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Tilted incompressible Coriolis modes
in spheroids
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first published online 2 November 2017)

The incompressible flow of a uniform fluid, which fills a rigid spheroid rotating about
an arbitrary axis fixed in an inertial frame, is dominated at small Rossby and Ekman
numbers by the rotation through the Coriolis force. The effects of rotation on the
flow can be found by treating the Coriolis force modified by a pressure gradient as a
skew-symmetric bounded linear operator C acting on smooth inviscid incompressible
flows in the spheroid. It is shown that the space of incompressible polynomial flows
of degree N or less in the spheroid is invariant under C for any N. The skew
symmetry of C implies the Coriolis operator C is non-defective for such flows with
an orthogonal set of eigenmodes (inertial and geostrophic modes) which form a basis
for the finite-dimensional space of spheroidal polynomial flows. The eigenmodes
are tilted if the rotation axis is not aligned with the symmetry axis of the spheroid.
The non-defective property of C enables enumeration of the modes and proof of
their completeness using the Weierstrass polynomial approximation theorem. The
fundamental tool, which is required to establish invariance of spheroidal polynomial
flows under C and completeness of the Coriolis modes, is that the solution of
the polynomial Poisson–Neumann problem, i.e. Poisson’s equation with Neumann
boundary condition and polynomial data, in a spheroid is a polynomial. The Coriolis
modes of degree one and all geostrophic modes are explicitly constructed. Only the
modes of degree one have non-zero angular momentum in the boundary frame.

Key words: geophysical and geological flows, rotating flows, waves in rotating fluids

1. Introduction
An incompressible fluid of uniform density filling a spheroidal volume V with

a rigid boundary ∂V , which rotates in an inertial frame in space E3, can support
internal inertial waves (Thomson 1880). Inertial waves occur in natural and laboratory
flows in which the Coriolis force and inertia in the boundary frame dominate other
forces. Inertial waves underlie many geophysical and astrophysical phenomena (see
for example Greenspan 1968; Aldridge & Lumb 1987; Zhang 1993; Zhang et al.
2001). Inertial waves can generate a strong zonal flow through nonlinear interaction
(Zhang & Liao 2004; Tilgner 2007) and may dissipate tidal energy in rotating giant
planets (Ogilvie & Lin 2004). Magnetically modified inertial waves may explain some
geomagnetic variations (Malkus 1967). Inertial waves can be excited experimentally
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by libration (Aldridge & Toomre 1969), thermal instabilities (Zhang 1994, 1995),
precession (Gans 1970; Kerswell 1993; Lorenzani & Tilgner 2003; Zhang, Chan
& Liao 2014), tides (Kerswell 1994; Tilgner 2007), planetary libration (Noir et al.
2009; Chan, Liao & Zhang 2011) and differential rotation (Kelley et al. 2007; Le
Bars, Dizès & Le Gal 2007). Zhang & Liao (2017) is a comprehensive synthesis of
applications of Coriolis modes to convection, oscillations and precession in contained
rotating fluids.

If the boundary ∂V rotates with angular velocity Ω and acting on the flow are
nonlinear advection, a gravitational–centripetal potential Ue, viscous and Poincaré
forces and a magnetic Lorentz force FL if the fluid is electrically conducting, then
the momentum equation governing the fluid velocity v in the boundary frame is

∂tv +Ω × v + ρ−1
∇p=F := E∇2v −

1
2

Ro v · ∇v − R∇Ue − Po
dΩ

dt
× r+ El ρ−1FL.

(1.1)
Length, time, speed, density ρ, pressure p and force per unit mass are non-
dimensionalised using a typical length L, a typical inertial time |2Ω0|

−1, a typical
speed V , a typical density ρ0, ρ0|2Ω0|VL and ρ0|2Ω0|V . The dimensionless numbers,
Ekman E, Rossby Ro, Poincaré Po, Elsasser El and R are typical magnitude ratios
of the viscous, advective, Poincaré, Lorentz and gravitational forces to the Coriolis
force.

If the flow is slow in the boundary fame, incompressible, inviscid and non-magnetic,
a useful approximation is the rapid rotation state E = Ro = R = Po = El = 0, in
which Ω is constant and the density is homogeneous ρ = 1. The flow is dominated
by the Coriolis force and consists of inertial waves and a steady geostrophic flow.
Weak driving by advective, gravitational, viscous, Poincaré and Lorentz forces can be
considered subsequently. The momentum and mass equations governing the solenoidal
velocity v in the boundary frame reduce to

∂tv + Ω̂ × v +∇p= f , ∇ · v = 0, (1.2a,b)

where Ω̂ :=Ω/|Ω| is constant. The (dimensionless) volume force f =F−∇pF is the
incompressible projection of F, where the auxiliary pressure pF is chosen so that f
satisfies

∇ · f = 0 in V; n · f = 0 on ∂V. (1.3a,b)

The normal flow vanishes on the boundary ∂V ,

n · v = 0. (1.4)

In Cartesian coordinates with the z-axis aligned along the symmetry axis of V , the
boundary ∂V and its natural (non-unit) outward normal are

x2
+ y2

a2
+

z2

c2
= 1, n :=

x
a2

i+
y
a2

j+
z
c2

k. (1.5a,b)

The normal is a polynomial vector field of degree one defined everywhere in E3. It
is not assumed that the rotation is aligned with the symmetry axis of V , so that Ω̂ =

αi+βj+ γ k, α2
+β2
+ γ 2
= 1, may be tilted from k with k · Ω̂ = γ = cosΘ , where Θ

is the tilt angle. Spheroidal geometries are useful approximations in planetary systems
and nebulae (Tassoul 1978, § 4.4, Dermott 1979; Balick & Frank 2002; Thomas 2010;
Chan et al. 2011; Zhang et al. 2014).

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
7.

66
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2017.669


Tilted incompressible Coriolis modes in spheroids 133

Free solutions (f = 0) with ∂v/∂t 6= 0 are inertial waves, or inertial modes if they
have a pure frequency; solutions with ∂v/∂t = 0 are geostrophic flows. Thomson
(1880) determined the inertial modes in a cylinder and cylindrical shell rotating
about their axes. Poincaré (1885) gave a partial derivation of the inertial modes
for an ellipsoid rotating about a principal axis in terms of Lamé functions; see
also Hough (1895, Appendix p. 479). In particular, Poincaré showed the inertial
modes are polynomials in x, y, z. Bryan (1889) derived the aligned inertial modes
for a fluid spheroid with a free surface rotating about its symmetry axis in terms
of modified spheroidal harmonics. Kudlick (1966) and Zhang, Liao & Earnshaw
(2004b) constructed explicit polynomial forms of the spheroidal inertial modes. In § 2
construction of the aligned inertial modes is outlined using coordinates introduced
by Kudlick (1966, equations (4.4)). These coordinates are frequency dependent and
degenerate at zero frequency but careful treatment of the frequency dependence allows
construction of the spheroidal geostrophic modes in orthogonal polynomial form as
the limit of the inertial modes at zero frequency. Liao & Zhang (2010b) derived
explicit forms for the spherical geostrophic modes. A careful count of the dispersion
relation zeros enumerates the aligned Coriolis (inertial and geostrophic) modes. In § 3
a basis is constructed, using a toroidal–poloidal representation of solenoidal fields in
spheroids, for polynomial flows in a spheroid of degree N or less for any N, which
has the same number of elements as the aligned Coriolis modes of degree N or less
and allows enumeration of tilted Coriolis modes in § 6. The bases are also used to
construct the Coriolis modes of degree one in § 3.2. These modes have the special
property established in § 5.2 that they carry the angular momentum of a flow in the
boundary frame. Zhang, Liao & Earnshaw (2004a) developed the asymptotic viscous
theory of spheroidal inertial modes. In a numerical study of the aligned viscous
spheroidal modes Schmitt (2006) computed the inviscid modes using the ingenious
method of Schmitt & Jault (2004). The spheroidal toroidal–poloidal representation
of § 3 can be used in numerical computations in spheroidal geometries such as
the dynamo problem (Ivers 2017b). Coriolis modes in tri-axial ellipsoids have been
computed numerically by Vantieghem (2014). Wentzel–Kramers–Brillouin–Jeffreys
(WKBJ) approximations for inertial waves in axisymmetric volumes have been
derived by Ivanov & Papaloizou (2010). Inertial waves in the quasi-geostrophic
approximation, including viscous effects, have been computed by Maffei, Jackson &
Livermore (2017) in spheroids.

The original motivation of this work and Ivers, Jackson & Winch (2015) was the
remarkable result of Zhang et al. (2001) that for inertial modes u and v,∫

V
u∗ ·∇2v dV = 0 (1.6)

if u = v and V is a sphere. This result defied proof directly from (1.2) and (1.4).
Importantly, Zhang et al. (2001) also reported the integral is strictly negative, if u= v
and V is a plane layer, cylinder, cylindrical annulus or prism, with a proof for the
annulus. See also Liao & Zhang (2010a). The result, however, is not restricted to a
sphere, since Zhang et al. (2004a) later showed the integral vanishes if u= v and V is
a spheroid, a result which is important in the asymptotic viscous theory. The crucial
step for Ivers et al. (2015) and the present work was the result of Liao & Zhang
(2009), that the integral vanishes if V is a sphere and the polynomial degree of v is
less than or equal to the polynomial degree of u. This more general result, and the
previous results of Zhang and his collaborators, suggested the approach of Ivers et al.
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134 D. J. Ivers

(2015) and the present work to restrict the Coriolis force to inviscid incompressible
polynomial flows in V .

It is useful to introduce the space Vk
(V) of Ck (k-times continuously differentiable)

inviscid incompressible velocities in V , i.e. flows which satisfy (1.2b) and (1.4). Thus
Vk
(V) := {v ∈ [Ck(V)]3 |∇ · v = 0 in V, n · v = 0 on ∂V} with the inner-product

(v1, v2) :=

∫
V

v1 · v
∗

2 dV, (1.7)

where the asterisk denotes complex conjugation and Ck(V) is the space of complex-
valued Ck scalar functions on V . The associated norm is ‖v‖ = (v, v)1/2, (v1, v2) =
(v2, v1)

∗ and the Cauchy–Schwartz inequality |(v1, v2)|6 ‖v1‖ ‖v2‖ holds. The flows
have finite kinetic energy. The spatial structure of inertial modes in V can be studied
using the linear incompressible Coriolis operator C : V1

(V) −→ V1
(V) (Ivers et al.

2015) defined by
Cv := Ω̂ × v +∇p, (1.8)

where ∇ · v= 0 in V and n · v= 0 on ∂V since v ∈V1
(V), and the pressure p∈C2(V)

satisfies the elliptic Poisson–Neumann problem with consistent data,

∇
2p=−∇ · (Ω̂ × v) in V; ∂np=−n · Ω̂ × v on ∂V;

∫
V

p dV = 0. (1.9a−c)

The conditions (1.9) associate with each v a unique p and ensure that Cv ∈ V1
(V),

i.e.
∇ · (Cv)= 0 in V, n · Cv = 0 on ∂V. (1.10a,b)

The operator C is time independent.
The initial value problem consisting of (1.2) subject to (1.4) with f ∈V1

(V) and v
prescribed at t= 0 can be solved in principle by separating the time dependence and
using spatial modes. Thus, if f (r, t)= f (r)e−λt, we assume the forcing is not resonant
and λ is not a defective eigenvalue of C and consider a solution of (1.2) of the form
v(r, t)= v(r)e−λt with p(r, t)= p(r)e−λt. In terms of the angular frequency ω the decay
rate λ= iω. The momentum equation (1.2a) becomes

(C − λ)v = f , (1.11)

noting (1.3) and (1.10). The velocity v can be isolated in (1.2a),

λ(1+ λ2)v = λ2(∇p− f )+ λΩ̂ × (∇p− f )+ Ω̂ · (∇p− f )Ω̂, (1.12)

and then eliminated using (1.2b) to yield the forced Poincaré equation,

λ2
∇

2p+ (Ω̂ · ∇)2p=−λΩ̂ · ∇× f + Ω̂ · ∇(Ω̂ · f ), in V; (1.13)

which is hyperbolic if λ is imaginary and |λ|< 1, and the forced boundary condition,

λ2∂np+ λn× Ω̂ · ∇p+ (Ω̂ · ∇p)n · Ω̂ = λn · Ω̂ × f + Ω̂ · fn · Ω̂, in ∂V. (1.14)

Poincaré’s equation (1.13) must be solved subject to the boundary condition (1.14).
The Coriolis operator C and its eigenmodes have the well-known properties listed

in the following theorem. Proofs of (a)–(e) are given in Greenspan (1968) or Ivers
et al. (2015); proof of (f) is immediate.
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Tilted incompressible Coriolis modes in spheroids 135

THEOREM 1.1. (a) The operator C is bounded on V1
(V) and continuous. In terms

of the operator norm ‖C‖ of C defined by ‖C‖ := supv 6=0 ‖Cv‖/‖v‖, ‖C‖6 1 and
‖Cv‖6 ‖v‖.

