
Forum of Mathematics, Sigma (2026), Vol. 14:e113 1–19
doi:10.1017/fms.2026.10243

RESEARCH ARTICLE

Smooth surfaces with maximally many lines
Janet Page 1, Tim Ryan 2 and Karen E. Smith 3

1Department of Mathematics, North Dakota State University, Fargo, ND, USA; E-mail: janet.page@ndsu.edu.
2Department of Mathematics, North Dakota State University, Fargo, ND, USA;
E-mail: timothy.ryan.3@ndsu.edu (Corresponding author).

3Department of Mathematics, University of Michigan, Ann Arbor, MI, USA; E-mail: kesmith@umich.edu.

Received: 6 November 2025; Revised: 8 March 2026; Accepted: 30 March 2026

2020 Mathematical Subject Classification: Primary – 14N10; Secondary – 13A35, 51E12, 14J25, 14N15, 14G17

Abstract
We prove that a smooth projective surface of degree d in P3 contains at most 𝑑2 (𝑑2 −3𝑑 +3) lines. We characterize
the surfaces containing exactly 𝑑2 (𝑑2 − 3𝑑 + 3) lines: these occur only in prime characteristic p and, up to choice
of projective coordinates, are cut out by equations of the form 𝑥𝑝

𝑒+1 + 𝑦𝑝
𝑒+1 + 𝑧𝑝

𝑒+1 + 𝑤𝑝𝑒+1 = 0.
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1. Introduction

In this paper, we prove a sharp upper bound for the number of lines on a smooth algebraic surface in P3

depending only on its degree and independent of the ground field, and then we precisely characterize
the surfaces that achieve this bound.

Specifically, we prove the following theorem.

Theorem 1.1. Let 𝑆 ⊆ P3 be a smooth algebraic surface of degree 𝑑 > 3 over an algebraically closed
field k. Then S contains at most 𝑑2(𝑑2 − 3𝑑 + 3) lines. Furthermore, S contains exactly 𝑑2(𝑑2 − 3𝑑 + 3)
lines if and only if
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(i) k has characteristic 𝑝 > 0;
(ii) 𝑑 = 𝑝𝑒 + 1 for some 𝑒 ∈ N; and

(iii) S is projectively equivalent to the Fermat surface defined by

𝑥𝑝𝑒+1 + 𝑦𝑝𝑒+1 + 𝑧𝑝
𝑒+1 + 𝑤𝑝𝑒+1 = 0. (1.1)

In this Theorem, algebraic closure is needed for the “if and only if” statement, although if the surface
is Hermitian, the theorem holds as stated when 𝑘 = F𝑝2𝑒 by [BC66]; see Section 1.3.

Previously, an upper bound of 𝑑4 for the number of lines on surfaces in three space was shown by
Kollár [Kol15, Prop 53]. The bound given in Theorem 1.1 was discussed by Noam Elkies (without the
characterization of surfaces achieving the bound) in a talk, which outlined a different and less elementary
proof.1 Little is known about sharp bounds beyond Theorem 1.1, although considerable effort has gone
into the case of quartics (Section 1.2). Nonsharp quadratic bounds have been known for over 150 years
when the field is restricted to characteristic zero (Section 1.1).

The special Fermat surfaces starring in Theorem 1.1 have extremal properties in many other contexts.
For example, the cones over them are “maximally singular” in the sense that they have the smallest
possible F-pure threshold (a singularity invariant in prime characteristic analogous to the log canonical
threshold) among all reduced cone singularities of the same multiplicity [KKP+22, Thm 3.1, 4.3]. They
are the only smooth surfaces (of degree 𝑑 ≥ 3) in P3 with the property that all smooth plane sections
are isomorphic [Bea90] or with the property that the dual surface is smooth [KP91, Nom95]. They also
have the maximal number of F𝑝𝑒 -points among surfaces of the same degree [HK13, HK15, HK16].
Notably, they have been consistently used as examples of surfaces with many lines in various settings,
for example, [BC66, Seg65, SSvL10, Deg15, Kol15].

Because it is helpful to name the surfaces (1.1), we recall
Definition 1.2. Let 𝑋 = V( 𝑓 ) ⊆ P𝑛 be a hypersurface over a field of characteristic p. We say that X is
extremal if deg( 𝑓 ) = 𝑝𝑒 + 1 for some positive integer e and 𝑓 ∈ (𝑥𝑝𝑒

0 , 𝑥𝑝𝑒

1 , . . . , 𝑥𝑝𝑒

𝑛 ).

Extremal surfaces are classified in [KKP+22]. In particular, a smooth surface S in P3 is extremal if
and only if S is projectively equivalent to the Fermat extremal surface (1.1); see [KKP+22, Thm 6.1],
[Shi01, Prop 2.3], and [Bea90] for three different proofs. See also [HW36], [Lan56, Thm 1], [Hef85,
Thm 9.10]. Using this terminology, the main result of the paper can be stated as follows:

Theorem 1.1: A smooth surface of degree d in P3 contains at most 𝑑2(𝑑2 −3𝑑 +3) lines, with equality
if and only if it is extremal.

Extremal hypersurfaces are defined by 𝑝𝑒-bilinear forms analogously to how quadric surfaces are
defined by bilinear forms; for this reason, they inherit some features of quadrics, a fact recognized
by Shimada with his moniker p-quadrics [Shi01]. In particular, extremal surfaces are linked, via their
automorphism groups, to the theory of algebraic groups over a finite field [Lan56]. For example, the
famous Drinfeld curve of Deligne-Lusztig theory is extremal [DL76]. The geometry of extremal surfaces
was studied in the context of Hermitian surfaces over F𝑝𝑒 by B. Segre and Bose-Chakravarti [Seg65,
BC66]; here the Frobenius map 𝑟 ↦→ 𝑟 𝑝𝑒 is an involution playing the role of complex conjugation in the
classical theory. Their beautiful point-line geometry was developed further by Hirschfeld [Hir85], and
eventually in the framework of finite incidence geometry by Payne and Thas; see [PT09].

In terms of the lines on them, extremal hypersurfaces are more like cubics than quadrics – note that
32 (32 − 3 · 3 + 3) is 27. The configuration of lines on an extremal surface shares properties with the
configuration of lines on a cubic surface; for example, they contain configurations analogous to Schläfli’s
double sixes [BPRS24]. In higher dimensions, Cheng – who calls extremal hypersurfaces “q-bics” –
shows that the Fano variety of lines on a smooth extremal threefold behaves similarly to that of cubic
threefolds [Che25a], [Che25b].

1See https://www.birs.ca/events/2017/5-day-workshops/17w5146/videos/watch/201703150900-Elkies.html. We are grateful to
Matthias Schütt for informing us of this talk.
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1.1. Characteristic zero

Of course, bounding the maximal number of lines on a smooth complex surface of degree d is a classical
subject with a history dating back at least to Clebsch’s 1861 bound of 𝑑 (11𝑑 − 24) [Cle61, p106].
An improved bound due to Segre [Seg43] held as the best result for eighty years until Bauer and Rams
recently proved an upper bound of 11𝑑2 − 30𝑑 + 18; their bound holds also in characteristic p, provided
that 𝑝 > 𝑑 [BR23]. Bauer and Rams’s bound is not sharp, however, even when 𝑑 = 4.

1.2. Lines on quartics

Rams and Schütt proved a sharp upper bound of 64 lines on a smooth quartic surface of characteristic
zero or 𝑝 ≥ 5 [RS15b]. Of course, in characteristic three, Theorem 1.1 guarantees that 112 is a sharp
bound on the number of lines on a smooth quartic surface, though this was first proved by Rams and
Schütt [RS15a]. In characteristic two, 60 is a sharp bound on the number of lines on a smooth quartic
[RS18, Deg22]. Much effort has gone into understanding lines on quartic surfaces; see also [Deg22,
DIS17, DR25, GAR16, Miy09, RS14, RS15b, RS15a, RS18, Seg43, SS17, Sch82, Ven17a, Ven17b,
Ven20, Ven22]. See also [RS20] for quintics.

Boissière and Sarti identify three ways to construct surfaces with many lines: those of the form
V(𝜙(𝑥, 𝑦) + 𝜓(𝑧, 𝑤)), those branched over a curve in P2 with many total inflection points, and those
with many automorphisms [BS07]. Perhaps unsurprisingly, extremal surfaces have all three of these
properties. However, we do not understand well whether there can be surfaces over a fixed field of
characteristic p with an abundance of lines – say, more than allowed by Bauer and Rams’s bound for
small d – but not as many as on an extremal surface. One question that we do not know the answer to:
are there sequences of smooth surfaces in P3 admitting sets of lines whose cardinality grows cubically
in d? The number of lines on extremal surfaces grows quartically in the degree, but for sequences of
nonextremal surfaces, the number of lines is bounded by a quadratic function in the degree in every
class of examples of which we are aware.

The proof of Theorem 1.1 has three main steps, which make up the remaining three sections of the
paper. We prove the bound on the number of lines in Section 2 using a result of Igusa to bound the
Picard number; extremal surfaces show immediately that the bound is sharp. Section 3 begins the proof
of the characterization of surfaces “with maximally many lines” by considering special configurations
of lines on them and invoking a combinatorial result in incidence geometry due to Thas; specifically,
we identify particular configurations of lines called numerical star chord pair configurations that we
already know to exist on extremal surfaces. Section 4 uses these configurations and some others to
successively force strong restrictions on the defining equation of the surface in a particular choice of
coordinates. The main idea, essentially, applies Bezout’s theorem to understand when certain members
in a net of lines in P3 lie on S.

