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This paper generalizes the intuition of Hausman and Taylor~1981, Econometrica
49, 1377–1398! and develops a method of dealing with a time-invariant regressor
in nonlinear panel models with fixed effects+ We illustrate the usefulness of our
result by discussing the implication for some nonlinear models of social
interactions+

1. INTRODUCTION

Panel data allow the possibility of controlling for unobserved individual spe-
cific effects+ In linear models, such “fixed effects” are usually eliminated by
differencing+ An unintended consequence of differencing is that it also elimi-
nates the time-invariant regressor, which renders its coefficient unidentified+
Hausman and Taylor~1981! used an instrumental variables~IV ! approach to
overcome such a problem+ They show that a variable that is uncorrelated with
individual fixed effects can be used as a valid instrument in estimating such a
coefficient+

In this paper, we generalize their intuition and develop a method of dealing
with a time-invariant regressor in the nonlinear framework+ This method requires
a large number of observations per individual~T !, so its applicability is limited
to the case whereT is large+ Because the IV estimation requires a large number
of individuals~n!, we adopt an asymptotic framework where bothn andT grow
to infinity at the same rate+ This result is made possible by recent technical
progress of panel analysis under such alternative asymptotics+ See, e+g+, Hahn
and Kuersteiner~2002, 2003!, Hahn and Newey~2004!, and Woutersen~2002!+
We illustrate the usefulness of our result by discussing the implication for some
nonlinear models of social interactions+

2. IV ESTIMATION

Suppose that we are given a set of moment restrictions

E @w~ yit ,gi 0 1 wi
'd0 1 xit

' u0!# 5 0, i 5 1, + + + , n; t 5 1, + + + ,T (1)

We are grateful to Dan Ackerberg and Jerry Hausman for helpful comments+ The first author gratefully acknowl-
edges financial support from NSF grant SES-0313651+ Address correspondence to Jinyong Hahn, Department of
Economics, UCLA, Box 951477, Los Angeles, CA 90095-1477, USA; e-mail: hahn@econ+ucla+edu+

Econometric Theory, 21, 2005, 455–469+ Printed in the United States of America+
DOI: 10+10170S0266466605050243

© 2005 Cambridge University Press 0266-4666005 $12+00 455

https://doi.org/10.1017/S0266466605050243 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466605050243


for some vector-valued functionw, whereyit , xit , andwi denote the dependent
variable in thet th period, time-varying regressor in thet th period, and time-
invariant regressor+ Unobserved individual specific effects are summarized by
the scalar variablegi + For example, in the case of the linear model

yit 5 gi 0 1 wi
'd0 1 xit

' u0 1 «it (2)

with ~wi
' , xit
' ! strictly exogenous such that

w~ yit ,gi 0 1 wi
'd0 1 xit

' u0! 5 1
wi

xit

1 2 ~ yit 2 gi 0 2 wi
'd0 2 xit

' u0!+

Our primary focus is to estimate the coefficientd0 of the time-invariant regres-
sor wi whengi is possibly correlated withwi andxit + We should note that esti-
mation ofu0 does not present any substantive conceptual challenge+ If both n
andT grow to infinity at the same rate, u0 can beMnT-consistently estimated+
Letting ai 0 [ gi 0 1 wi

'd0, we can rewrite the model asE @w~ yit ,ai 0 1 xit
' u0!# 5

0, to which we can apply variants of recently developed methods discussed in
Hahn and Kuersteiner~2002, 2003!, Hahn and Newey~2004!, and Woutersen
~2002!+

To understand howd0 could be estimated, suppose for a moment that
we observeai 0+ Also suppose that we observe an additional variablezi with
dim~zi ! 5 dim~wi !

1 and such that the following condition applies+

CONDITION 1+ (i) E @zi gi 0# 5 0; (ii) E @zi wi
'# is nonsingular.

Note thatzi is required to be uncorrelated with the individual fixed effects+ It
is clear that we can consistently estimated0 by

Dd [ S(
i51

n

zi wi
'D21S(

i51

n

zi ai 0D (3)

under the mild condition that the data are independent and identically distrib-
uted~i+i+d+! over i +

CONDITION 2+ ~$ yi1, yi 2, + + + %, $xi1, xi 2, + + + %, zi ,wi ,gi 0! is i.i.d. over i.

Hausman and Taylor~1981! noted that Dd would remain consistent even if we
replaceai 0 by an unbiased estimate+ In the nonlinear context, it is difficult to
come up with such an unbiased estimator forai 0+ Therefore, Hausman and
Taylor’s method cannot be directly applied+ The basic intuition in this paper is
that, when bothn andT grow to infinity at the same rate, we can come up with
aMT -consistent estimator forai 0, say, [ai +
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CONDITION 3+ n,T r ` such that n0T r r, where0 , r , `.

