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Abstract We prove existence and non-existence results for geodesics avaidapgarated
sets on a surface of negative curvature.

1. Introduction
This paper is motivated by the following question:

Suppose thaM is a compact surface equipped with a Riemannian metric of
pinched negative curvatureb® < K < —a? < 0. Does there exist a proper
closed subsel of the unit tangent bundl&M invariant under the geodesic
flow ¢’ : SM — SM such thatt (W) = M, wherexr : SM — M is the
footpoint projection?

Note that by ergodicity¥ has Liouville measure zero M. In the special case of constant
curvature, Burns and PollicotBP] gave a positive answer. The existenceW®ffollows
from Theorem 1.1.

THEOREM1.1. (Burns, PollicottLet M = I'\H? be a quotient of the hyperbolic plane
H? by a discrete torsion-free group of isometries, and letg € SM be a non-recurrent
vector. Then there exists an> 0 and for every pointk € M a unit speed geodesic
¥x : R = M with y,(0) = x such thad}(y (1), vo) > ¢ for all t € R, whered! denotes
the standard (Sasaki) metric ¢ti.

As a consequence, the S8t := {v € SM | dX(¢'(v), vo) > ¢ Vr € R} is a proper
closedy’-invariant set withr (W) = M. Actually, a modification of the argument of Burns
and Pollicott (see §2) shows that the non-recurrence conditiag @not necessary. The
theorem s an easy consequence of the existence of geodesics avoiding certain open subsets
in hyperbolic space, which can be stated as in Theorem 1.2 below. Before we formulate
our results it is convenient to introduce the following notation.
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Definition. A subsetQ of a metric spacd€X, d) is calleda-separated(for somea €
(0, 00)) if d(x, x") > a for all distinctx, x" € Q.

THEOREM1.2. Let H? be the hyperboli@-plane with a distinguished pointe H?. Let
Q C X be ana-separated subset witti(o, x) > a for all x € Q. Then there exists
¢ = ¢(a) > 0and a geodesig : R — H? withd(y (R), Q) > ¢ andy (0) = o.

This result was proved by Burns and Pollicott under the additional assumption,
whereagp is a certain universal lower bound. We give a different argument to avoid
this assumption. We mention that Theorem 1.2 and the Burns—Pollicott result have a
generalization to rank-1 symmetric spaces.

The first main result of this paper is the construction of an example that shows that
Theorem 1.2 depends essentially on the fact Hfi4tis a symmetric space and that a
corresponding result fails in the variable curvature case.

THEOREM1.3. Givens > O anda > 0, the spaceR? can be equipped with a complete
smooth Riemannian metricof sectional curvature-1—§ < K < —1+ § such that there
exists am-separated subs& c R? enjoying the properties:

(1) d(o,x)=aforall x €

(2) ify:R — (R? g)is acomplete geodesic with(0) = o, thend (y (R), Q) = O.

We remark that our example does not cover any compact or finite volume surface.
However, it shows that the methods of Burns and Pollicott cannot be generalized to the
variable curvature case.

We note that in Theorems 1.2 and 1.3 it is essential to consider complete geodesics
y : R — X with prescribed origim = y (0).

A closely related problem is the study of geodesic rays[0, co) — X starting at a
prescribed poinb. In this context one obtains two different analogs of Theorem 1.2. In
the first generalization we need a curvature pinching, in the second we need only an upper
curvature bound, but a lower bound on the separation humber

THEOREM1.4. Leth > 1l anda > 0 be given. Then there exists a positive constant
¢ = &(b, a) with the following property.

Let X be a complete simply connected surface with curvatdré < K < —1 and let
Q C X be ana-separated subset. Then for eacte X, d(o, ) > a/2, there exists a
geodesic ray : [0, c0) — X withd(y ([0, 00)), ) > ¢ andy (0) = o.

The second generalization is based on argumenBHRjf |

THEOREM1.5. For everya > In 2 there exists amr > 0 with the following property.

Let X be a complete simply connected surface with curvakre —1, and letQ c X
be ana-separated subset. Then for eack X, d(o, ) > a/2 there exists a geodesic ray
y 1 [0, 00) = X withd(y ([0, 00)), 2) > ¢ andy (0) = o.

In this theorem, we do not suppose théts smooth, and the conditiokk < —1 is
understood in the usual Alexandrov comparison sense. Moreover, Theorem 1.5 is true for
an arbitrary Hadamard spagewith curvatureK < —1 and extendable geodesics whose
space of directions at every pointe X contains at least three elements (see 84). Thus
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Theorem 1.5 is true fdR-trees, but the last condition excludes simplicial trees which give
easy counterexamples.

Surprisingly, the lower bound In2 0.693... in Theorem 1.5 cannot be essentially
improved. Already fom < 1/3 the theorem is not true as the following result shows.

THEOREM1.6. For everya, 0 < a < 1/3 there exists a complete simply connected
surfaceX with curvatureK < —1 which contains am-separated subs& C X such that
every geodesic ray : [0, co) — X passes arbitrarily close to points 6f.

We give examples of singular as well@%°-smooth surface¥ satisfying Theorem 1.6.
The smooth example is considerably more complicated than the singular one.

As a general reference for non-positively curved spaces we recommend for
instance Ba).

