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Generalized 6 operators on unitary
Shimura varieties

Lorenzo La Porta

Abstract. The main result of this article is the construction of a new class of weight shifting operators,
similar to the theta operators of de Shalit and Goren (2019, Algebra Number Theory, 13, 1829-1877),
Eischen et al. (2021, Algebra Number Theory, 15, 1469-1504), and others, which are defined on the
lower Ekedahl-Oort strata of the geometric special fiber of unitary Shimura varieties of signature
(n—1,1) at a good prime p, split in the reflex field E, which we assume to be quadratic imaginary.
These operators act on certain graded sheaves which are obtained from the arithmetic structure
of the EO strata, in particular the p-rank on each stratum. We expect these operators to have
applications to the study of Hecke-eigensystems of (mod p) modular forms and generalizations of
the weight part of Serre’s conjecture.

1 Introduction
1.1 Motivation

The theory of the classical theta operator was instrumental in the proof of the weight
part of Serre’s modularity conjecture of [14]. Edixhoven’s proof relied, in particular,
on the study of the 8-cycles of Tate and Jochnowitz, introduced in [26]. Since then,
much work has been devoted to extending the construction of this operator to other
Shimura varieties, with an eye toward generalizations of Serre’s conjecture, or to gain
insight in the Langlands programme (mod p) in a broader sense.

Interesting results have been obtained in the case of Hilbert modular varieties,
starting with the work of Katz, in [31]. Following Katz’s construction of partial
Hasse invariants, Andreatta and Goren, in [2], constructed partial theta operators
and described their kernels and effects on the weight filtration. These results have
subsequently been improved upon and generalized further (see, for instance, [13]).

In [40], Yamauchi constructed theta operators for Siegel modular forms, in
degree 2, and managed to study their theta cycles.

In [9], de Shalit and Goren, building on their previous work [7], constructed
(mod p) and p-adic theta operators on certain unitary Shimura varieties.
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2 L. La Porta

At the same time, Eischen, Mantovan, and others, in a series of papers,
[15-17], constructed theta operators on PEL Shimura varieties of types A and C. Their
approach is independent from that of de Shalit and Goren and it uses geometric
techniques which, unlike the more classical theory, do not rely on g-expansions, or
more general Fourier-Jacobi and Serre-Tate expansions.

Most of these works leave the problem of studying theta cycles largely open and,
where results are obtained, they seem to depend on the specific context. We believe
that, in order to understand theta cycles in greater generality, one could benefit from
considering new theta or “theta-like” operators, which produce more general weight
shifts. Our goal is to present the construction of a new class of generalized theta
operators that seem to produce exactly the weight shifts that one would expect from a
representation-theoretic viewpoint. Our theory of generalized theta operators ties in
neatly with the theory of generalized Hasse invariants of [5, 21].

1.2 Notations and conventions

We fix E a quadratic imaginary extension of Q and p an odd, rational prime, split in E.
We write [F for a given algebraic closure of IF,. We choose, once and for all, a preferred
embedding o: E - C, so that Hom(E, C) = {0, 7}, and an element i = /-1 € C. Let
/@ denote the unique generator of the different ideal D /g with positive imaginary
part (with respect to our choices of ¢ and 7). In particular, we have the discriminant
D = Dgjq = -Ngjo(0g/0) = —SE/QSE/Q = —|($E/@|2. If we also fix an isomorphism
Cz @p, we obtain

Hom(E, C) = Hom(E, Q,) = Hom(Og, Og ) 2 Hom(Og/(p),F),

the last two isomorphisms depending on the fact that p is unramified in Og. The last
identification induces on {0, 0} an action of the Frobenius automorphism F —
by post-composition. Since p is split, this action is trivial. We also write Op y, :=
Og[1/2D]. We fix n >3 an integer, which will denote throughout the article the
relative dimension of the abelian schemes parameterized by the moduli spaces under
consideration.

Unless otherwise specified, we assume that all the schemes we work with are locally
Noetherian.

1.3 The elliptic case

We sketch here the construction of the theta operator in the classical case of modular
curves, following [30]. This construction is the prototype on which most generaliza-
tions are based.

Let N > 5 be an integer prime to p. Let ¥;(N), or simply Y, be the modular curve
of level I1(N) over F. It is a smooth, affine, connected curve over F, which comes
equipped with a universal elliptic curve 7: & - Y;(N). From this universal object,
we obtain the invertible sheaf w = n*(ng /Y), the so-called Hodge sheaf. One can
consider a projective compactification Y;(N) c X;(N), which we simply denote by
X, and extend w to X (see, for instance, [12]).
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In this setting, modular forms with coefficients in IF are the elements of the graded
F-algebra M(N) = @M (N), with My (N) = H°(X, *). The space of cusp forms
of weight k is Sx(N) := H*(X, w*(~C)) € Mi(N), where C = X\Y is the cuspidal
divisor. On this algebra, one can define as usual an action of the Hecke operators Tj,
for I # p any prime, and hence an action of the Hecke algebra they generate.

Since we are working in characteristic p, over Y, we can consider the Verschiebung
morphism V: &) - &, which by pullback defines V:w — w® = P and hence a
section h € H°(Y, w?™"). This section extends to a form i € M,_;(N), which is called
the Hasse invariant. It vanishes with simple zeros precisely at the supersingular points
Y c Y c X and its g-expansion at the cusps is identically 1. The complement Y°™ =
Y\Y*, called the ordinary locus, is a dense open subset of Y.

A key observation in Katz’s geometric construction of the classical theta operator
is that, over the ordinary locus, there is a natural splitting of the Hodge filtration

(H) 0— w— HR(E]Y) — @’ — 0.

Write H = Hjp (€/Y) = R'm,. Q% sy for the (relative) de Rham cohomology of 7. Let

F:H(®) - H be the morphism obtained by pulling back via the relative Frobenius
F:& — &(P)_ Katz shows that, over Y™, U = im(F) is a complement of the subsheaf
w ¢ H,providing H = w & U, which is called the unit-root splitting (of (H)). While this
splitting cannot be naturally extended to Y, the projection parallel to it, py,: H - w,
does extend to Y upon multiplication by the Hasse invariant. This underlies Katz’s
construction of the theta operator. We present here a reformulation of these facts
which leads naturally to the generalizations we want to discuss. The open Y™ is the
locus where V|,:w — @ is an isomorphism. Thus, on Y°™, we may consider the
composition

VI
(P) H v Q(P) g w.

It is easy to see that the map H — w from (P) is precisely py,. In particular, the
morphism /4 - py,: H - w? can be written as

VI =V
\%4 © .
(hP) H— o — o0 — of,

which is simply the surjection V: H - w” and extends from Y°" to the entire modular
curve. More generally, one can look at Sym* (py; ), where Sym* is the k-th symmetric
power. The locally free sheaf Sym* (H) admits a descending filtration F’(Sym* (H)),
afforded by (H), and one can show that the morphism

h- Symk (pur)|Fk*1(SymkH): Fk_l(symkH) — P!

extends from Y°' to Y. This is important, because on Sym* (H) and over Y, one can
define the Gauss-Manin connection

V:Sym*(H) — Sym*(H) ® QY /5,

which satisfies a general transversality property that implies V(w*)c

FF1(Sym*(H)) ® O sp- All of this is used by Katz to define the theta operator
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as the composition

0: 0" T FEL (Sym(H)) @ Qyj LI PIKT pep,

where ks: w* > Q) /v is the Kodaira-Spencer isomorphism. A more detailed inspec-
tion of 0, for instance, via g-expansions and the g-expansion principle, shows that
it extends to an operator over X. Taking global sections gives rise to 6: My(N) —
Sk+p+1(N), the theta operator on modular forms. This is a derivation of the algebra
M(N) of modular forms of degree p + 1. By this, we mean that for two modular forms
f>g-wehave 8(fg) = f0(g) + 6(f)g, whichisa cusp form of degree p + 1+ deg(fg).
The operator 6 is h-linear, in the sense that 6(4) = 0. Moreover, one can show that
T; 0 =10 Ty. In particular, if f is an eigenform, so is 6( f).

1.4 The Picard case

We briefly sketch the construction of ordinary and generalized theta operators in the
special case of Picard modular surfaces to illustrate the main ideas involved.

First, let us set up some notation. Write S for the geometric special fiber
of the Picard modular surface over F with some neat, p-hyperspecial level.
Roughly speaking, this is a moduli space of polarized abelian schemes of relative
dimension 3 endowed with an action of O, the ring of integers of E. For more details
on the moduli problem, see the next section. We have a universal object 7: A — S and,
as before, we can consider the Hodge sheaf w = 7, (Q, /s)' In this case, w is locally
free of rank 3 and, under the induced action of Og, it decomposes into the direct sum
of two locally free sheaves P = w _ and £ = w, the subscripts indicating that O acts
on w, via 7€ {0,0}. We assume that P and £ have ranks 2 and 1, respectively. We
also consider the sheaf § = §, = det P ® L. We write S ¢ S for the ordinary locus,
the maximal stratum in the Ekedahl-Oort stratification of S, which is a dense open
in S. The complement $™° = S\S* is called the non-ordinary locus and is given by
the disjoint union of the almost ordinary locus $*°, the EO stratum of dimension 1,
and the core locus $°°*¢, the EO stratum of dimension 0. We define an automorphic
weight to be a couple (k, w), where k = (k; > k;) € Z*, w € Z, and the corresponding
automorphic sheaf to be

@E" = SymM R (P) @ det(P)*2 © 6.

Analogously to (H), we have a Hodge filtration on H = H}jz (A/S), of which we can
take components according to the action of E:

(HP) 0— P —H, — LY —>0,
(HL) 0— L —H; — P —0.

Katz’s explicit construction of the unit-root splitting in the elliptic case carries over
and provides a natural splitting of (HP) and (HL) over S¥. Like in Section 1.3, we
may reinterpret this unit-root splitting in terms of the Verschiebung morphism. Let
V:H — HP) be the pullback of the Verschiebung morphism of the universal abelian

scheme A — S. We consider its CM components V,:H, — H((,P ), Vs Hg - Hép ),
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whose images are P(?), £P, respectively. Over S¥, the restrictions Vy|p: P — PP),
V5| z: L — LP are isomorphisms and we can use them to define
4 -1
pur,o:Ho & :P(p) ﬂ) P, Dur,s Hz E) LP ﬂ’ L.

These morphisms give the unit-root splitting in this case. Like in the classical case,
we cannot extend this splitting naturally to the non-ordinary locus S$™° = S\S¥#,
essentially because V:w — ) is not invertible on $™°, but we can use the Hasse
invariant to clear this obstruction. In this case, the Hasse invariant is the section
h e H(S, (det w)?™"), which is obtained as the determinant of the morphism V: @ —
@), The section h is nowhere-vanishing on S¥, identically 0 on S™ and it splits as the
product h = h, - hs, where h, € H°(S, (detP)?™), hy € H°(S, £LP1), are obtained
from det V, and Vg, respectively. Both h, and hg vanish with simple zeros on $"°.
Just like in the elliptic case, the morphism hg - py, 5 Hz — £? can be extended from
S# to S, since it simply coincides with V: Hz — £?. We can also extend

he - pur.e: Hy = P ® (det P)P™!

from S to S, even if the rank of P is greater than 1. In fact, the product h, - V"1 P(P) -
P ® (det P)P! is the adjugate V3%, of the morphism V:P — P(P) which, like V, is
defined on the whole of S. As a result, the extension of hg - pyur,s is the composition
VI3 o V:H, — P ® (detP)?"". Considering V% is a key idea of [15]. In Lemma 6.1,
we prove a general result for extending morphisms from S¥ to S, which allows us to
consider the correct analog of the above construction to define the theta operator on
kY, for a general weight (k, w). Lemma 6.1 is also used crucially in our definition
of generalized theta operators. In the Picard case, we define, for (k, w) with k; >0, a
morphism hy - (pyr )" HEY — k" @ (det P)P~, where

he - (Pur)k’w =hg- Symkl_kz (Pur,o) ® Symkz(/\z(p“r"’)) ® ids,
HEY = syt (11,) © Sy (12(H,) 01

While h, - (pur )" itself does not extend from S¥ to S, a relevant restriction of this
morphism does, by Lemma 6.1.