Because the estimation error becomes very small as the sample size increases,
the IV estimator

Zd [ S(
i51

n

zi wi
'D21S(

i51

n

zi [aiD (4)

is expected to be consistent ford0 in general+ This is quite intuitive+ Note that Zd
is an IV estimator of [ai on wi + Because [ai is a proxy forai 0, and because the
“measurement error” disappears asT r `, we should expect that the distribu-
tion of Mn~ Zd 2 d0! should be similar to that ofMn~ Dd 2 d0! if T is large+

To come up with aMT -consistent estimator[ai , we will assume that

E @u~Xit ;u0,ai 0!# 5 0, E @v~Xit ;u0,ai 0!# 5 0

for some functionsu and v, whereXit [ ~ yi1, + + + , yiT , xi1, + + + , xiT ! and where
dim~u! 5 dim~u! 5 p and dim~a! 5 dim~v! 5 1+ We will consider the estima-
tor that solves

0 5 (
i51

n

(
t51

T

u~Xit ; Zu, [ai !, 0 5 (
t51

T

v~Xit ; Zu, [ai !+ (5)

This indicates that~i! the first componentu is used throughout the sample for
estimation ofu0; and~ii ! the second componentv is used only for thei th indi-
vidual to estimateai 0+ We do not expect this separation to be constraining in
practice+ For example, in the linear model~2!, we may takeu~Xit ;u,ai ! 5
xit{~ yit 2 ai 2 xit

' u!, v~Xit ;u,ai ! 5 yit 2 ai 2 xit
' u, which will result in the

usual fixed effects estimator+
Under regularity conditions discussed in Appendix A, it can be shown that

the [ai , which solves~5!, is uniformly consistent overi +2 Because [ai is a proxy
for ai 0, there is a “measurement error+” If there is a correlation between the
measurement error and the instrumentzi , the resultant estimatorZd may be biased+
Condition 4 rules this out+

CONDITION 4+ E @v~Xit ;u,ai !6zi # 5 0+3

Theorem 1 establishes that the IV estimatorZd in ~4! based on the proxy[ai of
ai 0 has the same asymptotic distribution asDd in ~3!+

THEOREM 1+ Assume Conditions 1–7. Further assume that E@6zi wi
' 6# , `

and E@6gi 0
2 zi zi

' 6# , `. We then have

Mn~ Zd 2 d0! r N~0, ~E @zi wi
'# !21E @gi 0

2 zi zi
'# ~E @wi zi

'# !21!+

Proof+ See Appendix E+
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3. APPLICATION: NONLINEAR MODEL OF SOCIAL INTERACTIONS

Identification and estimation of various social effects in the nonlinear model of
social interactions based on the preceding framework are straightforward and
provide one way of dealing with the typical identification problems that are
peculiar to these models+

For a grouped cross-section of data, a model of social interactions can have
the form of a conditional likelihoodf ~ ygi ,gg0 1 Eg@ ygi #b 1 Eg @sgi

' #f 1 sgi
' z 1

xgi
' u0!+ Here, ygi is the outcome0behavior of interest for thei th individual in

the gth group, and Eg@{# denotes the mean for thegth group+ Following the
classification of Manski~1993!, the coefficient onEg@ ygi # determines the strength
of endogenoussocial effects in explaining individual outcomes+ In addition to
ygi , we observesgi , a vector of individual characteristics that also generateexog-
enous (contextual)social effects, andxgi , a vector of individual characteristics
that operate at the individual level only+ Finally gg0, which is not observed by
the econometrician, captures the presence ofcorrelatedgroup effects+

The focus of Graham and Hahn~2003! is on the linear-in-means model with-
out contextual effects+ They exploit the idea of Hausman and Taylor~1981! of
using IVs to identify the parameters+ Identification of the endogenous effect is
made possible by an instrument that exogenously explains the between-group
variation of the individual characteristicsxgi + To be more specific, they con-
sider the simplified model

ygi 5 gg0 1 Eg @ ygi #b 1 xgi
' u0 1 «gi

and examine whether the endogenous effects can be identified in the presence
of correlated effects+ For such purpose, they considered the social equilibrium

Eg @ ygi # 5 Eg @xgi
' #

u0

12 b
1

gg0

12 b
+ (6)

They show thatu05plim@~10N!(g51
N ~( i51

Mg

Ixgi Ixgi
' !#21@~10N!(g51

N ~( i51
Mg

Ixgi Iygi !#
under a standard strict exogeneity condition, where for any vectorsgi , Isgi [
sgi 2 Ssg+ They also note thatu00~12 b! is the limit of the two-stage least squares
estimator applied to the social equilibrium~6! if ~i! Eg@ ygi # and Eg@xgi # are
observed; and ~ii ! there exists an instrumentzg such thatE @zggg0# 5 0 and
E @zg Eg @xgi

' ## Þ 0+
Brock and Durlauf~2001a, 2001b! are concerned with nonlinear modelswith-

out correlated group effects+ To be specific, they considered a logit model4 with

Pr~ ygi 5 16Eg @ ygi # , hg, xgi ! 5
exp~k 1 Eg @ ygi #b 1 hg

' j 1 xgi
' u0!

