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Abstract We investigate hypercyclic and chaotic behavior of linear strongly continuous
semigroups. We give necessary and sufficient conditions on the semigroup to be
hypercyclic, and sufficient conditions on the spectrum of an operator to generate a
hypercyclic semigroup. A variety of examples is provided.

1. Introduction

Chaos is usually viewed as a nonlinear phenomenon, but the idea of chaotic behavior
also arises in discrete and continuous linear dynamical systems. In the discrete case
the concepts of hypercyclicity and chaos have been studied in the theory of bounded
linear operators in Banach spaces. A bounded linear opefatora Banach spac&

is hypercyclic provided that there existse X such that{T"x | n = 1,2,3...} is

dense inX. T is chaotic provided that it is hypercyclic and the set of periodic points is
dense inX. (A point is called periodic if there exists some> 1 such thatl"x = x.)

This definition of chaos is consistent with the definition given by Devarreyp[ 50]

for an arbitrary continuous mapping on a topological space, which requires that

is topological transitive and the periodic points pfare dense. (These two conditions
imply sensitive dependence on initial conditior8.) The theory of hypercyclic and
chaotic bounded linear operators has been extensively developed in connection with the
invariant subspace problem of Hilbert spaces ($e[LL0], [11], [21]).

Our objective in this paper is to investigate hypercyclicity and chaos in the context
of strongly continuous semigroups of bounded linear operators in Banach spaces.
Hypercyclic and chaotic behavior in strongly continuous linear semigroups can be viewed
as the continuous time analog of the discrete time case mentioned above. A strongly
continuous semigroup of bounded linear operaf@rg) | ¢+ > 0} is hypercyclic provided
that there exists € X such that{T'(+)x | r > 0} is dense inX and chaotic if the set
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{x e X |3t >0:T@Ex = x}is also dense inX. Chaos in linear semigroups can
occur when the infinitesimal generator is bounded or unbounded, but only in infinite-
dimensional spaces. The case of unbounded infinitesimal generators makes the linear
semigroup formulation of chaos applicable to linear partial differential equations. Chaotic
behavior of strongly continuous linear semigroups has been studietbjn[L6], and

[23]. In [15] and [16] chaotic linear semigroups are associated with the idea of exactness
and applied to first-order partial differential equatior5([p. 297] and 16, p. 339]). In

[15] and [16] exact linear semigroups are applied to nonlinear continuous semidynamical
systems via the Frobenius—Perron operators and the Koopman operatdiis[h [14],

[19], and [20] chaotic behavior is analyzed in semi-linear first-order partial differential
equations with logistic nonlinearities. In these investigations the essential idea is the
construction of densely wandering orbits. Some more remarks on the existing literature
will be in order when we state our results in detail.

In this paper we investigate hypercyclicity and chaos in linear semigroups in a general
context. In§2 we establish the equivalence of hypercyclicity and topological transitivity
and some consequences, which are quite similar to the discrete case and serve as the main
technical tools in the subsequent sectionsg3rwe relate hypercyclicity to the spectrum
of the infinitesimal generator. Section 4 deals with translation semigroups, which are
associated with transport processes. It is particularly easy to characterize those translation
semigroups that are hypercyclic, so that this class is well suited to generate examples
and counterexamples concerning the general theory of hypercyclic semigroups. We add
an example of a linear partial differential equation with both diffusion and transport
terms. In§5 we consider a class of semigroups generated by discrete shift operators in
I'-spaces. The most striking feature of these examples is that they can lead to hypercyclic
semigroups generated by bounded operators. Firffdlghows an example of a globally
stable nonlinear system, whose linearization is yet a hypercyclic linear semigroup.

2. Hypercyclic and chaotic semigroups
Let X be a Banach space and Igt(r) | t > 0} be a strongly continuous semigroup of
linear operators inX. By A we denote its infinitesimal generator. We will consider the
following subsets ofX:
Xo is the set of allk € X such that lim_, o, T(t)x = 0.
X is the set of allk € X such that for each > 0 there exist soma € X
and some > 0 with ||lw| < e and||T(H)w — x| < €.
X, s the set of periodic points, i.e. the set of ale X such that there exists
somer > 0 with T(¢t)x = x.
Definition 2.1.The semigrougT(¢) | t > 0} is called hypercyclic provided that there
existsx € X such that{7'(r)x | r > 0} is dense inX. If in addition X, is dense inX,
then the semigroupT () | ¢+ > 0} is called chaotic.

Examples 4.10 and 4.11 show hypercyclic semigroups which are not chaotic. Although
hypercyclic semigroups seem to be very irregular, there are even bounded linear operators
generating hypercyclic semigroups (Sg9.

This section gives the topological characterization of hypercy€liesemigroups.
There is no significant difference to the theory of discrete hypercyclic semigroups,
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neither with respect to the assertions of the theorems nor to the methods of the proofs.
Theorem 2.2 below has its discrete analogl, [Theorem 2.1] and1[0, 1.2 Theorem].
[10, 1.4 Corollary] also gives a discrete analog to Theorem 2.3. Related theorems are
also found in 9, 2.2 Theorem] and1[3, Theorem 1.4], to mention just a few.

We give a necessary and sufficient condition for a semigroup to be hypercychy.
is called topologically transitive oX if for every pair of open subsets, V C X there
exists someg > 0 such thatT' (1)U NV # @. The following theorem states thél (¢)}
is hypercyclic if and only if it is topologically transitive. Notice that the existence of an
hypercyclic semigroup oX obviously implies thatX is separable.

THEOREM 2.2. Let {T(t) | t+ > 0} be a strongly continuous linear semigroup on a

separable Banach spacé. Then the following assertions are equivalent:

() {T ()} is hypercyclic;

(i) forall y € X,z € X and alle > O there exist some € X and some > 0 such that
ly —v| <eandl|z —T@)v| <e¢;

(iii) for all ¢ > 0O there exists a dense subgdetc X such that for allz € D there exists
a dense subsdd’ C X such that for ally € D’ there existv € X and¢ > 0 such
that|ly —v|| < eandl|z — T®)v| < €.

Proof. (i) implies (ii). Let {T'(+)x | t+ > O} be dense inX. Obviously for eachs > O,

{T(t)x | t > s} is also dense. Givern,z € X there exists some > 0 such that
ly — T(s)x|| < €, and there exists some > s such that||z — T (u)x| < €. Now put
v=T(s)x andt = u — s.

(i) implies (i). Let {z1, z2, z3, ...} be a dense sequence }h We construct sequences
{y1, y2, ¥3,...} C X and{t1, 12, 13, ...} C [0, 00) inductively:

e putyi=z,4=0;

e forn > 1findy,, t, such that

2—}1
” n~— JYn— ” S R N 21
I I = Uit ) < n) (21)
2w — TGyl < 27" 2.2)

In particular, (2.1) implied|y, — y,_1]l < 27", so that the sequencg has a limitx.
Applying (2.2) and once again (2.1), we infer that

lzn = T)xIl = Mz = T@)yull + 1T @) yn — x|

(o]
lzn — T (t)yall + Z 17 @)y — yi-all
i=n+1
0O .
o + Z i =27n+l.
i=n+1
Givenz € X ande > 0 there are arbitrarily large such that||z, — z|| < €¢/2. Choosing
n large enough such that2t! < ¢/2, we obtain

IA

IA

IT@)x =zl < llz = zall + 20 = T (@)x]| < €.

