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Abstract

We study some properties of integro splines. Using these properties, we design an algo-
rithm to construct splines S, (x) of neighbouring degrees to the given spline S,,(x) with
degree m. A local integro-sextic spline is constructed with the proposed algorithm. The
local integro splines work efficiently, that is, they have low computational complexity,
and they are effective for use in real time. The construction of nonlocal integro splines
usually leads to solving a system of linear equations with band matrices, which yields
high computational costs.

2020 Mathematics subject classification: 65D05.

Keywords and phrases: super-convergence, numerical integration, differentiation and
integration operations, polynomial and nonpolynomial, histospline.

1. Introduction

Interpolation of mean values or area-matching properties is often referred to as
histospline or histopolation, which has been studied in the literature (see [3, 13] and
the references therein). The convergence properties of the histospline density estimate
were studied by Wahba [14], where the reader can also find several references to
earlier results on this topic. Besides, polynomial integro-differential splines were first
used by Kireev and Biryukova [8]. Recently, Burova and Doronina [5] discussed the
construction of polynomial and nonpolynomial splines which use three integrals over
subintervals in addition to the values of the function in the nodes. The differentiation
and integration of S(x), a cubic or quintic spline, produce splines of the corresponding
degree and make the transfer of the spline connections between splines of neighbour-
ing degrees [9, 12].

Theoretical studies [7] and real-life applications [22] require the approximation
of unknown smooth functions using given successive integral values. In this case,
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the spline is called an infegro spline. Recently, some authors have devoted much
attention to the construction of integro splines [2, 17] and they studied the convergence
properties of the constructed integro splines. Of course, in constructing integro splines,
B-spline representation or piecewise polynomial representation is often used, and
the construction leads to solving a system of linear equations. Solving the system
needs certain additional end conditions. Fortunately, if exact conditions are not
given, we can approximate the end conditions with artificial ones. However, these
constructions are not related to each other in terms of integro splines of neighbouring
degrees. Wu and Zhang [16] proposed the conjecture that splines with even degrees
have a super-convergence order in an approximating function value at the knots.
This conjecture has been confirmed in the quadratic [17], quartic [10] and sextic
cases [16]. Zhanlav and Mijiddorj [20] attempted to explain the reason for the
super-convergence by the local integro spline. The super-convergence phenomenon
for the spline quasi-interpolant is interesting not only from theoretical, but also from
practical, point of view. Therefore, several authors have considered and illustrated
methods [1] to construct a super-convergent quintic quasi-interpolant applied to
numerical integration.

The remainder of this paper is organized as follows. In Section 2, we formulate
our task and give an integro spline with degree m based on Taylor expansion and
consider its properties. Section 3 is devoted to the general construction of local integro
splines. Then numerical computation and figure illustrations are presented in Section 4
to illustrate the constructed local integro-sextic spline. Section 5 concludes the paper.

2. Materials and methods

Let y(x) be an unknown univariate real-valued function over [a,b] and let
[xi—1,x:], i = 1,2,...,k, be a uniform partition of the interval with mesh length
_b-a
=

h

Assume that the function values

yi = y(xi)
are not given, but the integral values I; of y(x) are known on the k subintervals [x;_, x;].
Our task is to determine an integro spline S(x) such that
Xi Xi
fS(x)dxzfy(x)dszi, i=1,2,...,k. 2.1
Xi-1 Xi-1
We assume that at least one of /; is nonzero. Hence, the integro spline S(x) is not
identically equal to zero on [a, b]. This type of problem has many practical applications

in statistics, numerical analysis, the fields of mechanics and so on. Particularly,
Schoenberg [12, p. 115] showed the existence of a cubic/quintic spline S(x) that
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satisfies the cumulative sequence S(0) = 0,

NCEDWA
=1
with suitable end conditions and, letting

o(x) = §'(x),

proved that o(x) is a quadratic/quartic histospline, which is a solution of the prob-
lem (2.1). In general, any solution to problem (2.1) is in fact the derivative of a
one-degree-higher spline interpolant defined by the cumulative sequence. We now
consider a method to find the solution of (2.1) from a given one-degree-higher or
-lower solution of (2.1).