11 exp~k 1 Eg @ ygi #b 1 hg
' j 1 xgi

' u0!
,

wherehg 5 ~Eg @sgi
' # ,sgi

' !' + They show that the parameter~k,b,j,u0! is identi-
fied and can be consistently estimated by maximum likelihood estimation+
Exploiting nonlinearity, they established that the endogenous effectsb can be
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identified fromj+ Becausehg containsEg@sgi # , the contextual effects are iden-
tified from the endogenous effects in nonlinear models in general+5

The result in the previous section can be used to identify social effects in the
presence of correlated group effects+ Let gg0 denote the group characteristic
that may be correlated with observed variables such asEg@ ygi # or xgi + As-
sume that the conditional likelihood given asgg0,Eg@ ygi # , hg, xgi takes the form
f ~ ygi ,gg0 1 Eg@ ygi #b 1 hg

' j 1 xgi
' u0!+ Note that the explanatory variables af-

fect the outcome through the linear indexgg0 1 Eg@ ygi #b 1 hg
' j 1 xgi

' u0+ For
example, we may have

Pr~ ygi 5 16gg0,Eg @ ygi # , hg, xgi ! 5
exp~gg0 1 Eg @ ygi #b 1 hg

' j 1 xgi
' u0!

11 exp~gg0 1 Eg @ ygi #b 1 hg
' j 1 xgi

' u0!
,

which is a generalized version of Brock and Durlauf ’s logit model that allows
correlated group effects+ InterpretingEg@ ygi # as just one of the regular time
invariant regressors and writingwg 5 ~Eg @ ygi # , hg

' !' and wg
' d0 5 bEg@ ygi # 1

hg
' j, we get the conditional likelihood asf ~ ygi ,gg0 1 wg

' d0 1 xgi
' u0!+ This

model can be understood to be a nonlinear panel model with group fixed effects
and some individual-invariant regressorwg, for which identification results have
been established earlier in this paper+We note that consistent estimation ofgg0 1
wg
' d0 andu0 can be achieved by considering the maximum likelihood estima-

tor, i+e+, by taking

u~Xgi ;u0,ai 0! 5 ] log f ~ ygi ,ag 1 xgi
' u0!0]u0,

v~Xgi ;u0,ai 0! 5 ] log f ~ ygi ,ag 1 xgi
' u0!0]ai 0+

We may therefore conclude that the social effects are identified as such+

4. SUMMARY AND EXTENSION

In this paper, we generalized the result of Hausman and Taylor~1981! to non-
linear panel models with fixed effects+ The usefulness of the result is illustrated
with some nonlinear models of social interactions+ It would be interesting to
generalize Hausman and Taylor’s specification test to the nonlinear setup, which
is left for future research+

NOTES

1+ It is easy to generalize the discussion to the overidentified case where dim~zi ! . dim~wi !+
Because the primary purpose of this paper is identification and consistent estimation ofd0, we
focus on the exactly identified case+

2+ See Appendix D+
3+ We havev~Xit ;u,ai ! 5 «it in the linear model~2!, and Hausman and Taylor’s instrumentzi

for such a linear model is required to satisfyE @zi{«it # 5 0+
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4+ They actually considered the model

Pr~ ygi 5 16mg
e, xgi , hg! 5

exp@k 1 mg
eb 1 hg

' j 1 xgi
' u0#

11 exp@k 1 mg
eb 1 hg

' j 1 xgi
' u0#
,

wheremg
e denotes the~common! expectation of Tyg among agents in groupg+ Under some auxiliary

assumption including rational expectations and common knowledge, the model is reduced to the
simpler form presented here+

5+ They note that these identification results are still valid in the presence of multiple equilibria+
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APPENDIX A: REGULARITY CONDITIONS

Condition 5. ~i! Given time-invariant variables ~ai 0, zi ,wi ! , ~ yit , xit !
is i+i +d+ over t; ~ii ! for every i , G~ i !~u0,ai 0! 5 0; ~iii ! for each h . 0,
inf i inf$~u,a!:6~u,a!2~u0,ai 0!6.h% 6G~i !~u,a!6 . 0, where ZG~i !~u,ai ! [ T21 (t51

T g~Xit ;u,ai !,
G~i !~u,ai ! [ E @g~Xit ;u,ai !# , andg~{;u,a! [ ~u~{;u,a!', v~{;u,a!'!'.