Therefore{T (t)x | t > 0} is dense.
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(i) implies (iii). PutD = D’ = X.

(iii) implies (ii). Lete > 0 andz € X. Pickz € D such that||z — z|| < €/2. Then
specify D’ according to (iii) withz instead ofz and¢/2 instead ofe. Fory € X pick
y € D' with |y — y|| < ¢/2. Finally, we choose andv according to (iii) withe/2, ¥,
Z instead ofe, y, z and obtain

IT@Ov =zl = ITOv =zl + Iz -zl <e,
o=yl =llv=JlI+1y =yl <e. g
As a corollary we obtain a sufficient condition for hypercyclicity.

THEOREM 2.3. Let {T'(¢r) | t > 0} be a strongly continuous semigroup in a separable
Banach spac&. If both X, and X, are dense subsets, th€fi(¢)} is hypercyclic.

Proof. We utilize Theorem 2.2(iii) withD = X, (independent ok) and D' = X
(independent ot andz). Letz € X, andy € X,. Then for eache > 0 there are
arbitrarily larger > 0 andw € X such that

€

ITw —z| < > and |w]| < e.
Sincey € X, for sufficiently larger we have||T(¢)y| < €/2. We putv = y + w and
infer
lz=T@Ovll = llz =TOwll + ITOyl <e,

ly — vl =llwll <e. O
Remark 2.4Theorem 2.3 is only a sufficient condition: {f'(¢)} is hypercyclic, then
X = X, but there are hypercyclic semigroups witly = {0}.
Proof. Theorem 2.2(ii) withy = 0 states precisely thaf = X.,. Example 4.10 shows
a hypercyclic group withXo = {0}. O

If the semigroup is a group, one might think of hypercyclicity in terms of the
forward and the backward trajectory. The following theorem states that both notions
of hypercyclicity are equivalent.

THEOREM 2.5. If {T'(¢) | t € R} is a strongly continuous group of linear operators &n

then the following assertions are equivalent:

(i) the semigroudT(¢) | + > O} is hypercyclic;

(iiy the semigroudT (—t) | t > 0} is hypercyclic;

(iii) there exists some € X such that both seté'(r)x | ¢+ > 0} and {T'(—#)x | ¢t > O}
are dense.

Proof. (i) implies (ii). Let y,z € X ande > O be arbitrary. If{T() | + > 0} is
hypercyclic, then by Theorem 2.2(ii), there exist X and¢ > 0 such that

lv—yll<e and |T@)v—z| <e.
We putw = T (¢)v and obtain
lw—z| <e and ||T(—tHw —y| <e.

Again using Theorem 2.2 we infer theif (—¢) | ¢t > 0} is hypercyclic.
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(i) implies (i). By symmetry.

() and (i) imply (iii). We modify the proof of Theorem 2.2. L&;} be a dense sequence.
We define

220 =Zis 2241 = Zi-
Now we construct sequencés }, {r;} exactly as in the proof of Theorem 2.2, satisfying
(2.1) and (2.2), with the additional assumption that

=0 if j=2,

1<0 if j=2i+1.
This is possible since assertion (i) of Theorem 2.2 holds {ff«r)} as well as

{T (—1)}. One can show again that the limitof {y;} has dense forward and backward
trajectories. O

3. Spectral conditions

In this section we give sufficient conditions on the spectrum of the generator so that

a semigroup is hypercyclic. The results are based on the hypothesis that there is an
abundance of eigenvectors. These conditions are only sufficient: there are hypercyclic
semigroups whose generators have empty point spectrum (see Example 4.11).

Although some of our results follow known patterns from the discrete case very
closely, extreme care should be taken at the attempt to generalize spectral results from
discrete semigroups to continuous semigroups by ‘taking logarithms’. It is well known
that there is not necessarily a one-to-one correspondence between the spectrum of the
operatorT (t) belonging to aCo-semigroup, and the spectrum of its generator

THEOREM 3.1. Let X be a separable Banach space andAdbe the infinitesimal generator
of a strongly continuous semigroyf@ (¢) | + > 0} on X. LetU be an open subset of the
point spectrum ofA, which intersects the imaginary axis, and for edch U let x; be a
nonzero eigenvector, i.elx, = Ax,. For each¢ € X* we define a functiody : U — C
by Fy (1) = (¢, x;). Assume that for eagh € X* the functionF; is analytic and thatF,
does not vanish identically oti unlessp = 0. Then{T (¢)} is chaotic.

Example 4.12 shows an application of Theorem 3.1. (The following proof is
essentially an abstract reformulation of the techniques applied to multipliers in spaces of
holomorphic functions inJ0, Proposition 4.2, Theorem 4.5].)

Proof. We start with an abstract observation. létc U be an arbitrary subset which
admits a cluster point iV. We prove thatYy = sparix, | A € V} is dense inX.
Suppose the contrary. By the Hahn—Banach theorem there exists¢gsam¥ such that
¢ #0and(¢,x) =0forallx € Yy. Thus for allx € V, Fy(1) = (¢, x,) = 0. Since
V admits a cluster point i/ and Fy is analytic onU, this implies thatF, vanishes
identically. This contradicts our assumptions.

We will now show that the subspace§ and X., are dense, so thdtl'(r)} is
hypercyclic by Theorem 2.3. Moreover, we show thatis dense so that the semigroup
is chaotic.
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Xo is denseChooseV to be a subset dfs € U | 91(1) < 0} which admits a cluster point
in U. Evidently forx € V the eigenvectox;, is contained inXy. As Xj is a subspace,
Yy is contained inXg, henceXj is dense.

X is denseThis time letV be a subset ofA € U | (1) > 0}, which admits a cluster

point in U. Since
Zoq,-x)\/. = T(t)(Zaje*.ffx)\l.),
j=1 j=1

eachx in the dense subspadg is contained inX.

X, isdenselLet V = {)q1, A2, A3, ...}, where eacli; is purely imaginary with a rational
imaginary part, and such that the sequefigé admits a limit. Then eacl,, is periodic
with a period which is a rational multiple of. This also implies that each linear
combinationyx;, +- - - +a,x;, is periodic. Therefore the dense subspHgés contained
in X,, so thatX, is dense. O

The next theorem does not require the assumptionXigas dense in order to show
hypercyclicity. We require the following hypotheses on the point spectrue. of

(A.1) There exist two positive numbegg < y, such thaty,, + iz is contained in
the point spectrum oAt for all rationalu € R andm € {1, 2}.
(A.2) Let x,, +,; be an eigenvector oft with the eigenvalue, + ni. By X, we
denote
Xm,k = spar{xymﬂm-/k | j = 0,+1, £2 ...}

We assume that for eaghe X and each > 0 there exists some positive integeand
somex € X1 with ||x — y| <e.

(A.3) Letk; be a positive integer, let; € X1, ande > 0. Then there exist arbitrarily
large multiplesk, of k1 and corresponding vectoss € X5, with

X1 — x2|| < ee %2,

These conditions are weaker than the Hypotheses (H.1)—(H.3Bjmp[ 6]. Therefore
the following theorem implies immediatel23, Proposition 4.2].

THEOREM 3.2. Let {T'(¢)} be a strongly continuous semigroup in a separable Banach
spaceX. Let its generatorA satisfy the hypotheses (A.1)—(A.3) above. T{®@)} is
hypercyclic.

