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In this paper we provide a unified theory, and associated invariance principle, for the
large-sample distributions of the Dickey—Fuller class of statistics when applied to
unit root processes driven by innovations displaying nonstationary stochastic volatil-
ity of a very general form. These distributions are shown to depend on both the spot
volatility and the integrated variation associated with the innovation process. We
propose a partial solution (requiring any leverage effects to be asymptotically neg-
ligible) to the identified inference problem using a wild bootstrap—based approach.
Results are initially presented in the context of martingale differences and are later
generalized to allow for weak dependence. Monte Carlo evidence is also provided
that suggests that our proposed bootstrap tests perform very well in finite samples in
the presence of a range of innovation processes displaying nonstationary volatility
and/or weak dependence.

1. INTRODUCTION

It is well known that the familiar Dickey—Fuller class of unit root statistics (see,
among others, Dickey and Fuller, 1979, 1981) have limiting null distributions
that are free of nuisance parameters in the presence of certain forms of het-
eroskedasticity in the innovation process. Specifically, they obtain the same limit
law as was derived by Dickey and Fuller (1979) for the case of independent and
identically distributed (i.i.d.) innovations provided the innovations form a mar-
tingale difference array (MDA) and satisfy a global stationarity condition. This
condition is formally stated in equation (6) in Section 2, but in essence it re-
quires the sample second moment of the innovations to be (asymptotically) stable
over all possible fixed fractions of the sample. Examples where this condition
holds include cases where the innovations either follow a generalized autoregres-
sive conditionally heteroskedastic—type (GARCH-type) process satisfying certain
moment/memory conditions, or are seasonally heteroskedastic, or have a variance
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that forms a stationary and ergodic Markov chain; see Ling, Li, and McAleer
(2003), Burridge and Taylor (2001), and Nelson, Piger, and Zivot (2001), respec-
tively, for details.

A number of recent empirical studies question the reasonableness of the global
homoskedasticity condition in practice. Kim and Nelson (1999) and McConnell
and Perez Quiros (2000), among others, report evidence suggesting that the
volatility of the U.S. gross domestic product (GDP) has declined over the past
20 years. Decreased (increased) volatility has been reported in both aggregate
consumption and income, in aggregate employment, and in short-term (long-
term) U.S. interest rates, in addition to for most of the real and price variables
in the Stock and Watson (1999) data set; see Sensier and van Dijk (2004) and
references therein. Considerable evidence against the constancy of unconditional
variances in stock market returns and exchange-rate data has been reported; cf.
Loretan and Phillips (1994). Hansen (1995) notes that empirical applications
of autoregressive stochastic volatility (SV) models to financial data generally
estimate the dominant root in the SV process to be close to one, so that volatility
appears to be nonstationary.

In this paper we extend the corpus of unit root distribution theory to cover
unit root processes driven by a very general class of nonstationary heteroskedas-
tic innovations that need not satisfy the global homoskedasticity condition of (6).
Among many other possibilities, our setup permits models of nonstationary SV,
models with stochastic jumps in volatility, an autoregressive conditionally het-
eroskedastic (ARCH) model with near-integrated volatility, and nonlinear, nonsta-
tionary volatility. Although we primarily focus on stochastic models of volatility,
models of deterministic volatility (such as single or multiple volatility shifts,
trending volatility, smooth transition volatility) as were previously considered in
the context of unit root testing by Cavaliere (2004), Cavaliere and Taylor (2007,
2008a), and Beare (2005), among others, are also covered by our setup in this pa-
per. We show that the limiting unit root null distributions of both the normalized-
bias and studentized Dickey—Fuller statistics in such cases are not free of nuisance
parameters and can differ substantially (according to the underlying volatility pro-
cess) from the limiting distributions that obtain for these statistics under global
homoskedasticity. To solve the identified inference problem, at least within the
class of SV processes considered, we discuss wild bootstrap versions of standard
unit root tests. These are shown to yield (asymptotically) correctly sized inference
even in the presence of stochastic, nonstationary volatility of the general form we
consider.

A by-product of our analysis is to provide an invariance principle for the
partial sums of such error processes. This builds upon the work of, in particular,
Davidson (1994), de Jong and Davidson (2000), and Wooldridge and White (1988),
who derive invariance principles for partial sums of processes whose average vari-
ance, when properly normalized, admits a deterministic limit. Our setup allows
for a more general class of heteroskedastic errors including, e.g., nonstationary
and nonergodic SV.
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Our results also follow up on the Hansen (1995) results for regression under
nonstationary volatility. Our work, however, differs from that of Hansen (1995)
in at least two important respects. First, Hansen (1995) allows for some forms of
time-series dependence in the regressors of a linear model but rules out autore-
gressive unit roots. Second, his theory deals with nonstationary, continuous SV,
whereas we consider a much more general class of SV models, where, in partic-
ular, random volatility jumps are allowed. Other related work is considered by
Phillips and Xu (2006), Xu and Phillips (2008), and Xu (2008), who show that
nonconstant volatility can have a large impact on standard estimation and testing
procedures in stable autoregressions. The paper by Xu (2008) is of particular rele-
vance to the present study as Xu uses an assumption for the volatility process that
is very similar to that considered in this paper.

It is also worth mentioning that in a recent paper, Boswijk (2005) discusses
maximum likelihood estimation of mean zero AR(1) processes when the (pos-
sibly nonstationary) volatility changes smoothly over time and can be estimated
consistently. In such cases, his approach represents an important complement to
the wild bootstrap method proposed in this paper. However, although we allow for
processes that can display a countable number of volatility shifts, Boswijk (2005)
requires the volatility process to be continuous. Moreover, our analysis does not
require the existence of a consistent estimator of the underlying spot volatility,
nor is its applicability restricted to zero mean AR(1) processes.

The plan of the paper is as follows. In Section 2 we introduce our reference
first-order autoregressive time-series model, detail the class of heteroskedastic
MDA innovation processes under which we will work, and provide a number
of examples of empirically important processes that lie in this class. We also
briefly review the limiting behavior of the Dickey—Fuller statistics for the case
where the innovations form a globally homoskedastic MDA. In Section 3 we de-
rive generic limiting null distributions for the Dickey—Fuller normalized-bias and
studentized statistics under these conditions and evaluate these for a number of
important classes of nonstationary volatility. A wild bootstrap—based implemen-
tation of these tests is proposed in Section 4. We demonstrate that, providing
that any leverage effects become negligible as the sample size diverges, the boot-
strap unit root statistics share the same limiting null distributions and asymptotic
local power functions as the original statistics and, hence, can facilitate (asymp-
totically) correctly sized inference on the unit root hypothesis in the presence of
heteroskedastic innovations. Our main result is generalized to cover weakly de-
pendent and heteroskedastic errors in Section 5. Section 6 concludes. Proofs are
contained in a mathematical Appendix.

In what follows, — denotes weak convergence, 4 convergence in probability,
and 5 p weak convergence in probability (Giné and Zinn, 1990), in each case as
the sample size diverges to positive infinity; I(-) denotes the indicator function
and x := y (x =: y) indicates that x is defined by y (y is defined by x); || de-
notes the integer part of its argument; Dp« [0, 1] is used to denote the space of
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k-dimensional vectors of cadlag functions on [0, 1], endowed with the Skorokhod
topology. Finally, the notation

1 1 -1
(alb) ::a(s)—/o a(r)b(r)/dr(/o b(r)b(r)/dr> b(s) (1)

is used to denote the Hilbert projection in L, [0, 1] of a onto the space orthogonal
to b.

2. THE HETEROSKEDASTIC MODEL

Following Hansen (1995), we consider the random array {X7 ;,u7r,:1<t < T},
where X7, and u7, are real-valued. The model of interest is the first-order
autoregression:

(XT,I_Z{]"’tﬁ)Za(XT,t—l_Z/T,t—lﬂ)—l—uT,ta t:19"'3T9 (2)

where, for some increasing array of sigma fields {Zr;,t < T’} to which X7, and
ur, are adapted, ur,; is a MDA, so that E (u7,,|Z7,~1) = 0, almost surely (a.s.).