We will use the following notation: denote by S,,(x) an integro spline with degree
m satisfying (2.1), by S%)(x) the rth derivative of S,,(x), by S%(x;) values of S (x)
at the knots and by 590x) specific approximate values for the rth derivative integro
spline. Also, $,,(x) is called a local integro spline whose coefficients are explicitly
determined by integral values of /; in a neighbourhood of x;, without solving any
system of equations. Lang and Xu [10, 18] studied the approximation properties of
integro splines under the strong restriction y € C*[a, b], but, in this study, we assume
that an approximation function y belongs to C"*?[a, b] for the integro spline with
degree m. For y € C"*2[a,b],m = 2,4,6,..., by Taylor expansion of y,

m/2 2j+1 @ 5
. . —_ 2] m+
Li+1.,=2 E —(2j n 1)!)’5 + Oh"™), 2.2)
j=0

where
W=y
Then the following variant of the Euler—-Maclaurin integration formula [11] holds.

LEMMA 2.1. Lety € C"**[a,bl and m = 2,4, .... Then

1 / ’ 177 1274
yi = b i+ Do) + bhOly = yi) + LR = i)+

" O = ) + O, 2.3)
where
1
T 1 1
L=-l ETRRET
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R 31
= (bg; +hg )= —500,
+=7\B3y P s T hg )= T30240
1 1 1 |
I, (lm Fly e e 4] ! ) 2.4
T TR R P Y 4

PROOF. The proof is by induction on m. When m = 2, substituting
Yie1 = Vit = 2hy] + O
into (2.2),
1 h , 4
yi= ﬁ(li +1iv1) — E(y”' —yi_)) + Oh"),

so (2.3) and (2.4) are true for m = 2. Suppose that (2.3) and (2.4) are true for m — 2.
Then, for m, using the Taylor expansion,

’ ’ 1 n ! m m
Yie1 = Vi1 = 2hy; +23'y(4)+ +2( 1),)’( "+ OH™Y,

7 1 4) h3 -3 (Wl) m—1
Yis1 — Yioy = 2hy; +23,y +- +2( 3 + O™,

Applying the induction hypothesis to (2.5),

1’ 1 ’ 7 24 244
Yi = llz()’m = YVie) + bhOE —yiZ) + -
+ Lupph" 2OV = D)+ o),

i+1

1 773 7
y54) =1 E()’m = Yii) + lzh(y,('i)l (5) DE
+ L "D —y (m 1)) +O("),

i+1

m 1 m— m—
3 =L O =) + 0. (2.6)

i+1

Substituting (2.6) into (2.2), we obtain (2.3) with the coefficients (2.4). Hence, (2.3)
and (2.4) hold for m, which completes the proof. |

The purpose of the equations (2.7) and (2.8) is to determine specific approximate
values for Sﬁ,’l"_l)(x,-) in the cases m even and odd. The Taylor expansion of S,,(x) at the
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point x = x; form = 2,3,4,...1s

52 = Sy + (e = x)S) () + S D
+ (-x _6xi) S;;’(X,')'l‘ ()C xz) S(m)( l—),

where we define the left derivative at x;
Sa(x;) = (S"" D) = Su P (xicy),  x € [xiop,xil.

Using the last expansion and (2.1) fori = 1,2,...,k— 1,

n? W
I + Ly = 2hS,,(x;) + 2 S"( ) + 2—s<4>(x,) + -
hm+l

T T

(S () + S™(x)) (2.7)
and

h 4 h i’
Ly —1I; = 22'Sm(x,)+24'Sm () + -+

m+1

<S<’"><x+) S (). (2.8)

Dropping the last small terms in (2.7) and (2.8), we can find Sﬁ,ﬁ"il)(x,»), which will be
used later. Performing a similar computation as in the proof of Lemma 2.1, and using

- m 1 m— m—
S () + Sy () = ;I(an Dxien) = S (xim))

in (2.7),
1 ’ ’
Sm(xi) = llz(’i + 1i1) + LA, (xix1) = S, (xi-1))
+ IS (ier) = So (xi-1)) + -+
bt KNSV ) = SU V(o) m=2,4,..., (29)
and

7 1 174 1’
S, () = [ —(Sm(xi+1) = Su(xi—1) + LA(S,, (xiv1) = S, (X)) + -+
+ a2t 2SSV 0e) = SOV (in), m=3,5,... (2.10)