Proof. We utilize Theorem 2.2(ii). Let > 0 andy, z € X. By Hypothesis (A.2) there
exists a positive integer; and vectorscy, z1 € X1, such that

-l =

g le—al=

By Hypothesis (A.3) there exist arbitrarily large which are multiples ofk; and
corresponding vectors, € X, such that

ly —xill =

€
2k
lxy — 22l < 2° e
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We choose; sufficiently large such that

—2kan1 € 2k2(y1—v2) €
e =< -, e X1l = -,
llzall 2 flxall 2
and put
v =1+ e HMgy — Ty,
Then we have
72[{ 2k —_
Iy —vll = lly — 51— e %Nz 4 X

—2k: 2k — 2k —
< ly = xall + e 2|z || + 21772 | xp — x| 4 2202 || xq |

€L €L 2mE € _
4+4+e 4+4_€.

Now notice that for any € X, and any multiplek, of k we haveT (2k;)x = e/ x.
(Herem € {1, 2}.) Therefore

IA

lz = T@kvll = llz — ¥*xy — 21+ 2Py
<z =zl + e x - x|
=< % + ¢ =e.
- 4 4
We have foundv andr = 2k, to satisfy assertion (ii) of Theorem 2.2. Consequently
{T ()} is hypercyclic. O

We close this section with some necessary conditions on the dual semigroup.

THEOREM 3.3. Let{T (¢) | t > 0} be a hypercyclic semigroup generatedAyn a Banach
spaceX. Then the adjointd* of A and the dual semigroupr*(¢)} have the following
properties:

(i) if¢p e X*, ¢ #0, then the orbit{7*(¢)¢ | t > 0} is unbounded,;

(i) the point spectrum afi* is empty.

(This is, in fact, a very elementary observation. Compd® Lorollary 2.4], also
published in 6, Proposition 4.1] for the discrete case. As an anonymous referee tells
us, it has also been proved in unpublished work by P. Bourdon, and P. Bourdon and
J. H. Shapiro.)

Proof. Let x € X be such tha{T (s)x | t > 0} is dense inX. Assume that for some
¢ € X*, ¢ # 0 the orbit is bounded, i.6.7*(¢)|| < M for all t > 0. Lety € X be such
that |(¢, y)| > 3M||x|, and choose > 0 such that|T (t)x — y|| < M| x||/l¢|l. Then
we have the estimate

3MIlxll < K.y = e, T(Ox)|+ (¢, T()x — y)
M|x ||

= KT"®O¢, x) + (¢, T()x — y)| = Mllx|| + ”¢”W = 2M||x||

which is a contradiction. Thus (i) is proved.
To prove (ii), assume that is in the point spectrum ofi*, i.e. A*¢ = A¢ for some
¢ #0. ThenT*(t)¢ = ¢ ¢. Because of (i) we infepi(r) > 0. The equation

(@, T(1)x) = "¢, x)
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implies that either annihilates the whole orbit of or

@, T(0)x)| = (¢, x)|

for all + > 0. Since the orbit of is dense, the first case would imply that= 0. On
the other hand ley € X be such that¢, y) = 0 and choose such that

[{¢, x)|
I7T@)x —yll < 2100
Then
(. T)x)] < [{d. ) + IBIIT ()x — yl| < 31(. x)]
in contradiction to the second case. O

Theorem 3.3 can be used to rule out important classes of semigroups from being
hypercyclic. These classes include differentiable (in particular, analytic) solution
semigroups for partial differential equations on compact space domains. Notice, however,
that analyticity by itself is not sufficient to exclude hypercyclicity. Counter-examples are
provided by the semigroups b, which are generated by bounded operators.

COROLLARY 3.4. Let {T(¢)} be a strongly continuous semigroup generated4yn a
Banach space&. Assume thatT ()} is eventually uniformly continuous in the sense that
with respect to the operator nortim, .o, [|T( + k) — T(t)|| = O, if ¢ is sufficiently
large. LetX 4 be the domain ofA endowed with the graph norm d@f. Assume that the
embedding o 4 into X is compact. ThefT (¢)} is not hypercyclic.

Proof. Assume thaf{7 (¢)} is hypercyclic. Letw; be the spectral bound ¢f ()},
w1 = SUPENR(A) | A in the spectrum ofd}.

Being eventually uniformly continuous, the semigrofdp¢)} has spectrum determined
growth: for eachw > w; there exists a constadf such that||T(r)|| < Me*" for all

t > 0 (see, for example 1] p. 87]). SinceT*(¢) has unbounded trajectories, this estimate
cannot hold for negatives, consequently the spectrum df is not empty. Therefore
the spectrum ofA* is not empty either. The compact embeddingXof implies that the
spectrum of4* is a pure point spectrum, since the resolvent- A)~* and its adjoint

(A — A*)~! are compact. Therefora* has nonempty point spectrum in contradiction to
Theorem 3.3. O

4. Hypercyclic translation semigroups

Semigroups of translations on weighted function spaces on the real line or the positive
half-line are particularly well suited to serve as examples for understanding hypercyclicity
since it is easy to determine the cases when they are hypercyclic. Rolel@cn|

his 1969 paper initializing the study of hypercyclicity had already observed that the
translation semigroup b5 (R, R) is hypercyclic if p(r) = a~!"! with a > 1 serving as

a weight function. We start out with the characterization of the weight functions that
make the translation semigroup hypercyclic and proceed to some examples to round off
the theory presented in the previous sections.
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We begin this section with a disclaimer. Hypercyclicity of translation semigroups in
spaces of entire functions has been a focus of study for some years (see, for exénple, [
[9], [10)). In these spaces, norms or seminorms may be based on weights attributed to the
Taylor coefficients or the derivatives of a function. Nevertheless, the reader should not be
confused when we talk about admissible weights. In this section we put weights on the
value of the function, evaluated at different points of their domain. In such spaces, mostly
Lebesgud_? spaces, semigroups of translations have a completely different flavor than
in spaces of holomorphic functions. The study of translation semigroups in these spaces
arises naturally in the context of partial differential equations and semigroup settings for
delay equations.

Definition 4.1.Let I be one of the interval§—oo, co) or [0, c0). By an admissible

weight function on/ we mean a measurable functipn I — R satisfying the following

conditions:

(i) p(r)>0forallrel;

(i) there exist constantd3/ > 1 andw € R such thatp(z) < Me“ p(¢t + 1) for all
T €l and allt > 0.

LEMMA 4.2. Let I be one of the intervalé—oo, 0o0) or [0, co) and letp be an admissible
weight function on/. For eachl/ > 0 there are constant® < m; < M; (depending omp
and! only) such that for eacl € I and eachr € [0, 0 + ]

m1p(0) < p(t) < M1p(o +1).
In particular, on compact intervalg is bounded and bounded away frdm
Proof. Due to condition (ii) in Definition 4.1 we have far € [0, o +[]
p(v) < Me® "D p(o +1),
p(o) < M p(x).
Therefore we can pickf; = Me®, my = (1/M)e™*'. O

Definition 4.3.For an admissible weight functigmon I = (—o0, co) or I = [0, c0) we
consider the following function spaces:

Lo, C) = {u I —->Clu measurableflu(r)V’p(r)dr < oo}
1
. 1/p
with full, = (/ |u<r>|f’p<r>dr) ,
1
Co,(I,C) = {u : I — C | u continuous, ILm p(Du(t) = 0}

with [[ulle = suplu(z)|p(t).
tel

Similar spaces are considered for real-valued functions.