1.3. The ground field

Throughout the paper, we work over an algebraically closed field. Of course, since a surface defined
over some field k is also defined over the algebraic closure 𝑘 , parts (i) and (ii) of Theorem 1.1 hold for
any surface over any field k with maximally many lines. Further, a surface with maximally many lines is
projectively equivalent over 𝑘̄ to the Fermat surface, but it is not necessarily projectively equivalent to
the Fermat surface over k. Nor is it necessarily true that a surface defined over k for which (i), (ii), and
(iii) hold has maximally many lines all defined over the field k. For example, the Fermat of degree 𝑞 + 1
has lines which are defined over F𝑞2 ; if we were to view this surface instead as defined over 𝑘 = F𝑞 , we
would not have maximally many lines all defined over k.

For readers familiar with finite Hermitian geometry, we point out that we are not assuming the surface
is Hermitian in Theorem 1.1; in particular, if the surface is extremal but not Hermitian – for example,
if it is defined by 𝑥𝑝𝑒

𝑦 + 𝑦𝑝𝑒
𝑧 + 𝑧𝑝

𝑒
𝑤 + 𝑤𝑝𝑒

𝑥 – then the projective change of coordinates needed to
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achieve (iii) can not be defined over F𝑝2𝑒 . Indeed, the group 𝑃𝐺𝐿4 (𝑝
2𝑒) acts transitively on the set of

Hermitian surfaces over k, so only Hermitian surfaces can be in the orbit of the Fermat surface. See
[BPRS24, Section 2.3].

2. An upper bound on the number of lines of a smooth surface

In this section, we prove the following upper bound on the number of lines on a smooth surface of degree
d, together with a restriction on the configuration of lines on a surface achieving this bound. This will
establish the first part of Theorem 1.1.

Theorem 2.1. A smooth surface S of degree d in P3 contains at most 𝑑2 (𝑑2 − 3𝑑 + 3) lines. Moreover, if
S contains exactly 𝑑2(𝑑2−3𝑑 +3) lines, then every line on S lies in exactly 𝑑2−2𝑑 +2 planes containing
another line on S, and each such plane contains exactly d distinct lines lying on the surface.

Remark 2.2. Smooth extremal surfaces of degree d always contain exactly 𝑑2(𝑑2 − 3𝑑 + 3) lines –
the maximal number possible – so the bound of Theorem 2.1 is sharp; see, for example, [BPRS24,
Thm 3.3.1 (e)]. Ultimately, we will see that any smooth surface “containing maximally many lines” is
extremal.

The proof of Theorem 2.1 proceeds as follows: we first use a result of Igusa to bound the Picard
number of S (Proposition 2.3), then use that bound to bound the number of lines intersecting a given
line (Proposition 2.10). From there, we use Bezout’s theorem to conclude the result.

2.1. Maximal Picard number

The Néron-Severi group of a smooth projective variety is the group of its divisors modulo algebraic
equivalence. This is a finitely generated group whose rank is called the Picard number of the variety.
Equivalently, the Picard number can be defined as the rank of the group of divisors modulo numerical
equivalence, since these two notions of equivalence agree on all divisors up to torsion [Mat57]. The
Picard group of smooth surface 𝑆 ⊆ P3 is torsion free in any case [SGA73, Thm 1.8], so we freely
interchange algebraic and numerical equivalence in this section.

Proposition 2.3. Let S be a smooth surface in P3 of degree d. Then the Picard number of S is bounded
above by 𝑑3 − 4𝑑2 + 6𝑑 − 2.

Remark 2.4. Extremal Fermat surfaces achieve this upper bound (as do all degree d Fermat surfaces
over fields of characteristic p where d divides 𝑝𝑒 + 1) [SK79], so this bound is sharp.

Proof of Proposition 2.3. Igusa [Igu60] shows that 𝜌(𝑆) ≤ 𝜒(𝑆) − 2+ 4 dim(Pic0(𝑆)) where Pic0(𝑆) is
the connected component of the identity in the Picard scheme for S and 𝜒(𝑆) is the “topological Euler
characteristic,” which in arbitrary characteristic can be defined as

𝜒(𝑆) =
∫
𝑆

𝑐(T𝑆) = 𝑐2(T𝑆),

where T𝑆 is the tangent bundle of S; see [Igu60, Main Theorem] or [Ful98, Ex 18.3.7(c)].
By [SGA73, 7.2, Exposé XI, Theorem 1.8], dim(𝑃𝑖𝑐0(𝑆)) = 0. The desired bound follows since

𝑐2 (T𝑆) = 𝑑3 − 4𝑑2 + 6𝑑, which can be seen by applying the additivity of the total Chern character to the
normal bundle sequence of S (see [Ful98, Examples 3.2.11-13]). �

2.2. Large sets of independent curve classes

As a step towards Theorem 2.1, we bound the number of lines on a surface S intersecting a fixed line on
S in terms of the Picard number. In order to state the result, we need some notation.

https://doi.org/10.1017/fms.2026.10243 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2026.10243


Forum of Mathematics, Sigma 5

Notation 2.5. Consider a smooth surface 𝑆 ⊆ P3 of degree 𝑑 ≥ 3, together with a fixed line L on S.
Consider the set of all lines on S that intersect L (excluding L itself). Note that this is a finite set. Let

𝐻1, 𝐻2, . . . , 𝐻𝑠

be the complete list of planes in P3 that contain both L and some other line of S. For each, one of two
possibilities holds for the plane section 𝐻𝑖 ∩ 𝑆. Let ℓ𝑖 denote the number of lines on S in the plane 𝐻𝑖

(other than L). Then either

(a) 𝐻𝑖 ∩ 𝑆 = 𝐿 ∪ 𝐿𝑖,1 ∪ · · · ∪ 𝐿𝑖,𝑑−1 is a union of d distinct lines2; or
(b) 𝐻𝑖 ∩ 𝑆 = 𝐿 ∪ 𝐿𝑖,1 ∪ · · · ∪ 𝐿𝑖,ℓ𝑖 ∪ 𝐶𝑖 , where 𝐶𝑖 is a degree 𝑑 − (ℓ𝑖 + 1) ≥ 2 curve in 𝐻𝑖 , none of

whose irreducible components are lines.

In Case (a), note that ℓ𝑖 = 𝑑 − 1, whereas in case (b), ℓ𝑖 ≤ 𝑑 − 3. For each i, let

𝑚𝑖 =

{
𝑑 − 2 in Case (a);
ℓ𝑖 in Case (b).

(2.1)

Proposition 2.6. Fix a line L on a smooth surface S of degree d. Let

L𝑖 = {𝐿𝑖,1, 𝐿𝑖,2, . . . , 𝐿𝑖,𝑚𝑖 } (2.2)

be the set of coplanar lines on S in the notation defined in Notation 2.5. Let h be an arbitrary plane
section of S. The set of curves

L1 ∪ L2 ∪ · · · ∪ L𝑠 ∪ {𝐿} ∪ {ℎ} (2.3)

represents a numerically independent set of curve classes on S.

Before proving Proposition 2.6, for convenience, we record a simple fact that we use repeatedly:

Lemma 2.7. Three lines on a smooth surface in P3 intersect pairwise if and only if they are coplanar.

Proof. Coplanar lines always intersect, so we need only prove the converse. Let 𝐿1, 𝐿2, and 𝐿3 be three
lines on a smooth surface 𝑆 ⊆ P3. If their three pairwise intersection points are distinct, then these lines
form a triangle obviously spanning a plane. If they all intersect at one point p, then for each i we have
𝑝 ∈ 𝐿𝑖 ⊆ 𝑇𝑝𝑆. Since S is smooth, the tangent space 𝑇𝑝𝑆 is two-dimensional. Thus, the three lines are
coplanar as they are contained in 𝑇𝑝𝑆. �

Proof of Proposition 2.6. It suffices to show that the corresponding intersection matrix is invertible.
To this end, observe that

ℎ2 = 𝑑 and ℎ · 𝑀 = 1 (2.4)

for any line M in (2.3), including L. Likewise, since 𝐿 ⊆ 𝐻𝑖 for all i, and two lines in P3 intersect if and
only if they are coplanar,

𝐿 · 𝐿𝑖, 𝑗 = 1 and 𝐿𝑖, 𝑗 · 𝐿𝑖′, 𝑗′ = 𝛿𝑖𝑖′ (2.5)

for all indices 𝑖, 𝑗 , 𝑖′, 𝑗 ′. Indeed, since 𝐿𝑖, 𝑗 ∩ 𝐿𝑖′, 𝑗′ ⊆ 𝐻𝑖 ∩ 𝐻𝑖′ = 𝐿, the lines 𝐿𝑖, 𝑗 and 𝐿𝑖′, 𝑗′ can only
intersect at a point p on L, in which case L, 𝐿𝑖, 𝑗 and 𝐿𝑖′, 𝑗′ pairwise intersect and so are coplanar by
Lemma 2.7; in this case 𝑇𝑝𝑆 = 𝐻𝑖 = 𝐻𝑖′ , so 𝑖 = 𝑖′.

2To see this, note that if 𝐻𝑖 ∩ 𝑆 contained a double line, then the Gauss map would be constant along that line, which is
impossible since the Gauss map is a finite morphism. [Zak93, Theorem I.2.8]
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Finally, for any line M on S, using adjunction for M as a divisor on S, we get that−2 = (−4+𝑑)+𝑀2 so

𝑀2 = 2 − 𝑑.

