instrumemnt
for such a linear model is required to satifyz; -] = 0.
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4. They actually considered the model
explk + Mg + hyé + xgi6]
1+ explk+mgB +hyé + x56]

Pr(ygi = 1Im§, g, hg) =
wheremg denotes thécommon expectation ofj; among agents in grougr Under some auxiliary
assumption including rational expectations and common know|eitigemodel is reduced to the
simpler form presented here

5. They note that these identification results are still valid in the presence of multiple equilibria
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APPENDIX A: REGULARITY CONDITIONS

Condition 5. (i) Given time-invariant variables («ajo,zi,W;), (Vit, Xit)
is i.i.d. over t; (ii) for every i, G(6p,aig) = 0; (iii) for eachn > 0,
iNf; i, 00210, (00, aro) =t | Gty (0, @) > 0, whereGi (6, ) =T 13, g(X50, ),
Gii)(0,ai) = E[9(Xit;0,a7)], andg(-;60,a) = (u(-;0,a),v(-;0,a)")".

Remark 1. We are assuming; are deterministic sequence of numhers, all the
results in this paper are results conditionalagn

Condition 6. (i) The functiong(-;0, «) is continuous in6,«) € Y; (ii) the param-
eter spac&’ is compact (iii ) there exists a functioM(X;;) such that
Mt Meg( X 50, ap)

0™ a0 = M(X;) Oo=m+m,=1,...,6

and supE[M(X;;)?] < oo for someQ > 64.

Condition 7. (i) min E[v(Xii;60,@i0)?] > 0; (i) [lim,_ (1/M>",Z| > 0,
where U(Xii;60,ai) = u(Xi;0,a1) — piov(Xie;0,i), pio = (E[0v(Xit;6, i)/
da 1) E[0U(Xie; 0, a)/0a ], and Z; = —E[9U (Xit; 0, @)/00'].
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APPENDIX B: CONSISTENCY

LEMMA 1. Assume that Ware i.i.d. with Ef'W] = 0 and E[W?] < co. Then,
E[(S_.W)%] = C(K) Tk + o(T*) for some constant ().

Proof. By adopting an argument in the proof of Lemma 5n Lahiri (1992, we

have
T 2k 2k i

E[(zw) |- £ S cana S| fTwe | ®.1)
t=1 =1 a | s=1

where for each fixed € {1,...,2k}, >, extends over alj-tuples of positive integers
(ay,...,q)) such thate; + .-+ + o = 2k and X, extends over all orderefituples
(ty,..., 1) of integers such that & t; = T. Also, C(ay,...,q;) stands for a bounded
constantNote that ifj > k then at least one of the |nd|ce§ 1. By independence and
the fact thate [W;] = 0 it follows thatE[HS 1 Wge] = 0 whenever > k. This shows
that|[E[(Z, W,)%]| = C(K) TKE[W3] for some constant(k). ]

LEMMA 2. Suppose that, for each {¢;,t = 1,2,...} is a sequence of zero mean
i.i.d. random variables. We assume tHa};,t = 1,2,3} are independent across i. We
also assume thahax E[|&;|*®] < oo. Finally, we assume that# O(T). We then have
max P |(1/T) S, &.| > n] = o(T~2) for everyn > 0.

Proof. Using Lemma 1we obtainE[|>, lg,[ |61 = CT8.E[£1°], whereC > Ois a
constant Therefore we haveT2Pr{|(1/T) S, & | > n] = T2(CT¥T16510)E[£26],
or max T2Pr[(1/T)E 1 & > n] = (C/T°p**)max E[£{°] = o(1).