Remark 4.4.Notice that we have only specified separable spaces. In particular, the
condition lim_, .+ p(7)u(r) = 0 cannot be omitted from the definition 64 ,(1, X)

without losing separability. All spaces are constructed so that there are dense subsets of
smooth functions with compact support.
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Definition 4.5.Let I = (—o0, o0) or I = [0, o), and letX be one of the spaces) (1, C)
or Co , (I, C) with an admissible weight functiop. For: > 0 andu € X we define
T (t)u by

[T@u](r) = u(r +1).

We call{T'(¢+) | t > 0} the (forward) translation semigroup da

LEMMA 4.6. Let ] = (—oo, c0) or I = [0, co), and letX be one of the spacas) (1, C)
or Cy,, (I, C) with an admissible weight functign The translation semigrouff ()} on
X is a strongly continuous semigroup of linear operators. Its generatis given by

dom(A) = {u € X | u absolutely continuous;’ € X}, Au=u'.

Proof. This can be viewed as a folk theorem, therefore we will not check the details of
the proof. (For constant or exponential weights sE& §519.2, 19.3].)

We mention the main ideas. It is evident thHat) is linear and that the semigroup
property holds. Condition (ii) of Definition 4.1 is designed to assure thai forX also
T (t)u € X with

Me® [|u]| if X =Co,(1,0),

1T ()ul < {Ml/pewt/p”u” if X = Lz(lv (C)

The strong continuity off' (r)u is proved easily for smooth with compact support.
Since thesex form a dense set, the semigroup is strongly continuous on the whole
spaceX.

The computation of the infinitesimal generator can be performed directly by
investigating lim_ o (T (t)u — u) or by the resolvent

(A —A) u](x) = Um e MT (tu dt} (r) = foo e Mu(t + 1) dt. O
0 0

THEOREM 4.7. LetI = [0, co) and letX be one of the spaces, (1, C) or Co , (1, C) with
an admissible weight function. The translation semigrouff (¢)} on X is hypercyclic if
and only if

|imLI;lf o) =0.

Proof. For each functiom with compact support there is some- 0 such thaf' (¢)u = 0.
Therefore Xy contains all functions of compact support, so that is dense. Due to
Theorem 2.3 and Remark 2.4 the semigrdijr)} is hypercyclic if and only ifX, is
dense, which is again equivalent Xo, = X.

First suppose thaX.,, = X. For some fixed interval length consider a function
u # 0 whose support is contained in, JQ. Then for arbitrarily smalk > O there exists
a functionv, € X and some, > 0 such that

lvell <€, [IT()ve —ull <e,
which implies that the restrictiom, of v, to the interval [, I + ¢.] satisfies

ITE)well > llull — €.
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We use the constaptfor X = L5 (1, C) andp = 1 for X = Co ,(I, C). From Lemma 4.2
we infer that in any case

Mip()
myp(te)
If € tends to O, thedl T (z.)w.|| — |u|| while |v¢|| — 0. Therefore the inequality above
implies thatp(z.) — 0.

Assume on the contrary that liminf,, p(¢) = 0. Letu be an arbitrary function of
compact support, say [0]. We define

IT (t)we|” = l[vell”.

0 (2) = 0 if T <t,
T luz =1 if >t
Due to Lemma 4.2 we have
Mip(t+1)
lol? < =2 P
10(0)

Now choose a sequen¢g} such thafo(z; +1) — 0. Then|jv, || — 0 while T (#;)v;, = u.
Consequently: € X. Sinceu has been picked from a dense sub3gt, is dense. [

THEOREM 4.8. Let I = (—o0, 00) and letX be one of the spacds) (1, C) or Co (I, C)
with an admissible weight functiop. The translation semigroug? ()} on X is
hypercyclic if and only if for eacl® € R there exists a sequende };2, of positive
real numbers such that

lim ,O(lj 4+6) = lim ,O(—lj +6)=0.
j—oo j—o00

(Notice that Theorem 4.8 is very closely related to a discrete analog22n [
Theorem 2.1].)

Proof. The condition is necessarguppose that7 (¢)} is hypercyclic. Lety andz € X
be functions whose support is contained in the inter@ab [+ /] with somel > 0. We
may picky andz such thaty > 0 andz < 0 on the whole real line, anffly|| = |z|| = 1.
By Theorem 2.2 for each > 0 there exist some, € X and¢. > 0 such that

IT()ve —zll <€ and [lve — y|l <e.

Let v andv_ denote the positive and negative partsvaf Let wq be the restriction of

v to [6, 6 +[] and w, the restriction ofv. to [0 + 4,60 +1 +1t]. (If X =Co,(I, C),

then the functionsy; may not belong taX. However, the following computations make
sense if the definition of the norm is extended from continuous to piecewise continuous
functions.) Notice that the restrictions have been defined to be the parts whose
supports satisfy

w1 >0, suppwi) C[6,0+1], suppT@)wi) C[0—t.,0+1—1t],
wy <0, suppwy) C[0+1t.0+14+1t], SupaT(t)wz) C[6,60+1].

From the negativity ot and||T (z.)v. — z|| < € we obtain||T (f.)w:]| < €. On the other
handy is positive and has its domain i®,[0 + []. Sincelv. — y|| < €, we infer that
lwall >[Iyl — .
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We proceed with our estimates fof = L5 (7, C). (In the caseX = Cp, the same
estimates work withp = 1 and all integrals replaced by suprema.) By Lemma 4.2

O+1—t,

-+
IT (t)wall” =/ p(@)|wi(t +1)" dt Z/ m1p (O — t)|wi(0)|” d,
0

o1,
0+ o+

lwall” =/ p(O)|wi(1)|”dt < Mip(© + Dlwi(v)|” dr.
0 0

Thus
& > 1T (w? > 2201y 5 ma0 Ot
Mip© +1) Mip(0 +1)
This implies thatp(6 —¢.) — 0 ase — 0.
Similarly, from the positivity ofy and |jv. — y|| < € we obtain||w;|| < €. On the
other hand; is negative and has its domain 6, p + []. Since||T (t.)ve — z|| < €, we

infer that |w|| > ||z]l — €. We use now Lemma 4.2 to estimate

0+t 0+t
e? > ||wy|? > MHT(Q)U)ZHP > M
Mip( +1) Mip(0 +1)
Thusp(@® +1t) — 0 ase — 0.

1-e)’.

(1-¢e)?.

The condition is sufficientAssume now that for each € R there exists a sequence
{tj} — oo such that lim_, ., p(£t; +6) = 0. Lety andz be two functions inX with
compact support, say [, 6]. We will show that condition (iii) of Theorem 2.2 holds
with y andz. Since these functions are taken from a dense set, this implie$Ttka
is hypercyclic.

We taker = ¢; sufficiently large, so that the intervals in the following definition do
not overlap, and define

y(7) if t €[6—1,6],
vj(r)z{z(r—tj+l) ifrelt;+0—1,t+6],
0 else.