Remark 1. We are assumingai are deterministic sequence of numbers, i+e+, all the
results in this paper are results conditional onai +

Condition 6. ~i! The functiong~{;u,a! is continuous in~u,a! [ Y; ~ii ! the param-
eter spaceY is compact; ~iii ! there exists a functionM~Xit ! such that

* ]m11m2g~Xit ;u,ai !

]um1]ai
m2 * # M~Xit ! 0 # m1 1 m2 # 1, + + + ,6

and supi E @M~Xit !
Q# , ` for someQ . 64.

Condition 7. ~i! mini E @v~Xit ;u0,ai 0!2# . 0; ~ii ! 6 limnr`~10n!(i51
n Ii 6 . 0,

where U ~Xit ;u,ai ! [ u~Xit ;u,ai ! 2 ri 0v ~Xit ;u,ai ! , ri 0 [ ~E @]v ~Xit ;u,ai !0
]ai # !21E @]u~Xit ;u,ai !0]ai # , andIi [ 2E @]U~Xit ;u,ai !0]u '# .
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APPENDIX B: CONSISTENCY

LEMMA 1 + Assume that Wt are i.i.d. with E@Wt # 5 0 and E@Wt
2k# , `. Then,

E @~(t51
T Wt !

2k# 5 C~k!T k 1 o~T k! for some constant C~k!.

Proof. By adopting an argument in the proof of Lemma 5+1 in Lahiri ~1992!, we
have

EFS(
t51

T

WtD2kG 5 (
j51

2k

(
a

C~a1, + + + ,aj ! (
I

EF)
s51

j

Wts
asG , (B.1)

where for each fixedj [ $1, + + + ,2k%, (a extends over allj-tuples of positive integers
~a1, + + + ,aj ! such thata1 1 {{{ 1 aj 5 2k and (I extends over all orderedj-tuples
~t1, + + + , tj ! of integers such that 1# tj # T+ Also, C~a1, + + + ,aj ! stands for a bounded
constant+ Note that ifj . k then at least one of the indicesaj 5 1+ By independence and
the fact thatE @Wt # 5 0 it follows thatE @)s51

j Wts
as# 5 0 wheneverj . k+ This shows

that 6E @~(t51
T Wt !

2k#6 # C~k!T k{E @Wt
2k# for some constantC~k!+ n

LEMMA 2 + Suppose that, for each i,$jit , t 5 1,2, + + + % is a sequence of zero mean
i.i.d. random variables. We assume that$jit , t 5 1,2,3% are independent across i. We
also assume thatmaxi E @6jit 616# , `. Finally, we assume that n5 O~T !. We then have
maxi Pr@6~10T !(t51

T jit 6 . h# 5 o~T22! for everyh . 0.

Proof. Using Lemma 1, we obtainE @6(t51
T jit 616# # CT8{E @jit

16# , whereC . 0 is a
constant+ Therefore, we haveT 2 Pr@6~10T !(t51

T jit 6 . h# # T 2~CT80T 16h16!E @jit
16# ,

or maxi T 2 Pr@6~10T !(t51
T jit 6 . h# # ~C0T 6h16!maxi E @jit

16# 5 o~1!+ n

LEMMA 3 + Suppose that Conditions 3 and 6 hold. We then have for allh . 0 that

PrF max
1#i#n

sup
~u,a!

6 ZG~i !~u,a! 2 G~i !~u,a!6 $ hG5 o~T21!+

Proof. Let h . 0 be given+ We note that

PrF max
1#i#n

sup
~u,a!

6 ZG~i !~u,a! 2 G~i !~u,a!6 $ hG

# (
i51

n

PrF sup
~u,a!

6 ZG~i !~u,a! 2 G~i !~u,a!6$ hG + (B.2)

Let « . 0 be chosen such that 2« maxi E @M ~Xit !# , h03+ Divide Y into subsets
Y1,Y2, + + + ,YM~«! such that6~u,a! 2 ~u ',a '!6 , « whenever~u,a! and~u ',a '! are in the
same subset+ Let ~uj ,aj ! denotesomepoint in Yj for eachj+ Then,

sup
~u,a!

6 ZG~i !~u,a! 2 G~i !~u,a!6 5 max
j

sup
Yj

6 ZG~i !~u,a! 2 G~i !~u,a!6,
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and therefore

PrF sup
~u,a!

6 ZG~i !~u,a! 2 G~i !~u,a!6 $ hG
# (

j51

M~«!