Order the set (2.3) so that the 𝐿𝑖, 𝑗 are ordered lexicographically, followed by L, then h. Then the
previous calculations show that the intersection matrix for the ordered set (2.3) is

⎡⎢⎢⎢⎢⎢⎣
𝐷 �1 �1
�1𝑇 2 − 𝑑 1
�1𝑇 1 𝑑

⎤⎥⎥⎥⎥⎥⎦
(2.6)

where D is a block diagonal matrix whose diagonal blocks 𝐴1, . . . , 𝐴𝑠 are the intersection matrices of
the subsets L1, . . .L𝑠 , and �1 is a column vector of all 1’s of the appropriate size. Each 𝐴𝑖 block satisfies

𝐴𝑖 = 1𝑚𝑖×𝑚𝑖 − (𝑑 − 1)𝐼𝑚𝑖 .

After a few invertible row and column operations, we can convert the matrix (2.6) to

⎡⎢⎢⎢⎢⎢⎣
𝐷 �0 �0
�0𝑇 1 0
�0𝑇 0 1

⎤⎥⎥⎥⎥⎥⎦
, (2.7)

where �0 is a column of 0’s of the appropriate size. To see that (2.7) has nonzero determinant, we
compute that each block matrix 𝐴𝑖 has determinant (1 − 𝑑)𝑚𝑖−1 (𝑚𝑖 − (𝑑 − 1)), which is nonzero since
0 < 𝑚𝑖 < 𝑑 − 1.

Thus, the intersection matrix (2.6) has nonzero determinant and the set of numerical equivalence
classes of curves

⋃𝑠
𝑖=1{𝐿𝑖, 𝑗 | 1 ≤ 𝑗 ≤ 𝑚𝑖}

⋃
{𝐿, ℎ} is linearly independent, as desired. �

Remark 2.8. Alternatively, we can complete the proof of Proposition 2.6 without explicitly computing
det(𝐴𝑖) by applying Theorem 7.1.15 in [KLOS23] to the pencil of plane sections through L on S. The
set

⋃𝑠
𝑖=1{𝐿𝑖, 𝑗 | 1 ≤ 𝑗 ≤ 𝑚𝑖} is a union of components of fibers that does not completely cover any fiber,

so it must be algebraically (and hence numerically) independent. This implies that the block diagonal
matrix formed by 𝐴1, . . . , 𝐴𝑟 is invertible, so we can proceed with the rest of the proof as above.

The following corollary is immediate.

Corollary 2.9. Fix a line L on a smooth surface S of degree d. With notation as in Notation 2.5, we have

𝜌(𝑆) ≥ 2 +

𝑠∑
𝑖=1

𝑚𝑖 ,

where 𝑚𝑖 is as defined in (2.1).

2.3. Bounding the number of lines on smooth surfaces in P3

We now use Corollary 2.9 to establish a bound on the maximal number of lines that can intersect a given
line on a smooth surface, and characterize when the maximal number is achieved. Extremal surfaces
show that this bound is sharp.

Proposition 2.10. Let 𝑆 ⊆ P3 be a smooth surface of degree 𝑑 ≥ 3 containing a line L. Then

(i) At most 𝑑3 − 3𝑑2 + 4𝑑 − 2 lines of S intersect L (not counting L itself);
(ii) Exactly 𝑑3 − 3𝑑2 + 4𝑑 − 2 lines of S intersect L if and only if L lies in a configuration of lines on S

formed by 𝑑2 − 2𝑑 + 2 plane sections consisting of d lines of S, one of which is L.
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Proof. In the notation of Notation 2.5, let r be the number of planes 𝐻𝑖 satisfying (a) – that is, the
number of planes 𝐻𝑖 containing d lines of S, one of which is L. Note that r can be zero. Remembering
the definition of 𝑚𝑖 (see (2.1)), Corollary 2.9 can be rewritten as

𝜌(𝑆) ≥ 2 +

𝑠∑
𝑖=1

ℓ𝑖 − 𝑟 (2.8)

where ℓ𝑖 is the number of lines on S in 𝐻𝑖 other than L. Putting (2.8) and Proposition 2.3 together and
adding 𝑟 − 2 to both sides, we have

𝑑3 − 4𝑑2 + 6𝑑 − 4 + 𝑟 ≥

𝑠∑
𝑖=1

ℓ𝑖 . (2.9)

By definition of ℓ𝑖 , the right-hand side of this equality is the number of lines on S that intersect L. Since
ℓ𝑖 = 𝑑 − 1 for exactly r indices i, we have

(𝑑 − 2) (𝑑2 − 2𝑑 + 2) + 𝑟 = 𝑑3 − 4𝑑2 + 6𝑑 − 4 + 𝑟 ≥ 𝑟 (𝑑 − 1) (2.10)

which means that

𝑑2 − 2𝑑 + 2 ≥ 𝑟. (2.11)

Combining (2.9) and (2.11), we see that

𝑑3 − 4𝑑2 + 6𝑑 − 4 + (𝑑2 − 2𝑑 + 2) ≥
𝑠∑
𝑖=1

ℓ𝑖 .

Thus, 𝑑3 − 3𝑑2 + 4𝑑 − 2 is an upper bound on the number of lines intersecting L, as desired.
For the final statement, first note that if 𝑟 < 𝑑2 − 2𝑑 + 2, then

𝑠∑
𝑖=1

ℓ𝑖 ≤ 𝜌(𝑆) − 2 + 𝑟 < (𝑑3 − 4𝑑2 + 6𝑑 − 2) − 2 + (𝑑2 − 2𝑑 + 2) = 𝑑3 − 3𝑑2 + 4𝑑 − 2,

which is the maximal possible number of lines intersecting a given line L on S. Thus, this maximum
can be achieved only when 𝑟 = 𝑑2 − 2𝑑 + 2 – that is only when there are exactly 𝑑2 − 2𝑑 + 2 planes each
containing exactly d lines of S, one of which is L. �

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. If S does not have two skew lines, then it has at most d lines since they are all
contained in a single plane. Thus, if S has more than d lines, we can choose coordinates so that S contains
the skew lines 𝐿 = V(𝑥, 𝑦) and 𝑀 = V(𝑧, 𝑤). In other words, if f is the homogeneous form defining S,
then 𝑓 ∈ (𝑥, 𝑦) ∩ (𝑧, 𝑤), so that

𝑓 = 𝑥𝑧 𝑓1 + 𝑥𝑤 𝑓2 + 𝑦𝑧 𝑓3 + 𝑦𝑤 𝑓4, (2.12)

where the 𝑓𝑖 are homogenous polynomials of degree 𝑑 − 2.
Let us count the lines on S that do not intersect L. An arbitrary line N skew to L in P3 is cut out by

two homogenous forms, ℎ1 and ℎ2 such that the ideal (𝑥, 𝑦, ℎ1, ℎ2) is equal to (𝑥, 𝑦, 𝑧, 𝑤). Thus, without
loss of generality, we can assume ℎ1 and ℎ2 are the forms

𝑎1𝑥 + 𝑎2𝑦 − 𝑧 and 𝑎3𝑥 + 𝑎4𝑦 − 𝑤,
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for some scalars 𝑎𝑖 . The line N defined by these forms lies on S if and only if 𝑓 ∈ (ℎ1, ℎ2), or equivalently,
if and only if f is in the kernel of the “restriction to N” map

𝑘 [𝑥, 𝑦, 𝑧, 𝑤] → 𝑘 [𝑥, 𝑦] 𝑧 ↦→ 𝑎1𝑥 + 𝑎2𝑦, 𝑤 ↦→ 𝑎3𝑥 + 𝑎4𝑦.

Remembering that the polynomial f has the form (2.12), we see that this map sends f to a polynomial of
degree d in x and y whose coefficients are polynomials of degree 𝑑 − 1 in 𝑎1, 𝑎2, 𝑎3, 𝑎4. In other words,
N lies on S if and only if these degree 𝑑 −1 polynomials in the four variables 𝑎1, 𝑎2, 𝑎3, 𝑎4 vanish. Since
we know that S has only finitely many lines, Bezout’s theorem for affine space implies there are at most
(𝑑 − 1)4 solutions to these polynomials in four variables. That is, there are at most (𝑑 − 1)4 lines on S
skew to L.

Invoking Proposition 2.10, we conclude that in total, there are at most

(𝑑 − 1)4 + (𝑑3 − 3𝑑2 + 4𝑑 − 2) + 1 = 𝑑2 (𝑑2 − 3𝑑 + 3)

lines on S as claimed.
Finally, note that the argument above is sharp: for any line L, if there are not 𝑑2 − 2𝑑 + 2 distinct

planes each containing d lines of S, one of which is L, then there are strictly fewer than 𝑑2(𝑑2 − 3𝑑 + 3)
lines on S. Although we will not use this fact, it is similarly true that for any line L, if L is not skew to
(𝑑 − 1)4 lines of S, then there are strictly fewer than 𝑑2(𝑑2 − 3𝑑 + 3) lines on S. �

Corollary 2.11. If S is a smooth surface of degree 𝑑 > 3 which contains 𝑑2(𝑑2 − 3𝑑 + 3) lines (the
maximal possible according to Theorem 2.1), then for any two skew lines on S, there are (𝑑 − 1)2 + 1
lines on S intersecting both.

Proof. Fix two skew lines L and M on S. By Theorem 2.1, L lies in (𝑑 − 1)2 + 1 planes containing
other lines. Every line on S intersecting L must lie in one of those planes, and all lines in those planes
intersect L. The line M is skew to L, so in none of those planes. This means M meets each of these
planes. But M must intersect a single line in each plane by Lemma 2.7. The result follows. �

3. Numerical star chord pair configurations

The configuration of lines on an extremal surface of degree d has several strong properties. In this
section, we use a combinatorial result of Thas to show that a smooth surface in 3-space with “maximally
many lines” admits a special configuration of lines that we call a numerical star chord pair configuration
that always appears on extremal surfaces. In the next section, we will use this fact to show that surfaces
with the maximal number of lines are, in fact, extremal.