As in the elliptic case, we have natural filtrations P c H, and £ c Hg, with
respect to which the Gauss-Manin connection V: H - H ® Q} /F satisfies a natural
transversality property. Unlike in the classical case, the Kodaira-Spencer morphism
KS:w ® w - Q' is not an isomorphism, but its restriction ks = KS : P ® £ — Q} Jpis.
With our conventions for the automorphic sheaves, this becomes the isomorphism
ks: P @ det(P) ® 67! - Q} /i We can use all of this to define the operator 6, as the
following composition:

k -1
0 0f 5 HEY @ Q) = HEY @ P @ det(P) © 67!

he(pur E’w®id B B
L@M ® P ® det(P)? @ §71 —> @kt (PrLpwL

This produces a weight shift of the form ((p + 1, p), 1), that is, mostly in the direction
of det P = L. To obtain a different weight shift, we have to generalize the projection h,, -
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( pur)k’w. This does not seem to be possible on S. To remedy this, in this work, we use
the structure theory of the Ekedahl-Oort stratification to obtain such generalizations
and construct theta operators on lower strata. Let us discuss some of the ingredients
involved in this new construction.

On $"°, we have a short exact sequence

(F) 0—Pp— P — P, —0,

where P = ker(V,: P - P(P)) and the quotient P, are invertible sheaves. Setting
H, = H,; /Py, we have a short exact sequence on §™°

(HP) 0— P, —H, — L' —0,

which is analogous to (HP). By general properties of the GM connection, we have
that V(Pp) € Py ® Qe /r> Which implies that V induces a connection V: H, ~ H, ®

Qy /i The Verschiebung morphism induces a map V: H, - H f}’ ), the image of which

is 4. The almost-ordinary locus $* can be characterized as the locus in $™° where
the restriction V|p,: P, - fP,ﬂ’ is an isomorphism. Hence, we can use an idea similar
to our reinterpretation of the unit-root splitting to construct a splitting of (HP’), by
defining
V|3
v Py
pur,Z:Hy — fPﬁ —_— (‘PM‘
We can also consider a partial generalized Hasse invariant A, € H°(S™°, Tﬁ_l), cor-
responding to V:®P, - PL. The vanishing locus of A, is precisely $™°\$°, the core
locus of S. We can show that while the morphism py,, does not extend from
§%¢ to §"°, the map A, - pyr2:Hy — Tﬁ does. More generally, the morphisms A, -
Sym* (pur,z):Symk(H,,) - ?fﬁp*l, for k>0, extend to S™ when restricted to a

relevant subsheaf of Sym*(H u)- With this partial unit-root splitting, we can define
a new differential operator on the graded sheaves

gr* (wb") = Sym" R (P @ P,) ® (Po ® Pu)* ® 6",

which correspond to a filtration on w®* induced by (F). This generalized theta operator
will have the form

92:gr0(QK,W) N gr.(gk+(p+1’l)’w71),

thus producing the weight shift (p + 1,1), mostly in the direction of P, we were looking
for.

This construction works more generally on unitary Shimura varieties of signature
(n-1,1), n > 3, where it gives rise to a family of generalized theta operators defined
on various EO strata of the Shimura variety. In future work, we plan to extend these
results to even more general Shimura varieties. The main result is as follows.

Theorem 11 Let 1<r<n be an integer and (k,w) an automorphic weight
with k,_; > 0. There exists a differential operator

g™ () — gt (@2 ),
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defined on the (closure of the) Ekedahl-Oort stratum Sk.w,» see Section 5, with

A =(p+Lp,....,p1L....1),
where exactly the last r — 1 entries are 1. The operator 0, satisfies the following properties:

(1) The operator 0, is A,-linear, that is, 0,(A,) = 0, where A, is the partial Hasse
invariant defined in Section 5.2.

(2) The operator 0, commutes with the action of prime-to-p Hecke operators.

(3) Let f € H'(Sk,w,,gr™ (w®")) and write it as f = ¥, fa, for the decomposition
described in Section 6.2. If r = n—1,n~2, then 0,(f) is divisible by the Hasse
invariant A, if and only if for each component f, either A, | fa or p | ay.

2 Unitary Shimura varieties of signature (n - 1,1)

We keep here the notations and conventions adopted in Section 1.2. In particular, E is
a fixed quadratic imaginary extension of Q and # > 3 an integer.

2.1 The PEL datum

We work with the integral PEL datum, in the sense of [33, Chapter 5], defined as
follows:

(1) The simple Q-algebra B is E, with O as its maximal Z-order.

(2) The positive involution * on E is the complex conjugation. The fixed field Fj is Q.

(3) We let V=E" and A =0}, the canonical Og-lattice, with canonical basis
{e,e2,....en} C A

(4) Take the Hermitian pairing (-,-):V x V > E of signature (n —1,1) given by
the diagonal matrix I,_;; = diag(l,...,1,-1), with respect to the canonical
basis on V. It restricts to a perfect pairing (-,-):A x A - Og. Then, ()=
Tg /Q((S;Z}Q("')) is a perfect alternating Q-linear pairing such that (au,v) =
(u,av), u,v € V,a € O, whose restriction to A induces a perfect Z-linear pair-
ing A x A — Z. By adjunction, (-,-) defines an involution * of Endg(V'), which
restricts to an involution of Endg,(A), compatible with the conjugation on
E c Endg (V). With respect to the canonical basis, this involution is given by
M Iy "MI, ).

(5) We have isomorphisms Endg(V) ®gR 2 Endger(V ®gR) = M,(C),
afforded by the canonical basis and . We take h: C - Endg(V) ®q R, via these
isomorphisms, to be the map of R-algebras defined by z — diag(z,...,z,2).
Then, (A, h, {-,-)) is an integral polarized Hodge structure.

These data satisfy some properties which we now recall. The Hodge structure on
Ve = Vog C =V, @ V, induced by h can be described explicitly. Consider the prim-
itive idempotents

1 _ 1 -
ey = E(1®1+ 65/@ ® 51-:}@): € = 5(1@’1_ ‘SE/@ ® 8E}Q)’

in the ring E ®q E c E ®g C. Then

Vi = Spang (eg - €15...,€5 - €n_1,€5-€n), Vo = Spanc (eg-€1,...,€5 €u_1,€g - €n) .
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Both V; and V, are defined over E, in the sense of [34, Definition 1.1.2.7]. In
fact, they are integral: e,, ez € Op ®7 Op,ur and we can decompose A ®z Op yr =
Ay ® Ay, with A; ®0,,, E 2 Vi, i = 1,2. This shows that E is reflex field of the datum
(E,*,V,{--),h) (see [33, Chapter 5]).

Consider the action of any « € O on A; and V;. We have the characteristic
polynomial

Pa(X) = det(X — aly;) = (X - 0(a))" (X - 7(a)) € Op[X].

These polynomials are necessary to express Kottwitz’s determinant condition (see [33,
Chapter 5] and [34, Section 1.3.4]).

Remark 2.1 (CM decomposition) We have decompositions of V ®g E and A ®z
Og,ur given by ey, ez,
VRQEZV,® Vsi=e;(VRQE)®es(VQgE),
A®z Opur 2 As ® Az = e,(A®7 Op,ur) ® e5(A ®z O ur).
We call this the CM decomposition of V and A. More generally, we have CM

decompositions for O ®z Op, ,-module or sheaves over Op .y, -schemes with a
linear Og-action.

2.2 The reductive group

From (Og,% A, (-,-) , h), we obtain a group scheme G over Z whose R-points, for R a
commutative ring, are

G(R) = GU(A, (;,-))(R) = {g € Endo,er(A ®z R) | gg" = v(g) € R*}
={(gv(g)) € Endo,er(Ar) x R* [ (gu, gv) =v(g) (u,v), Vu,v € Ar}.

The morphism v: G - G, is the similitude factor. The kernel of v is denoted G;. We
have the following.

Lemma 2.2 Let s:Speck — SpecZ[1/2D] be a morphism with k an algebraically
closed field. We have natural isomorphisms of group schemes:

GOE,ur = GL” XOE,ur Gm’ GI)OE,ur = GLH

and similarly for G; and Gy ;. In particular, G and G are reductive over Spec Z[1/2D].

Moreover, under the isomorphism Go, . = GL, x G, the Levi subgroup H of the
parabolic fixing the filtration A; € A ®7 O ur 2 A1 & A, corresponds to GL,_; x GL; x
G . The similarly defined Levi Hy of Gy is isomorphic after base change to GL,,_; x GL;.

Proof This follows from standard arguments. ]

The real points of G,G; give the classical unitary groups G(R)=GU(n -
1,1),Gi(R) = U(n —1,1) and one can see that H(R) = G(U(n -1) x U(1)), H;(R) =
U(n-1)xU(1).

We can restrict & to a morphism of algebraic groups h:S — Gg, denoted again
by h. Then, (Gg, h) is a Shimura datum, as defined in [10, Section 1.5] and [11, Section
2.11].
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2.3 The moduli problem

We formulate the PEL moduli problem we are interested in. We work with a neat,
p-hyperspecial level K € G(A*) (see [34, Definition 1.4.1.8, Theorem 1.4.1.12]).

Let S be a scheme defined over O, (p) := Op ®z Z(,). We denote the category of
such schemes by SLhOE,(,,) . Recall that we assume all schemes to be locally Noetherian.

To S, we associate a quadruple A = (A, A, 1, 71k ):

(1) A — Sisan abelian scheme.
(2) A:A - AY is a prime-to-p polarization.
(3) 0 - Ends(A) is a ring homomorphism such that:
(a) The Rosati relation Mi(a) = 1(a)VA, a € Og holds.
(b) For any a € O, we have det(X — 1(&)|rie(a/s)) = Pa(X) € O[X] c Os[X].
(4) nx is an Og-linear integral level K-structure (see [34, Section 1.3.7, Definition
1.3.78]).

An isomorphism of two such quadruples is an isomorphism of the underlying
abelian schemes compatible with the remaining data in the natural way. Under our
assumptions on K, the functor

Sch — Set,
===0g,(p)
S—{(A N L)}t

is represented by a smooth, quasi-projective scheme S € Sch, o of relative dimen-
sion n — 1 (see [34, Chapter 2]).

2.4 Hodge and determinant sheaves

For f: G — S a group scheme, we write
wgs = ¢ (Qgys)»

where e is the identity of G. We call the sheaf w ¢ the Hodge sheaf of G /S. If G and
S are clear from the context, we simply write w. If G = A is an abelian scheme, then
Wyys = f*(qu/s)-

Let A= (A, A, 1,1n) € 8k(S), for S € Schy, - Then, w g is locally free of rank 7
with an action of O of signature (# — 1,1), by which we mean that

Wpss,0 =€ Waiss Wy = €5 Wyygs

are locally free Og, -sheaves of ranks n — 1 and 1, respectively. This is the CM decom-
position OfQA/s (see Remark 2.1). We call Dass,00 Wass,s the g, o-components of the
Hodge sheaf, respectively.