PrFsup
Yj

6 ZG~i !~u,a! 2 G~i !~u,a!6$ hG + (B.3)

For ~u,a! [ Yj , we have

6 ZG~i !~u,a! 2 G~i !~u,a!6 # 6 ZG~i !~uj ,aj ! 2 G~i !~uj ,aj !6

1
«

T *(t51

T

~M~Xit ! 2 E @M~Xit !# !*1 2«E @M~Xit !# ,

and therefore

PrFsup
Yj

6 ZG~i !~u,a! 2 G~i !~u,a!6 $ hG # PrF6 ZG~i !~uj ,aj ! 2 G~i !~uj ,aj !6$
h

3G
1 PrF 1

T *(t51

T

~M~Xit ! 2 E @M~Xit !# !* $
h

3«G5 o~T22! (B.4)

by Lemma 2+ Combining ~B+2!–~B+4! and n 5 O~T !, we obtain the desired
conclusion+ n

APPENDIX C: EXPANSION

Let [ai ~u! be such that(t51
T v~Xit ;u, [ai ~u!! 5 0+ Letting Ui ~Xit ;u,ai ! [ u~Xit ;u,ai ! 2

ri 0v~Xit ;u,ai !, ri 0 [ E @]u~Xit ;u,ai !0]ai
'# ~E @]v~Xit ;u,ai !0]ai

'# !21 ~in the likelihood
framework, U is the efficient score foru!, we can recognize thatZu is a solution to

0 5 (
i51

n

(
t51

T

Ui ~Xit ; Zu, [ai ~ Zu!!+

Let F [ ~F1, + + + ,Fn! denote the collection of distribution functionsFi , where eachFi

denotes the distribution function ofXit + Let ZF [ ~ ZF1, + + + , ZFn!, where ZFi denotes the empir-
ical distribution function for the stratumi + Define F~e! [ F 1 eDiT for e [ @0,T2102# ,
whereDiT [ MT ~ ZFi 2 Fi !+ For each fixedu ande, let V~Xit ;u,ai ! [ v~Xit ;u,ai ! and
ai ~u,Fi ~e!! be the solution to the estimating equation 05 *Vi @u,ai ~u,Fi ~e!!# dFi ~e!
and let u~e! be the solution to the estimating equation 05 (i51

n *Ui ~Xit ;u~e!,
ai ~u~e!,Fi ~e!!! dFi ~e!+ By Taylor series expansion, we have u~ ZF! 2 u~F! 5

~1YMT !ue~0! 1 1
2
_~1YMT !2uee~0! 1 1

6
_~1YMT !3ueee~ Ie!, where ue~e! [ du~F~e!!0de,

uee~e! [ d2u~F~e!!0de2, + + + , and Ie is somewhere in between 0 andT2102+We therefore
have

MnT~u~ ZF! 2 u~F!! 5 MnT
1

MT
ue~0! 1MnT

1

2S 1

MT
D2

uee~0!

1
1

6! n

T

1

MT
ueee~ Ie!+ (C.1)
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The last term in~C+1! can be shown to beop~1! by the same method as in Hahn and
Newey~2004!+

LEMMA 4 + For everyh . 0, we havePr@max0#e#10MT 6u~e! 2 u06 $ h# 5 o~T21!
and Pr@max1#i#n max0#e#10MT 6ai ~u~e!,Fi ~e!! 2 ai 06 $ h# 5 o~T21!.

Proof. Only the first assertion is proved+ The second assertion can be proved simi-
larly+ Let h be given+ Recall thatF~e! [ F 1 eMT ~ ZF 2 F! 5 ~12 eMT !F 1 eMT ZF+We
therefore have*g~{;u,ai ~u!! dFi ~e! 5 ~1 2 eMT !G~i !~u,ai ! 1 eMT ZG~i !~u,ai !, from
which we find 6*g~{;u,ai ~u!! dFi ~e! 2 G~i !~u,ai !6 # eMT 6 ZG~i !~u,a! 2 G~i !~u,a!6 #
6 ZG~i !~u,a! 2 G~i !~u,a!6+ By Lemma 3, we also have Pr@max0#e#10MT max1#i#n sup~u,a!

6*g~{;u,ai ~u!! dFi ~e! 2 G~i !~u,a!6 $ h# 5 o~T21!+ Therefore, for every 0 # e #

1YMT with probability equal to 12 o~T21!, we have

min
6u2u06.h,a1, + + + ,an

n21 (
i51

n

*Eg~{;u,ai ~u!! dFi ~e!*
$ min
6~u,a!2~u0,ai 0!6.h

n21 (
i51

n

*Eg~{;u,ai ~u!! dFi ~e!*
. min
6~u,a!2~u0,ai 0!6.h

n21 (
i51

n

6G~i !~u,ai !62
1

2
« .

1

2
« . 0

5 n21 (
i51

n

*Eg~{; Zu~e!,ai ~ Zu~e!!! dFi ~e!*,
where« [ inf i inf$~u,a! : 6~u,a!2~u0,ai 0!6.h% 6G~i !~u,a!6 . 0+ It follows that

Pr@max0#e#10MT 6 Zu~e! 2 u06$ h# 5 o~T21!+ n

LEMMA 5 + Suppose that, for each i,$jit ~f!, t 5 1,2, + + + % is a sequence of zero mean
i.i.d. random variables indexed by some parameterf [ F. We assume that$jit ~f!,
t 5 1,2, + + +% are independent across i. We also assume thatsupf[F6jit ~f!6 # Bit for
some sequence of random variables Bit that is i.i.d. across t and independent across i.
Finally, we assume thatmaxi E @ 6Bit 664# , ` and n 5 O~T ! . We then have
Pr@maxi 6~1YMT !(t51

T jit ~fi !6 . T ~1010!2y# 5 o~T21! for everyy such that0 # y ,
11
160
_. Here,$fi % is an arbitrary sequence inF.

