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Let h > w > 0 be two fixed integers. Let H be a random hypergraph whose hyperedges are
all of cardinality h. To w-orient a hyperedge, we assign exactly w of its vertices positive signs
with respect to the hyperedge, and the rest negative signs. A (w, k)-orientation of H consists
of a w-orientation of all hyperedges of H, such that each vertex receives at most k positive
signs from its incident hyperedges. When k is large enough, we determine the threshold
of the existence of a (w,k)-orientation of a random hypergraph. The (w, k)-orientation of
hypergraphs is strongly related to a general version of the off-line load balancing problem.
The graph case, when h = 2 and w = 1, was solved recently by Cain, Sanders and Wormald
and independently by Fernholz and Ramachandran. This settled a conjecture of Karp and
Saks.
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1. Introduction

In this paper we consider a generalization to random hypergraphs of a commonly
studied orientation problem on graphs. An h-uniform hypergraph is a hypergraph whose
hyperedges are all of size h. Let h > w be two given positive integers. We consider
Gumn» the probability space of the set of all h-uniform hypergraphs on n vertices and m
hyperedges with the uniform distribution. A hyperedge is said to be w-oriented if exactly
w distinct vertices in it are marked with positive signs with respect to the hyperedge. The
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indegree of a vertex is the number of positive signs it receives. Let k be a positive integer.
A (w,k)-orientation of a hypergraph is a w-orientation of all hyperedges such that each
vertex has indegree at most k. If such a (w, k)-orientation exists, we say the hypergraph is
(w, k)-orientable; for w = 1 we simply say k-orientable. Of course, being able to determine
the (w,k)-orientability of a hypergraph H for all k solves the optimization problem of
minimizing the maximum indegree of a w-orientation of H. If a graph (i.e., the case h = 2)
is (1,k)-oriented, we may orient each edge of the graph in the normal fashion towards its
vertex of positive sign, and we say the graph is k-oriented.

Note that a sufficiently sparse hypergraph is easily (w, k)-orientable. On the other hand,
a trivial requirement for (w, k)-orientability is m < kn/w, since any w-oriented hypergraph
with m edges has average indegree mw/n. In this paper, we show the existence and
determine the value of the sharp threshold (defined more precisely later) at which the
random hypergraph G, fails to be (w,k)-orientable, provided k is a sufficiently large
constant. We show that the threshold is the same as the threshold at which a certain type
of subhypergraph achieves a critical density. In the above, as elsewhere in this paper, the
phrase ‘for k sufficiently large’ means for k larger than some constant depending only on
w and h.

The hypergraph orientation problem is motivated by classical load balancing problems
which have appeared in various guises in computer networking. A seminal result of Azar,
Broder, Karlin and Upfal [2] is as follows. Throw n balls sequentially into n bins, with each
ball put into the least-full of h > 2 randomly chosen boxes. Then, with high probability,
by the time all balls are allocated, no bin contains many more than (Inlnn)/Inh balls.
If, instead, each ball is placed in a random bin, a much larger maximum value is likely
to occur, approximately Inn/(Inlnn). This surprisingly simple method of reducing the
maximum is widely used for load balancing. It has become known as the multiple-choice
paradigm, the most common version being two-choice, when h = 2.

One application of load balancing occurs when work is spread among a group of
computers, hard drives, CPUs, or other resources. In the on-line version, the jobs arrive
sequentially and are assigned to separate machines. To save time, the load balancer
decides which machine a job goes to after checking the current load of only a few (say h)
machines. The goal is to minimize the maximum load of a machine. Mitzenmacher, Richa
and Sitaraman [22] survey the history, applications and techniques relating to this. In
particular, Berenbrink, Czumaj, Steger and Vécking [2, 3] show an achievable maximum
load is m/n + O(loglogn) for m jobs and n machines when h > 2.

Another application of load balancing, more relevant to the topic of this paper, is
mentioned by Cain, Sanders and the second author [5]. This is the disk scheduling
problem, in the context where any w out of h pieces of data are needed to reconstruct
a logical data block. Individual pieces can be initially stored on different disks. Such an
arrangement has advantageous fault tolerance features to guard against disk failures. It
is also good for load balancing: when a request for a data block arrives, the scheduler
can choose any w disks among the h relevant ones. See Sanders, Egner and Korst [25] for
further references.

These load balancing problems correspond to the (w,k)-orientation problem for h-
uniform hypergraphs, with w = 1 in the case of the job scheduling problem. The machines
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(bins) are vertices and a job (ball) is an edge consisting of precisely the set of machines
to which it can be allocated. A job is allocated to a machine by assigning a positive sign
to that vertex. The maximum load is then equal to the maximum indegree of a vertex in
the (w, k)-oriented hypergraph.

The work in this paper is motivated by the off-line version of this problem, in which the
edges are all exposed at the start. This has obvious applications: in the disk scheduling
problem, for instance, the scheduler may be able to quickly process a large number of
requests together off-line, to balance the load better. This can be useful if there is a
backlog of requests; of course, if backlogs do not occur, the on-line problem is more
relevant, but this would indicate ample processing capacity, in which case there may be
less need for load balancing in the first place. Trivially, the on-line and off-line versions
are the same if h = 1, i.e., there is no choice. For h = 2, the off-line version experiences an
even better improvement than the on-line one. If m < cn items are allocated to n bins, for
¢ constant, the expected maximum load is bounded above by some constant ¢’ depending
on c.

To our knowledge, previous theoretical results concern only the case w = 1 (this also
applies to on-line). For w =1 it is well known that an optimal off-line solution, i.e.,
achieving minimum possible maximum load, can be found in polynomial time (O(m?))
by solving a maximum flow problem. As explained in [5], it is desirable to achieve fast
algorithms that are close to optimal with respect to the maximum load. There are linear
time algorithms that achieve maximum load O(m/n) [11, 19, 21].

A central role in solutions of the off-line orientation problem with (w,h) = (1,2) is
played by the k-core of a graph, being the largest subgraph with minimum degree at least
k. The sharp threshold for the k-orientability of the random graph G(n,m) = G,,,» was
found in [5], and simultaneously by Fernholz and Ramachandran [12]. These were proofs
of a conjecture of Karp and Saks that this threshold coincides with the threshold at
which the (k 4 1)-core has average degree at most 2k. (It is obvious that a graph cannot
be k-oriented if it has a subgraph of average degree greater than 2k.) In each case, the
proof analysed a linear time algorithm that finds a k-orientation a.a.s. (asymptotically
almost surely) when the mean degree of the (k + 1)-core is slightly less than 2k. In this
sense, the algorithms are asymptotically optimal since the threshold for the algorithms
succeeding coincides with the threshold for existence of a k-orientation. The proof in [12]
was significantly simpler than the other, which was made possible because a different
algorithm was employed. It used a trick of ‘splitting vertices’ to postpone decisions and
thereby reduced the number of variables to be considered.

During the preparation of this paper, three preprints appeared by Frieze and Melsted
[14], Fountoulakis and Panagiotou [13], and Dietzfelbinger, Goerdt, Mitzenmacher,
Montanari, Pagh and Rink [10], which independently study the threshold of (1,1)-
orientability of G, .p, i.e., the case w = k = 1. This has applications to cuckoo hashing.
However, there seems to be no easy way to extend the proofs in [10, 14, 13] to solve for
the general case k > 1, especially when w > 1.

In this paper, we solve the generalization of the conjecture of Karp and Saks mentioned
above, for fixed h > w > 0, provided k is sufficiently large. That is, we find the threshold
of (w, k)-orientation of random hypergraphs in G, ;. The determination of this threshold
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helps to predict loads in the off-line w-out-of-h disk scheduling problem, where the
randomness of the hypergraph is justified by the random initial allocation of file segments
to disks. We believe furthermore that the characterization of the threshold in terms of
density of a type of core, and possibly our method of proof, will potentially help lead to
fast algorithms for finding asymptotically optimal orientations.

Our approach has a significant difference from that used in the graph case when
(w,h) = (1,2). The algorithm used in [12] does not seem to apply in the hypergraph case,
at least, splitting vertices cannot be done without creating hyperedges of larger and larger
size. The algorithm used by [5], on the other hand, generalizes in an obvious way, but
it is already very complicated to analyse in the graph case, and the extension of the
analysis to the hypergraph case seems formidable. However, in common with those two
approaches, we first find what we call the (w,k 4 1)-core in the hypergraph, which is an
analogue of the (k + 1)-core in graphs. We determine the size and density of this core
when the random hypergraph’s density is significantly larger than what is required for
the core to form. This result may be of independent interest, and uses the differential
equation method in a setting which contains a twist not encountered when it is applied
to the graph case: some of the functions involved have singularities at the starting point.
(See Section 3 for details.)

To determine the (w, k)-orientability threshold of G, ., requires information on the size
of the (w,k + 1)-core, and this is given in Theorem 2.2. It is unnecessary for us to determine
the threshold of appearance of this core, since we will focus mostly on G, well above
this threshold. To characterize (w,k)-orientability, we use the natural representation of
the orientation problem in terms of flows. It is quite easy to generalize the network flow
formulation from the case h = 2, w = 1 to the arbitrary case (see Section 4 for details),
giving a problem that can be solved in time O(m?) for m = ®(n). Unlike the approaches
for the graph case, we do not study an algorithm that solves the load balancing problem.
Instead, we use the minimum cut characterization of the maximum flow to show that a.a.s.
the hypergraph can be (w,k)-oriented if and only if the density of its (w,k + 1)-core is
below a certain threshold. When the density of the (w,k 4 1)-core is above this threshold,
it is trivially too dense to be (w,k)-oriented. Even the case w =1 of our result gives
a significant generalization of the known results. We prove that the threshold of the
orientability coincides with the threshold at which a certain type of density (in the case
w = 1, this refers to the average degree divided by h) of the (w,k 4 1)-core is at most k,
and also the threshold at which a certain type of induced subgraph (in the case w =1,
this refers to the standard induced subgraph) does not appear. For the graph case, our
method provides a new proof (for sufficiently large k) of the Karp—Saks conjecture that
we believe is simpler than the proofs of [5] and [12].

We give precise statements of our results, including a definition of the (w,k + 1)-core,
in Section 2. In Section 3 we study the properties of the (w,k + 1)-core. In Section 4, we
formulate the appropriate network flow problem, determine a canonical minimum cut for
a network corresponding to a non-(w, k)-orientable hypergraph, and give conditions under
which such a minimum cut can exist. Finally, in Section 5, we show that for sufficiently
large k, such a cut a.a.s. does not exist when the density of the core is below a certain
threshold.
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An extended abstract for this paper appeared in STOC 2010 [16]. A quite different
approach to the problem considered here, enabling determination of the thresholds for the
existence of (w,k)-orientations for all k > 1 and h > w > 1, was reported after submission
of this manuscript by Lelarge (A new approach to the orientation of random hypergraphs,
in SODA'12, pp. 251-264).

2. Main results

Throughout this paper, h > w > 0 and k > 1 are fixed. Let H be any h-uniform hypergraph
H. We are interested in whether a (w,k)-orientation of H exists. We call a vertex light
if its degree is at most k. For an arbitrary light vertex v, since v cannot possibly have
indegree greater than k in any orientation, we can assume that v is given the positive sign
with respect to any incident hyperedge x. We call this partially orienting x towards to v.
Next, remove v from H, and for each hyperedge x incident with v, simply update x by
removing v from x. Then the size of x decreases by 1. Moreover, in order to obtain a
(w, k)-orientation of H, the number of vertices of x requiring positive sign decreases by
1 in the new hypergraph. This step can be repeated. If, during this process, the size of
a hyperedge happens to fall to h — w, then its requirement of positive vertices has been
fulfilled and we can simply remove that hyperedge from the hypergraph. Repeating this
until no light vertex exists, we call the remaining hypergraph H the (w,k + 1)-core of
H. Uniqueness of the (w,k + 1)-core follows from the obvious fact that once a vertex or
hyperedge qualifies for removal, the later steps cannot change that property. Every vertex
in the core H has degree at least k + 1, every hyperedge has size between h —w + 1 and
h, and every hyperedge in H of size h — Jj just requires a (w — j)-orientation in order to
obtain a w-orientation of the original hyperedge in H.

In order to simplify the notation, we will normally consider H € Gy, and use n and p
to denote the number of vertices and average degree of H respectively, and my,_; for the
number of hyperedges of size h — j in H. Similarly, i = fi(n) denotes hin/n, the average
degree of H. These parameters are illustrated as follows:

H

H : the (w,k + 1)-core of H

n : number of vertices ] b r :
m : number of hyperedges " number of vertices . .
7+ average degree N my—; : number of hyperedges of size h — j
h : size of each hyperedge i average degree

We are concerned with Gpmpu, but we may consider instead a related probability
space of multi-hypergraphs, called M; 5, defined as follows. Start with 7 vertices and
independently at random choose m hyperedges in the following way. Each hyperedge x
is of size h, and the h vertices in x are chosen independently, uniformly at random from
[a], with replacement. Immediately, Gy, 1s the same as My 5, conditioned on the event
that the hypergraph is simple (i.e., no two hyperedges are identical and no hyperedge
contains a repeated vertex). It turns out that Mj ) is easier to analyse than Gy 75, due to
the abundance of independence in its definition. Moreover, there are standard tools (e.g.,
Lemma 3.1) allowing us to translate properties of M 4 to Giap. Actually M;z, may be
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a more accurate model for the off-line load balancing problem in some applications. For
a non-negative integer vector m = (my,...,m;), we also define the probability space Mm
to be the obvious generalization of M,,,,,; to non-uniform multi-hypergraphs in which m;
is the number of hyperedges of size i.

All our asymptotic notation in this section refers to 7 — oo, and 7 is a function of 7.

We consider a random multigraph H € Mj;, and its (w,k + 1)-core H. Our first
observation concerns the distribution of H and its vertex degrees. Let Multi(n, m, k + 1)
denote the multinomial distribution of n integers summing to m, restricted to each of the
integers being at least k + 1. We call this the truncated multinomial distribution. Recall
that h >w > 1 and k > 1 are fixed integers.

Proposition 2.1. Let H be a random hypergraph distributed as in Mz and let H be its
(w,k + 1)-core. Conditional on its number n of vertices and numbers my,_; of hyperedges of
size h—j for j =0,...,w—1, the random hypergraph H is distributed uniformly at random.
Furthermore, under the same conditioning, the distribution of the degree sequence of H is
the truncated multinomial distribution Multi(n,m,k + 1) where

w—1
m=" (h=jym;
j=0

The following theorem shows that the numbers of vertices and hyperedges of H are
highly concentrated around the solution of a system of differential equations. The theorem
covers the cases for any arbitrary h > w > 2 and holds for all sufficiently large k. The
special case w = 1 has been studied by various authors and the concentration results can
be found in [5, Theorem 3], applying for all k > 0.

