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Abstract. We prove existence and non-existence results for geodesics avoidinga-separated
sets on a surface of negative curvature.

1. Introduction
This paper is motivated by the following question:

Suppose thatM is a compact surface equipped with a Riemannian metric of
pinched negative curvature−b2 ≤ K ≤ −a2 < 0. Does there exist a proper
closed subsetW of the unit tangent bundleSM invariant under the geodesic
flow ϕt : SM → SM such thatπ(W) = M, whereπ : SM → M is the
footpoint projection?

Note that by ergodicityW has Liouville measure zero inSM. In the special case of constant
curvature, Burns and Pollicott [BP] gave a positive answer. The existence ofW follows
from Theorem 1.1.

THEOREM 1.1. (Burns, Pollicott)Let M = 0\H
2 be a quotient of the hyperbolic plane

H
2 by a discrete torsion-free group0 of isometries, and letv0 ∈ SM be a non-recurrent

vector. Then there exists anε > 0 and for every pointx ∈ M a unit speed geodesic
γx : R → M with γx(0) = x such thatd1(γ̇ (t), v0) ≥ ε for all t ∈ R, whered1 denotes
the standard (Sasaki) metric onSM.

As a consequence, the setW := {v ∈ SM | d1(ϕt (v), v0) ≥ ε ∀t ∈ R} is a proper
closedϕt -invariant set withπ(W) = M. Actually, a modification of the argument of Burns
and Pollicott (see §2) shows that the non-recurrence condition onv0 is not necessary. The
theorem is an easy consequence of the existence of geodesics avoiding certain open subsets
in hyperbolic space, which can be stated as in Theorem 1.2 below. Before we formulate
our results it is convenient to introduce the following notation.
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Definition. A subset� of a metric space(X, d) is calleda-separated(for somea ∈
(0,∞)) if d(x, x ′) ≥ a for all distinctx, x ′ ∈ �.

THEOREM 1.2. Let H2 be the hyperbolic2-plane with a distinguished pointo ∈ H
2. Let

� ⊂ X be ana-separated subset withd(o, x) ≥ a for all x ∈ �. Then there exists
ε = ε(a) > 0 and a geodesicγ : R → H

2 with d(γ (R),�) ≥ ε andγ (0) = o.

This result was proved by Burns and Pollicott under the additional assumptiona ≥ a0,
wherea0 is a certain universal lower bound. We give a different argument to avoid
this assumption. We mention that Theorem 1.2 and the Burns–Pollicott result have a
generalization to rank-1 symmetric spaces.

The first main result of this paper is the construction of an example that shows that
Theorem 1.2 depends essentially on the fact thatH

2 is a symmetric space and that a
corresponding result fails in the variable curvature case.

THEOREM 1.3. Givenδ > 0 anda > 0, the spaceR2 can be equipped with a complete
smooth Riemannian metricg of sectional curvature−1− δ ≤ K ≤ −1+ δ such that there
exists ana-separated subset� ⊂ R

2 enjoying the properties:
(1) d(o, x) ≥ a for all x ∈ �;
(2) if γ : R → (R2, g) is a complete geodesic withγ (0) = o, thend(γ (R),�) = 0.

We remark that our example does not cover any compact or finite volume surface.
However, it shows that the methods of Burns and Pollicott cannot be generalized to the
variable curvature case.

We note that in Theorems 1.2 and 1.3 it is essential to consider complete geodesics
γ : R → X with prescribed origino = γ (0).

A closely related problem is the study of geodesic raysγ : [0,∞) → X starting at a
prescribed pointo. In this context one obtains two different analogs of Theorem 1.2. In
the first generalization we need a curvature pinching, in the second we need only an upper
curvature bound, but a lower bound on the separation numbera.

THEOREM 1.4. Let b ≥ 1 and a > 0 be given. Then there exists a positive constant
ε = ε(b, a) with the following property.

Let X be a complete simply connected surface with curvature−b2 ≤ K ≤ −1 and let
� ⊂ X be ana-separated subset. Then for eacho ∈ X, d(o,�) ≥ a/2, there exists a
geodesic rayγ : [0,∞) → X with d(γ ([0,∞)),�) ≥ ε andγ (0) = o.

The second generalization is based on arguments of [BP].

THEOREM 1.5. For everya > ln 2 there exists anε > 0 with the following property.
LetX be a complete simply connected surface with curvatureK ≤ −1, and let� ⊂ X

be ana-separated subset. Then for eacho ∈ X, d(o,�) ≥ a/2 there exists a geodesic ray
γ : [0,∞) → X with d(γ ([0,∞)),�) ≥ ε andγ (0) = o.

In this theorem, we do not suppose thatX is smooth, and the conditionK ≤ −1 is
understood in the usual Alexandrov comparison sense. Moreover, Theorem 1.5 is true for
an arbitrary Hadamard spaceX with curvatureK ≤ −1 and extendable geodesics whose
space of directions at every pointx ∈ X contains at least three elements (see §4). Thus
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Theorem 1.5 is true forR-trees, but the last condition excludes simplicial trees which give
easy counterexamples.

Surprisingly, the lower bound ln 2= 0.693. . . in Theorem 1.5 cannot be essentially
improved. Already fora ≤ 1/3 the theorem is not true as the following result shows.

THEOREM 1.6. For everya, 0 < a ≤ 1/3 there exists a complete simply connected
surfaceX with curvatureK ≤ −1 which contains ana-separated subset� ⊂ X such that
every geodesic rayγ : [0,∞) → X passes arbitrarily close to points of�.

We give examples of singular as well asC∞-smooth surfacesX satisfying Theorem 1.6.
The smooth example is considerably more complicated than the singular one.

As a general reference for non-positively curved spaces we recommend for
instance [Ba].

2. Geodesics avoiding open subsets in hyperbolic space
In this section we prove Theorems 1.2, 1.4 and the result of Burns and Pollicott
(Theorem 1.1) without the non-recurrence condition onv0. We start with a theorem on
the existence of geodesic rays (instead of complete geodesics) which stay away from the
ε-neighborhood of a discrete subset. Our result is a generalized version of Theorem 1.4.