2. Geodesics avoiding open subsets in hyperbolic space

In this section we prove Theorems 1.2, 1.4 and the result of Burns and Pollicott
(Theorem 1.1) without the non-recurrence conditiomgn We start with a theorem on

the existence of geodesic rays (instead of complete geodesics) which stay away from the
e-neighborhood of a discrete subset. Our result is a generalized version of Theorem 1.4.

THEOREM2.1. Leta > 0,¢ € Nandb > 1be given. Thenthere exists= ¢(a, £,b) > 0

such that the following holds. L&t be a complete simply connected surface with curvature

—b? < K < —1andQ C X asubset with the properties:

(1) d(o, Q) = a/2for a distinguished point € X,

(2) forall x € X we haveB,(x) N Q| < ¢, whereB,(x) denotes the ball of radius
aroundx.

Then there exists a ray : [0, co) — X with d(y ([0, 00)), ) > ¢ andy (0) = o.

Proof. We choose geodesic polar coording@so) x $1 aroundo € X. For an interval
I c St we use the notatioh(z, I) for the length of the spherical interval 1) c X.
We need the following estimate.

LEMMA 2.1. Let I c S be a closed intervals and 7 real numbers such that(s +
T,I) <a.Then

QN (s, s+ T x D] < <P—‘+2>-e,
a

where[ 1 denotes the integer part.

Proof. Let u := [T/al + 1 and choose, € I such thatp, = (s + v - T/u, x,) is the
midpoint of the spherical interval + v - T/u, I) forv =0, ..., . An easy calculation
shows that

"
[s,s +T1x I C | Ba(pw),
v=0

thus by assumption (2) of Theorem 2.1 the lemma follows. |
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On the set{(t,1) | t > a/3,1 C S} of spherical intervals, we definedilatation

functionat the timeT” as
Lt+T,I)

L(t,I)
LEMMA 2.2. There exist functiong = f (b, T), g = g(b, T) such that

D"T(l‘, I =

g, T) =Dilr(t, 1) < f(b,T)
forall T > 0and all spherical intervalst, I), andg(b, T)/T — ccasT — oo.
Proof. By the standard comparison theorems, one can take
fb,T) =coexpbT), g(b,T)=cirexpT)
for appropriate constants, c¢1 > 0, which depend only oh. |

We now fix a constanl’ > 0 with g(b, T) > 3m, wherem > 2([T/a] + 2) - £, and
annp withn - f(b,T) < a. Lett_1 = 0ands, = a/3+ nT forn > 0. We construct a
sequencdp D I1 D I D --- of closed intervals irs1 such that the following properties
hold for alln > O:

0] L(t,, In) = 3n,
(i)  (ty, In4+1) is contained in the middle third df,, 1),
(i)  ((th1, ta] x L) NQ = 0.

Choose first an arbitrary interva such thatL (ro, Ip) = 3n. Clearly ([r_1, o] x Ip) N
Q = ¥ by assumption (1) of. Assume, inductively, that the interva] has already been
constructed and choodg C I, so that(z,, ) is the middle third subinterval af,, 7,,).
During the timeT’ betweer, andz,+1 the interval(z,, I,) expands to the size

L(tn+la Iy/z) = D”T(tn’ Iy/l)L(tﬂ’ Iy/l) < f(ba T) -n=a.

Next we divide(z,, I)) into m subintervals all with the same lengtlym. Using
Lemma 2.1 we have[t,, t,+1] x 1) N @ = @ for one of them,//. During the time
T it expands to the size

L(ty11, I)) = Dil 7 (ta, L) L(ta, 1)) = g(b, T) - n/m > 3n.

Now choosel,+1 C I so thatL(t,+1, I,+1) = 3n. Itis clear that/, 1 has the desired
properties.

Let nowv € S! be a vector fromN,>0l,. We claim thaty,(r) = (¢, v) satisfies the
required properties. Suppogew) € Q. Choose: € N such that,_1 <r <t,. We have
by construction that

(t,v) € [tn—1, ta] X Int1 C [tn—1, ta] X I
and(z, w) ¢ [t,—1, t,] x I, by (iii). It follows from (ii) that the distance between () and
(t, w) measured on the distance sphere of radisgdbounded below by
L(ty, In) n
3 fbita—1) foitn—1)

Note that0< ¢, — ¢t < T andT depends only om, ¢ andb. Hence there exists
e =¢(a, £,b) > 0withd(y,([0, )), (t, w)) > ¢ forall (¢, w) € Q. O
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The symmetry ofi? allows us to get a version for complete geodesics.

THEOREM2.2. Let X be the hyperbolic plan&?. Fora > 0and¢ € N there exists
g1 = €1(a,£) > 0 such that for any sef as in Theorem 2.1 there exists a complete
geodesig/ : R — H?, y(0) = o, such that/(y (R), Q) > 1.

Proof. Leto : H2 — H?2 be the reflection at the origin DefineQ’ := Q U o (2). Then
o(R) = Q. Sinceo is an isometry2’ satisfies the properties:

(1) d,2) =a,

(2) forallx € H2 we havelB,(x) N Q| < 2¢.