LEMMA 3. Suppose that Conditions 3 and 6 hold. We then have fon &l O that

Pr[ max sup\Gm(e a) = Gy (6,a)| = 77] =o(T™%).
1=i=n (9,a

Proof. Letn > 0 be given We note that

Pr[ max sup\Gm(e a) — Gj(0,a)| = 77]

1=i=n 0,

=3 Pr| supGy(6.0) ~ Gy (B.0)| =1 . (B2)

Let ¢ > 0 be chosen such thateZnax E[M(X;;)] < 7/3. Divide Y into subsets
Y1, Yz,..., Yme) Such thai(6,a) — (6',a’)| < e whenever(0,«) and(6’,a’) are in the
same subset et (6, ;) denotesomepoint in'Y; for eachj. Then

(SUF))|G(i)(0,a) = Giy(0,a)| = mjaxsuﬂ Gi)(0,a) — G;,(6,a)],
0, YJ
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and therefore
Pr[ gflgé(i)(eﬂ) —G)(0,a0)| = ”’7]
M(e)
le Pr[sun Gy (0,0) — Gy (6,a)| = n]. (B.3)
For (6,a) € Y;, we have
‘é‘(i)(e,a) - G(i)(aya” = |G(i)(91,01]) - G(i)(ejaaj”

= E[M(Xi)]) | + 2eE[M(X;)],

it

and therefore

Pr[sgldém(&a) Gi) (0, a)|>”'7]<Pr[|G(.)(J, a;) = G (6, a ])|zg}

+ Pr[

by Lemma 2 Combining (B.2)—(B.4) and n = O(T), we obtain the desired
conclusion u

3 (M0G) - E[M(Xn)])‘ = 31] =o(T2) (B.4)

APPENDIX C EXPANSION

Let &;(6) be such thal|_,v(X,;6,4 () = 0. Letting U; (Xi; 6, a;) = u(Xie; 6, a) —
piov (Xit;0, 1), pio = E[0U(Xi;0,;)/0af ] (E[ov (X360, a;)/9a{])"" (in the likelihood
framework U is the efficient score foé), we can recognize thais a solution to

= 2 % Ui(Xi:6,8,(0)).

Let F = (F,...,F,) denote the collection of distribution functiois, where each;
denotes the distribution function ;. Let F=(Fy,..., Ifn), whereF; denotes the empir-
ical distribution function for the stratuin DefineF(e) = F + eA;r for e € [0, T~V/2],
whereAir = VT (F, — F). For each fixedd ande, let V(Xi;6, a;) = v(Xi;6, a;) and
«;(0,Fi(e)) be the solution to the estimating equation=0fV;[0, «; (0, F;(€))] dF ()
and let #(e) be the solution to the estimating equation=0 X, fU;(X;0(€),
a;(6(e),Fi(e€))) dF(e). By Taylor series expansionwe have 0(F) — 6(F) =
(1/NT)6°(0) + 3(1/NT)26°(0) + §(1/NT)%0°(&), where §<(e) = do(F(e))/de,
0<(e) = d?0(F(e))/de?, ..., andé is somewhere in between 0 afid ¥/2. We therefore
have

W(H(F)—Q(F)):\/ﬁ\/_e(o)+\/_ <V‘)9“(°)

1/ 1 )
EJ;FG (). (C.2)
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The last term in(C.1) can be shown to be,(1) by the same method as in Hahn and
Newey (2004).

LEMMA 4. For everyn > 0, we havePr maXy.—1/v7|0(e) — 66| = n] = o(T 1)
and Primax -, Ma%=.=1/~7| @i (6 (€), Fi(€)) — aiol = n] = o(T71).

Proof. Only the first assertion is proved@he second assertion can be proved simi-
larly. Let 5 be given Recall thatF(e) =F + eNT(F — F) = (1 — eN'T)F + eN'TF. We
therefore havefg(-;0,q;(0)) dFR(e) = (1 — e\/_)G(,)(e a;) + eNTG;)(6, ), from
which we find|[g(-;6,e:(8)) dR(e) — G)(8,a)| = eT| G (6,a) — G (8, )| =
|G(i)(0, @) — Giy(0,a)|. By Lemma 3 we also have Rimaxy 1,7 MaX—i<n SURy, )
|f9(+;0,a;(0)) R (e) — Ggi)(0,a)] = n] = o(T1). Therefore for every 0= € =
1/\/T with probability equal to  o(T 1), we have

mn 0ty f o(-:6,05(6)) dF (e)