Notice that by Lemma 4.2
<Mp@t;+0) ifrel+0—11t+0],
p(T) ) < Mip(—t; +0) ifre[—t;+0—1 —t;+0],
>mip(6 —1) if tel0—1,6]
The support ofy — v; is contained inf; +- 6 —, t; + 6], while the support ot — T'()v;
is contained in {4+ 6 — I, —t; + 0]. We infer easily that

Mip(t; +0) )
v — ylI? < ——2—|zII”,
mip (0 —1)
Mip(—t; +0)
IT (v —z|” < ———1—|ylI”.
mip (0 —1)
Therefore| T (¢;)v; — z|| and|lv; — y|| converge to 0 ag — oo. O

THEOREM 4.9. Let I = (—o0, c0) and letX be one of the spacds) (1, C) or Co (I, C)
with an admissible weight function. Moreover, letp;(t) = p(—t) be an admissible
weight function. Then the translation semigro{if)(z) | + > 0} can be extended to a
group{T(¢) | t € R} on X. Moreover, the following assertions are equivalent:

https://doi.org/10.1017/50143385797084976 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385797084976

Hypercyclic semigroups 805

(i) the forward translation semigrouf¥ (z) | t > 0} is hypercyclic;
(iiy the backward translation semigroyff (—t) | ¢t > 0} is hypercyclic;
(iii) there exists a sequen¢g}?Z, of positive real numbers such that

lim p(#) = lim p(—¢;) =0.
j—o0o j—oo

Proof. Let X; = L}, or X1 = Co,,, respectively. The semigroufd (—z) | + > 0} is
isomorphic to the forward translation semigroup on the spagewhich is a strongly
continuous semigroup singg is also admissible.

Lemma 4.2, applied tp and p;, states that for each > 0 there are constants
m1, my, M1, M, depending only o such that

myp(t —1) < p(r) < Myp(t +1),
map(t +1) < p(r) < Map(z —1).

For eachy € R we may pick! = || and infer
lim p(xt; +0) =0 iff lim p(%z) =0.
J—>00 J—>00

From Theorem 4.8 we infer that the forward translation semigroup is hypercyclic iff (iii)
of Theorem 4.9 holds. The same conditions can be rewritten equivalently in terms of

lim p(£t;) =0 iff lim p1(1)) = 0.
J—=00 j—oo

Therefore condition (iii) is also necessary and sufficient for the hypercyclicity of the
backward translation semigroup. O

Example 4.10There exists an admissible weight functiprsuch thatp,(z) = p(—1) is

also admissible, and the translation groyps:) | ¢ € R} on X = L5 ((—o0, 00), C) or

X = Cp,,((—00, 00), C) have the following properties:

() {T(@®} is hypercyclic;

(i) there exist no bounded trajectori¢® (r)x | + > 0} or {T(—¢t)x | t > O} except the
zero trajectory. In particularXg = {0}, the semigroud7 (¢)} admits no periodic
orbits, and it is not chaotic.

Proof. Choose an even real-valued functign: R — R such that¢ is continuously
differentiable and its derivative is bounded by some constaon R, and
limsupg(t) = limsupg(t) = oo,
T—>00 T—>—00

liminf¢(t) = Iimjnf¢(r) = —00.

Put p(t) = ¢?®. Then evidently

T+t
p(t £1) — PEN=0(@) < exp|: / ¢ (o) do ] < @M,
p(7) T
Hence, bothp and p; are admissible. Since limipf ., ¢(t) = —oco and ¢ is even,

assertion (iii) of Theorem 4.9 holds. Therefdfg(z)} is hypercyclic.
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We finish the proof forX = LJ(R,C). (The estimates foX = Cp,(R,C) are
done similarly.) Letx € LS(R,C), x # 0, and take/ large enough such that
n = fil [x(z)|?dr > 0. Since limsup,_., ¢(r) = oo, for any M > 0O there exists
somety < 0 such thato(—t; — ) > M. Using Lemma 4.2 for an interval length of,2
we estimate

—ty

l
IT (x| = / e + P p() d > / (D) Pmap(—ty — Dy dT = M.
i

—ty—l1

Therefore{T (t)x | t > 0} is unbounded. The same argument shows{thiat-¢)x | t > 0}
is unbounded.
It is an immediate consequence tha = X, = {0}. O

Example 4.11There exists an admissible weight functipnon [0, co) such that the
translation semigroug7(z) | t > 0} on X = L%([O, 00), C) is hypercyclic, and its
infinitesimal generator has empty point spectrum.

Proof. We will construct an admissible functigmon I = [0, co) such that
liminf p(z) = 0.
T—>00

Then by Theorem 4.7 the translation semigr¢tifr) | ¢t > 0} on X = L}) is hypercyclic.
Moreover, we will construcp such that

/ e “p(s)ds =00 forall k >0. (4.1)
0

Then, if x is an eigenvector of the generator Bfr), thenT (1)x = ¢*'x implies that
x(s) = x(0)e™™,

which is a contradiction tac € X by (4.1). Therefore the generator has empty point
spectrum.
To constructp we start with increasing sequences

O=sp<s1<sp<:--+—>00, l<ri<ro<ry-— 00,

with the following properties:

lim supln(n) =00, liminf Inri)

i—>00 N i—oo S

=0.

With some arbitrary» > 0 we define

p(0) =1,
p(s) =rie® fors e (s;i_1, si].
Since the sequende;} is increasing, we infer easily that for allt > 0

ﬂ < e®.

pls+1)
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Thereforep is admissible. Giver > 0 we picki such that

In(r;) o

< .
Si 2

Then

p(si) = rie” @ < ¢~ (@25

Thus liminf._, o, p(r) = 0.
Givenk > 0 and arbitrary large/ > 1/(x + w) we picki such thats; > 1 and

In(r;
(i) >ni=w+k+IN[Mk + w)].
Si
Then
p(s;) = rie” @ > =i
Fors > s;,
p(s) = e U p(s;).
Thus
oo oo oo
f e—/cslo(s) ds > / e—/c.ve—w(s—x;)p(sl_)ds — / e—(K-&-a))(s—s;)e—Ks[p(sl_)ds
- 1 eTKtN—®)si [M(K +a))] ‘ > M.
K+ w K+ o
SinceM can be chosen arbitrary large, we infer (4.1). O

The last example of this section is not a translation semigroup, but it contains a
diffusion part. It shows that (in spite of Corollary 3.4) analyticity does not rule out that
a semigroup is hypercyclic.

Example 4.12In X = L?([0, o0), C) we consider the partial differential equation

u(x, 1) = aux(x, 1)+ buy(x, 1) + cu(x, 1),
u(0,t) = 0 forr >0,
u(x,00 = f(x) forx > 0 with somef € X.

Let a,b,c > 0 andc < b?/(2a) < 1. Then the solution semigroup to this partial
differential equation is chaotic.

Proof. We define the operators

Arf = f” on domAy) = {f € W?2([0, 00), C) | f(0) =0},
Bif = f/ on domBy) = W2([0, 00), C),
A =aA1+bB1+cl.

A1 is the infinitesimal generator of a contraction semigrody, is dissipative, and
dom(A;1) € dom(B;). For all f € dom(A1),

b
I1bBLf || < E(IIaAlfll +ILD-
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Since b/+/2a < 1, [17, Corollary 3.3, p. 82] implies that A, + bB; generates a
contraction semigroup. Consequently is the generator of a strongly continuous
semigroup.