The (unobservable) conditional volatility, o7 ;—1 := 4 /E(uzT,t |IT’,_1), is assumed
to be strictly positive, a.s. In what follows, we will also make reference to the stan-
dardized error process, e, :=ur;/or,—1.In (2), zr s isa(p x 1), p < T, vector
of deterministic components satisfying the following conditions (see Phillips and
Xiao, 1998): there exist a scaling matrix J7 and a bounded piecewise continuous
function Z(r) such that (a) drzr, 7. = Z(:) as T — oo in the Skorokhod topol-
ogy on [0, 1] and (b) fol Z(r)Z(r) dr is positive definite. These conditions allow
for a wide variety of possible forms for the deterministic component, including
the pth-order trend function z7, := (1,1,...,¢7)", 0 < p < oco. Finally, the initial
value X7 ¢ is assumed to be of o), (Tl/z), unless otherwise stated.

Our focus in this paper is on testing the unit root null hypothesis Hy : o = 1
in (2) against the alternative Hj : |a| < 1. To that end let a7 denote the ordinary
least squares (OLS) slope estimator of a.:

-1
T T
ar = (2 XT,tXT,t—1> <2 X%,t—l) 3)

with {)A( 7.1} the OLS residuals' from the regression of X7 ; on zr ;. As in Dickey
and Fuller (1979, 1981), a test for Hp : & = 1 can be based on the normalized-bias
statistic, T (&T — 1) , and on the associated studentized statistic,

T 1/2
IpF = (Z)?%,t—l> (&T_l) /6u>
=1

where 62 :=T~'ST_ (X7, —arXr,-1)*.
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Provided {ur ,} satisfies the conditions of, e.g., Theorem 3.2 of McLeish (1974,
p. 625), the following MDA invariance principle (or functional central limit theo-
rem [FCLT]) holds:

| LT
St ()= 71 21 ur; = aB (), @)
=

where the finite and nonzero scalar, o, can be either constant or random (cf.
McLeish, 1974, p. 628; Hall, 1977), and under Hy : oo = 1,

w B.(1)>=B,(0)>—1 w B.(1)>=B,(0)>*-1
T(ar—1) 3 ()w (2) P (1)A 2() ’ 5)
2 fo B (s)"ds 2(fo B (s)ds)!/?

where B is a standard Brownian motion and éz := (B|Z) (cf. Phillips and Xiao,
1998).2 The distributions in (5) are often referred to as Dickey—Fuller (or unit
root) distributions.

The conditions placed before on the second moments of {ur,} allow for some
forms of heteroskedasticity but not others. Specifically, both (4) and (5) are based
on, among other conditions, primitive conditions which entail that (see McLeish,
1974; Davidson, 1994, p. 450) the following global homoskedasticity condition
holds:

1 L7s']
plim — Y uf,=c%(s'—s), alls <s e[0,1]. (6
T—oo 'y 7541

That is, the sample second moment of ur; is required to be (asymptotically)
stable over all possible fixed fractions of the data.?

Our interest in this paper lies in cases where {u7 ,} fails the global homoskedas-
ticity condition in (6) and what effects this has on the FCLT in (4) and the limiting
distributions in (5). To that end we shall consider the following very general con-
ditions on {e7;, 07 +}.

Assumption 1. The standardized error process {e7 ;,Z7,} is a MDA satisfying
sup, E(|ST,,|1’|IT,,_1) < Q. <00, a.s., for some p > 2.

Remark 2.1. Under Assumption 1 the normalized errors {7} form a uni-

formly square-integrable MDA with unit conditional variance. Consequently, the
FCLT for MDAs (see, e.g., Hall and Heyde, 1980) ensures that

1 L ;
St ()= 713 ; et = B(), (7)

where B is a standard Brownian motion.
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Assumption 2. Forall s € [0, 1],1letor (s) :==o7,75); hence, o7 (-) € DR[O, 1].
Then, for some strictly positive deterministic sequence {ar}, in the Skorokhod
topology on Dr[0, 1]

ay'or ()5 Q() € Dg[0, 1] (8)

with [ Q(s)?ds > 0, as.

In what follows we shall refer to series satisfying Assumptions 1 and 2 as glob-
ally heteroskedastic innovation processes. The class of models of heteroskedas-
ticity satisfying Assumptions 1 and 2 is extremely wide. Indeed, the (stochastic)
limiting variance process Q is required to be only slightly more than square-
integrable and bounded. Furthermore, Assumptions 1 and 2 do not necessarily
require the unconditional variance E(a%’t) to be finite, even in the limit 7 — oo;
cf. Example 4 later in this section. Although Assumptions 1 and 2 formally rule
out some cases of globally homoskedastic sequences, such as time series with sta-
tionary GARCH or Markov-switching volatility, most of the results given in this
paper continue to hold in the more general setup where or; = o1,/+/hr,, With
o, satisfying Assumption 2 and \/hr ;167 =: €7 a globally homoskedastic
MDA satisfying (6) with, without loss of generality, ¢ = 1. There are, however,
important classes of processes that are not permitted under our assumptions, even
in this more general setting. A leading example is the case where u7 ; is in the do-
main of attraction of a stable law with index of stability a in the interval (0, 2), de-
noted u7; € D (a); see, among others, Chan and Tran (1989) and Phillips (1990).
For instance, if ur; € D (a) then even in the i.i.d. case the conditional variance
oT,:—1 is not finite and ur ; cannot be expressed in the format ur ; = o7 ;167
with o7 ;—1, eT,; satisfying Assumptions 1 and 2. A second example is given by
the case where ur; is a pure integrated GARCH process with strictly positive,
fixed parameters; see, e.g. Nelson (1990a). In this case, as far as we are aware,
even when ¢7; is Gaussian and i.i.d. the conditional volatility does not satisfy the
weak convergence required in Assumption 2. As a final example, cases where the
volatility is negligible in some subsample(s) relative to others are also not permit-
ted; i.e., Assumption 2 requires the volatility to have the same order of magnitude
over all possible fractions of the sample.

Some examples of empirically relevant processes that satisfy Assumption 2
but fail the global homoskedasticity condition, (6), are given subsequently, where
unless stated otherwise, ay = 1, for all 7.4

Example 1. Continuous nonstationary SV models (Hansen, 1995)
Hansen’s (1995) autoregressive SV model is based on the assumption that
or; =h (w0 +or157,), )]

where £ (+) is real and continuous (h (-) > b > 0) and S;,z = pTlS;’l_l + 1715
{nr,:, L7} being a uniformly square-integrable MDA with unit conditional
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variance. Finally, o1 := cul/Tl/z, pr1:={0—=c1/T); wo, w1, and ¢ are finite,
and S;,o is initialized at zero. As shown in Hansen (1995, Lem. A.3), or; of
(9) satisfies Assumption 2 with Q(-) = h (wo+ w1 J} (-)) where J} is a stan-
dard Ornstein—Uhlenbeck (OU) process with mean reversion parameter ci, i.e.,
JE(s) == J§ e 16~ dB* (r) (for ¢; = 0, J* reduces to the standard Brownian
motion B*). Here, the limiting volatility process is stochastic and continuous.

