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We consider a uniform model of computation over algebraic structures resulting from a
generalization of the Turing machine and the BSS model of computation. This model allows
us to gain more insight into the reasons for unsolvability of algorithmic decision problems
from different perspectives. For example, classes of undecidable problems can be introduced
in several ways by analogy with the classical arithmetical hierarchy and, for many structures,
the different definitions lead to different hierarchies of undecidable problems. Here, we will
investigate some classes of a hierarchy that is defined semantically by our deterministic
oracle machines and that can be syntactically characterized by formulas whose quantifiers
range only over an enumerable set. Starting from machines over algebraic structures
endowed with some relations and containing an infinite recursively enumerable sequence of
individuals, we will also consider this hierarchy for BSS RAM’s over the reals and some
undecidable problems defined by algebraic properties of the real numbers.

1. Introduction

The arithmetical hierarchy is a classification of arithmetically definable sets that results
from the complexity of formulas. These sets are defined by formulas in the language of
first-order logic with the symbols + for the addition on IN, R for a decidable relation and
the non-negative integers as constants. This means that each of these sets contains those
non-negative integers which satisfy a set of quantified formulas in the Peano arithmetic
that is based on the Peano axioms. The classes L0 and T1 of the arithmetical hierarchy
are defined as follows (cf. Soare 1987, p. 60) where we use the symbol € in any formula
B € C (of our metalanguage) in order to express that a set B belongs to a class C.

The arithmetical hierarchy. Let B < IN.

i. Let B be in =Y (and in I1J) if and only if B is recursive (i.e. iff B is decidable by a
Turing machine).
ii. For n > 1, let B be in X{ if there is a recursive relation R < IN"™! such that

X € B <= (y1)(Vy2)(3y3) - (Qyu)R(x, y1,. -, Vn)

holds, where Q stands for the symbol 3 if n is odd and for the symbol V if n is even.
iii. For n > 1, let B be in TIY if there is a recursive relation R < IN"*! such that

x € B <= (Yy1)3y2)(Vy3) - (Qyn)R(X, Y1, ¥n)
holds, where Q stands for the symbol V if n is odd and for the symbol 3 if n is even.
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iv. For n> 1, let B be in A% if B € 0N 110,
v. B is arithmetical if B € |, (Z0 UTIY).

A characterization of this hierarchy by Turing degrees was summarized in Post’s
Theorem (cf. Soare 1987, p. 64). In this theorem, the empty set (J represents the class of
all recursive sets and, for any A < IN, the set A’ generated from A by the jump operator
represents the class of all sets that are Turing equivalent to the Halting Problem for oracle
Turing machines using the oracle set 4. Moreover, we have 4©) = 4 and A"*+D = (4™y
for all n > 0.

Post’s theorem. For any n > 0, B belongs to AY, | if and only if B is decidable by some
oracle Turing machine using (" as oracle set. Moreover, the following properties are
equivalent:

i. B belongs to 2, .

ii. B is recursively enumerable by an oracle Turing machine using a set in IT? as oracle.
iii. B is recursively enumerable by an oracle Turing machine using a set in X0 as oracle.
iv. B is recursively enumerable by an oracle Turing machine using @™ as oracle set.

v. B is one—one reducible to g1,

This close connection between the arithmetical hierarchy and the jump hierarchy
a3, ', d",... results from the recursive enumerability of the integers and the fact that
the elements of relations R = IN" and decision problems P = IN” such as several halting
problems can be represented in a simple way by single integers. For example, any triple
of an input, a number of steps and the code of a machine can be encoded by a single
positive integer and so on. By Post’s Theorem it is possible to introduce the arithmetical
hierarchy in several ways. On the one hand, we can take the syntactic approach and
define the classes of the hierarchy by quantified formulas. On the other hand, we can take
the semantic approach and define the hierarchy in the context of oracle Turing machines.
This kind of approach is based on an abstract machine model and an interpretation of the
individual instructions. In both ways, we get the same hierarchy since every projection of
a relation R is recursively enumerable by means of R as oracle. Both approaches are also
useful for introducing various classes of decision problems with respect to the BSS RAM
model over an arbitrary structure. One possibility is to define the classes of problems
step-by-step by means of deterministic oracle machines, and alternatively we can define
new classes syntactically by describing problems by quantified formulas with quantifiers
ranging over the entire universe of the underlying structure. However, one gets, in general,
different hierarchies when one moves beyond Turing machines and the underlying set of
individuals and, thus, the range of the quantifiers are not enumerable. This is confirmed,
for instance in Cucker (1992), where the considered model of computation is the BSS
model over the ordered ring (or field) of all real numbers. Cucker defined two hierarchies
%0, 21,... (on p. 381) and Z),ZY,... (on p. 388) in the context of deterministic real
oracle machines and non-deterministic real oracle machines, respectively, and he gave a
characterization of these hierarchies by formulas in the framework of infinitary logic. As in
the classical setting, the classes £; and X at the lowest level contain exactly the problems
semi-decidable by BSS machines. For n > 1, the other classes X, and X differ from each
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other since the power of non-deterministic BSS oracle machines which can guess arbitrary
real numbers is very closely related to the power of the quantifier alternation over the
reals. Cucker used that the individual classes of the first hierarchy can be described by
means of quantifier-free formulas of infinite length, whereas the analogous description
for the classes of the second hierarchy requires quantified formulas (of infinite length). In
accordance with this observation, there are analogies between the completeness of various
sets at various levels in the classical arithmetical hierarchy and the completeness of certain
problems in the BSS theory, but some of these problems are complete for classes of the
first hierarchy and other problems are complete with respect to the second one.

We want to take the investigation of Cucker into account and give two definitions for
hierarchies over arbitrary algebraic structures in analogy with the classical case such that,
for the structure (IN;IN;4;=), the definitions coincide with the usual descriptions of the
arithmetical hierarchy. The first hierarchy will be defined with the help of oracle machines
and the second one by means of quantified formulas.

Cucker refers in his work in particular to Moschovakis (1980). Some projective
hierarchies have already been considered for several structures in Moschovakis (1969), too.
However, there, the notion of computability over abstract structures is based on a machine-
independent concept that — at least at first sight — shares only a few common features with
our approach, especially since in contrast to our model Moschovakis considered partial
multiple-valued functions as basic functions.

Our claims of a practicable concept of algorithm are closely linked to the expectations
that certain operations and relations can be executed in a certain sequence of steps and
that — on the base of this idea — the process can be represented by flow charts. Therefore,
we choose a generalization of models which combines the characteristic properties of Real
RAM models (that are known from computational geometry and introduced in Preparata
and Shamos (1985)) with the requirement to process inputs of arbitrary length uniformly.
Thus, on the one hand, our BSS-RAM model of computation reflects our intuitive idea
of what an algorithm for processing real or complex numbers in mathematics is. And, on
the other hand, this model of computation over algebraic structures endowed with non-
trivial relations is suitable for analysing programs in high-level programming languages
and designing efficient programs for processing inputs of arbitrary length by computers.
Building on such expectations a series of models of computation over several structures
were developed. However until now, the models were not systematically compared. At this
point, we want to mention only two important early papers whose approach for specifying
the notion of algorithm marked and mark, directly or indirectly, the further development.
First, the model of computation over several structures introduced in Scott (1967) seems
to be a forerunner of the development of abstract machines over arbitrary structures (cf.
Borger 1992, p. 10). Second, the uniform BSS model of computation, defined by means of
flow charts (cf. Blum et al. 1989, 1998), is extremely useful because of its simplicity and
the ease of uniform treatment of all instances of an abstract type.

Uniform processing. Perhaps the most important feature of the BSS machines is that

they can process inputs of arbitrary length uniformly. This was — as recently confirmed in
Gridel (2007, p. 217) — a novelty at the time when the model was developed. This model
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is helpful when investigating the complexity of mathematical problems even though its
principal capabilities — also in comparison with other models over algebraic structures —
had not really been studied systematically in all their scope and consequence. We think
that the ability of any single machine to process inputs of any length uniformly is of
the utmost importance. In particular, over the ring of reals, we thus have a model for
describing the complexity of many practical relevant problems and, moreover, one can
circumvent several problems which arise from the fact that tuples of real numbers cannot
be effectively encoded by single reals (cf. Friedman and Mansfield 1992, Theorem 17).
Hence, the uniformity is also a key feature of our more general model of computation
over algebraic structures. It leads to a strengthening of certain classical methods on a
higher level of abstraction, and it will also make clear which methods are suitable to
provide analogues to the classical results and which ones are not.

Looking beyond this particular feature, our investigations — of course — are also related
to a large number of other computability theories over structures, many of which are
discussed, cited and compared, for instance, in Tucker and Zucker (2001) and Blum et al.
(1998).