By Theorem 2.1 there exists a ray : [0,00) — H? with ¥(0) = o and
d(y ([0, 00)), Q') > e1 = £(a, 2¢). Lety also denote the complete extensjonR — H?,
theny (R) = y ([0, o0)) Ua (¥ ([0, o0))). Thus by ther-invariance of2’ we conclude that
diy(R), Q) > e1. O

An easy modification of the proofs of Theorems 2.1 and 2.2, allows us to choose the
initial vectory (0) in a given interval. To get the following result one has merely to choose
the ‘initial’ interval I in the proof of Theorem 2.1 appropriately.

THEOREM2.3. Let X be the hyperbolic plan&2. For givena > 0, ¢ € Nandy > 0
there exists1(a, £, n) > 0 such that for any se® as in Theorem 2.1 and any € S,H?
there exists a complete geodegic R — H?, y(0) = o, such that/(y (R), ) > ¢1 and
d'(y(0), w) <.

We are now able to prove the result of Burns and Pollicott without the non-recurrence
condition onuyg.

THEOREM2.4. Let M = I'\HZ? be the quotient o2 by a discrete torsion-free group
and letvg € SM be arbitrary. Then there exists> 0 and for every poink € M a unit
speed geodesig : R — M with y,(0) = x such that/*(y (1), vg) > ¢ forall r € R.

Proof. Let p : H2 — M be the universal covering. L&* := p~1(x(vg)) andx a point
in p~1(x). There exists: > 0 such that for distinct pointgy, go € Q* the condition
d(q1, g2) > 2a holds.

We first assume thak,(x) N Q* = @. Then by Theorem 2.2 there exists a geodesic
y : R > H2 y(0) = x with d(y(R), Q) > 1. Obviously,y, := p o y satisfies the
required conditions.

Let us finally consider the cage, (x) N Q* # @. Sinced(q1, g2) > 2a for any two
distinct points in*, we see thaB, (x) N * consists of only one point. Letvg € S;IHI2
be the vector withp, 5 (Vo) = vo, Wherep, ;5 is the differential of the map at the point
¥ € H2. The following result is rather obvious and not difficult to prove.

LEMMA 2.3. There exists, > 0 such that for ever¥ € H? and evenyg € SH? there is
avectorw e Sz H? with the following property.

For all @ € S;H? with d1(z, W) < &2 we haveil(y;(t), 7o) > n/4for all t € R. Here
y; 1S the geodesic with; (0) = u.

Now choosew as in Lemma 2.3 and leR := Q* \ {y}. By Theorem 2.3 there
existse; = e1(a,1,e2) > 0 such that there is a complete geodgsic R — H?
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k41 pieces
1 of lengthl
ande;, 41,
respectively

FIGURE 1. Construction of the radij, .

with y(0) = ¥, d(y(R), Q) > ¢1 andd(y(0), w) < e2. By Lemma 2.3 we infer that
dX(y(t),v0) = /4 forallt € R. Therefore, the geodesjc = p o y : R — M satisfies
d*(yx (1), vo) = min{ey, w/4} forall t € R, O

3. Proof of Theorem 1.3
In this section we construct an example which proves Theorem 1.3. We first give an outline
of the construction and later we fill in the necessary details.

We write the spaceéR? in planar polar coordinates g6, co) x S! and choose a
monotonically decreasing null sequeneg),cn With e1 = 1. In an inductive process,
which we describe more precisely below, we construct an increasing sequerce 0
n < tp < --- of ‘radii’ and a sequencék,),cn Of odd integers. Then we divide
the plane into sectorS,,, = [0,#,] X [((v = 1) - w/l,,v -7/l v = 1,...,2,, with
Iy := k1 - ko---k,. Note that/, is odd for alln € N. We will define (warped product)
metricsg,,, on Sy, of the formdr? + f2 (t)do?, v = 1,...,2l,, where the warping
function f,., : [0,7,] — [0,00) is a poSitive smooth function such th#t ,(0) = 0O,
fun(0) = 1 andf, ,(r) > 0 for all . The functions will be chosen such that the sectional
curvature satisfiek, |s, , = — fu.v/fuv € [-1— 8, =1+ 8]. This choice for the metric
implies, in particular, that we have rotational symmetry within a segtor

Let C, be the circle of radius, around the origin. This circle is divided into the intervals
Chy i ={tn} x[(v=21 -7/ly,v-nw/l,],v=1,...,2],. We will choose the metrig in
such a way tha€, , has lengtte, for v odd and length 1 for even. Then we choose,
to be the set of the midpoings, , := (¢,, (2v — 1) - 7/2l,),v=1,3,...,2l, — 1, of the
odd intervalsC, ,,. Thus, the concentric circlgs, are alternately divided into two types
of intervals, namely intervals of length (called small intervals) and intervals of length 1
(called large intervals). Finally, we ptt = U,>12,,.

Let us assume that we have constructed a mgtnith these properties. Consider a unit
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speed geodesig : R — (R?, g), ¥(0) = o. Note that on the one hand,j(z,) € Cn.v
andv € {1,...,1,} theny(—1,) € Cp.,+v and, on the other hand, #(,) € C,,,
andv € {l, +1,...,2,} theny(—t,) € Cy _1,+v. Since we haveiz = 2 mod 4 by
constructiony (¢,) lies in a small interval if and only i§ (—1,,) lies in a large interval.