We recall some basic facts concerning the de Rham cohomology of abelian
schemes, following [4, 2.5.1]. For f: X — S a smooth morphism of schemes of relative
dimension g, we have the de Rham complex (Q5 /s> d). The i-th de Rham cohomology

of X/$ is defined as Hjy (X/S) = R’ £, Q5 5. We have the following.
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Proposition 2.3 [4, Proposition 2.5.2]  Let A/S be as above. Then:

(1) Fori > 0, the sheaves Hijy (A/S) are locally free and their formation commutes with
base change.

(2) The natural morphism \' Hyz (A/S) — Higz (A/S) is an isomorphism for all i > 0.

(3) The Hodge-de Rham spectral sequence of A|S degenerates on the first page.

We are interested in the case p + q = 1 of Proposition 2.3(2) (see [4, Lemma 2.5.3]).
By [4, Section 5.1.1], R' £, 04 = QXV/S = HomOS(QAV/s, Os). In particular, we have
the short exact sequence

2.1) 0—wys— Hgr(A/S) — QXV/S — 0.

From this and Proposition 2.3(1), we deduce that H}j, (A/S) has rank 2n. Using the
prime-to-p polarization A, we can identify w},  with @} ¢ to get

(2.2) 0 — w, /s — Har(A/S) — wy /s — 0.

We call (2.1) the natural Hodge filtration, as opposed to (2.2), which we call the
polarized Hodge filtration. We simply call the short exact sequences (2.1) and (2.2)
the Hodge filtration when it is clear from the context to which one we are referring.
The action of O splits the Hodge filtration according to the CM decomposition of its
terms, giving

(2.3) 0— w5, — HEIR(A/S)U - QX\//S,O’ — 0,

(2.4) 0— wy57 — Hir(A/8)s — wiv/s7 — 0,

where the action of O on @, s is induced by the action of O on A" given by
a +— i(a)". By the Rosati relation, A gives isomorphisms Wpv/s,o = @ass 50 @avys =
@ /5,0 In particular, splitting (2.2) according to the Og-action, we obtain

(2.5) 0— w,/5.0, — Har(A/8)e — wj/s5 — 0,
(2.6) 0— w55 — Hgr(A/S)s — ©y/s,0 — 0-

We call (2.3) and (2.4) the ¢ and o-components, respectively, of the natural
Hodge filtration. Similarly, we call (2.5) and (2.6) the ¢ and -components, respec-
tively, of the polarized Hodge filtration. From (2.5) and (2.6), given that w, g ,
and w, g7 have ranks n -1 and 1, respectively, we can deduce that HYz(A/S)s
and Hz(A/S)s both have rank n. From the Hodge filtration (2.2), we deduce
the isomorphism det Hjz (A/S) = Os, which depends on the choice of the polar-
ization A. We call 8,5 := detHiz (A/S) the determinant sheaf. Write 8a/s,o =
det(Hyy (A/S)q),0a/s,5 = det(Hyp (A/S)7). Notice that 8475, ® 84755 = 8ays. In
particular, the choice of a polarization will induce an isomorphism 82}5, s 204/55
Taking determinants of (2.3) and (2.4), we deduce

(2.7) detgA/S,‘I = 8a/5,0 ® Wyvys,er  Wassz = Oass5 ® detﬂAV/s,E’

identifications which do not involve the polarization. By making use of A instead, one
can deduce similar isomorphisms from (2.5) and (2.6). We call §4/5,, and 845 5 the
o and o-determinant sheaf, respectively.
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Remark 2.4 The non-canonicity of the isomorphism det Hy (A4/S) 2 Og is relevant
when one considers the action of Hecke operators. In fact, the isomorphism in
question is not Hecke-equivariant and the invertible sheaf § /s is not trivial as a Hecke
module.

2.5 The Weyl modules of GL,,

We recall the description of a natural class of algebraic representations Repr (GL,;, ) of
GL,,,r, m > 2, into locally free finite rank R-modules, for R a Dedekind domain. Our
main reference will be [25]. Until the end of this discussion, we write G = GL,, g, to
ease notations.

Let B c G be the Borel subgroup of upper-triangular matrices, T c B the diagonal
torus, and U c B the unipotent radical of B. We denote by B~ > U~ the Borel
of G opposite to B with respect to T, with its unipotent radical. Write X(T) =
Hom(T,G,,) for the group of characters of T. We are interested in representations
associated with dominant weights of G with respect to B> T, which form the
submonoid X(T), c X(T). Through the usual isomorphism X(T) = Z™, dominant
weights correspond to tuples (ky, ka, ..., k) € Z™ such that k; > k;,1. We write k =
(k1. ka, ..., k) € X(T) for short. The projection B~ — T allows us to consider k a
degree one representation of B™.

By [25, Section 1.5.8], we can associate to any B~ -module M a sheaf £(M) on the
quotient G/B™. In particular, we can apply this construction to any k € X(T). By [25,
Proposition 1.5.12], H*(G/B~, L) ind$_ (k). To ease notations, like [25], we write
H'(k) =H'(G/B,Ly).

For k dominant with k,, > 0, we define a Schur functor

Sk Mod, - Mod,

from the category of R-modules to itself (or, more generally, the category of quasi-
coherent sheaves over a scheme S). See, for instance, [1] or [20, Chapter 8]. Let [ denote
the partition of |k| = 3°; k; conjugate to k, that is, [; = #{i | k; > j}, for j > 1. For M €
Mod,, we have

SE(M) = im(®; AY (M) - @;M®1 » MO @, M®* - ,Sym* (M),

where the first map is induced by ANM o> M myAmaA - Amy -
Y ves, sgN(V) My (1) ® My(2) ® ... 1M, (), the maps in the middle are identifications of
M@ grouping its factors first in terms of the columns and then in terms of the rows
of the Young diagram for k, and the last map is the natural quotient. In particular, if

M is free of rank r with ordered basis my, m,, ..., m, € M, so is SK(M), with basis
elements corresponding with semi-standard Young tableaux of diagram k and entries
in{1,2,...,r}.

Example 2.5 Let M e Mod, be locally free of constant rank r. Then, for k =
(k,0,...,0), we get SK(M) =Sym*(M). For k=(1,1,...,1), instead, we have
SE(M) = A™(M) (which is 0, if r < m).
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More generally, for n > 1, consider k = (ky, kz, . .., ky—1, 0). The morphism defining
Sk(M) factors through a natural surjection ®”'Sym* =%+ (Ai M) — SE(M), which
is not injective in general, but gives an isomorphism when n =2,3andr=n -1

Proposition 2.6 We have the following:

(1) The G-module H° (k) is finite locally free over R and, for a dominant weight k,
nonzero. Moreover, H' (k) = 0, for i > 0, for k dominant.

(2) If ks > 0, we have a natural isomorphism S¥(st) = H°(k) in Repr(G), where st =
R™ denotes the standard representation of G.

Proof The first statement follows, by standard base change arguments, from the case
in which Ris a field. See [25, Section I1.1.10(2), Section 1.5.16(2), Proposition 11.4.4] and
Kempf’s vanishing theorem, [25, Proposition I1.4.5].

We recall the definition of the map ¢:Sk(st) — H(k) from the last point. Let k
be a dominant weight such that k,, > 0 and let I be a semi-standard Young tableaux
of diagram k. Let e; € SK(st) denote the corresponding basis element, obtained from
the standard basis of st. Given I, we can also construct an element f; of H%(k) ©
R[X;,;,(detX)™"]. For each column of k, say the j-th one, consider the minor
determinant My, ; of the sub-matrix of X = (Xj;, ;) obtained removing the first [;
columns of X and the rows corresponding to the entries in the j-th column of the
tableau I; if ; = m, we set My ; = 1. We take f; = det(X)™ [1; M1,j. We define the
map ¢:S¥(st) - H°(k) sending e; to f;. That ¢ is an isomorphism follows from base
change and Nakayama’s lemma. We omit the details. ]

We call the G-module H°(k) the (dual) Weyl module associated with the domi-
nant weight k. Let k, k" € X(T),. Then k + k' € X(T), and we have a morphism of
G-representations

(2.8) H' (k) @ H' (k') — H°(k+ k')
defined by multiplication of global sections. This lets us define corresponding mor-
phisms of twisted modules.

2.6 Twist of a sheaf by a representation

Let R be a Dedekind domain, S € Schy, p € Repr(GL,,) and take F a locally free O-
sheaf of rank m over S. Consider the contracted product

F? = Isom(OF, F) xC p,
This is a vector bundle F — S (see [23, Exposé XI, Section 4]). The sheaf of sections
JFP of F? is the twist of I by p.

Example 2.7 Take p = Sk(st), for k dominant, k,, > 0. Then F» = SE(F). We denote
this sheaf by 7.

The construction F — F?, for a fixed p, is compatible with isomorphisms F = F':
from every isomorphism ¢:F — F’ of locally free sheaves of rank m over S, we
obtain an isomorphism ¢”: F¥ — F'P. Similarly, F — F? is compatible with twists by
Frobenius, when S has positive characteristic.
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The twist F* is functorial in p and gives rise to a tensor functor p ® p’ ~ F* @ F* .
In particular, from Equation (2.8), for k, k" € X(T'), we obtain a morphism of sheaves
Fk @ FK — Fk+k' We often use this morphism implicitly in our constructions.

2.7 The automorphic sheaves

Take R = O, (). By Lemma 2.2, we have G g 2 GL,, r and Hy g 2 GL,; x GL,. Let
S e Schy, and consider A = (A, A, 1,71k ) € 8k (S). For k a dominant weight for GL,,_
and w € Z, we define the sheaves

k,w . k w
Wyrs = Lyrs,6 ® 6A/S,o'

Definition 2.1 (Automorphic sheaves) Let k be a dominant weight for GL,_; and

W

w € Z. We call Qﬁ/s the automorphic sheaf of weight (k,w) over S associated with A.

This construction is compatible with base change, thus we work mainly with the
automorphic sheaves of weights (k, w) associated with A in the universal class of Sk,
or some base change of it. We denote these sheaves by w®*. Our convention for w®"
has the advantage of allowing us to define Hecke-equivariant theta operators. For R
any O, (p)-algebra, let B = Spec R and consider Sk p the base change of Sk.

Definition 2.2 We call HO(SK,B,Q%’W) the space of modular forms of weight (k,w)
and level K with coefficients in R.

Remark 2.8 (Algebraic Koecher principle) In our setting, the results of [35] apply,
since dim (8¥"\8x) = n — 1> 2, and we have, for a smooth, projective, toroidal com-

pactification 81 and the minimal compactification S, that

HO(SK,B;Q%’W) - HO(StI?,rB’Q;an,bw) _ H()( ?}E,Q?in’k’w).

This is called the Koecher principle. This allows us to carry out most of our con-
structions and computations on Sk g, while still being able to deduce interesting
consequences that make use of the geometry of 8"; and 8} and the extensions of

the bundles Q%W.

3 Hecke operators

Here, we recall the definition of tame Hecke operators via cohomological correspon-
dences.

Let f: X — Y beafinite flat morphism of schemes and G a quasi-coherent sheaf over
Y. Since f is affine, quasi-coherent f, (Ox)-modules are equivalent to quasi-coherent
Ox-modules, via f.. Write f'G for the Ox-sheaf corresponding to f,(Ox)" ®o, §.
The trace map Trg is a natural morphism Trg: f*G — f'G. This map is an isomor-
phism when f is finite étale. Since the functor f' is right adjoint to f, we have a counit
morphism f, f 'G > G. The composition

trg: fof*G —5 fof'G— G
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is also sometimes called the trace morphism. Let X, Y be two schemes over a base
scheme S and ¥, G, two quasi-coherent modules, over X and Y, respectively.

