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Abstract

In this paper we study a generalized coupon collector problem, which consists of analyzing
the time needed to collect a given number of distinct coupons that are drawn from a set
of coupons with an arbitrary probability distribution. We suppose that a special coupon
called the null coupon can be drawn but never belongs to any collection. In this context,
we prove that the almost uniform distribution, for which all the nonnull coupons have
the same drawing probability, is the distribution which stochastically minimizes the time
needed to collect a fixed number of distinct coupons. Moreover, we show that in a given
closed subset of probability distributions, the distribution with all its entries, but one,
equal to the smallest possible value is the one which stochastically maximizes the time
needed to collect a fixed number of distinct coupons.
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1. Introduction

The coupon collector problem is an old problem, which consists of evaluating the time needed
to get a collection of different objects drawn randomly using a given probability distribution.
This problem has given rise to a lot of attention from researchers in various fields since it has
applications in many scientific domains including computer science and optimization, see [3]
for several engineering examples.

More formally, consider a set of n coupons, which are drawn randomly one by one, with
replacement, coupon i being drawn with probability p;. The classical coupon collector problem
is to determine the moments or the distribution of the number of coupons that need to be drawn
from the set of n coupons to obtain the full collection of the n coupons. A large number of
papers have been devoted to such analysis when n tends to oo; see [4] and the references therein.

We suppose in this paper that p = (p1, ..., p,) is not necessarily a probability distribution,
that is, we suppose that Y »_;p; < 1 and we define po = 1 — Y 7_, p;. This means that
there is a null coupon, denoted by 0, which is drawn with probability pg, but does not belong
to the collection. We are interested, in this setting, in the time needed to collect ¢ different
coupons among coupons 1, ..., n, when a coupon is drawn, with replacement, at each discrete
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time 1,2, ... among coupons 0, 1, ..., n. This time is denoted by T, ,(p) forc = 1,...,n
Clearly, T, ,(p) is the time needed to obtain the full collection. The random variable T, (p)
was considered in [7] in the case where the drawing probability distribution is uniform. The
expected value E{T. ,(p)} was obtained in [5] when pg = 0. Its distribution and its moments
were obtained in [1] using Markov chains.

In this paper we prove that the almost uniform distribution, defined by v = (v1, ..., vy)
with v; = (1 — po)/n, where pg is fixed, is the distribution which stochastically minimizes
the time 7, ,(p) when pg = 1 — Z?:l pi. This result was expressed as a conjecture in [1]
where it was proved that the result holds for ¢ = 2 and for ¢ = n extending the sketch of the
proof proposed in [3] to the pp > 0 case. It was proved in [1] that the result holds for the
expectations, that is, that E{T, ,(u)} < E{T, ,(v)} < E{T, ,(p)}, whereu = (1/n, ..., 1/n)
is the uniform distribution.

We first consider in Section 2, the case where pp = 0 and then we extend it to the case
where pp > 0. We show, moreover, in Section 3, that in a given closed subset of probability
distributions, the distribution with all its entries, but one, equal to the smallest possible value is
the one which stochastically maximizes the time 7 ,(p). This work is motivated by the worst
case analysis of the behavior of streaming algorithms in network monitoring applications as
shown in [2].

2. Distribution minimizing the distribution of 7, , (p)

The distribution of T¢ ,,(p), obtained in [1] using Markov chains, is given by

c—1 .
PT.n(p) > k} = Y (=D (” - 1) (po+ Pk,
where S;, = {J C {l,...,n} | |J| = i} and, for every J C {1,...,n}, Py is defined by
Py =3,c; pj- Note that, we have S, = &, Py =0, and [S; | = ().

From this result we see that the function P{7, ,(p) > k}, as a function of p, is symmetric,
meaning that it has the same value for any permutation of the entries of p.