We show that this implies that(y (R), ) = 0. Assume thad (y ([0, 00)), 2) > n > 0
and letn be so large that, < 25. Sinced(y (t,), Q) > €,/2, the pointy (z,) is contained
in a large interval, thug (—1,,) is contained in a small interval. Hendéy (—t,), Q) < ¢,
for all n large enough and therefad€y (R), ) = 0 as claimed.

We now fill in the details of the construction. We are given the sequéngg-n, and
we have to construct inductively, k, and the warping functiong, ,, v = 1, ..., 2l,,
wherel, = []"_; k;. The condition on the length of the intervals , corresponds to the
condition that

Sav(@n) = —-¢&,, forvodd
4
and

Sav(tn) = l;” -1, forveven
Note thate; = 1. This enables us to choose the metric to be the standard hyperbolic
metric near the origin. We may choose for example= 3, 11 = arcsini3/7) and
fiu(@) =sinh(),v=1,...,6.
Let us assume that we have already construkted, and f, ,, v = 1,...,2l,. In
the next step we have to constrigt. 1, 7,41 and f,11.,. In order to do so we need the
following extension lemma and its corollary.

LEMMA 3.1. Letz, be a positive real number anfl: [0, z,] — [0, co) be a non-negative
smooth function satisfying the differential inequality

—-1-6< —% < —-1+4, forsome constarte (0, 1), (3.0.2)

forall r € (0, ¢,] together with the initial conditions
f(0)=0 and f(0)=1. (3.0.2)

Let sinh . (t) := sinh(y/1+ 81¢) and sinh_(¢) := sinh(y/1 — §1¢), where §1 is some
constant in(0, §). Consider the familyr; of C> extensions of, 7y = { f : [0, 00) —
[0,00) | f is a C* function satisfying (3.0.1) for all e (0, 00) and such that

fliosg = £}

Moreover, let
Fr(t) :={gt) | g € Fr}

be the slices of ;.
Then there exists a real numbgr = 7,(f) > t, depending on the given functigh
such that

[sinh_(¢), sinhy ()] C Fr(t), Vt=>1.
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Proof of Lemma 3.1Consider theC* functiong : [0, #,] — [1 — §, 1+ ] defined by
the differential equatiop = f/f (i.e. ¢(¢) is the modulus of the sectional curvature at
t € [0,1,]). Lety : [0,00) — [1— 4,1+ 3] be an extension af. Then the solution of
the differential equatiory/ f = @ with initial conditions £(0) = 0 and £(0) = 1 is an
extension off, hencef € 7.

Letyg, @1 : [0, 00) — [1—38, 14-6] be C* functions withgglio.,] = ¢ = @1l10,,,1 @Nd
Poliza+100 = 1 =38, @ali+1,000 = 1+ 8. Letg, = sgo + (1 — 9)@y, s € [0, 1],
and let the solutions of's/f; = @, fs € Fr, be C>® extensions off. Note that
fll[ta—i-l,oo)(t) = Ajpsinh(+/1+ 8t) + Bicosh(v/1+ 8r), whereA1 + B1 > 0, since
fil.00) is positive and convex. Thug(r) > sinh(¢) for ¢ large enough because of
§ > 81. Similarly, fo(r) < sinh_(r) for ¢ sufficiently large. Hence, we conclude by
the continuous dependence of thig on the parametes that {f;(r) | s € [0,1]} D
[sinh_(z), sinhy (¢)] for ¢ sufficiently large. O

It is not difficult to generalize Lemma 3.1 to finitely many functions.

COROLLARY 3.1. Letr, be a positive real number and, ..., fv : [0,#,] — [0, co) be
non-negative convex* functions satisfying the differential inequalities
.
-1-46< —f’() <-1+46, ief{l,...,N},

(1

for all + € (0, 1,] together with the initial conditiong;(0) = 0 and f;(0) = 1 for all

ie{l,...,N}.
Then there exists a real numbgr = #,(f1,..., fv) > t, depending on the given
functionsfi, ..., fv suchthatfor any given > , and arbitrarys; € [sinh_(z), sinhy(¢)]

there exist extensiong e F, with fitt)y=s;foralli e {1,..., N}.

We now complete the induction step. We will apply Corollary 3.1 to the functfans
v=1,...,2,,fort, =t,. Now choose, 1 such that

tn+l 2 tb(fl’l,ls ceey fn,ZIn) (303)
and in addition
sinhy (fa41) — sinh_(ta41) 3

- > . (3.0.4)
Smh—(tn+1) En+1
Next we choosé, 1 to be the largest odd number such that
1 1 .
; “kny1 - ln = ; lpy1 < S|nh|»(tn+l)~ (305)
It remains to construct, 1, forv = 1,...,2l,11. Fixv € {1,..., 2,41} and let
w € {1,...,2,} be the number such tha},+1, C S, ,. In order that the metric on

[0, 7,11] x St is an extension of the metric 4@, 7,] x S1, the new corresponding warping
function f,+1,, has to be an extension ¢f, ,. To have the required length condition
on the intervalCy,4+1,,» we have to choosé, 1., (t,+1) = (u+1/7) - &441 for v odd and
So+1v(tar1) = (nya/m) - Lforv even.