(b) The resolvent set Γ of C contains C \ [−i, i].
(c) The operator C is skew symmetric (−iC is symmetric), i.e. (−iCv1, v2) =

(v1,−iCv2) for all v1, v2 ∈V1
(V).

(d) The values λ=±i are not eigenvalues of C.
(e) The eigenvalues λ of C are imaginary, i.e. the frequencies are real, and |λ|6 1:

and modes (v1, P1, λ1) and (v2, P2, λ2) with different eigenvalues ( frequencies)
λ1 = iω1 6= λ2 = iω2 are orthogonal, (v1, v2)= 0.

(f) The operator C is real. Hence if (v, P, λ) is a eigenmode then (v∗, P∗, λ∗) is a
eigenmode. Thus, if ω is an eigenfrequency, −ω is an eigenfrequency.

The main result of the present work is that the Coriolis operator maps polynomial
flows to polynomial flows of the same degree in a spheroid, even if Ω is tilted from
the symmetry axis. This result is established in § 4. It follows that tilted spheroidal
Coriolis modes are polynomials. Tilted geostrophic modes are explicitly constructed
in § 5. The results on dissipation integrals by Zhang et al. (2004a), Liao & Zhang
(2009) and Ivers et al. (2015) are extended to spheroidal Coriolis modes in § 5.4.

The importance of completeness of Coriolis modes is emphasised by Zhang et al.
(2004a) and by Zhang et al. (2014) for precession in spheroids. Coriolis modes are
complete in periodic ducts (Cui, Zhang & Liao 2014), spheres (Ivers et al. 2015)
and tri-axial ellipsoids (Backus & Rieutord 2017; Ivers 2017a). The approach of
Backus & Rieutord (2017) is more abstract than Ivers (2017a). In § 6 it is shown
that spheroidal Coriolis modes are complete for any tilt Θ . There is a general
completeness result for Coriolis modes in any bounded volume V (Ivers et al. 2015),
that −iC can be extended to a bounded self-adjoint operator −iC on a Hilbert space
of flows and by the spectral theorem for such operators any flow can be expanded
as a Riemann–Stieltjes integral using the spectral resolution of −iC. In general, the
expansion requires a non-trivial integral over the continuous spectrum of −iC, but
for periodic ducts, spheres, spheroids and tri-axial ellipsoids it reduces to an infinite
series over the discrete Coriolis modes. Dyson & Schutz (1979) have shown that
the spatial adiabatic modes of differentially rotating axisymmetric perfect-fluid stellar
models are complete, but in a more general sense which also requires the continuous
spectrum. The axisymmetry of the basic state precludes application of their result to
tilted Coriolis modes. Conclusions are given in § 7.

2. Aligned spheroidal Coriolis modes

Bryan (1889) explicitly constructed the spheroidal inertial modes if the rotation
axis is aligned with the symmetry axis, i.e. Ω̂ = 1z. Explicit polynomial forms are
derived in Kudlick (1966) and Zhang et al. (2004b). The Coriolis modes (inertial and
geostrophic) are enumerated here by carefully counting the zeros of the dispersion
relation, including multiplicities. A different argument is used in Theorem 4.4 to
enumerate the Coriolis modes if the rotation is tilted from the symmetry axis. An
orthogonal set of aligned spheroidal geostrophic pressure modes are also constructed
by taking the limit ω→ 0 of the inertial modes. These agree with Liao & Zhang
(2010b) in the spherical limit c→ a.
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2.1. Spheroidal inertial pressure modes in aligned rotation
The aligned spheroidal inertial (ω 6= 0) modes can be found by solving Poincaré’s
equation (1.13) with f = 0 subject to the boundary condition (1.14). Bryan (1889)
following Poincaré (1885) transformed Poincaré’s equation, by a (real or imaginary)
change of scale in z, to Laplace’s equation which can be solved in prolate or oblate
spheroidal coordinates. A different auxiliary set of spheroidal coordinates is used
to implement the boundary condition. The two sets of coordinates are confocal and
therefore orthogonal, and their angular coordinates coincide (only) on the boundary.
The present solution method is to transform the boundary spheroid to a sphere
and map the aligned spheroidal problem to a spherical inertial mode problem with
modified frequency and boundary condition. In Cartesian coordinates the free Poincaré
equation (1.11) with f = 0 and λ= iω is

∂2P
∂x2
+
∂2P
∂y2
−

(
1
ω2
− 1
)
∂2P
∂z2
= 0. (2.1)

The scale transformation
◦x= x/a, ◦y= y/a, ◦z= z/c, (2.2a−c)

maps the boundary spheroid ∂V (1.5a) to the unit sphere ◦x2
+

◦y2
+

◦z2
= 1 and

Poincaré’s equation to

∂2P
∂
◦x2
+
∂2P
∂
◦y2
−

(
1
◦

ω2
− 1
)
∂2P
∂
◦z2
= 0, (2.3)

if the modified frequency ◦

ω is defined by

1
◦

ω2
− 1 :=

a2

c2

(
1
ω2
− 1
)
. (2.4)

Thus |ω|< 1 from Theorem 1.1(f) implies | ◦ω|< 1; conversely, if | ◦ω|< 1, then |ω|< 1;
and | ◦ω| = 1 if and only if |ω| = 1. Also ◦

ω= 0 if and only if ω= 0, since

◦

ω2
:=
(1− e2)ω2

1− e2ω2
, ω2

:=

◦

ω2

1− e2(1− ◦

ω2)
, (2.5a,b)

where the oblate ellipticity e :=
√

1− c2/a2. See figure 1. If the spheroid is oblate
e2 > 0 and if prolate e2 < 0. The prolate ellipticity is ep :=

√
1− a2/c2, (1− e2)(1−

e2
p) = 1 and e2

= −e2
p/(1 − e2

p). Note that there is no distinction between the oblate
and prolate cases in the derivation in this section.

In cylindrical polar coordinates (s, φ, z) the boundary spheroid (1.5a) is s2/a2
+

z2/c2
= 1 which, under the scale transformation (2.2), becomes the unit sphere ◦s2

+
◦z2
= 1, where ◦s=

√
◦x2 +

◦y2= s/a. Thus from the spherical case (see Ivers et al. 2015)
the solutions of Poincaré’s equation are

P= Pm
n,ω := Pm

n (ζ ◦ω)Pm
n (ξ ◦ω)e

imφ, (2.6)

where (ξ , ζ , φ) are non-orthogonal frequency-dependent spheroidal coordinates
(attributed to Greenspan by Kudlick 1966, equation (4.2)), which are related to
scaled cylindrical polar coordinates (◦s, φ, ◦z) by

◦

σ
◦s=
√

1− ζ 2
√

1− ξ 2,
◦

ω
◦z= ξζ , ◦

σ 2
= 1− ◦

ω2. (2.7a−c)
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1–1

–1

1

FIGURE 1. Plot of ◦

ω versus ω for e = 0.8, 0.999 and ep = 0.8 (dashed). By (2.5) the
diagram is reflected in the diagonals ◦

ω=±ω if a and c are interchanged; this also swaps
e and ep. As e↑ 1 the solid curves are squeezed against the asymptotes ω=±1 and ◦

ω= 0;
as ep ↑ 1 the dashed curves are squeezed against the asymptotes ◦

ω=±1 and ω= 0; see
Kudlick (1966, pp. 37, 38).

In terms of unscaled cylindrical polar coordinates, ◦

σ s = a
√

1− ζ 2
√

1− ξ 2 and
◦

ωz= cξζ . The element of arc length is given by

d`2
=

(
a2

◦

σ 2

1− ζ 2

1− ξ 2
ξ 2
+

c2

◦

ω2
ζ 2

)
dξ 2
+

(
a2

◦

σ 2
+

c2

◦

ω2

)
2ξζ dξ dζ

+

(
a2

◦

σ 2

1− ξ 2

1− ζ 2
ζ 2
+

c2

◦

ω2
ξ 2

)
dζ 2
+ s2 dφ2. (2.8)

In (2.6) Pm
n is the associated Legendre function of degree n and order m, m ∈ Z,

|m|6 n, ◦

ω 6= 0 and the ◦

ω dependence of ζ and ξ is indicated.
The spheroidal inertial mode Pm

n,ω is a polynomial in s and z of degree n with a
φ-dependent factor eimφ and a polynomial in x, y, z of degree n (Kudlick 1966; Zhang
et al. 2001). In fact, from Ivers et al. (2015)

Pm
n,ω =

{
(
◦

σ
◦seiφ)m(

◦

ω
◦z)qUm

n (
◦

σ 2 ◦s2,
◦

ω2z2), if m > 0;
(
◦

σ
◦se−iφ)|m|(

◦

ω
◦z)qUm

n (
◦

σ 2 ◦s2,
◦

ω2 ◦z2), if m< 0;
(2.9)

where q := n− |m| (mod 2) is either 0 or 1, and Um
n (

◦

σ 2 ◦s2,
◦

ω2 ◦z2) is polynomial in ◦

σ 2 ◦s2

and ◦

ω2 ◦z2 of degree (n− |m| − q)/2. Expressions (2.9) are polynomials in ◦x, ◦y, ◦z since
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◦se±iφ
=

◦x ± i ◦y. The polynomial properties in s, z and in x, y, z follow from ◦s = s/a
and (2.2). The z-parity of Pm

n,ω is determined by q.

2.2. Frequencies of aligned Coriolis modes

In cylindrical coordinates (s, φ, z) the normal (1.5b) is n = s1s/a2
+ z1z/c2, and the

boundary condition (1.14) becomes in terms of (◦s, φ, ◦z),

◦

ω2 ◦s ∂◦sP+ (
◦

ω/ω)i ◦ω∂φP− (1− ◦

ω2)
◦z ∂◦zP= 0. (2.10)

Equation (2.10) differs from the spherical case by the factor ◦

ω/ω in the φ-derivative
term. The boundary condition is transformed to spheroidal coordinates using the
following transformations for the first derivatives,

∂◦sP=
ξ∂ξP− ζ∂ζP

◦

ωJ
, ∂◦zP=

ζ (1− ξ 2)∂ξP
◦

σ 2 ◦sJ
−
ξ(1− ζ 2)∂ζP

◦

σ 2 ◦sJ
, (2.11a,b)

where J = ∂(◦s, ◦z)/∂(ξ, ζ ) = (ζ 2
− ξ 2)/(

◦

ω
◦

σ 2 ◦s). The boundary ◦s2
+
◦z2
= 1 is given by

◦s = sin θ , ◦z = cos θ or in the spheroidal coordinates (ξ , ζ , φ) by ξ = cos θ , ζ = ◦

ω.
Thus, using (2.11) the boundary condition (2.10) becomes ◦

σ 2∂ζP − (
◦

ω/ω)i∂φP = 0.
Substituting the separable solution (2.6) gives Pm

n (ξ)(
◦

σ 2∂ζ +m ◦

ω/ω)Pm
n (ζ )= 0 on ξ =

cos θ , ζ = ◦

ω. Since θ is arbitrary, ◦

ω is a zero of the dispersion relation,

(1− ◦

ω2)
dPm

n (
◦

ω)

d ◦ω
+

m ◦

ω

ω
Pm

n (
◦

ω)= 0. (2.12)

Using the relation (2.5) between ω and ◦

ω condition (2.2) becomes

(1− ◦

ω2)
dPm

n (
◦

ω)

d ◦ω
+m

√
1− e2(1− ◦

ω2)Pm
n (

◦

ω)= 0. (2.13)

Now (Ivers et al. 2015), Pm
n (

◦

ω)= cm
n (1−

◦

ω2)|m|/2
∏n−|m|

k=1 (
◦

ω−
◦

ωk), where ◦

ωk for k= 1 :
n− |m| are the n− |m| distinct zeros of Pm

n (
◦

ω) on (−1, 1) and cm
n is a constant. The

frequency equation (2.13) can be written as

d ln Pm
n (

◦

ω)

d ◦ω
=

1
2 |m|
◦

ω+ 1
+

1
2 |m|
◦

ω− 1
+

n−|m|∑
k=1

1
◦

ω−
◦

ωk
=

√
1− e2(1− ◦

ω2)

[
1
2 m
◦

ω− 1
−

1
2 m
◦

ω+ 1

]
.