Example 2. SV models with jumps

Although Hansen’s SV model requires volatility to be driven by a continuous dif-
fusion, this condition is not needed for our analysis to hold. Consider, e.g., the fol-
lowing nonstationary jump process for volatility: o7 ; =h (wo + w S;,t) ST =
2521 or,int,i> Sy = 0 a.s. where d7, is a binary indicator that equals one if a
volatility jump occurs at time ¢ (zero otherwise), with the corresponding jump
size nr,, being i.i.d. and independent of dr ,. Hence, volatility is constant over
time except for time periods when o7, = 1. If Jr, satisfies (Georgiev, 2008)

ZLLJ ory = G (), G being a nondecreasing continuous function on [0, 1],
then S;,LT- | converges weakly to the compound Poisson process Cg (-) on
[0, 1] with jump intensity parameter G; i.e., Cg (-) := ZlN:(i) nr.i, where N (-)
is a Poisson process on [0, 1] with intensity parameter G. Therefore, Assump-
tion 2 is satisfied with Q(-) = h(wp+ w1 Cg (+)) € Dg[0, 1], and the limiting
volatility process is piecewise constant with the number of discontinuities given
by N (1).

Example 3. Non-Gaussian autoregressive SV models

Assume that volatility follows the autoregression o7, = pr107,1—1 + 0T, N7 1)
where Jdr; and 57 are as defined in Example 2. In addition, we require 57,
to be positive, a.s. If o7,0 = g9 € (0,00) and pr; is local-to-unity; i.e., pr1 =
(1 —=¢1/T), it then follows from Georgiev (2008) that

071751 % Q(s) = doexp (—c1s) + /0 "exp(—c1 (s —F))dCq (). (10)

The right member of (10) is argued to be the leading special case of the non-
Gaussian OU volatility model of Barndorff-Nielsen and Shephard (2001) where
the homogeneous Lévy process driving volatility is a compound Poisson pro-
cess with positive increments; see Roberts, Papaspiliopoulos, and Dellaportas
(2004) and Duffie, Pan, and Singleton (2000). In contrast to the previous ex-
amples, in this case the volatility process displays sharp jumps that tail off
exponentially.

Example 4. Near-integrated GARCH volatility

Certain conditional volatility models of the near-integrated GARCH(1,1) form
also satisfy Assumption 2. Specifically, suppose that the conditional variance
is generated according to the GARCH(1,1) recursion a%,t = or +¢T”2T,z +

https://doi.org/10.1017/5026646660809049X Published online by Cambridge University Press


https://doi.org/10.1017/S026646660809049X

HETEROSKEDASTIC TIME SERIES WITH A UNIT ROOT 1235

Broz ,_,, initialized at o7 ; € (0, +00), with

ori =2,  ¢r:= (zr(% (w,¢ > 0),

._ 0 2
ri=l-ztm-4 (9>—%) )

so that @ = T'(1 — ¢7 — fr) controls the degree of near-integration; see Section 2
of Nelson (1990b). As discussed in Boswijk (2001), if Assumption 1 is strength-
ened by requiring {e7;} to be an i.i.d. sequence, then Theorem 3.5 in Nelson
(1990b) implies that a% (+) satisfies Assumption 2 with Q the diffusion process

dQ(s)? = (0 —0Q(s)?) ds+ $Q (s)*> dB* (5) (12)

with B*(-) a standard Brownian motion, this result holding for all § > —¢$?/2.
As in Nelson (1990b, p. 19), the unconditional distribution of u7; in the near-
integrated GARCH case is approximately student # with (2 —468/¢$?) degrees of
freedom. Consequently, the unconditional second moment of ur ; does not exist
unless @ is strictly positive; importantly, the result in (12) is, however, still valid
where this is not the case. Notice that & = 0 where the GARCH parameters sum
to unity; i.e., o7 + fr = 1.

Example 5. Explosive volatility processes

Stochastically trending volatility (i.e., such that o7 ; diverges as T' grows) is also
allowed by choosing {ar} in Assumption 2 appropriately. A leading case is the
polynomial “nonstationary nonlinear heteroskedastic” (NNH) time-series model
of Park (2002a), where o7 :=h (S;,z) with 4 (x) := |wo + w1x]” (wo, w1, and
v finite; v > 0) and S’;,t adapted to Z7;, and following the nonstationary inte-
grated process S;J = S’;’t_ | + 17,1, where 57, is a MDA with unit conditional
variance. Because T—1/25‘;,L” 5 B o), B* a standard Brownian motion, this

model satisfies Assumption 2 with a7 := T"/? and Q := on |B*|”. Note that our
framework covers many (although not all) of the models falling within the NNH
class defined in Park (2002a). For instance, the preceding result does not change
if 4 (-) is an H-regular function with a polynomial limit homogeneous function;
see Park and Phillips (2001).

Example 6. Deterministic volatility

In principle, any deterministic variance function that has a Dg[0, 1] limit as
T diverges satisfies Assumption 2. This case has previously been analyzed
by, among others, Cavaliere and Taylor (2007, 2008a). A leading example
of this case is given by smooth transition variance (single or multiple) break
models, an example of which is the function a%,t = 0'02 + (0'12 — a&)S,, S =
(14exp(—=jr (t—=|T7])))™" (0 <7 < 1; j7 > 0), which corresponds to a
(single) smooth (logistic) transition in 0%,; from 002 to 012, with transition mid-
point |77 ] and speed of transition y7, such that as y7 — O, 0%,; changes
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from 002 to 012 abruptly at time |77 |.> If the transition speed parameter fol-
lows a local drift, i.e., y7 := y /T, then Assumption 2 is satisfied with Q(s)2 =
o+ (0} —ad)S(s),S(s) := (1+exp(—y (s —7)))"". Also models with explo-
sive deterministic volatility are allowed; e.g., polynomially trending volatility
such as, e.g., or; :=dt”, v > 0, satisfies Assumption 2 with a7 := T and
Q(s) :=0s".

3. THE HETEROSKEDASTIC UNIT ROOT DISTRIBUTION

In this section we establish the limiting unit root null distribution of the T (a7 — 1)
and fpr statistics of Section 2 when the process (2) is driven by globally het-
eroskedastic innovations. To develop the asymptotic distribution theory for het-
eroskedastic autoregressions we need to introduce a further assumption.

Assumption 3. The weak convergence results in (7) and (8) hold jointly in the
Skorokhod topology on D2 [0, 1].

Remark 3.1. Assumption 3 is satisfied, e.g., if S7(-) and o7(-) are stochasti-
cally independent; see Billingsley (1968, pp. 26-27). However, independence is
not a necessary condition for Assumption 3 to hold; cf. Example 1 in this section.
Assumption 3 is satisfied by each of Examples 1-6 of Section 2.

Before presenting our main result we first state in Lemma 1 a FCLT for the
partial sums of innovations that satisfy Assumptions 1-3. In what follows we use
the notation X (s—) to define the left limit at time s of a cadlag process X.

LEMMA 1. Suppose that {eT 1, 0T} satisfy Assumptions 1-3. Then the follow-
ing invariance principle holds on the MDA {ur ;}:

1 I w [
arTi2 r; Ur,r — /0 Q@r—)dB((r)=:mq(-), (13)

where B(-) and Q(-) are as defined in in (7) and (8), respectively.

Remark 3.2. The fundamental difference between the invariance principle in
(13) and the conventional FCLT (see, e.g., (7)), is that the standard Brownian
motion, B, appearing in the latter is replaced by the stochastic process mg, a con-
tinuous local martingale with absolutely continuous quadratic variation, in the
former. This process is well known in the probability literature and can be traced
back to the so-called Dambis—Dubins—Schwartz theorem; see, among others Re-
vuz and Yor (1991). In the SV literature (see Shephard, 2005, and references
therein) the stochastic integral mg is the standard formulation in continuous time
for a univariate SV process, with Q(s) termed the instantaneous or spot volatility
of mq(s) at time s and [; Q(r)2dr the integrated variation of mq (s). Notice that
the integrated variation is bounded under Assumption 2.
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Remark 3.3. Where the limiting volatility process is continuous (cf. Hansen,
1995, Assump. 2) the derivation of the FCLT in (13) can also be inferred
from results in Hansen (1995, Lem. A.6). Lemma 1 therefore generalizes re-
sults in Hansen (1995) to also allow for cases where the volatility process is not
continuous.