By (3.0.3) and Corollary 3.1 the existence of these extensions is guaranteed if we show
that [811+1 : (ln-i-l/n)a (ln-i-l/n)] C [Sinh—(tn-i-l)’ Sinh—l—(tn-l-l)]- Now inequality (305)
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impliesthat,,+1/7 < sinhy(¢,+1). Sincek, 1 is the largest odd number satisfying (3.0.5),
we have

1
— (kpt1+2) - 1, > sinhy (t,41). (3.0.6)

Using (3.0.4) we obtain

sinhy (t,41) > ( + 1) sinh_ (7,41) > sinh_ (7,4-1). (3.0.7)
En+l En+1
Because of, < I,+1 we get from (3.0.6) and (3.0.7) that
n ln n ln 2 n ln
Sinh—(tn—i-l) < Entd '(kn—i-l + 2) T = Entl : = fnil T
T 3 b4 3 b4

ln+l
< én+l- .

The metric constructed so far is not smooth. So finally we indicate how to make it
smooth. This is done in two steps. In the first step we modify the construction in such
a way that on a sequenep,, s, + 1] x S1),cy of annuli the metric coincides with the
hyperbolic metric. By standard methods one proves the following.

LEMMA 3.2. Let f : [0,7,] — [0, 00) be as in Lemma 3.1. Then there exist a number
te = t.(f) > t, and a functionf € F; with fl,.00)(t) = sinh(z).

Combining Lemma 3.2 with Corollary 3.1 one can obtain the following corollary.

COROLLARY 3.2. Let f1, ..., fv : [0,2,] — [0, c0) be as in Corollary 3.1. Then there
exist constants, (f1, ..., fy) andz.(f1, ..., fv) withz, > t. + 1 > t. > t, such that
for any givenr > 1, and alls; € [sinh(¢), sinh.(¢)],i = 1, ..., N, there are extensions
fi € Fprwith fi(r) = s; foralli e {1,..., N} and fili r.+1) = SinNj r+11-

If we use the extension in this way, the metric is not smooth on a locally finite set of
slits of the form[«, 8] x v with real numbersx < 8. We now show how to smooth the
metric on these slits. We identifywith 0 € S1. In a small box« — ¢, B + ¢) x (—¢, ),
¢ > 0, the metric is of the form

dt®> + f2(r) - d6?,  foré >0,
dr> + f2@t)-do®, fore <O,

andfy(t) = f—(t) =sinh(z) fort € (¢ — e, +¢)andr € (B — ¢, B+ ¢).
We take a suitable partition of unity, 1 — A on (—¢, ¢) and consider the metric

dt? + [M(0) - f+(t) + (L —1(0)) - f-(1)1?- d6>.

Note that the new metric is smooth and coincides with the old metric near the boundary of
the box. Moreover, an easy calculation shows that the curvature satisfies the same pinching
and the linegx, B] x 6 are still geodesics. Thus we obtain a smooth metric with the same
properties as the non-smooth one. m|
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4. Proof of Theorem 1.5

In §2 we proved Theorem 1.4, which is a generalization of the result of Burns and Pollicott.
There we developed a different approach to avoid the lower bound on the separation
numbera which is essential in the argument @&F]. The original argument ingP],
however, has the advantage that it does not need the lower curvature bound and hence is
also valid in the context of singular spaces.

In this section we elaborate these methods and prove Theorem 1.5. While the idea of
the argument is clear, the proof itself is technical since we want to obtain an ‘optimal’
lower bound for the separation constant. The bound In2 seems to be optimal for this type
of argument, and the example of Theorem 1.6 shows that it is close to the optimal constant.

We briefly sketch the idea of the argument. We calleamall around a poink €
an ‘obstacle’. We start with an arbitrary ray frasmand follow this ray until we hit the
first obstacle. Then we modify the ray so that we avoid the obstacle, and we follow the
modified ray until we hit the next obstacle. The main point is to show that the sum of all
later modifications does not destroy what we have done in the first steps.

We prove the result in the following setting.

THEOREM4.1. For everyap > In 2 there exists amg > 0 with the following property.

Let X be a complet& AT (—1)-space with extendable geodesics such that the space of
directions at every point contains at least three elements, azl tetX be anag-separated
subset. Then for eache X, d(o, ) > ag/2 there exists a geodesic ray: [0, c0) — X
with d(y ([0, 00)), Q) > go andy (0) = o.

4.1. The choice of constantsWe fix a; with In2 < a1 < ag and choose € (In2, a1),
¢ > 0 such that the following conditions hold:

e <M — 1, (4.1.1)
2(coshe — 1) < g2e?(@179); (4.1.2)
ay + 10e < ap. (4.1.3)

4.2. An estimate for triangles ifl2. ForT > 0, n € N let Arp, C H? be an

isosceles triangleAr,, = ox7.y;, d(o, x7) = d(o, y7) = T + nay with the base length

d(x}, y;) = . We putz,(T) = d(xr, yr), where the points7 € ox},, yr € oy} satisfy

d(o,x7) =d(o,y7) =T.