(2.14)
If m> 0 rearranging the second equation in (2.14) gives

n−|m|∑
k=1

1
◦

ω−
◦

ωk
=−

1
2 m[1+

√
1− e2(1− ◦

ω2)]
◦

ω+ 1
+

1
2 me2(

◦

ω+ 1)

1+
√

1− e2(1− ◦

ω2)
< 0. (2.15)

The expression on the right-hand side is: monotonic in | ◦ω| < 1 for fixed 0 6 e2 < 1
(oblate) or for −∞ < e2 6 0 (prolate); tends to −∞ as ◦

ω→ −1+ or to −(1/2)m
(1− e2) as ◦

ω→ 1−; and is monotonic in −∞ < e2 < 1 for fixed ◦

ω. For m < 0 the
signs of the terms on the right-hand side of (2.15) are changed and ◦

ω is replaced by
−
◦

ω. Figure 2 shows a schematic plot of the two sides of the second equation in (2.15)
for n− |m| = 4. For m 6= 0 this equation has n− |m| zeros; for m= 0 there are n− 1
zeros. The zeros are not symmetrically distributed about ◦

ω= 0 but they are reasonably
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FIGURE 2. Schematic plot of (2.16) and the m > 0 analogue for inertial frequencies ω
with n− |m| = 4. The right side curves are labelled by m> 0 and m< 0; as e2

↑ 1 these
curves move toward the ω axis; and away from the ω axis as e2

↓−∞. The m= 0 curve
is the ω axis.

uniformly distributed on [−1, 1]. Thus for extremely oblate (prolate) spheroids with
e≈1 (ep≈1) the real frequencies are clustered near ω=±1 (ω=0); see figure 2. This
result was inferred from computations by Kudlick (1966). Geostrophic modes ◦

ω = 0
occur if and only if m= 0 and n is even. There are no m=±n modes: in fact, the
dispersion relation gives ◦

ω = 1 (−1) for m > 0 (< 0) in these cases. Thus we label
the non-zero frequencies for 0 < m 6 n − 1 by ◦

ωm
n,j (ωm

n,j), where j ∈ Z, j 6= 0 and
j=−(n−m+1)/2 : (n−m− 1)/2, if n−m is odd, or j=−(n−m)/2 : (n−m)/2 if
n−m is even. The zero frequencies are ◦

ω0
n,0, where n is even, m= 0 and j= 0. For

−(n− 1)6m< 0, ◦

ωm
n,j=

◦

ω−m
n,−j (ωm

n,j=ω
−m
n,−j). We define the associated inertial pressure

mode for the non-zero frequency ωm
n,j by

Pm
n,j := Pm

n,ωm
n,j
. (2.16)

Note that Pm
n,j = P−m∗

n,−j . The aligned geostrophic modes are constructed in § 2.3.
The number of Coriolis pressure modes of degree N + 1 or less, which equals the

number of Coriolis velocity modes of degree N or less, is

CN =
1
6 N(N + 1)(2N + 7), (2.17)

as (expectedly) in the spherical case. For N = 1, 2 there are 3, 11 modes and for
N� 1 CN ≈N3/3.

2.3. Aligned geostrophic pressure modes
The natural aligned geostrophic modes, which are hierarchical in polynomial degree,
can be constructed by taking the limit ω→ 0 of the aligned inertial modes (2.7), as
in the spherical case.
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LEMMA 2.1. For m = 0 and ω → 0 the solutions (2.6) reduce to the geostrophic
modes,

P0
n,0(s)= Pn(0)Pn(

√
1− s2/a2)− [Pn(0)]2, (2.18)

where n is even. P0
n,0(s) is a polynomial of even degree n in s and Pn is the Legendre

polynomial of degree n. As s → a, P0
n,0(s) → 0. In terms of Jacobi polynomials

P0
n,0(s)= (−)

n/2Pn(0)P
(−1/2,0)
n/2 (2s2/a2

− 1)− [Pn(0)]2.

Proof. From (2.7) ξ 2
+ ζ 2

= 1 − ◦

σ 2 ◦s2
+ (ξζ )2 = 1 − ◦

σ 2 ◦s2
+

◦

ω2 ◦z2. Thus as ω→ 0,
◦

ω→ 0 by (2.5) and ξ 2
+ ζ 2
→ 1− ◦s2

= 1− s2/a2. Further, by rearranging the binomial
expansion of (ξ 2

+ ζ 2)l into the form,

ξ 2l
+ ζ 2l

= (ξ 2
+ ζ 2)l −

b(l−1)/2c∑
j=1

lCj(ξζ )
2j(ξ 2(l−2j)

+ ζ 2(l−2j)), (2.19)

ξ 2l
+ ζ 2l

→ (ξ 2
+ ζ 2)l, since ◦

σ → 1 and (ξζ )2 =
◦

ω2 ◦z2
→ 0. If n is even, Pn(z) =∑n/2

k=0 pn,2kz2k, where the pn,2k are constants, and

Pn(ξ)Pn(ζ )= pn,0

[
n/2∑
k=0

pn,2k(ξ
2k
+ ζ 2k)− pn,0

]
+ (ξζ )2

n/2∑
k=1

n/2∑
l=1

pn,2kpl,2kξ
2(k−1)ζ 2(l−1).

(2.20)
The double sum is O(ξζ )2. Thus for n even, Pn(ξ)Pn(ζ )→ P0

n,0 in (2.18) as ω→ 0,
since pn,0 = Pn(0). If n is odd, Pn(ξ)Pn(ζ )→ 0 as ω→ 0.

The modes (2.18) are orthogonal, for evaluating the inner product (v1, v2) of two
geostrophic modes gives

(v1, v2)=

∫
V
∇P1 · ∇P∗2 dV, (2.21)

noting n1 and n2 are even and substituting v2
= 1− s2/a2 yields, apart from the factor

Pn1(0)Pn2(0),∫
V
∇Pn1(

√
1− s2/a2) · ∇Pn2(

√
1− s2/a2) dV = 2πc

∫ 1

−1
P′n1
(v)(1− v2)P′n2

(v) dv.

(2.22)
An integration by parts and Legendre’s differential equation shows the last integral
vanishes if n1 6= n2.

2.4. Aligned velocity modes
The velocity modes are constructed from the pressure modes using (3.9). Thus
associated with the pressure mode Pm

n+1,j is the velocity mode vm
n,j. Define

vm
n (ω) :=


iω

1−ω2
(∇Pm

n+1,ω −ω
−2Ω̂Ω̂ · ∇Pm

n+1,ω)+
1

1−ω2
Ω̂ ×∇Pm

n+1,ω, ω 6= 0;

Ω̂ ×∇P0
n+1,0(s), m= 0, n odd; ω= 0.

(2.23)
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The Coriolis velocity modes are thus

vm
n,j :=Nm

n,jv
m
n (ω

m
n+1,j), |m|6 n, (2.24)

where j=−(n−m+1)/2 : (n−m− 1)/2 if n−m is odd, j=−(n−m)/2 : (n−m)/2 if
n−m is even and j 6= 0 unless m= 0 and n is odd. The normalisation constant Nm

n,j> 0
is chosen so that the mode is normalised to (vm

n,j, vm
n,j) = 1. The complex conjugate

vm∗
n,j = v−m

n,−j in agreement with Theorem 1.1(f). No modes vm
n,ω arise from m= n+ 1,

i.e. P±(n+1)
n+1 . For m 6= 0 the associated inertial waves propagate eastward (westward)

if j> 0 ( j< 0). Equatorial symmetries are determined by n− m: the velocity modes
are quadrupole symmetric if n − m = 0 (mod 2) and dipole symmetric if n − m =
1 (mod 2); and rotational symmetries about Ω̂ are determined by m. In terms of Jacobi
polynomials their φ-components can be written as

v0
2n−1,0 =N0

2n−1,0

dP0
2n,0(s)
ds

=N0
2n−1,0(−)

n(2n+ 1)P2n(0)sP(1/2,1)n (2s2/a2
− 1)/a2. (2.25)

Spheroidal Coriolis modes, which are all polynomial flows (see Theorem 6.2), are
labelled below using a Greek letter, e.g. vα; the degree of vα is denoted by deg α
and the angular frequency by ωα. For aligned modes the Greek letter denotes a three
index, e.g. vα ≡ v

mα
nα ,jα . For tilted modes the three-index interpretation fails but it can

be interpreted as a two index: the first index indicates the polynomial degree of the
mode and the second labels its frequency.

3. Polynomial flows in a spheroid
Let PN denote the set of complex polynomials in (x, y, z) of degree N. The space

PN is a finite-dimensional complex vector space of dimension (1/6)N(N+ 1)(2N+ 1).
Define the space of (inviscid) complex polynomial flows of degree N on V , PN(V)=
{v ∈P3

N |∇ · v= 0 in V, n · v= 0 on ∂V} with inner product (1.11). It is shown later
using Theorem 4.4 that aligned spheroidal Coriolis modes can also be enumerated
using a basis of PN(V). This enumeration does not rely on explicit construction of
the modes and so also works for tilted modes. The dimension of P3

N is (N + 1)3. A
typical element v ∈PN(V) can be written as v=

∑
j+k+l6N(v

jkl
x i+ vjkl

y j+ vjkl
z k)xjykzl, As

in the spherical case, constructing or even enumerating a basis of PN(V) from linear
combinations of the power basis {xiyjzki, xiyjzkj, xiyjzkk}, i, j, k∈N and i+ j+ k6N, of
P3

N is difficult due to the solenoidal condition and particularly the boundary condition
(1.4). It is much simpler to construct a basis for PN(V) using spheroidal toroidal
and poloidal fields. Alternative constructions of polynomial bases have been given
by Lebovitz (1989) using the Lagrangian displacement and by Wu & Roberts (2011)
using the vorticity.

3.1. A spheroidal toroidal–poloidal basis
Introduce the homoeoidal spheroidal coordinates (r, θ, φ) in dimensionless form,

x= ar sin θ cos φ, y= ar sin θ sin φ, z= cr cos θ. (3.1a−c)

Let er := ∂rr, eθ := ∂θr/r, eφ := ∂φr/r sin θ and let the velocity v = vrer + vθeθ + vφeφ .
Define a class of spheroidal toroidal and poloidal fields

T{t} := eθ
∂φt

sin θ
− eφ∂θ t, S{s} :=−er

◦

Λ2s
r
+ eθ

∂θ∂r(rs)
r
+ eφ

∂φ∂r(rs)
r sin θ

, (3.2a,b)
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where
◦

Λ2s := (sin θ)−1∂θ(sin θ∂θs) + (sin θ)−2∂φ∂φs. Throughout the present § 3, s
and t are the poloidal and toroidal potentials, not the cylindrical radius and the time.
These fields are solenoidal identically in t and s, ∇ · T{t} = 0 and ∇ · S{s} = 0,
and any incompressible velocity can be represented as a sum of spheroidal toroidal
and poloidal fields, v = S{s} + T{t}, and the impenetrable boundary condition (2.9)
becomes

s= 0, at r= 1. (3.3)

The streamlines of the toroidal flow T{t} are given by the level contours of t on the
surfaces of constant r which are nested homoeoidal spheroids.