[0—60|>n, as, ..., an

v

min nflzn‘, fg(~;0,ai(0))dFi(e)
i=1

[(6, @)= (0o, aio)[>n

1
> min NG (0,q) s>—s>0
(6, @)~ (60, a10)] > .21 @)l = 2

_1-:21 fg(-;é(e),aa(é(E)))dE(e) ,

wheres = inf; infy, 4).1(0.0)— (0. a10)1=mt Cai) (6, @)| > 0. It follows that
Pr[maxt)5551/\/f|é(6) - 00' = 77] = O(T_l)‘ u

LEMMA 5. Suppose that, for each{i¢;; (¢),t =1,2,...} is a sequence of zero mean
i.i.d. random variables indexed by some parametee ®. We assume thdtf; (o),
t =1,2,...} are independent across i. We also assume thal,cq it ()| = By for
some sequence of random variablgstBat is i.i.d. across t and independent across i.
Finally, we assume thamax E[|B;|®*] < c and n = O(T). We then have
Primax |(1/NT) S, & (¢;)| > TY0-v] = o(T 1) for everyv such that0 = v <
. Here,{¢;} is an arbitrary sequence imb.

Proof. By Markov’s inequality we obtain

.
TPr[m_ax i-l- 21§it(¢i) > T(l/lo)"} = TE PI’[ \/_ 2 En(dy) | > T@W20- v]
i =
T 64
T E[ it (i) }
t=1
= nT.Pr|: g &) | > T(s/s)v} =nT T
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By Lemma 1 we have E[|S_,&:(¢)[%] = CT32E[|&(¢)[*] = T
Cmax E[|B;|%] for someC. Therefore we have

O(T32)

Tamxeasw — 0 ]

T Pr[max

72 2 E(d)| > TW“’H} =nT

LEMMA 6. Suppose that K-;0(e),a;i(0(€),€)) is equal to d™*™Mg(X;;0(e),
a;(6(e),€))/00™da™ for some m + mp, = 1,...,5. Then, for anyy > 0, we have

g

O=e=

Pr[ max ‘;1]2 K, (56(€),(6(6),€) 0F; () ~ = 3 ETK, (X3 o)

=o(T ™),

Pf[max maxl ‘fKi(’ia(f),ai(e(f),f))dFi(ﬁ) - E[Ki(Xn;Ho,aio)]
! O=e=
=

>7,}

=o(T %)

Also,

Pr[max max ‘fKi(-;G(e),ai(H(e),e))dAiT
! OSES\/T

> CT(l/lo)”} =o(T ™)

for some constant G 0 and0 = v < %.

Proof. Note that we have

‘fKi(';a(E),ai(a(E)yf))dFi(E) _fKi(';e(E)’ai(a(E):E))dFi‘

Ki(+;6(€),ai(6(e),€)) dFi (e) —fKi(-;H(O),ai(B(O),O))dF.(e)

K,(36(0),0,(6(0)0)) dF (€) — [ K, (:6(0)a,(6(0),0)) 0F, ‘
= [ MO8 = 01 + oy (B1)€) — ey allFe)

+ Eﬁ‘ fKi(';e(o)aai(e(o),o)) d(lfi - Fi)‘-
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Therefore we have

1 n 1 n
‘ 3 JKibe.mble) ) dRe) ~ - 3 E[Ki(xn;oo,aion‘

n

1 10
=l 0> > (E[M(Xit)] + ;glwxn))

1 n 1/2 1 n 1 T 2\1/2
+ <E 2 (ai(0(6)36) - ai)z) <_ 2 (E[M(Xit)] + = E M(Xn)> >
-1 n T&