THEOREM 2.1. Leta > 0, ` ∈ N andb ≥ 1 be given. Then there existsε = ε(a, `, b) > 0
such that the following holds. LetX be a complete simply connected surface with curvature
−b2 ≤ K ≤ −1 and� ⊂ X a subset with the properties:
(1) d(o,�) ≥ a/2 for a distinguished pointo ∈ X,
(2) for all x ∈ X we have|Ba(x) ∩ �| ≤ `, whereBa(x) denotes the ball of radiusa

aroundx.
Then there exists a rayγ : [0,∞) → X with d(γ ([0,∞)),�) ≥ ε andγ (0) = o.

Proof. We choose geodesic polar coordinates[0,∞) × S1 aroundo ∈ X. For an interval
I ⊂ S1 we use the notationL(t, I ) for the length of the spherical interval(t, I ) ⊂ X.

We need the following estimate.

LEMMA 2.1. Let I ⊂ S1 be a closed interval,s and T real numbers such thatL(s +
T , I) ≤ a. Then

|� ∩ ([s, s + T ] × I)| ≤
(⌈

T

a

⌉
+ 2

)
· `,

whered e denotes the integer part.

Proof. Let µ := dT/ae + 1 and choosexν ∈ I such thatpν = (s + ν · T/µ, xν) is the
midpoint of the spherical interval(s + ν · T/µ, I) for ν = 0, . . . , µ. An easy calculation
shows that

[s, s + T ] × I ⊂
µ⋃

ν=0

Ba(pν),

thus by assumption (2) of Theorem 2.1 the lemma follows. 2
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On the set{(t, I ) | t ≥ a/3, I ⊂ S1} of spherical intervals, we define adilatation
functionat the timeT as

DilT (t, I ) = L(t + T , I)

L(t, I )
.

LEMMA 2.2. There exist functionsf = f (b, T ), g = g(b, T ) such that

g(b, T ) ≤ DilT (t, I ) ≤ f (b, T )

for all T > 0 and all spherical intervals(t, I ), andg(b, T )/T → ∞ asT → ∞.

Proof. By the standard comparison theorems, one can take

f (b, T ) = c0 exp(bT ), g(b, T ) = c1 exp(T )

for appropriate constantsc0, c1 > 0, which depend only onb. 2

We now fix a constantT > 0 with g(b, T ) ≥ 3m, wherem > 2(dT/ae + 2) · `, and
anη with η · f (b, T ) ≤ a. Let t−1 = 0 andtn = a/3 + nT for n ≥ 0. We construct a
sequenceI0 ⊃ I1 ⊃ I2 ⊃ · · · of closed intervals inS1 such that the following properties
hold for alln ≥ 0:
(i) L(tn, In) = 3η,
(ii) (tn, In+1) is contained in the middle third of(tn, In),
(iii) ([tn−1, tn] × In) ∩ � = ∅.

Choose first an arbitrary intervalI0 such thatL(t0, I0) = 3η. Clearly([t−1, t0] × I0) ∩
� = ∅ by assumption (1) on�. Assume, inductively, that the intervalIn has already been
constructed and chooseI ′

n ⊂ In so that(tn, I ′
n) is the middle third subinterval of(tn, In).

During the timeT betweentn andtn+1 the interval(tn, I ′
n) expands to the size

L(tn+1, I
′
n) = DilT (tn, I

′
n)L(tn, I

′
n) ≤ f (b, T ) · η ≤ a.

Next we divide(tn, I
′
n) into m subintervals all with the same lengthη/m. Using

Lemma 2.1 we have([tn, tn+1] × I ′′
n ) ∩ � = ∅ for one of them,I ′′

n . During the time
T it expands to the size

L(tn+1, I
′′
n ) = DilT (tn, I

′′
n )L(tn, I

′′
n ) ≥ g(b, T ) · η/m ≥ 3η.

Now chooseIn+1 ⊂ I ′′
n so thatL(tn+1, In+1) = 3η. It is clear thatIn+1 has the desired

properties.
Let nowv ∈ S1 be a vector from∩n≥0In. We claim thatγv(t) = (t, v) satisfies the

required properties. Suppose(t, w) ∈ �. Choosen ∈ N such thattn−1 ≤ t ≤ tn. We have
by construction that

(t, v) ∈ [tn−1, tn] × In+1 ⊂ [tn−1, tn] × In

and(t, w) /∈ [tn−1, tn]× In by (iii). It follows from (ii) that the distance betweenγv(t) and
(t, w) measured on the distance sphere of radiust is bounded below by

L(tn, In)

3 · f (b, tn − t)
= η

f (b, tn − t)
.

Note that 0≤ tn − t ≤ T andT depends only ona, ` andb. Hence there exists
ε = ε(a, `, b) > 0 with d(γv([0,∞)), (t, w)) ≥ ε for all (t, w) ∈ �. 2
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The symmetry ofH2 allows us to get a version for complete geodesics.

THEOREM 2.2. Let X be the hyperbolic planeH2. For a > 0 and ` ∈ N there exists
ε1 = ε1(a, `) > 0 such that for any set� as in Theorem 2.1 there exists a complete
geodesicγ : R → H

2, γ (0) = o, such thatd(γ (R),�) ≥ ε1.

Proof. Let σ : H
2 → H

2 be the reflection at the origino. Define�′ := � ∪ σ(�). Then
σ(�′) = �′. Sinceσ is an isometry,�′ satisfies the properties:
(1′) d(o,�′) ≥ a,
(2′) for all x ∈ H

2 we have|Ba(x) ∩ �′| ≤ 2`.
By Theorem 2.1 there exists a rayγ : [0,∞) → H

2 with γ (0) = o and
d(γ ([0,∞)),�′) ≥ ε1 = ε(a, 2`). Letγ also denote the complete extensionγ : R → H

2,
thenγ (R) = γ ([0,∞))∪ σ(γ ([0,∞))). Thus by theσ -invariance of�′ we conclude that
d(γ (R),�′) ≥ ε1. 2

An easy modification of the proofs of Theorems 2.1 and 2.2, allows us to choose the
initial vectorγ̇ (0) in a given interval. To get the following result one has merely to choose
the ‘initial’ interval I0 in the proof of Theorem 2.1 appropriately.