Scale the Cartesian coordinates ◦x= x/a, ◦y= y/a and ◦z= z/c, and the velocity,

◦r= L · r= r · L, ◦

v = L · v = v · L, (3.4a,b)

where ◦r := ◦xi+ ◦yj+ ◦zk is the position vector in ( ◦x, ◦y, ◦z)-space
◦

E3, the diagonal scale
tensor L := a−1(ii+ jj)+ c−1kk with inverse L−1

:= a(ii+ jj)+ ckk. Let
◦

PN denote the
set of complex polynomials in ( ◦x, ◦y, ◦z) of degree N. If f (r) ∈PN then f (L−1 ·

◦r) ∈
◦

PN

and conversely. Let
◦

V := {◦r ∈
◦

E3
| r= |◦r|6 1}. Define the space of (inviscid) complex

polynomial flows of degree N on
◦

V ,
◦

PN(
◦

V)={ ◦v ∈P3
N |

◦

∇ ·
◦

v= 0 in
◦

V, ◦r · ◦v= 0 on ∂
◦

V}.
By (3.4)

◦

∇ ·
◦

v=∇ · v and n= L ·
◦r, noting (1.5), and n · v= ◦r · ◦v. Thus ◦

v ∈
◦

PN(
◦

V) if
and only if v ∈PN(V).

If v ∈PN(V) then ◦

v = L · v = L · S{s} + L · T{t} =
◦

S{s} +
◦

T{t}, where

◦

T{t} :=
◦

∇× {t ◦r},
◦

S{s} :=
◦

∇×
◦

T{s◦r},
∮

t dΩ = 0,
∮

s dΩ = 0, (3.5a−d)

with t ∈
◦

PN , s ∈
◦

PN+1 and dΩ = sin θ dθ dφ is the element of solid angle on the
unit sphere in

◦

E3. Conversely, v = L−1 ·
◦

S{s} + L−1 ·
◦

T{t}. The component of ◦

v in the
direction of a constant vector c is c · ◦v =−(c · ◦r)

◦

∇
2s+ c ·

◦

∇(s+ ◦r ·
◦

∇s)− c× ◦r ·
◦

∇t.
Thus, if t ∈

◦

PN and s ∈
◦

PN+1, then ◦

v ∈
◦

P3
N . Conversely, if ◦

v ∈P3
N and

◦

∇ ·
◦

v = 0, then
t ∈

◦

PN and s ∈
◦

PN+1. This follows from the following Lemma 3.1 and the equations
◦r · ◦v =−

◦

Λ2s and ◦r ·
◦

∇×
◦

v =−
◦

Λ2t, noting
∮
◦r · ◦v dΩ = 0 since

◦

∇ ·
◦

v = 0.

LEMMA 3.1. If f ∈
◦

Pn with
∮

f dΩ = 0 then
◦

Λ−2f ∈
◦

Pn.

Proof. The polynomial f has a complex spherical harmonic expansion of the form (see
MacRobert 1947, p. 140),

f ( ◦x, ◦y, ◦z)=
N∑

n=1

′ N∑
p=n

n∑
m=−n

f m
n,pr pYm

n (θ, φ), (3.6)

where the f m
n,p are constant and the prime on the p-sum indicates summation over

p = n, n + 2, n + 4, . . . . For any spherical harmonic Ym
n (θ, φ) of degree n > 1 and

order m,
◦

Λ−2h(r)Ym
n = −h(r)Ym

n /[n(n + 1)], where h(r) is any radial function and
◦

Λ :=
◦r×

◦

∇.
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To construct a polynomial toroidal–poloidal basis of PN(V) observe that the
potentials t ∈ PN and s ∈ PN+1 have spherical harmonic expansions of the form (see
MacRobert 1947, p. 140)

t=
N∑

n=1

n∑
m=−n

(
b(N−n)/2c∑

j=0

tm
n,jr

2j

)
rnYm

n (θ, φ) (3.7)

s=
N+1∑
n=1

n∑
m=−n

(
b(N+1−n)/2c∑

j=0

s̃m
n,jr

2j

)
rnYm

n (θ, φ), (3.8)

noting (3.5). As for a spherical V (Ivers et al. 2015) the dimension of the toroidal
subspace PT

N of PN(V) is

dim PT
N =

{
1
6 N(N2

+ 6N + 8), N even;
1
6(N + 1)(N2

+ 5N + 3), N odd.
(3.9)

The coefficients s̃m
n,j must be adjusted to satisfy the boundary condition on the poloidal

flows: on r = 1, s=
∑
b(N+1−n)/2c
j=0 s̃m

n,j = 0. Thus s̃m
N,0 = 0, s̃m

N+1,0 = 0 and elimination of
s̃m

n,0, n= 1 :N − 1 gives

s=
N−1∑
n=1

n∑
m=−n

(
b(N+1−n)/2c∑

j=1

s̃m
n,j(r

2j
− 1)

)
rnYm

n (θ, φ), (3.10)

from which it is clear that 1− r2
= 1− (x2

+ y2)/a2
− z2/c2 is a factor of s. Hence

s= (1− r2)

N−1∑
n=1

n∑
m=−n

(
b(N+1−n)/2c−1∑

j=0

sm
n,jr

2j

)
rnYm

n (θ, φ), (3.11)

where the new coefficients sm
n,j are independent. Thus the dimension of the poloidal

subspace PP
N of PN(V) is the same as for a spherical V (Ivers et al. 2015),

dim PP
N =

{
1
6 N(N2

+ 3N − 1), N even;
1
6(N − 1)(N + 1)(N + 3), N odd.

(3.12)

Finally, combining (3.9) and (3.12) yields dimPN(V)=dimPT
N(V)+dimPP

N(V)=CN ,
i.e. the dimension of PN(V) equals the number of aligned Coriolis velocity modes of
degree N or less as in (2.18). If

◦

tm
n,j :=

◦

∇ × {rn+2jYm
n (θ, φ)

◦r}, then {tm
n,j} where tm

n,j :=

L−1 ·
◦

tm
n,j and n= 1 : N, |m|6 n, j= 0 : b(N − n)/2c is a basis of PT

N(V). Similarly, if
◦sm
n,j :=

◦

∇ ×
◦

∇ × {(1− r2)rn+2jYm
n (θ, φ)

◦r}, then {sm
n,j} where sm

n,j := L−1 ·
◦sm
n,j and n= 1 :

N − 1, |m|6 n, j= 0 : b(N+1− n)/2c − 1 is a basis of PP
N(V).

Any basis of P1(V) is purely toroidal and consists of linear combinations of
the three modes {t0

1,0, t±1
1,0}; a (tilted) Coriolis mode basis is constructed in the

following subsection. Any basis of P2(V) is mixed toroidal–poloidal and consists
of linear combinations of the 11 modes {t0

1,0, t±1
1,0, t0

2,0, t±1
2,0, t±2

2,0, s0
1,0, s±1

1,0}. Any linear
combination of the poloidal flows {s0

1,0, s±1
1,0} has a poloidal potential of the form

s = (1/2)(1 − r2)s · ◦r where s is a constant vector. The associated poloidal flow is
◦

S{(1/2)(1− r2)s · ◦r} = (1− 2r2)s+ s · ◦r◦r.
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3.2. The linear Coriolis velocity modes
The only Coriolis modes for N=1 are toroidal, since they must be linear combinations
of {t0

1,0, t±1
1,0}. This property can be used to explicitly construct them. It is shown

in § 5.2 that these are the only modes with non-zero angular momentum. The N = 1
aligned modes have been explicitly constructed by Vantieghem (2014) in the tri-axial
ellipsoid case. If N = 1, the toroidal potential is of the form t = t · ◦r, where t is a
constant vector, the scaled velocity ◦

v =
◦

T{t · ◦r} =
◦

∇t × ◦r = t × ◦r and the physical
velocity

v = L−1
·
◦

v = L−1
· t× ◦r= L−1

· t× L · r. (3.13)

(Cross-products are evaluated before dot products.) In matrix form

L−1
· t× L=

 0 −tz tya/c
tz 0 −txa/c

−tyc/a txc/a 0

 (3.14)

and thus
v = (tyza/c− tzy)i+ (tzx− txza/c)j+ (txy− tyx)c/ak. (3.15)

If t is real, then (t · L) · v = t · t× L · r= 0; otherwise (Re t · L) · Re v = 0 and (Im t ·
L) · Im v = 0. Thus v, or Re v and Im v if v is complex, are planar flows in planes
perpendicular to t · L, Re t · L or Im t · L. The pressure p= (1/2)r · P · r+ q · r, where
P is a constant symmetric matrix and q is a constant vector. Thus ∇p= P · r+ q and

Cv = Ω̂ × L−1
· t× L · r+ P · r+ q= λL−1

· t× L · r (3.16)

for all r, which implies q= 0 and

Ω̂ × L−1
· (t× L)+ P = λL−1

· (t× L), (3.17)

where

Ω̂ × L−1
· t× L=

−(βtyc/a+ γ tz) βtxc/a γ txa/c
αtyc/a −(αtxc/a+ γ tz) γ tya/c
αtz βtz −(αtx + βty)a/c

 . (3.18)

Equation (3.17) yields the three equations

P11 = βtyc/a+ γ tz, P22 = αtxc/a+ γ tz, P33 = (αtx + βty)a/c, (3.19a−c)

which determine P11, P22, P33 if t and λ are known, and the six equations

βtxc/a+ P12 =−λtz, γ tya/c+ P23 =−λtxa/c, αtz + P31 =−λtyc/a,
αtyc/a+ P21 = λtz, βtz + P32 = λtxc/a, γ txa/c+ P13 = λtya/c,

}
(3.20)

which determine P ij if i 6= j, λ and t. Using the symmetry of P to eliminate λ gives

P12 = P21 =−
1
2
(βtx + αty)c/a, P23 = P32 =−

γ ty + βtza/c
a/c+ c/a

,

P13 = P31 =−
γ tx + αtza/c

a/c+ c/a
,

 (3.21)
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and to eliminate the P ij yields the generalised eigenproblem,λ(a/c+ c/a) γ a/c −β

−γ a/c λ(a/c+ c/a) α

β −α λ2a/c

tx
ty
tz

= 0. (3.22)

The eigenvalues are purely imaginary since the eigenproblem is skew symmetric with
a symmetric positive definite weight matrix. Solutions with t 6= 0 exist if and only if
λ satisfies ∣∣∣∣∣∣

λ(a/c+ c/a) γ a/c −β
−γ a/c λ(a/c+ c/a) α
β −α 2λa/c

∣∣∣∣∣∣= 0. (3.23)

For a spheroid the x-axis can be chosen so that Ω lies in the xz-plane, i.e. α= sinΘ ,
β = 0, γ = cosΘ , so the frequencies are given by ω= 0,±ω1 where

ω1 =

√
1
2α

2(1+ c2/a2)c2/a2 + γ 2

1+ c2/a2
, 0<ω1 < 1. (3.24)