As is generally known, at an earlier stage the Turing machine and the class of partial
recursive functions (produced by recursion and the p-operator) and then also the register
machines for processing non-negative integers were introduced in connection with the
need to create a precise notion of computability. It turned out very quickly that, as
many textbooks describe, these classical models of computation lead to the same class
of computable functions. Apart from the properties that any tuple of integers can be
represented by a single integer and that this integer can be represented and effectively
encoded by a sequence of zeros and ones and (effectively) enumerated, most features
of algorithms used in the proofs are of a very general nature and independent of the
special underlying structure. More generally, it can be shown that in using stacks for
storing certain parameters (the arguments of the recursively defined functions) recursions
can be illustrated by flow charts. Conversely, every possible change of configurations of
an abstract machine can be described by making suitable case distinctions, and every
sequence of such changes can be defined by recursions, and moreover a stopping after
reaching a termination condition can be expressed by means of the pu-operator (cf. Kleene
1952, for the classical case). For arbitrary structures, including the ring of reals, there
are corresponding relationships between the BSS-RAM model and the safe-recursive
functions considered in Bournez et al. (2003) and Bournez et al. (2006) and also a certain
connection between the BSS-RAM model and the search-recursive functions that were
already introduced by Moschovakis in 1969.

The articles just mentioned deal with machine-independent characterizations of com-
putable functions by means of recursions and an operator similar to the u-operator where
in the papers of Bournez et al. the description of several complexity classes stands in
the foreground. Moschovakis restricted his model — for the purpose of uniformity — to
structures that are closed under a pairing operation so that any tuple of individuals can be
represented by a single individual. Apart from this restriction, we can say that, for many
algebraic structures, there is a close relationship between our model and his model and
in particular between the v-operator (defined on p. 449) and non-deterministic guessing.
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However, in contrast to the BSS model, it is, for instance, possible to compute a function
f with the function values f(2) — \/§ and f(2) —» —ﬁ by v within Moschovakis’ model
of computation over the ring of reals. To some degree Moschovakis leaves it to the reader
whether by using the v-operator all suitable elements (e.g. all zeros of a polynomial) can
be guessed — by analogy with the non-deterministic BSS machines — or whether a suitable
element is searched along an arbitrary well ordering by an oracle. However, only the
first case was pursued and, thus, all computable functions are multi-valued functions. In
this respect, one can say that — with regards to more recent models — our model has
more common properties with the models considered in Hemmerling (1998), Poizat (1995)
and Asveld and Tucker (1982), in order to mention just a few, while other approaches
such as the one in Tavana and Weihrauch (2011) have more affinity with the model of
Moschovakis.

For the non-deterministic decision of problems, the mentioned differences play a
relatively insignificant role and, therefore, we can confirm that, for the ordered ring of
the reals, the projective hierarchy such as introduced in Moschovakis (1969) corresponds
to the second hierarchy defined in accordance with the hierarchy =N, ZI,... in Cucker
(1992). That is also the reason why some closure properties formulated by Moschovakis
for the individual classes of the projective hierarchy can be directly transferred to our
second hierarchy, which we will not discuss in the present paper, and indirectly even to
the first hierarchy, which is more closely examined below.

After a short definition of the model and the hierarchies, we will only consider
structures A = (U;(d})jes,; (fj)jes s (Rj)jes,» =) containing a finite number of operations
and relations and, to simplify matters, an infinite recursively enumerable subset of
individuals that we denote by IN = {0,1,...}. For these structures, some classes of
the first hierarchy, defined by deterministic oracle machines, will be studied.

Then, the problems in the classes of this hierarchy can also be described by quantified
formulas of first-order logic over an extension of the structure .4 that may contain variables
for all tuples of the individuals, symbols for the constants, the operations and the relations
(predicates) of A, and additional symbols R for decidable relations (or more precisely for
decision problems P < |J,.y+ U') and R. Ry is the symbol for a unary relation satisfied
by the elements 0,1,... that, in general, does not belong to A. To simplify matters, in
the following we do not distinguish between the symbols and their interpretations and
we will also write y € R instead of R(}), for relations R over U, and y € IN instead of
Rn(y) or y € Rn. Moreover, in these formulas of our metalanguage, we write (x.y) and
(s.Xx) instead of (x1,...,Xu, V1,---,Vm) and (s, xy,..., Xx,), respectively, and so on. If we need
computable indices for sequences Xy, Xi,... of individuals, tuples, or functions, then we
let X; =¢r X; and we will use several notations for such sequences: (X;)ieN, (X5)iew and
(Xi)iew- Sometimes, we write i < j if i < j and we use min{i, j} =¢r min{i, j} and so on.

The paper is arranged as follows: In the second section, we give a short overview of the
used model of computation and the basic notions and concepts. In the third section, we
introduce two hierarchies for the BSS RAM’s in analogy with the arithmetical hierarchy
and in the fourth section, for structures .4 with only a finite number of operations and
relations, with all their individuals as constants, and with an effectively enumerable set,
we present some complete problems for the classes of the first hierarchy. In section 5, we
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transfer the Limit Lemma in order to characterize the class A-AJ for these structures. In
section 6, we discuss some interesting features of problems in the class A-AY for several
structures A over the reals and we end the paper with a summary in section 7.

2. The model of computation

Let A = (U;(dj)jesy; (fj)jes s (Rj)jes,»=) be any algebraic structure with the constants
d; € U, the operations f;, and the relations R;. For j € Ji, f; is an operation of arity
ny, = 1. For j € Jy, R; is a relation of arity ng;. Every A-machine M (or machine M over
A) is equipped with registers Z1,Z,,... for single elements of U and with a finite number

of registers Iy,1,...,I,, for indices in INT =4 IN'\ {0}. For each input (x,...,x,) from
the input space U* =4r J,cp+ U' (U contains only tuples and it does not contain infinite
sequences), before beginning the execution of the program, the sequence xi,. .., Xz, Xu, Xp, . - -

is assigned to the registers Z;,Z,,... and the index registers get the content n. After the
input procedure the machine executes its program defined by a finite sequence of labelled
instructions until the output instruction is reached. The labels may be positive integers
and the allowed instructions are the following. The computation, copy and branching
instructions have the form Z; := fk(Zjl,...,ij ), Zj == dyx Z1, = Zy,, and if cond then
goto i else goto I, where cond can be of the form Rk(Zjl,...,Z_,an) or Z;=Z;and l; and
I, must be labels occurring elsewhere in the program. The index registers which we need
for indirect addressing can be modified by I; := 1 and I; := I+ 1, and their contents can
be evaluated by means of branching instructions of the form if I; = Iy then goto I, else
goto l). They are also used in the copy instructions Z;, := Z;, and in the output procedure,
and they are important for oracle machines using some oracle O < U®. To realize the
evaluation of queries of the form z € O?, we allow to execute oracle instructions of the
form

if (Z1,...,Z;,) € O then goto I, else goto I, (1)

where the length of the tuple Z = (zy,...,z,) in a query is determined by the content m of
the index register I;. If the output instruction is reached and the content of I is m, then
the tuple of the values zy,...,z, of the first m registers Zi,...,Z, is the output and the
machine halts. Thus, for any input X € U®, a machine goes through a computation path
that is uniquely described by a sequence of labels of the instructions of its program. We
assume that every assignment of a (machine) constant to a register, every computation
of a value of a function of A, and every evaluation of a relation of A in the tests can
be executed within one step. Therefore, let the length of any computation path be the
number of instructions that need to be performed along this path. The input—output
behaviour of an .A-machine determines a partial function f : U — U® for which f(X) is
undefined, if the machine does not halt on input X. Such a function is called computable
by an A-machine and we say also that it is computable over A.

Now, let A be a fixed structure with a finite number of operations and relations and
{d;j | j € Jo} = U and let IN be an infinite subset of U whose elements we denoted by
0,1,.... Hence, the members 0, 1,... denote constants of A. Moreover, let the function
succ, defined for all n € IN by succ(ii) = n + 1 (and undefined otherwise), be computable
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over A. Consequently, the partial function pred given by pred(i)) = n — 1 for all n € IN*
and pred(0) = 0 is also computable over A and the set of all successors succi(ii) of
ii is effectively enumerable. More precisely, we can say that IN and IN” are effectively
enumerable over A and they are semi-decidable by some A-machines My and M= in
the sense of the following definitions.

A set S = U™ is recursively enumerable (or effectively enumerable) over A, if there are
a function f : U* — U™ that is computable by an .A-machine and a tuple of constants,
$ € U” such that S = {3, 1(3), f*(3),...}. A problem P < U™ is semi-decidable over A (or
semi-decidable by an A-machine), if its partial characteristic function ¥p : U* — {1} is
computable by an .4-machine, and the problem P is decidable over A if its characteristic
function yp : U* — {(_),I} is computable over A. Therefore, the notions recursive and
recursively enumerable used in the classical recursion theory mean decidability and semi-
decidability, respectively, over (IN;IN;+;=). Thus, as in the classical theory, the halting
sets H 4 of all A-machines M are semi-decidable, and a set is decidable over A if it and its
complement are semi-decidable over 4. On the other hand, for structures such as the ring
of reals there are halting sets S = IR (e.g. S = IR) which are not effectively enumerable
since they are not countable. Moreover, if the universe U is not countable, then the set
IN < U is not large enough to provide representations for all machines with all possible
machine constants. Therefore, for any A-machine M, let its code ¢y =qf code(M) € U*
be the sequence of the codes of all single symbols in the order they appear in the program
of M and, in these codes, let any constant in U be represented by itself (after a suitable
prefix). This prefix and the other single symbols of the programs are unambiguously
encoded by tuples of k symbols in {0, 1}* where k is only dependent on A. Because, we
assume that any program has only one input instruction and only one output instruction
and it begins with the input instruction and it ends with this output instruction, the set
of codes is prefix- and suffix-free, which means that there is no code of a machine that is
a prefix or a suffix of any other valid machine code.