We now state our main theorem, which provides a generic representation for
the limiting distributions of the T (&T — 1) and 7pp statistics when applied to
a random walk process driven by globally heteroskedastic innovations. This re-
sult constitutes a substantial generalization of previous results given by Cavaliere
(2004) and Cavaliere and Taylor (2007) for the case of purely deterministic and
nonexplosive volatility.

THEOREM 1. Let {XT,,}g be generated according to (2) with a = 1. Then,
under Assumptions 1-3 ar of (3) and the associated studentized statistic, tpr,

satisfy
Ba..(1)?>—Bq.. (0> —1
T(&T—l)g Q,z()lA Q,zi)
2 [y Ba,: (s)"ds

Bo.(1)>—Bg.(0)*—1
o 3 P = PacO 2l 7 (15)

- 12
2(ﬁ}BQJ(n2dQ

= Za1, (14)

where® ég,z := (Bq|Z) with Bq the following stochastic process in Dg|0, 1]:

| —1/2
Bg(ﬂ:zrngﬁ)<%;9(ﬂ2¢> . (16)

Remark 3.4. In general, the two processes forming Bg of (16), namely, Q
and B, need not necessarily be independent; see Example 1 in this section. Under
independence, and conditionally on Q, Bg (s) is Gaussian with zero mean and
variance

-1 S
n@y:(%ﬁ9@f¢> .ASHM%# a7

so that Bg is therefore a time-change Brownian motion with directing process #;
cf. Clark (1973). This attracting property does not, however, hold in general; see
Shephard (2005, p. 7) for further discussion on this point.

A consequence of the FCLT in (13) is that the asymptotic distributions of the
T(ar — 1) and tpp statistics, under & = 1, in (14) and (15) depend on both the
spot volatility and the integrated (total) variation, reducing to the corresponding
representations in (5) only when Q is constant. We shall refer to (14) and (15)
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as heteroskedastic unit root distributions in what follows. The result in (14) im-
plies that, as in the standard case in (5), in the presence of a unit root ar is a
T-consistent estimator despite the presence of global heteroskedasticity in the
errors. Notice that this result holds even in the presence of trending volatility
where, inter alia, (X7,, — Z/T,tﬁ) is not necessarily of O, (T1/2).

We now discuss some special cases of the generic representations given in The-
orem I, relating to Examples 1-6 of Section 2.

Example 1

In this case Assumption 3 holds (see Hansen, 1995), and Bg of Theorem 1 has
the representation

Jo i (w0 +o1 7 (r))dB(r)

: 18)
(fol h(wo+ w1} (r))2dr> i

Bo (s) :=

where J! is as defined in Section 2. Note that the Brownian motion B and the
Brownian motion driving J*, B*, are not uncorrelated in general; cf. Remark
4.5 in the next section. In particular, the covariance between B (1) and B* (1),
say, @, obtains as @ := limT_woZtT:l E(eT,,nT,,). A sufficient condition for
@ = 0 is that E(er,,nr,,ll},,_l) =0, all ¢; i.e., current shocks to the levels
and shocks to future volatility are conditionally uncorrelated. Notice also that,
under o = 0, Bq is a time-change Brownian motion with directing process

n(s):= foh(wo+w J; (r))dr (fol h(wo+w1J} (r))zdr) -
Example 2

In the stochastic jump volatility model previously introduced, the weak conver-
gence of Z}ZH ornr, and of 7! ZIL:]J er,, is joint (see Georgiev, 2008), and
hence Lemma 1 and Theorem 1 hold with Bq given as in (18) with J replaced
by the compound Poisson process C¢. Notice that, although volatility displays a
countable number of jumps, Bg is a.s. continuous.

Example 3

The non-Gaussian OU stochastic jump volatility model can be treated as in the
previous example. Here Bg in (16) has Q as given in (10).

Example 4

In the near-integrated GARCH case, the joint convergence requirement of As-
sumption 3 holds (see, e.g., Nelson, 1990b), so that Theorem 1 applies. Under
the parametrization (11), the corresponding heteroskedastic unit root distribution
is given by (14) with Bg as in (16) and Q as given in (12), with B* independent
of B. Notice that in the GARCH framework, because B and B* are independent,
Bgq can also be interpreted as a time-change Brownian motion.

https://doi.org/10.1017/5026646660809049X Published online by Cambridge University Press


https://doi.org/10.1017/S026646660809049X

HETEROSKEDASTIC TIME SERIES WITH A UNIT ROOT 1239

Example 5

In the NNH explosive volatility example Bgq is a time-change Brownian mo-
tion. Specifically, Q(s) = }|B*(s)|" and Bq(s) = (Jo 1B* (r) 1>V dr)~"/?
Jo |B*(r)|VdB(r). In this case, the time-change Brownian motion representa-

i ; L p 2 “2 s 5 2
tion holds with 7 (s) = ( JHB ()] ”dr) JS1B* (r) |2 dr.
Example 6

For the case of the smooth transition variance break model, the limiting functional
Bgq is the Gaussian process

Bg (s) := c(l)_l/2 </0€ (1 + (}c2 - 1S (r)) l/de (r)) ) (19)

where ¢ (s):=y "'In ((1+e77679) /(1+¢77)) (k? = 1) +x2s and k := o1 /.
Notice that in this case Bg has quadratic variation, ¢ (s) /c (1). Moreover, as y
diverges to positive infinity (single break case), the process in (19) approaches

B(s)+(x—1)(B(s)—B(r))I(s > 1)
(r +162(l—r))1/2

a Brownian motion with an instantaneous variance shift at time s = 7.

Bg (s) := ) (20)

Figures 1-3 graph the probability density function (p.d.f.) and cumulative dis-
tribution function (c.d.f.) of the heteroskedastic unit root distribution of 7 (a7 — 1)
in (14) (corresponding graphs for fpr are qualitatively similar and are therefore
omitted but may be obtained on request) for tests based on OLS demeaning and
OLS detrending. Figure 1 relates to the smooth transition variance break model of
Example 6 with both positive (x = 4) and negative (x = %) transitions for 7 = %
and y € {2, 10, oo}. Figure 2 relates to the near-integrated SV model of Example 1
with i (x) :=exp (x/2), ¢ € {0, 10,20}, and w; € {5, 10}. Finally, Figure 3 relates
to the near-integrated GARCH model of Example 4 under (11), with ¢ € {5,20}
and 6 € {0, 20,40} (recall that for & = 0 the unconditional second moments of
ur, are infinite). In each case the dotted line is the standard (homoskedastic) unit
root distribution. The reported results were obtained by direct simulation (i.e., ap-
proximating the limit functionals using partial sums of normal random variables)
of the limiting functional (14). All simulations were based on 50,000 Monte
Carlo replications and a discretized grid size of 7 = 5,000 segments and used the
rndKMn and rndKMgam functions of Gauss 5.0. The p.d.f.s were estimated using
a standard kernel density estimator with Epanechnikov weights, and the c.d.f.s
were estimated through the corresponding empirical distribution functions.

