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Abstract. We investigate hypercyclic and chaotic behavior of linear strongly continuous
semigroups. We give necessary and sufficient conditions on the semigroup to be
hypercyclic, and sufficient conditions on the spectrum of an operator to generate a
hypercyclic semigroup. A variety of examples is provided.

1. Introduction
Chaos is usually viewed as a nonlinear phenomenon, but the idea of chaotic behavior
also arises in discrete and continuous linear dynamical systems. In the discrete case
the concepts of hypercyclicity and chaos have been studied in the theory of bounded
linear operators in Banach spaces. A bounded linear operatorT in a Banach spaceX
is hypercyclic provided that there existsx ∈ X such that{T nx | n = 1,2,3 . . .} is
dense inX. T is chaotic provided that it is hypercyclic and the set of periodic points is
dense inX. (A point is called periodic if there exists somen > 1 such thatT nx = x.)
This definition of chaos is consistent with the definition given by Devaney [7, p. 50]
for an arbitrary continuous mappingf on a topological space, which requires thatf

is topological transitive and the periodic points off are dense. (These two conditions
imply sensitive dependence on initial conditions [2].) The theory of hypercyclic and
chaotic bounded linear operators has been extensively developed in connection with the
invariant subspace problem of Hilbert spaces (see [3], [10], [11], [21]).

Our objective in this paper is to investigate hypercyclicity and chaos in the context
of strongly continuous semigroups of bounded linear operators in Banach spaces.
Hypercyclic and chaotic behavior in strongly continuous linear semigroups can be viewed
as the continuous time analog of the discrete time case mentioned above. A strongly
continuous semigroup of bounded linear operators{T (t) | t ≥ 0} is hypercyclic provided
that there existsx ∈ X such that{T (t)x | t ≥ 0} is dense inX and chaotic if the set
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{x ∈ X | ∃t > 0 : T (t)x = x} is also dense inX. Chaos in linear semigroups can
occur when the infinitesimal generator is bounded or unbounded, but only in infinite-
dimensional spaces. The case of unbounded infinitesimal generators makes the linear
semigroup formulation of chaos applicable to linear partial differential equations. Chaotic
behavior of strongly continuous linear semigroups has been studied in [15], [16], and
[23]. In [15] and [16] chaotic linear semigroups are associated with the idea of exactness
and applied to first-order partial differential equations ([15, p. 297] and [16, p. 339]). In
[15] and [16] exact linear semigroups are applied to nonlinear continuous semidynamical
systems via the Frobenius–Perron operators and the Koopman operators. In [4], [5], [14],
[19], and [20] chaotic behavior is analyzed in semi-linear first-order partial differential
equations with logistic nonlinearities. In these investigations the essential idea is the
construction of densely wandering orbits. Some more remarks on the existing literature
will be in order when we state our results in detail.

In this paper we investigate hypercyclicity and chaos in linear semigroups in a general
context. In§2 we establish the equivalence of hypercyclicity and topological transitivity
and some consequences, which are quite similar to the discrete case and serve as the main
technical tools in the subsequent sections. In§3 we relate hypercyclicity to the spectrum
of the infinitesimal generator. Section 4 deals with translation semigroups, which are
associated with transport processes. It is particularly easy to characterize those translation
semigroups that are hypercyclic, so that this class is well suited to generate examples
and counterexamples concerning the general theory of hypercyclic semigroups. We add
an example of a linear partial differential equation with both diffusion and transport
terms. In§5 we consider a class of semigroups generated by discrete shift operators in
l1-spaces. The most striking feature of these examples is that they can lead to hypercyclic
semigroups generated by bounded operators. Finally,§6 shows an example of a globally
stable nonlinear system, whose linearization is yet a hypercyclic linear semigroup.

2. Hypercyclic and chaotic semigroups
Let X be a Banach space and let{T (t) | t ≥ 0} be a strongly continuous semigroup of
linear operators inX. By A we denote its infinitesimal generator. We will consider the
following subsets ofX:

X0 is the set of allx ∈ X such that limt→∞ T (t)x = 0.
X∞ is the set of allx ∈ X such that for eachε > 0 there exist somew ∈ X

and somet > 0 with ‖w‖ < ε and‖T (t)w − x‖ < ε.
Xp is the set of periodic points, i.e. the set of allx ∈ X such that there exists

somet > 0 with T (t)x = x.

Definition 2.1.The semigroup{T (t) | t ≥ 0} is called hypercyclic provided that there
existsx ∈ X such that{T (t)x | t ≥ 0} is dense inX. If in additionXp is dense inX,
then the semigroup{T (t) | t ≥ 0} is called chaotic.

Examples 4.10 and 4.11 show hypercyclic semigroups which are not chaotic. Although
hypercyclic semigroups seem to be very irregular, there are even bounded linear operators
generating hypercyclic semigroups (see§5).

This section gives the topological characterization of hypercyclicC0-semigroups.
There is no significant difference to the theory of discrete hypercyclic semigroups,
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neither with respect to the assertions of the theorems nor to the methods of the proofs.
Theorem 2.2 below has its discrete analog in [13, Theorem 2.1] and [10, 1.2 Theorem].
[10, 1.4 Corollary] also gives a discrete analog to Theorem 2.3. Related theorems are
also found in [9, 2.2 Theorem] and [13, Theorem 1.4], to mention just a few.

We give a necessary and sufficient condition for a semigroup to be hypercyclic.T (t)

is called topologically transitive onX if for every pair of open subsetsU,V ⊂ X there
exists somet > 0 such thatT (t)U ∩ V 6= ∅. The following theorem states that{T (t)}
is hypercyclic if and only if it is topologically transitive. Notice that the existence of an
hypercyclic semigroup onX obviously implies thatX is separable.

THEOREM 2.2. Let {T (t) | t ≥ 0} be a strongly continuous linear semigroup on a
separable Banach spaceX. Then the following assertions are equivalent:
(i) {T (t)} is hypercyclic;
(ii) for all y ∈ X, z ∈ X and all ε > 0 there exist somev ∈ X and somet > 0 such that

‖y − v‖ < ε and‖z − T (t)v‖ < ε;
(iii) for all ε > 0 there exists a dense subsetD ⊂ X such that for allz ∈ D there exists

a dense subsetD′ ⊂ X such that for ally ∈ D′ there existv ∈ X and t > 0 such
that ‖y − v‖ < ε and‖z − T (t)v‖ < ε.

Proof. (i) implies (ii). Let {T (t)x | t ≥ 0} be dense inX. Obviously for eachs > 0,
{T (t)x | t > s} is also dense. Giveny, z ∈ X there exists somes > 0 such that
‖y − T (s)x‖ < ε, and there exists someu > s such that‖z − T (u)x‖ < ε. Now put
v = T (s)x and t = u− s.

(ii) implies (i). Let {z1, z2, z3, . . .} be a dense sequence inX. We construct sequences
{y1, y2, y3, . . .} ⊂ X and{t1, t2, t3, . . .} ⊂ [0,∞) inductively:
• put y1 = z1, t1 = 0;
• for n > 1 find yn, tn such that

‖yn − yn−1‖ ≤ 2−n

sup{‖T (tj )‖ | j < n} , (2.1)

‖zn − T (tn)yn‖ ≤ 2−n. (2.2)

In particular, (2.1) implies‖yn − yn−1‖ ≤ 2−n, so that the sequenceyn has a limitx.
Applying (2.2) and once again (2.1), we infer that

‖zn − T (tn)x‖ ≤ ‖zn − T (tn)yn‖ + ‖T (tn)‖‖yn − x‖

≤ ‖zn − T (tn)yn‖ +
∞∑

i=n+1

‖T (tn)‖‖yi − yi−1‖

≤ 2−n +
∞∑

i=n+1

2−i = 2−n+1.

Given z ∈ X andε > 0 there are arbitrarily largen such that‖zn − z‖ < ε/2. Choosing
n large enough such that 2−n+1 < ε/2, we obtain

‖T (tn)x − z‖ ≤ ‖z − zn‖ + ‖zn − T (tn)x‖ < ε.

Therefore,{T (t)x | t ≥ 0} is dense.
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(ii) implies (iii). PutD = D′ = X.

(iii) implies (ii). Let ε > 0 andz ∈ X. Pick z̃ ∈ D such that‖z − z̃‖ < ε/2. Then
specifyD′ according to (iii) with z̃ instead ofz and ε/2 instead ofε. For y ∈ X pick
ỹ ∈ D′ with ‖ỹ − y‖ < ε/2. Finally, we chooset andv according to (iii) withε/2, ỹ,
z̃ instead ofε, y, z and obtain

‖T (t)v − z‖ ≤ ‖T (t)v − z̃‖ + ‖z̃− z‖ < ε,

‖v − y‖ ≤ ‖v − ỹ‖ + ‖ỹ − y‖ < ε. �
As a corollary we obtain a sufficient condition for hypercyclicity.