Let M4 be the class of all .A-machines and let M 4(O) be the class of all A-machines
using the oracle O = U%. From the unambiguousness of the representation of the
programs, it follows.

Lemma 2.1. CODES 4 =g4r {caq | M € M4} as well as the set of the codes of all oracle
machines over A are prefix- and suffix-free and decidable over A.

For these classes, we will also consider the halting problems defined by
H = {(G.cpm) | X € U & M e M4[(0)] & M) |},

where we write (X.caq) instead of (x,...,Xm,S1,...,8) if X = (x1,...,Xx,) and cpy =
code(M) = (sg,...,s). M(X) | and M(X) T are used to express the facts that M halts
on X or not. Since we consider only structures with a finite number of operations and
relations, by Lemma 2.1 we get:

Lemma 2.2. IHEE‘Q] is semi-decidable by a machine in M € M4[(O)].

We denote the class of all problems P = U® that are semi-decidable (recognizable) over
A by SDEC4 and the class of all problems that are semi-decidable by a machine in
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M_4(O) by SDECEZ where we say that a problem is semi-decidable by an oracle machine
M if M computes the partial characteristic function of this problem. Moreover, let
SDECS = Upec SDECY and let DEC 4, DECG and DECS be the corresponding classes
of problems decidable without or by means of oracles. All further definitions and notations
refer in any case to the computation over the fixed structure A. Hence, by analogy with
the classical case (cf. Soare 1987, p. 50 and p. 19), let the Turing reduction <7 and the
one—one reduction <; be defined by means of oracle machines over A and total injective
reduction functions that can be computed by .A-machines, respectively. Consequently, it
is easy to see that we have

O<rHY, Hy<rHS 0< HY Hy< HY.

3. A hierarchy of undecidable problems and Post’s theorem for structures .4

We consider the following two hierarchies for every fixed A where n can be any non-
negative integer (such that the classes X, considered in Cucker 1992 coincide with the
classes (IR;IR; -, +, —;>)-ZY and the classes I with the classes (IR;IR; -, +, —;>)-ZNP).

1. A hierarchy defined semantically by deterministic machines:
T} = A-X) = DEC,,
Iy = ANy = {U”\P|PeX),
A = AN = 30NTIY,
=
22+1 = A-X) | = SDEC}.
2. A hierarchy defined syntactically by formulas:

NP = DECy,
NP = (U*\ P | P exP),

n

[A-]
[A-]
[AJAYP = P NP,
[A-]

MR = {P = U”[(3Q e N)PWVX(X € P <= 3y € U™)((y.X) € Q))}.

The second hierarchy can be described semantically by non-deterministic machines.
That is the reason that we use the superscripts ND and 0 to differentiate between the
classes of both hierarchies. Moreover, by analogy with the arithmetical hierarchy, the first
one can be characterized by a jump hierarchy over A as follows where

(n—1)

HY =4 & and HY =4 H A4 for n > 0.

Theorem 3.1 (Post’s Theorem for computation over A). Let A be any algebraic structure
with a finite number of operations and relations.
For any n = 0, the two following properties are equivalent.

— B belongs to AY,,,

— B is decidable by an .4-machine using IH(j) as oracle set.

Moreover, the following properties are equivalent.
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i. B belongs to X0 .

ii. B is semi-decidable by an A-machine using a set in 1Y as oracle set.
iii. B is semi-decidable by an .A-machine using a set in XY as oracle set.
iv. B is semi-decidable by an .4-machine using IH(;{) as oracle set.

v. B is one-one reducible to IHST”.

Obviously, by definition, we have H4 = IH4 = H'). Summarizing, the classes of the
first hierarchy have the following form.

Corollary 3.1. For any algebraic structure .4 with a finite number of operations and
relations and any n > 1, we have

(n—1)
(i) 0 = SDECA = (P cU*|P <, HY},
() I = {PSUTIP X UT HY)
(i) &) = DECEE" = (p U | p <y Y,

In Corollary 3.1, the relationship (ii) results directly from (i) since A <; B means that
there is a computable total injective function f : U — U® such that, for all x € U®,
X € A holds if and only if f(X) € B and, consequently, X € U* \ 4 holds if and only if
f(x) e U*\ B.

By the usual diagonalization techniques (cf. Corollary 8 in Gallner 2009) the following
can be shown.

Proposition 3.1. For any n > 1, IHEZ) A7 IH(X_U.

Whereas Post’s Theorem for BSS RAM’s can be directly derived from the definitions,
the proof of the following proposition requires more insights into the execution process of
BSS RAM’s. In general, the proofs of the classical theory can be only partially transferred
directly for two reasons.

1. In the classical case, the syntactic and semantic techniques are often mixed in line with
the following facts taken for granted.

— The class of all semi-decidable sets agrees with the class of all enumerable sets in
the classical case.
— The set IN is decidable in the classical case.

2. Here, we may only assume the following.

— All sets enumerable over A are semi-decidable over A.
— The set IN is semi-decidable over A.

Proposition 3.2 (A syntactical characterization of X0).
Forn>0,%0,, ={P cU”|(3Q € MM)VX(Xx € P <> (Is € IN)((s.X) € Q))}.

Proof. At first, we want to show the inclusion =. Therefore, let
P={XeU”|(3se€N)(s.X)€ Q)

for some Q € 1. For this Q, we have (U*\ Q) <; IH(JZ) by Corollary 3.1, that means that
there is a computable function f : U® — U® with f(s.X) ¢ IH(JZ) if and only if (s.X) € Q.
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This implies that P is semi-decidable by means of the following program of an oracle
machine using IH(X) as oracle.

1. Input X € U™,

2. Let s =0;

3. compute f(s.X);

4.if f(s.X) € IH(”) then {s := succ(s); goto 3} else halt.

Therefore, by the equivalence of i and iv in Theorem 3.1, we have P € X9 +1
Now, let us assume that P is any problem in X¥ w1 and let M € M A(H—I ) be an oracle
machine semi-deciding P by means of the oracle IH' e

For n = 0, we can take the decidable set
0={t.x)|te N&Xe€U*& M(X) ]}

where, here and in the following, £(7) |' and £(7) 1* (as well as £(7) |’ and £(J) 17) mean
that the machine £ halts on j within t steps or not. (Note, that £(3) 1° holds in every
case.)

Now, let n = 1. In order to define a suitable set Q for which U® \ Q is semi-decidable
by a machine in MA(IH(;"_I)), we use the following observations.

1. If a machine M in M 4(O) executes an oracle instruction of the form (1), then the next
step of M is dependent on the content Z = (zy,...,z,) of the registers Zy,...,Z;. If O
is the oracle IH(X) and Z is not of the form (y.c.) for any y € U* and any machine
LeM A(IH(JT“ ), then the query Z € IHS:?? is answered in the negative. In the other
cases, the answer of (y.cp) € IH(JZ)? is dependent on whether £(y) | or £(y) T and
consequently, by Proposition 3.1, the question is not always decidable by means of the
oracle ]H("_1

2.1t is p0551ble to simulate a finite number of steps of £L € M (IH on y by a
universal machine using IH "1 as oracle and, consequently, £(y) |' and L(y) 1! are
decidable by means of the oracle IH(;{_“

3. For any X, the input X is accepted by M if and only if there is a finite accepting
computation path traversed by M for this input. Such a path of length / is uniquely
determined and, consequently, there is a maximal and uniquely fixed sequence of all
possible queries

n— 1))

GV .ce) e HY?, (5% co) e HY 2., cp) e HY 2 (k<) (2)

asked during the computation of M on X in this order before the machine halts.

4. If M accepts X, then the accepting behaviour of M on X results from the beha-
viour of several encoded machines that can be uniquely described by the feature
Fas = (I B1,..., Bx) as follows. Let ay,a,,...,04 be the finite sequence of 0’s and 1’s
representing the answers yes (= 1) and no (= 0) of the oracle queries in (2) in this
order. For i <k, let 5; = 0 iff ; = 0 and let 5; = ¢t > 0 iff the ith oracle query
(3D .cp,) € IH(" ? is answered in the positive and we have £;(3") 1~! and £;(3") |!
for £; € MA(IH” D).
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5. Let, cantor : IN” — IN be the computable function for determining uniquely the
Cantor-number for any tuple in IN” in the known way. Then, any tuple Fo; =
(I, B1, ..., Px) can be computed from its Cantor-number cantor(l, 1, ..., fi).