THEOREM 2.3. Let X be the hyperbolic planeH2. For givena > 0, ` ∈ N andη > 0
there existsε1(a, `, η) > 0 such that for any set� as in Theorem 2.1 and anyw ∈ SoH

2

there exists a complete geodesicγ : R → H
2, γ (0) = o, such thatd(γ (R),�) ≥ ε1 and

d1(γ̇ (0), w) ≤ η.

We are now able to prove the result of Burns and Pollicott without the non-recurrence
condition onv0.

THEOREM 2.4. Let M = 0\H
2 be the quotient ofH2 by a discrete torsion-free group0

and letv0 ∈ SM be arbitrary. Then there existsε > 0 and for every pointx ∈ M a unit
speed geodesicγx : R → M with γx(0) = x such thatd1(γ̇ (t), v0) ≥ ε for all t ∈ R.

Proof. Let p : H
2 → M be the universal covering. Let�∗ := p−1(π(v0)) andx a point

in p−1(x). There existsa > 0 such that for distinct pointsq1, q2 ∈ �∗ the condition
d(q1, q2) > 2a holds.

We first assume thatBa(x) ∩ �∗ = ∅. Then by Theorem 2.2 there exists a geodesic
γ : R → H

2, γ (0) = x with d(γ (R),�) ≥ ε1. Obviously,γx := p ◦ γ satisfies the
required conditions.

Let us finally consider the caseBa(x) ∩ �∗ 6= ∅. Sinced(q1, q2) > 2a for any two
distinct points in�∗, we see thatBa(x) ∩ �∗ consists of only one pointy. Let v0 ∈ SȳH

2

be the vector withp∗,ȳ (v0) = v0, wherep∗,ȳ is the differential of the mapp at the point
y ∈ H

2. The following result is rather obvious and not difficult to prove.

LEMMA 2.3. There existsε2 > 0 such that for everyx ∈ H
2 and everyv0 ∈ SH

2 there is
a vectorw ∈ Sx̄H

2 with the following property.
For all u ∈ Sx̄H

2 with d1(u,w) < ε2 we haved1(γ̇ū(t), v0) ≥ π/4 for all t ∈ R. Here
γū is the geodesic witḣγū(0) = u.

Now choosew as in Lemma 2.3 and let� := �∗ \ {y}. By Theorem 2.3 there
exists ε1 = ε1(a, 1, ε2) > 0 such that there is a complete geodesicγ : R → H

2
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FIGURE 1. Construction of the radiitn.

with γ (0) = x, d(γ (R),�) ≥ ε1 andd1(γ̇ (0), w) ≤ ε2. By Lemma 2.3 we infer that
d1(γ̇ (t), v0) ≥ π/4 for all t ∈ R. Therefore, the geodesicγx = p ◦ γ : R → M satisfies
d1(γ̇x(t), v0) ≥ min{ε1, π/4} for all t ∈ R. 2

3. Proof of Theorem 1.3

In this section we construct an example which proves Theorem 1.3. We first give an outline
of the construction and later we fill in the necessary details.

We write the spaceR2 in planar polar coordinates as[0,∞) × S1 and choose a
monotonically decreasing null sequence(εn)n∈N with ε1 = 1. In an inductive process,
which we describe more precisely below, we construct an increasing sequence 0<

t1 < t2 < · · · of ‘radii’ and a sequence(kn)n∈N of odd integers. Then we divide
the plane into sectorsSn,ν = [0, tn] × [(ν − 1) · π/ln, ν · π/ln], ν = 1, . . . , 2ln, with
ln := k1 · k2 · · · kn. Note thatln is odd for alln ∈ N. We will define (warped product)
metricsgn,ν on Sn,ν of the formdt2 + f 2

n,ν(t) dθ2, ν = 1, . . . , 2ln, where the warping
function fn,ν : [0, tn] → [0,∞) is a positive smooth function such thatfn,ν (0) = 0,
ḟn,ν(0) = 1 andf̈n,ν (t) ≥ 0 for all t . The functions will be chosen such that the sectional
curvature satisfiesKgn |Sn,ν = −f̈n,ν/fn,ν ∈ [−1 − δ,−1 + δ]. This choice for the metric
implies, in particular, that we have rotational symmetry within a sectorSn,ν .

LetCn be the circle of radiustn around the origin. This circle is divided into the intervals
Cn,ν := {tn} × [(ν − 1) · π/ln, ν · π/ln], ν = 1, . . . , 2ln. We will choose the metricg in
such a way thatCn,ν has lengthεn for ν odd and length 1 forν even. Then we choose�n

to be the set of the midpointspn,ν := (tn, (2ν − 1) · π/2ln), ν = 1, 3, . . . , 2ln − 1, of the
odd intervalsCn,ν . Thus, the concentric circlesCn are alternately divided into two types
of intervals, namely intervals of lengthεn (called small intervals) and intervals of length 1
(called large intervals). Finally, we put� = ∪n≥1�n.

Let us assume that we have constructed a metricg with these properties. Consider a unit
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speed geodesicγ : R → (R2, g), γ (0) = o. Note that on the one hand, ifγ (tn) ∈ Cn,ν

and ν ∈ {1, . . . , ln} then γ (−tn) ∈ Cn,ln+ν and, on the other hand, ifγ (tn) ∈ Cn,ν

andν ∈ {ln + 1, . . . , 2ln} thenγ (−tn) ∈ Cn,−ln+ν . Since we have 2ln ≡ 2 mod 4 by
construction,γ (tn) lies in a small interval if and only ifγ (−tn) lies in a large interval.