Let y € C"*?[a, b]; the Taylor expansions at the point x; yield

h6
wy® — ?yf) =EQ)+O0h), i=3,4,... k-2
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where
EG@) =1 -4l +6l; — 4l + L.
Hence,
EG-1)-2E@+E@G+1)=1i_3—6l_+ 15,1 —20I; + 15[;11 — 61142 + I;13
= h7y(6) — h—g
! 2

Performing a similar computation as (2.11),

(m+ 1)(m+2)

Y+ o), i=4,5,... k-3 (2l

Liompp1 = (m+2)_pp + fli—mﬂﬂ + -
m+ 1)(m+2
+ (;#Inm/zfl — (M + Dl + Livmprsr = O™,
m m
= —=+2,...,k—— -1,
) 2
m=24,..., (2.12)

where the coefficients can be defined as the coefficients of x' in the expansion of
(1 _ x)m+2'

3. General algorithm for local integro splines

The properties of the super-convergence of Sﬁ,?(xi) proved in the literature [10, 16,
17] suggest the following conjectures.

CONJECTURE 3.1. If we use a similar technique as in [16, Remark 3.1] to construct
integro interpolation by B-splines with degrees m = 2,4, ..., then we conjecture that
it possesses the super-convergence property

max |S7(x;) =y 0l = O™ ), r=0,2,....m=2.
<

0<i
The super-convergence properties of S;(x) and S7”(x) of the integro quintic spline
are given by Theorem 3.4 in [23] as well as those S/ (x) of the integro cubic spline [21].

CONJECTURE 3.2. If we use a convenient technique to construct an integro spline
with degrees m = 3,5, ..., then we conjecture that it possesses the super-convergence

property
max [SV(x;) — Yy ()l = O™, r=1,3,...,m—2.

0<i<k

Using the notation
SO0 =y + 0™, i =0,1,....k, r=0,12,...,

and combining the two above-mentioned conjectures, we list the values of d, of an
integro spline with degree m in Table 1.
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TABLE 1. Conjectured values of d, for S¢)(x;), r = 0,1,2,..., i =0,1,...,k
m d() d1 d2 d3 d4 dS
2 4 2
3 4 4 2
4 6 4 4 2
5 6 6 4 4 2
6 8 6 6 4 4 2

Algorithm 1: IntegroSpline (m, Sn(x))
1. If m is even then

S () = 539Cx)
fork=0,1,...,m/2—-1,andi=0,1,...,k, else
S@"”)(xi) = 5 D)

m+1
fork=0,1,...,0m~3)/2,andi = 0, 1,....k.
2. If m is even then using (2.7), find S(m)l(x,)
else using (2.8), find 5, (x;).
3. If m is even then using (2.10), compute 5, (x)), 37 (x7), ..., 8"~ Pxy),

m+1
Sﬁ::ll)(x,). Simplify the explicit

else using (2.9), compute St (), Sm+1(x,)
formulae by (2.12).

4. Using the same technique as in [5, 10], which we shall call an artificial end
conditions technique, find the bordering values of S'f;l] (x;).

5. Compute the coefficients of the local integro spline S, (x) using

S’Zil(xl-) and properties of the B-spline.

Now, using given specific approximate formulae for the integro spline with degree
m, we present a general algorithm to construct a local integro spline with degree m — 1
or m + 1, which provides the values in Table 1. For the general case, let us outline the
general algorithm for constructing local integro splines. Suppose that $,,(x) is given.
Then §m+] (x), m > 2, is constructed by Algorithm 1.

REMARK 3.3. Suppose that S‘m(x), m > 3, is given. Then, constructing an algorithm
for §,,-1(x) is easily derived from Algorithm 1.