6. There is a machine £ € M4(IH'; ") that, on inputs .y .oee, o .jz(i-f).c,ci/_) € U*,
can simultaneously simulate all these £;’s on 3 with the help of the oracle IHEZ'(“
and halts if and only if an output instruction is simulated.

7. The behaviour of M on X can be checked by a machine Ny, € M A(IH(,TD) in the
following way so that Ny does not halt on (s.X) = (cantor(l,by,...,b;).X) if and
only if M accepts the input X and ([, by,...,bi) is the tuple Fpq; that provides the
background information about the oracle queries made by M on X.

— On input (s.X), first My simulates M on X, with one restriction:

— Instead of the queries (3.cr,) € IH(JZ) ?, Naq checks whether £;(3%) |* and
Li(pW) ppred(bi)

— If the output instruction of M is not reached after considering [/ instructions of
M, then N, halts.

— If the output instruction of M is reached after the ‘pseudo’-simulation of at most
I instructions of M, then A, simultaneously simulates those of the machines L;
on ¥ for which b; = 0 is given and halts if and only if the output instruction of
one of these machines £; is simulated.

In view of these considerations, we can give a program for Ay such that M accepts X if
and only if there is an s € IN such that My, does not halt on (s.%). Let Ny € MA(IH(J’Z‘_I))
be the following machine.

. Input (s.X);

. check (i.e. semi-decide) whether s € IN holds by executing the program of Mp;
. write down the code cpq of M;

. compute [, by,..., b, such that s = cantor(l,by,...,by);

. j :=0; let Z be the empty tuple;

. simulate — apart from the oracle instructions given in the form

AN N AW N~

if 3.ce,) € HY then goto IV else goto 15 (3)

— the program of M on X and evaluate the condition in (3) as follows:
— if by # 0, £i(3D) 1Prd®) and £,(57) |7, then goto instruction I\ in cuy;
— if b; # 0 and (L£;(37) [Pr4®) or £;(3P) 1), then halt;

— if b; =0, then {j := succ(j); add (3¥.£;) to Z; i; := i; goto instruction I in ¢}
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7. if the output instruction of M is not reached after the simulation and evaluation of [
instructions of M,

— then halt;

— else simulate £ € M4(IH';™") on (j.2) for z = e, .j}“f).c[;,j) and halt
if the output instruction of one of these machines is simulated (if no output
instruction is simulated then do not halt).

Consequently, we have Ny € M A(IH(JZ*”) and, for its halting set Hys,,, this implies
Hy,, <1 HY and Hy,, € 20 Moreover, for Q = U\ Hy,, € I1%, we have the following.

— X € P if and only if M halts on X if and only if there is an s € IN with (s.X) € Q.
O

Corollary 3.2 (A syntactical characterization of I1°).
Forn>0,IIY,, = {P < U” | (3Q € Z)VX(X € P <> (Vs € IN)((s.X) € Q))}.

This allows us to show the following.

Proposition 3.3. For any algebraic structure .4 with a finite number of operations and
relations, we have a proper hierarchy

chz(l)cf,gc---.

Proof. Let n = 1. By Proposition 3.1, IH(X) € XY is not decidable by an .A-machine using
IHEZ_I) as oracle set and, thus, we have IHEZ) ¢ A2 and, consequently,

H' ¢ 119, 4)

Now, let us assume that we had IH(JZ) € X0 ,. Then, we would also have Q = {(s.X) |

(5,%) € N x HY} € 20| and thus HY} € I19 in contradiction to the fact (4). O

Summarizing, we can say that this section has established a distinction between
the hierarchies defined above: one is defined by quantifiers over U, and the other is
characterized by quantifiers over IN.

4. Some complete problems

Let A be again a structure with only a finite number of operations and relations and let
all individuals be constants.

The problem whether any given machine computes a total function f : IN — IN is
known as I19-complete with respect to the classical recursion theory (cf. Soare 1987,
p. 66). Cucker transferred this result to the BSS model and showed that the problem
whether any given deterministic BSS machine computes a total function f : IR* — IR” is
1Y -complete for the mentioned hierarchy defined by means of non-deterministic oracle
machines. For our purpose it is useful to start with the following complete problem for
the fixed structure A where we call a function f : U* — U™ total on IN™ if f(%) | holds
for all X € IN™ (i.e. if f(X) is defined for all X € IN”).
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Proposition 4.1. The problem
TOTALN = {cn | N € M4 & N computes a total function on INw}
is I19-complete.

Proof. The problem TOTAL is in Hg since IN” is effectively enumerable and, thus,
there is a machine in M4(IH 4) that accepts any input cpr € CODES, if and only
cy ¢ TOTALN. By Lemma 2.1, the latter means that the complement U* \ TOTAL
is semi-decidable by a machine in M4(IH4). Let P < U and P € I19. By definition its
complement R = U® \ P is semi-decidable by some machine M € M_4(IH 4). We will give,
for any X, a machine N; ¢ such that R can be reduced to the complement of TOTAL
by a computable mapping X — ca, ,,» and then, as a direct consequence we will get that
P can be reduced to TOTAL.

For any X, let N; v € M4 be the machine executing the following program where Ny
is the machine that was considered in the proof of Proposition 3.2.

1. Input (I, by, ..., by) € UK,

2. check (i.e. semi-decide) whether (I, by,...,by) € IN**' holds by executing the program
of M]N‘X ;

3. execute the program of N, on the input (cantor(l, by, ..., bi).X).

Note, that such a machine A; x can use xi, X2, ... as machine constants since all individuals
in A are permitted to be machine constants. A;_xq halts only if the input is from IN” and
N halts on (cantor(l,by,...,by).X). Thus, X belongs to R and is accepted by M if and
only if there is an input (I, by,...,by) € IN**! for which N does not halt. That means
that X € Riff cp ,, ¢ TOTAL. U

From this, we can derive further complete problems where H 4 is the halting set of M.
Proposition 4.2. The problems
INCLI = {(cp.cn) | M\ N €My & HyyNINT € Hy nINT)
and
INCL2 = {(caq.cn) | (M, N) € M4g(IH4) X My & Hyg NINT € Hy nINT)
are T13-complete.

Proof.

a. INCL2 is in I1J since its complement is semi-decidable by a machine in M4(IH 4)
executing the following algorithm where #(?, #(1), ... is an effective enumeration of all
tuples in IN” such that i) = #Y) implies i = j for all i, j € IN.

1. Input X € U”;
2. decide whether X = (cuq . cpr) for some (M, N) € M4(IH 4) X M 4; if not, then halt;

3. enumerate all tuples (t.7#)) and do, for any (t.7), the following: decide, by using
H 4, whether M(#Y)) |
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— if (M(@AYV) |F and N(AY) |) or M) 1!
then {goto 3 and take the next (t.7)};

— if M@@D) |* and N(#¥) 1 then halt.

Consequently, INCL1 is also in T19.
b. Let M, be a machine with Hy, = IN”. TOTALy <; INCL1 and TOTALN <;
INCL2 hold since the reductions to these problems are possible by X — (ca, - X).

O

As the following proof shows, the IT9-completeness of TOTALp implies the X9-
completeness of FIN.

Proposition 4.3. The problem
FINN = {cp | M € My & Hy NINT s finite}
is X9-complete.

Proof. Let 7,4V, ... be again an effective enumeration of all tuples in IN” such that
i = 7l implies i = j.

First, we want to give a reduction of U* \ FIN to TOTALN which implies that
U*\ FIN € Hg. Let M € M4. Obviously, cyq € FINY if, for every i, there is a j > i
with M(i¥)) |. Let N,y € M4 be the machine checking the behaviour of M by executing
the following program.

1. Input X = (xq,x2,...,X,) € U?;

2. check (i. e. semi-decide) whether X € IN” holds by executing the program of Mgz
3.8 == Xq;

4. s := succ(s);

5.if (M()) |* for some j = succ(xy),...,s) then halt else goto 4.

The machine Ny, halts on the input X if and only if X belongs to IN” and there
is a successor j of x; such that M(i¥)) |. Consequently, cpq ¢ FIN if and only if
cny, € TOTAL. That means that U® \ FIN can be reduced to TOTAL and FINp
can be reduced to U* \ TOTAL, and in both cases the reduction is possible by means
of a computable mapping with caq — cpy,, and X — X for all X € U* \ CODES 4. Thus,
FINp is in Zg.

Second, we know, by Proposition 4.1, that U*\ TOTAL is Zg—complete. Therefore, we
want to give a mapping ¢y — 7, for reducing the £9-complete problem U*\ TOTAL
to FIN which implies the Z9-completeness of FIN. We use that cxq € U\ TOTAL
if and only if there is a j with M(#Y)) 1 and M(2?) | for all i < j. Let M € M4 and let
N € M4 be the machine executing the following program.