Definition 3.1 A finite flat correspondence between (X, F) and (Y, G) is the datum
(Z, p1, p2, ¢) of an S-scheme Z with p;:Z — X, p,: Z — Y, finite flat morphisms of
S-schemes, and ¢: p; G — p; F a morphism of quasi-coherent sheaves over Z.

From (Z, p1, p2, ¢), we obtain

trg

ipyi P voy H@®) % i .
Ty = T H'(Y,9) B H(Z, p36) % H (2, piF) 25 H(X, F), i20,

a family of morphisms Tq’; in cohomology. If § = Spec R, then the Tq’; are R-linear.

Write GP* = G(A?*), consider g € G”* and take K, = K n gKg™". In particu-
lar, K, = K, = G(Z,,) and since we assumed that K is neat, so is K,. Consider also
g 'Kgg = K n g7 Kg. Then we have two finite étale maps

p1:8k, — 8k,  p2:8k, — Sk-
We sketch their definitions. The first one is defined on points of Sk, by sending
A = (A) [ A') ’1Kg) > (A) [ A«) I/IK))

where 7k is the level K-structure obtained from 7k, taking the K-orbit of any 7 in 7k, .
In particular, we see that p; has degree given by the cardinality of the finite set K/ ng’ .
On the other hand, p, is obtained as the composition of the finite, étale, surjective
morphism Sg-1g,; — Sk defined like p;, with the map

[g):8x, — Sk
(A1, A1k, ) — (A", ) ﬂ;-ang),

where A’ is the unique (up to isomorphism) abelian scheme prime-to-p quasi-
isogenous to A via f: A - A’ such that V2 (f;)"(T?A") = n(g(A ®z Z*)), for s any
geometric pointin S, and //, 1/, ;7;,1 Keg defined as in [34, Proposition 1.4.3.4]. See also
(34, Corollary 1.3.5.4]. Then, [g] is clearly an isomorphism with inverse [¢™']. For
any g’ € KP gK? the morphisms py ¢/, pa o are the same as p 4, pa, 4, respectively. In
particular, both p; and p; only depend on the double coset K? gK?.

For every automorphic weight (k, w), we have the natural identifications given by
base change

x kw k,w k,w

— ~ — ~ *
plQA/SK = QA/SKK = pZQA/SK‘

More generally, suppose that we have a family {Fg }xs, where the K’ € K are
neat p-hyperspecial compact opens, and the Jxs are quasi-coherent sheaves on Sk
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compatible with pullback along the morphisms

Sk —> Skw, K’EK”EK,
[g]:SK' —>8g—1K§g, gEGP:OO'

We obtain a natural cohomological correspondence (Sk,, p1, p2, ¢) and O, (,)-linear
operators

Ty = Tg: H' (Sx, Fx) — H'(Sx, Fx).

We call T, the (tame) Hecke operator given by g € GP*. Let R be an O (,)-algebra.
We can pull the Hecke correspondence back to B = SpecR and obtain R-linear
operators

Tg5Hi(8K,B,5rK) — H' (8,5, Fk).

Furthermore, suppose that we have a family of locally closed (resp. closed, resp. open)
subschemes {8/, = Sk, } k’» compatible in the sense that the diagrams

S8kr,p — Sk'.B

-
J’ J{p K’ /K"

SK”,B ” SK”,B,

for K’ ¢ K" ¢ K are all Cartesian. Again, we can pull the Hecke correspondence back
to 8., and obtain

Ty H (8,5, Fx) — H'(Sk,5, Fk).

This allows us to talk about Hecke operators on non-maximal Ekedahl-Oort strata.
The action of T, makes sense for compatible families of quasi-coherent sheaves
{Fx }k defined on the subschemes {S x’,B k> €ven when these are not defined as
restrictions of sheaves on the tower {Sx+ 5} k.

Remark 3.1 (Unramified Hecke algebra) The construction given above defines an
R-linear action of the unramified Hecke algebra on H*(8k g, T k). This algebra is
the restricted tensor product of the local Hecke algebras at unramified primes
Hu: (G, K,R) = ®2*pDE/@fH(G[,Kg,R), where Gy = G(Qy). The local Hecke alge-
bras H(Gy, K¢, R) are the convolution algebras of locally constant and compactly
supported functions f: K;\G¢/K; — R. The action is given by

f > Z f(g)Tg € EndR(H.(SK,B,i}rK)),

KegKe
which is well defined because of the properties of f.

Remark 3.2 (Hecke operators at p) As shown in [18, Chapter 7], one can define
an action of Hecke operators at p, for some g € G(Q,). We will not discuss these
operators, but we remark that they are still constructed from cohomological corre-
spondences, even though the maps p;, p,2, notation as above, involved are finite flat
and not étale, so one has to take the ramification into account and normalize the action
accordingly.
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4 Gauss—Manin connection and Kodaira-Spencer map

In this section, we recall how the Gauss—Manin connection and the Kodaira-Spencer
map are defined and how they are related. We then proceed to describe some of their
basic properties. The classical reference for the definition of the GM connection is
[32]. We follow loc. cit. closely, but also benefit from the exposition given in the first
chapter of [28] and in [27]. For the more context-specific, or arithmetic, properties
of the KS morphism we will follow [34, Section 2.3.4] and provide other references
where we deemed it necessary.

4.1 Generalities on filtrations

We record here general, basic facts concerning filtrations.

4.1.1 Tensor product of filtrations

Let S be a scheme and consider (F, F*(F)), (G, F*(9)) finite locally free sheaves over

S endowed with finite, separated, exhaustive, descending filtrations
F=F(F)2F(F)2---2F(F)2F"(F) =0,
G=F(9)2F(9)2---2F(9)2F"(9) =0,

by finite locally free subsheaves F'(F), F/(§), such that the graded pieces gr'F, gr/G,

are themselves finite locally free. Then we can defined a tensor product filtration on
F ®o, G with the same properties by setting

FKF®G)= Y F(F)®F(9).

i+j=k

We write P(F® G) = F"**"1(F ® G) to denote the penultimate step of the filtration.
The graded pieces of F*(F ® §) are gr* (F ® §) = @, jkgr' (F) ® gr/(G). If we have
a finite family of finite locally free sheaves (F;, F*(F;))1<i<m with filtrations subject
to the same conditions as above, we can define by induction a filtration on their tensor
product. Again, we denote by P(®,F;) the penultimate step of the filtration.

4.1.2 Dual filtration

Let S and (F, F*(F)) be as above. We can define a decreasing filtration on FV by
setting F(F) = (ff"/FH'Jrl("J"))v . Its graded pieces satisty gr' (F¥) = g’ (F). Its
penultimate step is P(F¥) = F™"1(FV).

4.1.3 Koszul filtration

Let Sbe as above and consider a short exact sequence of finite locally free sheaves over
S of constant rank

0-F —-F—TF">0.
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The Koszul filtration of AJF, for 0 < j < rk(F), is defined by
K'(NTF) =im(A'F @p, NT'F — ATF), 0<i<].

The penultimate step of this filtration is P(A/F) = K/™1(A/F). This filtration can also
obtained by taking quotients from the tensor product filtration on F®/. We extend
this filtration by setting K (A/F) = AJF for i < 0 and K' (A/F) = 0 for i > j. We have
K AK" € K™ (A*F). The graded terms of the filtration are

gr' (NTF) =K' [K* 2 A'F @0, ANTIF", 0<i<j<rk(T).
4.1.4 Filtration of the symmetric algebra

Let S be as above. Let G be a finite locally free sheaf. For j < 0, we set Sym’(G) =
(Sym™/ (9))v and whenever Sym™/(G) is endowed with a filtration, Sym’(G) is
endowed with the dual filtration. One can consider (F, F*(F)) as above. By taking
the quotient of the filtration on F/, we get a filtration on Sym’.

Remark 4.1 We will consider a filtration on SK(H,), where k = (ky > ky > --- >
kn-1) € Z25" and H = H'(A/S), for A/S an abelian scheme with Og-action. To
construct it, first, we consider the Koszul filtration K*(A/H,) induced by the Hodge
filtration (2.5). Taking tensor products, we obtain a filtration on ®; A (H,), |
conjugate to k. Similarly, we construct filtrations on H ‘Ukl and ®;Sym*' (H,). Finally,
we notice that the construction of SE(H,) is compatible with these filtrations. In
particular, the penultimate step of this filtration is given by the image of

D (( QA w,) (1w, ® Ha))

J J'#j

in SK(H,). When constructing generalized theta operators, we will consider more
complicated filtrations, but they will be built following the same ideas.

4.2 Generalities on connections

We fix for the rest of this section the following data, a special case of [28, Section 1]:

X N S -5 B, where f is smooth and proper and g is smooth. In particular, the

sheaves Hi; (X/S) are finite locally free. We are mainly interested in the case X = A,
where A is the universal object over S = 8k g, for some B € Schy, .

Definition 4.1 (Connection) Let F be a quasi-coherent sheaf on S. A B-linear
connection on F is a morphism V: F — F @, QO ,p of abelian sheaves satisfying the
Leibniz rule

V(hs) = hV(s) +s®dg/p(h),

where h and s are sections of Og and T, respectively, over some open U c S and
ds/p: Os — Qy s 18 the exterior differential.
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We can derive from V, for (F, V) a sheaf with connection, a family of morphisms
of abelian sheaves

ViF e Qpp — Fo Qg

i

defining it on sections s and w of ¥ and O

via a generalized Leibniz rule

s@wr— V(s)Aw+s®dw

and then extending by linearity. The curvature of the connection V is defined as
K(V)=VioV:TF>T® Qé/B, which is an Og-linear morphism. A connection is
said to be integrable if K(V) = 0.

Given two quasi-coherent sheaves with connections (F, V), (9, Vg), we can use
the Leibniz rule to define the tensor product connection (F ® §, Vg ), obtained on
local sections as

V:T®92.rf®os §—Fe5® Q%S/B’
feg—v(fleg+fov(g)
and then extending by linearity, where we identify F® Q'® G2 ¥ ® §® Q. Thus,

from (, V), we can define a natural connection V: 5/ — 5%/ ® Qg ;, for j > 0, still

denoted by V. From this, taking quotients, we get well-defined connections on NF
and Sym’F.

Lemma 4.2 (Koszul transversality) Consider (F,F*(F)) a finite locally free sheaf
finitely filtered by finite locally free sheaves with finite locally free quotients. Suppose that
F is endowed with a connection V such that V(F'(F)) ¢ F'=Y(F). Then, for any j > 1,
the induced filtration (F®/, F*) and connection (F®/, V) satisfy

V(F'(3%)) c F7H(F%) @ Qyp,
for i > 1. Similarly,
V(K (AMF)) c KN (NT) ® QIS/B,V(Fi(SymjfT")) cF Y (sym/(F)) ® QIS/B.
Proof This follows immediately from the Leibniz rule. |

4.3 The Gauss—Manin connection

For more details, see [32, Section 2]. The first exact sequence of X/S/B is
(4.1) 0— f* Qg5 — Qy/p — Qs — 0.

)
- X/B
Qf{/ls ®oy f*Qg/B. Since Ki(Q;(/B) is a sub-complex of O, the finite filtration
K*(Q% / ) gives a convergent spectral sequence whose first page is

The corresponding Koszul filtration of Q has graded pieces gri(Qé/B) =

E = R™f (gr' (Q%/p)) = Hip(X/$) ®0, é/B'

Consider V = V/ = d? /. the differentials of this spectral sequence. We have the
following.
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Proposition 4.3 The map V/ is an integrable connection on H (X/S).

