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A NOTE ON UNIFORM CONTINUITY OF MONOTONE FUNCTIONS
ROMAN POL{, PIOTR ZAKRZEWSKI®), AND LYUBOMYR ZDOMSKYY

Abstract. 'We prove that it is consistent with ZFC that for every non-decreasing function f : [0, 1] —
[0, 1], each subset of [0, 1] of cardinality ¢ contains a set of cardinality ¢ on which f*is uniformly continuous.
We show that this statement follows from the assumptions that 9 < ¢ and c is regular, where 9* < ? is
the smallest cardinality « such that any two disjoint countable dense sets in 2N can be separated by sets each
of which is an intersection of at most x-many open sets in 2%, We establish also that 9* = min{u. 0} =
min{t. 9}, thus giving an alternative proof of the latter equality established by J. Aubrey in 2004.

§1. Introduction. The main subject of this note is the following theorem.

THEOREM 1.1. The statement

(*) For every non-decreasing function f :[0,1] — [0, 1], each subset of [0, 1] of
cardinality ¢ contains a set of cardinality ¢ on which f is uniformly continuous.
is independent of ZFC.

Sierpinski [11, Théoréme 6] proved that CH implies the negation of (). Sierpinski
considered an increasing function f : [0, 1] — [0, 1] which is discontinuous precisely
at the rationalsin (0, 1) (a well-known example of such a function is due to Lebesgue
and is defined by letting L(0) =0 and L(x) = D (nen: guexy 2" for x € (0,17,
where {¢, : n € N} is an injective enumeration of Q N[0, 1)). He proved that the
(continuous) restriction of f to the set P of irrationals in [0, 1] is not uniformly
continuous on any Lusin set in P.

The fact that in some models of ZFC statement () can be true will be explained
in Section 2, where a new cardinal coefficient 9* which plays a crucial role in our
considerations is introduced. A combinatorial analysis, giving a precise description
of 9* in terms of some other known cardinal characteristics of the continuum, will
be presented in Section 3. Some additional comments will be gathered in Section 4.

§2. The statement (x) is consistently true.

DEerFNITION 2.1, Let Fin and cFin be the families of all finite and co-finite subsets
of N, respectively. Then 0* is the minimal cardinality of a cover K of P(N) by
compact subspaces' such that for each K € K, either K N Fin = @) or K N cFin = ().
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2 ROMAN POL, PIOTR ZAKRZEWSKI. AND LYUBOMYR ZDOMSKYY

Since both P(N) \ Fin and P(N) \ cFin are homeomorphic to the Baire space N
which can be covered by 0 many compact subspaces, we have 0* < 0 (here ? denotes,
as usual, the dominating number, i.e., the smallest cardinality of a dominating family
in NY corresponding to the ordering of eventual domination <*, cf. [3]). It follows
that it is consistent with ZFC to assume that 0* < ¢ and ¢ is regular, cf. [3], and we
shall show that these conditions yield ().

Let us start from the following observation.

LEMMA 2.2, Given two disjoint countable sets Dy, Dy in a compact metrizable space
X, there is a collection KX of compact sets in X such that | K| <0*, |JK = X, and
each element of KX hits at most one D,;.

Proor. Using the Cantor—Bendixson theorem, we write X in the form Y U Z,
YNZ =10, such that Y is a compact space without isolated points and Z is
countable. Now, to get X, it suffices to find a relevant cover of Y and then to
extend it by the singletons of Z. Instead, we simply assume that X has no isolated
points.

There is a continuous surjection u : P(N) — X such that u'(d) is a singleton,
for d € Dy U D;. Indeed, if we expand each d € D = Dy U D to a copy P, of the
Cantor set in X, then [7, Section 45, 11, Theorem 4] gives us a continuous surjection
u : P(N) — X which is injective on u (U, cp Pa)- In particular, since d is in Py,
the preimage 1! (d) is a singleton.

Now, the disjoint sets u ' (D;). i = 0. 1, are countable, and by adopting standard
arguments concerning countable dense homogeneity of 2N (cf. [9, Theorem 1.6.9])
one can find a homeomorphism / : P(N) — P(N) such that u'(Dy) C A (Fin) and
u'(Dy) C h(cFin).