Theorem 2.2. Let h > w > 2 be two fixed integers. Assume that for some constant ¢ > 1
we have ck < p:=hm/n. Let H € Mzump and let H be its (w,k + 1)-core. Let n be the
number of vertices and my,_; the number of hyperedges of size h — j of H. Then, provided k
is sufficiently large, there are constants o > 0 and fj,_; > 0, depending only on i, k, w and
h, for which a.a.s. n ~ o and my_; ~ By for 0 <i < w — 1. The same conclusion (with
the same constants) holds for H € Gy mp.

Note. The specification of the constants o and f—; in the theorem is rather complicated,
so we postpone it to (3.3) below. It involves the solution of the differential equation system
given in (3.4)—(3.14).

Let P be a hypergraph property and let M;;, € P denote the event that a random
hypergraph from M, has the property P. Following the definition in [1, Section 10.1],
we say that P has a sharp threshold function f(n) if, for any constant ¢ > 0, we have
P(Msmn € P) — 1 when m < (1 —€)f(n) and P(Mzzpn € P) — 0 when m > (1 + €)f (7).
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Let x(H) denote

w—1

> v = jymyj/n,

j=0

which we call the w-density of H. We similarly define the w-density of any hypergraph
all of whose hyperedges have sizes between h —w + 1 and h. It helps to notice, by the
definition of w-density, that

nic(H) = d(H) — (h — w)m,

where d(fl ) denotes the degree sum of H and m = Z;V;Ol my—;. The following theorem

shows, roughly speaking, that K(ﬁ ) is an increasing function of the average degree of H
when H is random.

Theorem 2.3. Provided that k is sufficiently large, there exists a strictly increasing function
c(*) such that the following holds for any constants c; > c¢1 > 1. Let H € Mz with c1k <
oL < cok where i = hin/ni, and let H be the (w,k + 1)-core of H. Then a.a.s. k(H) ~ c(t).

Definition 2.4 (property 7). A hypergraph H has property 7 if K(fl ) < k, where H is
the (w,k + 1)-core of H.

Theorem 2.3, together with a known relation between Mj, and Gump (Lemma 3.1)
immediately gives the following.

Corollary 2.5. Provided that k is sufficiently large, there exists a function f(i) that is a
sharp threshold function for the hypergraph property T in both My and Gy .

The function ¢(f1) in the theorem, and the threshold functionf(7), are determined by
the solution of the differential equation system (3.4)—(3.14) below.

A (w,k)-orientation of a uniform hypergraph is defined in Section 1. For a non-uniform
hypergraph G with sizes of hyperedges between h —w + 1 and h, we define a (w,k)-
orientation to be a simultaneous (w — j)-orientation of each hyperedge of size h — j such
that every vertex has indegree at most k. Immediately, a hypergraph H has a (w,k)-
orientation if and only if its (w,k + 1)-core H has a (w, k)-orientation. By counting the
positive signs in orientations, we easily see that if H does not have property 7, then there
is no (w, k)-orientation of H, and hence there is no (w, k)-orientation of H.

For a non-negative integer vector m = (my,_y41,...,my), we let M(n,m,k + 1) denote
Mum restricted to multi-hypergraphs with minimum degree at least k 4+ 1. Note that if
H € M then, conditional on its (w,k + 1)-core H having n vertices, and hyperedge
sizes in accordance with m, Proposition 2.1 implies that H has the same distribution as
G € M(n,m,k 4+ 1). Consequently, instead of trying to study H directly, we can study
M(n,m, k + 1).

Given a set S of vertices, we say a hyperedge x is partially contained in S if [xN S| > 2.
It is likely that a small set of vertices in a random hypergraph will not contain, even
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partially, very many hyperedges. The following gives a precise version of this property
that will give a technical advantage in the proof of our main theorem. The reason we
choose this particular version should make sense later in the proof.

Definition 2.6. Let 0 <y < 1. We say that a multi-hypergraph G has property A(y) if,
for every non-empty S < V(G) with |S| < y|V(G)|, the number of hyperedges partially
contained in S is strictly less than k|S|/2w.

In the following proposition, m = m(n) denotes an integer vector for each n.

Proposition 2.7. Let y be any constant between 0 and 1. There exists a constant N >0
depending only on 7y, such that for all k > N and any € > 0, if m(n) satisfies

w—1

Z(W — j)mp—j(n) < kn—en for all n,

j=0
then G € M(n,m(n),k + 1) a.a.s. either has a (w,k)-orientation or does not have property
A().

We show in the forthcoming Corollary 4.3 that for certain values of y, a.a.s. H has
property A(y) if the average degree of H is at most hk/w. We will combine this with
Corollary 2.5 and Proposition 2.7, together with Lemma 3.1, to obtain our main result.
Recall that h > w > 0 are two fixed integers.

Theorem 2.8. Let k be a sufficiently large constant. Let f(n) be the threshold function of
property T, whose existence is asserted in Corollary 2.5. Then f(n) is a sharp threshold for
the (w,k)-orientability of both Muzy and Gy mp.

Recall that f(7) is determined by the solution of the forthcoming differential equation
system (3.4)—(3.14).

Finally, we show that f(7) is also a threshold for Mj ;) (and Grmp) to contain a certain
type of induced subgraph with density greater than k. For any vertex set S < V(H),
define the subgraph w-induced by S to be the subgraph of H on vertex set S with set
of hyperedges {x' =xNS : x € E(H) and |x'| > h —w + 1}. Call this hypergraph Hs. It
helps to notice that H is the largest w-induced subgraph of H with minimum degree at
least k + 1. From the above results and a relation between (w,k)-orientability and the
greatest density of all w-induced subgraphs (see Lemma 4.4), together with Lemma 3.1,
we will obtain the following.

Corollary 2.9. The following three graph properties of H € Mg mpn (or Gumn) have the same
sharp threshold.
(i) H is (w,k)-orientable.
(i1) H has property T.
(iii) There exists no w-induced subgraph H' = H with k(H') > k.
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We prove Theorems 2.2 and 2.3, and Corollary 2.5, in Section 3, where the size and
density of the (w,k 4 1)-core of H € Mj, are analysed. In Section 4, using network
flows, we will prove Theorem 2.8 and Corollary 2.9, as well as some lemmas to be used in
Section 5. In that final section, we prove Proposition 2.7 using the characterization of the
(w, k)-orientability of hypergraphs presented in Section 4.

3. Analysing the size and density of the (w,k + 1)-core

A model of generating random graphs via multigraphs, used by Bollobas and Frieze [4]
and Chvatal [8], is described as follows. Let P;; be the probability space of functions
g : [m] x [2] — [n] with the uniform distribution. Equivalently, P can be described as
the uniform probability space of allocations of 2m balls into 7 bins. A probability space
of random multigraphs can be obtained by taking {g(i,1),g(i,2)} as an edge for each i.
This model can easily be extended to generate non-uniform random multi-hypergraphs
by letting m = (my,...,my,) and taking Pim = {g : UL, [m;] x [i] > [#]}. Let Msm be the
probability space of random multi-hypergraphs obtained by taking each {g(j, 1),...,g(j,i)}
as a hyperedge, where j € [m;] and 2 <i < h. (Loops and multiple edges are possible.)
Note that M m, where m = (m;) = (), is a random multigraph; it was shown in [8] that
if this is conditioned on being simple (i.e., no loops and no multiple edges), it is equal to
Gnm2, and that the probability of a multigraph in M ) being simple is Q(1) if m = O(#).
This result is easily extended to the following result, using the same method of proof.

Lemma 3.1. Assume h > 2 is a fixed integer and m = (my, ..., my) is a non-negative integer
vector. Assume further that Z?:z m; = O(n). Then the probability that a hypergraph in Mym
is simple is Q(1).

Cain and Wormald [6] recently introduced a related model to analyse the k-core of
a random (multi)graph or (multi)hypergraph, including its size and degree distribution.
This model is called the pairing-allocation model. The partition-allocation model, as defined
below, is a generalization of the pairing-allocation model, and enables easy analysis of
cores of multi-hypergraphs with given numbers of hyperedges of given sizes.

Given h > 2, n, m = (my,...,my), L =(l,...,1;) and a non-negative integer k such that
D — ¢ > kn, where

h h
D= Z iml- and /= Z li,
i=2 i=2

let V be a set of n bins, and M a collection of pairwise disjoint sets {M>,..., M}}, where
M, is a set of im; balls partitioned into parts, each of size i, for all 2 <i < h. Let Q be an
additional bin to V. It may assist the reader to know that Q ‘represents’ all the hyperedge
incidences at vertices of degree less than k, and [; is the number of these incidences in
edges of size i. The partition-allocation model P(V,M,L,k) is the probability space of
ways of allocating balls to bins in the following way. Let C = {ca,...,¢;} be a set of
colours. Colour balls in M; with ¢;. (The function of the colours is only to denote the size
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of the part a ball lies in.) Then allocate the D balls uniformly at random (u.a.r.) into the
bins in ¥ U {Q}, such that the following constraints are satisfied:

(i) Q contains exactly ¢ balls;
(ii) each bin in V contains at least k balls;
(iii) for any 2 < i < h, the number of balls with colour ¢; that are contained in Q is I;.

We call Q the light bin and all bins in V' heavy. To assist with the analysis in some
situations, we consider the following algorithm, which clearly generates a probability space
equivalent to P(V,M, L, k). We call this alternative the allocation-partition algorithm since
it allocates before partitioning the balls. First, allocate D balls randomly into bins {Q} U V
with the restriction that Q contains exactly / balls and each bin in V' contains at least k
balls. Then colour the balls u.a.r. with the following constraints:

(i) exactly im; balls are coloured with c;;
(ii) for each i = 2,..., h, the number of balls with colour ¢; contained in Q is exactly ;.

Finally, take u.a.r. a partition of the balls such that for each i =2,...,h, all balls with
colour ¢; are partitioned into parts of size i.

To prove Theorem 2.2, we will convert the problem to a question about P(V, M, L,k + 1),
in particular the (w,k + 1)-core of the hypergraph induced in the obvious way by the bins
containing at least k + 1 balls.

A deletion algorithm producing the k-core of a random multigraph was analysed in
[6]. The differential equation method [27] was used to analyse the size and the number of
hyperedges of the final k-core. The degree distribution of the k-core was shown to be a
truncated multinomial. We now extend this deletion algorithm to find the (w,k + 1)-core
of H in My, and Gy . We describe the algorithm in the setting of representing multi-
hypergraphs using bins for vertices, where each hyperedge x is a set h(x) of |x| balls.
Initially, let LV be the set of all light vertices/bins, and let LV = V(H)\ LV be the set
of heavy vertices. A light ball is any ball contained in LV

RanCore Algorithm to obtain the (w, k + 1)-core
Input: an h-uniform hypergraph H. Set t := 0.
While neither LV nor LV is empty,
t=t+1;
Remove all empty bins;
U.a.r. choose a light ball u. Let x be the hyperedge that contains u and let v be
the vertex that contains u;
If x| > h—w+ 2, update x with x \ {u},
otherwise, remove this hyperedge x from the current hypergraph. If any vertex
v" € LV becomes light, move v’ to LV together with all balls in it;
If LV is empty, output the remaining hypergraph, otherwise, output the empty graph.

We prove Proposition 2.1 and Theorem 2.2 by analysing the RanCore algorithm using
the partition-allocation model and the allocation-partition algorithm, which generates
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P(V,M,0,k + 1). Define

—H . 'u —1_ _#.ﬁ 31
Ze et (3.1)

for any integer k > 0. By convention, define fi(u) =1 for any k <0. Let Z>) be a
truncated Poisson random variable with parameter /4 defined by

et )

iz jv
Note that it follows that P(Z>x) = j) = 0 whenever j < k. The following proposition will
be used in the proof of Theorem 2.2 and in Section 5.

P(Zi=k = Jj) = for any j > k. (3.2)

Proposition 3.2. For u >k + 1, there exists a unique real /. satisfying Afi(A) = ufivr1(4).
Moreover, u > A, and if u > ck for a fixed ¢ > 1, then y— 4 — 0 and fr(A) —> 1 as k — oo.

Proof. Since yfi(y)/fr+1(y) is monotonic in the domain y > 0, as shown in [24, Lemma 1],
there exist a unique A > 0 that satisfies Af;(1) = pufr+1(4) as long as

u> mf{Yfk )/ fre1(y)} =k + L.

Since fr(4) = fi+1(A) for all k > —1, it follows directly that u > A. For k — oo, we use
well-known simple bounds on tails of the Poisson distribution. Set ¢ = 1+ 3a, where
o> 0.If 2 <k+ ok, then

|k+2ak | i+ | k-+20k |

Afx(2) ~ Z ei.— (1+o(1))(k +20k) Y~ e

Jj=k

;Lj+1
(j+ D!

< Ckfkﬂ(i) < ufiks1(4),

a contradiction. So 4 > k + ak, whence fr(1) and f1(4) are both 1+ o(1/1) and thus
A—uw=o(l). O

The following is essentially [28, Lemma 4.2].

Lemma 3.3. Let ¢ >0, 6 be constants. Let (Y;);>1 be independent random variables such
that |Y;] < c always and EY; < 6 for allt > 1. Let Xo =0 and X; = Zig: Y; forall t > 1
Then for any € > 0, a.a.s. X,, < on + en. More precisely,

P(X, > on+ en) < exp(—Q(e*n)).

Proof of Proposition 2.1. Consider an element H € M, arising from P € Py, where

=(0,...,0,m) with m corresponding to the value of the coordinate m;,. If we merge all
the bins of P containing k or fewer balls into one bin Q, we obtain in an obvious way
an element P’ € P(V,M, L,k + 1) for an appropriate sequence L = (0,0,...,Ly) where
Ly is the total degree of light vertices (vertices with degree at most k) in H. Given the
parameters (V,M, L,k + 1), the number of P that will produce P’ is independent of P’.
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It follows that, conditional on the total degree of the light vertices in H, this generates
P(V,M,L,k + 1) with the correct distribution. Moreover, the hypergraph induced by the
vertices of H of degree at least k + 1 is also induced in the obvious way by the heavy
bins of P’. Hence, it suffices to study the (w,k + 1)-core of this hypergraph, conditional
upon any feasible L. Because of the correspondence between P(V,M,L,k + 1) and the
random multi-hypergraphs, we sometimes call bins in V vertices and the degree sequence
of V' denotes the sequence of numbers of balls in bins in V.

To this end, we adapt the RanCore algorithm in the obvious way to be run on
P(V,M,L,k 4 1), as follows. In each step ¢, the algorithm removes a ball, denoted by u,
chosen u.a.r. from all balls in Q. If the colour of u is ¢;—; for i <w — 1, the algorithm
recolours the balls in the same part as u with the new colour ¢,_;_;. If the colour of u is
Ch—w+1, the algorithm removes all balls contained in the same part as u, and if any heavy
bin becomes light (i.e., the number of balls contained in it becomes at most k) because
of the removal of balls, the bin is removed and the balls remaining in it are put into Q.
This clearly treats the heavy bins of P’ in a corresponding way to RanCore treating the
heavy vertices of H. Thus, the modified RanCore stops with a final partition-allocation
that corresponds to the (w,k 4 1)-core of H, and this is what we will analyse.