In the smooth transition case, it is seen from Figure 1 that negative variance
changes shift the distribution slightly to the left, whereas positive changes have a
massive impact on the shape of the distribution, in each case relative to the stan-
dard unit root distribution. The impact of positive changes is extremely severe
in the right tail of the distribution, but for large y slightly fatter lefttails are also
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FIGURE 1. The heteroskedastic unit root distribution under smooth transition volatility
(r =3/4).

seen. In all cases the effects are greatest for the abrupt change model, y = oo,
and are moderated as y approaches zero, as expected. Although those results are
not reported here we also considered early (z = 0.25) and midsample (7 = 0.50)
breaks. In the former case negative breaks shift the whole distribution strongly
to the left, whereas positive breaks have rather little effect. For the latter case
moderated elements of the effects from both early and late breaks are seen. In the
near-integrated SV case, it is seen from Figure 2 that the distribution is flattened
relative to the homoskedastic case, so that the distribution in this case is charac-
terized by much fatter tails than under homoskedasticity. These effects are most
pronounced when ¢ equals zero, diminish as ¢ increases, and are greater the higher
is wy, other things being equal. Much smaller effects are seen in Figure 3 for the
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FIGURE 2. The heteroskedastic unit root distribution under (near-) integrated stochastic
volatility.

near-integrated GARCH case. Here departures from the standard unit root distri-
bution are most pronounced when ¢ is high and, as expected, are mitigated, other
things being equal, as 6 increases. The left tail of the distribution is, however,
somewhat fatter than in the standard case.

In the foregoing analysis we have worked in the context of a fixed unit root
model; i.e., a = 1 in (2). Our results generalize straightforwardly to the near—
unit root setting of, among others, Phillips (1987a) where a =1 —c¢*/ T, with ¢*
a finite constant. Here the large-sample distributions of 7' (a7 — 1) and 7pg, which
we denote by Zo ;¢ ;. j = 1,2, respectively, are given by the right members of
(14) and (15) on replacing the process 1§Q,Z by fgiz, the Hilbert projection in
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FIGURE 3. The heteroskedastic unit root distribution under (near-) integrated GARCH
volatility.

L,[0,1] of Jf; onto the space orthogonal to Z, where
J5 e~ “IQ(r)dB (r)
12
(Jo @@)ar)

Notice that Jf; reduces to Bg of (16) for ¢* = 0, and to a standard OU pro-
cess only where the spot volatility, Q, is constant with probability one. Conse-
quently, the asymptotic local power functions of the T (&T - 1) and tpr tests at
significance level ¢ are given by

T(Q,z,¢",j):=P(Zae,j <bQ,z,))), (21)

* s Sk
I (s) = /0 e~ 6B (1) =
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J = 1,2, respectively, where b(Q,z, j) satisfies P(Zq . ;j < b(Q,z,))) =¢.
Notice that the 7 (Q,z,c*, ), j = 1,2, depend on the spot volatility and the
integrated (total) variation, even though based on critical values from the correct
null distributions, (14) and (15), respectively.

4. BOOTSTRAP UNIT ROOT INFERENCE

Because the heteroskedastic unit root distributions, (14) and (15), depend on
both the spot volatility, 2, and integrated (total) variation, fol Q(r)*dr, inference
under the unit root null hypothesis based on the T’ (&T — 1) and fpp statistics
will not be correctly sized (even asymptotically) if p-values are retrieved on the
basis of the standard Dickey—Fuller distributions. In this section we show that
(asymptotically) valid p-values can be obtained in the presence of global het-
eroskedasticity using resampling methods,’ provided there are no leverage effects
present.

Most of the existing resampling methods for unit root tests are based on ei-
ther i.i.d. (see, among others, Inoue and Kilian, 2002; Chang and Park, 2003;
Park, 2003) or block (e.g., Paparoditis and Politis, 2003) resampling. Unfortu-
nately, when the global homoskedasticity condition fails, these methods would
be expected to replicate the homoskedastic unit root distributions in (5) but not
the heteroskedastic unit root distributions in (14) and (15). Consequently, such
tests would be expected to behave approximately the same as tests based on stan-
dard asymptotic critical values. Unreported Monte Carlo simulations support this
view. A further bootstrap that can preserve heteroskadasticity in the resampled
data is the pairs bootstrap; see, e.g., Gongalves and Kilian (2007). However,
as discussed in MacKinnon (2006, p. S7), this method is not amenable to hy-
pothesis testing (where the null needs to be imposed on the bootstrap sample
data), and so it cannot be adapted to the unit root framework considered in the
paper.

Our proposed bootstrap algorithm draws on the “wild bootstrap” literature (see,
among others, Wu, 1986; Liu, 1988; Mammen, 1993) and allows us to construct
bootstrap unit root tests that are robust to nonstationary SV. In the context of the
present problem, the wild bootstrap scheme is required, rather than the standard
residual resampling schemes used for other bootstrap unit root tests proposed in
the literature, because, unlike these, the wild bootstrap can replicate the pattern of
heteroskedasticity present in the shocks; cf. Remark 4.1. The wild bootstrap has
also recently been successfully applied by Gongalves and Kilian (2004, 2007) to
the problem of carrying out inference in stationary autoregressive models driven
by heterogeneous shocks. Cavaliere and Taylor (2008, 2009) show, respectively,
that the wild bootstrap may also be used to construct robust versions of the M
unit root tests of, among others, Ng and Perron (2001) in cases where the condi-
tional volatility of the shocks, o7,|7.}, is a purely deterministic and strictly posi-
tive function in Dr|[0, 1], and in the cases where u7 ; is a globally homoskedastic
martingale difference (MD) sequence satisfying (6) (see note 3).

https://doi.org/10.1017/5026646660809049X Published online by Cambridge University Press


https://doi.org/10.1017/S026646660809049X

1244 GIUSEPPE CAVALIERE AND A.M. ROBERT TAYLOR

4.1. The Bootstrap Algorithm

Implementation of the bootstrap is straightforward and requires only the fitted
residuals, ii7 ;, from the regression of X7, on X7 ,—1,t=1,..., T. The following
steps constitute our bootstrap algorithm.

ALGORITHM 1 (Wild bootstrap unit root test).

Step i. Generate T bootstrap innovations uy ,, t =1,..., T, according to the
device

M*T,; = ﬁT,twt,
where {wt}tT: | denotes an independent N (0, 1) sequence.
Step ii. Construct the bootstrap sample as the partial sum process
!
Xp, =X 0+ Xup;,  t=1,...,T (22)
i=l

for some initial value® X 70
Step iii. Obtain the bootstrap test statistics,

T 1/2

T(a3—1) and t}p:= (ZX??H> (a3 —1) /6.,
=1

where

A T Lo -1

a; = <2X;1X;,t—l> <2X; t—l)

t=1 t=1
and

with {X ;,t} the OLS residuals from the regression of X ;,z on z7 .

If no deterministic component is included, replace X%, by X% .
Step iv. Bootstrap p-values are computed as

pi® =Gy (T (ar=1) and pi':=Gy'(tor).

where G3* and G7' denote the conditional (on the original sample
data) c.d.f.s of T (G} — 1) and #}j, respectively. Notice, therefore, that
bootstrap tests, run at the &, 0 < ¢ < 1, significance level, based on
T (ar —1) and pp, are then defined such that they reject the unit
root null hypothesis, Hy : @ = 1 in (2) if p;* < ¢ and py' < &,
respectively.
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Remark 4.1. Notice that the bootstrap innovations, u} ,, replicate the pattern
of heteroskedasticity present in the original shocks because, conditionally on it ,,

u} , is independent over time with zero mean and variance 7. .

Remark 4.2. The bootstrap samples are generated by imposing the unit root
null on the resampling scheme in step ii of Algorithm 1, thereby avoiding the
difficulties with the use of estimated unit roots discussed by Basawa, Mallik,
McCormick, Reeves, and Taylor (1991). It is also worth noting that the argu-
ments made in Paparoditis and Politis (2003) as to why it is preferable on power
grounds not to impose the null hypothesis when constructing the residuals to be
used for resampling do not apply here. This is because, as is well known, the
wild bootstrap resampling scheme has the important property that, condition-
ally on the original data, the bootstrap innovations, u} , from step i are serially
uncorrelated. This property holds regardless of any serial correlation present in
the fitted residuals 7, thereby obviating the issue raised in Paparoditis and
Politis (2003).