Let us explain this algorithm when a local integro quartic spline is given by
constructing a local integro-sextic spline.
Now, we proceed to construct a local integro-sextic spline.
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Algorithm 2: IntegroSpline(4, §4(x))

Suppose that the local integro quartic spline S4(x) is given by [22].
1. Set

Ss(x) = 8a(x), S¢(x) =87(xp), i=0,1,....k

where S4(x;) are given by (3.18) and (3.32) in [22], S’Z(xi) are given by (3.17) and
(3.33) in [22].
2. Using (2.7), compute 32.4)()@-), that is,

- 20/1 N
39(x) = —(E(IM 1) — hSs(x) -

1 3
7S 6

.
800) =12k

Find at the end points values of 3%”(xo) and §%"(x;) by the artificial end conditions
technique.
3. From (2.10) fori = 1,2,...,k— 1, we have

S 1 N < h <
85" (i) = 585 (i) = 85 (i) = 58P i) = 8P, G
and

- 1 ~ h - o
S5(xi) = E(Ss(xiﬂ) = 85(xi-1)) — E(Sg’(xm) - 8¢ (xi-1))
H

=5 85 i) = 57 )). (3.2)

+

When Ss(x;), S"S’(x,»), and 5"24)()@-) are known, find the rest of unknowns Sgr)(x,»),
r=1,3, by (3.1) and (3.2). Simplifying (3.1) and (3.2) by (2.11), we obtain the
following explicit formulae

Si(x;) = (=2l + 251,y — 2451

1
180h2
+ 2451 — 251349 + 2143), i=3,4,...,k=3, (3.3)

and
orer 1
S5 (x;) = WUH = 11y + 281; = 28141 + 111145 — I143),

i=3,4,...,k-3. (3.4)

4. Find the bordering values of S’g(xi) and S‘;”(x,») by the artificial end conditions
technique.
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Algorithm 3: IntegroSpline(5, S5(x))

Suppose that the S’g’)(xi), r=20,1,...,4, are given by IntegroSpline(4, S4(x)) in
Algorithm 2.
1. Set

Seea) = S4(x),  SY(x) =8 (xp), i=0,1,....k

2. Compute 50 (x;), that is, from (2.8) when m = 6 and get

2 h4 Y h6 (5
lis1 = I; = h°S(x;) + ES6 (x;) + %Sﬁ (x7)

h7
+ G0N =8PaD), i=1.2, k=1 (3.5)

By (3.3) and (3.4), dropping the small term in (3.5), find 58 (x;). Find the bordering
values of 5‘(65)()@) by the artificial end conditions technique. In this case, we get

B, 1

59 (xo) = o5 (=411 + 231 = 5515 + 701 = 5015 + 191 = 317),

] 360 A
39 = F(I"“ - S - ES,'."), i=12....k-1, (3.6

- 1
SO () = 75 i = 231y + 5512 = T003 + 5004
= 19L—s + 31i-s),
or
- 1
$9 (i) = 15 (~lica + Iy = 101, + 10041 = Sliaa + L),
i=3,4,.. . k-3 3.7)

We can easily check that S‘?(xi) = yfs) + O(h?) using (3.6) and (3.7).
3. Compute 8 (x;) for r = 0,2,4 and i = 4,5, ...,k — 4 using (2.9).
4. Find the remainder values by the artificial end conditions technique.

Thus, we have the Appendix, where we give the errors of Sg(x) at knots.

THEOREM 3.4 Let y € C%a,b] and Se(x;) be defined by the above IntegroSpline
(5, 85(x)). Then the convergence orders of

390, i=0,1....k j=0,1....5, (3.8)

are 8, 6, 6, 4, 4, 2, respectively.
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PROOF. For 1 < i+ j < k, using the Taylor expansion of y € C¥[a, b] at the point x;,

Xitj Xitj

7
Iy = f y(x)dx = f (Z %y(’luou X)) )dx
Xitj-1 Xitj-1 n=0 ‘
8
=S - G 1) + 0. (3.9)

n=1
Substituting (3.9) into the formulae (3.6)—(3.7) as well as the explicit formulae in the
Appendix, we obtain (3.8). ]

In order to construct a local integro-sextic spline using IntegroSpline(5, S5(x)), we

use the B-spline representation of S,,(x)

k+m

Sn®) = ) @iBin(0), (3.10)
i=1

where {B;,;,i € J} with J ={1,2,...,k+m} is a basis of the space of splines of
degree m and of class C"!, the support of B;,, being supp(B;,,) = [Xi_m_1,x] (see,
for example, [6, 15, 19]). As usual, we add multiple knots at the end points x_,, = - -+ =
X_1=xp=aand b =xp = Xpy] =+ = X Using the properties of sextic B-splines
when m = 6 in (3.10),

h ! h 44 1444
Qv = Se(x) + 3 S5(x1) = S (x ) S (x;) + —S“‘><x,>

5
60525>(x,-), i=0,1,....k (3.11)