For easier reference, let g, denote the random partition-allocation derived after t steps
of this process. Let V; denote its set of heavy bins and let M, be the class of sets
{Mip—wt1,..., My} such that My;_; denotes the set of partitioned balls with colour ¢;_;
ing for0<j<w—1 Letmy; =[My—;|/(h—j)and m = (mp—t1,...,mep). Let Lypj
denote the number of balls with colour ¢;—; in Q and let L = (Lyp—y41,..., L p). Let

w—1
Li=) Lyj
j=0

Initially, go = P', Vo =V, etc.

There is a straightforward way to see, by induction on ¢, that the partition-allocation
g;, conditional on V;, M; and L,, is distributed as P(V,,M,,L;,k 4+ 1). We have already
noted that this is true for t = 0. For the inductive step, it suffices to note that that for
any t > 0, conditional on the values of V;,,M,, L, for g, the probability that g,.; is any
particular member g’ of Vi1, M,41, L1y does not depend on g'. This is because of three
facts. Firstly, g, is uniform conditional on the parameters at step t. Secondly, the change
in the parameters determines which type of step the algorithm is taking (e.g., if a heavy
bin becomes light). Thirdly, each possibility for g, is reachable from the same number
of g; and, given the type of step occurring, each such transition has the same probability
of occurring as step ¢ + 1.

Furthermore, it is easy to see that the degree distribution of the (w,k + 1)-core, condi-
tional on the number of hyperedges of each size, is truncated multinomial. This is because,
for any V and M, the allocation-partition algorithm which generates P(V,M, 0,k + 1)
produces a truncated multinomial distribution for the degrees of vertices in V. Ul

The proof of Theorem 2.2 uses the differential equation method (d.e. method). In
particular, we use the following special case of [28, Theorem 6.1]. For each n > 0, let a
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sequence of random vectors (Yt(l), R Yr(l))ogtgm be defined on a probability space Q,. (We
suppress the notation n.) Let U; denote the history of the process up to step t.

Theorem 3.4. Suppose that there exists C > 0 such that, for each i, YV < Cn always. Let

D < R and let the stopping time T be the minimum t such that (t/n, Yt(l)/n,...,Y,(”/n) ¢

D. Assume further that the following three hypotheses are satisfied.

(a) Boundedness hypothesis. There is a constant C' > 0 such that, for all 0 <t < min
{m, T}, |Yiy1 — Y| < C' always.

(b) Trend hypothesis. There exist functions f; for all 1 < i <[ such that

EY =Y U) = fit/n, YO . YO /) + o(1),

Sor all 0 <t < min{m, T} and all 1 < i< L

(c) Lipschitz hypothesis. For every 1 < i < I, the functions f; are Lipschitz-continuous in all
of their variables on a bounded connected open set D, where D contains the intersection
of (t,zM, ...,z 1t > 0) with some neighbourhood of

0,z,...,z0 :P(Y()(i) =0 1<i<)#0 for some n).

Then the following conclusions hold.

(a) For any (0,20, ... 20) € D, the differential equation system
d z;
ds

has a unique solution in D for z; : R — R with the initial conditions

= fi(s,z1,...,21), i=1,...,1

z(0) =29 i=1,...,1,

where the solution is extended arbitrarily close to the boundary of D.
(b) Asymptotically almost surely,

Y[(i) = nz;(t/n) + o(n)

uniformly for all 0 <t < min{on, T}, where o is the supremum of all x such that the
solution (z)(x))1<i<; to the differential equation system lies inside the domain D.

Our usage of a.a.s. in conjunction with other asymptotic notation such as o() conforms
to the conventions in [29]. For more details of the method and proofs, readers can refer to
[27, Theorem 1], [28, Theorem 5.1] and [28, Theorem 6.1]. In our case, Q, is the probability
space of sequences of random partition-allocations generated by running the RanCore
algorithm on graphs with n vertices, where t refers to the tth step of the algorithm and
the Y; are variables defined during the algorithm.

The idea of the proof of Theorem 2.2 is, roughly speaking, as follows. We use the d.e.
method to analyse the asymptotic values of random variables defined on the random
process generated by the RanCore algorithm. The difficulty arises from the fact that the
natural functions f; for our application are not Lipschitz-continuous at x = 0. To avoid
this, we artificially modify the f; in a neighbourhood of the problem point, and show
that the solution to the new differential equation system coincides with the original inside
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a domain Dy which contains all points relevant to the random process. Theorem 3.4
then applies to show that the asymptotic values of the random variables inside Dy are
approximated by the solution of the system, and we analyse the random variables when
they leave Do. We show that provided k is sufficiently large, the algorithm then terminates
quickly, which allows us to estimate the size and density of H.

Proof of Theorem 2.2. It was shown in the proof of Proposition 2.1 that for every ¢,
conditional on the values of V;, M, and L,, the partition-allocation g; is distributed as
PV, My, L, k + 1). After step t of the RanCore algorithm, define (or recall) the following
random variables:

B; total number of balls remaining;
B;j—; number of balls coloured ¢;—;;

A;; number of bins containing exactly i balls;

A;  Aix+1 (the number of bins containing exactly k + 1 balls);

L, number of light balls;
L;p—; number of light balls that are coloured cj_;;
H;j—; number of balls contained in heavy bins that are coloured c¢j_;;

HV, |V (the number of heavy bins).

Note that Hyp_j=Bip_j— Lipj.

Recall that n and my,_; denote the number of vertices and the number of hyperedges of
size h — j in H, the (w,k + 1)-core of H, and i denotes its average degree. We show that
if i > ck for some ¢ > 1 and k is sufficiently large, then a.a.s. n ~ afi and my,_; ~ ;i for
some constants o« > 0, B,_; > 0 which are determined by the solution of the differential
equation system given below, on a domain Dy defined below (3.14). In particular, we will
show that

a=zpy(x"), Punj=zup—j(x")/(h—j), (3.3)

where x" is the smallest positive root of z;(x) = 0.

The d.e. method relies on a relation between solutions of a differential equation system
and the random variables of the process under consideration. We will use subscripts of
the real valued functions to indicate their corresponding random variables. For instance,
the real function z;;_;(x) is associated with the random variable L,;_;. The differential
equation system is as follows:

2 () = 2L <_1 _ (h—J—l)Zth>

ZL ZB,h—j
4 ELhowet ((h —WizHhwt K+ Dza o ZHh- >
zL ZBh—w+1 g —ZL Zp —ZL
Zrh—j+t (W= J)zip—jr1 .
n L =1 w—1, (3.4)
ZL ZBh—j+1
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by g (M= —=1D)zh g
ZH,h—/(x) - L ( 2B j
 ZLj—w+l <(h —WzHhwet K+ Dza oz )
ZL ZB,h—w+1 ZB — ZL ZB — ZL
| ZLhmjt (h _]')ZH,h—j-H’ P 1w, (35)
ZL ZB,h—j+1
h—w - h—w —w 1
2 (x) = —1 4 Lot (_(h W)ZLh—w+1 b (h— ) - S (k+ )ZA> (3.6)
ZL ZBh—w+1 ZB,h—w+1 ZB —ZL
Z};(X) — _1 _ (h - W)ZL,h—\V"v‘l (3.7)
ZL
Z(x) = _Zihowtt (M= w)zppowir (kK +1)z4 (3.8)
ZL ZB,h—w+1 ZB — ZL
1) = A ((zp fiL)ZHV — (2B — z)zy ) fks1(4) - (39)
zy (fk(A) + e # 4% /(k — 1)! = ((zg — zL)/znv) - e A% /k!)
w—1
zia(x) = zL(x Zth LX), zua(x) = z(x) = zL(X) = Dz (X), (3.10)
z2gp—j(x) = zpp—j(X) + zrp—j(x), forevery 0 <j<<w—1, (3.11)
}v(x)kH
= 3.12
0= T Do 2
where fi(4) was defined in (3.1). The initial conditions are
zg(0) =1, zpp—j(0)=0, zpp—j(0)=0, foralll <j<<w—1, (3.13)
zp(0) = a(1 — fi(@), zmv(0) = 1 —exp(—p) Z f/il,  2(0) =L (3.14)

i=0
Let Dy be the domain of all points such that x € R, 0 < zpp—j < zpjp—j, ZLh—j < 2L
forall 0 < j<w—1,2z, >0,z —2z; >0, zgy >0 and (zg — z1.)/zgy = k + 2. (The last
inequality W111 be used to ensure that >k + 1 as assumed in Proposition 3.2.) We will
call the right-hand sides of (3.4)—(3.9) the derivative functions, and at present we regard
them to be only defined in Dy. It is straightforward to check that for any point z* € Dy
such that z; ;_; = zp—; = 0, the functions specified on the right-hand sides of (3.4)—(3.8)
tend to 0 when z approaches z* from the interior of Dj. For example, note that the term

ZLh=j “(h—j _1).%

ZL ZBh—j

on the right-hand side of (3.4) is bounded above by (h — j — 1)zp ;—;/z1. since
lzLn—j/zBp—jl <1

when z € Dy. Hence, it tends to 0 if z — z*. The same applies to similar terms in (3.4)—(3.8).
As part of our definition of the differential equation system (3.4)—(3.14), we now declare
the values of these terms at such points z* to be 0.

In applying Theorem 3.4, the variable x will be associated with t/fi. As mentioned
above, the variable z;;_j(x) is associated with the variable L,;_;/n, which we call the
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scaled version of the random variable L,;_;. We do the same for the other random
variables, and call t/7 the scaled version of t.

There are two kinds of problems with the Lipschitz property required in Theorem 3.4(c).
The first is caused by terms in the equations with denominators z;, or zg — z;, appearing in
the derivative functions, which are potentially 0, causing singularities. These are relatively
easy to take care of since they do not become small until near the end of the process.
For any fixed constant € > 0, define Dy(¢) to be the connected subset of Dy obtained by
restricting to z such that z;, > e and zp — z; > e. We will basically restrict consideration
to points in Dy(e). Let T be the (stopping) time at which the vector of scaled random
variables leaves Dy(e). Let t A T denote min{t, T}. The conclusion of Theorem 3.4 will
give information on the scaled random variables up to the step when they reach the
boundary of the domain Dy(e). This gives us information about (g7 )ogi<r, Where g; is
the partition-allocation obtained after step t. At that point we will need some further
observations to show that the process finishes soon afterwards.

The second type of problem comes from denominators containing zpj—;, which can be
0 even right at the start of the process. This poses a difficulty since the theorem requires
the derivative functions to be Lipschitz in an open domain containing the starting point.
To deal with this, we will, at an appropriate point below, extend the differential equations
into a larger connected open domain D o Dy, and correspondingly extend Dy(e) to D(e).
We will actually apply Theorem 3.4 with D = D(e) and D= Dy(e).

We first verify hypotheses (a) and (b) of Theorem 3.4, which are unrelated to the
choice of D(e). It is easy to see that the change of each random variable at every step of
the algorithm is bounded. This is because at every step, the number of balls deleted (or
recoloured, or moved from heavy bins to the light bin Q) is bounded. Thus, Theorem 3.4(a)
clearly holds.

To verify hypothesis (b), we will need to show that the expected one-step change of
each random variable, such as L,;_;, can be approximated to within o(1) error by some
function of the scaled variables. Replacing the scaled variables in these functions by their
associated real variables will give the derivative functions in (3.4)—(3.8).

Let g, be the partition allocation obtained after step t. At step t+ 1, a partition-
allocation g, is to be obtained by applying the RanCore algorithm to g;. Let v be the
ball randomly chosen by the algorithm from Q. Let C(v) be the colour of v, so C(v) =h — j
for some j. If j < w — 1, the algorithm removes another h — j — 1 balls that are uniformly
distributed among all balls with colour ¢,_; since g; € P(V;,M;, L,k + 1) as proved in
Proposition 2.1. If j = w — 1, then the algorithm removes v together with another h —w
balls which are chosen u.a.r. from all balls of colour ¢j_. If the removal of the h —w
balls results in some heavy bins turning into light bins, these bins are removed and the
balls remaining in these bins are put into Q.

Now we estimate the expected value of L;1p—j — Ly j—; for any 1 < j < w—1 and for
any 0 < t < 7 conditional on V;, M, L; and the event g, € P(V,,M,, L,k + 1). Given j, the
probability that C(v) = ¢j—; is Lyp—j/L;. If C(v) = cj—j, one ball of colour ¢;—; contained
in Q is removed, and another h — j — 1 balls of colour ¢;_; are recoloured with ¢;_;_; (or
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removed if j = w — 1). So the expected number of those balls that are contained in Q is
h—j—1)Lp
=T = Dlici g 4 o),
Bt,h—j

provided By;_; > logn (say). Hence

Lzhfj < (h _j_ I)Lzhj)
Sl Y A el S
Lt B[,h—j ( )

is the negative contribution to
E(Liyii—j — Lip—j | Vi, My, Ly, g € P(Vi, My, Ly, k + 1)).
Note that we reach the same conclusion if B;;_; < logn because in that case
Lip—j/Li < Byp—j/Ly <logn/en = o(1).
The positive contribution to
E(Liyip—j — Lip—j | ViuMy, Ly, g € P(Vi,M;, L,k + 1))
comes from the following two cases.

Case 1: C(v) = cp_y+1. Here, the algorithm removes v and another h — w balls of colour
Ch—w+1- P(C(v) =h—w+ 1) = L j—w+1/L,. We first note that, for any 2 <i < h—w, the
contribution from the case that i of the h —w removed balls lie in a bin containing at
most k + i balls is at most ((k +i)/(B; — Lt))l_1 = o(1), since the definition of D = Dy(e€)
ensures that the denominator is at least en for t < T.

It only remains to consider the contribution from the case that a ball in a bin containing
exactly k + 1 balls is removed. For each ball removed, the probability that it is in a bin
containing exactly k + 1 balls is

Hz,h—w+1 . (k + I)Ar,k+1

Bip—w+1 B, — L,
The removal of such a ball causes the bin to become light. Since g, € P(V;,M,, L,k + 1),
the balls of each colour are uniformly distributed among all balls in the heavy bins, and

thus the expected number of balls of colour ¢;_j, for 0 < j < w — 1, among the remaining
k balls in the bin is

+o(1).

Hz,h—j
B, — L,
In total, h —w balls of colour ¢;_,4; are removed, other than v. Hence the expected
contribution to

k-

+o(1).