Definition 3.1. Let 𝑆 ⊆ P3 be a surface of degree d. A numerical star chord pair configuration on S
is a collection of 𝑑2 lines on S that can be partitioned into d sets of d coplanar lines in two different ways.

The purpose of this section is to prove the following crucial ingredient in the proof of Theorem 1.1,
which will follow by combining our Theorem 2.1 and Thas’s Theorem 3.14:

Corollary 3.2. Let 𝑆 ⊆ P3 be a smooth surface of degree 𝑑 ≥ 3. If S contains 𝑑2(𝑑2 − 3𝑑 + 3) lines –
the maximal possible by Theorem 2.1 – then 𝑑 − 1 is a prime power and S contains a numerical star
chord pair configuration.

Notice that Corollary 3.2 does not guarantee that 𝑑 − 1 is a power of the characteristic of the ground
field. Indeed, Example 3.7 shows that this need not be the case. In Section 4, we will show that when
𝑑 ≥ 4, under the hypothesis of Corollary 3.2, 𝑑 − 1 is a power of the characteristic and the surface is
extremal.

The term “numerical star chord pair configuration” is motivated by the following example.
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Example 3.3 [BPRS24, Section 3]. Let 𝑋 ⊆ P3 be an extremal surface of degree d. Then whenever two
lines on X intersect at a point p, the plane they span (which is necessarily 𝑇𝑝𝑋) intersects X in a “star” – a
union of d coplanar lines through p. This plane is called a star plane and the point p is called a star point.
When 𝑑 = 3, these are called Eckardt points. Star points are also defined in greater generality in [CC10].

If p and 𝑝′ are two star points spanning a line ℓ not on X, then the line ℓ is said to be a star chord
of X. Every star chord intersects X in d distinct points 𝑝1, . . . 𝑝𝑑 , all of which turn out to be star points
(two of which are p and 𝑝′). The set

{𝑋 ∩ 𝑇𝑝1 𝑋} ∪ {𝑋 ∩ 𝑇𝑝2 𝑋} ∪ · · · ∪ {𝑋 ∩ 𝑇𝑝𝑑 𝑋} (3.1)

consists of 𝑑2 lines in X partitioned into d different sets of d coplanar lines, namely the d stars with star
points 𝑝1, . . . 𝑝𝑑 . On the other hand, there is another way to partition these same 𝑑2 lines into d sets of
d coplanar lines. Namely, the star planes 𝑇𝑝𝑋 and 𝑇𝑝′ 𝑋 intersect in a star chord ℓ′, which intersects X
in d distinct star points 𝑞1, 𝑞2, . . . , 𝑞𝑑 , none of which is any 𝑝𝑖 . The collection of 𝑑2 lines

{𝑋 ∩ 𝑇𝑞1 𝑋} ∪ {𝑋 ∩ 𝑇𝑞2 𝑋} ∪ · · · ∪ {𝑋 ∩ 𝑇𝑞𝑑 𝑋} (3.2)

is a different partition of the same 𝑑2 lines (3.1) into d sets of d coplanar lines. As it turns out,
∩𝑑
𝑖=1𝑇𝑞𝑖 𝑋 = ℓ and ∩𝑑

𝑖=1𝑇𝑝𝑖 𝑋 = ℓ′ so the star chord pair (ℓ, ℓ′) is independent of the original choice of star
points p and 𝑝′; see [BPRS24, Section 3]. We call these 𝑑2 lines, together with the two partitions (3.1)
and (3.2), a star chord pair configuration; it is a special case of a numerical star chord pair configuration.

Remark 3.4. Surfaces in P3 containing star chord pair configurations are a topic of considerable
independent interest. Any surface – extremal or not – defined by 𝜙(𝑥, 𝑦) = 𝜓(𝑧, 𝑤), where 𝜙 and 𝜓 are
reduced forms of the same degree, contains a star chord pair configuration [CHM95, BS07, Xia19].
See also [Hir85, p116].

Remark 3.5. Our definition of a numerical star chord pair configuration does not require that the sets of
d coplanar lines making up either partition form a star, as in Example 3.3. There exist configurations of
lines on smooth surfaces that are numerical but not actual star chord pair configurations; see Example 3.7
for examples on cubics. For a higher-dimensional example, consider the pencil of planes between two
surfaces of degree 𝑑 ≥ 4 each defined as the union of d general planes; the generic element of the pencil
is an irreducible degree d surface containing a numerical star chord pair configuration that is not a star
chord pair configuration.

Remark 3.6. Suppose a smooth surface 𝑆 ⊆ P3 of degree d admits a numerical star chord pair
configuration consisting of 𝑑2 lines on S partitioned by the planes {𝐻1, . . . , 𝐻𝑑} and {𝐾1, . . . , 𝐾𝑑}. In
this case, the 𝑑2 lines on S are precisely 𝐿𝑖, 𝑗 = 𝐻𝑖 ∩ 𝐾 𝑗 as i and j run through the set {1, 2, . . . , 𝑑}.
Observe that

(a) The lines 𝐻𝑖 ∩ 𝐻 𝑗 (respectively 𝐾𝑖 ∩ 𝐾 𝑗 ) do not lie on S – that is, they are chords;
(b) The lines 𝐿𝑖, 𝑗 and 𝐿𝑚,𝑛 are skew if 𝑖 ≠ 𝑚 and 𝑗 ≠ 𝑛.

Indeed, (a) follows because otherwise the line 𝐻𝑖 ∩ 𝐻 𝑗 would lie in both 𝐻𝑖 ∩ 𝑆 and 𝐻 𝑗 ∩ 𝑆, contrary to
the fact that {𝐻1, . . . , 𝐻𝑑} partitions the lines. For (b), observe that 𝐿𝑖,𝑛 and 𝐿𝑚,𝑛 are both in the plane
𝐾𝑛, and that 𝐿𝑖, 𝑗 intersects 𝐿𝑖,𝑛. If 𝐿𝑖, 𝑗 intersects 𝐿𝑚,𝑛 as well, then {𝐿𝑖,𝑛, 𝐿𝑚,𝑛, 𝐿𝑖, 𝑗 } would pairwise
intersect, so 𝐿𝑖, 𝑗 would lie in the plane 𝐾𝑛 by Lemma 2.7. Since 𝐿𝑖, 𝑗 is also in 𝐾 𝑗 , this would imply
that 𝐿𝑖, 𝑗 = 𝐾𝑛 ∩ 𝐾 𝑗 , contrary to (a).

Example 3.7. Smooth cubic surfaces always contain 27 (which is 𝑑2(𝑑2 − 3𝑑 + 3)) lines, so by Corol-
lary 3.2, they contain a numerical star chord pair configuration. Representing a cubic surface S as the
blow up of P2 at six points 𝑝1, . . . 𝑝6, let 𝐸𝑖 denote the exceptional divisors, 𝐶𝑖 the strict transforms of
conics through all 𝑝 𝑗 with 𝑗 ≠ 𝑖, and 𝐿𝑖 𝑗 the strict transform of the line through 𝑝𝑖 and 𝑝 𝑗 . Then one
readily confirms that
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{𝐸1, 𝐶2, 𝐿12} ∪ {𝐸3, 𝐶4, 𝐿34} ∪ {𝐿14, 𝐿23, 𝐿56}

{𝐸1, 𝐶4, 𝐿14} ∪ {𝐸3, 𝐶2, 𝐿23} ∪ {𝐿12, 𝐿34, 𝐿56}

is a numerical star chord pair configuration on S. In fact, one can show that up to choosing the six
(ordered) points to blow up, every numerical star chord pair configuration is of this type.

3.1. Generalized quadrangles

Generalized quadrangles were introduced by Tits in his study of simple groups of Lie type of rank 2
[Tit59], and quickly became a popular research topic in combinatorics; see [PT09] for a general reference.
Our proof of Corollary 3.2 will make use of a characterization of certain generalized quadrangles due
to Thas. We now briefly summarize the necessary machinery to state it.

An incidence structure is a triple (𝑃, 𝐵, 𝐼), where P and B are sets (typically called “points” and
“lines” respectively, but we will avoid this language as it would be confusing in our context), together
with a relation 𝐼 ⊆ 𝑃 × 𝐵 which determines when 𝑝 ∈ 𝑃 is incident to 𝑏 ∈ 𝐵. Two incidence structures
(𝑃, 𝐵, 𝐼) and (𝑃′, 𝐵′, 𝐼 ′) are isomorphic if there are bijections 𝑃 → 𝑃′ and 𝐵 → 𝐵′ identifying I with 𝐼 ′.

Definition 3.8 [PT09, p1]. A generalized quadrangle with parameters (𝑠, 𝑡) is an incidence structure
(𝑃, 𝐵, 𝐼) satisfying the following conditions:

1. For all 𝑥, 𝑥 ′ ∈ 𝑃, there is at most one 𝑏 ∈ 𝐵 such that (𝑥, 𝑏), (𝑥 ′, 𝑏) ∈ 𝐼.
2. For all 𝑏, 𝑏′ ∈ 𝐵, there is at most one 𝑥 ∈ 𝑃 such that (𝑥, 𝑏), (𝑥, 𝑏′) ∈ 𝐼.
3. For all (𝑥, 𝑏) ∉ 𝐼, there exist unique 𝑥 ′ ∈ 𝑃 and 𝑏′ ∈ 𝐵 such that (𝑥 ′, 𝑏), (𝑥, 𝑏′), (𝑥 ′, 𝑏′) ∈ 𝐼.
4. For all 𝑏 ∈ 𝐵, there are exactly 𝑠 + 1 elements 𝑥 ∈ 𝑃 with (𝑥, 𝑏) ∈ 𝐼.
5. For all 𝑥 ∈ 𝑃, there are exactly 𝑡 + 1 elements 𝑏 ∈ 𝐵 with (𝑥, 𝑏) ∈ 𝐼.