Proof. By Markov’s inequality, we obtain

T PrFmax
i * 1

MT (
t51

T

jit ~fi !* . T ~1010!2yG # T (
i51

n

PrF* 1

MT (
t51

T

jit ~fi !* . T ~1010!2yG

5 nT{PrF* 1

MT (
t51

T

jit ~fi !* . T ~305!2yG # nT

EF*(
t51

T

jit ~fi !*
64G

T ~305!364264y
+
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By Lemma 1, we have E @6(t51
T jit ~fi !664# # CT32{E @6jit ~fi !664# # T 32{

C maxi E @6Bit 664# for someC+ Therefore, we have

T PrFmax
i * 1

MT (
t51

T

jit ~fi !* . T ~1010!2yG # nT
O~T 32!

T ~305!364264y
5 o~1!+ n

LEMMA 6 + Suppose that Ki ~{;u~e!,ai ~u~e!, e!! is equal to ]m11m2g~Xit ;u~e!,
ai ~u~e!, e!!0]um1]ai

m2 for some m1 1 m2 # 1, + + + ,5. Then, for anyh . 0, we have

PrF max
0#e#

1

MT
* 1

n (
i51

n EKi ~{;u~e!,ai ~u~e!, e!! dFi ~e! 2
1

n (
i51

n

E @Ki ~Xit ;u0,ai 0!#* . hG
5 o~T21!,

PrFmax
i

max
0#e#

1

MT
*EKi ~{;u~e!,ai ~u~e!, e!! dFi ~e! 2 E @Ki ~Xit ;u0,ai 0!#* . hG

5 o~T21!+

Also,

PrFmax
i

max
0#e#

1

MT
*EKi ~{;u~e!,ai ~u~e!, e!! dDiT* . CT ~1010!2yG5 o~T21!

for some constant C. 0 and 0 # y , 11
160
_.

Proof. Note that we have

*EKi ~{;u~e!,ai ~u~e!, e!! dFi ~e! 2EKi ~{;u~e!,ai ~u~e!, e!! dFi*
# *EKi ~{;u~e!,ai ~u~e!, e!! dFi ~e! 2EKi ~{;u~0!,ai ~u~0!,0!! dFi ~e!*

1 *EKi ~{;u~0!,ai ~u~0!,0!! dFi ~e! 2EKi ~{;u~0!,ai ~u~0!,0!! dFi*
# EM~Xit !~7u~e! 2 u71 6ai ~u~e!, e! 2 ai 6! d6Fi ~e!6

1 eMT*EKi ~{;u~0!,ai ~u~0!,0!! d~ ZFi 2 Fi !*+
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Therefore, we have

* 1

n (
i51

n EKi ~{;u~e!,ai ~u~e!, e!! dFi ~e! 2
1

n (
i51

n

E @Ki ~Xit ;u0,ai 0!#*
# 7u~e! 2 u7{

1

n (
i51

n SE @M~Xit !# 1
1

T (
t51

T

M~Xit !D
1 S1

n (
i51

n

~ai ~u~e!, e! 2 ai !
2D102S1

n (
i51

n SE @M~Xit !# 1
1

T (
t51

T

M~Xit !D2D102

1 * 1

n (
i51

n S 1

T (
t51

T

Ki ~Xit ;u~0!,ai ~u~0!,0!! 2 E @Ki ~Xit ;u~0!,ai ~u~0!,0!!#D*,
the right-hand side of which can be bounded by using Lemmas 4 and 5 in absolute
value by someh . 0 with probability 12 o~T21!, which proves the first claim+ The
second claim can be proved similarly+

As for the third claim, we can show using Lemma 5 that maxi 6*Ki ~{;u~e!,
ai ~u~e!, e!! dDiT 6 can be bounded by in absolute value byCT ~1010!2y for some constant
C . 0 andy such that 0# y , 11

160
_ with probability 12 o~T21!+ n

LEMMA 7 + Pr@maxi max0#e#10MT 6ai
u~e!6. C# 5 o~T21! andPr@maxi max0#e#10T

6ai
e~e!6 . CT ~1010!2y# 5 o~T21! for some constant C. 0 and 0 # y , 11

160
_.

Proof. In Hahn and Kuersteiner~2003!, it is shown that

]ai ~u,Fi ~e!!