E(Lit1—j — Lep—j | Viu M, Ly, g € P(Vi, M, Lk + 1))

is

Lijp—w H k+1)A H, i
(h—w) - Lot oo ket DAy Hiney +o(l),
t

Lz Bz,hfw-&-l Bz - Lt Bt —L

Case 2: C(v) = ¢j—j+1. The algorithm removes v, chooses another h — j balls v.a.r. from
those of colour ¢j_j;1, and recolours them with ¢;_;. Since P(C(v) = ¢h—j41) = Lip—j+1/ L,
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conditional on C(v) = ¢;—j+1, the expected number of balls of colour c,—jy; that are in
the light bins and are recoloured is

L.y
(h—j)- 5=+ o(1),
t,h—j+1

provided B;j_j41 > logn. Hence the positive contribution to
E(Lz+1,hfj - Lr,hfj | Vr, Mz,Lts g € P(Vr, Mz» Ltsk + 1))
is

Lip—j+1 o Lep—jr
o Jr . h _ Lo JT 1
L, (h—1J) Bur i +o(1)

in this case. The same conclusion holds when By;_j;1 <logn for the same reason as
discussed before. Therefore

E(Ltﬂ,hfj - Lz,hfj | Vz, Mn Lla g € P(Vts Mts Lz, k + 1))
_ L <_1 _(h—=j— 1)Lt,hj) n Lip—js1  (h—j)Lip—js1
Lt Bt,h—j Lr Bz,h—j+1

Lip—w+1 ((h — W Hypws1 (K + DA
Ly

k- Hr,hfj

_l’_
Bip—w+1 B, — L, B, — L,

) +o(l),  (3.15)

for j=1,...,w — 1. Replacing the random variables on the right-hand side of (3.15) by
their associated real variables (noting that the scaling cancels out) gives the right-hand
side of (3.4). Using a similar approach to computing the expected changes of H,;_;, B,
D,, HV,, conditional on V;, M, L, and the event g, € P(V;, M, L;,k 4+ 1), we easily obtain
the derivative functions in (3.5)—(3.8). The equations

w—1 w—1

Lt,h = Lt - Z Lt,h—ja Ht,h = Bt - Lt - Z Ht,h—ja
i=1 i=1

Bij—j=Lip—j+Hy_j, foreveryh—w+1<j<h
are obvious, and lead to (3.10) and (3.11).

Let u, denote (B, — L;)/HYV,, the average degree of heavy vertices after step t. Corres-
pondingly we define a function pu(x) associated with the random variable y; to be

p(x) = (zp(x) — zL(x))/zny (X). (3.16)
Then, by Proposition 3.2, we may define A(x) by
AX)fi(A(x)) = p(x) frr1(A(x)) (3.17)

provided that u(x) > k + 1, which is guaranteed inside Dy(€). Let 1, = A(t/n), so that 4, is
the unique positive root of

Acfi (A
nﬁhﬂ‘“za (3.18)

Since g; € P(V,, M, L;,k + 1) for every t, by considering the allocation-partition al-
gorithm that generates P(V;, M;, L,k + 1), the degree sequence of the heavy vertices has

https://doi.org/10.1017/5096354831400073X Published online by Cambridge University Press


https://doi.org/10.1017/S096354831400073X

792 P. Gao and N. Wormald

the truncated multinomial distribution. Hence, by [6, Lemma 1],
e‘if/liﬁLl
(k + D! fks1(4)

where 1, satisfies (3.18). This gives (3.14).
Now (3.9), which gives the derivative of A(x), follows by taking the derivative of both
sides of (3.17),

Ar,k+1 ~ HV, (3-19)

df(2) ux)=u’(x)fk+1<z<x>>+u<x)deju) Z(x),

di J=(x) d2 J=(x)
where, by the definitions of fx(4) in (3.1) and u(x) in (3.16),

2 () fi(A(x)) + Ax)

dfi(2) A / (zg — z1)zmv — (2B — 2L)Zy
= 4 d = .
o ¢ G—y nd e 2,

Now we justify hypothesis (c). We will first extend the derivative functions (which, up
until this point, we restricted to D) into a larger domain D, which defines an extended
d.e. system, and show that these extended functions are continuous and Lipschitz inside
an open domain D(e) extended from Dy(e). Later we will show that the solution of the
extended d.e. system for 0 < x < T/n, with the same initial conditions as the original
system, is contained inside the domain Dy(e) and is thus the solution to the original d.e.
system.

We begin with the domain Dy(e), which was defined by restricting the points in Dy
to z;, > e and zp —z; > e. Recalling our treatment of the possible singularity zy,—; =
zpp—j = 0 just after (3.14), each derivative function is continuous in Dy(e). The only
potential problems for the Lipschitz property are the constant multiples of the function

ZLh—j ZLh—j
S = (3.20)
ZL ZB,h—j

fzLn—j, 21, 2B p—j) =

However, recalling that z; > €, 0 < zp;—; < zpj—; and zp;_; < zp in Dg(e), we have that
the partial derivatives of f(zr—j,zr,zps—;) With respect to z;—;, z;, and zpy_; are all
O(1/e), from which it follows that the derivative functions are Lipschitz in Dy(e).

Let zy denote the initial condition vector given by (3.13) and (3.14):

x=0, zp=p-fi(p), zp=p
k
zpy =1— eXP(—ﬁ)Zﬁi/i!, Zrh—j =2pp—j =0
i=0

for all 1 < j < w— 1. Note that z; lies on the boundary of both Dy and Dy(¢). Define

D = {(X)ZL,]’I—W#»ls"'5ZL,h—1aZB,h—W+19'"5ZB,]1—172L3 ZBaZHV) :
zp, >0,z —z, >0,z —zp > (k + 2)ZHV},

and let D(e) be the domain obtained by restricting points in D to those with z; > ¢ and
zp —z1, > €. Thus D(e) is the corresponding extension of Dy(e). Clearly zy is an interior
point in D and D(e). To extend the derivative functions to D, it is enough to extend the
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function f in (3.20). Define

f(zZLp—j> 2B h—js ZL) if 0 < zpp—j < zpp—jszBp—j > 0,
0 ifZLh,'=231,'=O
f (zLh—js 2Bh—jr2L) = " R (3.21)
Jh—j> ZB.h—j .
ZBh—j/ZL if zppj>zpp—j 20,

f*(|ZL,h—j|7 ‘ZB,h—jLZL) otherwise.

We have already shown that f is Lipschitz-continuous on Dy(e), which is the first case of
(3.21). Since z;, > € and zgp —z;, > € in D(e), ™ is Lipschitz-continuous on D(e). Hence,
if we modify the differential equation system (3.4)—(3.14) by replacing each expression
equivalent to f by f*, we obtain derivative functions that are Lipschitz-continuous in the
open domain D(e). Thus, hypothesis (c) holds for this system, which we call the extended
differential equation system.

We may now apply Theorem 3.4, to deduce that a.a.s. uniformly for every 0 <t < T,
L, =nzy(t/n) + o(n), and the same applies to all the other random variables under
consideration. We claim that the stopping time T coincides with the time at which L,/n
or (B, — L;)/n decreases to e. This follows by the following two observations, whose
verifications are only sketched here since they require straightforward analysis. (See [15,
pp. 86,87] for details.)

(i) The solution of the extended differential equation system is interior to Dy(e) for all
sufficiently small x > 0. In particular, for each solution function taking the value 0 at
x = 0, the lowest order non-zero derivative is positive. Thus, these functions become
positive for all sufficiently small x and thus the solution is inside Dy(e).

(i1) Once the solution is interior to Dy(e), the only boundaries of Dy(e) it can reach are
zp =€,z —zp =€, zgy = 0and (zg — z1)/zgy = k + 2. The other boundaries of this
domain are z;j—; =0, zp—j = zpj—; (i.e., znp—; =0), and zp;_; =z, for any j > 0.
For example, it cannot reach z; ,_; = 0 because the only negative contribution to the
derivative of zp j_; is proportional to z; j_; itself. In view of this, z;;_; < z;, for any
0 < j < w—1 and the last-listed boundary cannot be reached.

Let x(¢) be the smallest value of x such that z;(x) =€, zp(x) — zL(x) = €, zgy(x) =0
or zg(x) —zp(x) = (k + 2)zgy(x), i.e., £ =k + 2, considering the definition (3.16). Then
the solution to the extended differential equation system for all 0 < x < x(e) is also the
solution to the original differential equation system. Let x* be the smallest real number
such that z;(x*) =0, zp(x") — z.(x") =0, zgy = 0 or u = k + 2. Then the solution of the
original differential equation system can be extended arbitrarily close to x".

By the theorem’s hypothesis, it > ck for some ¢ > 1. We next show that for sufficiently
large k (depending on the value of ¢), the function zy(x) reaches O before zg(x) — zp(x)
or zgy(x) reach O or u reaches k + 2, and we also provide an upper bound of the value
of x*. Let zgy(x) = zp(x) — zL(x). Clearly

w—1 w—1

20 = ziaj(x) and zg(x) =Y zupj(x).

i=0 i=0
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0 (3.6), (3.7) and (3.8) immediately lead to

Z(x) < —1+ M’ Zh(x) = —h— M’ 2y (%) _M_ (3.22)
ZH ZH ZH

Let 0 = (1 — fx(i))m. Then the initial conditions give z;(0) = ¢ and zyx(0) = g — J. Since
it > ck for some ¢ > 1, we have é = exp(—Q.(k)). By Proposition 3.2, we may assume
that as long as pu(x) > ¢’k for some ¢’ > 1 and k sufficiently large, A(x), is well defined by
(3.17), and |u(x) — A(x)| < 1, which implies that z4(x)/zg(x) = exp(—Q(k)) by (3.19). We
next observe that u(0) > A(0) = i by (3.14) and Proposition 3.2. Let [0, x¢] be an interval
such that u(x) > i —4h for all 0 < x < x¢. Certainly u(x) > ¢’k for some ¢’ > 1 for all
0 < x < xo. We may choose k sufficiently large (depending only on the value of ¢’) that

WV

0 < 1, and for all 0 < x < x¢ we have |A(x) — u(x)| < 1, hk(k + 1)z4(x)/zg(x) < 1/2 and
h(k + 1)z4(x)/zp(x) < 1/8. Then, for all 0 < x < X,
500 <—1/2, 02 2(x) > —h—1/2, zjy(x) > —1/8. (3.23)

Note that zgy(0) < 1, and zp,(x) < 0 from (3.8). Thus pu(x) = zp(x)/zpv(x) > zu(x) for
any 0 < x < x*. Hence, provided zp(x) > i —4h, we have u(x) > —4h and so the
inequalities (3.23) hold. Then

zn(x) > zH(O)-I—x< h—é) =ﬁ—5+x<—h—;) > —4h

provided x < 30 say, since ¢ is arbitrarily small for large k. It follows that u(x) > zy(x) >
& — 4h for x < min{x",3d}. Thus we may choose xy > min{x",30}, and so (3.23) implies,
for any 0 < x < min{x", 34}, that

30
zay(x) 2 zuy(0) — 3 0, zr(x)<0o—

So x* < 36 and zgy(x*) > 0, since otherwise 30 < x* and z;(30) < 6 — 36/2 < 0, contra-
dicting the definition of x*. Combining this with u(x) > zg(x) > n — 4h, which is greater
than k + 2 for sufficiently large k, we conclude that z; (x) reaches 0 before zy(x) or zgy (x)
reaches 0 and before u(x) reaches k + 2 (in fact, before u(x) reaches i — 4h) and x* < 30.
We also have that z} (x) < —1/2 for all x < x".

For notational convenience, define the following limits from below (which we know to
exist from the above bounds on the functions and their derivatives):

(3.24)

N\><

Z[-Lh_j(x*) e x_l)i(l)’(l;l)i ZHjh_j(X) and Z[-n/(x*) = x_l)i(I;f‘l)i ZHV(X). (325)

Note that this definition yields continuous functions zg ;—;(x) and zgy(x) on the closed
interval [0, x*].

Given any sufficiently small € > 0, let x(¢) be the root of z;(x) = € and let t(¢) = | x(€)R].
Let Y, denote any of the random variables H;;,_; or HV;, and y(x) its ass001ated real
function. We have shown that a.a.s.

Y = ny(x) + o(n) (3.26)

for 0 < x < x(e). Also, we have |Y| | — Y| = O((x — x(e))n) for all x(e) < x < x*
since the change of each variable at every step is bounded by O(1). Let d;(¢) denote the
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number of light balls remaining at step t(e). Then d;(€) = enn + o(71). Applying Lemma 3.3
with X; = L4 fori =0,1,2,... and n = 4J,(e), 6 = —1/2 and ¢ = h, and by taking € in
Lemma 3.3 to be 1/4, we have that a.a.s.

Lye)+4s1(e) < 01(€) — (401(€)/2) + (1/4) - 491(¢) = .

Hence, the time 7 that the RanCore algorithm terminates a.a.s. satisfies 7 < t(€) + 491(e).
If it terminates before 7nix", we may artificially let it run to that point, with the variables
remaining static, thereby defining them on the interval ¢t < | x"7i]. Then, letting e — 0 shows
that the conclusion (3.26) above applies for 0 < x < x”, noting that the function y(x) is
continuous on [0, x"] as noted below (3.25). We may also conclude, since d1(¢)/n — 0 as
e — 0, that

= X"+ o(n) a.a.s. (3.27)
In particular, we conclude that a.a.s.
H\sijp—j = fzpp—j(X) +o(i) and  HV|q = fizgy(x") 4 o(7).

Since zyy(x*) > 0 as shown above, a.a.s. H has a non-empty (w,k + 1)-core H. Recall
that n and m;_; denote the number of vertices and hyperedges of size h — j in H. Then
a.a.s. the number of vertices in H is nizgy(x*) + o(n), and the number of hyperedges of
size h— jin H is fzg p—j(x")/(h — j) 4+ o(n). Since zyy (x*) > 0 and zy —;(x*) > 0, we have
a.a.s. n~ onn and my_; ~ fp_;ii, where o = zgy(x*) and f—; = zgp—j(x")/(h — j).

This proves the assertions about H € M;, ;. Lemma 3.1 transfers them to Gy . ]

There are several useful results that we will now derive recalling various pieces of the
proof of Theorem 2.2. As noted at the start of that proof, the partition-allocation g,
output by the RanCore algorithm, if it is non-empty, is distributed as P(V;, M., 0,k + 1)
conditional on V; and M;. Let n denote |V;| and my_; denote |[M.;_;|/(h— j) for all
0 < j < w-—1. Without loss of generality, by relabelling elements in V; and M; in a
canonical way, we can simplify the notation P(V,, M., 0,k +1) to P([n],M,0,k + 1),
where M = (Mj—y+1,..., M) and M; = [m;] X [i]. The space P([n],M, 0,k + 1) is used in
the proof of Proposition 2.7 in Section 5.

Lemma 3.5. Assume cik < him/n < ¢k for some constants ¢, > ¢; > 1. Let H be a random
multi-hypergraph in M mn. Then, provided k is sufficiently large, a.a.s. H has a non-empty
(w,k + 1)-core with average degree O(k).