Of particular interest in incidence geometry is the Hermitian generalized quadrangle:

Example 3.9. [PT09, 3.1.1(ii)]. Let 𝑋 = V(𝑥𝑝𝑒+1 + 𝑦𝑝𝑒+1 + 𝑧𝑝
𝑒+1 + 𝑤𝑝𝑒+1) ⊆ P3 be the Hermitian

surface (of degree 𝑝𝑒 + 1) defined over F𝑝 . Let 𝑃′ be the set of F𝑝2𝑒 -points and let 𝐵′ be the set of lines
on X defined over F𝑝2𝑒 , with I the natural incidence relation of points lying on lines. Then (𝑃′, 𝐵′, 𝐼 ′)

is a generalized quadrangle with parameters (𝑝2𝑒, 𝑝𝑒) called the Hermitian generalized quadrangle.
Equivalently, we can take 𝑃′ to be the set of star points and 𝐵′ to be the set of lines on any smooth

extremal surface X of degree 𝑝𝑒 + 1, since up to choice of projective coordinates, X can be assumed to
be the Hermitian surface V(𝑥𝑝𝑒+1 + 𝑦𝑝𝑒+1 + 𝑧𝑝

𝑒+1 + 𝑤𝑝𝑒+1) in which case the star points of a Hermitian
surface are precisely its F𝑝2𝑒 -points; see [BPRS24, Prop 2.5.1] or [Seg67, Hir85, Shi01].

For our argument, we are interested in a different generalized quadrangle associated to an extremal
surface:

Example 3.10. Let X be an extremal surface of degree 𝑝𝑒 + 1 in P3, let P be the set of lines on X, and let
B be the set of star planes on X (as defined in Example 3.3 or [BPRS24, Prop 2.5.1]). Defining incidence
in the natural way,

𝐼 = {(𝐿,Λ) | 𝐿 ⊆ Λ} ⊆ 𝑃 × 𝐵,

(𝑃, 𝐵, 𝐼) is a generalized quadrangle with parameters (𝑠, 𝑡) = (𝑝𝑒, 𝑝2𝑒). This is immediate from
[BPRS24, Thm 3.3.1a] (but see also, e.g., [Hir85] or [Shi01]). In any case, it is a special case of the a
priori more general example given by the next result:

Proposition 3.11. Let 𝑆 ⊆ P3 be a smooth surface of degree d containing 𝑑2(𝑑2 − 3𝑑 + 3) lines. Let P
be the set of lines on S, and let B be the set of planes containing d lines of S. With incidence defined the
natural way, (𝑃, 𝐵, 𝐼) forms a generalized quadrangle with parameters (𝑑 − 1, (𝑑 − 1)2).

Proof. This is a corollary of Theorem 2.1. Conditions (1) and (2) hold as any two planes share at most
one line and any two lines lie in at most one plane in P3. Condition (3) holds because if a line L on S is
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not contained in a plane 𝐻 ∈ 𝐵, then 𝐿 ∩ 𝐻 is a point on S, which must lie on a unique line 𝑀 ⊆ 𝐻 ∩ 𝑆
(by Lemma 2.7); in this case, the plane spanned by L and M is in B by Theorem 2.1. Conditions (4) and
(5) are the content of the second part of Theorem 2.1. �

The dual of an incidence structure (𝑃, 𝐵, 𝐼) is the incidence structure (𝐵, 𝑃, 𝐼∨) where (𝑏, 𝑝) ∈ 𝐼∨

if and only if (𝑝, 𝑏) ∈ 𝐼. The dual of a generalized quadrangle with parameters (𝑠, 𝑡) is a generalized
quadrangle with parameters (𝑡, 𝑠).

Proposition 3.12. Let 𝑋 ⊆ P3 be a smooth extremal surface. Then the following generalized quadrangles
associated to X are dual:

(i) Example 3.10, in which P consists of lines on X and B consists of star planes on X;
(ii) Example 3.9, in which 𝑃′ consists of star points on X and 𝐵′ consists of lines on X.

Proof. This follows immediately from the bijection between star points and star planes given by
𝑝 ↔ 𝑇𝑃𝑋 and the basic properties of the geometry of extremal surfaces proved, for example, in
[BPRS24]. �

A key step in the proof of the main result of this section, Corollary 3.2, will be to show that the
generalized quadrangle of Proposition 3.11 is also dual to the Hermitian generalized quadrangle, and
therefore isomorphic to the generalized quadrangle of lines and star planes on an extremal surface (Ex-
ample 3.10). To do so, we use a combinatorial characterization of the dual to the Hermitian generalized
quadrangle due to Thas. To state this result, we need a few more definitions.

Definition 3.13. Let (𝑃, 𝐵, 𝐼) be a generalized quadrangle with parameters (𝑠, 𝑡).

(i). A triad is a set of three elements 𝑥1, 𝑥2, 𝑥3 ∈ 𝑃 such that if (𝑥𝑖 , 𝑏) ∈ 𝐼, then (𝑥 𝑗 , 𝑏) ∉ 𝐼 for all 𝑗 ≠ 𝑖
[PT09, p. 2].

(ii). A triad {𝑥1, 𝑥2, 𝑥3} is 3-regular if it can be extended to a set of 𝑠 + 1 elements 𝑥𝑖 ∈ 𝑃 such
that, whenever 𝑦 ∈ 𝑃 is coincident with 𝑥1, 𝑥2 and 𝑥3, then also y is coincident with 𝑥4, . . . , 𝑥𝑠+1;
explicitly, this means that if for 𝑖 = 1, 2 and 3, there exists 𝑏𝑖 ∈ 𝐵 such that (𝑥𝑖 , 𝑏𝑖), (𝑦, 𝑏𝑖) ∈ 𝐼,
then also there exists 𝑏𝑖 ∈ 𝐵 for each 𝑖 = 4, 5, . . . , 𝑠 + 1, such that (𝑥𝑖 , 𝑏𝑖), (𝑦, 𝑏𝑖) ∈ 𝐼 [PT09, p. 4],
[Tha94, Page 143].

Theorem 3.14 [Tha78] [Tha94]. Let (𝑃, 𝐵, 𝐼) be a generalized quadrangle with parameters (𝑞, 𝑞2) for
some positive integer 𝑞 > 1. If every triad of (𝑃, 𝐵, 𝐼) is 3-regular, then (𝑃, 𝐵, 𝐼) is isomorphic to the
dual of the Hermitian generalized quadrangle. In particular, q is a prime power.

Proof. This is essentially [PT09, 5.3.2.i], where the result is attributed to Thas in [Tha78]. Note that the
notation 𝑄(5, 𝑞) appearing in that statement is defined in [PT09, 3.1.1], and shown to be isomorphic to
the dual of the Hermitian quadrangle in [PT09, 3.2.3], whenever q is a prime power; that q is a prime
power is established in [Tha94, Corollary 3.1.4]. �

3.2. Quadric configurations

In the generalized quadrangle (𝑃, 𝐵, 𝐼) of a surface with the maximal number of lines (defined in
Proposition 3.11), triads and 3-regularity have natural geometric interpretations. For example, a triad of
elements in P is a set of three skew lines on S. A set of three skew lines is 3-regular if it can be extended
to a set of d lines on S, each of which intersects every line on S intersecting all three initial lines. Our
next step is to show that all triads in this generalized quadrangle are 3-regular. For this, we use the idea
of a quadric configuration:

Definition 3.15 [BPRS24, Def 4.0.1]. Let 𝑆 ⊆ P3 be a smooth surface of degree 𝑑 ≥ 3. A quadric
configuration is a collection of 2𝑑 lines on S partitioned into two sets of d skew lines with the property
that each line in either set meets every line of the other set.
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Equivalently, a quadric configuration is a set of 2𝑑 lines on S whose union is the intersection 𝑆∩𝑄 for
some smooth quadric surface Q [BPRS24, Prop 4.0.2]. By necessity, d lines of the quadric configuration
lie in each ruling of Q.
Lemma 3.16. Let 𝑆 ⊆ P3 be a smooth surface of degree 𝑑 ≥ 3. If S contains 𝑑2(𝑑2 − 3𝑑 + 3) lines, then
every set of three skew lines on S determines a quadric configuration on S.
Proof. Any triple of skew lines in P3 determines a smooth quadric surface Q [Har95, 2.12], with the
three lines lying in one of the rulings of Q. Note that any line in P3 that intersects all three lines must
lie on Q, as its intersection multiplicity with the quadric Q is greater than 2. Since the intersection of
Q with our degree d surface S determines a curve of bi-degree (𝑑, 𝑑) on Q, there are at most d lines of
S (all in the other ruling of Q) which intersect the given three lines. That is, at most d lines on S can
intersect every line in a set of three skew lines in P3.

Fix a triple of skew lines {𝐿1, 𝐿2, 𝐿3} on S, and let Q be the quadric surface they determine. To prove
Lemma 3.16, we must show that the bidegree (𝑑, 𝑑) curve 𝑄 ∩ 𝑆 is a union of lines.