We show that this implies thatd(γ (R),�) = 0. Assume thatd(γ ([0,∞)),�) ≥ η > 0
and letn be so large thatεn < 2η. Sinced(γ (tn),�) ≥ εn/2, the pointγ (tn) is contained
in a large interval, thusγ (−tn) is contained in a small interval. Henced(γ (−tn),�) ≤ εn

for all n large enough and therefored(γ (R),�) = 0 as claimed.
We now fill in the details of the construction. We are given the sequence(εn)n∈N , and

we have to construct inductivelytn, kn and the warping functionsfn,ν , ν = 1, . . . , 2ln,
whereln = ∏n

i=1 ki . The condition on the length of the intervalsCn,ν corresponds to the
condition that

fn,ν(tn) = ln

π
· εn, for ν odd

and

fn,ν(tn) = ln

π
· 1, for ν even.

Note thatε1 = 1. This enables us to choose the metric to be the standard hyperbolic
metric near the origin. We may choose for examplek1 = 3, t1 = arcsinh(3/π) and
f1,ν(t) = sinh(t), ν = 1, . . . , 6.

Let us assume that we have already constructedkn, tn andfn,ν , ν = 1, . . . , 2ln. In
the next step we have to constructkn+1, tn+1 andfn+1,ν . In order to do so we need the
following extension lemma and its corollary.

LEMMA 3.1. Let ta be a positive real number andf : [0, ta] → [0,∞) be a non-negative
smooth function satisfying the differential inequality

−1 − δ ≤ − f̈ (t)

f (t)
≤ −1 + δ, for some constantδ ∈ (0, 1), (3.0.1)

for all t ∈ (0, ta] together with the initial conditions

f (0) = 0 and ḟ (0) = 1. (3.0.2)

Let sinh+(t) := sinh(
√

1 + δ1t) and sinh−(t) := sinh(
√

1 − δ1t), where δ1 is some
constant in(0, δ). Consider the familyFf of C∞ extensions off , Ff = {f̄ : [0,∞) →
[0,∞) | f̄ is a C∞ function satisfying (3.0.1) for allt ∈ (0,∞) and such that
f̄ |[0,ta] = f }.

Moreover, let

Ff (t) := {g(t) | g ∈ Ff }
be the slices ofFf .

Then there exists a real numbertb = tb(f ) > ta depending on the given functionf
such that

[sinh−(t), sinh+(t)] ⊂ Ff (t), ∀t ≥ tb.
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Proof of Lemma 3.1.Consider theC∞ functionϕ : [0, ta] → [1 − δ, 1 + δ] defined by
the differential equationϕ = f̈ /f (i.e. ϕ(t) is the modulus of the sectional curvature at
t ∈ [0, ta]). Let ϕ : [0,∞) → [1 − δ, 1 + δ] be an extension ofϕ. Then the solution of
the differential equation¨̄f /f̄ = ϕ with initial conditionsf̄ (0) = 0 and ˙̄f (0) = 1 is an
extension off , hencef̄ ∈ Ff .

Let ϕ0, ϕ1 : [0,∞) → [1−δ, 1+δ] beC∞ functions withϕ0|[0,ta] = ϕ = ϕ1|[0,ta] and
ϕ0|[ta+1,∞) ≡ 1 − δ, ϕ1|[ta+1,∞) ≡ 1 + δ. Let ϕs := sϕ0 + (1 − s)ϕ1, s ∈ [0, 1],
and let the solutions of¨̄f s/f̄s = ϕs , f̄s ∈ Ff , be C∞ extensions off . Note that
f̄1|[ta+1,∞)(t) = A1 sinh(

√
1 + δt) + B1 cosh(

√
1 + δt), whereA1 + B1 > 0, since

f̄1|(0,∞) is positive and convex. Thus̄f1(t) > sinh+(t) for t large enough because of
δ > δ1. Similarly, f̄0(t) < sinh−(t) for t sufficiently large. Hence, we conclude by
the continuous dependence of thēfs on the parameters that {f̄s (t) | s ∈ [0, 1]} ⊃
[sinh−(t), sinh+(t)] for t sufficiently large. 2

It is not difficult to generalize Lemma 3.1 to finitely many functions.

COROLLARY 3.1. Let ta be a positive real number andf1, . . . , fN : [0, ta] → [0,∞) be
non-negative convexC∞ functions satisfying the differential inequalities

−1 − δ ≤ − f̈i (t)

fi(t)
≤ −1 + δ, i ∈ {1, . . . , N},

for all t ∈ (0, ta] together with the initial conditionsfi(0) = 0 and ḟi (0) = 1 for all
i ∈ {1, . . . , N}.

Then there exists a real numbertb = tb(f1, . . . , fN) > ta depending on the given
functionsf1, . . . , fN such that for any givenτ ≥ tb and arbitrarysi ∈ [sinh−(t), sinh+(t)]
there exist extensions̄fi ∈ Ffi with f̄i (τ ) = si for all i ∈ {1, . . . , N}.

We now complete the induction step. We will apply Corollary 3.1 to the functionsfn,ν ,
ν = 1, . . . , 2ln, for ta = tn. Now choosetn+1 such that

tn+1 ≥ tb(fn,1, . . . , fn,2ln ) (3.0.3)

and in addition

sinh+(tn+1) − sinh−(tn+1)

sinh−(tn+1)
≥ 3

εn+1
. (3.0.4)

Next we choosekn+1 to be the largest odd number such that

1

π
· kn+1 · ln = 1

π
· ln+1 ≤ sinh+(tn+1). (3.0.5)

It remains to constructfn+1,ν for ν = 1, . . . , 2ln+1. Fix ν ∈ {1, . . . , 2ln+1} and let
µ ∈ {1, . . . , 2ln} be the number such thatSn+1,ν ⊂ Sn,µ. In order that the metric on
[0, tn+1]×S1 is an extension of the metric on[0, tn]×S1, the new corresponding warping
function fn+1,ν has to be an extension offn,µ. To have the required length condition
on the intervalCn+1,ν we have to choosefn+1,ν (tn+1) = (ln+1/π) · εn+1 for ν odd and
fn+1,ν(tn+1) = (ln+1/π) · 1 for ν even.