Definition 4.2 (Gauss—-Manin connection) We call V the Gauss-Manin connection
on Hi (X/S) (relative to X/S/B).

Since the GM connection and the ones derived from it are essentially the only
connections we will discuss, we reserve the notation V for them, from now on.

Proposition 4.4 (Griffiths transversality) Let F* = F*(H3z(X/S)) denote the Hodge
filtration. The GM connection satisfies

V(F (HiR(X/8))) € F' (HIR(X/S)) @ Qs
In particular, the GM connection induces a mapping between graded terms.

For more details, see [28, Section 1.4.1, Proposition 1.4.1.6].

4.3.1 Base change

Let f': X’ —> S be a proper, smooth morphism and let ¢: X — X’ be a morphism of
S-schemes. The construction of the GM connection is functorial in the following
sense.

Lemma 4.5 We have the natural commutative diagram
Hip (X'/S) — Hy (X'/S) ® O

s/B
J{gb* J’qﬁ*@id
Hip (X/S) —— Hgr(X/S) ® Q.
Let T be a smooth scheme over B and u: T — S a morphism of B-schemes. The

base change map u*Hjjy (X/S) — Hiy (X1/T) is an isomorphism for every u. The
construction of V immediately implies the following.

Lemma 4.6 With X, S, B, and u: T — S as above, we have the commutative diagram
u*Hip (X/S)

|

i v i
Hip (X1/T) —— Hig(Xr/T) ® Qpp,

where the diagonal map is the pullback connection induced by base change
u*Hyg (X/S) = H'(X1/T) and the natural map du:u* Qg )y — Qi .
Remark 4.7 Consider the case X = A, for A € 8g,5(S), Be @OE . Lemma 4.5
implies that the GM connection respects the Og-action on H’y(A/S), that is, for
H = H}}; (A/S), we have restrictions

V:H, — H, ®0, Q5. V: Hf — Hg ®0, Q.

Similarly, if B is of characteristic p, we can consider the isogenies Frobenius and
Verschiebung and take their pullbacks F: H?) - H and V:H — H®), Lemma 4.5
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tells us that V commutes with F, V, and therefore it respects kernels and images of
both. This will be relevant when defining generalized theta operators.

4.4 The Kodaira-Spencer map

The short exact sequence (4.1) gives a natural section
KS € H'(S, R'f.(Der(X/S) ®o, f*Qs/5)) = Homs(Der(S/B), R f. (Der(X/S))),
called the Kodaira-Spencer section.

Definition 4.3 The morphism KS:Der(S/B) —» R!f,(Der(X/S)) is called the
Kodaira-Spencer mapping.

Proposition 4.8 [28, Proposition 1.4.1.7] ~ Suppose that the Hodge-de Rham spectral
sequence of X |S degenerates on the first page. Then, the morphism induced on the graded
pieces by the GM connection, as in Proposition 4.4, is given by the cup product with the
KS section.

Let X = A be an abelian scheme over S. We are interested in the special case of
Proposition 4.8 for A/S/B.Let H = Hi (A/S). We have, on the one hand, a morphism:

v
wyscH—H® QlS/B > Wy /s B0y QlS/B
whence, equivalently, a morphism
1
@a/5 ®O05 Wav s~ g/p-

On the other hand, R' f. Der(A/S) = w}, /s ®0s @y /5. By duality, the KS morphism is
equivalent to

KS:w,/s ®0; QAV/S_’QIS/B-

Then, Proposition 4.8 tells us that these two morphisms w, /s ® 0, @, /s_’le /p are
the same.

Assume now that A - § = Sk p is the universal object, B — Spec O (). Then,
using the identification,

~ -1
Wass,0 ®Os Wavys,o = Wyys,s ®05 detw s, ® 8y 60
which follows from Equation (2.7), we see that KS induces a morphism
ks = QA/S/B =KS,i w5, ®0s detQA/s,a ® 5;1}5,0_’915/3-
Then we have the following.

Proposition 4.9 [34, Proposition 2.3.4.2]  The map ks is an isomorphism.

Proof The proof in [34, Proposition 2.3.4.2] is given for B = Spec O (,) but the
construction of ks is compatible with base change, so the statement over a general
base B — Spec O (,) follows. Notice that, in the notation of [34, Definition 2.3.4.1],
the injection w5 ;, ®0; Wyv /5, > Wa/s ®05 W4v /s composed with the projection
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Wyys ®05 Wavys =~ @a75 ®Og Wyvys/
(/\*(y)®z—/1*(z)®y,(0c-x)®y—x®(0c-y))

isanisomorphism, wherex € @, /s(U), y,z € w45 (U), & € O are sections over U c
S some open.

Equivalently, from [19, Section II1.9], one can deduce a description of the KS map
in terms of the universal vector extension. This and an argument using Grothendieck—
Messing theory, as explained, for instance, in [22, pp. 116-118], also gives a proof
of the proposition: see [3, Proposition 2.1.5] for the case n = 3, which can be easily
generalized to our setting. See also the proof of Proposition 5.5. [ ]

5 Ekedahl-Oort stratification

We refer to [5, 37] for the general theory of EO stratifications on PEL Shimura varieties
and to [39] for the unitary case in particular.

We write Sk for the geometric special fiber Sk x Spec(FF). By Lemma 2.2, Gp 2
GL, x G, and we can take T c B c Gr to be the diagonal torus and Borel of upper-
triangular matrices, respectively, determined by this isomorphism. Let W be the Weyl
group of Gy with respect to T, with set of simple reflections A determined by B. We can
identify the Coxeter system (W, A) with S,,, the symmetric group of order n, together
with the simple reflections {s; = (i,i +1),1< i < n—1}. Write [s(1),s(2),...,s(n)]
for the permutation of n elements acting as i — s(i).

Denote by BT 1(}_1’1) the set of isomorphism classes of principally quasi-polarized
BTy’s over F with Og-action, height 21, and CM dimensions d, = n —1,ds = 1. Let
Ge ﬂf,%_l’l) and consider D = D(G) the (contravariant) Dieudonné module of G.
By [5, Proposition 4.1.17-4.1.19], we can choose an isomorphism D = Ap, with A as in
Section 2.1, compatible with the Og-actions on both sides, as well as the symplectic
pairings, the one on D being induced by ID(1), for A the quasi-polarization of G, and
the one on Ap being part of the datum. This choice endows D with a natural action
of the reductive group Gr. We consider the parabolic subgroup P c Gy, of type I € A,
defined as the stabilizer of the flag ker F ¢ D. Write /W for the set of minimal length
representatives of the quotient W;\ W, where Wy is the Weyl group of P. Notice that
the type I does not depend on the choice of the isomorphism D = A, or of G, by
[5, Proposition 4.19].

Lemma 5.1[39, Example 3.1.2, Lemma 3.4.1]  The type I of the parabolic P is the same
as that of the parabolic fixing the filtration Ay € Ap = Ayp & Ay p from Lemma 2.2.
We have I = A\{s,_, }. Moreover, the elements of 'W are of the form w, = [1,2,...,r -
Ln,r,...,n—1], with I[(w,) = n—r. The order on these elements is wy > wy > --+ >
w, =id.

For each G ¢ Bin"];fl’l), we also have a flag D, in D(G) coming from the canonical
filtration of G (see, for instance, [5, Section 4.2]). Denote by Pg c Gp the parabolic
fixing this flag and write w(G) = w(P, Pg) € W for the relative position of the two
parabolic subgroups P and Pg.

Theorem 5.2 [5, Proposition 4.3.2, Theorem 4.2.8, Proposition 4.2.10, Theorem 4.2.18]
and [36, Theorem 6.7]  We have the following:
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(1) There is a bijection

BT — Tw,
G — w(G).

(2) There is a decomposition of Sk into a disjoint union of reduced locally closed
subschemes Sk ,,, w € 'W, such that:
(a) For k/F algebraically closed, and s € Sk (k), then s € Sk, (k) if and only if w =
w(As[p])-
(b) Foreachw € 'W, the subscheme Sk ,, is non-empty, equidimensional of dimen-
sion 1(w), smooth and quasi-affine.
(c) We have the closure relation gK,W, = UrcicnSk,wp foralll<r<n—1.

In particular, we have Sk = Sk w, = Sk,w, U Sk,w,»> 50 that S ,,, is a dense open,
called the ordinary locus. We sometimes denote the ordinary locus Sk, by Sk. At the
other end, we have the zero-dimensional closed stratum Sk, , which we call the core
locus. We also call Sk, the almost ordinary locus and Sk, _, the almost core locus.

5.1 The standard Dieudonné modules

Following [39, Section 3.5], for a given point s € Sk, (k), where k/FF is an algebraically
closed extensionand1 < r < #, we can describe the structure of the Dieudonné module
D =D(A[p]) using standard objects, defined in [36, Section 4.9]. In fact, from [36,
Theorem 4.7], we deduce the following.

Proposition 5.3 Let D = D, & Dy be the CM decomposition of D. There are k-bases
{eih1ci<n> {fi h<i<n of Do, Dg, respectively, such that <ei,fj) = §;j and the semilinear
Frobenius F: D — D and Verschiebung V: D — D are described as follows:

” fin  ifl<i<r-—1,

(5.0) F(ei)={g1 Z:i: F(fi) = 01 ifi=r,
’ fi  ifr+l1<i<n,

0 ifi=1, o
(5.2) V(ei)=q1ein  if2<i<r, V(fi):{](r)r .

: : otherwise.
e; ifr+l1<i<m,
In particular, we have

D[F] =ker F = Span; (e1,...,€r_1, fr» €rs1>---»€n) >
D[V] =kerV =Span, (e1, f2,..., f)>
and:

(1) if r =1, the p-rank of As[p] is n and that of As[plzisn—1
(2) if r > 1, the p-rank of As[p] and As[plsisn—r.

Thus, the EO stratification coincides with the p-rank stratification for the o-component
of the p-torsion.
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5.2 Partial Hasse invariants

We are interested in the action of Voon w, ,, = D[F]fors € Sk, (k), D = D(A;[p]),
k /T algebraically closed, and 1 < r < n — 1. Consider the sheaf

w,, =ker(V ™o, < S )
20,r '—A/SK,W,,,U 7A/§K,w,-)0

on Sk ., . By Proposition 5.3, the rank of Wy, is constant and equal to r — 1. Therefore,
w, , locally free of rank r — 1. The quotient sheaf W, =0 o/ @, is also locally free,

of rank n — r, over S Kw,- Over Sk, w, . and @ correspond to the local-local and
multiplicative part of the canonical filtration of the p-torsion of A, hence the names.
In particular, the quotient morphism V:w, . - w,(f’ ) is an isomorphism over the
dense open Sk, € Sk,w, and has a kernel of rank 1 over SK,WHI = Sk,w, \Sk,w,- This is
because over Sk ,.,,, ker(V":w, — w(P )) has constant rank , by Proposition 5.3, and
ker(Viw, , - w? )) @, ,,1/W,,, has constant rank 1. Consider the corresponding
section A, = det V e H(Sk.w,» (detw, )P~ .

Lemma 5.4 The section A, is nowhere vanishing on Sk ., and zero everywhere on the
boundary 0Sk,y,. Moreover, the construction of A, is independent of the level K.

We call the A,’s (generalized) partial Hasse invariants. They are factors of the
generalized Hasse invariants of [5].