We recall that if X and Y are two real random variables then we say that X is stochastically
smaller (respectively larger) than Y, and we write X <g Y (respectively ¥ <y X), if P{X >
t} < P{Y > t} (respectively P{X > t} > P{Y > t}), for all real numbers z. This stochastic
order is also referred to as the strong stochastic order.

2.1. The py = 0 case

This case corresponds to the fact that there is no null coupon, which means that all the
coupons can belong to the collectlon We thus have Y ", p; = 1. Foralln > 1,i =1,...,n,
and k£ > 0, we denote by N ) the number of coupons of type i collected at instants 1 k.
It is well known that the Jomt distribution of the N ) is a multinomial distribution, that is, for
all ki, ..., k, > Osuchthat ) ; k; =k, we have
k!

]P{ka)zkl,...,N,E")zk,,}zm
okl

k
Py phn (1)

We also denote by U, ®) the number of distinct coupon types. We clearly have, with probability 1,
U =0,U" =1, and, fori = 0, .

PP =iy= > IP’{N,E") >0,ueJand N® =0, u ¢ J}.
JES,",l
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It is easily checked that T¢. ,(p) > k if and only if U ®) < ¢. We then have using (1),

P{T..(p) > k} = P{UK < ¢}

o
|
—

P{U® = i)

,.,N.
Il
- o

D PIND >0, ueJand NP =0, u ¢ J)
i=0 JeS;,

e—1 kj
DM IR @)
)

i=0JeS; keEy; jeJ

where Ey j = {k = (kj)jes | kj > Oforall j € J and K; =k}, with K; = Zje]kj'

Theorem 1. Foralln > 2 and p = (p1,..., ps) € (0, )" with }!_,pi = 1, and for all
c=1,...,n, we have

Tc,n(P/) Sst Tc,n (P),

where p' = (p1, ..., Pn—2, Pyp_1» Pp) Withpl_ | = App_1+(1=X)pyand p), = (1=1)py—1+
Apn forall ) € [0, 1].

Proof. The result is trivial for ¢ = 1, since T ,(p) = 1 for all p. Moreover, we have
P{T. »(p) > 0} = 1 for all p. We thus suppose now that ¢ > 2 and k > 1. The fact that k > 1
implies that the term i = 0 in (2) is equal to 0. We then have

k .

c—1 “J
Flam ==Y Y Y R[]
J

i=1JeSi, keEy jelJ
To simplify the notation, we denote by T; (p) the ith term of this sum, that is,
P
) — 2
Ti(p) = Z Z k!l_[ ki’ )
JeSinkeEyy jeJ Y

Fori =1, we have 81, = {{1}, ..., {n}} and Ey ;; = {k}, thus,

n
Ti(p) = Z pf-
j=1

Fori > 2, we introduce the following partition of the set S; :

S = c{l,...on} | [J|=iwithn— 1€ Jandn ¢ J},
S2 =(JC{l,...on} | |J|=iwithn—1¢ Jandn € J},

SO =(JS{l,....n} | |J|=iwithn— 1€ Jandn € J},
S =(c{l,...ony | [J|=iwithn—1¢ Jandn ¢ J).
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These subsets can also be written as S(l) = Si—ip—2U{n—1}, Sl.(’zn) = Si—1n—2 U {n},

Sl(3n) = Si—an—2U{n—1,n}, and S( ) — i n—2. The term 7; (p) of (3) can be expressed as

pk/ pkn 1
n—1
Ti(p) = E E k!(l |_k;!)_k '

. —1!
J€Si—1,n-2 k€Ek juin—1) JjeJ "

Y2 e(TE)E

) kn
JESi_tn-2 k€Ex jupy  NJ€J k!

pk/ pkn—ll pkn
J — n
r Y Y e(IE)eEe

JeSi—2n—2 k€Ey juin—1,n) JjeJ

kj
p.

+ Y DK (]_[ k—f‘)
JeSin_2 keEy g jes

We introduce the sets Ly j = {k = (kj)jes | kj > Oforall j € Jand K; < k}. To clarify
the notation, setting k,—1 = £ and k,, = h when needed, we obtain

k—K;

kj
p; P,
= 3 ) k’(“ﬁ!)(k—lzn!