Finally, if K is a collection of compact sets in P(N) satisfying the conditions in the
definition of ?*, with |K| = ?*, the collection K = {(u o h)(K) : K € K} satisfies
the assertion of the lemma. —1

Let us indicate that the possibility of 9* being the minimal size of a covering X
as above will be discussed in Subsection 4.3.

To complete the proof of the consistency of statement (*) (hence also the proof
of Theorem 1.1) it is enough to prove the following result.

PROPOSITION 2.3. If 0* < cf(c), then statement (*) is true.

PrOOF. Let a function f : [0, 1] — [0, 1] be non-decreasing. Let D be the set
of discontinuity points of f and let X be the closure in the square [0, 1] x [0, 1]
of the graph of f restricted to the set [0,1]\ D. For each ¢ € [0,1] let X (¢) =
X n({r} x[0,1]).

Since f is non-decreasing, the set D of discontinuity points of f is countable
and for each d € D we have X (d) = {(d. dy), (d.d,)}, where dy < d,. while X (¢) =

{(¢. f(2))} forz € [0,1]\ D.
Let

0;={(d.d): deD}.i=0.1.

Since X is compact, Lemma 2.2 provides a covering K of X by compact sets such
that | K| < 0* and each element of K intersects at most one of the sets Qp, Q.
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Let 7 : X — [0, 1] be the projection onto the first coordinate. Since each K € X
contains at most one point from every pair X (d) = {(d. dy),(d.dy)}.d € D Nn(K),
K is the graph of a continuous function fg : n(K) — [0, 1]. Since K is compact,
fk is uniformly continuous. Moreover, /" and fx coincide on n(K)\ D, so f is
uniformly continuous on n(K) \ D.

We are ready to address statement (). Let E C [0, 1] have cardinality c. Since the
sets(K), K € K. cover[0, 1]and | K| < 2* < cf(c) (cf. Lemma 2.2), thereis K € X
with |z(K) N E| = ¢, and since f is uniformly continuous on the set (z(K) N E) \ D,
we get (x). -

§3. * = min{u. 9} = min{v,?}. The aim of this section is to prove the equalities
announced in its title. Let us recall that the ultrafilter number u is the minimal size
of a base of a free ultrafilter in P(N), and the reaping number v is the minimal size of
a reaping subfamily B C P(N), that is, a family B of infinite subsets of N such that
for every X C N there exists B € B such that either X D B or BN X = (), see [3] for
more information on these cardinals.

Clearly, each ultrafilter base is reaping, hence v < u, and the strict inequality
is consistent (cf. [6]). However, by [1, Corollary 6.3] we cannot have t < u if
t < 0, which is clearly equivalent to min{u,d} = min{t,0}. In the course of our
proof of Theorem 3.4 below we reestablish the latter equality, this way giving
an alternative and more streamlined proof thereof, as well as giving a natural
topological interpretation of min{u, 9}.

DEFINITION 3.1.

e A family F of infinite subsets of N is called a semifilter, if it is closed under
taking almost-supersets of its elements, that is, if F € F and F C* X C N,
then X € F.

o A family C of infinite subsets of N is called centered if NC’ is infinite for any
finite subfamily ¢’ C C.

For a semifilter 7 we denote by F* the family {X CN:VF € F (FN X #0)}.
It is clear that F* is also a semifilter.

For X C P(N) we denote by ~ X the family {N\ X : X € X}. Itiseasy to check
that 7+ = P(N)\ ~F. Note that if 7y C F are semifilters, then F;j 2 F'.

The following two facts are probably well-known, but we give their proofs for the
sake of completeness. The first one is reminiscent of [3, Theorem 2.10].

LEMMA 3.2. Let k < 0 be a cardinal and
{(nf:ieN): a<k}

be a family of increasing number sequences. Then there exists an increasing number
sequence (h(j) : j € N) such that for every finite A C k the set

Ja={jeN:VYaeAddieN(n.n',) Clh(j).h(j+1))}
is infinite.

Proor. Itisenough to find / satisfying the statement of the lemma for singletons
A C k, that is, 4 of the form {a} for some « € k. since without loss of generality
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we may assume that for every finite A C & there exists y € k such that

VjeNVa e A3i e N([nf.nf,,) C [niny ).

Jj+l1

Forevery o € kandi € Nset /(i) = n$. and find a strictly increasing # € N such
that 2(0) = 0and i £* f, foralla € k. We claim that (i(;) : j € N) is as required.
Indeed. let us fix i > 0 such that /(i) > f(i) = nS:. Thus,

{ng ke < 2i} €| (1), h(1 +1)).