This formula agrees with Vantieghem (2014) if the rotation is aligned with a principal
axis, i.e. Θ = 0, π (symmetry aligned rotation) or Θ = π/2. Thus there exists
a geostrophic mode of degree N = 1 for any tilt angle Θ , and the frequencies
satisfy |ω| < 1, which is consistent with Theorem 1.1(f). All geostrophic modes are
constructed in § 5.1. The eigenvectors t are

t1,0 = T1,0

αc/a
0
γ

 , t1,±ω1 = T1,±ω1

−γ /(1+ c2/a2)
±iω1
1
2αc/a

 , (3.25a,b)

where T1,0 and T1,±ω1 are normalisation constants.
Since (L−1 · t1 ×

◦r) · (L−1 · t∗2 ×
◦r)=−◦r · (t1 × D−1

× t∗2) ·
◦r where D := L · L and the

asterisk denotes the complex conjugate,

(v1, v2)=−

∫
V

◦r · (t1 × D−1
× t∗2) ·

◦ra2c d
◦

V =−
1
5
|V| tr(t1 × D−1

× t∗2), (3.26)

where dV = a2c d
◦

V and |V| = 4πa2c/3 is the volume of V . In Cartesian matrix form

t1×D−1
× t∗2=

−c2t1yt∗2y − a2t1zt∗2z c2t1yt∗2x a2t1zt∗2x
c2t1xt∗2y −c2t1xt∗2x − a2t1zt∗2z a2t1zt∗2y
a2t1xt∗2z a2t1yt∗2z −a2t1xt∗2x − a2t1yt∗2y

 , (3.27)

thus (v1, v2)= (1/5)|V|{(a2
+ c2)(t1xt∗2x+ t1yt∗2y)+ 2a2t1zt∗2z}. Hence the N= 1 modes are

orthogonal, (v1,0, v1,±ω1)= 0 and (v1,ω1, v1,−ω1)= 0 and the norm is given by ‖v‖2
=

(1/5)|V|{(a2
+ c2)(|tx|

2
+ |ty|

2)+ 2a2
|tz|

2
}, which gives

T−1
1,0 =

√
2
5 |V|aω1(1+ c2/a2), T1,ω1 = T1,−ω1 = T1,0

√
1+ c2/a2. (3.28a,b)
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FIGURE 3. (Colour online) Orthographic projections of the streamlines of the linear
velocity spatial modes (i.e. the level contours of the toroidal potentials), v1,0, Re v1,ω1 and
Im v1,ω1 (left to right), on the boundary for a= 3, c= 1, Θ =π/3 viewed from co-latitude
4π/9, longitude π/4.

The choice of phase ensures t∗1,−ω1
= t1,ω1 ,

◦

v∗1,−ω1
=

◦

v1,ω1 and v∗1,−ω1
= v1,ω1 , where the

velocity modes, ◦

v1,0 = t1,0 ×
◦r, ◦

v1,±ω1 = t1,±ω1 ×
◦r and by (3.15),

v1,0 = T1,0

{
γ ( jx− iy)−

αc
a

(
j
za
c
− k

yc
a

)}
(3.29)

v1,±ω1 = T1,ω1

{
γ

1+ c2/a2

(
j
za
c
− k

yc
a

)
+

1
2
αc
a
(jx− iy)± iω1

(
i
za
c
− k

xc
a

)}
. (3.30)

As α→ 0, γ → 1 and v1,0→ k×Ω . From the remark following (3.15) the flows v1,0,
Re v1,ω1 = Re v1,−ω1 and Im v1,ω1 = −Im v1,−ω1 lie in planes normal to N = α/a2i +
γ /c2k, Nr =−γ /(1+ c2/a2)i+ (1/2)αk and Ni = j. See figure 3.

P1,0 =
1
2 T1,0(γ x− αz)2 + 1

2 T1,0[α
2(c/a)2 + γ 2

]y2. (3.31)

P1,±ω1 = T1,ω1

{
1
4
αγ (x2

+ y2)c/a−
1
2
αγ
(y2c/a+ z2a/c)
(1+ c2/a2)

+

(
γ 2

1+ c2/a2
−ω2

1

)
xza/c

}
∓ iω1T1,ω1

(
1
2
αxyc/a+

γ yz
a/c+ c/a

)
. (3.32)

4. The Coriolis operator on polynomial flows in a spheroid
If the Coriolis operator C is restricted to act on polynomial flows PN(V) of

degree N or less where V is a sphere then C : PN(V)→ PN(V), i.e. the restricted
Coriolis operator C : PN(V)→ PN(V) is well defined and maps polynomial flows
to polynomial flows of the same degree (Ivers et al. 2015). It is also true if V is a
spheroid but not for general V . This is Theorem 4.3, the essential result of the paper,
and follows from Theorem 4.2, which is the fundamental tool.

THEOREM 4.1 (Polynomial Laplace–Neumann problem in a spheroid). There exists
a unique solution ϕ of Laplace’s equation ∇2ϕ = 0 in the spheroid V, subject to
n · ∇ϕ = q on ∂V, where the normal n := (xi + yj)/a2

+ zk/c2 and q ∈ PN1 , and to
the consistency and uniqueness conditions,∫

∂V

q
|n|

dS= 0,
∫
∂V

ϕ

|n|
dS= 0, (4.1a,b)

respectively, and moreover, ϕ ∈PN1 .
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Proof. The consistency condition (4.1) is necessary, since

0=
∫

V
∇

2ϕ dV =
∫
∂V
∇ϕ · dS= 0=

∫
∂V

q
|n|

dS. (4.2)

The oblate and prolate cases are treated separately. Consider the oblate case a> c
and introduce orthogonal confocal oblate (a > c) spheroidal coordinates (η, φ, ξ),

s= d
√

1+ η2
√

1− ξ 2, z= dηξ, d :=
√

a2 − c2. (4.3a−c)

Other commonly used confocal oblate spheroidal coordinates are related to (η, φ, ξ)
by simple changes of variables, including η = sinh η1, η =

√
η2

2 − 1, η = η3/d and
ξ = cos θ . The element of arc length is

d`2
= d2

(
ξ 2
+ η2

1+ η2
dη2
+ (1− ξ 2)(1+ η2) dφ2

+
ξ 2
+ η2

1− ξ 2
dξ 2

)
, (4.4)

the scale factors are

hη = d

√
ξ 2 + η2

1+ η2
, hφ = d

√
1+ η2

√
1− ξ 2 = s, hξ = d

√
ξ 2 + η2

1− ξ 2
(4.5a−c)

and the unit basis vector

1η = h−1
η ∂ηr= h−1

η ∂η(s1s + z1z)=

√
1− ξ 2

ξ 2 + η2
η1s +

√
1+ η2

ξ 2 + η2
ξ1z. (4.6)

The boundary ∂V is parametrised by s= a sin θ and z= c cos θ , i.e. the η-surface with
η= c/d and ξ = cos θ , 06 θ 6π. On ∂V the scale factors are hη= d

√
c2 + d2 cos2 θ/a,

hφ = a sin θ , hξ =
√

c2 + d2 cos2 θ/ sin θ and the basis vector

1η = (c sin θ1s + a cos θ1z)/
√

c2 + d2 cos2 θ (4.7)

is the unit normal. On ∂V the vector field n = 1ss/a2
+ 1zz/c2 reduces to n =

1s sin θ/a+ 1z cos θ/c and |n| =
√

c2 + d2 cos2 θ/ac= hη/cd. In general, n ∦ 1η, except
on ∂V , where n = |n|1η, and its principal axes, and hence n · ∇ = (cd)−1∂η. The
element of surface area on ∂V is dS= hξhφ dξ dφ = a

√
c2 + d2 cos2 θ sin θ dθ dφ, thus

dS/|n| = a2c sin θ dθ dφ.
The Laplacian is given in oblate spheroidal coordinates by

d2(ξ 2
+ η2)∇2u= ∂η(1+ η2)∂ηu+ ∂ξ (1− ξ 2)∂ξu+ [(1− ξ 2)−1

− (1+ η2)−1
]∂φφu. (4.8)

The interior harmonic solutions are of the form u = Pm
n (iη)P

m
n (ξ)e

imφ and hence the
general interior solution is

ϕ =

∞∑
n=0

n∑
m=−n

ϕm
n Pm

n (ξ)P
m
n (iη)e

imφ, (4.9)

where the ϕm
n are constants.
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To impose the Neumann boundary condition on the solution (4.9) it is first shown
that a polynomial q in E3 of degree N1 can expanded on ∂V as a linear combination
of associated Legendre functions Pm

n (ξ) of degree N1 or less. Let w := x + iy. Then
x= (w+w∗)/2 and y= (w−w∗)/2i. Since q ∈PN1 it can be written as

q(x, y, z)= q((w+w∗)/2, (w−w∗)/2i, z)=
∑

j+k+l6N1

qjklwj(w∗)kzl
=

∑
j+k6N1

wj(w∗)kqj,k(z),

(4.10)
where the qjkl are constants and qj,k(z) :=

∑N1−( j+k)
l=0 qjklzl is a polynomial in z of degree

N1 − ( j+ k). But

wj(w∗)k =

{
s2k(x+ iy)j−k, if j > k;
s2j(x− iy)k−j, if k > j.

(4.11)

In either case wj(w∗)k = s2 min( j,k)s|j−k|ei( j−k)φ and hence

q(x, y, z)=
∑

j+k6N1

s|j−k|ei( j−k)φs2 min( j,k)qj,k(z). (4.12)

Let m= j− k and l= j+ k. Then 2 min( j, k)= ( j+ k)− |j− k| = l− |m|, l− |m| must
be even and

q(x, y, z)=
N1∑
l=0

′ l∑
m=−l

s|m|eimφsl−|m|qm
N1−l(z), (4.13)

relabelling qj,k(z) as qm
N1−l(z) using l,m to replace j, k. The degree of qm

N1−l(z) is N1− l.
The prime on the summation indicates that l− |m| is even. On s= a sin θ , z= c cos θ

q=
N1∑
l=0

′ l∑
m=−l

al sin|m| θ(1− cos2 θ)(l−|m|)/2qm
N1−l(c cos θ)eimφ. (4.14)

The factor (1− cos2 θ)(l−|m|)/2qm
N1−l(c cos θ) is a polynomial of degree N1− |m| in cos θ .

Thus q is of the form

q=
N1∑
l=1

l∑
m=−l

qm
l Pm

l (cos θ)eimφ, (4.15)

where the qm
l are constants and q0

0 = 0 by the consistency condition (4.1a).
The boundary condition n · ∇ϕ = q reduces to q= |n|1η · ∇ϕ = |n|h−1

η ∂ηϕ = ∂ηϕ/cd.
Thus on ∂V , noting the uniqueness condition (4.1b),

cdn · ∇ϕ = i
∞∑

n=1

n∑
m=−n

ϕm
n Pm

n
′(ic/d)Pm

n (cos θ)eimφ
= cd

N1∑
l=1

l∑
m=−l

qm
l Pm

l (cos θ)eimφ. (4.16)

Hence

ϕm
n =

−
icdqm

l

Pm
n
′(ic/d)

, if 1 6 n 6 N1;

0, otherwise.
(4.17)

By the following Lemma 4.1 the derivative of Pm
n has no non-zero imaginary zeros,

thus Pm
n
′(ic/d) 6= 0, ϕm

n is well defined and the solution ϕ is a unique polynomial of
degree N1.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
7.

66
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2017.669


Tilted incompressible Coriolis modes in spheroids 149

–1 1

FIGURE 4. A schematic plot of (4.18) showing the five zeros of dPm
n (w)/dw, excluding

the zeros of Pm
n (w), for n− |m| = 4.

LEMMA 4.1. The zeros of the derivative dPm
n (w)/dw in the complex w-plane are real

and lie in the interval [−1, 1].

Proof. If w is a zero of dPm
n /dw but not Pm

n , then from (2.14) with ◦

ω replaced by w
and ◦

ωk by wk,

1
Pm

n (w)
dPm

n (w)
dw

=

1
2 |m|

w+ 1
+

1
2 |m|

w− 1
+

n−|m|∑
k=1

1
w−wk

= 0. (4.18)

Thus w is a zero of the following polynomial of degree n− |m| + 1,

|m|w
n−|m|∏

l=1

(w−wl)+ (w2
− 1)

n−|m|∑
k=1

n−|m|∏
l=1,l 6=k

(w−wl)= 0, (4.19)

so there are at most n − |m|+1 such zeros. It is easily seen that there are in fact
n− |m|+1 such zeros, since wk ∈ (−1, 1) for k= 1 : n− |m|, and these zeros are real
and lie in the interval (−1, 1); see figure 4. Since the zeros of Pm

n (w) lie in [−1, 1],
the zeros of dPm

n /dw lie in [−1, 1].