]u
5 2SE ]Vi ~{,u, e!

]ai

dFi ~e!D21SE ]Vi ~{,u, e!

]u
dFi ~e!D,

]ai ~u,Fi ~e!!

]e
5 2SE ]Vi ~{,u, e!

]ai

dFi ~e!D21SEVi ~{,u, e! dDiTD+
Using Lemma 6, we can see that~*@]Vi ~{,u, e!0]ai # dFi ~e!!21 is uniformly bounded
away from zero with probability 12 o~T21!+We can also see that, with probability 12
o~T21!, *@]Vi ~{, u, e!0]u# dFi ~e! is uniformly bounded by some constantC and
*Vi ~{,u, e! dDiT is uniformly bounded byCT ~1010!2y + n

LEMMA 8 + Pr@max0#e#10MT 6ue~e!6 . CT ~1010!2y# 5 o~T21! for some constant
C . 0 and 0 # y , 11

160
_.

Proof. In Hahn and Kuersteiner~2003!, it is shown thatue~e! is equal to

ue~e! 5 2F 1

n (
i51

n ES ]hi ~{, e!

]u '
1

]hi ~{, e!

]ai

]ai

]u 'D dFi ~e!G21

3 F 1

n (
i51

n ]ai

]e SE ]hi ~{, e!

]ai

dFi ~e!D1
1

n (
i51

n Ehi ~{, e! dDiTG + (C.2)
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Using Lemmas 6 and 7 we can bound the denominator ofue~e! by someC . 0 and the
numerator by someCT ~1010!2y with probability 12 o~T21!+ n

LEMMA 9 +

PrFmax
i

max
0#e#

1

MT

6ai
ur ur
'
~e!6 . CG5 o~T21!,

PrFmax
i

max
0#e#

1

MT

6ai
ur e~e!6 . CT ~1010!2yG5 o~T21!,

PrFmax
i

max
0#e#

1

MT

6ai
ee~e!6 . C~T ~1010!2y !2G5 o~T21!

for some constant C. 0 and 0 # y , 11
160
_. Here,ai

ur ur ' [ ]2ai 0]ur ]ur ' . We similarly
defineai

ur e.

Proof. By repeatedly differentiating 05 *Vi ~{,u, e! dFi ~e! with respect toe, we obtain

0 5E ]2Vi ~{,u, e!

]u]u '
dFi ~e! 1

]ai ~u,Fi ~e!!

]u SE ]2Vi ~{,u, e!

]ai ]u '
dFi ~e!D

1 SE ]2Vi ~{,u, e!

]ai ]u
dFi ~e!D ]ai ~u,Fi ~e!!

]u '

1SE ]Vi ~{,u, e!

]ai

dFi ~e!D ]2ai ~u,Fi ~e!!

]u]u '

1 SE ]2Vi ~{,u, e!

]ai
2 dFi ~e!D ]ai ~u,Fi ~e!!

]u

]ai ~u,Fi ~e!!

]u '
,

0 5 SE ]2Vi ~{,u, e!

]u]ai

dFi ~e!D ]ai ~u,Fi ~e!!

]e

1 SE ]Vi ~{,u, e!

]ai

dFi ~e!D ]2ai ~u,Fi ~e!!

]u]e

1SE ]2Vi ~{,u, e!

]ai
2 dFi ~e!D ]ai ~u,Fi ~e!!

]u

]ai ~u,Fi ~e!!

]e

1 E ]Vi ~{,u, e!

]u
dDiT 1SE ]Vi ~{,u, e!

]ai

dDiTD ]ai ~u,Fi ~e!!

]u
,

and

0 5 SE ]Vi ~{,u, e!

]ai

dFi ~e!D ]2ai ~u,Fi ~e!!

]e2

1SE ]2Vi ~{,u, e!

]ai
2 dFi ~e!DS ]ai ~u,Fi ~e!!

]e D2

1 2SE ]Vi ~{,u, e!

]ai

dDiTD ]ai ~u,Fi ~e!!

]e
+
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The result then follows by applying the same argument as in the proof of Lemma 7+ n

LEMMA 10+ Pr@max0#e#10MT 6uee~e!6 . C~T ~1010!2y!2# 5 o~T21! for some con-
stant C. 0 and 0 # y , 11

160
_.

Sketch of Proof. By repeatedly differentiating 05 (i51
n *Ui ~Xit ;u~e!,ai ~u~e!,

Fi ~e!!! dFi ~e! with respect toe, we obtain a characterization ofuee~e!+ ~For more
detailed characterization, see Hahn and Kuersteiner, 2003+! The conclusion follows by
combining it with Lemmas 6–9+ n

APPENDIX D: UNIFORM CONSISTENCY OF [ai

THEOREM 2+ Under Conditions 3, 5, 6, and 7, we have

MT ~ [ai 2 ai 0! 5 l i 1 ki ,

where

l i [ 2SEF ]vit
]ai

GD21ST2102 (
t51

T

vitD5 Op~1!

and Pr@maxi 6ki 6 $ h# 5 o~1! for everyh . 0. Here,vit [ vit ~Xit ,u0,ai 0!.