Proof. Let = hm/n. Since > cik for some c¢; > 1, the existence of a non-empty
(w,k 4+ 1)-core has been shown in Theorem 3.4. Let x* be as defined in the statement of
Theorem 2.2 and let = L /f. We have shown that 6 = 0(e %®) below (3.22) and x* < 3
below (3.24). Let zg(x) and zgy(x) be defined the same as those functions in (3.4)—(3.14)
for 0 < x < x". Then clearly zg(x") < zp(0) since z5(x) < —1 for all 0 < x < x". We also
have zj;,(x) > —1/8 for all 0 < x < x™ when k is large enough, as shown in the argument
below (3.22). So zyy(x*) > zyy(0) — x* /8 for sufficiently large k. Since zgy(0) = fir1(R) =
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1 —0(e M) and x* = 0(e~M), we have zyy(x*) = 1 — O(e~¥®). Recall that

u(x) = (zp(x) — zL(x))/zHv (x).

Recall also that zj(x) — z} (x) < 0 by the argument below (3.22). Thus, we have u(0) = O(k)
since hin/i < ¢k and

25(0) — 21(0) _ z5(0) — z1(0)

—Q(k)y) —
) S ) (1+0(e™) = 0(k).

ux") <
By Theorem 2.2, the average degree of the (w,k + 1)-core of H is asymptotically u(x"),
which is bounded by O(k). ]

The following lemma gives a lower bound on the size of the (w,k + 1)-core of a random
h-uniform multi-hypergraph.

Lemma 3.6. Assume c1k < hin/i < c;k for some constants ¢, > ¢; > 1. Let H be a random
multi-hypergraph in M mpn. Then a.a.s. the number of vertices in the (w,k 4 1)-core of H is
(1 —0(e M)z,

Proof. Let n denote the number of vertices in the (w,k + 1)-core of H. We showed just
after (3.24) that x* < 39, where we had § = exp(—€(k)). Since in each step at most h
heavy bins can disappear, the result follows from (3.27). L]

We need the following lemma before proving Theorem 2.3.

Lemma 3.7. Assume cik < hin/i < c;k for some constants ¢; > ¢y > 1. Let € > 0 be fixed.
Let Hy be a random multi-hypergraph in Mz my and Hy € M myenn. Let ny and ny be the
number of vertices in the (w,k + 1)-core of H; and H, respectively. Then a.a.s. we have
Iy — na| = 0(e Wen).

Proof. Since ¢k < him/i < ¢k, by Lemma 3.5, the (w,k + 1)-core fll of H; exists and
the average degree of Hyis O(k). Let H, be a random uniform multi-hypergraph obtained
from H; U &, where £ is a set of en hyperedges, each of which is a multiset of & vertices,
each of which is chosen v.a.r. from [#i]. Then Hy € M mtenn. We say that the hyperedges
in £ are marked, and the other hyperedges in H, are unmarked. Define a random process
(Ht(l),Hl(z))go as follows.

(i) The process starts with (H(()l),H(()Z)) = (Hy, H>).

(i1) The RanCore algorithm is applied to Ht(z) for every t > 0. The process (Hz(l),Ht(z)),>o
stops when the RanCore algorithm running on (H,(z))t>0 terminates.

(iii) For every t > 0, if a marked hyperedge x in Ht(i)l is updated to X/, then x’ remains
marked in Hr(z) and Ht(l) is defined as Hz(l)ﬁ if a marked hyperedge x is removed, also
let HY = Y

t =1 5

(iv) For every t > 0, if an unmarked hyperedge x in Ht(_)1 is updated or removed, do the

same operation to x in Ht(l)] and define Ht“) to be the resulting hypergraph.
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We call the random process (Ht ),>0 for i = 1,2 generated by (H(1 ,2)),20 the H;-
process. Note that the H{-process is not equivalent to running the RanCore algorithm on
Hj, since the light balls are not chosen u.a.r. in each step.

Instead of analysing (H}”,Hf”)go directly, we consider (g\", giz))@o, the corresponding
process obtained by considering the pairing-allocation model. Recall that H; can be
represented as dropping hm unmarked balls u.a.r. into 7 bins with balls evenly partitioned
into m groups randomly and Hj can be represented as dropping hen partitioned marked
balls into H;. The partition-allocation g(()i) for i =1,2 is obtained by putting all balls
contained in light bins of H; into one light bin. Define L([i), H V,(i), mﬁ“ and Lﬁi), etc., for
i=1,2 and for t > 0, the same way as in the proof of Theorem 2.2, for the H;-process.
Conditional on LY, V{, M{ and L, g{ is distributed as P(V{",M{, LY,k + 1) for
i=1,2 and all balls in g(()l) are unmarked.

Let it denote the average degree of H; and let 7 be the time the H,-process terminates.
It is easy to show that g\l is distributed as P(V), M), LV k + 1) conditional on the
values of ¥V, M) and L), since whenever a light ball is chosen, even not uniformly at
random, it results in recolouring or removal of heavy balls that are uniformly chosen at
random. We will later let the RanCore algorithm be run on g in the following steps and
apply the d.e. method to analyse the asymptotic behaviour of this process.

First we show that T = O(e 7). The solution of the differential equation system (3.4)—
(3.14) tells us the asymptotlc value of L ? for every step t. Let x( be the smallest root of

z¥(x) = 0. Since z1”(0) = 0(e~2¥) and by the argument below (3.22), 2} (x) < —1/2 for
all 0 < x < x{y, prov1ded k sufficiently large, we have x{,) = O(e~?") and so t = O(e~*"7n).

Next we show that ny —n; = 0(e *®en), assumlng the following three statements.

(S1) The number of balls that are unmarked and light in gél) but not in gf)z) is bounded
by 0(e Wen).

(S2) The number of bins that begin heavy in the H;-process and become light in that
process but remain heavy in the H,-process up to step 7 is O(e~*®eq).

(S3) LIV = 0(e *Wen).

Run the RanCore algorithm on g!!). The differential equation system (3.4)—(3.14) tells
the asymptotic values of the various random variables in gil) for all ¢ > 7. Let x(;) be
the smallest positive root of zg)(x) = 0. Since zg)(ﬂ:/ﬁ) = 0(e *e) by (S3) and by the
argument below (3.22), z’L(l)(x) <—1/2forall 7/n < x < x(”l) provided k sufficiently large,
we have x(j) —t/in= O(e7*e). We also have —1/8 < zj;,(x) <0 for sufficiently large
k for all ©/n < x < x{;, as explained in Lemma 3.5. So HV) —n; = O(e *en). Since

—H VT(“ counts the number of bins that are, or become, light in the H;-process but
stay heavy in the H,-process, it follows from (S1) and (S2) that n, — HV") = O(e*en).
So |ny — ny| = O(e *en).

It only remains to prove (S1)—(S3). We first show that (S3) follows directly from (S1)
and (S2). LY counts two types of light balls. The first type comes from balls that are
unmarked and light in g(()l) but not in g(()z). By (S1), the number of these balls is a.a.s.
0(e~¥Men). The second type comes from balls that begin heavy and become light in the
Hi-process but stay heavy in the H,-process. By (S2), the number of these balls is a.a.s.
k- 0(eMen) = 0(e*Men). Thereby (S3) follows.
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Next we show (S1). At step 0, clearly the set of unmarked light balls in g} is a subset of
those in g The number of light balls in g is a.a.s. (1 — fi ()R + o(it) = O(e *®7) as
shown in the proof of Theorem 2.2, and hence the number of light vertices of H; is a.a.s.
0(e ®®7). Since each multi-hyperedge in £ is a random multi-hyperedge, the expected
number of those containing a light vertex in H; is O(e *"efi). Hence the number of
light vertices in H; that become heavy after the hyperedges in £ are dropped is a.a.s.
0(e ®®em), and each of these vertices/bins contains at most k unmarked balls. Thus (S1)
follows.

Now we show (S2). Recall that H; is represented as dropping h/m unmarked balls uv.a.r.
into 71 bins and H, is obtained by dropping hen extra marked balls u.a.r. into the 7 bins in
H,. Recall that ﬁl denotes the (w,k + 1)-core of Hy. The number of bins that begin heavy
in the H;-process and become light in that process but remain heavy in the H,-process up
to step 7 is at most the number of bins/vertices not in H, that receive at least one marked
ball after dropplng hen marked balls uv.a.r. into the 7 bins. By Lemma 3.6, the number of
vertices/bins in H; is a.a.s. (1 O(e_g(" ). Then for each marked ball, the probability
that it is dropped into a bin not in Hy is 0(e~¥k). By Lemma 3.3, the number of marked
balls dropped into bins not in H; is a.a.s. 0(e~¥Meq). Hence the number of bins that are
not in H; and receive at least one marked ball is a.a.s. O(e"*®en). O

Proof of Theorem 2.3. Let H; be a random uniform multi-hypergraph with average
degree [t and let H, be a random uniform multi-hypergraph obtained from H; U £, where
£ is a set of en hyperedges, each of which is a multiset of h vertices, each of which is
chosen uniformly from [7].

Fori = 1,2, let H; be the (w,k + 1)-core of H; and let m be the number of hyperedges

with size h — j in H;. We first show that

w—

Z(W_J mh j Z(W_-])mh —j Z WEI’l/2

Clearly IA{1 is a subgraph of ﬁz. Let n; denote the number of vertices in ﬁli and let [n;]
denote the set of vertices in H;. By Lemma 3.6, a.a.s. n; = (1 — 0(e=®%))ii. Then, for any
hyperedge x € &, the probability that all vertices in x are contained in [n;] is 1 — O(e%H),
So the expected number of hyperedges in £ lying completely in [n] is (1 — O(e™?®))en.
By the Chernoff bound, originally given in [7, Theorem 1], we have a.a.s. that the number
of hyperedges in & lying completely in [ny] is at least e7i/2 for sufficiently large k. So it
follows immediately that a.a.s.

w—1 w—1

Z w—j mgf)] Z(W ]mhl wen/2.

j=0
For simplicity, let S(i) denote

w—1

S w— jm), fori=1,2.

j=0
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Table 1. Some numerical computation results

h w k I I
3 2 4 5.485 6.65086
3 2 10 14.766 15.5872
3 2 40 59.991 60.0773
10 2 4 19.99999 20.0003

Recall that K(PAIi) denotes S(i)/n;. Then a.a.s.

“ﬁ”—“ﬁﬂ=igk—%P>(ﬂ“+“@V1—SU%mM3

By Lemma 3.7, a.a.s. ny — n; = O(e”¥®)en, that is, na/n; — 1 < f(k)e for some function
f(k) = O(e=¥k). Then a.as.

weii/2 — O(f(k)eS(1))
np

x(Hy) — x(Hy) > > we/d > 0, (3.28)
for sufficiently large k and for every e > 0, since S(1) = O(k)i and n, = (1 — O(e~¥))7.
By Theorem 2.2, for given h > w > 0 and sufficiently large k, a.a.s. kx(H) = c¢(n) + o(1),
where c(ft) is a constant depending only on fi. The inequality (3.28) implies that ¢(zt) is a
strictly increasing function of fi. |

Proof of Corollary 2.5. By Theorem 2.3, there exists a unique critical value of f such

that a.a.s. k(H) = k + o(1), and so there exists a threshold function m = f (i) of Mz, for
the graph property 7. Then this holds as well in G55, by Lemma 3.1. L]

The differential equations in Theorem 2.2 are only used in a theoretical way to show
properties of the (w,k + 1)-core, and we do not have an analytic solution. However, they
can be numerically solved when the values of h, w, k and p are given. Table 1 gives the
results of some computations, where h, w and k are given, u denotes the expected average
degree of the hypergraph H at the threshold for 7 given in Corollary 2.5, and 1 denotes the
corresponding average degree of its core H. Even though our results on the concentration
of the size and density of the (w,k + 1)-core and the threshold of property 7 only cover
for the case of sufficiently large k, our numerical computation results as shown in the
table do coincide with our simulation results. Hence we believe that Theorem 2.2, 2.3 and
Corollary 2.5 actually hold for all k > 1. In view of Theorem 2.8, we are interested in 1,
the average degree of H € M5, at the threshold for orientability. Note that i must be
at least hk/w by the definition of property 7, and that it follows from the trivial upper
bound of the orientability threshold given in the Introduction that i is at most hk/w.

4. The (w, k)-orientability of the (w,k + 1)-core

In this section we prove Theorem 2.8 assuming Proposition 2.7, and study the basic
network flow formulation of the problem that is used in the next section to prove
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Proposition 2.7. Recall that h, w and k are constants, so any function of these parameters
is constant as well.

The next lemma is in preparation for proving that H , the (w,k + 1)-core of H € M,
if not empty, a.a.s. has property A(y) for some 0 <y < 1.

Lemma 4.1. Let H € My, and let H be the (w,k + 1)-core of H. Let ¢y >1 be a
constant. Then there exists a constant 0 <y = @(k,c1) depending only on k and c;, such
that a.a.s. there exists no S < V(H) with |S| < yn and at least c1|S| hyperedges partially
contained in S. More specifically, when ¢; > 2 and ¢; < h*e*i, we may choose y = ¢@(k,c;) =

(c1/Pe ).

Proof. Let s be any integer such that 0 < s < n and let r = s/n. Let Y denote the number
of S with |S| = s and at least c;s hyperedges partially contained in S. The probability of
a given hyperedge being partially contained in S is at most (%)(s/fi)> < h*r2. Then the
probability that there are at least ¢;s such hyperedges is at most

h 2(13
()
Since there are (7) ways to choose S,

-3 () (8o

syh
en\’ [ em hs\ %1
< § (> <> hl" 2cls+ § R (1s< >
E S Cc1S
InAs<yn 1<s<Inn
=\ €1 2 2)\¢
— h2(rlel+(:1rclfl ﬁ + § h )
c1 S et
Inns<yn 1<s<Inn
h? In? 1)t
< (CV“ 1~ 61) +1nn (:u —— )
7c1—
Inas<yn
= E (Cra~' 5y + o(1),
Inns<yn

for some constant 0 < C = C(c;) < (h*/c1) e 1. Choose

¢ c1/(e1=1) o)
< | = e /)
! (Wm>

Then Cy“~'i¢ < 1. So there exist 0 < f < 1, such that Cy“'~'zt < B, for all » < y. When
>2and ¢ /h*e*n < 1,

—1 —1 2
¢ ci/(er )e—l/(cl—l) - ¢ ci/(ci—1) - ¢
h2epi h2eji h2e’p ) -

Hence we may simply choose y = (c;/h*e*fi)>. Then

Y@ < >0 Br=0("") =o(1).

Inns<yn Ina<s<yn
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Hence we have E(Y) = o(1). L]
The following corollary shows that the same property is shared by H.

Corollary 4.2. Let H € M; ) and let H be the (w,k + 1)-core of H. Let ¢y be a constant
satisfying 2 < ¢; < h*e*fi. Let 0 < yo = o(k,c1) = (¢1/h*e*R)>. Then a.a.s. for all S = V(H)
with |S| < yon, the number of hyperedges partially contained in S is less than cy|S|.

Proof. Let n be the number of vertices in H and D the sum of degrees of vertices in
H. For any hyperedge x € H, let x* denote its corresponding hyperedge in H. Obviously
n < . Combining with Lemma 4.1 and the fact that for any S < V(ﬁl), a hyperedge
x is partially contained in S only if x* is partially contained in S in H, Corollary 4.2
follows. U]

We next show that H, if not empty, a.a.s. has property A(y), defined in Definition 2.6,
for some certain value of 7.