Now consider the prolate case a < c and introduce orthogonal confocal prolate
spheroidal coordinates,

s= d
√
η2 − 1

√
1− ξ 2, z= dηξ, d=

√
c2 − a2. (4.20a−c)

Other confocal prolate spheroidal coordinates are related to (η, φ, ξ) by changes of
variables. The element of arc length is

d`2
= d2

(
η2
− ξ 2

η2 − 1
dη2
+ (η2

− 1)(1− ξ 2) dφ2
+
η2
− ξ 2

1− ξ 2
dξ 2

)
, (4.21)
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the scale factors are

hη = d

√
η2 − ξ 2

η2 − 1
, hφ = d

√
η2 − 1

√
1− ξ 2 = s, hξ = d

√
η2 − ξ 2

1− ξ 2
(4.22a−c)

and the unit basis vector

1η = h−1
η ∂ηr=

√
1− ξ 2

η2 − ξ 2
η1s +

√
η2 − 1
η2 − ξ 2

ξ1z. (4.23)

The boundary ∂V is parametrised by s = a sin θ and z = c cos θ , i.e. the η-surface
with η = c/d and ξ = cos θ , 0 6 θ 6 π. On ∂V the scale factors are hη =
d
√

c2 − d2 cos2 θ/a, hφ=a sin θ , hξ =
√

c2 − d2 cos2 θ/ sin θ , n=|n|1η, n ·∇= (cd)−1∂η,
dS = hξhφ dξ dφ = a

√
c2 − d2 cos2 θ sin θ dθ dφ and dS/|n| = a2c sin θ dθ dφ, since

|n| =
√

c2 − d2 cos2 θ/ac = hη/cd. In general, n ∦ 1η, except on ∂V or its principal
axes.

The Laplacian has the form

d2(η2
− ξ 2)∇2u= ∂η(η2

−1)∂ηu+ ∂ξ (1− ξ 2)∂ξu+[(η2
−1)−1

+ (1− ξ 2)−1
]∂φφu. (4.24)

The interior solutions are of the form u= Pm
n (η)P

m
n (ξ)e

imφ . Hence

ϕ =

∞∑
n=0

n∑
m=−n

ϕm
n Pm

n (ξ)P
m
n (η)e

imφ. (4.25)

The boundary condition n · ∇ϕ = q reduces to q= |n|1η · ∇ϕ = |n|h−1
η ∂ηϕ = ∂ηϕ/cd.

Thus on ∂V using (4.15),

cdn · ∇ϕ =
∞∑

n=1

n∑
m=−n

ϕm
n Pm

n
′(c/d)Pm

n (cos θ)eimφ
= cd

N1∑
l=1

l∑
m=−l

qm
l Pm

l (cos θ)eimφ. (4.26)

Hence

ϕm
n =


cdqm

l

Pm
n
′(c/d)

, if 1 6 n 6 N1;

0, otherwise.
(4.27)

Since c> d and the derivative Pm
n
′ has no real zeros in (1,∞), Pm

n
′(c/d) 6= 0, ϕm

n is
well defined and the solution ϕ is a unique polynomial of degree N1.

The following lemma is given in Ivers et al. (2015).

LEMMA 4.2 (Polynomial integral of the polynomial Poisson–Neumann problem in
E3). If f ∈ PN2 , then there exists a solution ϕp of Poisson’s equation ∇2ϕ = f with
ϕp ∈PN2+2 in E3.

The fundamental tool of the paper is

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
7.

66
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2017.669


Tilted incompressible Coriolis modes in spheroids 151

THEOREM 4.2 (Polynomial Poisson–Neumann problem in a spheroid). If ϕ is a
solution of Poisson’s equation ∇2ϕ = f in the spheroid V, f ∈PN2 and n · ∇ϕ = q on
∂V, where n := (x1x + y1y)/a+ z1z/c, f and q satisfy the consistency condition∫

V
f dV =

∫
∂V

q
|n|

dS (4.28)

and q ∈PN1 , subject to the uniqueness condition∫
∂V

ϕ

|n|
dS= 0, (4.29)

then ϕ ∈PN3 , where N3 =max(N1,N2 + 2).

Proof. The consistency condition (4.28) is necessary, since∫
V

f dV =
∫

V
∇

2ϕ dV =
∫
∂V
∇ϕ · dS=

∫
∂V

q
|n|

dS. (4.30)

By Lemma 4.1 there exists a polynomial ϕp ∈ PN2+2 such that ∇2ϕp = f and∫
∂V ϕp/|n| dS= 0. Thus ∇2(ϕ − ϕp)= 0 in V and n · ∇(ϕ − ϕp)= q− n · ∇ϕp on ∂V .

Since the consistency conditions of Theorem 4.1 hold,
∫

V(ϕ − ϕp)/|n| dV = 0 and∫
∂V

(
q
|n|
− n̂ · ∇ϕp

)
dS=

∫
∂V

q
|n|

dS−
∫

V
∇

2ϕp dV =
∫
∂V

q
|n|

dS−
∫

V
f dV = 0. (4.31)

Theorem 4.1 applies to ϕ − ϕp and implies ϕ − ϕp ∈PN1 . Hence ϕ ∈PN3 .

The essential result of the paper is Theorem 4.3: that C maps polynomial flows of
degree N or less in a spheroid to polynomial flows of degree N or less.

THEOREM 4.3 (C-invariance of polynomial flows in a spheroid). The space PN(V)
of polynomial flows of degree N or less on a sphere V is invariant under C, i.e.
CPN(V)⊆PN(V).

Proof. To show the Coriolis operator C is well defined on PN(V) we must show that,
if v ∈PN(V), there exists a pressure p ∈ PN+1 such that Cv = Ω̂ × v +∇p ∈PN(V).
We can construct p as in (1.10) so that ∇ · (Cv)=−Ω̂ · ∇× v+∇2p= 0 in V (note
the sign correction to Ivers et al. 2015) and n · (Cv) = n · Ω̂ × v + n · ∇p = 0 on
∂V , by Theorem 4.2 with f = Ω̂ · ∇ × v ∈ PN−1 and q = −n · Ω̂ × v ∈ PN+1. Thus
N1 = N + 1 and N2 = N − 1 in that theorem, i.e. N3 = N + 1 and hence p ∈ PN+1.
Hence Cv ∈PN(V).

It is now shown that the operator C on PN(V) is non-defective, i.e. its eigenvectors
span PN(V). In fact, −iC can be represented by a Hermitian matrix on PN(V). The
proof is simple on the finite-dimensional space PN(V). The result provides a proof
of the completeness of the Coriolis modes on the infinite-dimensional space V1

(V) in
Theorem 6.1, without requiring the explicit construction of the modes as a basis of
PN(V).
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THEOREM 4.4 (Existence and polynomial nature of Coriolis modes in a spheroid).
The finite-dimensional operator −iC on PN(V) is self-adjoint. The eigenvalues λ= iω
of C are purely imaginary and satisfy |λ| = |ω| < 1 and the eigenvectors of distinct
eigenvalues of C are orthogonal. The eigenvectors of C span the finite-dimensional
space PN(V). The number of Coriolis modes of degree N or less is CN .

Proof. If v1, v2 ∈ PN(V), then (−iCv1, v2) = (v1, −iCv2) by Theorem 1.1 and −iC
is self-adjoint since PN(V) is finite-dimensional. Thus the eigenvectors of −iC span
PN(V), the eigenvectors of distinct eigenvalues are orthogonal and its eigenvalues are
real. If v is an eigenvector of −iC corresponding to the eigenvalue ω, then −iCv=ωv
and hence Cv = λv, i.e. v is an eigenvector of C corresponding to the eigenvalue
λ= iω. Thus the eigenvectors of C are complete in the finite-dimensional space PN(V)
and its eigenvalues are purely imaginary. The bound |ω|<1 follows as in Theorem 1.1
and the result that ω 6= ±1.

The spaces PN(V) are hierarchical in the sense that if N1 6 N2 and (v, ω) is an
eigenmode of C in PN1(V) then (v, ω) is an eigenmode of C in PN2(V). Moreover,
(v, ω) is an eigenmode of C in V1

(V) and, for any polynomial flow v ∈ PN(V),
(v, vα)= 0 for all Coriolis modes vα with deg α >N.

5. The Coriolis operator with tilted rotation
The rotation is tilted if 0<Θ <π. Analytic forms of the tilted geostrophic modes

are found in § 5.1, the angular momenta of all Coriolis modes are determined in § 5.2
and conditions for the time independence of the Coriolis operator C are examined
in § 5.3.

5.1. Geostrophic pressure modes in spheroids with tilted rotation

In terms of D= (ii+ jj)/a2
+ kk/c2, the surface ∂V and the normal n are r ·D · r= 1

and n=D · r. The rotation, Ω̂ = αi+ βj+ γ k where α, β, γ are direction cosines, is
tangent to ∂V , i.e. Ω̂ · n= 0, at the points of the plane curve, E0 := {r∈E3

| r ·D · r=
1, Ω̂ ·D · r= 0}. The curve E0 is an ellipse lying in the plane P0 := {r∈E3

| Ω̂ ·D · r=
0} through the origin with (non-unit) normal N := Ω̂ ·D=D · Ω̂= (αi+βj)/a2

+γ k/c2.
Let H−2

:=N · Ω̂= Ω̂ ·D · Ω̂= (α2
+β2)/a2

+γ 2/c2. If N=|N|(α′i+β ′j+γ ′k), where
|N| =

√
(α2 + β2)/a4 + γ 2/c4, then γ ′ = γ /c2

|N|. Thus sgn γ ′ = sgn γ and |γ ′|> |γ |
if a> c or |γ ′|< |γ | if a< c. Hence the acute angle between the symmetry axis and
N is smaller (greater) than the angle between the symmetry and rotation axes in the
oblate (prolate) cases; see figures 5 and 6 respectively.

In the Cartesian coordinates (x, y, z) with the z-axis aligned with the symmetry axis
of ∂V , a point (x0, y0, z0) on E0 is given by the pair of equations

x2
0 + y2

0

a2
+

z2
0

c2
= 1,

αx0 + βy0

a2
+
γ z0

c2
= 0. (5.1a,b)

If Θ 6=π/2 (γ 6= 0), eliminating z0 =−c2(αx0 + βy0)/a2γ in (5.1) gives the equation
for the perpendicular projection Exy of E0 onto the xy-plane,(

1+
c2

γ 2

α2

a2

)
x2

0

a2
+ 2

c2

γ 2

αx0

a2

βy0

a2
+

(
1+

c2

γ 2

β2

a2

)
y2

0

a2
= 1, γ 6= 0. (5.2)
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FIGURE 5. Geostrophic cylinder SPQR in an oblate spheroid with tilted rotation. The
points C, D are the respective projections of the tangent points A, B onto the x-axis.
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FIGURE 6. Geostrophic cylinder SPQR in a prolate spheroid with tilted rotation.
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Thus Exy is also an ellipse. If α or β is zero the ellipse Exy is aligned with the x-
and y-axes. If Θ 6= 0, π (α 6= 0) and allowing Θ = π/2 (γ = 0), eliminating x0 =

−(βy0 + γ z0a2/c2)/α in (5.1) gives the equation for the perpendicular projection Eyz

of E0 onto an ellipse Eyz in the yz-plane,(
1+

β2

α2

)
y2

0

a2
+ 2

a2

α2

βy0

a2

γ z0

c2
+

(
1+

a2

α2

γ 2

c2

)
z2

0

c2
= 1, α 6= 0. (5.3)

If β is zero the ellipse Eyz is aligned with the y- and z-axes.
More generally the oblique projection along Ω̂ of a point r onto a point r0 in the

plane P0 is r = hΩ̂ + r0, for some h. The point r0 lies on or inside the spheroidal
surface ∂V if and only if r0 · D · r0 6 1. For a given h the associated points r lie in
the plane

N · r= hN · Ω̂ +N · r0 = hN · Ω̂. (5.4)

and the points r form a curve Γ (h) lying on the surface ∂V if and only if

1= r ·D · r= h2N · Ω̂ + 2hN · r0 + r0 ·D · r0 = h2N · Ω̂ + r0 ·D · r0 (5.5)

i.e. r0 satisfies r0 ·D · r0 = 1− h2N · Ω̂ . Thus the geostrophic contours are given by

Γ (h) := {r ∈ E3
| r= hΩ̂ + r0; r0 ·D · r0 = 1− h2N · Ω̂,N · r0 = 0}, (5.6)

where |h| 6 H = (N · Ω̂)−1/2. There is a geostrophic contour through every point on
∂V: given r∈ ∂V , then h=N · r/N · Ω̂ and r0= r− hΩ̂ satisfies the conditions in the
definition (5.6). The contours Γ (±h) are parallel and form the ends of a geostrophic
cylinder of height 2|h|, which intersects the plane P0 in the ellipse E|h| := {r0 ∈ E3

|

r0 ·D · r0 = 1− h2N · Ω̂,N · r0 = 0}. There is a unique ellipse E|h| through any point
r0 ∈ P0 which lies inside E0, in fact, |h| = [(1− r ·D · r)/N · Ω̂]1/2.