JeSi—1n—2keLi_1,y jeJ

kj k—K
X 7
DS S () Koy
JeSi—in—2keLi-1,y jes (k=K
k

C Y oy oa(y) oy e

JeSi—an-2keLy 2 jed kit >0, h>0, é+h=k—K

F Y oy ()

JES,n 2k€Ekj jG]

which can also be written as

k;
we T K,y( ) (i)

JeSi—in—2k€Li-1y
kj

p] k_K.l
+ Z Z (k — Kj) ( F) <pn 1+ pn)

JeSi—an-2keLi2y

k
RO &k — KJ)'< k_1>(p”1]+pk KJ)

JeSicon—2k€Lr-2y

DIy b )-

JESin—2 keEy jelJ
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We denote these four terms respectively by A;(p), Bi(p), Ci(p), and D;(p). We thus have,
fori > 2, T;(p) = Ai(p) + Bi(p) — Ci(p) + D;(p). We have already shown that 77(p) =
A1(p) + D1(p), so we set Bj(p) = C1(p) = 0. We then have

c=2 c—1
P{Ten(p) > k} = Ac1(p) + Y _(Ai(p) — Ciy1(P)) +ZB (P +)_Di(p). &
i=1 i=2 i=1

Fori > 1, we obtain

A =Crap) = D, Y G= KJ),(H p’ )(p ).

JeSi- 1,n— 2keEy_ 1,J

By definition of the set Ex_1, s, we have K; = k — 1 in the previous equality. Thus,

k,
Ailp)—Cinp= Y, > k'(l"[ )(pn1+pn)

JeSi—1n—2keEy_1y JjeJ

Using the fact that the function x — x* is convex on the interval [0, 1] for every s € N, we

have
k—K k—K _ _
Pt A = Opaet + =) p) K (1= 2 put + ap) K
<A A= npk K = p R aph K
_pn 1J+Pk K’a

and, in particular, p),_| + p;, = pn—1 + pn. It follows that A._1(p") < Ac—1(p), Ai(p') —
Civ1(p) = Ai(p) — Cit1(p), Bi(p") = Bi(p), Di(p’) = D;(p), and from (4) that

IED{Tc,n(P/) >k} < P{Tcn(p) > k},
which concludes the proof. (]

The function P{T, ,(p) > k} being symmetric, this theorem easily extends to the case where
the two entries p,_1 and p, of p are any p;, p; € {p1, ..., pn}, withi # j.

In fact, we have shown in this theorem that for fixed n and k, the function of p, P{T,. ,(p) < k}
is a Schur-convex function, that is, a function that preserves the order of majorization; see [6]
for more details on this subject.

Theorem 2. Foralln >1, p € (0, )", andc =1, ...,n, we have T; ,(u) <g T¢ n(p).

Proof. We apply successively and at most n — 1 times Theorem 1 as follows. We first choose
two different entries of p, say p; and p; such that p; < 1/n < p; and then we define p; and
p; by p; = 1/n and p} = pi + pj — 1/n. This leads us to write p, = Ap; + (1 — )p; and
p;- = (1 = A)pi + Apj, with
pj—1/n

pj—pi
From Theorem 1, vector p’, which is obtained by taking the other entries equal to those of p,
that is, by taking p, = p, for £ # i, j, is such that P{T;. ,(p') > k} < P{T. ,(p) > k}. Note
that at this point vector p’ has at least one entry equal to 1/n, so repeating at most n — 1 times
this procedure, we obtain vector u, which concludes the proof. O