1. Input X = (x,Xx2,...,X,) € U”;

2.i:=0;

3. simulate M on #;

4.if X = i1V then halt else {i := succ(i); goto 3}.
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Consequently, ¢y, € TOTALy if coq € TOTALp, and if there is a j with M(ii?) |
for all i < j and M(iaY) 1, then Ny (i) | for all i < j and Ny (#®) 1 for all k > j.
Thus, ¢y € U* \ TOTALy if and only if ¢y, € FIN. L]

5. The class A-A and a limit lemma for A

The discussion in this section was inspired by the paper Spreen (1995) where, building on
the Limit Lemma, the class AS of the arithmetical hierarchy was characterized by infinitary
domains. We want to continue the study of the class A-A9 with particular reference to
the well-known standard work (Soare 1987).

In order to characterize the class [A-]AY, we transfer some notions and the Limit Lemma
(cf. Soare 1987, p. 57) and describe the characteristic functions yp of the problems P € A9
by means of computable total functions. If A is a structure over the reals including the
non-negative integers in IN, then the following holds for the usual notion of limit which
can be defined by means of the Euclidean metric for any subspace IR". If A is a structure
for which this metric is not available, then we take the discrete metric and, for any
sequence ), y1,... of elements in U, we use the notation limg_,,, y; = y if y; = y holds for
cofinitely many values of s.

For any sequence of total functions f; : U* — U® (with f5 = f for all s € IN) and
a function f : U* — U™, we write limg_,, fy = f if fo, f1,f2,... converges pointwise to
f. Thus, for any sequence of total functions f, : U” — IN and any total function f with
f = lim,_,, fs, we have the following properties.

1. lim,_,o, f5(X) = f(X) holds for any x € U*.
2. The image f(U®) of the limit f is a subset of IN.
3. For all x € U™, there is an sy € IN such that f(X) = f(X) for all s = so.

The properties 2 and 3 hold since the range of all fy is discrete.

A function m : U® — IN with f(X) = f,(X) for all X € U® and s > m(X) is called
a modulus of convergence for (fs)sew. The least modulus of convergence for (fs)sew is the
function m(X) = min{s € IN | f(X) = fs(¥)}. A sequence of functions f; : U* — U* is
computable over A if there is a machine M € M4 that computes the mapping (s.X) — f(X)
for all s € IN and X € U*. For a computable sequence of functions fs : U* — {0,1} and
a problem P = U* with lim,_,., fs = xp, its least modulus my and yp are computable by
means of the oracle {(X,m(X)) | X € U} if m is any modulus of convergence. However,
m is usually not computable with yp as oracle. Corollary 3.4 in Soare (1987, p. 57) —
which implies that a problem P has a recursively enumerable degree iff yp is the limit
of a computable sequence for which a modulus can be computed by means of P — fails
for certain structures A and thus cannot be used in order to characterize classes as A-A).
However, on the one hand, some of the classical results can be used and transferred, but,
on the other hand, in proofs we cannot use arguments such as the recursive enumeration
of the Halting Problem that are typical of the classical theory.

For any A-machine M, let Sy, denote the sequence (fs)senn of partial (or total) functions
fs : U® — U* computed by M by outputting fi(X) on the input (s.%) for all s € IN
and X € U*. Moreover, for all X € U®, if fy(X) | (which means that fy(X) is defined) for
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all s € IN, then we denote the corresponding sequence (f5(X))sew by Sy and we write
Sy | 1f Sy aq converges. A first characterization of the convergence of total functions
with the discrete range IN is the following.

Proposition 5.1. For
KONV = {(X.cpm) € U [ M € Ma & (Vfs € SM)(fs(%) | & f3(X) € IN) & Si a1,
we have KONV <{ TOTALKN x FINn.

Proof. Let M be any A-machine and let Sy = (fs)senv be the sequence of partial
functions f; : U* — U® computed by M on IN x U®.

Moreover, let Dg,, = {X € U | f{(X) € IN for all s € IN} and let £; »¢ be the machine
executing the following program.

1. Input y = (y1,...,Vm) € U%;
2. simulate M on (y; . X) (at first without making an output) (if M(y;.X) | then goto 3);
3. check (i.e. semi-decide) whether the computed output value Z is in IN by using the
program of Mp; if Z € IN then output 2.
Then, Ds,, can be reduced to TOTALy by the mappings X — (X.caq) — cz -

Now, let Gs,, = {X € U | (Im € IN)(Vs = m)(f(X) = f5(X))} and, for any X € U™, let
N; a be the machine executing the following program where we assume that succ(y;) = y;
holds for all y; ¢ IN.

1. Input y = (y1,...,Vm) € U%;

2. if m = 2 then goto 2;

3. simulate M on (y;.X) and (succ(y;).X) (without making an output);

4. if the two computed output values are not equal, then output any value else goto 4.

Gs,, can be reduced to FINy by the mappings X — (X.ca1) — Cam-

O

Now, let us transfer the Limit Lemma from the classical theory. To simplify matters, we
use a function u : U* — IN that has properties similar to the modulus of convergence.

Lemma 5.1 (Limit Lemma for the structure A). Let f : U — U* be a total function. f
is computable by a machine in M4(IH4) and it holds f : U* — IN if and only if there
are a computable sequence of total functions g; : U* — U® and a function u : U* — IN
such that f = lim,_,., g, and g4(%) € IN for all X € U® and all s € IN with s > u(%).

Proof.
a. Let M € M4(IHy4) compute f : U* — IN.
The following machine N, € M4 simulates M with an accuracy depending on an
inputted integer s. Step-by-step each instruction of M will be simulated or modified
and then executed. If s is great enough, then, starting with the input (s.X) € U® the
machine NV, € M4 exactly simulates the computation of M on input X € U”.
1. Input (s.x) € U*”;
2.j:=0;

https://doi.org/10.1017/50960129516000116 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000116

C. Gafiner 1402

3.if s # j, then {j := succ(j); goto 3};
4. simulate and evaluate the instructions of M as follows:

— simulate all instructions of M on X which do not require the evaluation of
queries;

— for all oracle instructions of the form (1) of M, check whether the oracle query
has the form (y.cs) € H4? and in the positive case, execute the modified
instruction

if £(y) |® then goto [; else goto ;

5. if the output of M is not reached within the simulation of the first s steps of M,
then output 0.

Let g be the function computed by N, and gy(X) = g(s.X) for all X € U* and all

s e IN.
In order to show that g possesses the required features, let us once more consider
the maximal sequence of all oracle queries (3" .c,) € H4?, ...,(3% .cp,) € HL4?

executed during the computation of M on input X in this order before the machine
halts. Then, there is again a finite sequence ﬁl,ﬁz, P € IN with f; =t > 0 iff
Li(3") 1= and £;(3") ' and with B; = 0 iff £;(3") 1.

Analogously, for any (s.%) with s € IN, there is a finite sequence ﬁis),...,ﬁ,(,z) < s of
numbers of steps representing the answers of the modified oracle queries L;(3) |*?
during the computation of N, on input (s.X) in this order before the machine halts
(i.e. Ly;(30) 15"=1 and L, ( ) |4 iff B = 0). By the following arguments. there
is a sequence 0 < 51 < 52 < -+ < s, (ko < k) such that

(l) (ﬂl,ﬁZ;..~;ﬂj,-) (ﬂl b a ’ﬂ;;Vi)), ﬂji-‘rl # ﬁ;:ﬁl fOI' ji <msi,k0,

(k) (BisBos-esB) = (BB B for k = my, s > si,-
Let i < k and let us assume that (i) holds. Then, (%) .cz, ) = (} I .cp,) for every

< ji+1. Moreover, the statement, that the values in the sequence /3 jyar ﬁ;ff}l , ﬁfﬂz ) ...
are not all equal, can only mean that the first members ﬁﬂ_l, ﬁgfj:ql),..., ﬁ}fjfl') are 0,
and, for some r, ﬂ]flrﬂ = P+ will be a non-zero value. If f; 1 > s, then let
Sit1 = Pj+1 = ﬁj?inrJrl)- If Bj+1 = 0, then we can have only ﬁjﬁl) ﬁj}ﬁz) = 0.

This case and the case ;11 < s; are not possible by definition of (i). If s > sy, then,
on (s.X), N, simulates s steps of the computation of M on X exactly. Since M halts
on X, there is an s; such that A, halts on (s¢.X) and outputs the same value as M
for x.

b. Now, let g : U — U™ be a computable function with g(s.X) = g,(X) for all X € U*
and all s € IN, and let g(s.X) € IN for all X € U* and all s € IN with s > u(%). Then,
let M € M 4(IH 4) execute the following program.

1. Input x € U%;
2.5 :=0;
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3. ask the oracle IH 4 whether the following machine £ halts on (s.X);
L:

[u—y

', input (s.X);
2. compute g(s.X);
3. k := succ(s);
4. compute g(k.X);
" if g(s.X) = g(k.X) then {k := succ(k); goto 4'} else halt;
if £(s.X) | then {s := succ(s); goto 3} else output g(s.X).
If f(X) = lim,_,., g(s.%) and g(s.X) € IN for all X € U* and all s € IN with s > u(X), then
M computes f. Ul

)]

Since the latter proposition holds also for total functions f : U* — {0,1}, we get the
following.