THEOREM 2.3. Let {T (t) | t ≥ 0} be a strongly continuous semigroup in a separable
Banach spaceX. If bothX∞ andX0 are dense subsets, then{T (t)} is hypercyclic.

Proof. We utilize Theorem 2.2(iii) withD = X∞ (independent ofε) and D′ = X0

(independent ofε and z). Let z ∈ X∞ and y ∈ X0. Then for eachε > 0 there are
arbitrarily larget > 0 andw ∈ X such that

‖T (t)w − z‖ < ε

2
and ‖w‖ < ε.

Sincey ∈ X0, for sufficiently larget we have‖T (t)y‖ < ε/2. We putv = y + w and
infer

‖z − T (t)v‖ ≤ ‖z − T (t)w‖ + ‖T (t)y‖ < ε,

‖y − v‖ = ‖w‖ < ε. �
Remark 2.4.Theorem 2.3 is only a sufficient condition: if{T (t)} is hypercyclic, then
X∞ = X, but there are hypercyclic semigroups withX0 = {0}.
Proof. Theorem 2.2(ii) withy = 0 states precisely thatX = X∞. Example 4.10 shows
a hypercyclic group withX0 = {0}. �

If the semigroup is a group, one might think of hypercyclicity in terms of the
forward and the backward trajectory. The following theorem states that both notions
of hypercyclicity are equivalent.

THEOREM 2.5. If {T (t) | t ∈ R} is a strongly continuous group of linear operators onX,
then the following assertions are equivalent:
(i) the semigroup{T (t) | t ≥ 0} is hypercyclic;
(ii) the semigroup{T (−t) | t ≥ 0} is hypercyclic;
(iii) there exists somex ∈ X such that both sets{T (t)x | t ≥ 0} and {T (−t)x | t ≥ 0}

are dense.

Proof. (i) implies (ii). Let y, z ∈ X and ε > 0 be arbitrary. If{T (t) | t ≥ 0} is
hypercyclic, then by Theorem 2.2(ii), there existv ∈ X and t > 0 such that

‖v − y‖ < ε and ‖T (t)v − z‖ < ε.

We putw = T (t)v and obtain

‖w − z‖ < ε and ‖T (−t)w − y‖ < ε.

Again using Theorem 2.2 we infer that{T (−t) | t ≥ 0} is hypercyclic.
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(ii) implies (i). By symmetry.

(i) and (ii) imply (iii). We modify the proof of Theorem 2.2. Let{z̃i} be a dense sequence.
We define

z2i = z̃i, z2i+1 = z̃i.

Now we construct sequences{yi}, {ti} exactly as in the proof of Theorem 2.2, satisfying
(2.1) and (2.2), with the additional assumption that

tj

{
> 0 if j = 2i,
< 0 if j = 2i + 1.

This is possible since assertion (ii) of Theorem 2.2 holds for{T (t)} as well as
{T (−t)}. One can show again that the limitx of {yj } has dense forward and backward
trajectories. �

3. Spectral conditions
In this section we give sufficient conditions on the spectrum of the generator so that
a semigroup is hypercyclic. The results are based on the hypothesis that there is an
abundance of eigenvectors. These conditions are only sufficient: there are hypercyclic
semigroups whose generators have empty point spectrum (see Example 4.11).

Although some of our results follow known patterns from the discrete case very
closely, extreme care should be taken at the attempt to generalize spectral results from
discrete semigroups to continuous semigroups by ‘taking logarithms’. It is well known
that there is not necessarily a one-to-one correspondence between the spectrum of the
operatorT (t) belonging to aC0-semigroup, and the spectrum of its generatorA.

THEOREM 3.1. LetX be a separable Banach space and letA be the infinitesimal generator
of a strongly continuous semigroup{T (t) | t ≥ 0} onX. LetU be an open subset of the
point spectrum ofA, which intersects the imaginary axis, and for eachλ ∈ U let xλ be a
nonzero eigenvector, i.e.Axλ = λxλ. For eachφ ∈ X∗ we define a functionFφ : U → C

byFφ(λ) = 〈φ, xλ〉. Assume that for eachφ ∈ X∗ the functionFφ is analytic and thatFφ
does not vanish identically onU unlessφ = 0. Then{T (t)} is chaotic.

Example 4.12 shows an application of Theorem 3.1. (The following proof is
essentially an abstract reformulation of the techniques applied to multipliers in spaces of
holomorphic functions in [10, Proposition 4.2, Theorem 4.5].)

Proof. We start with an abstract observation. LetV ⊂ U be an arbitrary subset which
admits a cluster point inU . We prove thatYV = span{xλ | λ ∈ V } is dense inX.
Suppose the contrary. By the Hahn–Banach theorem there exists someφ ∈ X∗ such that
φ 6= 0 and〈φ, x〉 = 0 for all x ∈ YV . Thus for allλ ∈ V , Fφ(λ) = 〈φ, xλ〉 = 0. Since
V admits a cluster point inU andFφ is analytic onU , this implies thatFφ vanishes
identically. This contradicts our assumptions.

We will now show that the subspacesX0 and X∞ are dense, so that{T (t)} is
hypercyclic by Theorem 2.3. Moreover, we show thatXp is dense so that the semigroup
is chaotic.
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X0 is dense.ChooseV to be a subset of{λ ∈ U | <(λ) < 0} which admits a cluster point
in U . Evidently forλ ∈ V the eigenvectorxλ is contained inX0. As X0 is a subspace,
YV is contained inX0, henceX0 is dense.

X∞ is dense.This time letV be a subset of{λ ∈ U | <(λ) > 0}, which admits a cluster
point in U . Since

n∑
j=1

αjxλj = T (t)

( n∑
j=1

αje
−λj t xλj

)
,

eachx in the dense subspaceYV is contained inX∞.

Xp is dense.Let V = {λ1, λ2, λ3, . . .}, where eachλj is purely imaginary with a rational
imaginary part, and such that the sequence{λj } admits a limit. Then eachxλj is periodic
with a period which is a rational multiple ofπ . This also implies that each linear
combinationα1xλ1 +· · ·+αnxλn is periodic. Therefore the dense subspaceYV is contained
in Xp, so thatXp is dense. �

The next theorem does not require the assumption thatX0 is dense in order to show
hypercyclicity. We require the following hypotheses on the point spectrum ofA.

(A.1) There exist two positive numbersγ1 < γ2 such thatγm + iπµ is contained in
the point spectrum ofA for all rationalµ ∈ R andm ∈ {1,2}.

(A.2) Let xγm+µi be an eigenvector ofA with the eigenvalueγm + µi. By Xm,k we
denote

Xm,k = span{xγm+jπi/k | j = 0,±1,±2, . . .}.
We assume that for eachy ∈ X and eachε > 0 there exists some positive integerk and
somex ∈ X1,k with ‖x − y‖ < ε.

(A.3) Let k1 be a positive integer, letx1 ∈ X1,k1 andε > 0. Then there exist arbitrarily
large multiplesk2 of k1 and corresponding vectorsx2 ∈ X2,k2 with

‖x1 − x2‖ < εe−2k2γ1.

These conditions are weaker than the Hypotheses (H.1)–(H.3) in [23, p. 6]. Therefore
the following theorem implies immediately [23, Proposition 4.2].

THEOREM 3.2. Let {T (t)} be a strongly continuous semigroup in a separable Banach
spaceX. Let its generatorA satisfy the hypotheses (A.1)–(A.3) above. Then{T (t)} is
hypercyclic.

Proof. We utilize Theorem 2.2(ii). Letε > 0 andy, z ∈ X. By Hypothesis (A.2) there
exists a positive integerk1 and vectorsx1, z1 ∈ X1,k1 such that

‖y − x1‖ ≤ ε

4
, ‖z − z1‖ ≤ 3ε

4
.

By Hypothesis (A.3) there exist arbitrarily largek2 which are multiples ofk1 and
corresponding vectorsx2 ∈ X2,k2 such that

‖x1 − x2‖ ≤ ε

4
e−2k2γ1.
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We choosek2 sufficiently large such that

e−2k2γ1‖z1‖ ≤ ε

4
, e2k2(γ1−γ2)‖x1‖ ≤ ε

4
,

and put
v = x1 + e−2k2γ1z1 − e2k2(γ1−γ2)x2.

Then we have

‖y − v‖ = ‖y − x1 − e−2k2γ1z1 + e2k2(γ1−γ2)x2‖
≤ ‖y − x1‖ + e−2k2γ1‖z1‖ + e2k2(γ1−γ2)‖x2 − x1‖ + e2k2(γ1−γ2)‖x1‖
≤ ε

4
+ ε

4
+ e−2k2γ2

ε

4
+ ε

4
≤ ε.