By (3.0.3) and Corollary 3.1 the existence of these extensions is guaranteed if we show
that [εn+1 · (ln+1/π), (ln+1/π)] ⊂ [sinh−(tn+1), sinh+(tn+1)]. Now inequality (3.0.5)
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implies thatln+1/π ≤ sinh+(tn+1). Sincekn+1 is the largest odd number satisfying (3.0.5),
we have

1

π
· (kn+1 + 2) · ln > sinh+(tn+1). (3.0.6)

Using (3.0.4) we obtain

sinh+(tn+1) ≥
(

3

εn+1
+ 1

)
sinh−(tn+1) >

3

εn+1
sinh−(tn+1). (3.0.7)

Because ofln < ln+1 we get from (3.0.6) and (3.0.7) that

sinh−(tn+1) <
εn+1

3
· (kn+1 + 2) · ln

π
= εn+1

3
· ln+1

π
+ 2εn+1

3
· ln

π

< εn+1 · ln+1

π
.

The metric constructed so far is not smooth. So finally we indicate how to make it
smooth. This is done in two steps. In the first step we modify the construction in such
a way that on a sequence([sn, sn + 1] × S1)n∈N of annuli the metric coincides with the
hyperbolic metric. By standard methods one proves the following.

LEMMA 3.2. Let f : [0, ta] → [0,∞) be as in Lemma 3.1. Then there exist a number
tc = tc(f ) > ta and a functionf̄ ∈ Ff with f̄ |[tc,∞)(t) = sinh(t).

Combining Lemma 3.2 with Corollary 3.1 one can obtain the following corollary.

COROLLARY 3.2. Let f1, . . . , fN : [0, ta] → [0,∞) be as in Corollary 3.1. Then there
exist constantstb(f1, . . . , fN) and tc(f1, . . . , fN ) with tb > tc + 1 > tc > ta such that
for any givenτ ≥ tb and all si ∈ [sinh−(t), sinh+(t)], i = 1, . . . , N , there are extensions
f̄i ∈ Ffi with f̄i (τ ) = si for all i ∈ {1, . . . , N} andf̄i |[tc,tc+1] = sinh|[tc,tc+1].

If we use the extension in this way, the metric is not smooth on a locally finite set of
slits of the form[α, β] × v with real numbersα < β. We now show how to smooth the
metric on these slits. We identifyv with 0 ∈ S1. In a small box(α − ε, β + ε) × (−ε, ε),
ε > 0, the metric is of the form

dt2 + f 2+(t) · dθ2, for θ ≥ 0,

dt2 + f 2−(t) · dθ2, for θ ≤ 0,

andf+(t) = f−(t) = sinh(t) for t ∈ (α − ε, α + ε) andt ∈ (β − ε, β + ε).
We take a suitable partition of unityλ, 1 − λ on (−ε, ε) and consider the metric

dt2 + [λ(θ) · f+(t) + (1 − λ(θ)) · f−(t)]2 · dθ2.

Note that the new metric is smooth and coincides with the old metric near the boundary of
the box. Moreover, an easy calculation shows that the curvature satisfies the same pinching
and the lines[α, β] × θ are still geodesics. Thus we obtain a smooth metric with the same
properties as the non-smooth one. 2
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4. Proof of Theorem 1.5
In §2 we proved Theorem 1.4, which is a generalization of the result of Burns and Pollicott.
There we developed a different approach to avoid the lower bound on the separation
numbera which is essential in the argument of [BP]. The original argument in [BP],
however, has the advantage that it does not need the lower curvature bound and hence is
also valid in the context of singular spaces.

In this section we elaborate these methods and prove Theorem 1.5. While the idea of
the argument is clear, the proof itself is technical since we want to obtain an ‘optimal’
lower bound for the separation constant. The bound ln 2 seems to be optimal for this type
of argument, and the example of Theorem 1.6 shows that it is close to the optimal constant.

We briefly sketch the idea of the argument. We call anε-ball around a pointω ∈ �

an ‘obstacle’. We start with an arbitrary ray fromo and follow this ray until we hit the
first obstacle. Then we modify the ray so that we avoid the obstacle, and we follow the
modified ray until we hit the next obstacle. The main point is to show that the sum of all
later modifications does not destroy what we have done in the first steps.

We prove the result in the following setting.

THEOREM 4.1. For everya0 > ln 2 there exists anε0 > 0 with the following property.
LetX be a completeCAT (−1)-space with extendable geodesics such that the space of

directions at every point contains at least three elements, and let� ⊂ X be ana0-separated
subset. Then for eacho ∈ X, d(o,�) ≥ a0/2 there exists a geodesic rayγ : [0,∞) → X

with d(γ ([0,∞)),�) ≥ ε0 andγ (0) = o.

4.1. The choice of constants.We fix a1 with ln 2 < a1 < a0 and choosea ∈ (ln 2, a1),
ε > 0 such that the following conditions hold:

ea1−a < ea1 − 1; (4.1.1)

2(coshε − 1) ≤ ε2e2(a1−a); (4.1.2)

a1 + 10ε ≤ a0. (4.1.3)

4.2. An estimate for triangles inH2. For T > 0, n ∈ N let 1T,n ⊂ H
2 be an

isosceles triangle,1T,n = ox ′
T y ′

T , d(o, x ′
T ) = d(o, y ′

T ) = T + na1 with the base length
d(x ′

T , y ′
T ) = ε. We putzn(T ) = d(xT , yT ), where the pointsxT ∈ ox ′

T , yT ∈ oy ′
T satisfy

d(o, xT ) = d(o, yT ) = T .

LEMMA 4.1. For eachT > 0, n ≥ 0 we have

zn+1(T ) < εe−(a+na1).

Proof. The functionzn = zn(T ) strictly increases on(0,∞) as it is easy to see if one puts
together the bases of corresponding triangles1T,n, 1T ′,n. Using formulas of hyperbolic
trigonometry, we obtain

coshzn(T ) = cosh2(T ) − sinh2(T ) cosφ,

whereφ = 6
o(xT , yT ). On the other hand,

coshε = cosh2(T + na1) − sinh2(T + na1) cosφ,
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thus

coshzn(T ) = cosh2(T ) − sinh2(T )
cosh2(T + na1) − coshε

sinh2(T + na1)
.