From (2.11),
Liis — Tl + 210y — 351 + 35111 — 21110 + Tliss — Lins = O(BY),
i=4,5,...,k—4. (3.12)
Substituting the values of S’g)(x,»), r=0,1,...,5, at the knots into (3.11), and using

(3.12), we can find the coefficients &;, i = 4,5,...,k + 4, in the local integro-sextic
spline,

1
b 117, + 31681;_; — 149131, + 39232],
Qjyg = 15120h( 3 2+3 68 1 9131; + 3923 +1

— 1491315 + 316813 — 3111;44), i=3,4,....k—4. (3.13)

Hence, the B-spline representation of the local integro-sextic spline is

k+6

Ss(x) = ) @iBi(x), (3.14)
i=1
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1.0 10 -
e 02 04 06 08 10 -
. 05 Vi S .
0.5 dob N y
N | p
i -5 ; L
02 04 06 08 10 L. N 02 047 06 08 10
0.5 o s P )
-1.0 S X e 20k
(@) S¢(x) and cos(rrx) (b) $§(x) and cos’(7x) (c) §¢(x) and cos” (7x)
e 100 ; ,
30 e 02 04 06 08 10
25 - S0l )
/ AN 50 S \ /
20 100 /
1sp S BEVIIEEN /
/ " 02 04 06 08 10 N
10 / 200 N |
st/ -50
\ -250 N
02 04 06 08 1o -100 T =300 S
(d) §7(x) and cos”” (rrx) BN (4)(x) and cos™ (7x) 3 (5)(x) and cos® (7x)
6 6 & 6 S

FIGURE 1. S'(,(x) (red dots) and cos(mx) (blue dots) on [0, 1], and their derivatives up to fifth order, where
k = 80. (Colour available online.)

where the coefficients &; are given by (3.13). By virtue of the properties of the sextic
B-spline, we have (i =0, 1,...,k)

Qip1 + 570142 + 3020143 + 3020 14 + 570is5 + Qive

Se(xi) = 70 ,
& —Qiy1 — 25Q40 — 40043 + 400 44 + 250445 + Qe
Se(xi) = 0% .
oo Qinn + 940 — 10Q,3 — 10Q14 + 90445 + Qive
S (xi) = YTE .
) = —Qip1 — Qiya + 813 — Qg + Qiys + Qive
o, Qi1 = 30 + 2043 + 20504 — 345 + Qive
S¢ (xi) = T .
5'(65)(161') _ @i + 500 — 10@i+3h: 1084 — 515 + Qiv (3.15)
From (3.15),
N 151357 (x)) B30 (x;)
Qive — @1 = ShS(x;) + 6 U, 8 (3.16)

4 3
The remaining coefficients &; of (3.14) for i = 1,2,3 and i = k + 5,k + 6 are deter-

mined from (3.11) and (3.16). Thus, we find a local integro-sextic spline Se(x) €
C3[a, b] (cf. Figure 1) with (3.14).
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REMARK 3.5. If y € C%[a, b], then

BO) =800 = OGF™), =024, i=0,1,....k
B0 = 8Ol = 0T, r=1,3,5.

4. Numerical examples

We present the approximation behaviour (see Table 1 and Theorem 3.4) of S’g) (x),
j=0,2,4, for giveny € C8[O, 1] as

1
yi(x) = e,  y(x) =cos(mx), y3(x) = ot

Computational results are listed in Tables 2—4. In Tables 2—4, R,,(k) is computed by
Rar(k) = max 177 () =3 (e)l. - r=0.1,2, j=1.2.3, and

<i<k
RZr(k)
Ry, (2k)|

The numerical convergence order (NCO) values in Tables 2—4 provide empirical
support for the conjectured super-convergence properties. All these computations are
carried out using Mathematica, MachinePrecision in 64.

Finally, Figure 2 shows the proximity of the constructed spline and the given
function histograms.