Now notice that for anyx ∈ Xm,k and any multiplek2 of k we haveT (2k2)x = e2k2γmx.
(Herem ∈ {1,2}.) Therefore

‖z − T (2k2)v‖ = ‖z − e2k2γ1x1 − z1 + e2k2γ1x2‖
≤ ‖z − z1‖ + e2k2γ1‖x1 − x2‖
≤ 3ε

4
+ ε

4
= ε.

We have foundv and t = 2k2 to satisfy assertion (ii) of Theorem 2.2. Consequently
{T (t)} is hypercyclic. �

We close this section with some necessary conditions on the dual semigroup.

THEOREM 3.3. Let {T (t) | t ≥ 0} be a hypercyclic semigroup generated byA in a Banach
spaceX. Then the adjointA∗ of A and the dual semigroup{T ∗(t)} have the following
properties:
(i) if φ ∈ X∗, φ 6= 0, then the orbit{T ∗(t)φ | t ≥ 0} is unbounded;
(ii) the point spectrum ofA∗ is empty.

(This is, in fact, a very elementary observation. Compare [13, Corollary 2.4], also
published in [6, Proposition 4.1] for the discrete case. As an anonymous referee tells
us, it has also been proved in unpublished work by P. Bourdon, and P. Bourdon and
J. H. Shapiro.)

Proof. Let x ∈ X be such that{T (t)x | t ≥ 0} is dense inX. Assume that for some
φ ∈ X∗, φ 6= 0 the orbit is bounded, i.e.‖T ∗(φ)‖ ≤ M for all t ≥ 0. Let y ∈ X be such
that |〈φ, y〉| > 3M‖x‖, and chooset > 0 such that‖T (t)x − y‖ ≤ M‖x‖/‖φ‖. Then
we have the estimate

3M‖x‖ < |〈φ, y〉| ≤ |〈φ, T (t)x〉| + |〈φ, T (t)x − y〉|
= |〈T ∗(t)φ, x〉| + |〈φ, T (t)x − y〉| ≤ M‖x‖ + ‖φ‖M‖x‖

‖φ‖ = 2M‖x‖

which is a contradiction. Thus (i) is proved.
To prove (ii), assume thatλ is in the point spectrum ofA∗, i.e.A∗φ = λφ for some

φ 6= 0. ThenT ∗(t)φ = eλtφ. Because of (i) we infer<(λ) > 0. The equation

〈φ, T (t)x〉 = eλt 〈φ, x〉
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implies that eitherφ annihilates the whole orbit ofx or

|〈φ, T (t)x〉| ≥ |〈φ, x〉|
for all t ≥ 0. Since the orbit ofx is dense, the first case would imply thatφ = 0. On
the other hand lety ∈ X be such that〈φ, y〉 = 0 and chooset such that

‖T (t)x − y‖ ≤ |〈φ, x〉|
2‖φ‖ .

Then
|〈φ, T (t)x〉| ≤ |〈φ, y〉| + ‖φ‖‖T (t)x − y‖ < 1

2|〈φ, x〉|
in contradiction to the second case. �

Theorem 3.3 can be used to rule out important classes of semigroups from being
hypercyclic. These classes include differentiable (in particular, analytic) solution
semigroups for partial differential equations on compact space domains. Notice, however,
that analyticity by itself is not sufficient to exclude hypercyclicity. Counter-examples are
provided by the semigroups in§5, which are generated by bounded operators.

COROLLARY 3.4. Let {T (t)} be a strongly continuous semigroup generated byA in a
Banach spaceX. Assume that{T (t)} is eventually uniformly continuous in the sense that
with respect to the operator normlimh→0+ ‖T (t + h) − T (t)‖ = 0, if t is sufficiently
large. LetXA be the domain ofA endowed with the graph norm ofA. Assume that the
embedding ofXA into X is compact. Then{T (t)} is not hypercyclic.

Proof. Assume that{T (t)} is hypercyclic. Letω1 be the spectral bound of{T (t)},
ω1 = sup{<(λ) | λ in the spectrum ofA}.

Being eventually uniformly continuous, the semigroup{T (t)} has spectrum determined
growth: for eachω > ω1 there exists a constantM such that‖T (t)‖ ≤ Meωt for all
t ≥ 0 (see, for example, [1, p. 87]). SinceT ∗(t) has unbounded trajectories, this estimate
cannot hold for negativeω, consequently the spectrum ofA is not empty. Therefore
the spectrum ofA∗ is not empty either. The compact embedding ofXA implies that the
spectrum ofA∗ is a pure point spectrum, since the resolvent(λ − A)−1 and its adjoint
(λ−A∗)−1 are compact. ThereforeA∗ has nonempty point spectrum in contradiction to
Theorem 3.3. �

4. Hypercyclic translation semigroups
Semigroups of translations on weighted function spaces on the real line or the positive
half-line are particularly well suited to serve as examples for understanding hypercyclicity
since it is easy to determine the cases when they are hypercyclic. Rolewicz [18] in
his 1969 paper initializing the study of hypercyclicity had already observed that the
translation semigroup inLpρ (R,R) is hypercyclic ifρ(t) = a−|t | with a > 1 serving as
a weight function. We start out with the characterization of the weight functions that
make the translation semigroup hypercyclic and proceed to some examples to round off
the theory presented in the previous sections.
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We begin this section with a disclaimer. Hypercyclicity of translation semigroups in
spaces of entire functions has been a focus of study for some years (see, for example, [6],
[9], [10]). In these spaces, norms or seminorms may be based on weights attributed to the
Taylor coefficients or the derivatives of a function. Nevertheless, the reader should not be
confused when we talk about admissible weights. In this section we put weights on the
value of the function, evaluated at different points of their domain. In such spaces, mostly
LebesgueLp spaces, semigroups of translations have a completely different flavor than
in spaces of holomorphic functions. The study of translation semigroups in these spaces
arises naturally in the context of partial differential equations and semigroup settings for
delay equations.

Definition 4.1.Let I be one of the intervals(−∞,∞) or [0,∞). By an admissible
weight function onI we mean a measurable functionρ : I → R satisfying the following
conditions:
(i) ρ(τ) > 0 for all τ ∈ I ;
(ii) there exist constantsM ≥ 1 andω ∈ R such thatρ(τ) ≤ Meωtρ(t + τ) for all

τ ∈ I and all t > 0.

LEMMA 4.2. Let I be one of the intervals(−∞,∞) or [0,∞) and letρ be an admissible
weight function onI . For eachl > 0 there are constants0< m1 ≤ M1 (depending onρ
and l only) such that for eachσ ∈ I and eachτ ∈ [σ, σ + l]

m1ρ(σ) ≤ ρ(τ) ≤ M1ρ(σ + l).

In particular, on compact intervalsρ is bounded and bounded away from0.

Proof. Due to condition (ii) in Definition 4.1 we have forτ ∈ [σ, σ + l]

ρ(τ) ≤ Meω(σ+l−τ)ρ(σ + l),

ρ(σ ) ≤ Meω(τ−σ)ρ(τ ).

Therefore we can pickM1 = Meωl , m1 = (1/M)e−ωl . �
Definition 4.3.For an admissible weight functionρ on I = (−∞,∞) or I = [0,∞) we
consider the following function spaces:

Lpρ (I,C) =
{
u : I → C | u measurable,

∫
I

|u(τ)|pρ(τ) dτ < ∞
}

with ‖u‖p =
(∫

I

|u(τ)|pρ(τ) dτ
)1/p

,

C0,ρ(I,C) =
{
u : I → C | u continuous, lim

τ→±∞ ρ(τ)u(τ) = 0

}
with ‖u‖∞ = sup

τ∈I
|u(τ)|ρ(τ).

Similar spaces are considered for real-valued functions.

Remark 4.4.Notice that we have only specified separable spaces. In particular, the
condition limt→±∞ ρ(τ)u(τ) = 0 cannot be omitted from the definition ofC0,ρ(I,X)

without losing separability. All spaces are constructed so that there are dense subsets of
smooth functions with compact support.
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Definition 4.5.Let I = (−∞,∞) or I = [0,∞), and letX be one of the spacesLpρ (I,C)
or C0,ρ(I,C) with an admissible weight functionρ. For t ≥ 0 andu ∈ X we define
T (t)u by

[T (t)u](τ ) = u(τ + t).

We call {T (t) | t ≥ 0} the (forward) translation semigroup onX.

LEMMA 4.6. Let I = (−∞,∞) or I = [0,∞), and letX be one of the spacesLpρ (I,C)
or C0,ρ(I,C) with an admissible weight functionρ. The translation semigroup{T (t)} on
X is a strongly continuous semigroup of linear operators. Its generatorA is given by

dom(A) = {u ∈ X | u absolutely continuous,u′ ∈ X}, Au = u′.