Let [ai ~e! denoteai that sets*Vi ~{; Zu~e!,ai ! dFi ~e! equal to zero+ ~In other words, let
[ai ~e! [ ai ~u~e!,Fi ~e!!+! We then have the expansion

[ai ~e! 2 ai 0 5
1

MT
[ai
e~0! 1

1

2T
[ai
ee~ Ie! (D.1)

for some Ie [ @0,T2102# + Let vi ~{, e! [ Vi ~u~F~e!!,ai ~Fi ~e!!!+ The first-order condition
may be written as 05 *vi ~{, e! dFi ~e!+ Differentiating repeatedly with respect toe, we
obtain

0 5E dvi ~{, e!

de
dFi ~e! 1Evi ~{, e! dDiT , (D.2)

0 5E d2vi ~{, e!

de2 dFi ~e! 1 2E dvi ~{, e!

de
dDiT + (D.3)

Becausedvi ~{, e!0de 5 @]vi ~{, e!0]u '# ~]u0]e! 1 @]vi ~{, e!0]ai # ~]ai 0]e! , ~D+2! implies
that

[ai
e~e! 5 2SE ]vi ~{, e!

]ai

dFi ~e!D21FES ]vi ~{, e!

]u ' D dFi ~e!ue~e! 1Evi ~{, e! dDiTG +
Evaluating ate 5 0 we obtain

[ai
e~0! 5 2~E @Vi

a#!21S 1

MT (
t51

T

vi ~{,u0,ai 0! 1 E @Vi
u#ue~0!D, (D.4)
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whereVi
a [ ]v~Xit ;u,ai !0]ai , Vi

u [ ]v~Xit ;u,ai !0]u, andue~0! can be deduced from
~C+2!+ Next, consider

d2vi ~{, e!

de2 5
]u'

]e

]vi ~{, e!

]u]u '
]u

]e
1

]vi ~{, e!

]u '
]2u

~]e!2 1 2
]vi ~{, e!

]u ']ai

]u

]e

]ai

]e

1
]2vi ~{, e!

~]ai !
2 S ]ai

]e
D2

1
]vi ~{, e!

]ai

]2ai

~]e!2

such that [ai
ee~e! is characterized by

0 5 ue~e!'E ]vi ~{, e!

]u]u '
dFi ~e!ue~e! 1E ]vi ~{, e!

]u '
dFi ~e!uee~e!

1 2E ]vi ~{, e!

]u ']ai

dFi ~e!ue~e! [ai
e~e! 1E ]2vi ~{, e!

~]ai !
2 dFi ~e!~ [ai

e~e!!2

1 E ]vi ~{, e!

]ai

dFi ~e! [ai
ee~e! 1E ]vi ~{, e!

]u '
dDiT ue~e!

1E ]vi ~{, e!

]ai

dDiT
e [ai ~e!+ (D.5)

We now combine~D+1!, ~D+4!, and

ue~0! 5
1

Mn S1

n (
i51

n

IiD21S 1

MnMT (
i51

n

(
t51

T

UiD (D.6)

and obtain

MT ~ [ai 2 ai 0! 5 2~E @Vi
a#!21S 1

MT (
t51

T

vi ~{,u0,ai 0!D
2

1

Mn
~E @Vi

a#!21E @Vi
u#S1

n (
i51

n

IiD21S 1

MnMT (
i51

n

(
t51

T

UiD
1

1

2MT
[ai
ee~ Ie!+ (D.7)

Here, ~D+6! can be obtained by evaluating~C+2! at e 5 0+
In light of ~D+7!, Theorem 2 can be obtained by showing that

PrFmax
i

sup
e[@0,10MT #

6 [ai
ee~e!6 . ~T ~1010!2y !2G5 o~T21! (D.8)

for any 0# y , 11
160
_+ This follows from representation~D+5! and also from Lemmas 6,

8, and 10+
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APPENDIX E: PROOF OF THEOREM 1

Theorem 2 implies that we have

Mn~ Zd 2 d0! 5 Sn21 (
i51

n

zi wi
'D21Sn2102 (

i51

n

zi gi 0 1 n2102T2102 (
i51

n

zi l iD1 op~1!+

Under Conditions 4 and 5, the termn2102T2102 (i51
n zi l i is of orderop~1!, and substi-

tution of [ai for ai 0 in ~3! does not affect the asymptotic distribution of the resultant
estimator~4!:

Mn~ Zd 2 d0! 5 Sn21 (
i51

n

zi wi
'D21Sn2102 (

i51

n

zi gi 0D1 op~1!+ n
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