LEMMA 4.1. ForeachT > 0,n > O we have
zn+1(T) < ge™(@tnay),

Proof. The functionz,, = z,,(T) strictly increases o0, co) as it is easy to see if one puts
together the bases of corresponding triangles,, A7: ,. Using formulas of hyperbolic
trigonometry, we obtain

coshz, (T) = costf(T) — sink?(T) cose,
where¢p = /,(xr, yr). On the other hand,
coshe = costf(T + nay) — Sink(T + nay) cosg,
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thus
cosH(T + nay) — coshe

SiNA(T + nay)

coshz,(T) = cosi(T) — sink?(T)

A simple calculation now shows that

lim coshz,(T) = 1+ (coshe — 1)e~ 211,
T—o0

Therefore, cosh, (T) — 1 < (coshe — 1)e~2*1 for all T > 0. By (4.1.2) we have

2 2
T e
W) coshe, (T) — 1 < Ee*Z(Q‘Hn*l)dl).

Hence

w(T) < ge—@t(n=bay 0

4.3. The construction of a required geodesic rgy We start with the following
construction of a geodesic raywith the required properties.

LEMMA 4.2. Assume thab, v € X with d(o,w) > 5e¢ and that a pointy € X,
d(y, w) = &, is the closest point of the segmentto w. Letx? € oy be the point with
d(y, x% = 4e. Then there exists a ray C X starting ato with d(y, w) > ¢ such that for
the pointx! € y withd (o, x1) = d(o, x°) we havel(x%, x1) < e.

Proof. Letx € ow be the point obw which is closest ta:®. By convexity of the distance
function we havel (x%, w) > 4e, d(x, x0) < &, in particulard (x, w) > 3e.

Assume, first, that # x%. Then there exists &l € X such thatr® € xy! and
d(x° y1) = ¢. Now lety C X be a ray outgoing frona, for which y* € y. Thenx
is the point ofow closest toy! ande < d(x, y}) < 2¢. In particular, by convexity of
the distance function, we havlw, y \ [oy1) > ¢ andd(x°, x1) < & for x1 € y with
d(o, xY =d(o, x9).

Furthermore, the segment’ C y is separated from» by the distance- ¢ for x” € y
with d(o, x’) = d(o, x), becausea € ow andd(x, w) > 3¢. Thus, if one would suppose
thatd(y, w) < &, then anyx” € y with d(w, x”) < & would lie betweent’ andy!. For
that point we would havé(x”, y1) < d(y1, x) < 2¢ and

dix% w) <dx° yH +dOth XY +d", w) < e+ 26 + & = 4e.

This contradicts the conditiaf(x®, w) > 4e. Thusd(y, ) > e.

Assume now that = x°. By hypothesis, the direction spaceXcatx contains at least
three elements. It follows that there exists X \ ow as close as we like te. Hence, the
arguments above are applicabledtb= z. ]

et1—a
£0 .=8(1— e“l—l)'

We put
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By (4.1.1) we haveg > 0, and it follows from Lemma 4.1 that

Y an(T) <e—eo
n>1
for eachT > 0.

For eachw € Q we consider the closed ball. (w) of radiuse aroundw. Using the
fact that the geodesic segmentskirare extendable, we move frasralong a geodesic ray
until we hit a next obstacle. Let be the meeting point withth obstacleB, (wx) which
lies on a rayy, C X with the initial pointo, d(yk, wx) = ¢, k > 1. By Lemma 4.2, there
is arayyr+1 C X outgoing fromo such thatyyy1 N B (wg) = @ and forx,} € Vi+1,
d(xt,0) = d(x2, 0) the conditiond (x2, x}) < & holds, wherex? € oy, d(x, yi) = 4e.
Then we continue our trip along 1.

This procedure gives the sequerjx@} C X. We claim that the sequence of geodesic
segmentsrx,? converges to a ray with y(0) = o andd(y, ) > «o.

To prove this, we first note that

d(xi, xQ 1) > a1, forevery k>1 (4.3.1)

Indeedd (x{, x0, 1) > d(wr, wxy1) — d(xt, wp) —d(xQ, 1, wrr1) = ao— 10e > a1 by the
choice (4.1.3).

Next, we consider points,’;ﬂ. € ox,?, i = 1,...,k — 1 defined by the condition
d(o,xj_;) = d(o,x)_). It follows from (4.3.1) thatd(x}_;, x;_{;_;)) > a1 for each
i=1...,k-1

Now fix a7 > 0. Thereis a& > 0 such thati(o,x)) < T < d(o,x ), where
xg = o. Then for the poink1 € ox ; with d(o0, x1) = T, we haved (x1, Q) > ¢ by the
construction of the segmem,?H. This generates a sequence of poiits 0x,9+n, n>1
with d(o,x,) = T. By the construction, we have, < x,’c’x,’j;ll, thusd(x,,,x,?Jrn) >
(n — Da1. Recall that we also havé(x?,,.xt,,) < & Applying Lemma 4.1 to a
comparison triangle iil? for the triangleox,9+nx,}+n C X, we obtain

d(xp, Xn41) < 2a(T) < ge”@H=Da),
In particular,{x,} is a Cauchy sequence and hence the segmeﬁtsonverge to a ray
ask — oo. Furthermore, for the point = lim,, x, € y we haved(o, x) = T and

d(x,x1) <Y zu(T) < & — €0,
n>1
thusd(x, ) > eo. Therefored(y, Q) > eo. This completes the proof of Theorem 4.1
and Theorem 1.5, respectively. m|

5. Proof of Theorem 1.6

We will first construct a singular metrig with the required properties. The metgdas

the constant curvaturel on the complement/, \ 2., and the tangent cong, M, at
each singular poinb € 2, is the Euclidean cone over the circle of length. 3Second,

we construct aC°°-smooth metrig possessing the required properties by smoothing the
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singular metric. Of course, the Gaussian curvature of the smpathmot bounded from
below.