If Θ 6=π/2 the perpendicular projection of the ellipse E|h| onto the xy-plane is the
ellipse Exy(|h|) given by the equation(

1+
c2

γ 2

α2

a2

)
x2

0

a2
+ 2

c2

γ 2

αx0

a2

βy0

a2
+

(
1+

c2

γ 2

β2

a2

)
y2

0

a2
= 1−

h2

H2
, γ 6= 0. (5.7)

If Θ 6= 0,π (α 6= 0) the projection of E|h| onto the yz-plane is the ellipse Eyz(|h|) given
by (

1+
β2

α2

)
y2

0

a2
+ 2

a2

α2

βy0

a2

γ z0

c2
+

(
1+

a2

α2

γ 2

c2

)
z2

0

c2
= 1−

h2

H2
, α 6= 0. (5.8)

In figures 5 and 6 the projections onto the xz-plane of E0, Exy, geostrophic contours
and a geostrophic cylinder are given by AB, CD, PQ, RS and PQRS respectively.

For a spheroid b=a and the x-axis can be chosen so that Ω̂ lies in the first quadrant
of the xz-plane, i.e. j · Ω̂ = β = 0 and α> 0. Also j · N̂= β/a2

= 0. As above, let r be
a point in E3. In terms of the basis ( j× N̂, j, Ω̂), r= Xj× N̂+ Yj+ ZΩ̂ . The vectors
reciprocal to (j× N̂, j, Ω̂) are (J−1j× Ω̂, j, J−1N̂), where the Jacobian J= (j× N̂)× j ·
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Ω̂ = Ω̂ · N̂ = (H2
|N|)−1 and now H−1

=
√
α2/a2 + γ 2/c2 and |N| =

√
α2/a4 + γ 2/c4.

Thus X = J−1j× Ω̂ · r, Y = j · r, Z = J−1N̂ · r, i.e.

X =H2
|N|(γ x− αz), Y = y, Z =H2(αx/a2

+ γ z/c2). (5.9a−c)

In particular, the oblique projection (x0, y0, z0) of (x, y, z) onto the plane P0 is the
point given by X = |N|c2x0/γ = −|N|a2z0/α, Y = y0, Z = 0. Thus, solving (5.7) if
γ 6= 0, or (5.8) if α 6= 0, for h gives

h=H
(

1−
X2

H2|N|2a2c2
−

Y2

a2

)1/2

. (5.10)

The geostrophic flow due to the pressure P is v = [Ω̂ − ∇(1/2)(zt + zb)] × ∇P =
P′(h)t, where zt and zb are the values of z on Γ (±h), P depends only the height h of
the geostrophic cylinders and t :=∇Z ×∇h is tangent to the streamlines of v noting
Z = z− (1/2)(zt + zb) (see Ivers et al. 2015, equation (3.9)). The gradient in the non-
orthogonal coordinates (X, Y, Z) is ∇ = J−1j × Ω̂ ∂X + j ∂Y + J−1N̂ ∂Z; in particular
∇Z = J−1N̂. Since h is independent of Z, ∇h= J−1j× Ω̂ ∂Xh+ j ∂Yh and

∇h=−H2

(
j× Ω̂

X
|N|a2c2h

+ j
Y

a2h

)
. (5.11)

Thus the geostrophic flow due to the pressure P(h) is

v =
H2P′(h)

a2h

(
j×NH2Y − j

X
|N|c2

)
. (5.12)

If P(h) is a polynomial in x, y, z and hence a polynomial in X,Y,Z, then it must be a
polynomial in h of even degree and hence of even degree in x, y, z. The ratio P′(h)/h
is a polynomial in h of even degree and if deg P(h)= n then the velocity in (5.10) is
a polynomial in x, y, z of odd degree n− 1. For n= 2 the linear geostrophic mode v1,0
in (3.29) is recovered up to normalisation and phase. To complete the derivation of
the geostrophic modes a natural polynomial basis for the geostrophic pressure modes
can be constructed using the inner product of two geostrophic velocity modes v1 and
v2 with pressures P1 and P2,

(v1, v2)=

∫
V

dP1

dh
dP∗2
dh

t2 dV. (5.13)

Let X = aAs cos φ and Y = as sin φ, where A :=H|N|c, then h=H
√

1− s2 and

t2
=

H4

a2h2

(
H2

c2
cos2 φ + |N|2H4 sin2 φ

)
s2. (5.14)

Also dX dY = a2As ds dφ so that dV = J dX dY dZ = a2cs ds dφ dZ. Assuming P1 and
P2 are real (5.13) implies

(v1, v2)= 2cH4
∫ 1

0

dP1

dh
dP2

dh
s3 ds

h

∮ (
H2

c2
cos2 φ + |N|2H4 sin2 φ

)
dφ. (5.15)
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FIGURE 7. (Colour online) Geostrophic velocity modes of degrees 1, 3, 5, 7, 9.

Let v2
= 1− s2, then v= h/H and P1, P2 are polynomials of even degree in v. Thus

(v1, v2)=πcH(|N|2H4
+H2/c2)

∫ 1

−1

dP1

dv
dP2

dv
(1− v2) dv. (5.16)

The orthogonal polynomial pressure modes are thus Pn,0(h)=Pn(h/H), i.e. using (5.9)
and (5.10)

Pn,0(x, y, z)= Pn([1− (γ x− αz)2(H/ac)2 − y2/a2
]

1/2), (5.17)

where n is a positive even integer and Pn is a Legendre polynomial of degree n. Thus
from (5.12) the tilted geostrophic velocity modes have a universal radial structure in
terms of s given by P′n(

√
1− s2). The n/2th mode consists of a central rotating core

surrounded by (1/2)n − 1 flows of alternating directions. The first five modes are
shown in figure 7. As α→ 0 and γ → 1, h/H→

√
1− (x2 + y2)/a2, since H→ c;

this agrees with the aligned geostrophic modes (2.18) and linear mode (3.29) up to
an additive constant and normalisation.

5.2. The angular momenta of spheroidal Coriolis modes

Let Lαe−iωα t denote the angular momentum of the Coriolis mode vα in the boundary
frame, where the spatially dependent part Lα :=

∫
V r× vα dV .

THEOREM 5.1. If vα is a Coriolis mode of degree greater than one, the angular
momentum of vα in the boundary frame vanishes, i.e. Lα= 0 if degα> 1. The angular
momenta of the degree-one modes, v1,0 and v1,±ω1 , in the boundary frame are

L1,0 =
αc2/a2i+ γ k

(1+ c2/a2)2ω2
1T1,0

, L1,±ω1 =
[−γ /(1+ c2/a2)i± iω1 j+ 1

2αk]c/a
(1+ c2/a2)ω2

1T1,ω1

. (5.18a,b)
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Proof. The representation c × r = vc − ∇π, where c is a constant vector and vc ∈

P1(V), is explicitly constructed below as follows, from ∇2π = −∇ · (c × r) = 0 in
V and n · ∇π=−n · c× r on ∂V . To solve these equations assume that the pressure
π= (1/2)r · P · r+ q · r, where P is a constant symmetric matrix and q is a constant
vector (new from § 3.2). Thus ∇π= P · r+ q and ∇2π= tr P = 0. Since the normal
n=D · r,

r ·D · (P + c× I) · r+ r ·D · q= 0 (5.19)

on the boundary ∂V where r · D · r = 1. Replacing r by −r in (5.19) implies
q = 0, which leaves r · D · (P + c × I) · r = 0 subject to r · D · r = 1. Scaling r
the inhomogeneous condition can be replaced by r · D · r 6= 0, i.e. by r 6= 0 since
D is positive definite, and hence discarded completely. Thus the symmetric part of
D · (P + c× I) must vanish. In Cartesian matrix form

D · (P + c× I)=

 P11/a2 (P12 − c3)/a2 (P13 + c2)/a2

(P21 + c3)/a2 P22/a2 (P23 − c1)/a2

(P31 − c2)/c2 (P32 + c1)/c2 P33/c2

 . (5.20)

Since the symmetric part of the matrix vanishes, P11 = P22 = P33 = P12 = P21 = 0 and

P13 = P31 =
a2
− c2

a2 + c2
c2, P23 = P32 =−

a2
− c2

a2 + c2
c1. (5.21a,b)

Hence

π=
a2
− c2

a2 + c2
(c2x− c1y)z (5.22)

and vc = c1vi + c2vj + c3vk, where

vi :=−
2(a2zj− c2yk)

a2 + c2
, vj :=

2(a2zi− c2xk)
a2 + c2

, vk :=−yi+ xj (5.23a−c)

are the flows for c = i, j, k. It is easily checked that ∇ · vc = 0 in V and n · vc = 0
on ∂V . The flow vc is a linear combination of the linear Coriolis modes (3.29) and
(3.30), since

vi =
c/a

(1+ c2/a2)2ω2
1

(
−

γ

T1,ω1

v1,−ω1 +
αc

aT1,0
v1,0 −

γ

T1,ω1

v1,ω1

)
(5.24)

vj =−i
c/a

(1+ c2/a2)ω1

(
−

1
T1,ω1

v1,−ω1 +
1

T1,ω1

v1,ω1

)
(5.25)

vk =
1

2(1+ c2/a2)ω2
1

(
αc

aT1,ω1

v1,−ω1 +
2γ

(1+ c2/a2)T1,0
v1,0 +

αc
aT1,ω1

v1,ω1

)
. (5.26)

Let c be a real unit vector. The component of Lα in the direction c is

c · Lα =
∫

V
c× r · vα dV = (vα, c× r)= (vα, vc)− (vα,∇π)= (vα, vc). (5.27)

Since the degree of vc is one and c is arbitrary, Lα = 0 if deg α > 1.
For the degree-one modes, i ·L1,0= (v1,0,vi)= (vi,v1,0)

∗
=αc2/[a2(1+ c2/a2)2ω2

1T1,0],
by (5.24) and (5.27). The y and z components of L1,0, and L1,±ω1 are found similarly.
Thus equations (5.18) hold.
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5.3. Dynamics of the rigid spheroidal boundary
We now examine conditions under which the angular velocity of the boundary frame
is constant, i.e. Ω̇ = 0, and hence C is time independent. Assume V is surrounded by
a rigid mantle M fixed in the boundary frame of ∂V with the centre of mass of M
at the centre O of V , which is stationary in the inertial frame O′ introduced in § 1,
and moment of inertia tensor IM. Thus the angular velocity of M is Ω . The angular
momenta of M relative to the boundary frame LM and the inertial frame L′M are LM= 0
and L′M = IM ·Ω .