2<T 2 Ki(X3:6(0),(6(0),0) — E[Ki(xit;0(0)7ai('9(0)>0))]> ;

the right-hand side of which can be bounded by using Lemmas 4 and 5 in absolute
value by somep > 0 with probability 1— o(T 1), which proves the first claimThe
second claim can be proved similarly

As for the third claim we can show using Lemma 5 that mpiK;(-;0(e),
a;(0(€),€)) dA;+| can be bounded by in absolute value®y %19~ for some constant
C > 0 andwv such that 0= v < £ with probability 1— o(T~1). u

LEMMA 7. Pr{max max=.=1v7la’(e)|>Cl=0(T1) and Pr[max ma&,Sém
laf(e)] > CTW19-v] = o(T 1) for some constant G 0 and0 < v < 7.

Proof. In Hahn and Kuersteing2003), it is shown that

da; (0,Fi(€) aVi(-,0,¢€) 1 aVi(-,0,¢€)
00 <J dex dFU) (f 20 dF‘(6)>’

o (0,Fi(€)) ([ V(,0,¢€) -t
—— - <j—aa, dF(e)) (j\/i(~,0,e)dAiT>.

Using Lemma 6we can see thatf[0Vi(-,6,¢€)/0a;]dFR(e))~! is uniformly bounded
away from zero with probability + o(T ~1). We can also see thawith probability 1—
o(T™Y), [[oVi(-,0,€)/06]1dF (e) is uniformly bounded by some consta@ and
SVi(-,0,€) dAi7 is uniformly bounded byCT @/10-v, ]

LEMMA 8. Pr[ma>b<é<l/\/—|0 (e)] > CTW10-v] = o(T~1) for some constant
C>0and0=v < 4%

Proof. In Hahn and Kuersteind2003), it is shown that<(e) is equal to

e _ n ah( E) ahi(',f) % -1
0<(e) = — [ Ef( 0 ™ ae,)dﬁ(e)}

10 oh, 1
[Hzai(f Coe )dF(e)> —E hi(-,e)dAiT]. (C.2)

day; n;
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Using Lemmas 6 and 7 we can bound the denominat@r @f) by someC > 0 and the

numerator by some€T 19~ with probability 1— o(T ~1). |
LEMMA 9.

O=e=

Pr| max max la%%(e)] > C|=0(T1),
I

=
Pr[max max |« ()] > CTWIO)”} =o(T™1),

! O=e=

NT

! O=e=

NT

Pr[m_ax max [af(e)| > C(T(l/lo)_“)z} =o(T™h)

for some constant C 0 and 0 < v < 4. Here,a’ % = 92w, /36, 96,.. We similarly
definea .

Proof. By repeatedly differentiating & [Vi(-, 6, e) dF (¢) with respect ta, we obtain
82\/i '767 0 i 07Fi 82\/| '767
0= [ UL e (o) 4 24 (E))O (-.6.) dﬁ(6)>

0000’ a0 da; 00"
([Pt e e
() e
N < f 9V, a(@-[:ze,e) oF (e)) aai(aa, eFi (€)) aai<i,9fi (e)
o- ([ e

([ ) e

. (I azvia((;ze,e) dFi(E)> aai(eé;;i (€)) aai(ﬁt;EFi (€))
and
o= ([ 20 g ) PO

92Vi(-,0,€) da; (0, F(e)) \?
* (fTﬁdFi(f)XT)

Vi (-,0,€) da; (6, F; (€))
+ 2<f a—dAiT>—'

a; Je
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The result then follows by applying the same argument as in the proof of LemMa 7

LEMMA 10. Prmaxy= =170 (e)| > C(TX197v)2] = o(T~1) for some con-
stant C> 0and0 = v < 5.