The process of integral approximation consisted of two stages: the measurement
data were plotted on a grid of rectangular coordinates, the points were connected with
a smooth curve and the appropriate formula describing the curve was selected. Then
the parameters of the formulae that correspond to the accepted analytical expression

NCO = log,

TABLE 2. Maximum errors of S'ﬁ(x) for y;(x) = €*.

k Ry NCO R, NCO R4 NCO

160 6.876 x107 - 3096 %1073 - 3.016 x107%8 -
320 2716 x10721 798 4.891 x10~5 598 1.905 x107%°  3.98
640 1.067 x1072 799  7.684 x10°7 599 1.197 x107'  3.99

TABLE 3. Maximum errors of S})(x) for y,(x) = cos(mx).

k Ry NCO Ry NCO Ry NCO

160  2.448 x10° - 1.102 x107% - 1.072 x107% -
320 9.582x10°® 799 1.725x10°" 599  6.714 x107%  3.99
640 3.745x1072 799  2.696 x1071* 599  4.198 x10°Y7  3.99
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TABLE 4. Maximum errors of S()(x) for y3(x) = 1/(x + 2).

k Ry NCO R, NCO R4 NCO

160 1.843x1077 - 8314x107"2 -  8137x1077  —

320 7567 x1072° 792 1.364 x10°83 592 5324 x107% 3.93
640  3.031 x10722  7.96 2.184 x107"° 596 3.405x107% 3.96
1280 1199 x1072*  7.98 3.454 x1077 598 2.153 x1071° 3.98
2560 4.713 x107%  7.99 5431 x107" 599 1353 x107"' 3.99

0.50
2.5
0.45
2.0
0.40
1.5
0.35
1.0 | |
02 04 06 08 1.0 02 04 06 038 1.0 02 04 06 08 1.0
(a) Histogram of e*, (b) Histogram of (c) Histogram of
xel0,1] 1/(x+2),x€[0,1] sin(4mrx) + 7x, x € [0, 1]

FIGURE 2. Functions (blue dots) of integral values in an histogram (blue line) and the plot of the
constructed S¢(x) spline (red line), where k£ = 30. (Colour available online.)

were calculated. When constructing an integral approximation, the minimum deviation
of one function from another was observed. Comparing the position of the constructed
spline and the given function histograms, we can state that there is no oscillation. Also,
the horizontal axis is intentionally moved to display the image more clearly.

5. Conclusions

We proposed a general algorithm satisfying the super-convergence properties to
construct the local integro splines with degree m + 1 when the local integro spline
is given with degree m. Of course, this algorithm is converted into an algorithm to
determine S,,_;(x) from S,,(x). As we know, construction of nonlocal integro splines
leads to solving a system of linear equations with band matrices.

Therefore, they have high computational costs. In contrast, our algorithm is based
on specific approximate values of an integro spline and its derivatives up to m — 1
order. Using these approximate values, we can find a local integro B-spline represen-
tation. We constructed a local integro-sextic spline with the proposed algorithm. The
local integro splines work efficiently; they have low computational complexity and
they are suitable for real-time situations.
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Appendix

= 1
Se(x0) = m(228311 — 44371, + 732313 — 835714 + 634315 — 30651

+ 85517 — 10513),

- 1

Se(x1) = gy (1051 + 14430, — 149715 + 14431, — 100715 + 463/
- 12517 + 1518),

~ 1
Se(x2) = m(—]SIl + 2251, + 102315 — 65714 + 39315 — 1671 + 4317 — 513),

- 1
Se(x3) = m(SI] — 551, + 36515 + 7431, — 30715 + 11315 — 2717 + 313),

~ 1
S6()Ci) = m(—3li_3 +291;_» — 1391,_; + 5331; + 5331;,1 — 1391;,»
+ 29143 = 31314),
i = 4(1k - 4,
- 1
Se(xr—3) = m(SIk — 55I1 + 36515 + 74315 — 30714 + 11315
=276 + 3lx—7),
- 1
SG(xk_z) = m(-lSIk + 2251k—1 + 1023Ik_2 - 657Ik_3 + 393Ik_4 - 167Ik_5
+ 4316 — SI;_7),
~ 1
S6(xk_1) = m(lOSIk + 14431 — 14971 _» + 14431, _3 — 100714 + 463Ik_5
— 1250 _¢ + 151;_7),