Proof. This can be viewed as a folk theorem, therefore we will not check the details of
the proof. (For constant or exponential weights see [12, §§19.2, 19.3].)

We mention the main ideas. It is evident thatT (t) is linear and that the semigroup
property holds. Condition (ii) of Definition 4.1 is designed to assure that foru ∈ X also
T (t)u ∈ X with

‖T (t)u‖ ≤
{
Meωt‖u‖ if X = C0,ρ(I,C),
M1/peωt/p‖u‖ if X = Lpρ (I,C).

The strong continuity ofT (t)u is proved easily for smoothu with compact support.
Since theseu form a dense set, the semigroup is strongly continuous on the whole
spaceX.

The computation of the infinitesimal generator can be performed directly by
investigating limt→0+(T (t)u− u) or by the resolvent

[(λ− A)−1u](τ ) =
[∫ ∞

0
e−λtT (t)u dt

]
(τ ) =

∫ ∞

0
e−λtu(t + τ) dt. �

THEOREM 4.7. Let I = [0,∞) and letX be one of the spacesLpρ (I,C) or C0,ρ(I,C) with
an admissible weight functionρ. The translation semigroup{T (t)} onX is hypercyclic if
and only if

lim inf
t→∞ ρ(t) = 0.

Proof.For each functionu with compact support there is somet > 0 such thatT (t)u = 0.
ThereforeX0 contains all functions of compact support, so thatX0 is dense. Due to
Theorem 2.3 and Remark 2.4 the semigroup{T (t)} is hypercyclic if and only ifX∞ is
dense, which is again equivalent toX∞ = X.

First suppose thatX∞ = X. For some fixed interval lengthl consider a function
u 6= 0 whose support is contained in [0, l]. Then for arbitrarily smallε > 0 there exists
a functionvε ∈ X and sometε > 0 such that

‖vε‖ ≤ ε, ‖T (tε)vε − u‖ < ε,

which implies that the restrictionwε of vε to the interval [tε, l + tε ] satisfies

‖T (tε)wε‖ > ‖u‖ − ε.
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We use the constantp for X = Lpρ (I,C) andp = 1 forX = C0,ρ(I,C). From Lemma 4.2
we infer that in any case

‖T (tε)wε‖p ≤ M1ρ(l)

m1ρ(tε)
‖vε‖p.

If ε tends to 0, then‖T (tε)wε‖ → ‖u‖ while ‖vε‖ → 0. Therefore the inequality above
implies thatρ(tε) → 0.

Assume on the contrary that lim inft→∞ ρ(t) = 0. Let u be an arbitrary function of
compact support, say [0, l]. We define

vt (τ ) =
{

0 if τ < t ,
u(τ − t) if τ ≥ t .

Due to Lemma 4.2 we have

‖vt‖p ≤ M1ρ(t + l)

m1ρ(0)
‖u‖p.

Now choose a sequence{tj } such thatρ(tj + l) → 0. Then‖vtj ‖ → 0 whileT (tj )vtj = u.
Consequentlyu ∈ X∞. Sinceu has been picked from a dense subset,X∞ is dense. �

THEOREM 4.8. Let I = (−∞,∞) and letX be one of the spacesLpρ (I,C) or C0,ρ(I,C)

with an admissible weight functionρ. The translation semigroup{T (t)} on X is
hypercyclic if and only if for eachθ ∈ R there exists a sequence{tj }∞j=1 of positive
real numbers such that

lim
j→∞

ρ(tj + θ) = lim
j→∞

ρ(−tj + θ) = 0.

(Notice that Theorem 4.8 is very closely related to a discrete analog in [22,
Theorem 2.1].)

Proof. The condition is necessary.Suppose that{T (t)} is hypercyclic. Lety andz ∈ X
be functions whose support is contained in the interval [θ, θ + l] with somel > 0. We
may picky andz such thaty ≥ 0 andz ≤ 0 on the whole real line, and‖y‖ = ‖z‖ = 1.
By Theorem 2.2 for eachε > 0 there exist somevε ∈ X and tε > 0 such that

‖T (tε)vε − z‖ < ε and ‖vε − y‖ < ε.

Let v+
ε andv−

ε denote the positive and negative parts ofvε . Let w1 be the restriction of
v+
ε to [θ, θ + l] andw2 the restriction ofv−

ε to [θ + tε, θ + l + tε ]. (If X = C0,ρ(I,C),
then the functionswi may not belong toX. However, the following computations make
sense if the definition of the norm is extended from continuous to piecewise continuous
functions.) Notice that the restrictions have been defined to be the parts ofv±

ε whose
supports satisfy

w1 ≥ 0, supp(w1) ⊂ [θ, θ + l], supp(T (tε)w1) ⊂ [θ − tε, θ + l − tε ],

w2 ≤ 0, supp(w2) ⊂ [θ + tε, θ + l + tε ], supp(T (tε)w2) ⊂ [θ, θ + l].

From the negativity ofz and‖T (tε)vε − z‖ < ε we obtain‖T (tε)w1‖ < ε. On the other
handy is positive and has its domain in [θ, θ + l]. Since‖vε − y‖ < ε, we infer that
‖w1‖ > ‖y‖ − ε.
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We proceed with our estimates forX = Lpρ (I,C). (In the caseX = C0,ρ the same
estimates work withp = 1 and all integrals replaced by suprema.) By Lemma 4.2

‖T (tε)w1‖p =
∫ θ+l−tε

θ−tε
ρ(τ )|w1(τ + tε)|p dτ ≥

∫ θ+l

θ

m1ρ(θ − tε)|w1(τ )|p dτ,

‖w1‖p =
∫ θ+l

θ

ρ(τ )|w1(τ )|p dτ ≤
∫ θ+l

θ

M1ρ(θ + l)|w1(τ )|p dτ.

Thus

εp ≥ ‖T (tε)w1‖p ≥ m1ρ(θ − tε)

M1ρ(θ + l)
‖w1‖p ≥ m1ρ(θ − tε)

M1ρ(θ + l)
(1 − ε)p.

This implies thatρ(θ − tε) → 0 asε → 0.
Similarly, from the positivity ofy and ‖vε − y‖ < ε we obtain‖w2‖ < ε. On the

other handz is negative and has its domain in [θ, θ + l]. Since‖T (tε)vε − z‖ < ε, we
infer that‖w2‖ > ‖z‖ − ε. We use now Lemma 4.2 to estimate

εp ≥ ‖w2‖p ≥ m1ρ(θ + tε)

M1ρ(θ + l)
‖T (tε)w2‖p ≥ m1ρ(θ + tε)

M1ρ(θ + l)
(1 − ε)p.

Thusρ(θ + tε) → 0 asε → 0.

The condition is sufficient.Assume now that for eachθ ∈ R there exists a sequence
{tj } → ∞ such that limj→∞ ρ(±tj + θ) = 0. Let y and z be two functions inX with
compact support, say [θ − l, θ ]. We will show that condition (iii) of Theorem 2.2 holds
with y andz. Since these functions are taken from a dense set, this implies that{T (t)}
is hypercyclic.

We taket = tj sufficiently large, so that the intervals in the following definition do
not overlap, and define

vj (τ ) =
{
y(τ) if τ ∈ [θ − l, θ ],
z(τ − tj + l) if τ ∈ [tj + θ − l, tj + θ ],
0 else.

Notice that by Lemma 4.2

ρ(τ)




≤ M1ρ(tj + θ) if τ ∈ [tj + θ − l, tj + θ ],
≤ M1ρ(−tj + θ) if τ ∈ [−tj + θ − l,−tj + θ ],
≥ m1ρ(θ − l) if τ ∈ [θ − l, θ ].

The support ofy − vj is contained in [tj + θ − l, tj + θ ], while the support ofz− T (t)vj
is contained in [−tj + θ − l,−tj + θ ]. We infer easily that

‖vj − y‖p ≤ M1ρ(tj + θ)

m1ρ(θ − l)
‖z‖p,

‖T (t)vj − z‖p ≤ M1ρ(−tj + θ)

m1ρ(θ − l)
‖y‖p.

Therefore‖T (tj )vj − z‖ and‖vj − y‖ converge to 0 asj → ∞. �

THEOREM 4.9. Let I = (−∞,∞) and letX be one of the spacesLpρ (I,C) or C0,ρ(I,C)

with an admissible weight functionρ. Moreover, letρ1(τ ) = ρ(−τ) be an admissible
weight function. Then the translation semigroup{T (t) | t ≥ 0} can be extended to a
group {T (t) | t ∈ R} onX. Moreover, the following assertions are equivalent:
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(i) the forward translation semigroup{T (t) | t ≥ 0} is hypercyclic;
(ii) the backward translation semigroup{T (−t) | t ≥ 0} is hypercyclic;
(iii) there exists a sequence{tj }∞j=1 of positive real numbers such that

lim
j→∞

ρ(tj ) = lim
j→∞

ρ(−tj ) = 0.