Remark 4.3. As is well known in the wild bootstrap literature (for a review,
see Davidson and Flachaire, 2008) in certain cases improved accuracy can be
obtained by replacing the Gaussian distribution used for generating the pseudo-
data by an asymmetric distribution with E (w;) =0, E (w?) =1, and E (v}) = 1
(Liu, 1988). A well-known example is the Mammen (1993) two-point distribu-
tion: P(w; = —0.5(+/5—1)) =0.5(/5+1)/+/5=: p, P(w; =0.5(/5+1)) =
1 — p. Davidson and Flachaire (2008) also consider the Rademacher distribution:
P(w; =1)=1/2 = P(w; = —1). We found no discernible differences between
the finite-sample properties of the bootstrap unit root tests based on the Gaussian,
the Mammen, and the Rademacher distributions. This finding is consistent with
evidence reported in Table 5 of Gongalves and Kilian (2004, p. 105) for stationary
autoregressive models.

Remark 4.4. In practice G7* and G7' are not known but can be approxi-
mated in the usual way through numerical simulation; cf. Hansen (1996) and
Andrews and Buchinsky (2001). Using the normalized-bias statistic to illustrate,
this is done by generating M (conditionally) independent bootstrap statistics,
T (4y.p —1),m=1,..., M, computed as before but from X* . . := X7 o +3_,
ufmT’i, u:‘mT’t ‘= U7 Wy, t = 1,...,T, for some initial value X;,O and with
{{wm;t}tT:1 }ﬁl’[:l a doubly independent N (0, 1) sequence. The simulated bootstrap
p-value is then computed as

R M
=M Y (T @y — 1) < Tar 1)
m=1

and is such that ﬁ;’& 5 p;’& as M — oo. Note that an asymptotic standard error
for p7 is given by (p7* (1 — py®)/M)"/%; cf. Hansen (1996, p. 419).
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4.2. Large-Sample Theory

The asymptotic validity of the wild bootstrap method outlined in Algorithm 1
under nonstationary SV is now established in Theorem 2. In addition to Assump-
tions 1-3, we also need the following condition to hold.

Assumption 4. The processes Q(-) and B(-) are stochastically independent.

Remark 4.5. Assumption 3 excludes the empirically relevant possibility that
future volatilities are affected by the sign of the current shock, a phenomenon
referred to as leverage in the GARCH and SV literatures. We have to make this
assumption because the wild bootstrap is, by design, incapable of replicating in
the bootstrap samples any leverage effects that may be present. This because,
as noted in Remark 4.1, the bootstrap innovations have the property that, condi-
tional on the data, they are independent over time. Examples 2—6 in Sections 2
and 3 satisfy Assumption 4. In the case of the Hansen (1995) SV model
of Example 1 it constitutes an additional restriction, satisfied when @ = 0;
cf. Section 3.

THEOREM 2. Under the conditions of Theorem 1 and if Assumption 4
holds, the bootstrap statistics T (a5 —1) and t}y, constructed according to

Algorithm 1, are such that T (07; — 1) B),, Zqa,z1and tyy B),, Zq ;2. Moreover,
w

Pyt B U0,1] and pi' 3 U0, 1].

Theorem 2 demonstrates the usefulness of the wild bootstrap under the unit root
null (@ = 1): as the number of observations diverges, the bootstrapped statistics
have the same first-order null distribution as the original test statistics. Conse-
quently, the bootstrap p-values are (asymptotically) uniformly distributed under
the null hypothesis, leading to tests with (asymptotically) correct size.

Under the (trend-) stationary alternative, Hj : |a| < 1, it is easily shown that
bootstrap test statistics 7' (&; - 1) and ¢}, continue to admit the limiting distri-
butions Zq ;.1 and Zg ; 2, respectively. Consequently, both of the bootstrap tests
deliver consistent inference here because, as is well known, both T (&T - 1) and
tpr diverge to negative infinity as the sample size diverges when |a| < 1, so that
both p7* and p}’' converge to zero in probability.

It is quite straightforward to demonstrate that the results of Theorem 2 also
hold under near unit roots where a = 1 —¢*/T. This immediately implies that
the T (&; — 1) and 1), tests have the same asymptotic local power functions
as the T (&T — 1) and fpr tests, respectively, provided the original tests are
run using critical values from the appropriate limiting null distribution; i.e.,
the asymptotic local power functions in (21). The asymptotic theory therefore
predicts that the bootstrap T (&; - 1) and 1) tests should have power approxi-
mately equal to the size-adjusted power of the standard T (&T - 1) and tpfF tests,
respectively.
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4.3. Numerical Results

Tables 1 and 2 present numerical simulation evidence of the finite-sample per-
formance of our bootstrap tests relative to the standard tests, for both the con-
stant and linear trend cases. We generated data according to (2) with X7, =0,
and ur,/or—1 =: €7 ~ IIDN(0, 1), for samples of size 7" = 100 and 250.
Table 1 reports level results for o = 1, and the corresponding local power results
fora =1—c*/T, with ¢* = 7.0 in the constant case and ¢* = 13.5 in the linear
trend case, are reported in Table 2. The standard tests were run using the nominal
asymptotic 0.05 level critical values appropriate for the homoskedastic case for
the level results in Table 1 and were size-adjusted (such that the exact level of the
tests was 0.05) for the corresponding local power results in Table 2. The bootstrap
tests were constructed as outlined in Algorithm 1 using M = 499 bootstrap repli-
cations. All simulations were run using 10,000 Monte Carlo replications and the
rndKMn function of Gauss 5.0.

Results are reported for the cases where o7 ;-1 (a) is constant, o7 ;,—1 = 00,
for all ¢; (b) displays a single abrupt volatility shift from o¢ to o at time [77T |,
as in Example 6; and (c) follows an exponential (near-) integrated autoregressive
SV model as in Example 1, with A(x) = exp(x/2). In all cases o9 = 1 with-
out loss of generality. For (b) we vary o1 among {4.00,0.25} and the break date
among 7 € {0.25,0.50,0.75}, so that early, midsample, and late breaks, which
may be positive (o1 > 1) or negative (o1 < 1), are allowed. For (c) we vary
w; among {5, 10} and ¢ among {0, 10, 20}. In the context of (c) we assume that
{nr.,er,} form a zero mean, unit variance independent Gaussian sequence with
E (nr,,eT,,) = . We report results for both (i) the no leverage case, @ = 0, and
(ii) the case where strong leverage is present with @ = —0.5.°

Consider first the results for o = 1 in Table 1. For the single break model the
standard unit root tests are badly oversized, with no amelioration as 7' increases,
in the presence of early and midsample negative and late positive breaks. In the
case of the tpF test, e.g., empirical size can be as high as 37% under early neg-
ative breaks. The tpr test is also oversized under late negative breaks. For the
(near-) integrated SV model, regardless of the leverage parameter @, when
is low (w1 = 5) and volatility is strongly mean reverting (¢ = 20), the standard
tests perform reasonably well in terms of size, which is rarely in excess of 8%.
However, when w1 grows and/or ¢ decreases, the impact of volatility becomes
more pronounced, leading to strongly oversized tests. When the volatility is non-
stationary (¢ = 0) and w is low, rejection frequencies for the standard tests range
between about 14% and 20%. When w; is high, these frequencies are consider-
ably increased. Significant oversize is also seen when ; is high but the process is
mean reverting (¢ = 10, 20). In contrast, the size properties of the corresponding
bootstrap tests are largely satisfactory throughout with empirical sizes converging
well to the nominal level as T increases. Although not theoretically valid in the
presence of leverage, it can be seen from a comparison of the final two panels of
Table 1 that the leverage coefficient, @, appears to have very little impact on the
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TABLE 1. Level of bootstrap and standard unit root tests: (a) constant volatil-
ity; (b) single volatility shift model; (c) near-integrated autoregressive stochastic
volatility (AR-SV) model