Corollary 4.3. Assume that H € My, with ck < < hk/w for some constant ¢ > 1, and
that H is the (w k 4+ 1)-core of H. Let y = e *h™ 6/4 Then, provided k > 4w, a.a.s. either
H is empty or H has property A(y).

Proof. Let ¢; =k/2w. As k < u, we have ¢; < h*e’fi, and of course ¢; > 2 for k >
Defining yo = ¢(k,c;1) as in Corollary 4.2, and using the assumption that g < hk/w, it is
easy to see that

y=e*h8/4 <o = (e1/ PR

By Corollary 4.2, a.a.s. for every vertex set S in H with less than yn < yon vertices, the
number of hyperedges partially contained in S is less than ¢(|S| = (k/2w)|S|. Recalling
Definition 2.6, we immediately have that a.a.s. H has property A(y). U]

Proof of Theorem 2.8. Let H be the (k + 1)-core of the random multi-hypergraph
H € My Let e > 0 be any constant. Recall that f(7) is defined in Corollary 2.5 to be
the sharp threshold for M having property 7. By Theorem 2.3, there exists a constant
0 > 0, such that a.a.s. if m < f(i) — en, then

w—1

Z( _J)mh —j X kn—én

j=0
By Proposition 2.7 and Corollary 4.3, there exists a constant N depending only on h
and w such that, provided k > N, H aas. has a (w, k)-orientation. On the other hand, if
m > f(m) + e, then a.a.s. Z}:Ol(w — j)myu—j = kn + dn, and hence clearly H is not (w,k)-
orientable. Therefore f(7) is a sharp threshold function for the (w, k)-orientation of M s 4.
By Lemma 3.1, f(71) is also a sharp threshold function for the (w,k)-orientation of Gy .

O
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Figure 1. A cut C in the graph G”.

Let G be a non-uniform multi-hypergraph with the sizes of hyperedges between h —
w41 and h. In the rest of the section, we will use the following notation. Let E;_; :=
{x € E(G) : |x| = h— j}. For any given S < [n], let mj_;;(S) :=|{x € Ej)—j : [xN S| = i}]
for any 0 < i < h— j. When the context is clear, we may drop S from the notation. Let
S denote the set [n] \ S and let d(S) denote the sum of degrees of vertices in S.

Recall from above the statement of Corollary 2.9 in Section 2 that for any S < V(G), Gs
denotes the subgraph w-induced by S. The following lemma generalizes Hakimi’s theorem
[17, Theorem 4] for graphs. It is proved using network flows and the max-flow min-cut
theorem, along the lines of the standard techniques discussed in [9, 26]. This setting was
used before in connection with the load balancing problem in [25, Section 3.3].

Lemma 4.4. A multi-hypergraph G with sizes of hyperedges between h —w + 1 and h has
a (w,k)-orientation if and only if k(Gs) <k for all S = V(G).

Proof. Formulate a network flow problem on a network G* as follows. Let L be a set of
vertices, each of which represents a hyperedge of G, and let R be a set of n vertices, each
of which represents a vertex in G. For any u € L, and v € R, uv is an edge in G* if and
only if v € u in G. Add vertices a and b to G”, such that a is linked to every vertex in L,
and b is linked to every vertex in R. Let ¢ : E(G") — NT be defined as c(au) = w — j for
every u € L such that the degree of u is h — j, c(vb) =k for every v € R, and c(uv) =1
for every uv € E(G*). Then G has a (w,k)-orientation if and only if G* has a flow of size
Z}Zol(w — j)my—; from a to b. By the max-flow min-cut theorem, G* has a flow with all
edges incident with a saturated if and only if

c(6(C)) > (w — j)mu—;, for all (a,b)-cuts C. (4.1)

As an example in Figure 1, 4 < L is a set of hyperedges in G, and S < R is a set
of vertices in G. Let C = {a} UAUS define a cut of G*. Then the condition in (4.1) is
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equivalent to

w—1 w—1

e(6( k|S|+Z( > w=i+ > me|>>Z<w—j)mh_,-, 4.2)
j=0

xEAﬂEh_j xEEh,f\\A

for all C. Let A" := {x € E;_; : [xN S| < h—w}. Clearly A" minimizes ¢(6(C)) for a given
S. Therefore we only need to check (4.2) when A = A*. The condition in (4.2) is then
equivalent to

Z( > w - > |xms)<k|5|.

=0 “xeEj_\A x€E),_\A

For any hypergraph G, let ¢(G) denote the number of hyperedges in G. Recall from the
statement above Theorem 2.3 that [S|x(Gs) = d(G) — (h — w)e(G). Since

w—1 w—1
Z( oow=p— > |me|) => > w—j—(h—j—|xnS|)
J=0 “xeEj,_j\A x€E)_\A j=0 x€Ej_j\A
=S X SI= S (h—w) = d(Gs) — (h— w)e(Gs) = ISIK(Gs), (43)
x¢A x¢A
Lemma 4.4 follows. ]

The next corollary follows immediately.

Corollary 4.5. A hypergraph H in Gy has a (w,k)-orientation if and only if, for every
S < V(H), k(Hg) < k.

Proof of Corollary 2.9. This follows directly from Theorem 2.8 and Corollary 4.5. [

For any vertex set S, define

w—1  h—j
d(S Z Z i—(w— J ) AR (44)
Jj=0 i=w—j+1

This measures a type of expansion in the hypergraph. For each hyperedge x of size h — j
which intersects S in i vertices, its contribution to ¢*(S) is min{w — j,i} > 0 (recalling
from above Lemma 4.4 that we are dealing with multigraph G whose edges are of size
between h—w + 1 and h). Note in particular that 0*(S) > 0 for any S. The following
lemma characterizes the existence of the (w,k)-orientation of G in terms of the function
o0*(S).

Lemma 4.6. Let G be a multi-hypergraph whose hyperedges all have sizes between h — w +
1 and h inclusively. Then the following two properties of G are equivalent :

(i) K(Gs) <k, for all S < V(G),
(ii) 0°(S) = kIS| + (X129 (w — j)mu_j) —kn, for all S = V(G).
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Proof. Let ¢(Gyg) denote the number of hyperedges in Gs. We show that for any S < V(G),
k(Gs)|S| = d(Gs) — (h — w)e(Gs) < k|S| if and only if

w—1
2" (S) = k|S| + (Z(w —j)mhj> — kn.
Jj=0
Then the lemma follows immediately. Defining
={x€Ej:|xNS|<h—w}

as in the proof of Lemma 4.4, we have for any x € Ej,_; \ A" that [xNS| > h—w+ 1 and
hence xNS| < (h—j)—(h—w+1)=w— j— 1. By (4.3), for any S = V(G),

d(Gs) — (h — w)e(Gs) < k|S|

:.Z( Yoow=ih— > |me|><kn—k|S|

=0 x€E)_ /\A XEEh_j\A*
w—1 w—j—1

= > w—j—im_i(S) < kn—kIS|
j=0 i=0

w—1
— Z<w — J)mij

w w—j—1

—Z( Z (w — j)mi_i(S) + Z i ,Z(S)> < kn— kS|

i=w—

w—1
<~ 0"(S) > k|S| + (Z(w - j)mh_j) —kn. O

j=0

It follows from Lemmas 4.4 and 4.6 that G is (w, k)-orientable if and only if Lemma 4.6(ii)
holds.
Without loss of generality, we assume

w—1

> (w—jymj—kn<0
j=0
Otherwise, condition (4.1) is violated by taking C = {a} UL U R. The following lemma
shows that, instead of checking the conditions in Lemma 4.6(ii), we can check that certain
other events do not occur.
For any S = V(G), let

h—j ) Jj
G (S) =D imp i nS) =D mu i (4.5)
i=1

0
In other words, ¢;—;(S) denotes the contribution to d(S) from hyperedges of size h — j,
and #(S) denotes the number of hyperedges which intersect both S and S. When the
context is clear, we use simply g;—;.
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Recall that given a vertex set S, a hyperedge x is partially contained in S if [x N S| > 2.
Let m.>1(S) denote the number of hyperedges partially contained in S and let m. >(S)
denote the number of hyperedges intersecting S.

Lemma 4.7. Suppose that for some S < V(G),

w—1
0" (S) < k|S| + <Z(W —j)mhj) — kn. (4.6)
Jj=0
Then all of the following hold:
(1) me>2(S) > k[S|/w,
(ii) m. >1(S) < k[S],
(iii) (h — w)m. >>(S) > d(S) — kS|,
(iv) if, in addition,

el i(S) = (1 —0)k|S| for some 6 >0,
=0

then y(S) < h*5k|S|.

Proof. Let s and 5 denote |S| and |S| respectively. If (4.6) is satisfied, then

w—1 h—j w—1
ds) — Z Z i—(w—j) mh]l<z w — j)mp—; — k5.
Jj=0 i=w—j+1 j=0
Hence
w—1 w—1 h—j w—1
k§<Z( _Jmhj ZZ”’”h—jz"'Z Z i—( _])mh—jl
j=0 j=0 i=1 Jj=0 i=w—j+1
w—1 w—1 w—1—j
( mh 10+Z Z (W_J l)mh — i
j=0 i=
w—1 w—1—j
< WZ Z Mpy_j ;.
j=0 =0
Since
w—1—j
Z my_j; < |{x € Ep_j : |xN S| > 2},
i=0

(this is because 0 <i<w—1—jandsoh—j—i>h—(w—1) > 2), we have
ks <wl{x € E(G) : |xNS| > 2}|.
This proves part (i). Again, if (4.6) is satisfied, then

w—1 h—j w—1
> (i— (w— j)mu_j; > d(S) —ks + (kn - (w— j)mh,).
j=0 i=w—j+1 j=0
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Because
h— h
Z Z (i—= (W= Dmji <Y (= Dl{x :[xN S| =i} = d(S) = m.21(S),
Jj=0 i=w—j+1 i=2
we have
w—1
d(S) — m«>1(S) > d(S) — ks + <kn — Z(w — j)mhj>.
Jj=0
Since
w—1
kn — Z(w — j)my—; >0,
j=0
this directly leads to part (ii). As
w—1  h—j
SN = w—jmij < (h—w)l{x :[xN S| > 2},
J=0 i=w—j+1
we have
w—1
(h—w)l{x :|xNS| =2} >d(S)—ks+ <kn—Z(w J)my_ ]>
j=0
Since

w—1

kn = "(w— jim_; >0,
j=0

this proves part (iii). Now we prove part (iv). Let t)_; = 1 — (h — j)mp—jn—;/qn—;, that is,
tp—; denotes the proportion of contributions to gu—; from hyperedges that intersect S.
Recall that

h—j
-j = E my—ji,
i=l

and thus from (4.4) and d(S) = Z] _o qn—j We have

1 w—j
(S) = Z(szh_”+ Z w—j mh1,>

j=0 i=w—j+1

Each hyperedge x of size h — j which intersects S in i vertices contributes i to the quantity
gn—j, whereas its contribution to this expression for 6°(S) is

e w—j=i-w—j/(h—j)ifi=h—j;
e w—jzi-(w—j)/(h—j—1), ifw jH1<i<h—j—1;
o izi-(w—j)/(h—j—1),if1<i<w—].
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Hence
w—1 .
* w— w—]
0 S h— — ty_; ——qh_ilh_i
Vs 0<h e e et ’)
w— IW ]
~qh—j + qh—jlh—j
= Z(h—J(h—J n
w—1 Ww— ] 1 w—1
> Z h— ~qh—j + 72 (W — J)gn—jtn—j-
j=0 J j=0
If
w—1 .
w—=J
Z L > (1 —0)ks for some 6 > 0,
= "
then (4.6) implies that
1 w—1
7 (W — j)gn—jtn—j < oks.
j=0
Therefore
w—1
(S) <Y anejtiej < BOks.
j=0
This proves part (iv). U]

5. Proof of Proposition 2.7

Recall from Section 2 that M(n,m,k + 1) is M, ;», which is a random multi-hypergraph
with given edge sizes, restricted to multi-hypergraphs with minimum degree at least k + 1.
In this section we prove the only remaining theorem, Proposition 2.7. This theorem relates
the orientability of M(n,m,k + 1) to its w-density. Recall that this probability space was
important because, by Proposition 2.1, it gives the distribution of the (w,k + 1)-core H of
H € M, conditioned on the values of n, the number of vertices and my_;, the number
of hyperedges of size h — j for each j, in the core.

It is clear that, given values of n and m, the probability space of random multi-
hypergraphs generated by P([n],M, 0,k + 1), with |[M;,_;| = (h— j)m—; (h=0,...,w — 1),
is equivalent to M(n,m,k + 1). So we may, and do, make use of the partition-allocation
model for proving results about M(n,m,k + 1).

For the rest of the section, let ¢ > 0 and k > 2 be fixed. Without loss of generality, we
may assume that € < 1/2 since € may be taken arbitrarily small. By the hypothesis of
Proposition 2.7, we consider only m such that

w—1

Z(W — j)mp—j < kn —en.

Jj=0
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We may also assume that
w—1
Z(w — j)mu—j = kn —2en
j=0
since otherwise, by Theorem 2.2, we can simply add a set of random hyperedges so that

the assumption holds. This is valid because (w,k)-orientability is a decreasing property
(i.e., it holds in all subgraphs of G whenever G has the property). Let

w—1 w—
. D
D= Z(h — g, m= Z(;mh—ja p=—. (5.1)
= Jj=
Since
1 w—1 W w—1
. < — <D < I <
D h—wirl \Z(W ])mhfj\D n’ ms : (w ])mh*j\wms
j=0 j=0
and
w—1
kn—2en < Z(w — j)mp—j < kn —en, (5.2)
=0
we have
(k—1)n
htkk —1)/w<u=D/n< (h—w+ 1)k, <m< (k—e)n. (5.3)

In the rest of the paper, whenever we refer to the probability space
H(n,mk +1) or M(mmk+1),

we assume m satisfies (5.2).

Since h and w are given, we consider them as absolute constants. Therefore, whenever
we refer to g = O(f), it means that there exists a constant C such that g < Cf, where C
can depend on h and w. We also use notation g = O,(f), which means that there exists a
constant C depending on y only such that g < Cf. The same convention applies to o(f),
Q(f), ©(f) and o0,(f), Q,(f) and ©,(f).

By Proposition 2.1, conditioned on the values of n, the number of vertices and Mh—j»
the number of hyperedges of size h — j, of the (w,k + 1)-core Hof He MG s H is
distributed as M(n,m,k + 1). Recall that e > 0 and k > 2 are fixed. Let m be an integer
vector with the constraint (5.2). Given m, let D, u be as defined in (5.1). Let G be a
random multi-hypergraph from the probability space M(n,m,k + 1).