Proof. Let X1 = Lpρ1 or X1 = C0,ρ1, respectively. The semigroup{T (−t) | t ≥ 0} is
isomorphic to the forward translation semigroup on the spaceX1, which is a strongly
continuous semigroup sinceρ1 is also admissible.

Lemma 4.2, applied toρ and ρ1, states that for eachl > 0 there are constants
m1, m2,M1,M2 depending only onl such that

m1ρ(τ − l) ≤ ρ(τ) ≤ M1ρ(τ + l),

m2ρ(τ + l) ≤ ρ(τ) ≤ M2ρ(τ − l).

For eachθ ∈ R we may pickl = |θ | and infer

lim
j→∞

ρ(±tj + θ) = 0 iff lim
j→∞

ρ(±tj ) = 0.

From Theorem 4.8 we infer that the forward translation semigroup is hypercyclic iff (iii)
of Theorem 4.9 holds. The same conditions can be rewritten equivalently in terms ofρ1:

lim
j→∞

ρ(±tj ) = 0 iff lim
j→∞

ρ1(∓tj ) = 0.

Therefore condition (iii) is also necessary and sufficient for the hypercyclicity of the
backward translation semigroup. �

Example 4.10.There exists an admissible weight functionρ such thatρ1(t) = ρ(−t) is
also admissible, and the translation groups{T (t) | t ∈ R} on X = Lpρ ((−∞,∞),C) or
X = C0,ρ((−∞,∞),C) have the following properties:
(i) {T (t)} is hypercyclic;
(ii) there exist no bounded trajectories{T (t)x | t ≥ 0} or {T (−t)x | t ≥ 0} except the

zero trajectory. In particular,X0 = {0}, the semigroup{T (t)} admits no periodic
orbits, and it is not chaotic.

Proof. Choose an even real-valued functionφ : R → R such thatφ is continuously
differentiable and its derivative is bounded by some constantω on R, and

lim sup
τ→∞

φ(τ) = lim sup
τ→−∞

φ(τ) = ∞,

lim inf
τ→∞ φ(τ) = lim inf

τ→−∞ φ(τ) = −∞.

Put ρ(τ) = eφ(τ). Then evidently

ρ(τ ± t)

ρ(τ )
= eφ(τ±t)−φ(τ) ≤ exp

[∣∣∣∣
∫ τ+t

τ

φ′(σ ) dσ
∣∣∣∣
]

≤ eω|t |.

Hence, bothρ and ρ1 are admissible. Since lim infτ→∞ φ(τ) = −∞ and φ is even,
assertion (iii) of Theorem 4.9 holds. Therefore{T (t)} is hypercyclic.
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We finish the proof forX = Lpρ (R,C). (The estimates forX = C0,ρ(R,C) are
done similarly.) Letx ∈ Lpρ (R,C), x 6= 0, and takel large enough such that
η = ∫ l

−l |x(τ)|p dτ > 0. Since lim supτ→−∞ φ(τ) = ∞, for anyM > 0 there exists
sometM < 0 such thatρ(−tM − l) > M. Using Lemma 4.2 for an interval length of 2l,
we estimate

‖T (tM)x‖p ≥
∫ −tM+l

−tM−l
|x(tM + τ)|pρ(τ) dτ ≥

∫ l

−l
|x(τ)|pm1ρ(−tM − l) dτ ≥ Mη.

Therefore{T (t)x | t ≥ 0} is unbounded. The same argument shows that{T (−t)x | t ≥ 0}
is unbounded.

It is an immediate consequence thatX0 = Xp = {0}. �

Example 4.11.There exists an admissible weight functionρ on [0,∞) such that the
translation semigroup{T (t) | t ≥ 0} on X = L 1

ρ([0,∞),C) is hypercyclic, and its
infinitesimal generator has empty point spectrum.

Proof. We will construct an admissible functionρ on I = [0,∞) such that

lim inf
τ→∞ ρ(τ) = 0.

Then by Theorem 4.7 the translation semigroup{T (t) | t ≥ 0} onX = L 1
ρ is hypercyclic.

Moreover, we will constructρ such that∫ ∞

0
e−κsρ(s) ds = ∞ for all κ > 0. (4.1)

Then, if x is an eigenvector of the generator ofT (t), thenT (t)x = eλtx implies that

x(s) = x(0)e−λs,

which is a contradiction tox ∈ X by (4.1). Therefore the generator has empty point
spectrum.

To constructρ we start with increasing sequences

0 = s0 < s1 < s2 < · · · → ∞, 1< r1 < r2 < r3 · · · → ∞,

with the following properties:

lim sup
i→∞

ln(ri)

si
= ∞, lim inf

i→∞
ln(ri)

si
= 0.

With some arbitraryω > 0 we define

ρ(0) = 1,

ρ(s) = rie
−ωs for s ∈ (si−1, si ].

Since the sequence{ri} is increasing, we infer easily that for alls, t ≥ 0

ρ(s)

ρ(s + t)
≤ eωt .
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Thereforeρ is admissible. Givenε > 0 we pick i such that

ln(ri)

si
<
ω

2
.

Then
ρ(si) = rie

−ωsi < e−(ω/2)si .

Thus lim infτ→∞ ρ(τ) = 0.
Given κ > 0 and arbitrary largeM > 1/(κ + ω) we pick i such thatsi > 1 and

ln(ri)

si
> η := ω + κ + ln[M(κ + ω)].

Then
ρ(si) = rie

−ωsi > e(η−ω)si .

For s ≥ si ,
ρ(s) ≥ e−ω(s−si )ρ(si).

Thus∫ ∞

si

e−κsρ(s) ds ≥
∫ ∞

si

e−κse−ω(s−si )ρ(si) ds =
∫ ∞

si

e−(κ+ω)(s−si )e−κsi ρ(si) ds

>
1

κ + ω
e(−κ+η−ω)si = [M(κ + ω)]si

κ + ω
> M.

SinceM can be chosen arbitrary large, we infer (4.1). �

The last example of this section is not a translation semigroup, but it contains a
diffusion part. It shows that (in spite of Corollary 3.4) analyticity does not rule out that
a semigroup is hypercyclic.

Example 4.12.In X = L 2([0,∞),C) we consider the partial differential equation

ut (x, t) = auxx(x, t)+ bux(x, t)+ cu(x, t),

u(0, t) = 0 for t ≥ 0,

u(x,0) = f (x) for x ≥ 0 with somef ∈ X.
Let a, b, c > 0 and c < b2/(2a) < 1. Then the solution semigroup to this partial
differential equation is chaotic.

Proof. We define the operators

A1f = f ′′ on dom(A1) = {f ∈ W2,2([0,∞),C) | f (0) = 0},
B1f = f ′ on dom(B1) = W1,2([0,∞),C),

A = aA1 + bB1 + cI.

A1 is the infinitesimal generator of a contraction semigroup,B1 is dissipative, and
dom(A1) ⊂ dom(B1). For all f ∈ dom(A1),

‖bB1f ‖ ≤ b√
2a
(‖aA1f ‖ + ‖f ‖).
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Since b/
√

2a < 1, [17, Corollary 3.3, p. 82] implies thataA1 + bB1 generates a
contraction semigroup. ConsequentlyA is the generator of a strongly continuous
semigroup.

To show that this semigroup is hypercyclic we verify the conditions of Theorem 3.1.
Let U be the slotted disk

U =
{
λ ∈ C |

∣∣∣∣λ−
(
c − b2

4a

)∣∣∣∣ ≤ b2

4a
,=(λ) 6= 0 if <(λ) ≤ c − b2

4a

}
.

Sincec < b2/(2a), the domainU intersects the imaginary axis.
For λ ∈ U we define

fλ(x) = e−(b/2a)x sin

(
x

√
c − λ

a
− b2

4a2

)
.

Observe that

af ′′
λ + bf ′

λ + cfλ = λfλ and fλ(0) = 0.

Moreover, we have the estimate

|fλ(x)| ≤ e−(b/2a)x exp

[∣∣∣∣∣
√
c − λ

a
− b2

4a2

∣∣∣∣∣ x
]

≤ exp

[
x√
a

[
−
√
b2

4a
+
√∣∣∣∣λ−

(
c − b2

4a

)∣∣∣∣
]]

.

Since forλ ∈ U the exponent in the last term is negative, we infer thatfλ ∈ X. A
similar argument shows thatf ′′

λ ∈ X, so thatfλ ∈ dom(A). The vectorsfλ are therefore
eigenvectors ofA with the eigenvaluesλ.

For φ ∈ X∗ = X andλ ∈ U , we now defineFφ(λ) = 〈φ, fλ〉. Put

ψ(x) =
{
e−(b/2a)xφ(x) if x ≥ 0,
0 if x < 0.