By Proposition 2.10, 𝐿3 lies in 𝑑2 − 2𝑑 + 2 planes 𝐻𝑖 , each of which contains d lines of S. None of
these 𝐻𝑖 contain 𝐿1 or 𝐿2 as both are skew to 𝐿3. Thus, 𝐿1 and 𝐿2 each intersect 𝐻𝑖 in a single point,
which necessarily lies on exactly one line in 𝐻𝑖 ∩ 𝑆 by Lemma 2.7. If 𝐿1 and 𝐿2 intersect the same line
in every 𝐻𝑖 ∩ 𝑆, then the three skew lines {𝐿1, 𝐿2, 𝐿3} would intersect 𝑑2 − 2𝑑 + 2 lines in common,
which is impossible since at most d lines on S can intersect all three. Thus, there is some plane H such
that 𝐿3 ⊆ 𝐻 ∩ 𝑆 such that 𝐿1 and 𝐿2 intersect different lines in 𝐻 ∩ 𝑆. Let 𝑁1, . . . , 𝑁𝑑 be the lines
of 𝐻 ∩ 𝑆 (where 𝑁3 also denotes 𝐿3 for convenience), and assume without loss of generality that 𝐿1
intersects 𝑁1 and 𝐿2 intersects 𝑁2. In particular, 𝐿1 and 𝐿2 are skew to 𝑁𝑖 for 3 ≤ 𝑖 ≤ 𝑑, and each set
{𝐿1, 𝐿2, 𝑁𝑖} is a triple of skew lines on S.

By Corollary 2.11, there are exactly 𝑑2 − 2𝑑 + 2 lines intersecting both 𝐿1 and 𝐿2; label them 𝑀𝑖 .
No 𝑀𝑖 can lie in 𝐻, since no line in 𝐻 ∩ 𝑆 intersects both 𝐿1 and 𝐿2. Thus, each 𝑀𝑖 intersects exactly
one of the lines 𝑁 𝑗 on H for 1 ≤ 𝑗 ≤ 𝑑 by Lemma 2.7.

We claim that exactly one 𝑀𝑖 intersects 𝑁1 and exactly one 𝑀𝑖 intersects 𝑁2. Indeed, consider the
plane spanned by 𝐿1 and 𝑁1 (respectively 𝐿2 and 𝑁2). If 𝑀 𝑗 and 𝑀𝑘 both intersect 𝑁1 (respectively 𝑁2),
then both are in this plane (Lemma 2.7), so meet. In this case, 𝐿1 and 𝐿2 are in this plane as well (again
by Lemma 2.7), contradicting the fact that 𝐿1 and 𝐿2 are skew.

Thus, there are exactly 𝑑2 − 2𝑑 + 2 − 2 = 𝑑 (𝑑 − 2) lines intersecting 𝐿1, 𝐿2, and
𝑑⋃
𝑖=3

𝑁𝑖 . Because

{𝐿1, 𝐿2, 𝑁𝑖} is a triple of skew lines (for 3 ≤ 𝑖 ≤ 𝑑), at most d lines on S can intersect all three. So
by the pigeonhole principle, for each 𝑖 = 3, 4, . . . , 𝑑, there must be exactly d lines intersecting 𝐿1, 𝐿2,
and 𝑁𝑖 . In particular, 𝐿1, 𝐿2, and 𝐿3 intersect d distinct lines of S in common, say 𝑀1, . . . , 𝑀𝑑 , which
all lie in the same ruling of the smooth quadric surface Q determined by 𝐿1, 𝐿2, and 𝐿3 = 𝑁3. Thus,
{𝑀1, . . . , 𝑀𝑑} is a set of d skew lines in 𝑆 ∩ 𝑄.

Now, apply the same argument to the skew set {𝑀1, 𝑀2, 𝑀3} on S. The same quadric Q is determined,
together with a set of d skew lines {𝐿1, . . . , 𝐿𝑑} lying in 𝑆 ∩ 𝑄 in the other ruling. So 𝑄 ∩ 𝑆 is a union
of the 2𝑑 lines {𝑀1, . . . , 𝑀𝑑 , 𝐿1, . . . , 𝐿𝑑}. Lemma 3.16 is proved. �

Theorem 3.17. Let 𝑆 ⊆ P3 be a smooth surface of degree 𝑑 ≥ 3 containing 𝑑2(𝑑2 − 3𝑑 + 3) lines.
Then 𝑑 = 𝑝𝑒 + 1 for some prime p and positive integer e, and the generalized quadrangle of lines on S
(defined in Proposition 3.11) is isomorphic to the generalized quadrangle of lines of an extremal surface
(Example 3.10).
Proof. Let (𝑃, 𝐵, 𝐼) be the generalized quadrangle where P is the set of lines on S and B is the set of
planes containing d lines of S. The parameters of this generalized quadrangle are (𝑑 − 1, (𝑑 − 1)2). An
arbitrary triad in this generalized quadrangle is a triple {𝐿1, 𝐿2, 𝐿3} of skew lines on S. By Lemma 3.16,
any such triad determines a quadric configuration

𝑆 ∩ 𝑄 = {𝐿1, 𝐿2, 𝐿3, . . . , 𝐿𝑑}
⋃

{𝑀1, 𝑀2, . . . , 𝑀𝑑}
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on S, where the 𝐿𝑖’s are in one of the rulings and the 𝑀𝑖’s the other. So we can extend the triad
{𝐿1, 𝐿2, 𝐿3} to a set {𝐿1, 𝐿2, 𝐿3, . . . 𝐿𝑑} of d skew lines on S. These have the property that for any line
M on S intersecting 𝐿1, 𝐿2, and 𝐿3, M must also intersect {𝐿4, . . . , 𝐿𝑑}. Since two lines on S intersect if
and only if they are coplanar, this exactly says that the triad {𝐿1, 𝐿2, 𝐿3} of the generalized quadrangle
(𝑃, 𝐵, 𝐼) is 3-regular in the sense of Definition 3.13. Thus, the hypothesis of Theorem 3.14 is satisfied,
and we conclude that 𝑑 − 1 is a prime power 𝑝𝑒 and that the incidence structure (𝑃, 𝐵, 𝐼) is isomorphic
to the dual of the Hermitian generalized quadrangle using Theorem 3.14. By Proposition 3.12, (𝑃, 𝐵, 𝐼)
is isomorphic to the generalized quadrangle of lines and star planes on an extremal surface, as described
in Example 3.10. �

Proof of Corollary 3.2. Theorem 3.17 shows that 𝑑 − 1 is a prime power. Since two lines on S intersect
if and only if they lie in a plane together (which then must have d lines of S by Theorem 2.1), Theorem
3.17 shows that the intersection matrix of the lines on any surface with the maximal number of lines
is identical to the intersection matrix of the lines on an extremal surface (for appropriate ordering of
the lines). The existence of a numerical star chord pair configuration on a surface depends only on the
intersection matrix of its lines. So since extremal surfaces have (numerical) star chord pair configurations
[BPRS24, Thm 3.1.4], so does S. �

4. Surfaces with maximally many lines are extremal

In this section, we complete the proof of Theorem 1.1 by proving the following:

Theorem 4.1. Suppose 𝑆 ⊆ P3 is a smooth surface of degree 𝑑 > 3 containing the maximal number
of lines, 𝑑2(𝑑2 − 3𝑑 + 3). Then S is extremal. That is, the characteristic of the ground field is 𝑝 > 0,
𝑑 = 𝑝𝑒 + 1 for some 𝑒 ∈ N, and S is projectively equivalent (over the algebraic closure of the ground
field) to the Fermat surface defined by 𝑥𝑝𝑒+1 + 𝑦𝑝𝑒+1 + 𝑧𝑝

𝑒+1 + 𝑤𝑝𝑒+1.

Our strategy is to repeatedly use the numerical star chord pair configuration on S guaranteed by
Corollary 3.2, together with the configurations of lines on S intersecting a pair of skew lines guaranteed
by Corollary 2.11, to get successively stronger restrictions on the monomials that can appear in a
defining equation f for S in an appropriate choice of coordinates. Interestingly, although Corollary 3.2
guarantees that the degree d of f must satisfy 𝑑 = 𝑝𝑒 + 1 for some prime p, it does not guarantee that p
is the characteristic of the ground field. This will require proof.

Lemma 4.2. Let 𝑆 ⊆ P3 be a smooth surface of degree d containing a numerical star chord pair
configuration. Then without loss of generality the defining equation of S can be taken to be

𝑓 = 𝑥𝑤
𝑑−2∏
𝑖=1

ℓ𝑖 + 𝑦𝑧
𝑑−2∏
𝑖=1

𝑚𝑖 (4.1)

where ℓ𝑖 and 𝑚𝑖 are distinct (up to scalar multiple) linear polynomials in 𝑥, 𝑦, 𝑧, 𝑤.

Proof. Let {𝐻𝑖 | 𝑖 = 1, . . . , 𝑑} and {𝐾 𝑗 | 𝑗 = 1, . . . , 𝑑} be the two collections of d planes each
containing d of the 𝑑2 lines forming a numerical star chord pair configuration on S. Suppose that 𝐻𝑖

and 𝐾 𝑗 are defined by linear forms ℓ𝑖 and 𝑚 𝑗 , respectively. The 𝑑2 distinct lines of the configuration are
therefore V(ℓ𝑖 , 𝑚 𝑗 ) = 𝐻𝑖 ∩ 𝐾 𝑗 .

Let f be the degree d defining equation of S. Since 𝐻𝑖 ∩ 𝑆 is a union of the d lines
V(ℓ𝑖 , 𝑚1),V(ℓ𝑖 , 𝑚2), . . . ,V(ℓ𝑖 , 𝑚𝑑), we have

𝑆 ∩ 𝐻𝑖 = V(ℓ𝑖 , 𝑓 ) = V(ℓ𝑖 ,
𝑑∏
𝑗=1

𝑚 𝑗 ).
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So f is in the ideal (ℓ𝑖 ,
∏𝑑

𝑗=1 𝑚 𝑗 ), as this ideal is radical in 𝑘 [𝑥, 𝑦, 𝑧, 𝑤]. Thus, for each i, we can write

𝑓 = ℓ𝑖𝑔𝑖 + 𝜆𝑖

𝑑∏
𝑗=1

𝑚 𝑗

for some form 𝑔𝑖 of degree 𝑑 − 1 and some nonzero constant 𝜆𝑖 . Replacing each linear form 𝑚 𝑗 by a
suitable scalar multiple, we can assume that for each i, there is a degree 𝑑 − 1-form 𝑔𝑖 such that

𝑓 −
𝑑∏
𝑗=1

𝑚 𝑗 = ℓ𝑖𝑔𝑖 .