Theorem 5.1 (A characterization of A-A)). Let P = U* be any problem. Then, P is in
A-Aj if and only if there are a computable sequence of total functions g : U* — U®
and a function u : U* — IN such that yp = lim,_,., g, and g,(X) € IN for all X € U* and
all s € IN with s > u(X).

6. Real BSS RAM’s and algebraic problems

In this section, we want to study some special features of BSS RAM’s over the reals.
On the one hand, real RAM’s are a very important model of computation for describing
the complexity of algorithms in theoretical terms. In such models, any real number is
viewed as an object that can be stored in one register and, depending on the problem,
suitable operations such as the addition, the multiplication, and the k-roots are chosen
to be the primitive operations that are available at unit cost. On the other hand, their
features, capabilities and limitations have not yet been investigated comprehensively
and, therefore, we want to continue our investigation of additive real BSS RAM’s by
considering fundamental properties of this model which were first studied in papers such
as the following. The uniform BSS model of computation was introduced in Blum et al.
(1989), additive real RAM’s that are able to execute additions and subtractions were
introduced by Dobkin and Lipton (1978), and the additive and linear BSS machines were
considered, for instance, in Koiran (1994), Cucker and Koiran (1995), GaBner (1997) and
Meer and Ziegler (2008).

For structures A given by IR =4 (R;IR;-,+ —;=), R =4 (R;IR;-,+, —;>),
R4 =dar (IR;IR;+, —;=) and Ry4q =4r (IR;IR;+,—;>), we consider the classes M4 =
M%:(}d] of machines over IR{:Jd] and the halting problems

HEL =ar {(%.cn) | £ € R” & M e My & M%) ).

The following algebraic problems IPq, Ay, S IR are examples that show that problems
can be in classes of different levels if we allow different sets of basic operations and
relations. Let

IPsqrt = {\/I3 | S IP},
Agg = {xeIR | (3p € Z[x])(p(x) =0 & p £ 0)},
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where IP = {p | p is a prime number} and, for p € Z[x], p # 0 means that we have a non-
zero polynomial p with p(x) = z,x" + -+ - 4+ z1x' 4 zo for some n >0 and zg,zy,...,2, € Z
with z, # 0.

It is known that both problems are neither contained in IR3;4-A9 nor in IR=-AY, since
all problems P = IR decidable over IR™ are finite or cofinite which follows from the
analysis of computation paths in analogy to GaBner (2013, p. 5).

For the set Py, of square roots of the prime numbers, we have

— Py € IR-AY  since it is possible to check x* = p for all prime numbers p < x%,

— Pygr € R™-X9 since x € Pyqyy <= (In€ N)(n € P & x? = n),

— Py € IRadd-H? since it is decidable over IR,qq whether two real numbers pq, p, are
two successive prime numbers (i.e. whether (pi,p2) € R\ {(1,2)} for the relation R
defined below holds). Both relations x < ¢ and x < ¢ for any x € IR and any number
q in the set Q of rational numbers as well as the relation

R =4 {(p1,p2) € R? |
pr<p&p,p e PU{l} & (VreP)pi <r<py=r=p Vr=p)

are decidable over IR,qq (since the decidability of IP over IR,qq follows from the
decidability of IN over IR,qq). Consequently, the set IR \ Py, is semi-decidable over
IR,4q since all its elements range between the roots of two successive prime numbers.
More precisely, we have

X ¢IPsqrt
— (x <1V (@3p.p2 € N)3q,r € QR(p1.p2) & p1 < q> & g < x <1 & 1P <))

and, consequently, by De Morgan’s laws we get

X € IPsqrt
= (x>1 & (Yp1,p2 € N)(¥q,r € Q)(=R(p1,p2) Vp1 = ¢>V =(g S x <) V1? = po)).

Later, we will see that Pygy ¢ IR,q4-AY holds.

For the set A, of all real algebraic numbers which is undecidable over the ordered
ring of real numbers (as investigations in Meer and Ziegler 2008 and in Calvert et al.
2011 confirm) we have the following relationships.

— Ay, € IR:-Z(I’ follows directly from the definition of A, since the set Z[x] of all
polynomials with coefficients in Z is effectively enumerable over IR™.

— Ayg € IR—Z(I) follows from A, € IR=-Z(1).

— Ay, € IRadd-Zg holds since we can apply Bolzano’s theorem (the intermediate value
theorem) to polynomial functions since these functions are continuous. Accordingly, a
characterization of the zeros of a polynomial which is not the zero polynomial results
from the fact that any zero is in some interval the only zero and that it satisfies one of
the following three cases k = 1,2, 3. In the first case k = 1, the graph of the polynomial
crosses the x-axis at the zero. In both other cases, it only touches the x-axis at the
zero. We have

X € Ay <= (Fp€Z[y])(3Fa,beQ)(3k e IN)(Ym € IN")(Vq1,¢2€Q)(3r1,12€Q)
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(a<qgi<x<qp<b
= ((k =1 & p(q1) > 0 & p(g2) < 0)
V(k =1 & p(q1) <0 & p(g2) > 0)

1
Vk=2& q1 <r <x<ry<q» & p(q1),p(q2) <0 & p(r1),p(rz) > _E)

1
Vik=3& qi <ri <x<ry<qs & p(q1),p(q2) >0 & p(r1),p(r2) < E)))'

Note, that the following description, derived directly from the definition of continuity,

implies the weaker relationship An, € IRuq-X3. For any real algebraic number x,

there is some polynomial p € Z[x] such that, for all positive fractions %, there is a
1

neighbourhood U = ]x — %,x + %[ of x such that [p(;;)] < ; holds for all rational

numbers . € U. Consequently, we have A, € IRadd-Zg since
X € Agg <> (Is € IN)(3zy, ..., z, € Z)(Vk € IN)(3] € INT)(Vn € Z)(Vm € INT)

((Z0s.++125) # (0,...,0) & (x — % <t a0 < L),
m ) m m k

On the other hand, we can show that A, & (J,~; IR;gq-Z) and that there is no oracle
O € U,=1 Rygq-Z) such that there is a machine in Magq(0O) semi-deciding the real algebraic
numbers.

The following Query Lemma gives a characterization of the queries of the machines in
Magd(IHagq) on inputs in IR. It is a generalization of Lemma 4.6 in GaBner (2013) that
was given for characterizing the queries of the machines in Mm;dd(IH;’(;) over Rl =qr
(IR;0,1;4,—;>) with respect to the halting problem IH,}I’;1 for the machines in M;’;l over
IR;fd =4r (IR;0,1;4,—;=). We will use that, for structures such as IR,qq and IR;dd with
or without arbitrary real constants, the corresponding halting problems IH,q4 and IH;dd
represent the same Turing degree with respect to the here considered BSS RAM’s over
real numbers.

Proposition 6.1. TH!, is one-one-reducible to IH,4q and TH,q44 is one-one-reducible to H.
and the reduction functions are computable by machines over IR\

For any machine in M € M,qq(IHa44) With the machine constants ry,...,r; let 7 =7y =
r,...,r; and let Ly and Ryq be the effectively enumerable sets of all linear combinations
of ry,...,r; with scalars in Z and Q, respectively, i.e. let

Ly=L; = {m1r1+--~+m,-r,-\ml,...,miEZ},
Rv =R = {qiri+ " +aqiri | q1,...,q: € Q}.

Every computation path B traversed by M € Mygq(IHaqq) can be uniquely described by a
sequence (s1,52,...,s;) of labels of instructions executed by M in this order. Consequently,
for all inputs x € IR, for which M traverses B, at any time the content of any register of
M can be described by a term kX 41 for some k € Z and | € L, that are independent of
the input values and that result only from the application of the computation instructions
on the variable X for inputs x of length 1. Moreover, for these inputs, all index registers
I; get the value 1 at the beginning of the computation of M and, during the computation
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along the path B, all considered index registers obtain integers that are also independent
of these inputs of length 1. That means that, for the fixed path B and inputs x € IR, any
oracle query results from the general form

(kiX + 11, kX +1,) € HL 2 (5)

where m is fixed and all k; are in Z and all [; are in Lpq (i = 1,...,m) and these numbers
result only from the computation on the variable X that stands for input values x € IR.
Accordingly, after replacing X in the formula (5) by an input value x the oracle query
has the form

(kx4 1o kX 1) (k1 X + Lty s kjpsX + Lig)) € HLgg? (6)

=y
and if, for any j < m, y is not the code of some N € M;dd, then the query is always
answered in the negative. In the other case, we have the following.

Lemma 6.1 (Query Lemma). Let M be a machine in Madd(IH;dd). If, for some input
xo € IR \ Ruy, an oracle query of the form (6) agrees with

((kixo + 11, kjxo + 1j).cpr) € HL4? (7)
for some j € Z and a machine A" € M., then this oracle query has the same form
((k1x + Iy kjx + 1) opr) € Higq? (8)

(with the same j,k; € Z,I; € Lp) for all inputs x € IR for which M goes through the
same computation path as for xo until this query is executed.