A=
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2.2. The pyp > 0 case

We consider now the case where py > 0. We have p = (p1, ..., py) with >}, p; < l and
po=1-— Z?:l pi. Recall that in this case T, ,(p) is the time or the number of steps needed
to collect a subset of ¢ different coupons among coupons 1, ..., n. Coupon 0 is not allowed to
belong to the collection. The number N;" of coupons of type i collected at instants 1, ..., k
follows the binomial distribution with parameters k and p;. Moreover, for all ko, k1, ..., &k, >0
such that ) 7 k; = k, we have

k! ko ki k

k k .
PNG = ko, NI = ki, o N = ) = e P

It follows that for all k1, ..., k, > 0O such that Z" ki =k — ko,

i=1

k — ko)! ki b
PVE = k. N® =, | NO = g = KK P B (e )
! n 0 kil-- ka! \ 1 — po 1 — po

As in Section 2.1, we have T, ,(p) > k if and only if U,Ek) < ¢ and so using (5), we obtain

P{Te.n(p) > k | N = ko}
c—1

=Y Y PP >0, uesand NP =0, u¢ J| N =ko)

i=0 JESi,n
c—1 L .

L X X e ([TE) ©
i=0 JESi,n kEEk—kO,J jEJ it

Theorem 3. Foralln > 1, p € (0, 1)" with Z?:l pi < l,andforallc =1, ...,n, we have
Tc,n (u) Sst Tc,n (U) Sst Tc,n (P)

Proof. From (2) and (6), we obtain, for all kg =0, ..., k,
PTen(p) > k | NS = ko} = P{T(ﬁ) >k —ko},
and unconditioning,

k

k
P{Tc,n(p) > k} = Z (£>p(l;(1 - pO)keP{TC,n(l _pp0> >k — Z} (7)

=0

Since p/(1— po) is a probability distribution, applying Theorem 2 to this distribution, observing
that u = v/(1 — po), and applying (7) to v, we obtain

k

k
P{T.n(p) >k} =) ( e)pé(l — p0)* T P(Te () > k — €}
£=0

k
_ KN g0 ke v _
=2 (i -l () < 5]

= P{T,,(v) > k}.
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This proves the second inequality. To prove the first one, observe that P{T; ,(p/(1 — po)) > ¢}
is decreasing with £. Using (7), this leads to

P(Ten(p) > k) = P{T(L) > k}.
I—po
Taking p = v, we obtain P{T, ,(v) > k} > P{T; ,(u) > k}, which completes the proof. U

3. Distribution maximizing the distribution of T, , (p)

We fix a parameter 6 € (0, (1 — po)/n] and we are looking for the distributions p which
stochastically maximize the time 7, ,(p) on the set 4y defined by

n
Zpi=1—poandpjz@foreveryj:l,...,n}.

Ap = {p € (0, D"
i=1

We first introduce the set By defined by the distributions of 4y with all their entries, except
one, are equal to 6. The set By has n elements given by

By ={(,0,...,0),0,y,60,...,0),...,0,...,0,y)}

withy =1 — pg— (n — 1)8. Since 6 € (0, (1 — po)/n], wehave | — pg — (n — 1)0 > 6
which means that By C Ayg.

Theorem 4. For everyn > 1, p € Ag, andc = 1,...,n, we have T, ,(p) <s Tc.n(q) for
every q € By.

Proof. By symmetry, P{T;. ,(q) > k} has the same value for every ¢ € 8By, so we suppose
that gp = 0 forevery £ # jandg; = y. Let p € g \ By and leti be the first entry of p such
thati # j and p; > 6. We define p(!) as

1 1 1 .
p =0, p§)=pi+pj—9>pj, p) = py fore#i,j.
Thus,

1 1 1 1
pi=np{" + 1 =np and p;=a-20p{ +21p}",

withA = (p; —0)/(pj — 0 + p; — 0) € [0, 1). From Theorem 1, we obtain
P{T.n(p) > k} < P{T..(p'") > k}.

Repeating the same procedure from distribution p(!) and so on, we obtain, after at most n — 1
steps, distribution ¢, that is, P{T, ,(p) > k} < P{T. ,(q) > k}, which completes the proof.
]
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