But now the polynomial 𝑓 −
∏𝑑

𝑗=1 𝑚 𝑗 is a degree d form in 𝑘 [𝑥, 𝑦, 𝑧, 𝑤] divisible by each of the linear
forms ℓ1, ℓ2, . . . , ℓ𝑑 , so it must be

∏𝑑
𝑖=1 ℓ𝑖 (up to nonzero scalar multiple) by the UFD property of the

polynomial ring. Without loss of generality, 𝑓 =
∏𝑑

𝑖=1 ℓ𝑖 +
∏𝑑

𝑗=1 𝑚 𝑗 .
Finally, since the lines V(ℓ1, 𝑚1) and V(ℓ2, 𝑚2) are skew in P3 (Remark 3.6), the ideal generated by

ℓ1, ℓ2, 𝑚1, 𝑚2 must be (𝑤, 𝑥, 𝑦, 𝑧), so we can choose coordinates to make ℓ1, ℓ2, 𝑚1, 𝑚2 equal to 𝑤, 𝑥, 𝑦, 𝑧,
respectively. This ensures f has the form (4.1). �

Notation 4.3. Throughout the rest of this section, we will assume 𝑆 = V( 𝑓 ) ⊆ P3 is a smooth surface
of degree 𝑑 > 3 that contains a numerical star chord pair configuration. By Lemma 4.2, we write f as:

𝑓 = 𝑥𝑤
𝑑−2∏
𝑖=1

(𝑎𝑖𝑥 + 𝑏𝑖𝑦 + 𝑐𝑖𝑧 + 𝑑𝑖𝑤) + 𝑦𝑧
𝑑−2∏
𝑖=1

(𝑒𝑖𝑥 + 𝑓𝑖𝑦 + 𝑔𝑖𝑧 + ℎ𝑖𝑤). (4.2)

Lemma 4.4. Suppose that a smooth surface in P3 has defining equation of the form (4.2). Then none of
the coefficients 𝑎𝑖 , 𝑑𝑖 , 𝑓𝑖 , or 𝑔𝑖 is zero for any 𝑖 = 1, . . . , 𝑑.

Proof. By symmetry, it suffices to show that no 𝑎𝑖 is zero. Suppose that 𝑎𝑖 = 0. Then for ℓ𝑖 =
𝑏𝑖𝑦 + 𝑐𝑖𝑧 + 𝑑𝑖𝑤, the point [1 : 0 : 0 : 0] lies on both lines V(𝑤, 𝑦) and V(ℓ𝑖 , 𝑧). In particular, this pair
of lines is not skew, contrary to Remark 3.6(b). �

Proof of Theorem 4.1. By Corollary 3.2, S has a numerical star chord pair configuration. By Lemma
4.2 and Lemma 4.4, we may assume that the defining equation of S has the form

𝑓 = 𝑥𝑤
𝑑−2∏
𝑖=1

(𝑎𝑖𝑥 + 𝑏𝑖𝑦 + 𝑐𝑖𝑧 + 𝑑𝑖𝑤) + 𝑦𝑧
𝑑−2∏
𝑖=1

(𝑒𝑖𝑥 + 𝑓𝑖𝑦 + 𝑔𝑖𝑧 + ℎ𝑖𝑤) (4.3)

where none of 𝑎𝑖 , 𝑑𝑖 , 𝑓𝑖 , or 𝑔𝑖 is zero.
By Corollary 2.11, there are exactly (𝑑 −1)2 +1 lines on S intersecting both of the skew linesV(𝑥, 𝑧)

and V(𝑦, 𝑤) of S. One of these lines is V(𝑧, 𝑤). The others are all defined by

𝑥 = 𝐴𝑧 and 𝑦 = 𝐵𝑤 (4.4)

for some scalars 𝐴, 𝐵 ∈ 𝑘 . Restricting the polynomial f to an arbitrary line L given by equations of the
form (4.4), we get a polynomial 𝑓 in two variables which is zero if and only if L lies on S. Algebraically,
we can write 𝑓 as the image of f under the map

𝑘 [𝑥, 𝑦, 𝑧, 𝑤] → 𝑘 [𝑧, 𝑤] 𝑥 ↦→ 𝐴𝑧, 𝑦 ↦→ 𝐵𝑤
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whose kernel is the ideal of L. Explicitly, in these coordinates

𝑓 = 𝐴𝑧𝑤
𝑑−2∏
𝑖=1

((𝐴𝑎𝑖 + 𝑐𝑖)𝑧 + (𝑏𝑖𝐵 + 𝑑𝑖)𝑤) + 𝐵𝑧𝑤
𝑑−2∏
𝑖=1

((𝑒𝑖𝐴 + 𝑔𝑖)𝑧 + (𝐵 𝑓𝑖 + ℎ𝑖)𝑤). (4.5)

Since there are exactly (𝑑 − 1)2 lines of type (4.4) on S, there are exactly (𝑑 − 1)2 choices for (𝐴, 𝐵)
where 𝑓 ∈ 𝑘 [𝑧, 𝑤] is the zero polynomial.

To analyze this, let 𝐹ℓ ∈ 𝑘 [𝐴, 𝐵] be the coefficient of 𝑧ℓ𝑤𝑑−ℓ in 𝑓 as expressed in (4.5). The line L
given by the equations (4.4) lies on S if and only if

𝐹1 (𝐴, 𝐵) = 𝐹2 (𝐴, 𝐵) = · · · = 𝐹𝑑−1 (𝐴, 𝐵) = 0. (4.6)

In particular, there are exactly (𝑑 − 1)2 solutions to the equations (4.6). Looking at just 𝐹1 and 𝐹𝑑−1, we
see that

𝐹1 = 𝐴
𝑑−2∏
𝑖=1

(𝑏𝑖𝐵 + 𝑑𝑖) + 𝐵
𝑑−2∏
𝑖=1

( 𝑓𝑖𝐵 + ℎ𝑖) and 𝐹𝑑−1 = 𝐴
𝑑−2∏
𝑖=1

(𝑎𝑖𝐴 + 𝑐𝑖) + 𝐵
𝑑−2∏
𝑖=1

(𝑒𝑖𝐴 + 𝑔𝑖).

As neither
∏

𝑎𝑖 nor
∏

𝑓𝑖 is zero (Lemma 4.4), the polynomials 𝐹𝑑−1 and 𝐹1 are both degree 𝑑 − 1.
Furthermore, 𝐹1 and 𝐹𝑑−1 have no nontrivial common factor: viewing 𝐹1 as a degree one polynomial
in the variable A over the field 𝑘 (𝐵), we see that any factor would be a polynomial in B alone, and
likewise any factor of 𝐹𝑑−1 would be a polynomial in A alone; hence any common factor is a scalar.
Hence Bezout’s theorem tells us that 𝐹1 and 𝐹𝑑−1 can have at most (𝑑−1)2 common zeros. On the other
hand, imposing the further conditions that all the 𝐹ℓ in (4.6) vanish, we have exactly (𝑑 − 1)2 distinct
zeros. Thus, the degree 𝑑 − 1 polynomials 𝐹1 and 𝐹𝑑−1 together must cut out the full set of all (𝑑 − 1)2

solutions to (4.6). In particular, the ideal (𝐹1, 𝐹𝑑−1) must be the radical ideal describing all (𝑑 − 1)2

solutions to (4.6), and every other 𝐹ℓ must be in the ideal (𝐹1, 𝐹𝑑−1).
The polynomial 𝐹ℓ ∈ 𝑘 [𝐴, 𝐵] is

𝐹ℓ =
∑

𝜎⊆{1,...,𝑑−2}, |𝜎 |=ℓ−1
𝐴
∏
𝑖∈𝜎

(𝑎𝑖𝐴 + 𝑐𝑖)
∏
𝑖∉𝜎

(𝑏𝑖𝐵 + 𝑑𝑖) + 𝐵
∏
𝑖∈𝜎

(𝑒𝑖𝐴 + 𝑔𝑖)
∏
𝑖∉𝜎

( 𝑓𝑖𝐵 + ℎ𝑖). (4.7)

When 1 < ℓ < 𝑑 − 1, using the fact that 𝐹ℓ does not have an 𝐴𝑑−1 or a 𝐵𝑑−1 term, it can be shown that
𝐹ℓ is the trivial linear combination of 𝐹1 and 𝐹𝑑−1 – that is, 𝐹ℓ = 0. (E.g., homogenize 𝐹ℓ , 𝐹1 and 𝐹𝑑−1
to degree 𝑑 − 1 polynomials in 𝑘 [𝐴, 𝐵, 𝐶] and observe that 𝐹1 and 𝐹𝑑−1 cut out (𝑑 − 1)2 points in the
affine chart of P2 where 𝐶 ≠ 0.)

We now relate the coefficients of the monomials in A and B in 𝐹ℓ to the coefficients of the monomials
of 𝑥, 𝑦, 𝑧, 𝑤 in f. Write f as

𝑓 =
∑

𝑗+𝑘+𝑚+𝑛=𝑑

𝑎 𝑗𝑘𝑚𝑛𝑥 𝑗 𝑦𝑘 𝑧𝑚𝑤𝑛.