To show that this semigroup is hypercyclic we verify the conditions of Theorem 3.1.
Let U be the slotted disk

b?
=1iA — - —
U { eC| <c )

Sincec < b?/(2a), the domainU intersects the imaginary axis.
For A € U we define

S CCUERNTSY [Py i
filx) =e (x p 2

b2 b2
< oS #0ff E)t()»)gc—z}.

Observe that
af] +bf] +cf, =21fr and f,(0)=0.
Moreover, we have the estimate

e~ (/2 epo,/% — 4[%22 x:|
|

Since fori € U the exponent in the last term is negative, we infer tfiate X. A
similar argument shows that’ € X, so thatf; € dom(A). The vectorsf; are therefore

eigenvectors ofA with the eigenvalues.
For¢ € X* = X andA € U, we now defineFs(A) = (¢, fi). Put

[ f1 ()]

IA

IA

e~ l20x g (x) if x > 0,

¢(x)={0 if x < 0.

Then F, can be written in terms of the Fourier transfogmof y:

1]- c—X\ b2 - c—X b2
P2 o)

Since the integrals involved converge absolutely and the square root is analytie for,
one can show easily thaf, (1) depends analytically on € U. If Fy vanishes on the
whole setU, we infer by analyticity that

Y(w) = P¥(—p) forallpelR

This implies thatyr is an even function, and sinag = 0 on the negative half-lineyr
vanishes everywhere, which implies that= 0.

We have verified the conditions of Theorem 3.1 and infer that the semigroup generated
by A is chaotic. O
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5. Semigroups generated by discrete shifts
In this section we consider the weight&dspace

o0
X :l} = {{xi}l‘.’fl | x; € (C,Zrilxil < oo}

i=1

normed by

o0

kel = rilxil.

i=1
Here{r;}32, is a sequence of weights > 0, such that for some constamt

r

<M foralli. (5.1)
ri41

(Similar results can also be proved for weighiféespaces with 1< p < c0.) In these
spaces we define the unlateral backward shifty

x1 X2
x2 x3
Al [ =

Weighted shifts are a good example of bounded generators for continuous hypercyclic
semigroups. Another source of such examples are translation semigroups in spaces of
holomorphic functions (see the remarks at the beginningdpf

Salas P2] has proved that id- A is hypercyclic. It is no surprise then, that the
continuous semigroup generated Ayis also hypercyclic, and the technicalities of the
proof are, in fact, very closely related to the proof of Salas.

LEmMMA 5.1. If the weights; satisfy the condition (5.1), then the unilateral backward shift
A is a bounded linear operator off. Moreover, the linear semigrou{¥ (¢)} generated
by A is given by

X1 uy(t)
X2 uo(t) O i

TO| x| = wsr Withui(t)zz(j_i)!xj.

j=i

Proof. One checks easily that the norm 4fis the least constar such that (5.1) holds.
For a bounded operator, the semigroup generated g/given by the power series

0 Lk

Ik
T(t) = Z HA
k=0
which yields immediately the formula given above. O

THEOREM 5.2. Let the weights; satisfy (5.1), letA be the left shift and7 (r)} be the
semigroup generated by in X = [ as in Lemma 5.1. The{T (1)} is hypercyclic.
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Proof. We prove assertion (iii) from Theorem 2.2 forz in the dense subset
D={{x)?,el*3L:Vi>L:x; =0}
Thus, lety = {y;}{2; andz = {z;};2; be sequences i with
yvi=z =0 fori> L.
Lete > 0 be arbitrary. We will construct a vector= {v;}°; € I! and some large > 0

such that
[lv—yll<e and [T(t)v—z| <e.

Starting out with some (to be determined later) we define the corresponding vecior
by the identities

v)=y fori=1,...,L,

vi(t) =0 fori=L+1,...,2L and fori > 3L,
3L l‘jii
u;(ty=z; fori=1,...,L, whereu;(rt) = ; mvj(t).
The coefficientsvy; 11(7), ..., v3r (z) are then the solutions of the following system of
linear equations:

t2L l2L+1 t3L—1
2L)! 2L+1! 7 (3L - 1)!
§2L—)1 ( r2L ) ( t3L—2) U2L+1Et§
_ v t
QL—-11 @L! = @L-2)! 2Lez
tL:+1 th+2 A t2:L 3L (1)
L+ L+2! (2L)!
t thl
1 - ... —
1 (L - 1! V1 1
12 y2 22
0 1 e E——
+ (L —2)! | =
. : yL 43
0O 0 ... 1
Notice that the coefficient matrix of the system can be written
t2L t2L+1 tSLfl
(2L)! @L+1! 7 (3L -1)!
2L-1 2L (3L-2
(2L — 1)! (2L)! T @3BL-2)!
th+1 tL:+2 A tZ:L
L+ (L+2! (2L)!
1L o ... O 10 ... O
0o A1 ... 0 W 0Ot ... O
0 0 ... ! 0 0 ... ¢t
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with a constant regular matrix

1 1 1
(2L)! @L+1! 7 (3L -1)!
1 1 1
w=1] 2L -1 (2L)! T @EL-2)!
i i ' i
L+ @+t (2L)!
Therefore the solution of the system is given by
v2r+1(7) 1 0 ... 0 2L 0 0
var+2(1) ot ... o0 L o 0
) = . . w . . )
var (1) 0 0 .. it 0 o ... ¢ttt
L-1
1 Lo
21 1 (L —1)! Y1
(L2
22 0o 1 ... —|]”
. - (L —2)! .
ZL yrL
0O 0 ... 1
It is easily seen that there is some const@ntsuch that all coefficients of
L-1
1 Lo
2L 0 0 Z1 1! (LL—g-)! y1
0 0 2| o 1 ... [
) : : (L —2)! .
0 0 AU 7L yL
0O 0 ... 1

are bounded by’1#~%~. SinceW ! is independent of, there exists some constafi
such that fori = 2L +1,...,3L,

|vi (t)l < Czt—(i—zL—l)t—L—l — Cth_i.
This will be the crucial estimate in the following consideration.

We use first thav;(t) = y; for i < 2L and estimate
3L 3L

@ =yll= Y rlvu®l< Y rCa™.

i=2L+1 i=2L+1
Notice that all powers of in this inequality are negative, so that

lu(r) — y|| < e for sufficiently larget > O.

Next we observe that;(¢) is theith coefficient of T (¢+)v(z), and that it equalg; for
i < L. Therefore

3L 3L tj_i 3L j )
ITOv) -zl = Y n|Y ——=ud]< Y r,Z ot
i=L+1 j—l( l) i=L+1 j=i l)
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3L 3L 1 3L
L—i L—i
< G E rit E G < Coe E rite Tl
J=i

i=L+1 i=L+1

Since again all powers afare negative, we obtain
IT(t)v(t) — z|| < e for sufficiently largetr > O.
Therefore assertion (iii) of Theorem 2.2 holds foandz in the dense subsdb. |

Notice that unlike the case of translation semigroups, Theorem 5.2 does not require
any assumptions on the weight functions except (5.1) which is necessary in order that
{T (1)} is a semigroup of bounded operators/bnHowever, the properties of the weights
determine whether the semigroup is chaotic:

THEOREM 5.3. Let the weights; satisfy (5.1), letA be the left shift and7(¢)} be the
semigroup generated by in X = [} as in Lemma 5.1. LeR denote the radius of
convergence for the power seriE}’il rix/ and letw € C. Then the semigrou® T (1)}
is chaotic if and only if R (w)| < R.