- 1
Se(xx) = ——— (22831 — 44371 —y + 73231}_5 — 83571_3 + 634314 — 30651;_5

840h
+ 8551, — 105I,_7),
St (x0) = ﬁ(—%SIl + 30761, — 483515 + 46551, — 272515 + 89315 — 12617),
L) = ﬁ(—l%ll — 561, + 43015 — 4251 + 24515 — 791 + 1117),
Si(xr) = @(1111 — 2031, + 17515 + 451, — 4015 + 1415 — 21),
Se(wi2) = Tos Qi = 14lis + 400y = 453 = 1751y + 203y = 111y),
L) = (=1L + 795 — 24514 + 425I,_3 — 43015 + 56I;_; + 1261),

180h2
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1

S'é(xk) = W(126Ik,6 — 89315 + 2725I;_4 — 465515 + 48351 _»
— 307611 + 9381}),
Sg(xo) = fw(2403h — 115571, + 2514915 — 322351, + 2604515 — 130831,
+ 374717 — 4691y),
37 (xy) = fw(%% — 13491, + 157515 — 11151, + 59515 — 2191 + 491, — 5I5),
3 (xy) = fw(sh + 4291, — 120915 + 12951, — 76515 + 3151¢ — 791, + 9I5),
S‘g(X3) = f()h:“(_gll + 770, + 17715 — 70514 + 66515 — 26115 + 6317 — 713),
37 (x) = fwam — 65, + 2731,y — 2151, — 21514, + 273111
— 0513 + Tlis4),
i=4()k—4,
S’g(xk_g) = fw(—9lk + Tl + 1771y — 70513 + 66514 — 2611;_5
+ 6316 — Tl;—7),
37 (xia) = T(IW(SI" + 42971 — 12090, + 12951,_3 — 76514 + 3151;_s
= 19— + i—7),
S'g(xk_l) = W(4691k — 13491 + 157515 — 1115L;_3 + 5951 _4 — 2191} _5
+ 4916 — SI;_7),
Sg(xk) = ! (24031 — 115571;—1 + 251491 — 3223513 + 260451} _4

240n3
- 13083Ik_5 + 3747Ik—6 - 469Ik_7),

3 1

S6'(x0) = 7 (<5611 + 2771 = 57515 + 6441, — 41215 + 1431 — 211,
3 1

S¢'(x1) = g (<2111 + 911 = 16415 + 1601 — 9115 + 291 — 41),

- 1
S'6"(xz) = @(—411 + 7 + 713 — 2414 + 2015 — 7l + 17),

e 1

S (x—2) = @(_Ik% + Tli—s = 20Li—4 + 2403 = Ty — Tl + 41y),

- 1

Sg”(xk_l) = @(411{_6 — 2905 + 911} _4 — 16015 + 1641, _» — 9111 + 211k),
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- 1
Sé”(xk) = W(ZIIk,() — 14315 + 41214 — 64415 + 5751;_» — 27711 + 561})
and

- 1
5P (xo) = s (U1 — 4941 + 129615 — 18991, + 168115 — 900/
+ 2701 - 351),

- 1
S () = 5 (3511 = 1991 + 48615 — 6641, + 55115 — 27915 + 80k = 10ly),
- 1

5P () = 5 (1011 = 45D + 8113 = T4l + 3615 = 9l + I),

- 1
5P (x3) = 5 (1052 = 4515 + 811y = TAls + 3616 = 917 + ),

~ 1
5(64)()51') = on =13 +8lip — 181;y + 111; + 11111 — 181115 + 8113 — Ijy4),
i= 4k -4,

~ 1

524)()(](_3) = %(10&_1 — 45[k—2 + 81]k_3 — 74Ik_4 + 36[k_5 — 9Ik—6 + Ik_7),
~ 1

S?)(Xk_z) = %(10& — 451/(—1 + Sllk_z - 74Ik_3 + 36Ik_4 - 9Ik_5 + Ik—6)’

SP ) = #(351& — 1991, + 4861 — 6641;_3 + 55114 — 2791;_5
+ 80I;_¢ — 10I;_7),
S0 = #(811,( — 49411 + 12961, — 189913 + 16811;_4 — 900I;_s
+ 27006 — 35I;_7).
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