5.3 Smoothness of closures in the EO stratification

We establish a geometric property of the KS morphism on lower EO strata. Consider
2 < r < n—1. We show in particular that Sk, is smooth. We write

Vr:HzliR(A/gK,w,) - HEiR(A/gK,wr) ® ngxw,/lF

to denote the Gauss-Manin connection relative to A/Sk,,, /F. We use the same
notation for the restriction of V, to Sk, C Sk,w,. Recall that V, is related to
Hyg(A/Sk) — Hyg(A/Sk) ® Qg via base change (see Lemma 4.6). We write

u: Sk,w, = Sk and u: Sk, w, = Sk for the natural immersions. To ease notations, we
set § = detw, /8,0 ® 8", with S depending on the context. We also write CS. /5x 1O

denote the conormal sheaf of S K,w, in Sk.

Proposition 5.5 We have a commutative diagram with exact rows

0 — 0, ®0 — w5, 80 — w, , ®5 —— 0

(5.3) J F (ks) lﬁ,‘,r
I

0*}65](

whose vertical arrows are isomorphisms. In particular, S ., is smooth and V,(w,) €

w0®QsKW,/JF
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Proof We prove this via Grothendieck-Messing theory. For what we intend to prove
the level K is irrelevant, so we drop it from the notation. We write S, (resp. S,) instead
of Sk,w, (resp. gK,w,).

Over §,, we have V,(w,) € w, ® le,/lb" by Lemma 4.5, Remark 4.7, and the

r—1
fact that w, = ker(V" ™ Hyr, o — H((if{)a)), by Proposition 5.3. By Lemma 4.6 and

Proposition 4.8, this means that, over S,, the composition
5 § 2w (0l Qy
W80 — Wy, ®F — u (Qgp) — Qg

is zero. By density of S, € S,, we deduce the existence of the commutative diagram
(5.3) and the morphism ks ,. We now show that its vertical arrows are isomorphism
and that the second row is a short exact sequence.

Consider a point s € S, € S and write k = k(s). We want to describe the Zariski
tangent spaces

T=

Sps Tgr/F,s’ TS’S = TS/F’S'

These are k-vector spaces whose elements v correspond to lifts of s:Speck — S, to
v:Speck[e] = S, (resp. S), where k[e] = k[T]/(T?). By definition of S, resp. S,,
any v € Ts,, resp. v € Tg , corresponds to an abelian scheme with PEL structure
A, € S(k[e]), resp. A, € S,(k[e]), lifting the object A € S,(k) corresponding to s.
Grothendieck-Messing theory tells us that the category of such lifts A, is equivalent
to the category of lifts of the k-subspace @ = w, . of H = Hl; (A/k) to sub- k[e]-
modules @ of H[¢] = H ®, k[e], the trivial lift of H, such that:

(1) @ is a free direct summand of H[€] of rank #.

(2) @ is Og-stable (of type necessarily (n —1,1)).

(3) @ is maximal isotropic for the perfect alternating pairing on H|[e] induced by the
de Rham pairing (-, -)gR on H.

Moreover, for v € Ts , we have that:

(4) veTg ifand only if the lift A, corresponds to @ such that @, [V is free of
rank r — 1.

Condition (4) follows from Proposition 5.3. By [6, Section 2], the BT; with extra
structure A, [F] is determined by (@, V: @ — @(P)), with the extra structures detailed
at the points (1-3) above. Therefore, for r # 1, @[ V"™'] is free of rank r — 1 if and only
if V'1(A,[pls) € A,[F]s exists and is finite locally free of rank r — 1, which happens
ifand only if v € S,(k[€]), by the structure of the canonical filtration on S, j > r (see
Proposition 5.3 and the beginning of Section 5.2). The case r = 1is trivial.

Such a @ corresponds to a k-linear morphism h:w - H/w = w}, n A:”* w" subject

to the conditions:

(1) The pairing (-, h(~))ﬁR on w is symmetric.
(2) his Og-linear.
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The first condition corresponds to @ being maximal isotropic, the second to the fact
that @ is Op-stable. Furthermore, the extra condition that @, [ V"] is free of rank
r —1 corresponds to:

(3) hisidentically Oon w, [V '] C w,.

Notice that the first two conditions together imply that % is determined by

ho:go - (H/Q)O gng/k,uf w5

P :
Therefore, the deformations Ts s of A are in correspondence with Homy (w,, w¥)
w, ® wY, and T§,,s c Ts,s corresponds to
Homy (@, wz) = {h:@, > wz | hly (v =0} ¢ Homy(w,, 07).

As discussed in [3, p. 40], this correspondence is given by isomorphisms of k-vector
spaces and, as noted in Proposition 4.9, the isomorphism Ts,; - @, ®; w7 is the dual
of the fiber at s of the KS morphism. Hence, we have a commutative diagram

N N N —
0 TSy,S TS,S 7 Nsy/s,s

| l |

0%%@@%%%@@%%%@@%%0,

where the vertical arrows are isomorphisms and Ny /5,5 denotes the normal sheaf at

s of S, in S. This proves at once that S, is smooth and by duality that the diagram of
exact sequences (5.3) is exact and its vertical arrows are isomorphisms.

Finally, from Lemma 4.5 with ¢ = V"™, we deduce that V, (@, ) € w, ® Q¢ e ™

Remark 5.6 The smoothness of closed EO strata in the p-split case stands in
contrast with the p-inert case: for instance, when # = 3,4, one can show that the
one-dimensional closed strata are (unions of) chains of Fermat curves of degree
p +1 intersecting at superspecial points, with every superspecial point being at the
intersection of many irreducible components. See [8] or [38, Example G] for more
details.

6 Generalized splittings and operators

6.1 Unit-root splitting

We present here the classic unit-root splitting of the Hodge filtration (2.3) over the
ordinary locus S& and then we show how one can obtain a similar splitting over
lower EO strata. In our discussion, we will make implicit use of Proposition 5.3 and of
technical Lemma 6.1, inspired by [15, Section 3.3.1].

Let us introduce some notation. Let S be a scheme and consider F ¢ G finite locally
free sheaves with constant rank over S, such that /7 is also finite locally free. Let r
denote the rank of F. Consider a tuple of integers k = (k; >k, > --- > k, > 0). From
the results of Section 4.1, we obtain a natural descending filtration on SK(G), whose
last nonzero step is S5(F). Let us denote by P(SK(G)) the penultimate step of this
filtration (see also Remark 4.1).
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Let H be another finite locally free sheaf on S, with the same rank r as J, and
consider y: F — H a morphism. The adjugate morphism y*%: H — F ® det(H) ®
det(F) ! is defined as

i y)Y @idge
P9 = (A1) @ det(96) L ECO, (i

@det(H) 2T @ Hodet(F) ™.
Lemma 6.1 LetS,F,S,H, and k be as above. Suppose that we have a morphism
(/): g —XH

of Og-sheaves such that the restriction ¢|5 of ¢ to I is an isomorphism on a dense

open S € S. Write d = det ¢|5 € H°(S, det H ® (det F) ™) for the determinant of that
restriction. Then, the morphism

5L 7L FedetH o (detT)!
extends naturally from Sto S. Similarly, the map

S5~

p(sk(9)) 2 sk(30) ) sk(g) s SE(F) @ det H @ det 5!

extends from S to S.

Proof The key observation, due to [15, Section 3.3.1], is that the morphism
d-¢H — FodetH ® (detF) ™ is the adjugate of ¢ls and thus it is naturally

defined over all of S. Notice that on F the morphism ¢|5 o ¢ is simply multiplication
by d.

The statement is trivial when k=0. We present the proof in the case
k= (k,0,...,0), where S¥(G) = Sym*(§). The general case is proved similarly. One
can consider the commutative diagram

Sym* () ® G —————— FFI(Sym*(9))

\ l

Sym*(F) ® det H ® (detF) 7!,

with the vertical arrow being the morphism we want to extend. The diagonal arrow
is simply id ® ((/5|z;1J o @), so it extends from S to S, and it clearly factors through
F*1(Sym*(9)), so we conclude. [

6.1.1 The ordinary splitting

On S= SI”(, the morphism F: Ht(,P ) H, induces via (2.3) an isomorphism
F: wAv/S - ng/s’a. Moreover, F Kkills the subsheafgff;)&g c Ht(,p) 1 (p) (A/S )
and the composition

F! v, p

F
\
Wpvis,e 7 Wabss,, — Ho
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gives a natural splitting of the Hodge filtration (2.3). We write U, =im(F: H ((,P ) H o)

the locally free subsheaf giving the splitting. We have that U, = ker(V:H, - H ((,P ) ).

(p)
AlS,o

- This implies that the composition

Moreover, V:H, - H, ,(,‘D ) has image w and, over 31”0 it induces the isomorphism

. 62)
Viwas,e > @Qujs

» V!

\%4
Pur,l: HU — w - QA/S,G

AlS,0

is the projection Hy - w, /S0 parallel to U,, or, in other words, the projection
Hy > w,s,, relative to the splitting of (2.3) given by U,. This is usually called the
unit-root splitting. We have proved the following.

Lemma 6.2 (Ordinary unit-root splitting) ~Over the ordinary locus Sk, the Hodge

filtration (2.3) admits a natural splitting induced by the Frobenius F: ng) - H,. The
corresponding projection pyr,1: Hy — w,, is induced by V as described above.

The morphism py,,1 cannot be extended naturally to Sk = §IF<, because the factor

VL Q((,p ) w, does not make sense outside Sl’z. If we consider instead the map
Aj - pur,1, we see that it can be extended to the whole Sk: the linear map

A Vel — w, © (detw,)?
(»)

is the adjugate to the morphism V:w_ — w, ’, which is defined over Sk. In fact, from
Lemma 6.1, we deduce the following.

Lemma 6.3 The morphism A; - pyriiHg = 0, ® (detgg)l"1 extends to Sk. Simi-
larly, for k = (ky, ..., ky_1), withky 2 ky > -+ 2 kyy 20,

Ay 'SK(pur,l)‘P(&k(H,,)):P(SK(HU)) — SK(Q(,) ® (detw, )™

extends to Sk.

6.1.2 Partial splittings

Vsp v .
QAV/S,O‘ -_— QAV/S,O is zero. Never-

theless, we can still look at the surjection V: H, — QE,P). On S, themap V:w, — Q,(,p)

is not surjective, but it induces an isomorphism between the multiplicative part w u
and its p-twist. Write H, , = Hy/w, ,. We have the composition

Fixsome2<r<n-1.0nS = Sg,, the map F:

v v
Pur,r:Hy,r - Qip) - Q,u,r'
This composition is a right inverse of the inclusion @, , - H,, ;. That is, the kernel of

Pur,r gives a splitting of the short exact sequence

\%
0—w,, — Hyr — @pv/5, — 0.

Usr
We call this the (generalized) partial unit-root splitting. Recall that we write A, =

det(V:w u Q,(lp )). As in the ordinary case, we can prove the following using
Lemma 6.1.
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Lemma 6.4 Themorphism A, - py,H, , — w,,® (detgw)f”1 extends to Sk ..
Similarly, for k = (ki, ka, ..., kn—r), withky > ky > -+ >k, >0,

Ar- S&(Pur,r)|P(S£(H,4,y)):P(SE(H;M)) - SE(Q,M) ® (deJ[Q,,,r)IF1
extends to §K,W,.

In the process of constructing the generalized theta operators, we will give a mild
generalization of Lemma 6.4, which again follows from Lemma 6.1.