We next sketch the proof of Proposition 2.7. Let g,—;(S) and n(S) be defined as in
(4.5). The partition-allocation model gives a good foundation for proving that a.a.s.
certain properties hold concerning the distribution of vertex degrees and intersections of
hyperedge sets with vertex sets. Using this and various other probabilistic tools, we show
the following.

(a) The probability that G € M(n,m,k + 1) has property A(y) and contains some set S
with |S| < yn for which both inequalities in Lemma 4.7(ii) and (iii) hold is o(1).
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(b) There exists 6 > 0, such that when k is large enough, a.a.s.

w—

h qh, (1 —0)klS],

and the probability of G € M(n, m,k + 1) containing some set S with yn < |S| <
(1 —y)n and 5(S) < h*5k|S| is o(1).

We also show the following deterministic result.

(c) No multi-hypergraph G with property A(y) contains any sets S with |S| > (1 —y)n
for which the inequality in Lemma 4.7(i) holds.

It follows that the probability that G has property A(y) and contains some set S for which

all parts (i)—(iv) of Lemma 4.7 hold is o(1). Then, by Lemmas 4.6 and 4.7,

P(G € A(y) A G is not (w, k)-orientable) = o(1).

Finally, Lemma 3.1 shows that the result applies to random (simple) hypergraphs as
well.

We start with a few concentration properties. As discussed in Section 3, the degree
sequence of G € M(n,m,k + 1) obeys the multinomial distribution. The following lemma
bounds the probability of rare degree (sub)sequences where the degree distribution is
independent truncated Poisson. We will use this result to bound the probability of rare
degree sequences in M(n,m,k + 1).

Lemma 5.1. Let s > w(n) for some w(n) — o0 as n — oo and let Yy,...,Y; be independent
copies of Z defined in (3.2) with A satisfying Afr(4) = ufis1(4). Let 0<d<1 be any
constant. Then there exist N > 0 and 0 < o < 1 both depending only on J, such that, provided
k > N and n is sufficiently large,

“
i=1

> Y- s

> 5,us> < o,

Proof. Let G(x) be the probability generating function of Y;. Then, for all x > 0,

o k AX—2
_ Ax €
=2 FZ=ix mm( > ) Fer D)

Jj=k+1 j=0

For any non-negative integer 7,

N
G S
IP’(ZY,—:/)g )(;), for all x > 0.
i=0

Putting x = //s/ gives

/—Is N4 ) s
*(500) e - (7) o) @
(7/(2s)Y frs1(A) 4 fr+1(4)
It is easy to check that the right-hand side of (5.4) is an increasing function of / when
¢ < As and a decreasing function of / when ¢/ > 4s. By Proposition 3.2, there exists a
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constant Ny depending only on ¢ such that, provided k > Ny, we have (1 — d)p < A. Thus,

for any 7 < (1 — 0)us,
yl (1=0)us 67/1 s
(Z = /> ((1 T ) (fmu)) ’

el (I=0ds /=i NS
<ZY (1—-9) ,us) \,US<(1_5)M> (M) .

The expectation of Yy is Afi(4)/frs1(A) = u = 7 (as fi(A) = frr1(4)). Therefore

§ 1 . p( 5) BN S
P(; Y, <1 —5)MS) < Ms(fk+1(;b) (exp(l —Ju )()—5)) > )

Since 0 < 6 < 1, we have 0 < ¢°/(1 — §)=% < 1. By Proposition 3.2,

and so

=1, fiei(h) =1, ask — oo. (5.5)

Hence, there exist Ny > 0 and 0 < oy < 1, both depending only on J, such that, provided
k > Ny, we have

<ZY (1—0)u ) o,

Now we bound the upper tail of Y ;_; Y.
Recalling that A < u, we have from (5.4) for any / > 3us that

(ZY—/) (/3 (7 /fisr ().

> 1 AN
P Y > 3us | =0(1 | = .
(; g > ( )(fk+1(z) (33} )
Similarly we have

1 ¢ "\
((1 + 0)u ZY < 3uS> < 2“S<fk+1(/1)' (GXp(l l/#)Ws) ) :

Since 0 < /(14 6)1%9 < 1 for any § > 0, and again using (5.5), we may bound the
right-hand sides of these expressions by «}", where 0 < o, < 1 is some constant depending
only on 6. Hence there exists N, > 0 and 0 < o3 < 1 depending only on 6, such that,
provided k > N»,

Thus

(ZY (1+9) ﬂs) < o,

The lemma follows. ]
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Lemma 5.2. Let k > —1 be an integer. Drop D balls independently at random into n bins.
Let u= D/n and let A be defined as Afi(1) = ufr+1(A). Assume D — (k 4+ 1)n — 0 as n —
co. Then the probability that each bin contains at least k + 1 balls is Q(fy+1(4)").

Proof. Let d denote (dy,...,d,). Let

@={d:d,~>k+1Vie[n], Zdi=D}.

i=1
Let P(B) denote the probability that each bin contains at least k 4+ 1 balls. Then

o= (, 0 ) =51,

de2 ez i=1 d;!

Let Yi,...,Y, be n independent truncated Poisson variables which are copies of Z>41)
as defined in (3.2), with parameter A satisfying Afx(4) = tfx+1(4). Then

e}, AnD

P(ZK:D> ZkaH(,“p A)nZH

de2 i=1 de2 i=1

l .

f ket 1(

Since D — (k + 1)n — o0 as n — o0,

P(Zn: Y = D) = QD7)
i=1

(see [24, Theorem 4(a)] for a short proof),

S 1177 -o( et

de2 i=1
So, using Stirling’s formula,
_of D! Mm@ _ D\’ "fini(A)"
e =o( i) =o(v(5) T 55
=0 Eel/y—] lmf Nk
= 7 k+1(4)" ).
Since (u/4) - e*/#~1 > 1, we have P(B) = Q(fr41(A)"). O

Corollary 5.3. Let k > —1 be an integer. Let

7= {d tdi > k+1,Vie [n],ZdizD}
i=1

and let A, be any subset of 9. Let u= D/n. Let P(A,) denote the probability that the
degree sequence d of G € M(n,m,k + 1) is in A,, and let Prp(A,) be the probability that
(Y1,...,Y,) € Ay, where Y; are independent copies of the random variable Z >y as defined
in (3.2), with the parameter A satisfying Afi(A) = ufrr1(4). Assume D — (k 4+ 1)n — oo as
n — oo. Then

P(A,) = O(y/D)Prp(A,).
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Proof. Let A4, be any subset of & and let P(B) denote the probability that each bin
contains at least k + 1 balls after dropping D balls independently and randomly into n bins.
Consider the partition-allocation model that generates M(n, m,k + 1), which allocates the
partitioned D balls randomly into n bins with the restriction that each bin contains at
least k 4+ 1 balls. Then

1 D
0= 3 g5 (4,7 )/ = oo 2 U

deA, ded, i=1
and
protan = Y11 7 = 1y 21

Py 1fk+1 /l)d’ ~ e Pyt
Therefore

Dletfr,,

B(4s) = L5y p Ere(n) = O(VD)Pre(4),
since
P(B) = Q((’;e*/’”) fen () )

by Lemma 5.2 and (5.6). ]

A significant difficulty in this work is to ensure that various constants do not depend
on the choice of e. In particular, we emphasize that the constants such as o and N in the
following results do not depend on e.

The next result is a corollary of Lemma 5.1 and Corollary 5.3.

Corollary 5.4. Let u be defined as in (5.1). Let 0 < 6 < 1 be any constant. Then there exist
two constants N > 0 and 0 < oo < 1, both depending only on &, such that, provided k > N
and n is sufficiently large, for any vertex set S = V(G) with |S| > log*n,

P(d(S) — ulS|| = opulS]) < oS,

Proof. Let Yi,...,Y, be independent copies of the truncated Poisson random variable Z
as defined in (3.2). Let S = V(G) and let s = |S|. Then, by Lemma 5.1, there exist N > 0
and 0 < & < 1, both depending only on J, such that, provided k > N,

]P’( > Yi—ps| > 5u5) <8,
By Corollary 5.3,

ieS

us
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Since s > log2 n,

In O(/km) — 0, asn— oo.

us
Let o =1/2+&/2. Then 0 < & < o < 1 and a depends only on . Then provided k > N,
P(ld(S) — us| = ops) < . O

The following corollary shows that d(S) is very concentrated when S is not too small.
Corollary 5.5. Let 6 > 0 and 0 <y < 1 be arbitrary constants. Then there exists a constant

N depending only on 6 and vy, such that, provided k > N,
PES = V(G),s = yn,|d(S) — us| = dus) = o(1).

Proof. For any S < V(G), let s = |S|. By Corollary 5.4, there exists Ny >0and 0 < a < 1,
both depending only on J, such that, provided k > Ny, for any S < V(G),

P(|d(S) — us| > ous) < of.

Let N, be the smallest integer such that ea™?/y < 1/2. Let N = max{N;, N,}. Then N
depends only on ¢ and y. For all u > N,

PES < s> pnldis)— sl = 0w < 3 (T)ars 3 ()

yn<s<n yn<s<n
s
e ”
< > (-a“) =002 = o(1). O
yn<s<n 7

The following lemma arises from standard tail bounds for hypergeometric distributions
(see [18, Section 6] for a proof), and will be used later to prove that a.a.s.

w—1

> (w—ianj/(h—j) = (1 —S)ks

Jj=0

provided k is large enough.

Lemma 5.6. Let C = {co,...,cn—_1} be a set of colours. Suppose D balls are each coloured
with some colour in C, and let p; denote the proportion of balls that are coloured c; (0 <
Jj <w—1). Randomly choose a subset of q of the balls. Let q; be the number of balls chosen
that are coloured with c;. Then, for any 0 < j<w—1and 0 < <1,

P(lg; — pjql = 9p;q) < exp(—Q(3°p;q)).

Lemma 5.7. Let 0 < <1 and 0 <y <1 be two arbitrary constants. Given S < V(G), let
qn—j = qn—j(S) be as defined in (4.5). Then there exists N > 0 depending only on 6 and y
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such that, for all k > N,
w—1

P(HS = V(G).IS| = m Z:;qh_j <(1-— 5)k|S|> =o(1).
j=0

Proof. Forany 0 < j<w—1,letp; denote (h — j)my_;/D. Let J := {j : p; > 5/8w}. We
first show that, given S = V(G) with |S| > yn, if

w—1

-
S g < (- SIS, (57)
=

then there exists j € J such that g;,_;(S) < (1 —0/8)p;d(S). Assume there is no such j by
contradiction. Then

w—1
w—
h— ]qh/ h qh/ >(1_5/8d(82h7p1
2 JEJ jeJ
w—1 ;
W —
:(1_5/8)d(s>(z,,_;pj—zh )
= i¢J
w—1 W _] w o
> (1-96/8)d(S )(Z n—j h8w)
=0
w—1 i
> (1-6/8)d(S)> Hpj(l —4/8)
j=0
w—1 w _]
> (1—5/4)d(S) h— ;b Y

where the second last inequality above holds as E” Olpj =1and 1/h < (w—j)/(h—j).
Let s =|S| and let r = s/n. Then by Corollary 5.5, there exists N, > 0 depending on ¢
and y only, such that a.a.s. d(S) > (1 — 0/4)Dr whenever k > N,. Therefore, combining
with (5.8), we get a.a.s., provided k > max{N;, N,},

w—1

g j(S) > (1—5/2) DrZ

j=0
> (1 —0/2)r(kn — 2en)
=(1—96/2)(k — 2e)s.
For any k > 2/6 > 4e/d, we have (1 —6/2)(k — 2¢€)s > (1 — 0)ks. Take
N = max{Ny, N»,2/6}.

|
_

w

€

—J
h—j

~.
Il
=

Then, for any k > N, we have a.a.s.

|
—

w

=
-

A _thfj(S) > (1 —0)ks,

.
I
=]
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which contradicts (5.7). It follows that there exists je J such that g,—;(S) <(1—
0/8)p;d(S).
Consider the partition-allocation model that generates P([n], M, 0,k + 1). Let

= {605"'7CW—1}

be a set of colours. For balls partitioned into parts that are of size h— j for some
0 < j < w—1, colour them with ¢;. Then the w colours are distributed u.a.r. among the
D balls. By Lemma 5.6, for any S < V(G),

P(q-j(S) < (1 —3/8)p;d(S)) < exp(—Q8°p;d(S))).
Then there exists a constant Ny, depending only on ¢ and y, such that

P(3S.) € J.s > ymqus(S) < (1 — 8/8)p,d(S))
< w2 exp(—Q(é) d(S))) < w(2 exp(—Q(53yk)))n = o(1).

Note that the inequality holds because |J| < w, the number of sets S with |S| > yn is
at most 2", 6/8w < p; < 1 for all j € J and d(S) > (k + 1)|S| > kyn. It follows that a.a.s.
there exists no set S with |S| > yn for which there exists j € J such that g,—;(S) <
(1 —0/8)p;d(S). Lemma 5.7 then follows. L]

Recall that m. >,(S) is the number of hyperedges partially contained in S and m. >(S)
is the number of hyperedges intersecting S by the definition above Lemma 4.7.

Lemma 5.8. Let 6 > 0 be any constant and let u = u(G) = D/n as defined in (5.1). Then
there exists a constant N >0 depending only on 0 such that, provided k > N, a.a.s. there
exists no S < V(G) for which log>n < |S| < n, d(S) < (1 —9)u|S|, and m.>1(S) < k|S|.

This lemma will be proved after the proof of Proposition 2.7.

Proof of Proposition 2.7. By Lemma 4.6 and 4.7, it is enough to show that the expected
number of sets S contained in a hypergraph G € M(n,m,k + 1) with property A(y) for
which all parts (i)—(iv) of Lemma 4.7 are satisfied is o(1). For ease of reference, we call
a set S < V(G) interesting if it lies in a hypergraph G with property A(y). Let X be the
number of interesting sets S < V(G) such that (4.6) holds. Similarly, let X, (or Xs; or
Xiap) for any 0 <a <b <n denote the number of interesting S < [n] such that (4.6)
holds and |S| < a (or |S| > b or a < |S| < b) respectively. For any set S under discussion,
let s denote |S| and 5 denote [S|.

Case 1: s < en/k. By the theorem’s hypothesis,
w—1
(Z(W — j)mhj> —kn < —en,
Jj=0
any S satisfying (4.6) must satisfy
0" (S) < ks —en. (5.9)
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When s < en/k, we have ks — en < 0. However, 0*(S) > 0 as observed below (4.4). Hence
(5.9) cannot hold. Thus X, = 0.

Case 2: s > (1 —y)n. Part (i) of Lemma 4.7 says that (4.6) holds only if the number of
hyperedges partially contained in S is at least k5/w. But X counts only interesting sets,
i.e., sets that lie in a hypergraph with property .A(y). By the definition of property A(y),
there are no such interesting sets and so X~ (1), = 0.