A simple calculation now shows that

lim
T →∞ coshzn(T ) = 1 + (coshε − 1)e−2na1.

Therefore, coshzn(T ) − 1 < (coshε − 1)e−2na1 for all T > 0. By (4.1.2) we have

z2
n(T )

2
< coshzn(T ) − 1 <

ε2

2
e−2(a+(n−1)a1).

Hence

zn(T ) < εe−(a+(n−1)a1). 2

4.3. The construction of a required geodesic rayγ . We start with the following
construction of a geodesic rayγ with the required properties.

LEMMA 4.2. Assume thato, ω ∈ X with d(o, ω) > 5ε and that a pointy ∈ X,
d(y, ω) = ε, is the closest point of the segmentoy to ω. Let x0 ∈ oy be the point with
d(y, x0) = 4ε. Then there exists a rayγ ⊂ X starting ato with d(γ, ω) ≥ ε such that for
the pointx1 ∈ γ with d(o, x1) = d(o, x0) we haved(x0, x1) < ε.

Proof. Let x ∈ oω be the point ofoω which is closest tox0. By convexity of the distance
function we haved(x0, ω) ≥ 4ε, d(x, x0) < ε, in particular,d(x, ω) ≥ 3ε.

Assume, first, thatx 6= x0. Then there exists ay1 ∈ X such thatx0 ∈ xy1 and
d(x0, y1) = ε. Now let γ ⊂ X be a ray outgoing fromo, for which y1 ∈ γ . Thenx

is the point ofoω closest toy1 andε ≤ d(x, y1) < 2ε. In particular, by convexity of
the distance function, we haved(ω, γ \ [oy1)) ≥ ε andd(x0, x1) < ε for x1 ∈ γ with
d(o, x1) = d(o, x0).

Furthermore, the segmentox ′ ⊂ γ is separated fromω by the distance> ε for x ′ ∈ γ

with d(o, x ′) = d(o, x), becausex ∈ oω andd(x, ω) ≥ 3ε. Thus, if one would suppose
thatd(γ, ω) < ε, then anyx ′′ ∈ γ with d(ω, x ′′) < ε would lie betweenx ′ andy1. For
that point we would haved(x ′′, y1) < d(y1, x) < 2ε and

d(x0, ω) ≤ d(x0, y1) + d(y1, x ′′) + d(x ′′, ω) < ε + 2ε + ε = 4ε.

This contradicts the conditiond(x0, ω) ≥ 4ε. Thusd(γ, ω) ≥ ε.
Assume now thatx = x0. By hypothesis, the direction space toX atx contains at least

three elements. It follows that there existsz ∈ X \ oω as close as we like tox. Hence, the
arguments above are applicable tox0 = z. 2

We put

ε0 := ε

(
1 − ea1−a

ea1 − 1

)
.
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By (4.1.1) we haveε0 > 0, and it follows from Lemma 4.1 that∑
n≥1

zn(T ) < ε − ε0

for eachT > 0.
For eachω ∈ � we consider the closed ballBε(ω) of radiusε aroundω. Using the

fact that the geodesic segments inX are extendable, we move fromo along a geodesic ray
until we hit a next obstacle. Letyk be the meeting point withkth obstacleBε(ωk) which
lies on a rayγk ⊂ X with the initial pointo, d(yk, ωk) = ε, k ≥ 1. By Lemma 4.2, there
is a rayγk+1 ⊂ X outgoing fromo such thatγk+1 ∩ Bε(ωk) = ∅ and forx1

k ∈ γk+1,
d(x1

k , o) = d(x0
k , o) the conditiond(x0

k , x1
k ) < ε holds, wherex0

k ∈ oyk, d(x0
k , yk) = 4ε.

Then we continue our trip alongγk+1.
This procedure gives the sequence{x0

k } ⊂ X. We claim that the sequence of geodesic
segmentsox0

k converges to a rayγ with γ (0) = o andd(γ,�) ≥ ε0.
To prove this, we first note that

d(x1
k , x0

k+1) ≥ a1, for every k ≥ 1. (4.3.1)

Indeed,d(x1
k , x0

k+1) ≥ d(ωk, ωk+1) − d(x1
k , ωk) − d(x0

k+1, ωk+1) ≥ a0 − 10ε ≥ a1 by the
choice (4.1.3).

Next, we consider pointsxi
k−i ∈ ox0

k , i = 1, . . . , k − 1 defined by the condition

d(o, xi
k−i) = d(o, x0

k−i ). It follows from (4.3.1) thatd(xi
k−i , x

i−1
k−(i−1)) ≥ a1 for each

i = 1, . . . , k − 1.
Now fix a T > 0. There is ak ≥ 0 such thatd(o, x0

k ) < T ≤ d(o, x0
k+1), where

x0
0 := o. Then for the pointx1 ∈ ox0

k+1 with d(o, x1) = T , we haved(x1,�) ≥ ε by the
construction of the segmentox0

k+1. This generates a sequence of pointsxn ∈ ox0
k+n, n ≥ 1

with d(o, xn) = T . By the construction, we havexn ∈ xn
k xn−1

k+1, thusd(xn, x
0
k+n) ≥

(n − 1)a1. Recall that we also haved(x0
k+n, x

1
k+n) < ε. Applying Lemma 4.1 to a

comparison triangle inH2 for the triangleox0
k+nx

1
k+n ⊂ X, we obtain

d(xn, xn+1) ≤ zn(T ) < εe−(a+(n−1)a1).