6.2 Generalized theta operators

We prove here the main result of this article (Theorem 6.5). Let us start by recalling
some notations. Pick 1 < < n —1an integer and (k, w) an automorphic weight with
ky—1 > 0.On Sk,,, we have the short exact sequence

0 —)QO,T —)Qo —)Qy,r - 0’

where w, , = ker(V"lzga - g((,PH)) is a locally free sheaf of rank r — 1. This short

exact sequence induces a filtration F*" on w®" over S K.w,» Which is trivial when r = 1

(see Section 4.1 for more details on the definition of F*"). The filtration F*" gives rise
to the graded sheaf gr*"(w*") over Sk, . Notice that the graded sheaf gr®"(w®")
decomposes as a direct sum of sheaves

gré" (k") = im(®; Ali=bi (w,) ® Abi (w,) ~ ®;Sym*i~ (w,) ® Sym*(w,,)),

where a,b € Zg(]l are such that a; < k;, a; > a;,; for all i, that is, a is a subtableau of
k, and b is the transpose of a. In particular, given f € H°(Sk ., gr>" (@®")), we can
write it uniquely as f = ¥, fa, where f, € H%(Sk.y,, gre" (ob")).

Theorem 6.5 Let 1<r<n be an integer and (k,w) an automorphic weight with
ky—1 > 0. There exists a differential operator

0™ () — gt (@0 ),

defined on the (closure of the) Ekedahl-Oort stratum Sk, with

A =(p+Lp,...,pL...,1),
where exactly the last r — 1 entries are 1. The operator 0, satisfies the following properties:

(1) The operator 0, is A,-linear, that is, 0,(A,) = 0, where A, is the partial Hasse
invariant defined above.

(2) The operator 8, commutes with the action of prime-to-p Hecke operatots.

(3) Let f € H*(Sk,w,,gr> (w")) and write it as f = ¥, fa. If r=n—1,n -2, then
0,(f) is divisible by the Hasse invariant A, if and only if for each component f,
either A, | fa or p | ay.

We prove this theorem throughout this section.

Remark 6.6 In what follows, we will consider several sheaves, as well as morphisms
between them, which are naturally defined over Sk (or even 8k ), but will be restricted
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to subschemes S ¢ Sk. To ease notations, for a sheaf F on Sk, we will not in general
write F|s, and similarly, for a morphism ¢: F — G, we will not write ¢|s: F|s = Gls,
instead, we will simply keep writing & and ¢:F — G, with the understanding that
everything is restricted to a subscheme that will be clear from context.

6.2.1 Ordinary operator

Let (k,w) be an automorphic weight such that k,_; > 0, with the corresponding

automorphic sheaf @®" , which we denote simply by w®". Consider H = H} (A/Sk)

A/S
and write

v = SE(H,) ®0, 8.
The GM connection induces a morphism

kW —>HkW®QS x/F*

By Lemma 4.2, the image of this map lies in the penultimate step of the natural
filtration F* of H5®" described in Remark 4.1. In particular, from Lemma 6.3, we
deduce the following.

Lemma 6.7 [15, Section 3.3.2]  Consider the composition

k+p 1w

v b —>HkW®Qs/F—>w7 ® (detw, )’ ® Qj (JF W ®QSK/]F,

where the second arrow is Ay (SK(pur1) ®ids, ® idg1) and (p-1,0) = ((p-
1,...,p—1),0) is the weight of Ay. Then y extends from Sk to Sk.

We may now define 6,, the ordinary theta operator, as follows. Composing ¥ from
Lemma 6.7 with id ® ks, we obtain

(6.1) LS w, ®detw, ® 3,

To define 6;, we further compose (6.1) with the natural morphism @**?=1"

detw, - wk*A1% and obtain

Qw. ®

g

el:gk,w Qk+él,w—1,

where A; = (p+1,p,..., p). This proves the existence part of Theorem 6.5 in the case
r = 1. Note that this theta operator is already defined in [15].

Proposition 6.8 The operator 0, satisfies the following fundamental properties:

(1) For f e H(Sk, w®"), g e H*(Sk, w&*"), we have 0,(fg) = f61(g) + 61(f)g
that is, the operator 0y is a derivation of the algebra of modular forms of level K
with coefficients in IF.

(2) The operator 6, is Ay-linear, that is, 0;(A;) = 0.

(3) The operator 0, is Hecke-equivariant.
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Proof

(1) This is clear from the definition of ¥V and thus of 0.

(2) We can choose a small enough dense open U ¢ Sl’é such that w , and H, are both
free on U and the Hodge filtration (2.3) splits. In particular, we can pick a local
basis e, ..., e,—1 of w, and complete it to a local basis of H, with the addition
of some e,. Then, in these local coordinates, the ordinary Hasse invariant is
Allu=a-(er A -+ Aey_1)P7!, for some a € Og, (U). With these notations, from
the definition of A;, one can compute that

(/\‘D_IV)(AI)|U = a(Vel Ao A ‘/(37171)17_1 = a(a(61 ANRRRIRAN enfl)p)p_1
=af(ern - neu)PP7) = AL

Therefore, from the definition of py,; = V|é1 o V, and Lemma 4.5, we have on
U that

(AP pury) 0 V(A1) = (WP TVT(APTTV)V(A)
= (ANTTVHV((APTIV)AL) = (APTTV YV (AD) = 0.

Hence, 0;(A;)|v = 0. By density of U c Sk, we deduce that 6;(4;) = 0.

(3) The construction of 6; does not depend on the level structure and it is compatible
with changes of base involved in the definition of the Hecke operators. Moreover,
any prime-to-p quasi-isogeny f:A — A’, for A, A’ € Sx(T), T — Sk finite étale,
induces an isomorphism f*: @ 4,1 = @, 7 such that

-1 §A'/T
Wypryr,o ®05 det Wy p, ® 84 p

r H

sy

-1 1
QA/T,O' ®OS detQA/T’a ® 8A/T,o’ e QT/F

is commutative. All of this, combined with Lemma 4.5, implies that 6 is Hecke-

equivariant. Notice that this relies on our convention for the definition of ks:

had the polarization been involved, the morphism ks would have introduced a

nontrivial Hecke-action (see [15, Lemma 4.1.2]).

Remark 6.9 We can provide an alternative proof of point (2) of Proposition 6.8.
From, for instance, the proof of [29, Proposition 4.1.1], we see that we can cover Sﬁ
with maps U — S, finite étale of degree #GL,_;(F,), on which we can find a local
basis ey, ...,e,-1 € w (U), which extends to a basis ey,...,e, € Hy(U), such that

V(e;) = efp) =e;®l,fori=1,...,n-1, and V(e,) = 0. This follows from applying
the proposition in loc. cit. with H = w”]o, Si = O, for some non-empty affine open
Oc SI’z, with notations H and S; as in the reference, and F = V. In that case, we have

A1|U = (61 N A e,,_l)p_l.

Moreover, by Lemmas 4.5 and 4.6, we have that on U

0=v(e?)=v(V(e)) = V(V(es)), i=12,...,n-1,
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since dFy as = 0. This implies that V(e;) =e, ® w;, for some sections w; €

Qg /F (U), which form alocal basis of Q. 5,¢/v> DY Proposition 4.9. With this description
of the V(e;)’s, one can see that, over U, we have 0,(A;)|y = 0, thanks to a simple
computation, using the definitions of V, py,,1 and thus 08;. Therefore, since we can
cover Sk with such finite étale U’s, 0;(A;) vanishes on the ordinary locus Sk, and by
density, we have 6;(A;) = 0 on all of Sk.

This shows that 8; admits a relatively simple and explicit description étale-locally
on the ordinary locus. In fact, one can prove that it is enough to take U = I, with I
being the (small) Igusa variety I — Sk of level 1 and achieve the same results working
globally. This is related to the approach taken in [9] to construct theta operators when
p is inert. See, in particular, [9, Section 2.1]. See also [24].

One could use this approach more generally on Sk, ,,2 < r < n — 1, instead of S,

obtain étale-local bases of w,, , such that V:w,, , (P ) admits a description relatlve
to them analogous to the one given above. We do not pursue this direction here.

6.2.2 Generalized theta operators

Fix 2 < r < n - 1. Let (k, w) be an automorphic weight such that k,,_; > 0 and consider
the sheaf w®*. We look in particular at the restriction of ¥ to Sk ,,., where we have,
as above, the short exact sequence

(6.2) 0 —w,, > @, —w,, —0.

From this sequence, we get a Koszul filtration on A/w , forall j = 1,...,n — 1, follow-
ing the notations of Section 4.1.3. Similarly, we can define a Koszul filtration on A/ H,,
j=1,...,n-1,from

(6.3) 0 — w,, — H; — H,,, — 0.

From Lemma 4.5 and Proposition 5.5, we deduce that the GM connection on Sk ,,,
induces morphisms between the graded pieces of these two Koszul filtrations as
follows:

gr'(Wa,) —T—— gri(WH,) 8 0L

. P v . P
i j—i r i j—i 1
Ny, &N W, —— N, &N H!”®Qs -
or |

In fact, we can be more precise. From the inclusion w, , ¢ H, ,, we obtain a third

=u,r
Koszul filtration on A’"*H,, ,, which we denote K*(A’""H, ). Applying Lemma 4.2
to K*, we see that actually

cgr'(AHy) ® Q%

V,(gr'(Nw,)) € Aw,, @ KT (AT H, ) © O Sk [F°

Skw, [F
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Let y be the following composition:

. . vl’ s P P
gt (Wa,) 2 A, , ® KT (W H,,,) ® Q%K)Wr/F

— gr'(Mw,) ® (detw, )P ng i
considered over S ,,, where the second map acts as A, -A/""p,. . on the factor
K/=""Y(A7"'H,,,,) and is the identity on the others. From Lemma 6.4, we deduce that
¥ extends to Sk ,,, .

This construction can be generalized. From the Koszul filtrations on A/w_, A/H,
defined by the subsheaf Wy, We obtain filtrations on

®; A (w,),®;AY (Hy), j=12,...,n—1,

as explained in Section 4.1.4. From these, in turn, we obtain filtrations on w®" and
HY" = Sk(H,) ® 6%, the filtration on 8! being trivial. The morphism pyy,,: Hy,, —
w, , from Section 6.1.2, along with id,, ,ids,,lends naturally a morphism of sheaves
Usr 20,7 a
gr* (pur ) 1" (HE™) —> gr* (o)

on Sk.,. In fact, under the natural identification gr®(S¥(H,)) = Sk(gr*(H,)) =
S&(w,,, ® Hy,), see (6.2) and (6.3), we have gr*(pur,,) = Sk(idﬂm @ pur,r) ®idy .
From Lemmas 6.1 and 6.4, we deduce the following, which is analogous to
Lemma 6.7.

Lemma 6.10 Consider the composition

prgrt (@) 5 gt (HE) @ 0F et (08) © (detw, )’ @ O}

‘r/ stwr/]F’

where the second arrow is A, - gt*(pur,;) ® idqr. Then, y, which a priori is only defined
o1 Sk, w,, extends to Sk, w,.

We can further compose y with id ® g;r defined in Proposition 5.5 to get

gr® (") Y, gr* (") ® (detgﬂ,r)p_1 ® 0L

Sk [F
id@bl:l 0 k,w -1 -1
— gr'(@™") ® (detw, )" ®w, ®detw, ® 4,
N gro(QkJrér,Wfl))

where the last map is given by the natural multiplication morphisms. Therefore, we
obtain a morphism on gr® (w®*), shifting the weightby A_ = (p + 1, p,..., p,1,...,1).
We call this composition

Or:gr* (") — gr* (w587

the generalized (partial) theta operator relative to the stratum Sk ,, . This proves the
existence part of Theorem 6.5 in the case r > 2.
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Proposition 6.11 (Basic properties of 8,) The operator 0, satisfies the following
fundamental properties:

(1) For f e H*(Skw,»gr*(@5")), g € H(Sk,,» gr* (0X"")), we have 0,(fg) =
f60:(g) +0.(f)g.