Proof. Let B be the computation path traversed by M on some x € IR. Then, for all
inputs x € IR, any query along the path B has the form (6) in accordance with the general
form (5). Let us assume that for such an xo € IR \ Ry there is a machine N' € ML
such that y is its code cyr € {0,1}*. Since xo € IR \ Ry, satisfies equations of the form
g,Q(X) =4 kX +1; = 0 and hu(X) =4r kHX + lﬂ =1 Ol‘lly if k;, = k# = 0 holds, cpr is
determined by constant functions g;(X) = 0 and h,(X) = 1 and thus, for all x € IR for
which M goes through the computation path B, the query Q has the same form (8). [

We want to emphasize the following point.

Lemma 6.2 (Computation paths and intervals). If N'(kixo + 1,....kjxo + [;) | for some
machine N € M;dd, some j,ki € Z, l; € Ly, and xo ¢ R; (F € IR™), then there are
a,b € R; with a < x¢ < b such that N traverses the same computation path for all inputs
(kix+1,...,kjx +1;) with x € ]a,b[.

Proof. Let B be a finite computation path traversed by A. Then, by analogy with the
previous lemma, for inputs (kix +11,...,k;x +1;) with x € IR, any order test has the form
kx+1>0? for some k € Z and | € L;. Thus, N goes through B on (kixo+1,...,k;jxo+1})
if and only if x( satisfies the corresponding finite system Sp of inequalities of the form
kyX +1, > 0 and k, X + 1, > 0. Since x9 ¢ Ry, we have k,x¢ + [, # 0 for any possible v
if k, % 0. Therefore, there is an open neighbourhood of x( such that all elements of this
neighbourhood satisfy the system Sg. ]
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In the same way it is possible to show the following proposition that describes special
properties on which one of the most used techniques of the BSS theory is based.

Proposition 6.2 (Semi-decidability and intervals). If M(xy) | for some machine M € M,qq
and x¢ € IR \ Rp4, then there are a,b € Ry with a < x¢g < b such that M traverses the
same computation path for all inputs x € Ja, b[.

Furthermore, the preceding considerations (in the proof of Lemma 6.1) mean that all
inputs in x € IR\ Ry for which a machine M € M,qq goes through the same path are
accepted or all these inputs are rejected. Consequently, we have the following since the
set A,g is dense.

Corollary 6.1. Ay, ¢ IRyqq-X.
The following proposition requires a more detailed analysis.

Lemma 6.3. For any 7 € IR* and any infinite set P = IPyqy, there is a prime number p
with \/ﬁ epP \ R;.

Proof. Whereas the dimension of the vector space R; over Q is finite, the set of the
square roots of the prime numbers generates — as known — an infinite dimensional vector
space over Q. The latter holds since, for any enumeration of prime numbers py,p,...
and the fields IKy =4¢ (Q;0,1; -,+,—;=) and K, =¢4¢ IK,,[\/ITH] (n = 0), we have the

dimension [IK, : IK,] = 2 for any n > 0 which can be shown as follows. Let us assume
that \/;TH € IK,,. Then, there would be a,b € IK,_; such that a+b \/pT, \/m and thus
(a+b \@ = pu+1. However, by induction on n, we can show that there are no different
prime numbers p’, p o3 D! € {Put1sPns2s-- .} such that x? i for any n € IN, x € IK,,

and r = 0 (where pf - - p” = 1 in case that r = 0). The reason 1s that the latter equation for
x = a—i—b\/[TnE K, withn > 1, a,b € IK,_; together w1th a—l—b\/pT, = —i—bl\/;TneKn
for some ay,b; € IK,_; means that a; = a® + b2 = ooy € Q and by = 2ab = 0 and,
consequently, a = 0 and b*> = p,,‘f’p’,,p orb=0and ¢* = p”mp” hold.
¥ "Pn 1 T
Obviously, from [IK,; : IK,J = 2 it follows that _/p,y; must be linearly independent

of\/;T,...,\/pTloverQ. ]

Proposition 6.3. For all infinite sets P of square roots of prime numbers, P ¢ ]Radd-Z?
holds.

Proof. Let us assume that M € M,qq is a machine semi-deciding P by means of
constants in 7. By Lemma 6.3, there are a prime number p with \/13 € P\ R; and, by
Proposition 6.2, an open interval I including \/13 such that all elements of I are accepted
by M. This is a contradiction to the assumption that M semi-decides P. U]

Corollary 6.2. Py ¢ IRpqa-2).

A further characterization of the additive oracle machines is the following where
R gq =ar (R;ry,...,ri5+,—52).
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Proposition 6.4. Let M € M,gq(IH ) be an oracle machine over IR’ deciding a problem
< IR and let [a,b] = IR be an interval with —oo < a < b < oo. Then, there is an interval
I < [a,b] and a set P semi-decidable over IRde such that the set I \ (R; UP) is uncountable
and M either rejects all inputs in I \ (R; U P) or accepts all these inputs.

Proof. Let instry,instrs,...,instry be instructions over ledd with 7 = (rq,...,r;) — but,
to simplify matters, without branching instructions with conditions of the form Z; = Z; -
such that

1:instry; 2:instry; ...; N :instry

is the program of M € Myqq(IH};y) that decides a problem < IR. Since M decides
a problem, every computation path is finite and therefore, by Lemma 6.1, for any
computation path B of M, there is a finite system Sp of conditions that is satisfied by an
input x € IR \ R; if and only if this path B is traversed by M on x. The conditions of
this system can take any of the following forms:

kX +1, > 0, kX +1, > 0, )
(ki X + Ly kX + 1) . cn) € Higg,
(ki X + 11, ki X 4+ 1) . cn) ¢ Higg

(ki el e L;, N e Mr}ldd)'

Since the set of all finite computation paths is countable, there is a path By through
which M goes for an uncountable set M < [a,b] of inputs. For this By, let (sq,$2,...,5/)
be the sequence of the labels of all instructions executed by M along By in this order.
Moreover, we only consider inputs in IR \ R;. That means that all index registers I; get
the value 1 at the beginning of the computation of M and any considered branching
condition that is of the form I; = I, is true for all inputs in IR for which M goes through
the same path or it is false for all such inputs.

In the following, we define a sequence of sets U and semi-decidable P recursively such
that for the initial part B; of the path By defined by the labels s1,s»,...,s;, the machine
traverses this part By for an input x € [a,b] \ R; if and only if x € Ui \ (R: U P;). We
will get Uy 2 U, 22 U;and Py € P, < --- < P; such that M goes through By = B,
for an input x € [a,b] \ R; if and only if x € U; \ (R; U P;). This means that all these
sets Uy \ (Ry U Px) and, in particular, the set U; \ (R; U P;) are uncountable. Every Uj will
be a countable union of intervals. Thus, the set U; includes an open interval (with an
uncountable number of elements). P; will be a semi-decidable set.

Let Uy = [a,b] and P; = & and, for k = 2,...,1, let us assume that U;_; and P,_; are
already defined and Uj_; is a countable union of intervals and Pj_; is semi-decidable over
IR ;4. The possible types of an instruction instr,, have different influence on the result.
Therefore, we distinguish the following cases depending on the type of instry,.

1. instry, is not a branching instruction with a condition of the form Z; > Z; or an oracle
instruction.
Then, we take Uy =4¢ Ui_1 and Py =4¢ Pi_1.

2. instry, is a branching instruction sx : if Z; = Z; then goto Ay else goto 5.

https://doi.org/10.1017/50960129516000116 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000116

Computation over algebraic structures 1409

Then we have s;y; = 41 or sg+1 = 4, and the test condition is, for inputs x € IR, of
the form k, X + [, = 0. Let us consider a solution y = ,if € R: of kyy +1, = 0 in the
case of k, # 0. Then, for the interval J of solutions of k,X + [, = 0 (which satisfy the
branching condition), there are two possibilities. We have J = J; =gr ]— o0, y] and then
let J, =4¢ 1y, o[, or we have J = J; =4¢ [y, o[, then let J, =47 ]— o0, y[. For k, = 0 and
I, 20, let J=J; =¢s R and J, =¢4¢ &. Fork, =0and [, <0, let J = J; =4 & and
If s = Ay, then (Ux—; NJ1) \ R # I holds and we have to put Uy =4¢ Uy NJy. If
Sk+1 = Ao, then (Up—1 N 1)\ Ry 7& & holds and we have to put Ux =4r Ux—1 N J3. In
both cases, we take P, =4 Pr_1.
3. instrg, is an oracle instruction si : if (Z1,...,Z;,) € O then goto 4y else goto As.

a. The oracle query has not the form (8).
Then we have s;; = 4. In this case, we need U, =4 Uy_; and Py =4 Px_1.

b. The oracle query has the form (8). Then, we distinguish three further cases.

i. We have N(kix +Iy,...,kjx +1;) T holds for all x € Ux_; \ R;.
Then we have s = /5.
The reason is that, in this case, N'(k;x +[1,...,kjx +1;) | could hold at most for a
countable number of elements in Ui_; (since R; is countable) and, consequently,
Sk+1 = A1 would imply that Uy < Uix_; N R would be countable. In such a case,
U, could be only countable. This contradicts the fact that By is traversed for an
uncountable set of inputs.
In this case, let U, =4¢ Uy—1 and P, =45 Pi_1.

ii. N(kixo +11,...,kjxo + ;) | holds for some xo € Ui \ R; and we have sgy1 = A;.
Then by Lemma 6.2 there is an interval J =]c,d[ < Ux_; with ¢ < x¢9 < d such
that NV (kyx +1Iy,....kjx+1;) | for all x € J\ R:.