(By (5.1) R is always finite. HoweverR may be 0, so tha{T (1)} is not chaotic.)

Proof. Necessitylf {¢“'T ()} is chaotic, then the point spectrum ©f+ A contains a
numbery with fi(u) = 0 andJI () # I(w). Thus the point spectrum of contains

a nonreal numbek = pu — w with (X)) = —NR(w). In particular,|r| > |R(w)|. Let
v = {v;}72; be a corresponding eigenvector. Frote = Av we inferv; = ALy,
whence
[o.¢] o0
ol = >l g = foal DAl
j=1 j=1

Since||lv|| < oo, we infer that|R(w)| < |A| < R.

Sufficiency We will use Theorem 3.1. Lethi(w)| < R. Let U be the open disk with
radiusR and centew. Since|R(w)| < R, the diskU intersects the imaginary axis.

For x € U we definex, = {x;(1)}%2; by x;(A) = (A — w). From|A — w| < R we
infer x,. € I7. An easy computation shows th@b + A)x; = Ax,. Now let¢ be in the
dual space of!, i.e. ¢ is given by

(¢ ¥) =Y s
j=1

where the sequenc{ejfl|¢j|} is bounded. Then

[o¢]
(@, x) = erlfﬁj"j()» —w)l.
j=1
This is an analytic function of € U. If (¢, x;) = 0 for all » € U, then all coefficients
of the power series vanish, which implies tlgat= 0.
We have therefore verified the assumptions of Theorem 3.1 and infefetfidi(z)}
is chaotic. O
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6. Hypercyclic linearization of a stable system

One of the most important features of the stability theory for linear systems is that it
can be carried over to yield local results for nonlinear systems by linearization. It is
known that a nonlinear semigroup whose¢het derivative is an exponentially stable
linear semigroup is locally asymptotically stable. Additional hypotheses are required to
prove that a semigroup with an unstable linearization is unstable §pf. Although
hypercyclicity seems to be a property of a very unstable semigroup, it can also occur
in the critically unstable case, when trajectories grow slower than exponentially. From
this viewpoint, it is no surprise that there are globally stable nonlinear systems with
hypercyclic linearizations, as the following example shows.

In this section we require an admissible weight functienon [0, co) which is
continuous and satisfies liminf, o(r) = 0. We know that for suchp the translation
semigroup{T () | T > 0} on X = Cy , ([0, 00), R) is hypercyclic.

Moreover, letp : [0, o0) x R — R be a continuously differentiable function satisfying

¢, 00=0 forallsr >0, (6.1)
¢ (¢, -) is bijective with inversep™(z, -), (6.2)
d 1
—¢((t,00 = —— for all 0, 6.3
axqﬁ(t ) o0 orall r > (6.3)
0]
a—qb(t,x) >0 forallt>0,xeR. (6.4)
X
Assume that for alk > 0, the following limits converge uniformly fox in compact
subsets irR:
lim |¢(t,x) — x| =0, (6.5)
lim |¢~(t,x) — x| =0, (6.6)
. 9 _ 0 _
Iim |—¢ (t,x) — —¢ (t+1t,x)|=0. (6.7)
T—>00 ax 8x

Example 6.1.Let p be a continuous admissible weight function ond46) such that
liminf,_. p(r) = 0, and letg : [0,00) x R — R be a continuously differentiable
function satisfying the hypotheses (6.1)—(6.7). We define a nonlinear semig§oup

t >0} on X =Cp,([0, 00), R) by

1
[SOul(zr) = ——¢ (r,¢1 + 7, p(t + Du(t + 1))).
p(1)

Then the zero trajector§(z)(0) = 0 is globally asymptotically stable in the sense that
for eachu € X we have lim_, o, S(t)u = 0.

However, for each fixed > 0, the FEchet derivative of(¢) is the translation operator
T(¢t) on X (which forms a hypercyclic semigroup).

The rest of this section consists of several lemmas proving Example 6.1.

LEMMA 6.2. The following limit holds uniformly for > 0 and « in bounded subsets of
Co,, ([0, 00), R):
Iim [p(@[S@Oul(x) = p(t + Dult + )| =O.
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Proof.

Nim 1p(O[SOu](t) = p(t + D + )]

= T'Lmoo ,O(T)p(—lf)qﬁ_(f, ¢+, o0t +Du+1)) —pt+ulr+1)

TILmOO o (t, 0t + 1,0t +DDu+1)) —p@+ 7, 00+ )ul + 1))|
+T'Lmoo o+ 1,00t +Dul+1)) — ot +ul + 1))

IA

If |u|| < M, thenp(t+1)|u(t +1)| < M is uniformly bounded. Therefore (6.5) implies
that the second limit is zero. This also implies thét+ ¢, po(t + 7)u(t + 7)) is bounded,
therefore (6.6) implies that the first limit is O. O

LEMMA 6.3.{S(t) | t > 0} is a strongly continuous nonlinear semigroup ah =
Co,, ([0, 00), R) in the following sense:

e forall r > 0, the operatorS(¢) is a continuous nonlinear map froixi into X;

S(0) is the identity;

forall s, > Oand allu € X, the semigroup identity holdsS(s)(S(t)u) = S(s+1)u;
for all u € X, the functiorr — S(¢)u is continuous irr € [0, 00);
moreover,S(#)0=0forall r > 0.

Proof. We shows(t)u € X. Letu € X andr > 0 be fixed. Since all ingredients are
continuous, the function

T i<i>‘(r, ot + 1,00+ Tu( + 1))
p(7)

is continuous. Moreover,
T'Lmoop(f)l[S(t)M](f)l =< T"j;() I,O(I)[S(l)u](f)—p(tJrf)u(hLT)l+r|Lmoo lo+D)u(t+1)|.

Sinceu € X, the second limit is 0. Lemma 6.2 states that the first limit is 0. Hence
S(tHu € X.

S() : X — X is a continuous maplLet u, — up be a convergent sequence Xhand

let r > 0 be fixed. Our assumptions imply thatand ¢~ are uniformly continuous on
compact sets in [00) x R. Also, the sef{p(t+1)u,(t+1) | T > 0,n € N} is bounded,
sinceu, is a bounded sequence. Using the definitior§ 6f) we can conclude that

n'Lmoop(f)l[S(t)un](f) —[S(Due](x)| =0
uniformly for ¢ in compact intervals. Moreover, by Lemma 6.2
T'Lmoo lo(@[SOu](x) — pt + Dun(t +7)| =0
uniformly for all n. Givene > 0 chooserg > 0 such that
IPO[SOu](T) — pt + Dun(t +7)| < % forall t > w,n=0,1,2....
Then choose large enough such that

PpOIS®Oun](t) = [S(Ducl(r)| <€ forall T < 0, n = no,
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and such that .
o) |un(t) —uo(x)| < 3 forall T > 0,n > no.

Combining all estimates we obtain for amy> O:

POIS@un](r) = [SOuol(r)| = € ifr <710
< lp@ISOu(@) — pt + Dun(t + 1)
+o(t + D) un(t + 1) —uo(t + 7)|
Hot + uot + ) — p(T)[S@)uo] ()]

e if t>r1.