(2) The operator 0, is A,-linear, that is, 6,(A,) = 0.
(3) The operator 0, is Hecke-equivariant.

Proof

(1) This follows from the construction of 8, and the properties of V,.

(2) Consider U ¢ Sk, a small enough dense open, so that we can choose a local
basis ej, ..., e, of Hy over U such that ey, ..., e,_; is a basisof w,, e1,...,e,-1a
basis of w_, and e, reduces to a basis of H, / w,. In particular, we see that

Adu=a(@, A Aep)P,

for some a € O, (U), where = denotes the reduction through H, - H,, . Asin
Proposition 6.8, one can see that 8,(A, )|y = 0, so that by density 6,(A,) = 0.
(3) The same arguments that we used for 6; work. ™

Remark 6.12 Notice that multiplication by A,, for 1<r<n -1, is also Hecke-
equivariant. By this, we mean that it induces the commutative diagram

i T, L=
HI(SK’Wr’gr.’r(QE’W)) —g> HI(SK,Wr,gr.’r(QK’W))

J’A,‘ lA,‘

— T, .=
H'(Skw,» gr*" (@5™0")) — 5 H'(Sk ., gr>" (")),

for any i>0, geG(AP*) and automorphic weight (k,w), where w, = (p-
L...,p—1,...,0) is the weight shift produced by A,. This follows from the fact that
any prime-to-p quasi-isogeny f: A — A’, for A, A’ € Sk, (T), T — Sk, finite étale,
induces an isomorphism f*:w ,, /T @ar that respects the filtration w, , € w, and
sends A,(A'/T) € H(T, (detw,,/r )P ") to A, (A/T) € H'(T, (detw,, 1, )P ™).

Remark 6.13 Notice that even though 6, is not defined on w®", it is defined on the
graded parts of a filtration on such sheaves. Since this filtration is Hecke-equivariant,

so is the one it induces on H° (E;?l;r , %" and, therefore, every Hecke-eigensystem
appearing in H°(Sk,,,,, w&*) will also appear in

H®(Skw,» 1™ (@®™)).

Furthermore, thanks to the work of [21], the Hecke-eigensystems found in
{H(Sk,w,> @5") } 1, are the same as those found in {H*(Sx, @5")} -

6.2.3 Operators B,

Here, we conclude the proof of Theorem 6.5. In particular, we prove point (3). We
achieve this by describing the action of the restriction of 8, to Sk ,.,. Let us consider
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Viw, .~ w,(f ) over the substratum S Kowre © Sk,w,. From the canonical filtration of

A[ps], we deduce, over Sk ,,,,, the existence of a short exact sequence

(6.4) 0—w,,,—w,, — — 0,

Usr, u,r =u,r+1

where @, ., =ker(V:w, . — w,(,p ) ) = W ,41/®@, . is an invertible sheaf. Notice that

V: wy r+1
is an isomorphism on Sk,y,,,> so that we get in particular a projection 7, o: w,;

Considering now V:H, , — w}(lp r) c Hff ,) over Sg,,,,» we obtain an 1nduced

—>a)(

W, 141 GiVes a sphttlng of the p-twist of (6.4) over Sk,,,,> since that map

(p)

p
Qy,r,O'
isomorphism 7,4 V: HW/QW > (detga) ® 0y — Qi’r)o and thus a nowhere van-
ishing section B, € HO(SK,WM,Q[IZ,,,O ®detw, ® §;'). One can also consider the
morphism

fﬁro—w,‘m@w — w, ®ww0;“>w ® det(w, )P,
which, by slight abuse of notation, we denote again (A,,;-). We set B, := A1 - By,
which we identify with a section of @, , ® det(gw)f’_1 ® detw, ® 8, over Sk .,
Notice that B, is nowhere vanishing on Sk, y,,,. We now extend B, to a section over
the closure Sk .., which vanishes on the complement of Sk, .,

First, consider the restriction of the partial unit-root projection A, - pyr t Hy , —

, ®det(w, )P 1 'to Sk,,,- Since it coincides with multiplication by A, = 0 when
restrlcted to w,,, we see that it factors through H,./w w,, On that quotient,
when further restricted to Sk.,,,,, one can see that A, pur p c01nc1des with mul-
tiplication by B,. In fact, one can write A, - pur,r: Hyr/@, , > @, , ® det(w, )P~ !

adJ. P (r) _,
er‘_)wH wyr®

det(w, ,)? 1. The map V| _ coincides with multlphcatlon by A1 when restricted

as B, g=m o V: Hﬂ,r/gy — wﬁ . composed with V|

to wh. Thls follows from the commutatlve diagram

(P) = Hom(" A a)(P) det(w, L) &) Hom(" A lw or det(gw)f’) ;Qﬂ)r@)det(w,‘,r)”_l

! )

ﬂ,(fr),o ~ Hom(det(w 1)“’,det(gyyr)") LN Hom(det @ det(w, Ize, ,® det(gw)"’l,

Hsr+ u,r+1° —u,r,0

where the first row is the definition of V|2,Clj , and in the second row, we are using the
w,,

: : n—r—1 : : ~ -1
surjection A w,, ~>det(w, ;) and the isomorphism w,, , , = det(w,, ,,,)” ®

det(w " ,) deduced from (6.4). This, in particular, shows what we have claimed above,

that B, extends to a section defined over Sk, .,. This is the section corresponding
to the morphism A, - pur,r: Hyr/@, , > @, , ® det(gﬂ)r)f"l. Moreover, over deeper
strata Sk ., s > + 1 (when there are any), we have that the image of V: HW/QW -

(p)

wy.; intersects w? _ trivially, by Proposition 5.3. Therefore, V|2,clj vanishes on the
@

image of V:H, ,/w yr = ,(, ), as one can see working through the definition of the

adjugate morphism again. Let us summarize what we have proved so far.

—=u,r,0
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Lemma 6.14  Over the closed stratum Sk .., the morphism A, - pur,» Hy,, — w,,®

det(gy’r)P’lfactors through Hy,,[w, , = (detw, )™ ® 8, and thus gives a section
B, € HO(EK,WHJ’QHJ ® det(gw)"”1 ®det(w,) ® &),

which is nowhere vanishing over Sk ., and identically zero on Sk w,.,\Sk,w,..-
We record the following lemma.

Lemma 6.15 'The generalized Hasse invariant A, vanishes with simple zeros along
Skowyy- In particular, f € H*(Sk ,, gr*" (")) vanishes along Sk, if and only if
there is some g € H*(Sk ., gr™" (0X~%r")) such that f = A, - g.

Proof This follows from the Grothendieck-Messing theory. We use the same nota-
tions from the proof of Proposition 5.5. Let s € S,,; € S, be a point and take k = k(s).
Consider A, € S,(k[e]/(€®)) any lift of A corresponding to s. This will correspond
to a linear morphism of k-vector spaces h i w, , > H/w = Hw/gw. Furthermore,

veSpa(k[e]/(€%)) € S,(k[e]/(€*)) ifand onlyif h,,, is zero on the line W0 S Wy

We want to compute A, (v). We can choose a basis ey, ..., e,_r41 of H,,, such that:
s €., e SPAN®,
e V(e1) =0 (so that e; spans Q#’r’o), Vie;) = efP)’z <i<n—r, V(enrs) = el(P)’

and

o hy,(ei)=aie,rn+w,,a;ekforl<i<n-—r.

u,r
Notice that v € S,,1(k[€]/(¢?)) if and only if a; = 0. We can lift each e; to é; =
e; + €aje,_,4 to obtain a basis onW with respect to which A,(v) = ea;(é A -+ A
&, )PL. This shows that A, has simple zeros at any point of S,.. [ ]

Finally, we prove the last desired property of 9,.

Proposition 6.16 Let f € H° (§K,W,: gr"’(QE’W)) and write
F= o fa€H Sk, g (@),
a

Ifr=n—-1,n-2, then 6,(f) is divisible by the Hasse invariant A, if and only if for each
component f, either A, | fa or p | ar.

Proof The idea is to compare the action of 6, over Sk ,,,.,, and that of multiplication
by B,. We show that they are essentially the same, up to a scalar depending on the
weight and the decomposition of gr*"(w*") in its graded terms. Indeed, one can
consider the restriction to Sk,,, of

Arpur,r®id

vf
yiw,, — Hur® Qg

p-1 1
Sk, [F Dur ® dEt(Qw) ® 0y

Sk, [F°

This is an Og,_ -linear morphism that factors through the restriction to Skowyu Of
Wrl

ke - 1
@ 'Qy,r - H#J/Q,u,r ® QEK,W

wr - BY construction of the Kodaira-Spencer map, we

v/
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have the following commutative diagram:

k—r
w,,®Hyrlw,,) —— (HM,/(J.)M)Q@(H,,r/a)l”)V(XJQ1

b |

1 Ql
SK,Wr/]F SK,wr/IF.

i [F

In particular, over Sk, the operator 6, = (id ®§;’lr)1//: @, Sym? (w,,)®
det(w, ,)? @ det(w,) ® §," coincides with multiplication by B,. In fact, more pre-

cisely, before applying the symmetrization w, . ® w,, . — Sym?*(w 4,r)> the operator
acts on local sections of w 4o A8

s— B, ®s.

Therefore, for k > 1, by the Leibniz rule, the operator 6,: A*w pr W, BN, ®
det(w, )P~ ® det(w,) ® &, acts on local sections as

SIASIA s Asp—> 3 (“1)/s; @By Asi A o AS A - Asg,
j
where, by abuse of notation, we write B, A's, s a section of w,, ., to denote the obvious
section of AZ w,,®det(w, )P '@ det(w,) ® 8,". In particular, when k=n—-r=
rk(w, ,), the formula on local sections simplifies to

SIASQA ASy_r—> B, ®s1A -+ ASy_y,

as one can see, for instance, by working on a small enough open U ¢ Sk ,,,.,, where
we can take, up to a coefficient, sy, . .., s,,—, to be a basis of w e Recall that the graded

sheaf gr*" (w®") decomposes as a direct sum of sheaves gr®" (w®"). We claim that,
forr=n-2,n-1andse H(Sk,,,gr*" (w*")), we have

0r(5)|§K>Wr+1 =a,-B

sl
r SK’WH-I

This is because, when r = n —2,n -1, w,, . has rank 1 or 2. In particular, in both those

cases, 0,(s)[, ~ can be described by considering Example 2.5 and the definition of
Wr+1

gr®” (wk"). In fact, ignoring the tensor factors relative to ®,,, and d,, which we can

do because of the Leibniz rule and the fact that 6, is zero on w, , over Skow L. S can
be treated essentially as a section of S*(«w,, ,). The sheaf S*(w,, ,) will be nonzero
only if b; <2 (recall that b is the Young tableau transpose of g) in which case, by
Example 2.5, we have the natural isomorphism

a ~ ar—a, 2 az
Sﬁ(gy,r) = Sym (Q.u,r) ® (/\ Q‘u,r) .

In this setting, we can apply the formula that describes the action of 8, as multipli-
cation by B, together with the Leibniz rule, and deduce our claim that 6,(s)[s, =

a- B, - s|§K . This formula, together with Lemma 6.15, implies what we wanted to
Wril
prove. ]
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Remark 6.17 The restriction r = n —1,n — 2 is unnecessary, but proving the same
divisibility criterion without that assumption seems to require techniques beyond the
scope of this article.
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