If Ω̇ 6= 0 the dimensional inviscid non-magnetic momentum equation with variable
density ρ in the rotating boundary frame is

ρDtv + ρ2Ω × v + ρΩ × (Ω × r)+ ρΩ̇ × r=−∇p− ρ∇U. (5.28)

Let LV and IV be the angular momentum and the inertia tensor of the fluid volume V
in the boundary frame: LV :=

∫
V r× ρv dV and IV :=

∫
V ρ(r

2I − rr) dV . The identities
Dt(r2I − rr)= 2r · vI − rv − vr, r× (Ω̇ × r)= (r2I − rr) · Ω̇ and

dIV

dt
=

∫
V
ρDt(r2I − rr) dV, (5.29)

noting v · n = 0 on ∂V in the boundary frame, yield the following identity for the
moments of the Coriolis force ρ2Ω × v and the Poincaré force ρΩ̇ × r,

d(Ω · IV)

dt
+Ω × LV =

∫
V

r× ρ(2Ω × v + Ω̇ × r) dV. (5.30)

Also, by Reynolds transport theorem,

dLV

dt
=

∫
V
ρDt(r× v) dV =

∫
V

r× ρDtv dV. (5.31)

Substituting the momentum equation (5.28) yields

dLV

dt
+ IV · Ω̇ +Ω × (IV ·Ω)=−

∫
V

r× ρ(2Ω × v + ρ−1
∇p+∇U) dV. (5.32)

Adding (5.29) and (5.30) eliminates the Coriolis torque and yields

dL′V
dt′
=−

∫
∂V

r× p dS−
∫

V
r× ρ∇U dV, (5.33)

in the inertial frame O′, where L′V = IV ·Ω + LV and d/dt′ ≡ d/dt+Ω× is the vector
time derivative in the inertial frame.

If ρ is uniform in V , then from (5.29)

dIV

dt
= ρ

∫
V

v · ∇(r2I − rr) dV = ρ
∫
∂V

dS · v(r2I − rr)= 0, (5.34)

i.e. the inertia tensor IV is constant in the boundary frame if the fluid density is
uniform. Of course, then dIV/dt′ =Ω × IV − IV ×Ω 6= 0. Also, by (5.33),

dL′V
dt′
=−

∫
∂V

r× P dS, (5.35)
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where P = p + ρU, since r × ρ∇U = ∇ × ρUr. In general, P is not the pressure
auxiliary to Cv. For the rigid mantle M,

dL′M
dt′
=

∫
∂V

r× P dS+ ΓM, (5.36)

where ΓM is the torque on M external to M ∪ V , by Newton’s laws. There is no
requirement for M to be a homeoidal shell or for Ivory’s theorem as the mutual
gravitational torque is contained in the surface pressure torque over ∂V . Adding (5.35)
and (5.36) gives d(L′V + L′M)/dt′ = ΓM or, since M is rigid,

(IV + IM) · Ω̇ = ΓM −Ω × (IV + IM) ·Ω −
dLV

dt
−Ω × LV . (5.37)

Thus Ω̇ = 0 if ΓM balances the terms on the right-hand side,

ΓM =Ω × (IV + IM) ·Ω +
dLV

dt
+Ω × LV . (5.38)

In a laboratory ΓM must be supplied by the bearings supporting V ∪M. Given IV the
boundary inertia tensor IM can be adjusted such that IV + IM is diagonal, i.e. IV + IM =

Aii + Bjj + Ckk, even isotropic with A = B = C, to minimise ΓM. The inertia tensor
of the spheroid about its centre is IV = (1/5)M[(a2

+ c2)(ii + jj) + 2a2kk]. If V is
oblate (c < a) the inertia tensor of a dumbbell D := {(0, 0, −c), (0, 0, c)} of mass
(1/10)M(a2

− c2)/c2 is ID = (1/10)M(a2
− c2)kk. Then, neglecting the inertial of the

surface material, IV + IM = IV + ID = (2/5)Ma2I . Similarly, if V is prolate (c > a),
then the inertia tensor of a uniform ring R := {(x, y, z) | x2

+ y2
= a2, z= 0} of mass

(2/5)M(c2
− a2)/a2 is IR = (1/5)M(c2

− a2)(ii + jj + 2kk) and IV + IR = (2/5)Mc2I .
The external torque necessary for Ω̇ = 0 reduces to ΓM = dLV/dt + Ω × LV , which
is zero for any superposition of Coriolis modes excluding the degree one modes. If
the superposition includes degree-one modes, then dLV/dt+Ω × LV and hence ΓM are
non-zero.

For large objects such as the Earth the external torque ΓM is not a control and IM
is not adjustable. Note the term Ω × (IV + IM) · Ω vanishes if (IV + IM) · Ω = λΩ
for some scalar λ, i.e. Ω is an eigenvector of IV + IM. This implies that IV + IM
must be isotropic, if Ω is tilted from the principal axes of ∂V , or if IV + IM is
anisotropic, that Ω must be aligned with a principal axis of ∂V . It may be that Ω̇
is small so that the dominant part of Ω is constant. If A, B, C are now the principal
moments of inertia of IV + IM, Ω̇ can be estimated from (5.37): thus |Ω̇|/|Ω|2� 1
if |ΓM| � min(A, B, C)|Ω|2, max(|B − C|/A, |A − C|/B, |A − B|/C) � 1, |LV | �

min(A, B, C)|Ω|. For the Earth Ω̇ ≈ Ωp × Ω , where the rate of precession |Ωp| =

7.7260 × 10−12 rad s−1 and |Ω| = 7.292115 × 10−5 rad s−1 (Stacey & Davis 2008).
Thus |Ω̇|/|Ω|2 ∼ |Ωp|/|Ω| ≈ 10−7.

5.4. Stokes and other operators in Coriolis bases
A second useful operator associated with the Navier–Stokes equation (1.2) is the
Stokes operator,

Sv :=−∇2v +∇p (5.39)

with ∇2p = 0 in V , n · ∇p = n · ∇2v on ∂V . By Theorem 4.2 S maps a flow
v ∈Pn

(V) into Pn−2
(V) and thus (Sv, vα) = 0 for any vα with deg α > n − 1, and
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hence (∇2vβ, vα)= 0 if degβ6 degα+ 1. This extends the spheroidal result of Zhang
et al. (2004a) for a single inertial mode and the spherical result of Liao & Zhang
(2009) (see also Ivers et al. 2015). Observe that viscous boundary conditions such as
the no-slip condition n× v = 0 or the stress-free condition n · [∇v + (∇v)T] × n= 0
on ∂V are not invoked. (Polynomial flows in the spheroid V , which satisfy either
of these conditions, can be constructed using the toroidal–poloidal fields defined
in § 3.1, although not simply in the stress-free case due to coupling of the toroidal
and poloidal fields. However, S does not map such viscous flows to polynomial
viscous flows which satisfy the same boundary conditions. Thus, in the spherical
limit a = c the toroidal and poloidal no-slip eigenmodes of S are not polynomials:
t = jn( jn,kr)Ym

n (θ, φ), s = {jn( jn+1,kr) − rnjn( jn+1,k)}Ym
n (θ, φ); nor are the stress-free

modes: t = jn(σn,kr)Ym
n (θ, φ), s = {jn(νn,kr) − rnjn(νn,k)}Ym

n (θ, φ), where jn,k, σn,k, νn,k
are the kth positive zeros of jn(z), zj′n(z) − jn(z), 2jn+1(z) − zjn(z), respectively. The
pressure modes associated with s in each case are p = −(n+1)jn( jn+1,k)rn Ym

n (θ, φ)
and p=−(n+1)jn(νn,k)rn Ym

n (θ, φ).)
The operator ∇2 can be replaced by the three operators ∂2/∂x2, ∂2/∂y2, ∂2/∂z2.

For aligned rotation PN splits into a direct sum of rotationally invariant polynomial
subspaces for each azimuthal wavenumber m and the operator ∇2 can be replaced by
(1/s)(∂/∂s)(s∂/∂s), (1/s2)∂2/∂φ2, ∂2/∂z2. Similarly, the interaction of three Coriolis
modes in the advection operator yields (vα · ∇vβ, vγ )= 0 if degα+ degβ < deg γ + 1.

The mapping between Coriolis bases vα(Ωi) with different rotations Ωi, i= 1, 2 can
be expressed in the form, vα(Ω1)=

∑
degβ6degα(vα(Ω1), vβ(Ω2)) vβ(Ω2). The non-zero

matrix elements of the transformation with respect to the bases vα(Ω1) and vβ(Ω2)
are (vα(Ω1), vβ(Ω2)) with deg β 6 deg α. The matrix is unitary, since the Coriolis
bases are orthonormal.

6. Completeness of the spheroidal Coriolis modes
In this section we establish in Theorem 6.1 the most important result in the paper,

that the Coriolis modes in a spheroid are complete in V1
(V). The proof relies on the

uniform polynomial approximation theorem of Weierstrass to approximate a flow in
V1
(V) by a polynomial vector field and the fundamental Theorem 4.3 to project this

polynomial field onto PN(V) for sufficiently high degree N by subtracting a pressure
gradient.

THEOREM 6.1. The Coriolis modes in a spheroid V are complete in V1
(V).

Proof. An outline of the proof, which is the same as the spherical one (Ivers et al.
2015), is given. Let v ∈ V1

(V). Let ε > 0. By application of the Weierstrass
approximation theorem to each Cartesian component of v, there exists an integer
N > 0 and a vector polynomial u∈P3

N , such that |v− u|< ε in V . However, u is not
necessarily in PN , since ∇ · u= 0 in V and n · u= 0 on ∂V do not necessarily hold.
By Theorem 4.3 there exists a polynomial π ∈ PN+1 such that u−∇π ∈PN . Hence
there are constants uk such that

u=∇π+
∑

k

ukvk =∇π+
∑

k

〈u, vk〉vk, (6.1)

where the vk are the orthonormal inertial (and geostrophic) modes in PN(V). From
Ivers et al. (2015),

‖v −
∑

k

〈v, vk〉vk‖
2 6 ‖v − u‖2

+ ‖∇π‖‖v − u‖. (6.2)
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Since ‖∇π‖6 ‖u‖ and |u− v|6 ε imply ‖∇π‖6 ‖v‖ + ε
√
|V|, it follows that

‖v −
∑

k

〈v, vk〉vk‖
2 6
√
|V|(‖v‖ + 2ε

√
|V|)ε. (6.3)

The right-hand side is independent of N, u and π and hence

v =

∞∑
k=1

〈v, vk〉vk (6.4)

in an L2 sense. The Coriolis modes are therefore complete in a spheroid.

We showed that the aligned Coriolis modes are polynomials by construction in § 4.
There are no missed eigenfunctions by Ivers et al. (2015)

THEOREM 6.2. The spheroidal Coriolis modes are polynomials.

7. Conclusions
It has been shown that the solution of the polynomial Poisson–Neumann problem,

i.e. Poisson’s equation with Neumann boundary condition and polynomial data, in
a spheroid is a polynomial. This fundamental result has been used to show that
the Coriolis operator C is a skew-symmetric bounded linear operator which maps
incompressible polynomial flows of degree N or less in a spheroid to incompressible
polynomial flows of degree N or less. In fact, C maps flows to flows of the same
degree. The eigenmodes (inertial and geostrophic modes) of C, which are tilted if
the rotation axis is not aligned with the symmetry axis of the spheroid, form an
orthogonal basis for the finite-dimensional space of spheroidal polynomial flows. This
property enabled enumeration of the modes and proof of their completeness using the
Weierstrass polynomial approximation theorem. The Coriolis modes of degree one
and all geostrophic modes have been explicitly constructed. It has also been shown
that only the Coriolis modes of degree one have non-zero angular momentum in the
boundary frame.

The computation of tilted inertial modes and their analytical forms require lengthy
mathematical backgrounds, particularly the analytic treatment of the pressure boundary
condition (1.14) ( f = 0), and will be considered in future work.
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