We start with describing a standard blo@kc R? which we use to constru&®,. In
the following, we use the polar coordinatgs¢) € [0, co) x [0, 27) on R? around the
origin o.

Let go be the metric of constant curvaturel given bydss = dt? + (sinhr)? d¢?,
Mo = (R, go).

5.1. The construction of the standard blo€k We fix an integerp > 3 and define
Q = U,>1%,, where eaclt, liesin

[n,n+1—1/p] x[O, ]

The setx, consists ofp"~1 subblocksZi, i = 1,..., p"~1, and the subblock! is
obtained by the counterclockwise rotationij aroundo by the angler (i — 1)/p" 1. It

remains to describe the blo&k!. It consists ofp pointsw?, . .., w}, where

o, =+ —1/p, wi —1/p").

We putQ’ = Q U o (), whereo : R?2 — R? is the reflection ab, and considef2, Q'
as subsets affp.

LEMMA 5.1. Every geodesic ray : [0,00) — Mg passes arbitrarily close to points
of .

Proof. One can assume thatlies in the upper half—planHi = [0,00) x [0, 7]. Let
v : [0, 00) - Hi be the ray asymptotic tp with 7(0) = o. By reparametrizing we
can assume that(y (¢), ¥ (¢)) — 0 fort — oo.
The radial projectiort,, of X, to the half-circleS,, 1 = {n + 1} x [0, 7] consists of
p" points
o =mn+1 7i@-1/pY, i=1...,p",

which subdivides,, ;1 into p” equal arcs. Thus
_ _ — .
d(yl[n,nJrl]v ) < d(V\[n,nJrl]v Yu) < E sinh(n +1) - 0

asn — oo, sincep > 3 > e. Because the Hausdorff distanceg, n+11, ¥ (n.n4+1)) — O
forn — oo we conclude thad (v, Z,) — 0. m|

5.2. The construction of a singular metrig. We takea = 1/p. The setQ’ C Mp
constructed in 85.1 satisfidgo, ') = 1 > a, and anyw, o’ € Q' with distinct distances
from o are separated by a distaneea. However,Q’ is not ana-separated set. Points
w € I, o e Tt with d(o, w) = d(o, ') are arbitrarily close to each other for
sufficiently large.

To remedy this, we make a slit, along the ray(t,, c0) x {¢,} for eachw € €/,
w = (ty, ¢»), and glue in it a copy of the upper half-pla]ﬁér. For that, we identify the

right-hand side;)r of s, with the ray[0, c0) x {0} C BIHI?r and the left-hand side] of s,
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with [0, 00) x {7} C 8H§r. We perform this starting with the lowest level point<#f for
whichz, = 1, and assume every time thatif € Q' lies on the slit rayz,,, 00) x {¢},
thenw’ belongs to the left-hand sidg of s,.
We call this construction thblow-up at’. It defines a complete singular metgg
on R? of curvature< —1. Its singular sef2; can be identified with2’ via the obvious
projectionM; = (R2, g1) — Mp. The metricg: has the constant curvaturel on the
complemeni \ 21, and the space of directions at any 21 is the circle of length 3.
The blow-up atQ’ separates each pair of block, i1, n > 1, and thusQ; is
a-separated. It follows from the construction and Lemma 5.1 that each geodesic ray
y : [0,00) —> Mj, y(0) = o, passes arbitrarily close to points 9. Hence, every
ray in X passes arbitrarily close to points@f. This completes the proof of Theorem 1.6
for the case of a singular metric= g1.

5.3. The construction of a smooth metric We construct a smooth metrig from
Theorem 1.6 by smoothing a singular metric of the type described above in small
neighborhoods of singular points. However, to use the mgtrifrom 85.2 would not

be appropriate, because for any smoothed mgfrithere exist geodesic rays starting at

0, missing2; and with tails lying inside of glued sectoks?, i.e. far away fromQ;.
Therefore, we need to modify;. To this end, we recall that the upper half—pldﬂﬁé
carries an additional piece of information, namely, the standard Istock

5.3.1. Construction of a singular metrigo,. We start with the metrig; (see §5.2).
The spaceWf1 contains a copy,, of Hi glued into the slits,, for eachw € Q1. By the
construction H,, contains only two points of21 both lying on the left-hand side @fH,,:
w ande’ with d(’, w) = 1. Using the isometerIi — H,, we obtain a copy2,, of the
standard block2 in H,,. It follows thatQ, N Q1 = ¥ for eachw € Q1.
Now we define
Q=2U ] Q
weR)
and make the blow-up &5 \ Q1. This gives a singular metrig; on RR2, whose singular
setQ2, can be identified witlf2, via the projectionM, = (R2, g2) — M. Again, 2 is
a-separated il2. Proceeding by induction, we obtain sequences of sets

=21V |J Q.