IA

Thus||S®)u,, — S()ugl| < €.

The algebraic identitiesS(Q)u = u and S(¢)(S(s)u) = S(¢t + s)u follow by direct
computation, exploiting thap—(z, -) is the inverse ot (¢, -). Also, S(t)0 = 0 is shown
by direct computation.

Strong continuity irr. Let u € X be fixed. We estimate

lif&p(f)l[s(t)u](f) —u(r)] = zin(;+ lo@ISOu](x) — pt + Dult + 7|
+;inc?+ lo(t + Dul(t + 1) — p()u(r)|.

Using again the uniform continuity af and¢~ on compact subsets of [60) x R we
infer that the first limit is 0 uniformly for alk > 0. Sincep(t)u(r) — 0 fort — oo
and bothp andu are uniformly continuous on bounded intervals, we infer that the second
limit is O uniformly for all z. Thus| S(*)u — u| — 0 ast — O0+. O

LEMMA 6.4. Fort > 0 andu € X we define the function

8ru(1) = %qf(f, ¢+, p(+Dul+1))) - %fﬁ(f + 7,00+ Dult +1)).

Fix somer > 0. Theng, , has the following properties:

(i) im0 g (t) = 1 uniformly foru in bounded sets;

(i) gr..(7) is uniformly bounded for in bounded sets and > 0;

(iii) for each convergent sequeneg— ug in X the following limit converges uniformly
forall 7 > 0: iMoo &ru, (T) = 1.4 (T)-

Proof. For simplicity we abbreviate the partial derivativeg, = (3/3x)¢, ¢, =
(0/0x)¢p™.

If lul| < M, thenp(t + t)|lu(® + )| < M. From (6.5) we infer thatp (z + 7, p(r +
Tu(t + t))| is uniformly bounded. Therefore (6.5)—(6.7) and the continuityppt—,
¢, andg hold uniformly forx = p(t +t)ut+7v) orx = ¢t + 7, p(t + Du(t + 1)) if
u is taken from bounded sets. In particular, we infer that(r) depends continuously
ont andu, uniformly for r in compact intervals.

We use the fact thap—(z, -) is the inverse of(z, -) to obtain

o, t+T, 0+, W) Pt +T,Ww) =1
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Thus

|gt,u(r) - 1|
= o, (t, 0+ 7,0t +Dult + 1)) - ¢t + 7, p(t + Du(t + 7))
—¢, t+ 1,00+ 71, p +Du(+ 1)) - ¢t + 7, p(t + Dut + 7))l
By (6.7) this expression converges to 0 @s»> oo, uniformly for « in bounded sets.
This proves (i).
Assertions (ii) and (iii) are now easy, since we have uniform continuitytfdn
compact sets, and a uniform limit 1 fer— oo. O

LEMMA 6.5. For each fixed > 0, the operatorS(¢) : X — X is Fréchet differentiable.
The Fréchet derivative of (¢) at a pointu € X is the operator¥, , : X — X:

p(t+ 1)

[Wewvl(x) = o(0)

8ru(Dv(r + 1)

with g, , defined as in Lemm@.4.

e For fixedr > O, the operatorW, , depends continuously ane X.

e For fixedv € X, W, ,v depends continuously arand u.

e W, is the translation operatof (¢) given by[T (#)ul(t) = u(r + 7).

Proof. The Fechet derivativeFor anyu,v € X and anyrs,r > 0 we obtain by
differentiation

aih[s(t)(u + hv)](z)

- p71r>¢;<r,¢<r+r,p(r+r>[u<t+f)+h”(’”)]))
G (1 + T, p(t + O + ) + hv(t + D] - p(t + D)Vt +7)
_ pt+ 1) G (DV( + 7).
p(T)

We can now estimate

P(OI[S®) (u + v)](t) = [SOu](r) — [W; ,v](T)]

1
= ’ / P+ D)8 usrn (V@ +1)dh — p(t +1)gu(DV(E + T)
0

IA

1
P+ Dl + 1) /0 |81 utnv(T) = &ru(T)|dh

IA

1
o] / (8 (T) — gra(D)] .
0

From Lemma 6.4(iii) we infer that the integral converges to O uniformlyfos O if
v — 0. ThereforeW, , as defined above is the &ahet derivative ofS(r). Notice that
Lemma 6.4¢(ii), implies thaW, , is a bounded linear operator.

Continuous dependence aen Let u, — up be a convergent sequence X% For any
v € X we have

POIWiu, v] (@) = [Wiwo] (D] = 1810, (T) = 8ruo (D0 (1 + D)0 + 7).
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Lemma 6.4(iii) implies that this expression converges to 0 uniformlyzfer 0 andv
in bounded sets. Therefol®, , depends continuously anwith respect to the operator
norm.

Strongly continuous dependencerofThis is done in a similar manner to the continuous
dependence on. We use the fact that for given € X the functionp(z + t)v(t + 7)
depends uniformly continuously arand again treat the behavior on compadhtervals
and the asymptotics far — oo separately.

Derivative at the zero trajectoryerom (6.3) we infer

p+1) pt+71)  _ p+1)
t = ,0 N X ,O == =l
(D) 81,0(1) o) ¢, (7,0) - ¢:x(7,0) (@) p(r)p(ﬂrt)
ThusW, o =T (1). O

LEMMA 6.6. The zero trajectory of(¢) is locally stable in the sense that for all> 0
there exists som& > 0 such that||S(r)u| < e for all u € X with ||u|| <§ and allz > 0.

The zero trajectory of(z) is globally asymptotically stable in the following sense:
lim,_ o S(t)u = 0 for eachu € X.

Proof. Local StabilitylLet ¢ > 0. By (6.6) we can pickly > 0 such that
9t x| =3 forr=Tl<e

By the uniform continuity ofp~ on compact sets we can now choose séme (0, €/2)
such that

¢~ (t,x)| <e forte[0,T1], |x| < 6.
By (6.5) chooseT, > 0 such that
g (T, x) — x| < 8—21 for v > 75, x| < e,
and choosé < (0, §;/2) such that
lp(t,x)] <8 forz e[0, Ty, x| <6.
Now letu € X with |Ju|| <6, hencep(t + t)|u(t + t)] <8 <e€. Then

ot + 7, p(t + Du(t + 1))|

< 6 fr+1<D

< oG+, ot Fut+1) — pt +u@ + 1)+ o+ ult +1)|
) .

< §1+8§81 ifr+1>T

Therefore in any case
ot + 7, p(t + Du(t + 1))| < 1.
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This implies
o~ (T, + 7, p(t + Du(t + 1))l
e ft<Ty
< o (T, o+ T, p(t +Dul + 1)) — P + 7, p(t + Du(t + 7))|
+lp@ + 1, p(t +Du(t + 1))|

€ .
§+51§€ if T > T1.

IA

In any case
pOISOul(x)| <€, ie [ISOul <e.

Global stability.Let ¢ > 0 andu € X. Chooses such that||S(t)v| < e forall+ > 0
and allv € X with ||v|| < §. Sinceu € X, we have lim_ o, p(t)u(zr) = 0. We can
therefore change on a compact interval [@'] to obtainv € X with

u(t) =v(r) fort>T, and|v| < 3.

Then we have for > T,
IS@ull = 1SEv] <e. O
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