Case 3:en/k < s < yn. Let 6y = (h—w —1/2)/2h > 0. By Lemma 5.8, there exists Ny > 0
such that provided k > Ni, the expected number of S with d(S) < (1 — ;)us for which
to show that a.a.s. Xk, = 0, it is then sufficient to show that there exist no interesting
sets S = V(G) with [S| < yn for which the inequality in Lemma 4.7(iii) holds and d(S) >
(1 — &1)us. For every set S < [n], if d(S) > (1 — ;)us, then

ds) >
2w
provided k > 2h + 2w + 1 since p > h(k — 1)/w by (5.3). Then it follows that, for every
such set S,
d(S) —ks S ks

h—w 7 2w’
Now, by Lemma 4.7(iii) and the above inequality, if S satisfies (4.6) then m. >, >
(d(S) —ks)/(h—w) > ks/2w, ie., the number of hyperedges partially contained in S
must be greater than ks/2w. However, by the definition of property .A(y), such a set
cannot be interesting, and thus immediately we have that a.a.s. X, /,, =0 provided
k > max{Ny,2h + 2w + 1}.

Note that k|S|/2w in the definition of property .A(y) can be modified to be Ck|S| for any
positive constant C, and it can be checked straightforwardly that there exists a constant
y depending on C only, such that Corollary 4.3 holds. Therefore, any 0 < 6; <1—w/h
would work here by choosing some appropriate C to modify the definition of property

A(p).

Case 4: yn < s < (1 —y)n. Let 0 <, <1 be chosen later. By Lemma 5.7, there exists
N, > 0 depending only on J, such that, provided k > N,, a.a.s.

|
_

w

—J
h—j

=

qn—j = (1 = 62)ks for all § with yn < |S| < (1 —y)n.

TA
(=]

For any S <= V(G), let n =#(S) be as defined in (4.5). Then, by Lemma 4.7, to show
that E(Xp1—)m) = o(1), it is enough to show that the expected number of sets S with
yn < s < (1 —y)n for which #(S) is at most h>d,ks, is o(1). Consider the probability space
M(n,m,0), which is generated by placing each hyperedge uniformly and randomly on the
n vertices. Let B be the event that all bins contain at least k 4 1 balls. Then M(n,m,k + 1)
equals M(n,m,0) conditioned on the event B. By Lemma 5.2, P(B) = Q(f+1(4)"), where
Afr(A) = ufr+1(4). Given any set S, let r = s/n. For any hyperedge of size h — j, the
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probability that it intersects both S and S is p;, =1 — rh=i — (1 —r)"=J. Then
Pjr >1-— Vh (1 _ V)h Jj >1— h w1 (1 _ 7))h—w+1

for any set S and any 0 < j < w — 1. Recall from (5.1) that m is the total number of
hyperedges in G. Then

w—1

E?’](S) = ij,rmh—j > m(l — ,))h7w+1 _ (1 _ y)hfwﬂ)

for any given S. Since m > (k — 1)n/w by (5.3),
En(S) = (1 =" — (1 =)' )k — Dn/w = ©,(k)n,
for any S with yn < |S| < (1 —y)n. Choose
1 — phwtl (] it
4wh?(1 —y)
Then 6, depends only on 7y, and so N, also depends only on y. By the Chernoff bound [7],

0y =

BUI(S) < W 2ks) < BI(S) < Work(1 — )
P(nis) < 3215))

< exp(—En(S)/16).

Note that the second inequality holds because of the choice of d,. So there exists some
constant C > 0 such that

P(n(S) < h*6:ks | B) < C exp(=En(S)/16)fi11(2) "

e (exp (—Eféf) “In fkmx))) .

The number of sets S with yn < |S| < (1 — y)n is at most 2". So the expected number of
sets S with yn < s < (1 —y)n and 5(S) < h*6,ks in M(n,m,k + 1) is at most

C(zexp(—%s} - 1nfk+1<ﬂ)))”

Clearly fi+1(4) — 1 as k — oo and Ex(S) = O, (k)n as observed before. Then there exists
a constant N3 > 0 depending only on y such that, provided k > N3,

2exp <—IE;76(:) —lnfk+1(/l)) <1

Then, provided k > max{N, N3},
IE(Xv[yn,(l—y)n]) = 0(1)

Combining all four cases, let N = max{Ny, N2, N3,h+ w}. Then N depends only on y.
We have shown that, provided k > N, we have EX = o(1). Then Proposition 2.7 follows.
U]
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Proof of Lemma 5.8. The idea of the proof is as follows. When S is big, by Corollary 5.5
there are no such sets with d(S) < (1 —9)ulS|. We will see later that m.>(S) < k|S]
requires a lot of hyperedges partially contained in S, which is unlikely to happen when S
is small enough. Let s denote |S]|.

Let G € M(n,m,k + 1). Let

w—1

D=> (h—jim_; and p=D/n
j=0

as defined in (5.1). For any S, let m.;(S) denote the number of hyperedges with exactly i
vertices contained in S. Then m. >(S) < ks if and only if

h
> (= m. (S) > d(S) — ks.
i=2

By Corollary 5.5, there exists N; > 0 depending only on J such that, provided k > N,
a.a.s. there is no S such that s > n/h and d(S) < (1 — d)us. So we only need to consider
sets S with s < n/h. We call a vertex set S € G bad if log?n < |S| < n/h, d(S) < (1 — )u|S|
and

h

> (i Dm.i(S) > d(S) — kIS|.

i=2

For any given S, let p(S) denote the probability of S being bad. By Corollary 5.4,
there exists N > 0 and 0 < « < 1, both depending only on o, such that provided k > N,
the probability that d(S) < (1 —d)us is at most o**. Let p(q,t) be the probability that
Ef;z(i — 1)m.;(S) is at least ¢ conditional on d(S) = g. Then

)= > plg.q —ks)P(S) = q). (5.10)

(k+1)s<g<(1=0)us

For the small values of ¢ (or s), we need the following claim, to be proved later.

Claim 59. If g <D/hand t > 1, then

hint\ eh(h — 1)2¢*\"
< .
p(q,t)\<exp( ; ) 4D

In particular, for sufficiently large t (as a function of h),
eh3q2 t
, 1) < .
p(q,1) ( 4D

Case 1: s < 2n/eh*(k + 1). Since (k + 1)s < g < (1 —6)us < D/h, we have

4 _ . (k+1)s
g—ks ~ (k+1)s—ks

_—ows _s

=k+1, 4 , —ks > s> log’n.
D un n
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So ¢ — ks — o0 as n — oo. By (5.10) and the particular case of Claim 5.9, we have

3k + 1)s\47%

< Y <( L ) B((S) = g)
e+ 1s<g<(1—6)us

. (eh3(k +1)s

4n

eh®(k + l)s)saﬂs'
4n

)SIP’((k +1)s < d(S) < (1—d)ps) < (

Note that the second inequality above holds because ¢ — ks > sand 0 < eh*(k + 1)s/4n < 1
since s < 2n/eh’(k + 1).
Then the expected number of bad sets S with |S| = s, for any fixed

log’n < s < 2n/eh’(k + 1),

is at most

(n) (WWYW . (en o €h3<’<+1)3) — (PR(k+ 1) /4).
s 4n S 4n

Since pu > h(k — 1)/w by (5.3), this is at most exp(—s) provided k > N3 for some N3 >0
depending only on o.

Case 2: 5 > 2n/eh®(k + 1). Take p(q,q — ks) < 1 since p(q,q — ks) is a probability. So the
expected number of bad sets S with |S| = s, for any fixed 2n/eh*(k + 1) < s < (1 —6)us,
is at most

<Vl) oS — <es”au)s < (R (k + 1o /2)° < exp(—s),

S

whenever k > Ny, for some N4 > 0 depending only on o. Since o depends only on d, N3
and Ny also depend only on §. Let N = max{Ny, N2, N3, N4}. Then N depends only on J,
and provided k > N, the expected number of bad S is at most

Z exp(—s) = o(1).

log? n<s<n/h

Lemma 5.8 follows. |
It only remains to prove Claim 5.9.

Proof of Claim 5.9. To illustrate the method of computing p(q,t), we show in detail
the case h =2 first. Conditional on that d(S) = ¢, we want to estimate the probability
that there are at least t edges in S. Consider the alternative algorithm that generates the
probability space of the partition-allocation model P([n], [m;],0,k + 1). Fix any allocation
which allocates g balls into bins representing vertices in S with each bin containing at
least k + 1 balls. There are at most
q\ (20)!
(2t> 21!

https://doi.org/10.1017/5096354831400073X Published online by Cambridge University Press


https://doi.org/10.1017/S096354831400073X

820 P. Gao and N. Wormald

partial partitions that contain t parts within S. The probability of every such partial
partition occurring is

t—1

1
1_[D—1—2i'

i=0

So

—1
g\ (20! J 1
< .
Pla.1) S (2x) 217 ED—1—2V

which is at most

RO NER)
21l D—1-2i ~\2t)\D—-1) “\2t D)’
Note that the second inequality holds since ¢ < D/2 and so ¢ —t < (D —1)/2.

Now we estimate p(q,t) in the general case h > 2. Let M = ([2my], ..., [hm;]). Consider
the alternative algorithm that generates the probability space of the partition-allocation
model P([n],M, 0,k + 1), defined in Section 3. Fix any allocation that allocates exactly
q balls into S with each bin containing at least k 4+ 1 balls. The algorithm uniformly

randomly partitions balls into parts such that there are exactly m;_; parts with size h — j
for j=0,...,w—1. Let

h
U= {(uz,...,uh) S N(hil) : Z(l— 1)”1 = t} i

i=2

Let u= (uy,...,u;) be an arbitrary vector from U/. We overestimate the probability that
m.;(S) is at least u; for all i =2,...,h, conditional on d(S) = q. Let p(q,u) denote this
probability. Then clearly

p(a.) <> plg.u).
ueld
The number of partial partitions that contain u; partial parts of size i within S is

( q ) (2uz)!  (hup)!

: 5.11
uy, 2uy, 3us, .. huy ) 2Muy ! Rl (5.11)

where u; = q — Z?:z iu;. For any such partial partition we compute the probability that it
occurs. The algorithm starts by picking a ball v unpartitioned in S, and then it chooses at
most h — 1 balls that are u.a.r. chosen from all the unpartitioned balls to be partitioned
into the part containing v.

The probability of the occurrence of a given u, partial parts of size 2 within S is at
most

uz—]
1 1 1 1
-1 =(h— 1)~ . )
L L prpey il U sy il sy s IR Joy gy ¥
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The probability of the occurrence of a given us partial parts of size 3 within S is at most

“i—f h—1 1 ' 1
2 )D—huy—hi—1 D—huy— hi—

i=0

u371 1

< _1)\2u3 )
sk-=1D H(D Ty — hi — 1)?

i=0

Note that the above inequality holds because

h
h> u<hg/2<D)2.
i=2

Continuing in this way, we obtain that the probability of a particular partial partition
with u; partial parts of size i within S is at most

uzl u;l
1 1
_ 1 \u22uz 4 +(h—1uy,
(= 150 }XHD hi— 1H(D Iy — hi — 1)

Uup—1— 1 1 Up—1 —1 1

X...X
H (D —hY'23uj — hi— 1)1 1;[ (D — Iy uj— hi— 1)t

i=0 0
The product of this and (5.11) gives an upper bound of p(q,u), which is at most

[q]zh iu; (h - 1)[ 42—l 1 g, 1
uplug ! w1210 -y lun g D—hi—1 ,-11 (D—hZ?;éuj—hi—l)hfl

Since 2!%2 -+~ h!"n ] > 2! this is at most

h—1y g g, — =y
[9]( ) r H 4q i Cx H q h_IZ, 2 Uy .
sy 12 D—hi—1" o D —hY i uj—hi— 1y

Since ¢ < D/h and so ¢ —t < (D — 1)/h, this is at most

(eq(h—l)/2)1<q—t)uz< q—t—u )143. ( q—t—zjzluj )uh
W \D—1 (D — huy — 1)? (D — hZ] Sup— i

(eq(h—1)/2)'
g — ) (g S

y (q_t)uz< g—t—u >2u3“ < q_t_zil*;u} )(h—l)uh
D—1 D—hu —1 D— th 2u]

(eq(h—1)/2) <q—t>
U (u3(q — t — wp))s -+ (up(q — t — Z;Zé w2y \D — 1

N

. (eq(h—1)/2) ( 4 ) )
(s — =) (g — 0 = 350 )2y
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Since ¢ > S iu; and t = 31, (i — D)u,,
i h
q—t—Zuj> Z uj > uy forall 2<i<h—1,
j=2 j=it1
and so
h—1 h—2~ uy
uy (u3(q —t —u))"™ -+ <uh (61 —t— Z”J) ) > ugzu?” . '-uglhfl)“”.

j=2

We prove the following claim later.

Claim 5.10. Let t = Y"_,(j — 1)u;. Then

j=2
2t '
uuz u2u3 .. u(h_l)“h > .

273 h = h(h _ 1)

By Claim 5.10, for any h > 2,

eqh(h—1)* ¢

t
p(g,u) < (4t : D) , foralluel.

Since |U| < t", we have

h(h —1)2¢%\' hint\ eh(h — 1)%¢*\"
< (TG .
gD St < 4D XP\ T 4D

In particular, if t — co as n — oo, then hint/t — 0, and so exp(hlnt/t) < (h/(h — 1))

provided n is large enough. So
eh3q2 t
1) < .
p(q,1) ( 4D ) U

Proof of Claim 5.10. We solve the following optimization problem:
(P;) min mg’zmg”” e m;h*l)m’“
st. my+2m3s+---+(h—Dmy, =t,
my,ms,...,my = 0.

Letting x; = (i — 1)m; for 2 < i < h, and taking the logarithm of the objective function,
(Pq) is equivalent to the following optimization problem:

(P;) min x;Inx; 4+ x31In(x3/2) + -+ - + xp, In(xy, /(h — 1))
st. Xo+Xx3+--+x, =1,

X2,X3,...,Xp = 0.
As is conventional, let xInx = 0 if x = 0. Applying the Lagrange multiplier yields

X" = (X3, X355 Xp)

https://doi.org/10.1017/5096354831400073X Published online by Cambridge University Press


https://doi.org/10.1017/S096354831400073X

Orientability Thresholds for Random Hypergraphs 823

with x; = 2t(i — 1)/h(h — 1), which is a feasible solution of (P;). In order to show that this
is an optimal solution, we need to show that the optimal solution does not appear on the
boundary.

Let x be any solution on the boundary of (P,). Then there exists 2 < i < h such that x; =
0. There also exists j with x; > 0. Consider x with xj = (i — 1)x;/h, xj = x; — (i — 1)x;/h
and xj = x; for any [ # i, j. Then X’ is feasible, and it is straightforward to check that

xiIn(x/(i — 1)) + ¥} In(x}/(j — 1)) < x;In(x;/(i — 1)) + x; In(x;/(j — 1))

Hence x’ cannot be an optimal solution. This proves that x* is the minimizer and so the
optimal value of (Py) is exp(t In(2t/(h(h — 1)))) = (2t/(h(h — 1)))". U]
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