Demeaned case Detrended case

T T(&;—l) l[*)F T(&T—l) IDF T((’)\t;—l) IBF T(ﬁr—l) IpF

Case (a) Constant volatility model

100 5.0 53 4.4 5.7 5.1 54 3.8 6.1
250 5.0 5.1 4.6 5.1 5.2 5.1 4.8 5.6
o1 T Case (b) Single volatility shift model

4.00 0.25 100 5.3 5.1 4.2 2.9 5.2 5.2 4.0 4.4
250 5.1 5.1 4.2 2.5 5.1 5.0 4.5 4.0
4.00 0.50 100 5.6 5.3 6.7 5.0 5.9 5.9 6.2 6.5
250 53 5.2 7.4 5.0 5.6 54 6.7 5.7
4.00 0.75 100 6.1 6.1 11.0 8.6 6.9 6.9 10.9 10.6
250 5.5 5.5 11.5 8.4 5.8 5.7 11.3 9.7
0.25 0.25 100 6.4 7.4 18.8 37.1 6.8 8.4 15.8 29.2
250 6.0 6.4 21.2 37.3 6.2 6.5 18.5 29.0
0.25 0.50 100 5.5 6.4 10.1 18.4 5.6 6.0 8.1 13.4
250 5.2 54 11.6 17.9 53 5.5 9.5 13.6
0.25 0.75 100 5.5 5.5 6.2 9.3 5.4 5.8 53 9.0
250 5.0 5.0 6.5 8.7 5.5 54 6.6 8.6

w1 c Case (c)(i) Near-integrated AR-SV model with no leverage (w = 0)
0 100 6.7 6.9 16.1 19.6 7.1 7.2 14.1 18.5
250 5.6 5.8 17.6 20.1 5.8 6.1 15.9 18.6
5 10 100 5.5 5.5 6.8 8.3 5.8 6.0 6.1 9.1
250 5.2 53 7.4 7.6 5.5 5.7 7.4 8.3
5 20 100 5.5 5.5 5.6 7.1 5.5 5.8 5.1 7.8
250 5.2 53 6.1 6.4 53 5.4 6.1 7.2
10 0 100 8.1 8.0 26.8 29.0 8.9 9.0 24.2 28.1
250 6.7 6.6 28.7 30.4 6.9 7.0 27.4 29.5
10 10 100 6.5 5.9 11.6 13.2 6.9 6.9 11.8 14.7
250 5.9 5.6 13.2 13.4 6.3 6.2 14.6 14.9
10 20 100 6.2 5.7 8.6 10.0 6.3 6.5 8.5 11.2
250 5.7 5.5 9.5 9.6 5.8 5.9 10.5 11.2

)] c Case (c)(ii) Near-integrated AR-SV model with leverage (w = —0.5)
0 100 6.4 7.4 14.6 18.8 6.7 7.5 13.0 17.7
250 5.5 6.4 15.4 18.8 6.4 6.3 15.1 18.6
5 10 100 5.6 5.8 6.7 8.2 6.6 6.9 7.6 10.4
250 5.2 5.1 6.9 6.7 5.6 5.0 7.7 8.4
5 20 100 6.0 5.6 5.8 6.8 6.4 6.8 6.3 9.3
250 4.9 4.9 5.7 5.8 5.8 5.5 6.7 7.3
10 0 100 7.1 7.8 23.6 27.2 8.3 9.1 22.7 27.0
250 5.6 6.5 26.8 294 7.5 7.7 28.7 30.3
10 10 100 6.0 5.5 11.2 12.3 7.9 7.9 14.3 17.0
250 6.2 6.2 13.0 12.6 7.8 7.7 16.2 16.2
10 20 100 5.9 6.1 8.4 9.7 7.6 7.9 10.7 14.0
250 6.2 5.6 9.5 9.3 74 7.0 12.5 13.2
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TABLE 2. Power of bootstrap and standard unit root tests: (a) constant volati-
lity; (b) single volatility shift model; (c) near-integrated autoregressive stochastic
volatility (AR-SV) model

Demeaned case: Detrended case:
Power, ¢* =7 Power, ¢* =13.5

T T(&;—l) thr T(ar—1) tpr T(&;—l) thp T@r—1) tDF

o1
4.00

4.00

4.00

0.25

0.25

0.25

10

10

10

10

10

0.25

0.50

0.75

0.25

0.50

0.75

10

20

10

20

10

20

10

20

100
250

100
250
100
250
100
250
100
250
100
250
100
250

100
250
100
250
100
250
100
250
100
250
100
250

100
250
100
250
100
250
100
250
100
250

100
250

Case (a) Constant volatility model

29.1 18.4 28.3 16.8 40.5 33.0 37.2 29.9
28.7 18.1 28.9 17.1 40.7 314 41.3 31.6
Case (b) Single volatility shift model
33.1 31.7 314 30.2 39.6 37.6 36.7 349
32.7 31.6 32.0 30.9 38.5 36.3 40.0 37.7
26.3 25.1 24.7 23.2 39.5 37.8 36.7 35.6
25.3 23.8 25.0 23.6 37.5 35.8 373 354
25.1 23.0 21.5 19.4 36.5 34.6 30.1 29.1
23.8 21.6 224 20.6 33.8 31.9 323 29.9
14.9 4.3 12.5 2.1 26.1 16.3 224 10.6
13.9 3.1 11.9 2.1 23.9 12.6 21.6 10.4
18.1 8.0 15.3 6.1 29.8 22.0 27.7 19.1
16.9 7.4 16.3 5.9 27.8 19.5 26.6 19.0
25.7 14.8 23.7 13.2 34.1 26.2 30.5 239
24.8 13.7 26.0 13.6 32.1 24.2 32.0 24.1
Case (c)(i) Near-integrated AR-SV model with no leverage (w = 0)

21.9 17.2 10.6 3.8 30.8 26.5 18.4 10.4
20.5 16.1 11.1 4.7 28.7 24.1 18.1 9.5
27.1 19.5 24.2 16.1 36.8 30.9 314 26.8
27.4 20.3 24.9 17.1 35.7 30.8 34.5 28.3
27.6 18.9 26.6 16.7 37.9 314 34.0 27.3
28.3 19.7 26.9 17.4 374 31.3 36.4 30.1
19.1 16.8 5.7 2.8 25.2 23.1 9.3 5.0
17.2 14.8 5.7 2.1 22.5 20.1 8.6 4.1
25.0 20.6 18.0 13.2 31.8 28.8 22.1 19.1
24.7 20.7 18.4 14.8 29.1 26.8 224 19.7
27.0 20.7 21.3 14.6 34.5 30.5 26.5 21.0
26.9 21.3 234 16.8 334 29.6 30.2 24.5
Case (c)(ii) Near-integrated AR-SV model with leverage (w = —0.5)

23.3 18.5 14.9 5.0 32.2 27.8 21.2 12.3
21.0 17.0 12.4 2.6 28.4 24.4 17.4 7.9
31.1 22.8 29.1 19.9 39.8 34.2 31.8 27.0
29.2 21.7 26.7 17.6 373 31.8 31.9 25.5
30.8 21.8 30.6 19.8 41.5 34.5 34.8 30.0
29.8 20.0 29.2 19.2 38.9 323 34.0 26.3
19.7 17.6 6.5 2.7 26.9 25.1 10.5 54
17.5 15.2 5.8 1.8 23.0 21.1 8.2 2.9
30.9 254 23.1 17.5 37.6 33.8 22.9 20.6
29.1 242 21.5 18.2 33.6 304 19.9 17.7
32.0 26.0 27.2 18.8 40.5 36.4 27.4 21.8
31.5 24.5 27.5 19.8 38.4 33.6 25.1 21.1
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behavior of the bootstrap tests. The same appears to also be true with respect to
the standard tests.

