TEACHING NOTES 147

Teaching Notes

The extended Euclidean Algorithm made easy

The Euclidean algorithm [1] calculates the greatest common divisor
(GCD) of two integers a and b. A theorem by Bézout and Bachet asserts that
this GCD can be written as a linear combination of a and b:

GCD(a,b) = xxa+yxb

with x and y integers. The extended Euclidean Algorithm calculates
GCD (a, b) and also x and y. One of the implementations of this algorithm is
due to Donald Knuth [1, 2]. It works just fine if you use a computer, but if
you want to do the calculations by hand this is not the method to use.

In this Note we look at an alternative that is easier to use on a
blackboard (with chalk). We start with an example: GCD(1239,735). At the
left you see the Euclidean algorithm in action. The GCD is 21 and is in the
box just above the one with the zero. At the right the value of y is
determined. The structure of the Euclidean algorithm at the left (without the
last equation) is copied, but with the boxes empty. The values in the grey
boxes are then calculated starting from the O and the 1s in the top right
corner. The arrows tell you how. The value of y is the last one calculated. If
the number of equations is odd, a minus sign has to be added.

1239(=  1x|735 [+ | 504 1 (= 1x/ 1 |+| 0
735 = 1%|504 [+ | 231 2 |=  1x] 1 |+ 1
504 [=  2x|231 [+ | 42 5 |= 2% 2 |+| 1
231 |=  5x| 42 |+ 21 27 |=  5%x| 5 |+] 2
42 [= 2% 21 |+] 0

FIGURE 1

Hence here we have: y = 27. From

x x 1239 + 27 x 735 = 21
it is now easy to calculate x:
21 — 27 x 735

x= 2 - e
1239
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Why does this work? Let us write out the equations for the general case:

a |= apsx| b |+ | r; ky |= ax| 1 |+ 0
b |= aix| |+ | ky |= aix| ky |+ 1
o= ax| 2 |+| 3 ks |= x| k |+ | ki
o |= azx| r3 |+ ra ks |= azx| k3 |+ k>
Tu_o |= QuotX| Th=1 |+ | Tn kpn |= an-1x| kn-1 |+ | kn-2
Fao1 |= ap x| r, |+ 0
FIGURE 2

In this case we have that GCD (a, b) = r,. Note that since r; is a linear
combination of a and b, the same is true for r, (just replace r; in the second
equation by its value obtained from the first equation), and for r3 and so on.

The terms of the sequence k; that are calculated at the right (starting
with k_; = O and ky = 1), keep score of the multiple of b contained in r;.
We have in general:

Theorem: The remainder r; (i = 1, ..., n) in the Euclidean algorithm
applied to a and b satisfies
rp = Xx; Xa+ (—1)iki X b

for some integer x; and with k; (i = 1, ... , n) the solution of the recurrence
relation

ki = aj_1ki_1 + ki_o, koy =0,k = 1.
Proof: (Adapted from [1].)
This is easily proved using induction. It is clearly true for i = -1

(assuming that r_; = a) and i = 0 (with ry = b). Now assume it is true
for r;_, and r; _ ;. Then from

ricp =Xj_p Xa+ (—1)i_2k,‘_2 x band ricp=Xj_1Xa+ (—1)i_lkl‘_1 xb
we find that

Fi=rio—a_1 XTI = (Xi—z - ai—lxi—l) Xa+ (—1)1(](1'—2 + ai—lki—l) xb.
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Since kio+a;_1ki_1 =k, this finishes the proof (with
X; = —a;_1X-1 +X;_2).

Hence if we want to find values x and y for which

GCD(a,b) =xxa+yxb
it follows from
r, = GCD(a, b) = x, x a + (-1)"k, x b

that y = (=1)Y"k, and x = x, = (GCD(a, b) — (~1)"k, x b) provide a
solution.

You might want to try this example: GCD (766, 240) = 2. Don't forget
the minus sign!

766 |= 3% 240 |+ | 46 = 3x 1 |+ 0
240 | = 5x| 46 |+ | 10 = 5x + 1
46 |= 4% 10 |+]| 6 = 4x +

10 |[=  1x| 6 |+ 4 = 1x +

6 |= 1x| 4 |+ 2 = 11X +

4 = 2x| 2 |+ 0

FIGURE 3
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