Altogether, there is a countable sequence of intervals Ji,J,,... = IR such that we
have N(kix + Ii,....kjx +1;) | if and only if x € Uis1 /i holds. Hence Uy =q4¢
U1 N U1>1 J; is also a countable union of intervals.

Moreover, let P, =g4r Pi_1.

iii. N'(kixo + li,...,kjxo +1;) | holds for some xo € Ui \ R; and we have s = 4.
Then, let Uy =4¢ Ui_1 and let P, =4¢ Pi_1 U Hyr.

Ul

Thus, by Proposition 6.1, the following theorem is an immediate consequence of the
latter proposition.

Theorem 6.1 (A property of problems in IRadd-Ag). If P = IR belongs to IRadd-Ag, then
there are a,b,ry,...,r; € IR and a set Py that is semi-decidable over the structure
(IR;ry,...,r;;4,—;>=) such that the set M = [a,b] \ (R; U Py) is uncountable and we
have either M = P or MNP = .

Let us transfer this result to the BSS model over the ordered ring of reals. Since, for
any polynomial p € IR[x] that is not the zero polynomial, we have one of the three cases
that either one of the inequalities p(x) > 0 or p(x) < 0 is satisfied for all x € IR or that
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there is a finite number of intervals such that p(x) > 0 holds only for all elements of these
intervals. p(x) # 0 is even satisfied by almost all real numbers. For any machine M with
the constants in 7, let N; = {x | 3p € Z[r1,...,r][x])(p(x) = 0 & p # 0)}. By means of
this set, it is possible to formulate a Query Lemma for the ring of reals where, for any
path of computation of M on inputs x € IR \ N;, the critical queries are of the uniform
form

(p1(x),-.., pj(x)) . cnr) € Hlyq?
with py,...,p; € Z[ry,...,ri][x].

Proposition 6.5. Let M € M(IH) be an oracle machine over (IR;IR; -, +, —;>) deciding a
problem < IR by means of the constants ry,...,r; and let [a,b] = IR be an interval with
—oo < a < b < oo. Then, there is an interval I < [a,b] and a set P semi-decidable over
(IR;ry,...,r; +,+,—; =) such that I \ (N; U P) is uncountable and M either rejects all
inputs in I \ (N; U P) or accepts all these inputs.

Theorem 6.2 (A property of problems in IR-AY). If P = IR belongs to IR-AY, then there are
a,b,rq,...,r; € IR and a set Py that is semi-decidable over the structure (IR ;ry,..., 75, +,—;
>) such that M = [a,b] \ (N7 U Py) is uncountable and M < P or MNP = (.

Because it is not easy to find simple application examples for Theorem 6.1 and Theorem
6.2, we want to focus here on oracle sets such as the halting problems (IH;’;[)(") over the
structure IR}p5. It is not difficult to see that every problem P = IR that is semi-decidable
by a machine M over IRy, is a subset of Ry or includes IR \ Rys. We will show the
more general statement given in Proposition 6.6 by using the following lemma.

Lemma 6.4 (Computation paths and co-enumerability). Let 7 € IR*.
a. If N(kixo 4 Iy,...,kjxo +1;) | for some j,k; € Z, I; € L;, xo € IR\ R;, and N € ML,
then NV (kix +1i,...,kjx +1;) | holds for all x € IR\ R;.
b. If N(kixo + Li,...,kjxo + 1;) 1 for some j,k; € Z, I; € L;, xo € R\ R;, and N € M;’;,
then NV (kix +1i,...,kjx +1;) 1 holds for all x € IR \ R;.

Proposition 6.6 (Semi-decidability and co-enumerability). If M € M_;,(IHz4,) is a machine
semi-deciding a problem < IR, then M accepts all inputs in IR \ R; or M halts for none
of these inputs.

Proof. As in the proof of Proposition 6.4, we can consider a finite or an infinite path
By through which M € MZ;,(IH3;4) goes for an uncountable set = IR of inputs. Then,
there is a corresponding finite or infinite system Sp, of conditions of the forms

kX +1, # 0, (10)
(ki X + heo kX +1)).cn) € Hyg,
(1 X + 11, kX + 1) en) & TH
(ki € Z,I; € Ly, N € Mi’;d) that is satisfied by an input x € IR \ R; if and only if this

path By is traversed by M on x. Since, in the system Sp,, we have the conditions of the
form (10) instead of (9) and we can use Lemma 6.4, we can take I = IR and P remains
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the empty set & (since the case b.iii is here not possible). Thus, we get the assumption in
analogy with the proof of Proposition 6.4. U]

Based on these considerations, we can continue the characterization of the classes
= 50
IRadd_zn'

Proposition 6.7. Let n > 1. If M € M7 ,((IH;4q)"~") is a machine semi-deciding a problem
c IR, then M accepts all inputs in IR \ R; or M halts for none of these inputs.

Theorem 6.3 (A property of problems in IR;;;-X0). Let n > 1. If P = IR belongs to
R 4-2Y, then we have R\ R: < P or IR\ R))NP = (.

Corollary 6.3. If P = IR belongs to the hierarchy (J,», Z) over IR;y,, then we have
IR\R; <P or(IR\R)NP = .

We consider once more the problems Py, & Aue. By Lemma 6.3, we know that there
are prime numbers p with \/Z) ¢ R; for any 7 € IR™. Because of Pyt & Ry and Ayg & Ry,
we get the following by Corollary 6.3.

Corollary 6.4. The problems Py and Ay, do not belong to the hierarchy | J,-, Z) over
IR, 44-

Moreover, analogously to the proof of Proposition 6.4 we can show the following.

Proposition 6.8. Let M € Myqq(O) with O € |, R ;-X0 be a machine semi-deciding a
problem P = IR with P\ Ry # . Then, there is an interval I < IR such that M accepts
all inputs in I \ R.

Proof. Let us assume that P is semi-decidable by M € My4q(O) and let x € P \ Ruy.
Similar to the proof of Proposition 6.4, we can show that there is an interval I with
x € I such that all elements of I \ Ry; have to be accepted by M. Here, we consider
the computation path sq,ss,...,s which is traversed by M on x. In order to determine
U\ (RyMUP;), we can take P; = (J and for defining a suitable sequence U 2 U 2 --- 2 U
we work as in the proof of Proposition 6.4 if instr,, is not a branching instruction and,
in the case that instry, is a branching instruction sy : if Z; = Z; then goto i; else goto
J2, we have sgpy = A, for some m € {1,2} if x € J, and thus in this case we take
Uk =4r Ux—1 N J,, (for the definitions of J; and J, see above). ]

Thus, by Lemma 6.3, we have the following two statements.

Corollary 6.5. The set Py, is not semi-decidable by a machine in M,qq(O) with an oracle
set O € Un>1 IR:dd_zg‘

Corollary 6.6. The set A, is not semi-decidable by a machine in M,gq(O) with an oracle
set O € Un>1 IR:dd_zg‘

7. Summary and outlook

For structures .4 with a finite number of operations and relations and with all individuals
as constants for which there is a suitable effectively enumerable infinite set, we gave
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complete problems for A-X9 and A-TT9 and we presented some common features of the
classes A-Ag. Moreover, we considered the algebraic decision problems P and A, and
assigned them to classes of undecidable problems with respect to several structures over
the reals:

— Pygr is in R-AY, in IR7-X?, and in Rygq-T10.

— Pygr is not in Rygq-XY and not in IRy;4-20.

— [Py is not semi-decidable by a machine in Magq((IHzgq)™).
— Ay is in R™-Z¥ and in R,aq-X9.

— Ay is not in [R,uq-X? and not in R;4-X0.

— Ay is not semi-decidable by a machine in Mygq((IHggq)™).

In the first part of the paper, we used that there is an effectively enumerable set denoted
by IN. However, it would also be possible to use a set such as {(0,1),(0,0,1),...} for two
constants 0 and 1 in A instead of IN in order to define complete problems similar to the
problems presented here. In such a case, we would take ((0,...,0,0,1).%) instead of (71.X)

n
and so on.

I am very grateful to the anonymous referees for the detailed feedback and their valuable
suggestions and comments which helped to improve the quality of this article. My thanks
also go to Pedro Francisco Valencia Vizcaino for proofreading the final manuscript.
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