ThenFφ can be written in terms of the Fourier transform̃ψ of ψ :

Fφ(λ) = 1

2i

[
ψ̃

(
−
√
c − λ

a
− b2

4a

)
− ψ̃

(√
c − λ

a
− b2

4a

)]
.

Since the integrals involved converge absolutely and the square root is analytic forλ ∈ U ,
one can show easily thatFφ(λ) depends analytically onλ ∈ U . If Fφ vanishes on the
whole setU , we infer by analyticity that

ψ̃(µ) = ψ̃(−µ) for all µ ∈ R.

This implies thatψ is an even function, and sinceψ = 0 on the negative half-line,ψ
vanishes everywhere, which implies thatφ = 0.

We have verified the conditions of Theorem 3.1 and infer that the semigroup generated
by A is chaotic. �
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5. Semigroups generated by discrete shifts
In this section we consider the weightedl1-space

X = l1r =
{
{xi}∞i=1 | xi ∈ C,

∞∑
i=1

ri |xi | < ∞
}

normed by

‖{xi}∞i=1‖ =
∞∑
i=1

ri |xi |.

Here{ri}∞i=1 is a sequence of weightsri > 0, such that for some constantM

ri

ri+1
≤ M for all i. (5.1)

(Similar results can also be proved for weightedlp-spaces with 1≤ p < ∞.) In these
spaces we define the unlateral backward shiftA by

A



x1

x2

x3
...


 =



x2

x3

x4
...


 .

Weighted shifts are a good example of bounded generators for continuous hypercyclic
semigroups. Another source of such examples are translation semigroups in spaces of
holomorphic functions (see the remarks at the beginning of§4).

Salas [22] has proved that id+ A is hypercyclic. It is no surprise then, that the
continuous semigroup generated byA is also hypercyclic, and the technicalities of the
proof are, in fact, very closely related to the proof of Salas.

LEMMA 5.1. If the weightsri satisfy the condition (5.1), then the unilateral backward shift
A is a bounded linear operator onl1r . Moreover, the linear semigroup{T (t)} generated
byA is given by

T (t)



x1

x2

x3
...


 =



u1(t)

u2(t)

u3(t)
...


 with ui(t) =

∞∑
j=i

t j−i

(j − i)!
xj .

Proof. One checks easily that the norm ofA is the least constantM such that (5.1) holds.
For a bounded operator, the semigroup generated byA is given by the power series

T (t) =
∞∑
k=0

tk

k!
Ak

which yields immediately the formula given above. �

THEOREM 5.2. Let the weightsri satisfy (5.1), letA be the left shift and{T (t)} be the
semigroup generated byA in X = l1r as in Lemma 5.1. Then{T (t)} is hypercyclic.
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Proof. We prove assertion (iii) from Theorem 2.2 fory, z in the dense subset

D = {{xi}∞i=1 ∈ l1r | ∃L : ∀i > L : xi = 0}.
Thus, lety = {yi}∞i=1 andz = {zi}∞i=1 be sequences inD with

yi = zi = 0 for i > L.

Let ε > 0 be arbitrary. We will construct a vectorv = {vi}∞i=1 ∈ l1r and some larget > 0
such that

‖v − y‖ ≤ ε and ‖T (t)v − z‖ ≤ ε.

Starting out with somet (to be determined later) we define the corresponding vectorv(t)

by the identities

vi(t) = yi for i = 1, . . . , L,

vi(t) = 0 for i = L+ 1, . . . ,2L and for i > 3L,

ui(t) = zi for i = 1, . . . , L, whereui(t) =
3L∑
j=i

t j−i

(j − i)!
vj (t).

The coefficientsv2L+1(t), . . . , v3L(t) are then the solutions of the following system of
linear equations:



t2L

(2L)!

t2L+1

(2L+ 1)!
. . .

t3L−1

(3L− 1)!
t2L−1

(2L− 1)!

t2L

(2L)!
. . .

t3L−2

(3L− 2)!
...

...
. . .

...
tL+1

(L+ 1)!

tL+2

(L+ 2)!
. . .

t2L

(2L)!






v2L+1(t)

v2L+2(t)
...

v3L(t)




+




1
t

1!
. . .

tL−1

(L− 1)!

0 1 . . .
tL−2

(L− 2)!
...

...
. . .

...

0 0 . . . 1






y1

y2
...

yL


 =



z1

z2
...

zL


 .

Notice that the coefficient matrix of the system can be written


t2L

(2L)!

t2L+1

(2L+ 1)!
. . .

t3L−1

(3L− 1)!
t2L−1

(2L− 1)!

t2L

(2L)!
. . .

t3L−2

(3L− 2)!
...

...
. . .

...
tL+1

(L+ 1)!

tL+2

(L+ 2)!
. . .

t2L

(2L)!




=



t2L 0 . . . 0
0 t2L−1 . . . 0
...

...
. . .

...

0 0 . . . tL+1


W




1 0 . . . 0
0 t . . . 0
...

...
. . .

...

0 0 . . . tL−1



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with a constant regular matrix

W =




1

(2L)!

1

(2L+ 1)!
. . .

1

(3L− 1)!
1

(2L− 1)!

1

(2L)!
. . .

1

(3L− 2)!
...

...
. . .

...
1

(L+ 1)!

1

(L+ 2)!
. . .

1

(2L)!



.

Therefore the solution of the system is given by

v2L+1(t)

v2L+2(t)
...

v3L(t)


 =




1 0 . . . 0
0 t−1 . . . 0
...

...
. . .

...

0 0 . . . t−L+1


W−1



t−2L 0 . . . 0

0 t−2L+1 . . . 0
...

...
. . .

...

0 0 . . . t−L−1




·






z1

z2
...

zL


−




1
t

1!
. . .

tL−1

(L− 1)!

0 1 . . .
tL−2

(L− 2)!
...

...
. . .

...

0 0 . . . 1






y1

y2
...

yL






.

It is easily seen that there is some constantC1 such that all coefficients of



t−2L 0 . . . 0

0 t−2L+1 . . . 0
...

...
. . .

...

0 0 . . . t−L−1


 ·






z1

z2
...

zL


−




1
t

1!
. . .

tL−1

(L− 1)!

0 1 . . .
tL−2

(L− 2)!
...

...
. . .

...

0 0 . . . 1






y1

y2
...

yL







are bounded byC1t
−L−1. SinceW−1 is independent oft , there exists some constantC2

such that fori = 2L+ 1, . . . ,3L,

|vi(t)| ≤ C2t
−(i−2L−1)t−L−1 = C2t

L−i .

This will be the crucial estimate in the following consideration.
We use first thatvi(t) = yi for i ≤ 2L and estimate

‖v(t)− y‖ =
3L∑

i=2L+1

ri |vi(t)| ≤
3L∑

i=2L+1

riC2t
L−i .

Notice that all powers oft in this inequality are negative, so that

‖v(t)− y‖ ≤ ε for sufficiently larget > 0.

Next we observe thatui(t) is the ith coefficient ofT (t)v(t), and that it equalszi for
i ≤ L. Therefore

‖T (t)v(t)− z‖ =
3L∑

i=L+1

ri

∣∣∣∣
3L∑
j=i

t j−i

(j − i)!
vj (t)

∣∣∣∣ ≤
3L∑

i=L+1

ri

3L∑
j=i

t j−i

(j − i)!
C2t

L−j
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≤ C2

3L∑
i=L+1

ri t
L−i

3L∑
j=i

1

(j − i)!
≤ C2e

3L∑
i=L+1

ri t
L−i .

Since again all powers oft are negative, we obtain

‖T (t)v(t)− z‖ ≤ ε for sufficiently larget > 0.

Therefore assertion (iii) of Theorem 2.2 holds fory andz in the dense subsetD. �

Notice that unlike the case of translation semigroups, Theorem 5.2 does not require
any assumptions on the weight functions except (5.1) which is necessary in order that
{T (t)} is a semigroup of bounded operators onl1r . However, the properties of the weights
determine whether the semigroup is chaotic:

THEOREM 5.3. Let the weightsri satisfy (5.1), letA be the left shift and{T (t)} be the
semigroup generated byA in X = l1r as in Lemma 5.1. LetR denote the radius of
convergence for the power series

∑∞
j=1 rj x

j and letω ∈ C. Then the semigroup{eωtT (t)}
is chaotic if and only if|<(ω)| < R.

(By (5.1)R is always finite. However,R may be 0, so that{T (t)} is not chaotic.)

Proof. Necessity.If {eωtT (t)} is chaotic, then the point spectrum ofω + A contains a
numberµ with <(µ) = 0 and=(µ) 6= =(ω). Thus the point spectrum ofA contains
a nonreal numberλ = µ − ω with <(λ) = −<(ω). In particular, |λ| > |<(ω)|. Let
v = {vj }∞j=1 be a corresponding eigenvector. FromAv = λv we infer vj = λj−1v1,
whence

‖v‖ =
∞∑
j=1

rj |λj−1v1| = |v1|
∞∑
j=1

rj |λ|j−1.