In this notation, we have

𝑓 =
∑

𝑗+𝑘+𝑚+𝑛=𝑑

𝑎 𝑗𝑘𝑚𝑛 (𝐴𝑧) 𝑗 (𝐵𝑤)𝑘 𝑧𝑚𝑤𝑛 =
∑

𝑗+𝑘+𝑚+𝑛=𝑑

𝑎 𝑗𝑘𝑚𝑛𝐴 𝑗𝐵𝑘 𝑧 𝑗+𝑚𝑤𝑘+𝑛.

As we have defined them, 𝐹ℓ is the coefficient of 𝑧ℓ𝑤𝑑−ℓ in 𝑓 . In other words,

𝐹ℓ =
∑

𝑗+𝑚=ℓ,𝑘+𝑛=𝑑−ℓ

𝑎 𝑗𝑘𝑚𝑛𝐴 𝑗𝐵𝑘 ∈ 𝑘 [𝐴, 𝐵] .
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Thus, the coefficient of 𝐴 𝑗𝐵𝑘 in the polynomial 𝐹ℓ is 𝑎 𝑗𝑘𝑚𝑛, for ℓ = 𝑗 + 𝑚. Since 𝐹ℓ is the zero
polynomial in A and B for 1 < ℓ < 𝑑 − 1, we see that 𝑎 𝑗𝑘𝑚𝑛 = 0 unless 𝑗 + 𝑚 = 1 or 𝑗 + 𝑚 = 𝑑 − 1. In
other words, f only has monomials of the form

{𝑥𝑦𝑘𝑤𝑑−𝑘−1, 𝑦𝑘 𝑧𝑤𝑑−𝑘−1, 𝑥 𝑗 𝑦𝑧𝑑− 𝑗−1, 𝑥 𝑗 𝑧𝑑− 𝑗−1𝑤}. (4.8)

Note in this argument, we could have swapped the roles of y and z. In particular, looking at (4.3)
and analyzing the lines on S that intersect the skew lines V(𝑥, 𝑦) and V(𝑧, 𝑤) (which will have the form
V(𝑥 − 𝐴𝑦, 𝑧 − 𝐵𝑤)), we see that f only has monomials of the form

{𝑥𝑧𝑚𝑤𝑑−𝑚−1, 𝑦𝑧𝑚𝑤𝑑−𝑚−1, 𝑥 𝑗 𝑦𝑑− 𝑗−1𝑧, 𝑥 𝑗 𝑦𝑑− 𝑗−1𝑤}. (4.9)

Comparing (4.8) and (4.9), we see that f only contains monomials of the

{𝑥𝑤𝑑−1, 𝑥𝑑−1𝑤, 𝑥𝑦𝑑−2𝑤, 𝑥𝑧𝑑−2𝑤, 𝑦𝑧𝑑−1, 𝑦𝑑−1𝑧, 𝑥𝑑−2𝑦𝑧, 𝑦𝑧𝑤𝑑−2}.

Thus, we can write

𝑓 = 𝑥𝑤(𝐴1𝑥𝑑−2 + 𝐴2𝑦𝑑−2 + 𝐴3𝑧𝑑−2 + 𝐴4𝑤𝑑−2) + 𝑦𝑧(𝐵1𝑥𝑑−2 + 𝐵2𝑦𝑑−2 + 𝐵3𝑧𝑑−2 + 𝐵4𝑤𝑑−2) (4.10)

for some scalars 𝐴𝑖 , 𝐵𝑖 . Since we can also write

𝑓 = 𝑥𝑤
𝑑−2∏
𝑖=1

(𝑎𝑖𝑥 + 𝑏𝑖𝑦 + 𝑐𝑖𝑧 + 𝑑𝑖𝑤) + 𝑦𝑧
𝑑−2∏
𝑖=1

(𝑒𝑖𝑥 + 𝑓𝑖𝑦 + 𝑔𝑖𝑧 + ℎ𝑖𝑤), (4.11)

and no term on the left-hand side of (4.10) is divisible by 𝑦𝑧, we can conclude that

𝑑−2∏
𝑖=1

(𝑎𝑖𝑥 + 𝑏𝑖𝑦 + 𝑐𝑖𝑧 + 𝑑𝑖𝑤) = 𝐴1𝑥𝑑−2 + 𝐴2𝑦𝑑−2 + 𝐴3𝑧𝑑−2 + 𝐴4𝑤𝑑−2. (4.12)

The left-hand side of (4.12) is a product of distinct linear factors, so since the polynomial ring
has unique factorization, the same is true for the right-hand side. Because 𝐴1 =

∏𝑑−2
𝑖=1 𝑎𝑖 ≠ 0 and

𝐴4 =
∏𝑑−2

𝑖=1 𝑑𝑖 ≠ 0 (Lemma 4.4), we claim this forces 𝐴2 = 𝐴3 = 0. Indeed otherwise 𝐴1𝑥𝑑−2+ 𝐴2𝑦𝑑−2+
𝐴3𝑧𝑑−2 + 𝐴4𝑤𝑑−2 is a sum of at least three nonzero diagonal terms, which is either irreducible or a
power of an irreducible polynomial (the latter only in the case that 𝑑 −2 is divisible by the characteristic
of the ground field), rather than a product of distinct linear factors. Symmetrically, because 𝐵2, 𝐵3 ≠ 0,
we know 𝐵1 = 𝐵4 = 0. Finally, scaling the coordinates appropriately, we can assume that

𝑓 = 𝑥𝑑−1𝑤 + 𝑥𝑤𝑑−1 + 𝑦𝑑−1𝑧 + 𝑦𝑧𝑑−1. (4.13)

Since we have already seen that 𝑑 − 1 is a power of p for some prime p (Corollary 3.2), the surface
𝑆 = V( 𝑓 ) would be extremal (see Definition 1.2 and the discussion thereafter) and the proof would be
complete if that prime p is equal to the characteristic of k. This remains to be shown.

To this end, we consider the lines of 𝑆 = V(𝑥𝑑−1𝑤 + 𝑥𝑤𝑑−1 + 𝑦𝑑−1𝑧 + 𝑦𝑧𝑑−1) properly intersecting
the line 𝐿 = V(𝑧, 𝑤). We know that there are (𝑑 − 1) (𝑑2 − 2𝑑 + 2) lines lying on S and intersecting L.
Any line M intersecting L has defining equations

𝑎1𝑥 − 𝑎2𝑦 − 𝑎3𝑧 − 𝑎4𝑤 = 0
𝑏3𝑧 − 𝑏4𝑤 = 0

(4.14)

since these linear forms, together with {𝑧, 𝑤}, must be linearly dependent. The case where 𝑏3 = 0
produces the d lines of the plane section 𝑆∩V(𝑤), including L itself, and the case where 𝑏4 = 0 produces
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the d lines of the plane section 𝑆∩V(𝑧), including L itself. Thus, there are (𝑑−1) (𝑑2−2𝑑+2)−2(𝑑−1) =
𝑑 (𝑑 − 1) (𝑑 − 2) remaining lines M on S of the form

𝑎1𝑥 − 𝑎2𝑦 − 𝑎4𝑤 = 0
𝑏3𝑧 − 𝑏4𝑤 = 0

(4.15)

where 𝑏3, 𝑏4 ≠ 0 on S. Assuming M is in neither plane V(𝑤) nor V(𝑧), note that neither 𝑎1 nor 𝑎2 is
zero: if 𝑎1 = 0, the lines M, V(𝑧, 𝑤), and V(𝑦, 𝑤) all pass through the point [1 : 0 : 0 : 0], forcing
them to be coplanar (Lemma 2.7), so that M would be in the plane V(𝑤). Likewise, if 𝑎2 = 0, the point
[0 : 1 : 0 : 0] lies on the lines M, V(𝑥, 𝑧), and V(𝑤, 𝑧) forcing M to be in the plane V(𝑧). Without loss
of generality, we assume 𝑎1 = 𝑏3 = 1.

Now, consider the restriction of forms to the line M, which we view as the map

𝑘 [𝑥, 𝑦, 𝑧, 𝑤] → 𝑘 [𝑦, 𝑤] 𝑥 ↦→ 𝑎2𝑦 + 𝑎4𝑤, 𝑧 ↦→ 𝑏4𝑤.

The polynomial f (4.13) restricts to

𝑓 = (𝑎2𝑦 + 𝑎4𝑤)𝑑−1𝑤 + (𝑎2𝑦 + 𝑎4𝑤)𝑤𝑑−1 + 𝑦𝑑−1 (𝑏4𝑤) + 𝑦(𝑏4𝑤)𝑑−1, (4.16)

which is the zero polynomial if and only if the line (4.15) lies on S. Since there are 𝑑 (𝑑 − 1) (𝑑 − 2)
lines M on S of the form (4.15), there must be 𝑑 (𝑑 − 1) (𝑑 − 2) triples (𝑎2, 𝑎4, 𝑏4) where 𝑓 is the zero
polynomial. But when 𝑑 > 3, the coefficient of 𝑦𝑑−2𝑤2 in (4.16) is the polynomial

(𝑑 − 1)𝑎𝑑−2
2 𝑎4.

Since 𝑎2 ≠ 0, either 𝑎4 or 𝑑 − 1 is zero in the field k. If 𝑎4 = 0, then 𝑓 = (𝑎𝑑−1
2 + 𝑏4)𝑦

𝑑−1𝑤 + (𝑎2 +

𝑏𝑑−1
4 )𝑦𝑤𝑑−1. Setting those two coefficients to zero, we see there are at most (𝑑 − 1)2 such lines. Since

there are 𝑑 (𝑑 − 1) (𝑑 − 2) lines on S of the form (4.15), there must be some such lines with 𝑎4 ≠ 0,
in which case (𝑑 − 1) must be zero in the field k. In other words, the characteristic of k must divide
𝑑 − 1 = 𝑝𝑒. We conclude that k has characteristic p, completing the proof. �
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