Sketch of Proof. By repeatedly differentiating G= =i, JU;(Xi;;0(e),; (8(e),
F.(e))) dF(e) with respect toe, we obtain a characterization @f<(e). (For more
detailed characterizatiosee Hahn and Kuersteine@003) The conclusion follows by
combining it with Lemmas 6-9 n

APPENDIX D: UNIFORM CONSISTENCY ORy;

THEOREM 2 Under Conditions 3, 5, 6, and 7, we have
ﬁ(&i —ajo) = A + K,

where

ant -1 - T .
w=—(g| 52 ) (TS u) -0

and Pr{max | ki| = n] = o(1) for everyn > 0. Here, vy = vt (X, 6o, @ig).
Let &;(€) denotew; that setsf Vi (-;6(¢), o) dFi (€) equal to zero(In other wordslet
ai(e) = aj(0(e),Fi(e)).) We then have the expansion

1 1
ai(e) —ajo = ﬁ&f(o)"‘ E@i“(g) (D.1)

for someé € [0, T ~Y2]. Letv;(-,e) = Vi(8(F(¢)), a; (Fi(¢€))). The first-order condition
may be written as & [v;(-,¢) dF (e). Differentiating repeatedly with respect éwe

obtain
d il

0= f —vée 2 dF;(e) +fvi('a6)dAiTa (b-2)
dzl)i(',E) dUi('rs)

OZJTdE(G) +2f TdAiT. (D.3)

Becausedv; (-, €)/de = [dv;(-,€)/00']1(06/de) + [dv;i(-,€)/da;](da;/de), (D.2) implies
that

(.. € -1 (.. €
aito = ([ o) | [( M52 mienr o [ucerans |

Evaluating att = 0 we obtain

T

1
af(0) = (E[\/i“]):‘(F 2 i(+, 00, i0) + E[Vi"]t‘)f(o)), (D.4)

t=1
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whereV,* = v (Xit; 0, a;)/dai, Vi’ = dv(Xit; 0, ;)/d0, and6<(0) can be deduced from
(C.2). Next, consider

d?v;(-,€) a0’ w;(-,€) 08 v (-,€) 920 ;i (+,€) 90 da;

de? de 0000’ Oe 90" (9e)? 00'da; Je Oe
aZUi(',6)<%>2+ an(',é) 62ai
(0a;)? 3 da;  (0€)?

such thata(e) is characterized by

0= 96(6)'J 826(6;) dF, (€)6<(e) +f a”ia(éje) dF, ()0 (e)

;i (+,€) . 920,(-,€) Ny
+2 f 290 TR(E0°(Oar()+ f a7 @)

+ f avia(.,E) dF; (e) &< (e) +f avia(ﬂ.iE) dAir 6<(e)

avi('76) ~r
+ P dAST @i (e). (D.5)
We now combingD.1), (D.4), and

6’€O—i}nIil ! nTU D.6
()_\/ﬁnzl \/ﬁﬁzn:le ()

and obtain

1T
VT (@& — o) = —(E[Vi“])l<ﬁ tElvi(w@o’“io))

1 B ) 1_ n —1 1 n T
R IR ](zz> (WTizhzlui)
1 ree( =
+ NT afe(é). (D.7)

Here (D.6) can be obtained by evaluatiri§.2) ate = 0.
In light of (D.7), Theorem 2 can be obtained by showing that

Pr[max sup |&ff(e)\>(T<1/10>*v)2]:o(Tfl) (D.8)
I e€[0,1/NT]

for any 0= v < 1. This follows from representatiofD.5) and also from Lemmas, 6
8, and 10

https://doi.org/10.1017/50266466605050243 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466605050243

TIME-INVARIANT REGRESSOR 469

APPENDIX E PROOF OF THEOREM 1

Theorem 2 implies that we have
. n -1 n n
\n(é —&,) = <nl _lei w{) <n1/2 _lei Yio+ N YT Y2 212i Ai> +0,(1).
i= i= i=

Under Conditions 4 and,3he termn™%2T Y231, 7 A; is of ordero,(1), and substi-

tution of &; for ajq in (3) does not affect the asymptotic distribution of the resultant
estimator(4):

Vn(8 = 8y) = (nl i Z Wi’>l <n1/2 é Zi 7io> +0p(1). u

i=1 i=1
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