Since‖v‖ < ∞, we infer that|<(ω)| < |λ| ≤ R.

Sufficiency.We will use Theorem 3.1. Let|<(ω)| < R. Let U be the open disk with
radiusR and centerω. Since|<(ω)| < R, the diskU intersects the imaginary axis.

For λ ∈ U we definexλ = {xj (λ)}∞j=1 by xj (λ) = (λ − ω)j . From |λ − ω| < R we
infer xλ ∈ lr1. An easy computation shows that(ω + A)xλ = λxλ. Now let φ be in the
dual space ofl1r , i.e. φ is given by

〈φ, y〉 =
∞∑
j=1

φjyj ,

where the sequence{r−1
j |φj |} is bounded. Then

〈φ, xλ〉 =
∞∑
j=1

r−1
j φj rj (λ− ω)j .

This is an analytic function ofλ ∈ U . If 〈φ, xλ〉 = 0 for all λ ∈ U , then all coefficients
of the power series vanish, which implies thatφ = 0.

We have therefore verified the assumptions of Theorem 3.1 and infer that{eωtT (t)}
is chaotic. �
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6. Hypercyclic linearization of a stable system
One of the most important features of the stability theory for linear systems is that it
can be carried over to yield local results for nonlinear systems by linearization. It is
known that a nonlinear semigroup whose Fréchet derivative is an exponentially stable
linear semigroup is locally asymptotically stable. Additional hypotheses are required to
prove that a semigroup with an unstable linearization is unstable (cf. [8]). Although
hypercyclicity seems to be a property of a very unstable semigroup, it can also occur
in the critically unstable case, when trajectories grow slower than exponentially. From
this viewpoint, it is no surprise that there are globally stable nonlinear systems with
hypercyclic linearizations, as the following example shows.

In this section we require an admissible weight functionρ on [0,∞) which is
continuous and satisfies lim infτ→∞ ρ(τ) = 0. We know that for suchρ the translation
semigroup{T (t) | T ≥ 0} onX = C0,ρ([0,∞),R) is hypercyclic.

Moreover, letφ : [0,∞)×R → R be a continuously differentiable function satisfying

φ(t,0) = 0 for all t > 0, (6.1)

φ(t, ·) is bijective with inverseφ−(t, ·), (6.2)
∂

∂x
φ(t,0) = 1

ρ(t)
for all t > 0, (6.3)

∂

∂x
φ(t, x) > 0 for all t > 0, x ∈ R. (6.4)

Assume that for allt > 0, the following limits converge uniformly forx in compact
subsets inR:

lim
τ→∞ |φ(τ, x)− x| = 0, (6.5)

lim
τ→∞ |φ−(τ, x)− x| = 0, (6.6)

lim
τ→∞

∣∣∣∣ ∂∂x φ−(τ, x)− ∂

∂x
φ−(τ + t, x)

∣∣∣∣ = 0. (6.7)

Example 6.1.Let ρ be a continuous admissible weight function on [0,∞) such that
lim inf τ→∞ ρ(τ) = 0, and letφ : [0,∞) × R → R be a continuously differentiable
function satisfying the hypotheses (6.1)–(6.7). We define a nonlinear semigroup{S(t) |
t ≥ 0} onX = C0,ρ([0,∞),R) by

[S(t)u](τ ) = 1

ρ(τ)
φ−(τ, φ(t + τ, ρ(t + τ)u(t + τ))).

Then the zero trajectoryS(t)(0) = 0 is globally asymptotically stable in the sense that
for eachu ∈ X we have limt→∞ S(t)u = 0.

However, for each fixedt > 0, the Fŕechet derivative ofS(t) is the translation operator
T (t) onX (which forms a hypercyclic semigroup).

The rest of this section consists of several lemmas proving Example 6.1.

LEMMA 6.2. The following limit holds uniformly fort ≥ 0 and u in bounded subsets of
C0,ρ([0,∞),R):

lim
τ→∞ |ρ(τ)[S(t)u](τ )− ρ(t + τ)u(t + τ)| = 0.
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Proof.

lim
τ→∞ |ρ(τ)[S(t)u](τ )− ρ(t + τ)u(t + τ)|

= lim
τ→∞

∣∣∣∣ρ(τ) 1

ρ(τ)
φ−(τ, φ(t + τ, ρ(t + τ)u(t + τ)))− ρ(t + τ)u(t + τ)

∣∣∣∣
≤ lim

τ→∞ |φ−(τ, φ(t + τ, ρ(t + τ)u(t + τ)))− φ(t + τ, ρ(t + τ)u(t + τ))|
+ lim
τ→∞ |φ(t + τ, ρ(t + τ)u(t + τ))− ρ(t + τ)u(t + τ)|.

If ‖u‖ ≤ M, thenρ(t + τ)|u(t + τ)| ≤ M is uniformly bounded. Therefore (6.5) implies
that the second limit is zero. This also implies thatφ(t+τ, ρ(t+τ)u(t+τ)) is bounded,
therefore (6.6) implies that the first limit is 0. �

LEMMA 6.3. {S(t) | t ≥ 0} is a strongly continuous nonlinear semigroup onX =
C0,ρ([0,∞),R) in the following sense:
• for all t ≥ 0, the operatorS(t) is a continuous nonlinear map fromX into X;
• S(0) is the identity;
• for all s, t ≥ 0 and allu ∈ X, the semigroup identity holds:S(s)(S(t)u) = S(s+t)u;
• for all u ∈ X, the functiont 7→ S(t)u is continuous int ∈ [0,∞);
• moreover,S(t)0 = 0 for all t ≥ 0.

Proof. We showS(t)u ∈ X. Let u ∈ X and t ≥ 0 be fixed. Since all ingredients are
continuous, the function

τ 7→ 1

ρ(τ)
φ−(τ, φ(t + τ, ρ(t + τ)u(t + τ)))

is continuous. Moreover,

lim
τ→∞ ρ(τ)|[S(t)u](τ )| ≤ lim

τ→∞ |ρ(τ)[S(t)u](τ )−ρ(t+τ)u(t+τ)|+ lim
τ→∞ |ρ(t+τ)u(t+τ)|.

Sinceu ∈ X, the second limit is 0. Lemma 6.2 states that the first limit is 0. Hence
S(t)u ∈ X.

S(t) : X → X is a continuous map.Let un → u0 be a convergent sequence inX and
let t ≥ 0 be fixed. Our assumptions imply thatφ andφ− are uniformly continuous on
compact sets in [0,∞)×R. Also, the set{ρ(t+ τ)un(t+ τ) | τ ≥ 0, n ∈ N} is bounded,
sinceun is a bounded sequence. Using the definition ofS(t) we can conclude that

lim
n→∞ ρ(τ)|[S(t)un](τ )− [S(t)u0](τ )| = 0

uniformly for τ in compact intervals. Moreover, by Lemma 6.2

lim
τ→∞ |ρ(τ)[S(t)un](τ )− ρ(t + τ)un(t + τ)| = 0

uniformly for all n. Given ε > 0 chooseτ0 > 0 such that

|ρ(τ)[S(t)un](τ )− ρ(t + τ)un(t + τ)| < ε

3
for all τ ≥ τ0, n = 0,1,2, . . . .

Then choosen0 large enough such that

ρ(τ)|[S(t)un](τ )− [S(t)u0](τ )| < ε for all τ ≤ τ0, n ≥ n0,
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and such that
ρ(τ)|un(τ )− u0(τ )| < ε

3
for all τ ≥ 0, n ≥ n0.

Combining all estimates we obtain for anyτ ≥ 0:

ρ(τ)|[S(t)un](τ )− [S(t)u0](τ )| ≤ ε if τ ≤ τ0

≤ |ρ(τ)[S(t)un](τ )− ρ(t + τ)un(t + τ)|
+ρ(t + τ)|un(t + τ)− u0(t + τ)|
+|ρ(t + τ)u0(t + τ)− ρ(τ)[S(t)u0](τ )|

≤ ε if τ ≥ τ0.

Thus‖S(t)un − S(t)u0‖ ≤ ε.

The algebraic identities.S(0)u = u and S(t)(S(s)u) = S(t + s)u follow by direct
computation, exploiting thatφ−(t, ·) is the inverse ofφ(t, ·). Also, S(t)0 = 0 is shown
by direct computation.

Strong continuity int . Let u ∈ X be fixed. We estimate

lim
t→0+

ρ(τ)|[S(t)u](τ )− u(τ)| ≤ lim
t→0+

|ρ(τ)[S(t)u](τ )− ρ(t + τ)u(t + τ)|
+ lim
t→0+

|ρ(t + τ)u(t + τ)− ρ(τ)u(τ)|.