In particular,{xn} is a Cauchy sequence and hence the segmentsox0
k converge to a rayγ

ask → ∞. Furthermore, for the pointx = limn xn ∈ γ we haved(o, x) = T and

d(x, x1) ≤
∑
n≥1

zn(T ) < ε − ε0,

thusd(x,�) ≥ ε0. Therefore,d(γ,�) ≥ ε0. This completes the proof of Theorem 4.1
and Theorem 1.5, respectively. 2

5. Proof of Theorem 1.6
We will first construct a singular metricg with the required properties. The metricg has
the constant curvature−1 on the complementMg \ �a, and the tangent coneTωMg at
each singular pointω ∈ �a is the Euclidean cone over the circle of length 3π . Second,
we construct aC∞-smooth metricg possessing the required properties by smoothing the
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singular metric. Of course, the Gaussian curvature of the smoothg is not bounded from
below.

We start with describing a standard block� ⊂ R
2 which we use to construct�a. In

the following, we use the polar coordinates(t, φ) ∈ [0,∞) × [0, 2π) on R
2 around the

origin o.
Let g0 be the metric of constant curvature−1 given byds2

0 = dt2 + (sinht)2 dφ2,
M0 = (R2, g0).

5.1. The construction of the standard block�. We fix an integerp ≥ 3 and define
� = ∪n≥16n, where each6n lies in

[n, n + 1 − 1/p] × [0, π].
The set6n consists ofpn−1 subblocks6i

n, i = 1, . . . , pn−1, and the subblock6i
n is

obtained by the counterclockwise rotation of61
n aroundo by the angleπ(i − 1)/pn−1. It

remains to describe the block61
n. It consists ofp pointsω1

n, . . . , ω
p
n , where

ωi
n = (n + (i − 1)/p, π(i − 1)/pn).

We put�′ = � ∪ σ(�), whereσ : R
2 → R

2 is the reflection ato, and consider�, �′
as subsets ofM0.

LEMMA 5.1. Every geodesic rayγ : [0,∞) → M0 passes arbitrarily close to points
of �′.

Proof. One can assume thatγ lies in the upper half-planeH2+ = [0,∞) × [0, π]. Let
γ : [0,∞) → H

2+ be the ray asymptotic toγ with γ (0) = o. By reparametrizingγ we
can assume thatd(γ (t), γ (t)) → 0 for t → ∞.

The radial projection6n of 6n to the half-circleSn+1 = {n + 1} × [0, π] consists of
pn points

ωi
n = (n + 1, π(i − 1)/pn), i = 1, . . . , pn,

which subdivideSn+1 into pn equal arcs. Thus

d(γ |[n,n+1],6n) ≤ d(γ |[n,n+1],6n) ≤ π

pn
sinh(n + 1) → 0

asn → ∞, sincep ≥ 3 > e. Because the Hausdorff distance Hd(γ|[n,n+1], γ |[n,n+1]) → 0
for n → ∞ we conclude thatd(γ,6n) → 0. 2

5.2. The construction of a singular metricg. We takea = 1/p. The set�′ ⊂ M0

constructed in §5.1 satisfiesd(o,�′) = 1 ≥ a, and anyω, ω′ ∈ �′ with distinct distances
from o are separated by a distance≥ a. However,�′ is not ana-separated set. Points
ω ∈ 6i

n, ω′ ∈ 6i+1
n with d(o, ω) = d(o, ω′) are arbitrarily close to each other forn

sufficiently large.
To remedy this, we make a slitsω along the ray[tω,∞) × {φω} for eachω ∈ �′,

ω = (tω, φω), and glue in it a copy of the upper half-planeH
2+. For that, we identify the

right-hand sides+
ω of sω with the ray[0,∞) × {0} ⊂ ∂H

2+ and the left-hand sides−
ω of sω
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with [0,∞) × {π} ⊂ ∂H
2+. We perform this starting with the lowest level points of�′, for

which tω = 1, and assume every time that ifω′ ∈ �′ lies on the slit ray[tω,∞) × {φω},
thenω′ belongs to the left-hand sides−

ω of sω.
We call this construction theblow-up at�′. It defines a complete singular metricg1

on R
2 of curvature≤ −1. Its singular set�1 can be identified with�′ via the obvious

projectionM1 = (R2, g1) → M0. The metricg1 has the constant curvature−1 on the
complementM1 \ �1, and the space of directions at anyω ∈ �1 is the circle of length 3π .

The blow-up at�′ separates each pair of blocks6i
n, 6i+1

n , n ≥ 1, and thus�1 is
a-separated. It follows from the construction and Lemma 5.1 that each geodesic ray
γ : [0,∞) → M1, γ (0) = o, passes arbitrarily close to points of�1. Hence, every
ray inX passes arbitrarily close to points of�1. This completes the proof of Theorem 1.6
for the case of a singular metricg = g1.

5.3. The construction of a smooth metricg. We construct a smooth metricg from
Theorem 1.6 by smoothing a singular metric of the type described above in small
neighborhoods of singular points. However, to use the metricg1 from §5.2 would not
be appropriate, because for any smoothed metricg′

1 there exist geodesic rays starting at
o, missing�1 and with tails lying inside of glued sectorsH2+, i.e. far away from�1.
Therefore, we need to modifyg1. To this end, we recall that the upper half-planeH

2+
carries an additional piece of information, namely, the standard block�.

5.3.1. Construction of a singular metricg∞. We start with the metricg1 (see §5.2).
The spaceM1 contains a copyHω of H

2+ glued into the slitsω for eachω ∈ �1. By the
construction,Hω contains only two points of�1 both lying on the left-hand side of∂Hω:
ω andω′ with d(ω′, ω) = 1. Using the isometryH2+ → Hω, we obtain a copy�ω of the
standard block� in Hω. It follows that�ω ∩ �1 = ∅ for eachω ∈ �1.

Now we define
�′

2 = �1 ∪
⋃

ω∈�1

�ω

and make the blow-up at�′
2 \ �1. This gives a singular metricg2 on R

2, whose singular
set�2 can be identified with�′

2 via the projectionM2 = (R2, g2) → M1. Again,�2 is
a-separated inM2. Proceeding by induction, we obtain sequences of sets

�′
n = �n−1 ∪

⋃
ω∈�n−1

�ω,

singular metricsgn on R
2 with singular sets�n ' �′

n, and each�n is a-separated in
Mn = (R2, gn). The metricgn has the constant curvature−1 on the complementMn \�n,
and the space of directions at anyω ∈ �n is the circle of length 3π .