I<i

which gives that |{k <2i : n. n{ | belong to the sameinterval [A(I). h(I 4 1))}| > i.
and consequently Jy,y defined in the formulation must be infinite because i with
h(i) > fa(i) = ng; may be taken arbitrarily large. -

COROLLARY 3.3. Let K be a family of < v-many compact subspaces of P(N) \ Fin.
Then there exists a monotone surjection ¢ : N — Nand a centered family C of size |C| <
|K| such that {¢[X]: X € |JK} C F, where F is the smallest free filter generated
by C.

Proor. For every K € K. K being compact, there is an increasing number
sequence (n : i € N) such that X N [n).n,) # 0 forany X € Kand i € N. Since

L
|K| < 0, by Lemma 3.2 there exists a strictly increasing function /# : N — N such that

h(0) = 0 and for any finite K’ C K the set C (K’) of those j € N such that for every
K € K’ there exists i € N with

[h()-h(j + 1) 2 [nf.nisy) (3.1)
is infinite. Note that the family
C = {C(K’) : K'is a finite subset of K}
is centered because by the definition of C(K’) we have

CKGUK U UK)) =[] C(K)

i<n

for any finite family {K{, K}..... K]} of finite subsets of K.
We claim that C and ¢ : N — N such that ¢ '(j) = [h(j).h(j + 1)) forall j € N,
are as required. Indeed, given X € | K, let K € K be such that X € K. Then

o[X1={j eN: X N[h(j).h(j+1)) #0} 2D
D{jeN: JieN(h(j).r(j+1)2[nF.nf))} 2 CHK}) .

which completes the proof. 4
For every X C N we adopt the following notation:

IX=PX)., tX={YCN:XC Y}
PX={YCN:YC" X} &1 X ={YCN: X C* Y}
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For a subset £ C P(N) we set
o= Jtx:xecry &lo=J{lx:xeL}
re=Jirx:xech &l L= J{l"x: x e L}.

It is easy to see that if £ is compact, then both 1 £ and | £ are compact, and 1* £
and |* £ are o-compact.
We are now ready to prove the main result of this section.

THEOREM 3.4. 0* = min{u, ?} = min{t,d}.

PROOF. As we have already noticed, since both P(N) \ Fin and P(N) \ cFin are
homeomorphic to the Baire space NV which can be covered by @ many compact
subspaces, we have 0* < 0.

Let B be a reaping family of cardinality v. For every B € Bset K(B); =/ (N\ B)
and X(B), =1 B.

It follows that

P(N) = J{K(B)s : B € BYU| J{K(B). : B € B}

and K(B)y NcFin = K(B), NFin = ) for all B € B, hence d* < t, which together
with the first paragraph yields 9* < min{t, 2}.

To show that 9* > min{u, 0}, suppose, towards a contradiction, that there is a
family K = K, U K,, of compact subspaces of P(N) of size & = |K| < min{u, d} such
that | JK = P(N) and

KoNcFin=K;NFin=10 (3.2)

for any Ky € K; and K} € K,,.

Replacing each K € K; (resp. K € K,)) with a countable family of compact
subspaces of P(N) covering |* K (resp. 1*K), we can assume that U, = | JK, as
well as U; =~ J Ky are semifilters on N. Set &/ = U, UU,. It follows that

U =P\ ~ty = PN\ ~(~| JKq) = PN\ | JKa €Ki = U,
and hence
Ut cuf cu, CU. (3.3)

By the construction, the semifilter U/ can be covered by k many compact subspaces.
Since k < 9, by Corollary 3.3, there exists a free filter F generated by at most x
many subsets of N and a monotone surjection ¢ : N — Nwith F D {¢[X]: X € U}.
Moreover, the family {¢[X]: X € U} is a semifilter and one easily checks that

FrC{o[X]: X eU} ={d[X]: X eU'} C{o[X]: X €U} C F,

the second inclusion being a consequence of (3.3). This shows that F is an ultrafilter
generated by at most k many sets, which is impossible because x < u.
It follows from the above that

min{u, 0} < 0" < min{r,d},

and therefore these two inequalities must actually be equalities because vt <u.
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§4. Comments.