WERy—1

singular metricsg, on R? with singular sets2, ~ Q), and each, is a-separated in
M, = (R2, g,). The metricg, has the constant curvaturel on the complement,, \ ,,,
and the space of directions at anye Q,, is the circle of length 3.

LEMMA 5.2. The sequencég,} converges uniformly on compact subsetsR3fto a
complete singular metrig., of curvature< —1. The singular sef., of g is a-
separatedd (0, Ro0) = 1, goo has the constant curvaturel on the complemem \ Qo,
where Mo, = (R? go), and the space of directions at any € Qo is the circle of
length3r.
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Proof. This follows from the fact that
do, 1\ ) =n+1

for eachn > 1, and hence the blow-up @;IH \ €, changes nothing in the ball of radius
n centered ab. m|

5.3.2. Smoothing the metrigo,. Lete : Qo — R, be a positive function such that
¢(w) depends only on the distandgo, w) in My, ande(w) — 0 asd(o,w) — oo.
We assume, also, thatw) < a/2 for all w € Q. Smoothing the metrig., in a
neighborhood/,, of radius< e(w) for eachw € Q, we obtain aC°°-smooth metric
g. of curvature< —1. We denoteé, = (R, g,).

There is a 1-Lipschitz homeomorphism gra M, — M, which is an isometry on
the complement

Moo\ | U,
WER

because the smoothing is local and does not decrease distances. Using it, we §elgntify
with Q, C M.. Thus<, is a-separated and(o, ;) > a.

PROPOSITIONS.1. Every geodesic ray : [0,00) — M, passes arbitrarily close to
points of$2,.

Proof. Suppose that the assertion is not true, and theré is & such thati/(y, ;) > 26
for some rayy in M.

By construction (see 85.3.1), the singular €8¢ C M is the union of,, n > 1,
the singular sets of metrigg, and2,, C 2,41 for eachn > 1. We grade2, by the rule
deqw) = inf{n | ® € Q,} for € Q. Using the obvious projection pr My, — M,
we denote

H® = pr,*(H,)

w

for w € Q of degreen.

By the assumption, the curye, = pro,, o y in My has a geodesic tajls, whose
3-neighborhood misses the singular §gt, because (w) — 0 asd(o, w) — oco. Every
HZ® C My is convex and its boundary is geodesic. Hence, after entering Arthe
geodesigs;s never leaves it. Let

n, = supideg) | y5 N HY # %).

First, we consider the case= n, < oco. Without loss of generality, one can assume
thatys C HZ® with degw) = n. Projectingys into M, via pr, and using the same
notationy; for the image, we obtain tha c H, passes at a distance at le&$tom Q,,
(see 85.3.1). This contradicts Lemma 5.1.

Assume, second, that, = oo. Hence,y; entersH° for arbitrarily large degv). Let
{Hx = H_’} be the corresponding sequence of consecutive seajottse angle formed by
ys With the corresponding boundary rayk of Hy at the entering point; into Hy (recall
that ys misses thew, and, hencexy # wy). Projecting the picture into the hyperbolic
half-planeH,,, via pr,, n = degwy), we consider the triangl; := xgxit10r C Hey.
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Note thatwy 41 is a point on the segmen x;+1. Leta be the area of the triangle;, and
Ok = Loy (Xk, Xk+1) = Lo, (Xk, wr+1). By the theorem of Gauss—Bonnet we have

Qp+1 = o — (ax + o)
and hence
ar,op — 0 for k — oo. 0]

First observe that the interior af; does not contain any < €, since the segment
XkXr+1 cannot intersect a slit ofl,, . From the construction of the sg,, there exists a
pointw), € L, contained in the angular sector determined by the geodesic segmepts
andwy xr4+1 With

d(wy, we+1) < 1. (i)
Sincew;, is not in the interior ofA;, the segments; x; 11 andw; w11 intersect in a point
pk. As o — 0 by (i) the construction of the s&t,,, implies that

d(wg, Wk+1) —> 0. (iii)

By the choice of§ we haved (wkt1, xkxr+1) > 8. From this together witlay, — 0 and
d(wg, wp+1) — oo we infer that

d(wg, x;) —> 00. (iv)
Because ofl (w41, xk+1) — oo by (iv) we obtain by using (ii) that

d(xp+1, pr) —> 0. v)
Sincea; = ared/A;) — 0 by (i), the area of the triangle,x;1wk+1 goesa fortiori to
zero if k tends to infinity. Now we usé (xx+1, pr) — oo (by (v)) andd (wk+1, px) > 6
by the choice ofs together with are@yx;+1wr+1) — 0 to conclude that the triangle
PrXk+1wk+1 IS ‘almost degenerated’, i.e. for a subsequetice of (k) eitherzy; :=
Zpk/(xkﬁl, w;+1) —> 0ory; — 7 for j — oo. If p; — Othend(py;, xk;+1) — 00
(by (v)) andd (px;, @k;+1) < 1 (by (ii)) imply thatd (wk, +1, pk;xk;+1) — 0 for j — oo.
If 7x, — 7= we conclude analogously thd(a)]/(j,pkj)ij+]_) — 0forj — oo. Both
alternatives contradict the propettyys, Qo0) > 9. O

This completes the proof of Theorem 1.6 for the case of a smooth ngetrig.. O
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