LEMMA 5.2. The sequence{gn} converges uniformly on compact subsets ofR
2 to a

complete singular metricg∞ of curvature≤ −1. The singular set�∞ of g∞ is a-
separated,d(o,�∞) = 1, g∞ has the constant curvature−1on the complementM∞\�∞,
whereM∞ = (R2, g∞), and the space of directions at anyω ∈ �∞ is the circle of
length3π .
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Proof. This follows from the fact that

d(o,�′
n+1 \ �n) = n + 1

for eachn ≥ 1, and hence the blow-up at�′
n+1 \ �n changes nothing in the ball of radius

n centered ato. 2

5.3.2. Smoothing the metricg∞. Let ε : �∞ → R+ be a positive function such that
ε(ω) depends only on the distanced(o, ω) in M∞ and ε(ω) → 0 asd(o, ω) → ∞.
We assume, also, thatε(ω) < a/2 for all ω ∈ �∞. Smoothing the metricg∞ in a
neighborhoodUω of radius< ε(ω) for eachω ∈ �∞, we obtain aC∞-smooth metric
gε of curvature≤ −1. We denoteMε = (R2, gε).

There is a 1-Lipschitz homeomorphism pro∞ : Mε → M∞, which is an isometry on
the complement

M∞ \
⋃

ω∈�∞
Uω,

because the smoothing is local and does not decrease distances. Using it, we identify�∞
with �a ⊂ Mε. Thus�a is a-separated andd(o,�a) ≥ a.

PROPOSITION5.1. Every geodesic rayγ : [0,∞) → Mε passes arbitrarily close to
points of�a.

Proof. Suppose that the assertion is not true, and there is aδ > 0 such thatd(γ,�a) ≥ 2δ

for some rayγ in Mε.
By construction (see §5.3.1), the singular set�∞ ⊂ M∞ is the union of�n, n ≥ 1,

the singular sets of metricsgn, and�n ⊂ �n+1 for eachn ≥ 1. We grade�∞ by the rule
deg(ω) = inf{n | ω ∈ �n} for ω ∈ �∞. Using the obvious projection prn : M∞ → Mn,
we denote

H∞
ω = pr−1

n (Hω)

for ω ∈ �∞ of degreen.
By the assumption, the curveγ∞ = pro∞ ◦ γ in M∞ has a geodesic tailγδ, whose

δ-neighborhood misses the singular set�∞, becauseε(ω) → 0 asd(o, ω) → ∞. Every
H∞

ω ⊂ M∞ is convex and its boundary is geodesic. Hence, after entering anH∞
ω the

geodesicγδ never leaves it. Let

nγ = sup{deg(ω) | γδ ∩ H∞
ω 6= ∅}.

First, we consider the casen = nγ < ∞. Without loss of generality, one can assume
that γδ ⊂ H∞

ω with deg(ω) = n. Projectingγδ into Mn via prn and using the same
notationγδ for the image, we obtain thatγδ ⊂ Hω passes at a distance at leastδ from �ω

(see §5.3.1). This contradicts Lemma 5.1.
Assume, second, thatnγ = ∞. Hence,γδ entersH∞

ω for arbitrarily large deg(ω). Let
{Hk = H∞

ωk
} be the corresponding sequence of consecutive sectors,αk the angle formed by

γδ with the corresponding boundary rays±
ωk

of Hk at the entering pointxk into Hk (recall
that γδ misses theωk and, hence,xk 6= ωk). Projecting the picture into the hyperbolic
half-planeHωk via prn, n = deg(ωk), we consider the triangle4k := xkxk+1ωk ⊂ Hωk .
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Note thatωk+1 is a point on the segmentωkxk+1. Let ak be the area of the triangle4k and
σk := 6

ωk (xk, xk+1) = 6
ωk (xk, ωk+1). By the theorem of Gauss–Bonnet we have

αk+1 = αk − (ak + σk)

and hence

ak, σk −→ 0 for k −→ ∞. (i)

First observe that the interior of4k does not contain anyω ∈ �ωk since the segment
xkxk+1 cannot intersect a slit ofHωk . From the construction of the set�ωk there exists a
pointω′

k ∈ �ωk contained in the angular sector determined by the geodesic segmentsωkxk

andωkxk+1 with

d(ω′
k, ωk+1) ≤ 1. (ii)

Sinceω′
k is not in the interior of4k, the segmentsxkxk+1 andω′

kωk+1 intersect in a point
pk. As σk → 0 by (i) the construction of the set�ωk implies that

d(ωk, ωk+1) −→ ∞. (iii)

By the choice ofδ we haved(ωk+1, xkxk+1) ≥ δ. From this together withσk → 0 and
d(ωk, ωk+1) → ∞ we infer that

d(ωk, xk) −→ ∞. (iv)

Because ofd(ωk+1, xk+1) → ∞ by (iv) we obtain by using (ii) that

d(xk+1, pk) −→ ∞. (v)

Sinceak = area(4k) → 0 by (i), the area of the trianglepkxk+1ωk+1 goesa fortiori to
zero if k tends to infinity. Now we used(xk+1, pk) → ∞ (by (v)) andd(ωk+1, pk) ≥ δ

by the choice ofδ together with area(pkxk+1ωk+1) → 0 to conclude that the triangle
pkxk+1ωk+1 is ‘almost degenerated’, i.e. for a subsequence(kj ) of (k) either τkj :=
6

pkj
(xkj +1, ωkj +1) → 0 or τkj → π for j → ∞. If τkj → 0 thend(pkj , xkj +1) → ∞

(by (v)) andd(pkj , ωkj +1) ≤ 1 (by (ii)) imply thatd(ωkj +1, pkj xkj +1) → 0 for j → ∞.
If τkj → π we conclude analogously thatd(ω′

kj
, pkj xkj+1) → 0 for j → ∞. Both

alternatives contradict the propertyd(γδ,�∞) ≥ δ. 2

This completes the proof of Theorem 1.6 for the case of a smooth metricg = gε. 2
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