4.1. Non-decreasing functions versus arbitrary functions. In [10, Proposition 3.5]
the following result is obtained.

Let g : P — [0, 1] be a continuous function such that the closure of the graph of g
hits each section {q} x [0,1], ¢ € QN [0, 1], in an uncountable set. Then P cannot be
covered by less than 0 sets on which g is uniformly continuous. In particular, if 0 = ¢,
there is a subset E of P of cardinality ¢ such that g is not uniformly continuous on any
subset of E of cardinality ¢ (cf. the proof of [10, Theorem 3.4]).

In contrast, Proposition 2.3 yields the following.

REMARK 4.1. Let & : E — [0.1] be a monotone function on a set £ C [0, 1] of
cardinality c. If 0* < ¢ and ¢ is regular, then / is uniformly continuous on a set of
cardinality c.

Indeed, if 4 : E — [0, 1] is, say, non-decreasing, then we can extend it to f :
[0, 1] — [0, 1] which is also non-decreasing (by setting f(y) = sup A[E N[0, y]] for
all y € [0, 1], where we set sup(0)) = 0) and then we can apply Proposition 2.3.

Remark 4.1 applied to the continuous function g and the set E described in the
opening statement of this subsection, leads to the following.

REMARK 4.2. If0* < 0 = cand cisregular, then there exists a continuous function
f 1 E —]0,1]onaset E C R of cardinality ¢ such that no restriction of / to a subset
of E of cardinality ¢ is monotone.

4.2. Models of ZFC with ?* < 0. In view of the remarks from the preceding
subsection and for the sake of completeness, we would like to mention that an
example of amodel of ZFC with 9* = u = R; < 8, = 0 (cf. Theorem 3.4) is provided
by the Miller model resulting from the N,-length countable support iteration of
Miller forcing (see [2, Model 7.5.2]*). Another model which has the advantage that
0* =u < 0 can be any prescribed uncountable regular cardinals is presented by
Blass and Shelah in [4].

4.3. A generalization of 0*. In view of Lemma 2.2 it is natural to generalize 0* as
follows.

DEerINITION 4.3. For a compact metrizable space X and countable disjoint sets
Dy. Dy in X let 9*(X, Dy, D;) be the minimal cardinality of a cover K of X by
compact subspaces such that for each K € K, either XN Dy = or K N Dy = 0.

In this notation we have 9* = 0*(P(N), Fin, cFin) and Lemma 2.2 states that
9*(X, Dy. D) < 0* for any two disjoint countable sets Dy, D; in an arbitrary
compact metrizable space X. We complement this lemma with the following
observation (whose proof gives also another method for establishing Lemma 2.2).

2As was pointed out by the referee, the inequality X; = u < 0 = R, = ¢ in the forcing extension
requires only CH in the ground model. Moreover, the model obtained after iterating the Miller forcing
with countable supports 8| many steps over an arbitrary ground model satisfies CH, so treating this
intermediate model as our new ground model of CH shows that actually we do not even have to demand
CH in V in order to obtain X; = u < 9 = N, = c after N,-step iteration.
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ProPOSITION 4.4.  Let X be a compact metrizable space with no isolated points and
let Do, Dy be two disjoint countable dense subspaces of X. Then 9*(X, Do, D;) = 0*
(equivalently, 0* is the smallest cardinality k such that Dy, Di can be separated by
two sets each of which is the intersection of a collection of at most k-many open sets
inX).}

In the proof we shall need the following well-known fact which can be proved by
the standard back-and-forth argument.

LEMMA 4.5. Let Q be the set of the rational numbers and Q = Qg U Q(l), Q=
Qé U Q} be two decompositions of Q into disjoint dense subspaces. Then there exists an
automorphism of (Q, <) (hence a homeomorphism) h : Q — Q such that h[Qg] =0}
and h Q%] = 0}.

PrOOF OF PrROPOSITION4.4.  As X hasnoisolated pointsand Dy, D; are densein X,
both A = Fin U cFin C P(N) and B = Dy U D are homeomorphic to the rationals
Q being countable metrizable spaces without isolated points. Let & : 4 — B be
a homeomorphism such that 4[Fin] = Dy and A[cFin] = D; (its existence follows
from Lemma 4.5) and let i : B4 — BB be its homeomorphic extension to the
Cech-Stone compactification 4 of A.