Using again the uniform continuity ofφ andφ− on compact subsets of [0,∞)× R we
infer that the first limit is 0 uniformly for allτ ≥ 0. Sinceρ(τ)u(τ) → 0 for τ → ∞
and bothρ andu are uniformly continuous on bounded intervals, we infer that the second
limit is 0 uniformly for all τ . Thus‖S(t)u− u‖ → 0 ast → 0+. �

LEMMA 6.4. For t ≥ 0 andu ∈ X we define the function

gt,u(τ ) = ∂

∂x
φ−(τ, φ(t + τ, ρ(t + τ)u(t + τ))) · ∂

∂x
φ(t + τ, ρ(t + τ)u(t + τ)).

Fix somet ≥ 0. Thengt,u has the following properties:
(i) lim τ→∞ gt,u(τ ) = 1 uniformly foru in bounded sets;
(ii) gt,u(τ ) is uniformly bounded foru in bounded sets andτ ≥ 0;
(iii) for each convergent sequenceun → u0 in X the following limit converges uniformly

for all τ ≥ 0: limn→∞ gt,un(τ ) = gt,u0(τ ).

Proof. For simplicity we abbreviate the partial derivatives:φx = (∂/∂x)φ, φ−
x =

(∂/∂x)φ−.
If ‖u‖ ≤ M, thenρ(t + τ)|u(t + τ)| ≤ M. From (6.5) we infer that|φ(t + τ, ρ(t +

τ)u(t + τ))| is uniformly bounded. Therefore (6.5)–(6.7) and the continuity ofφ, φ−,
φx , andφ−

x hold uniformly forx = ρ(t + τ)u(t + τ) or x = φ(t + τ, ρ(t + τ)u(t + τ)) if
u is taken from bounded sets. In particular, we infer thatgt,u(τ ) depends continuously
on t andu, uniformly for τ in compact intervals.

We use the fact thatφ−(τ, ·) is the inverse ofφ(τ, ·) to obtain

φ−
x (t + τ, φ(t + τ,w)) · φx(t + τ,w) = 1.
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Thus

|gt,u(τ )− 1|
= |φ−

x (τ, φ(t + τ, ρ(t + τ)u(t + τ))) · φx(t + τ, ρ(t + τ)u(t + τ))

−φ−
x (t + τ, φ(t + τ, ρ(t + τ)u(t + τ))) · φx(t + τ, ρ(t + τ)u(t + τ))|.

By (6.7) this expression converges to 0 asτ → ∞, uniformly for u in bounded sets.
This proves (i).

Assertions (ii) and (iii) are now easy, since we have uniform continuity forτ in
compact sets, and a uniform limit 1 forτ → ∞. �

LEMMA 6.5. For each fixedt > 0, the operatorS(t) : X → X is Fréchet differentiable.
The Fréchet derivative ofS(t) at a pointu ∈ X is the operatorWt,u : X → X:

[Wt,uv](τ ) = ρ(t + τ)

ρ(τ)
gt,u(τ )v(t + τ)

with gt,u defined as in Lemma6.4.
• For fixedt ≥ 0, the operatorWt,u depends continuously onu ∈ X.
• For fixedv ∈ X, Wt,uv depends continuously ont andu.
• Wt,0 is the translation operatorT (t) given by[T (t)u](τ ) = u(t + τ).

Proof. The Fréchet derivative.For any u, v ∈ X and any t, τ ≥ 0 we obtain by
differentiation

∂

∂h
[S(t)(u+ hv)](τ )

= 1

ρ(τ)
φ−
x (τ, φ(t + τ, ρ(t + τ)[u(t + τ)+ hv(t + τ)]))

·φx(t + τ, ρ(t + τ)[u(t + τ)+ hv(t + τ)]) · ρ(t + τ)v(t + τ)

= ρ(t + τ)

ρ(τ)
gt,u+hv(τ )v(t + τ).

We can now estimate

ρ(τ)|[S(t)(u+ v)](τ )− [S(t)u](τ )− [Wt,uv](τ )|

=
∣∣∣∣
∫ 1

0
ρ(t + τ)gt,u+hv(τ )v(t + τ) dh− ρ(t + τ)gt,u(τ )v(t + τ)

∣∣∣∣
≤ ρ(t + τ)|v(t + τ)|

∫ 1

0
|gt,u+hv(τ )− gt,u(τ )| dh

≤ ‖v‖
∫ 1

0
|gt,u+hv(τ )− gt,u(τ )| dh.

From Lemma 6.4(iii) we infer that the integral converges to 0 uniformly forτ ≥ 0 if
v → 0. ThereforeWt,u as defined above is the Fréchet derivative ofS(t). Notice that
Lemma 6.4(ii), implies thatWt,u is a bounded linear operator.

Continuous dependence onu. Let un → u0 be a convergent sequence inX. For any
v ∈ X we have

ρ(τ)|[Wt,unv](τ )− [Wt,u0v](τ )| = |gt,un(τ )− gt,u0(τ )|ρ(t + τ)|v(t + τ)|.
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Lemma 6.4(iii) implies that this expression converges to 0 uniformly forτ ≥ 0 andv
in bounded sets. ThereforeWt,u depends continuously onu with respect to the operator
norm.

Strongly continuous dependence ont . This is done in a similar manner to the continuous
dependence onu. We use the fact that for givenv ∈ X the functionρ(t + τ)v(t + τ)

depends uniformly continuously ont and again treat the behavior on compactτ -intervals
and the asymptotics forτ → ∞ separately.

Derivative at the zero trajectory.From (6.3) we infer

ρ(t + τ)

ρ(τ)
gt,0(τ ) = ρ(t + τ)

ρ(τ)
φ−
x (τ,0) · φx(τ,0) = ρ(t + τ)

ρ(τ)
ρ(τ)

1

ρ(t + τ)
= 1.

ThusWt,0 = T (t). �

LEMMA 6.6. The zero trajectory ofS(t) is locally stable in the sense that for allε > 0
there exists someδ > 0 such that‖S(t)u‖ ≤ ε for all u ∈ X with ‖u‖ ≤ δ and all t ≥ 0.

The zero trajectory ofS(t) is globally asymptotically stable in the following sense:
limt→∞ S(t)u = 0 for eachu ∈ X.

Proof. Local Stability.Let ε > 0. By (6.6) we can pickT1 > 0 such that

|φ−(τ, x)− x| ≤ ε

2
for τ ≥ T1, |x| ≤ ε.

By the uniform continuity ofφ− on compact sets we can now choose someδ1 ∈ (0, ε/2)
such that

|φ−(τ, x)| ≤ ε for τ ∈ [0, T1], |x| ≤ δ1.

By (6.5) chooseT2 > 0 such that

|φ(τ, x)− x| ≤ δ1

2
for τ ≥ T2, |x| ≤ ε,

and chooseδ ∈ (0, δ1/2) such that

|φ(τ, x)| ≤ δ1 for τ ∈ [0, T2], |x| ≤ δ.

Now let u ∈ X with ‖u‖ ≤ δ, henceρ(t + τ)|u(t + τ)| ≤ δ ≤ ε. Then

|φ(t + τ, ρ(t + τ)u(t + τ))|
≤ δ1 if t + τ ≤ T2

≤ |φ(t + τ, ρ(t + τ)u(t + τ))− ρ(t + τ)u(t + τ)| + |ρ(t + τ)u(t + τ)|
≤ δ1

2
+ δ ≤ δ1 if t + τ ≥ T2.

Therefore in any case

|φ(t + τ, ρ(t + τ)u(t + τ))| ≤ δ1.

https://doi.org/10.1017/S0143385797084976 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797084976


818 W. Desch et al

This implies

|φ−(τ, φ(t + τ, ρ(t + τ)u(t + τ)))|
≤ ε if τ ≤ T1

≤ |φ−(τ, φ(t + τ, ρ(t + τ)u(t + τ)))− φ(t + τ, ρ(t + τ)u(t + τ))|
+|φ(t + τ, ρ(t + τ)u(t + τ))|

≤ ε

2
+ δ1 ≤ ε if τ ≥ T1.

In any case
ρ(τ)|[S(t)u](τ )| ≤ ε, i.e. ‖S(t)u‖ ≤ ε.

Global stability. Let ε > 0 andu ∈ X. Chooseδ such that‖S(t)v‖ < ε for all t ≥ 0
and all v ∈ X with ‖v‖ ≤ δ. Sinceu ∈ X, we have limτ→∞ ρ(τ)u(τ) = 0. We can
therefore changeu on a compact interval [0, T ] to obtainv ∈ X with

u(τ) = v(τ) for τ > T, and‖v‖ < δ.

Then we have fort > T ,
‖S(t)u‖ = ‖S(t)v‖ < ε. �
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