By [5, Theorem 3.5.7] we have ph[fA\ A] = fB\ B and analogously, the
extensions f 4 : fA — P(N) and fp : BB — X of the identity maps i : 4 — P(N)
and ip : B — X have the property that f 4[4\ A] = P(N)\ 4 and f3[fB \ B] =
X\ B.

It follows that if K is a family of compact subspaces of P(N) such as in the
definition of 0*, then

{fBIBALF LK : K € K}

is such as in the definition of * (X, Dy, D1 ): and vice versa. if K is a family of compact
subspaces of X such as in the definition of 9* (X, Dy, D;). then

{falBR'f KT : K € K}

is such as in the definition of ?*. Thus, 0*(X, Dy, D) = 0*, which completes the
proof. 4
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3 As the referee pointed out, this conclusion can be no longer valid if we drop either the assumption
that X has no isolated points (consider a compact metrizable space X containing a discrete (open) dense
subset Dy such that X \ Dy has no isolated points (see, e.g., [8]) and a countable dense subset Dy of
X \ D) or the assumption of both Dy and D being dense subsets of X (consider a countable compact set
Dy in X = [0, 1] and a countable dense subset D1 of X \ Dy). In both cases we have 0* (X, Dy, D;) = Ry.

https://doi.org/10.1017/js1.2026.10254 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2026.10254

8 ROMAN POL, PIOTR ZAKRZEWSKI. AND LYUBOMYR ZDOMSKYY

REFERENCES

[1] J. AuBrEY, Combinatorics for the dominating and unsplitting numbers. Journal of Symbolic Logic,
vol. 69 (2004), pp. 482-498.

[2] T. BartoszyXskl and H. JUDAH, Set Theory: On the Structure of the Real Line, A K Peters,
Wellesley, 1995.

[3] A. Brass, Combinatorial cardinal characteristics of the continuum, Handbook of Set Theory
(M. Foreman, A. Kanamori, and M. Magidor. editors), Springer, Dordrecht, Heidelberg, London.,
New York, 2010, pp. 395-491.

[4] A. Brass and S. SHELAH, Ultrafilters with small generating sets. Israel Journal of Mathematics, vol.
65 (1989), pp. 259-271.

[5] R. ENGELKING, General Topology. Sigma Series in Pure Mathematics, Heldermann Verlag, Berlin,
1989.

[6] M. GOLDSTERN and S. SHELAH, Ramsey ultrafilters and the reaping number-Con(x < u). Annals of
Pure and Applied Logic, vol. 49 (1990), pp. 121-142.

[7] K. Kuratowskl, Topology. vol. 11, Academic Press, New York, London, 1966.

[8] D. A. MEsia, Coding Polish spaces. Kyoto University RIMS Kokyiroku, vol. 2050 (2017), 153-161.

[9] J. vaN MILL, The Infinity-Dimensional Topology of Function Spaces, Elsevier, Amsterdam, London,
New York, Oxford, Paris, Shannon, Tokyo, 2001.

[10] R. PoL and P. ZAKRZEWSKI, On two consequences of CH established by Sierpinski. Archive for
Mathematical Logic. vol. 63 (2024), pp. 877-891.

[11] W. SierPINSKI, Hypothése du continu, vol. IV, Monografie Matematyczne, Warszawa, Lwow,
1934.

INSTITUTE OF MATHEMATICS
UNIVERSITY OF WARSAW
BANACHA 2, 02-097 WARSAW
POLAND
E-mail: r.pol@mimuw.edu.pl
E-mail: piotrzak@mimuw.edu.pl

INSTITUT FUR DISKRETE MATHEMATIK UND GEOMETRIE
TECHNISCHE UNIVERSITAT WIEN
WIEDNER HAUPTSTRASSE 8-10/104
1040 WIEN
AUSTRIA
E-mail: 1zdomsky@gmail.com

https://doi.org/10.1017/js1.2026.10254 Published online by Cambridge University Press


mailto:r.pol@mimuw.edu.pl
mailto:piotrzak@mimuw.edu.pl
mailto:lzdomsky@gmail.com
https://doi.org/10.1017/jsl.2026.10254

	1 Introduction
	2 The statement (*) is consistently true
	3 d*=min{u, d}=min{r, d}
	4 Comments
	4.1 Non-decreasing functions versus arbitrary functions
	4.2 Models of ZFC with d* <d
	4.3 A generalization of d*