Turning to the results for ¢ = 1 — ¢*/T in Table 2, we see that the prediction
from the local asymptotic theory holds true in almost all cases; i.e., each of the
bootstrap tests has local power that is approximately equal to the size-adjusted
power of the corresponding standard test. The only significant exceptions oc-
cur for the SV model when ¢ = 0, particularly so when w; is high. Here the
bootstrap tests have much higher local power than the size-adjusted power of the
corresponding standard tests. Overall, the local power functions of the T (a7 — 1)
and T'(a} — 1) tests appear to be much less dependent on the form of the volatility
process, o7,;—1, than the tpr and t}y, tests, which in some cases display rejection
frequencies below the nominal level. Finally, in the case where o7 ;1 is constant
the bootstrap test has almost identical power to the size-adjusted power of the
standard tests, indicating that there is no loss in finite-sample power attached to
using the bootstrap versions of the tests when volatility is constant. For both the
standard and bootstrap unit root tests leverage again appears to have rather little
impact on the power properties of the tests.

5. WEAK DEPENDENCE

Thus far we have assumed that {u7;} is a MDA. In this section we weaken this
to allow for weak dependence in {ur }. As we show subsequently, this can intro-
duce additional nuisance parameters into the asymptotic distributions of the unit
root statistics. To introduce dependence we assume that the shocks in (2) are a
linear process in a MDA; specifically, we require ur; = c(L)er, with c(z) :=
ZI?iOCka and er; = o7 1—1€T,1, Where E(ET’,|ITJ_1) =0, E(e%AIT,,_])

o—% ,_1 (a:s.), and we replace Assumption 1 with the following assumption.

Assumption 1’. (a) {e1,+} satisfies Assumption 1; (b) Y22y k|ck| < 005 (¢) ¢1
c(1)#0;(d) forall T > 0, supt<0a;10m < K < 00, a.s.

We now generalize the results in Lemma 1 and Theorem 1 to allow for weak
dependence of the form given in Assumption 1’.

THEOREM 3. Suppose { X7} is generated according to (2) with o = 1. Then,
under Assumptions 1', 2, and 3,

1 7] B
m Z UT ¢t I—U> crmg () (23)
t=1

and a7 of (3) and the associated studentized statistic, tpp, satisfy

I (ar—1) 3 Ba,. (1)* = Bo: (0)* -0
2[01 éQ’Z (s)*ds

= ZQ,Q,z,l 5 (24)
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Bq.. (1)> — Bo . (0)> —
tpF - < (1) 0"~ =:Z0,0.2.25 (25)

2(o ) o (s)ds)

where p := 52/6%, with ¢ 1= Y72, c,%, and Bq ; is as defined in Theorem 1.

Remark 5.1. The results in (24) and (25) extend the well-known unit root dis-
tributions for globally homoskedastic, weakly dependent errors to the case of
globally heteroskedastic, weakly dependent errors. If the error process, {ur},
satisfies Assumptions 1’ with {o ;} constant, the results in (24) and (25) reduce to
the expressions given in parts (c) and (e), respectively, of Theorem 3.1 of Phillips
(1987b, p. 282). Notice that ar is T-consistent under the unit root null, even
though the error process can display both serial correlation and nonstationary,
possibly explosive volatility.

Provided Assumption 4 holds, (asymptotically) correctly sized inference can
again be obtained by using the wild bootstrap algorithm of Section 4. The main
difference is that, instead of considering the simple unit root statistics of Section
3, autocorrelation robust test statistics need to be employed. To that end, consider
the well-known statistic of Phillips (1987b) and Phillips and Perron (1988),

5 N 52 A oT 3 -
Zg =T (ar —1)=05(G* =Ty, _ X7,.D7"

and theA associated studentized statistic Z (see, e.g., Phillips, 1987b, eqn. (22)),
where 12 is a sum-of-covariances (SC) estimator of the form

T—1 T—|h|
72. =1\~ A -1 A oA
/1 = Z w(th )yha Yh = T Z uT’tl/lT,[+|h|
h=—T+1 =1

with kernel function w () satisfying, e.g., the general conditions reported in
Jansson (2002, Assump. A3) and the bandwidth parameter g7 € (0, co) satisfying
q}l + T~1247 — 0 (which corresponds to Assumption A4 of Jansson, 2002).
If the bootstrap samples and the bootstrap statistics are constructed according

to Algorithm IZ then bootstrap p-values computed as p;*’& = G;’& (Z&T) and
3" = G3'(Z,) are asymptotically valid, as is shown in the next theorem. To

establish this result, we require a consistent estimator of the serial correlation
nuisance parameter p. To do so, as is standard, we need to impose a supplemen-
tary moment restriction (which implies the finiteness of the unconditional second
moment of ur ;) to hold on the volatility process.

THEOREM 4. Suppose {XT,,}g is generated according to (2) with a = 1.
Then, under Assumptions 1' and 2-4, and if, for some q > 2, sup, . E((az !

**,& w skt W

or,1)?) < Qg <00, then pp" — Ul0,1] and py > — U[0,1].
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Notice that because the bootstrap samples have (conditionally) uncorrelated
increments (see Remark 4.2), and the limiting null distributions of 2&7 and Z,
do not depend on serial correlation nuisance parameters, the bootstrap statistics
can still be computed as in Algorithm 1 and do not require a correction for serial
correlation. However, an improved finite-sample approximation in the presence
of serially correlated errors might be anticipated from computing the bootstrap
analogues of the ZaT and 2, statistics, say, ZET and 2,*, respectively, in step iii of

Algorithm 1 and then computing the p-values in step iv using the c.d.f.s of 2;sz

and Z ;. The results in Theorem 4 would be unaltered.

In an attempt to improve finite-sample performance under weak dependence,
the basic bootstrap principle outlined here can be further extended to include a
recoloring (or sieve) component, without altering the large-sample theory given in
Theorem 4.1° Following the approach of Ferretti and Romo (1996), Park (2002b),
and Chang and Park (2003), among others, this involves rebuilding stationary
serial correlation into the bootstrap innovations. This can be done by using the
estimated stationary lag dynamics obtained from fitting an augmented Dickey—
Fuller (ADF) regression of the form!!

k
AXr=nXri-1+ zﬁiAXT,z—i—f-MT,t;k- (26)
i=1

Specifically, and denoting ﬁk (z):= Z;‘Zl ,l;’izi , the resampling scheme (22) in step
ii of Algorithm 1 is then replaced with the recoloring recursion

B ()0 —D)X} , =uy,, t=1,...,T, (27)

again initialized at 0. The scheme in (27) differs from that in (22) in that the
estimated autoregressive lag polynomial, ﬁk (L) from (26), is incorporated into the
resampling scheme to recolor the bootstrap innovations.!? In small samples there
is the possibility that the resulting estimated lag polynomial could have one or
more unit or explosive roots, and we found that the performance of the bootstrap
was improved if any such root was shrunk to have modulus less than unity; in
our experiments reported in Section 5.1 we scaled such estimated roots to have
modulus equal to 0.99.

In what follows we shall denote the lag truncation used in estimating (26) for
the purposes of recoloring as k = k;.. Notice that k,. need not satisfy the condi-
tion that it diverges to infinity with the sample size because the recoloring device
is motivated from purely finite-sample concerns. The large-sample results estab-
lished in Theorem 4 also apply to the corresponding recolored bootstrap statis-
tics. Additionally one might also consider a wild bootstrap procedure based on
the ADF statistic, denoted t4pr, for testing 7 = 0 against 7 < 0 in (26). In this
case we would need to use a lag length k = k7 in (26) satisfying the standard
condition (see, e.g., Chang and Park, 2002) that 1/kr +k3}/T —>0as T — oo.
The wild bootstrap analogue of the ADF statistic, denoted 4,5, is then obtained
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as the ADF statistic from the bootstrap ADF regression,

k.
A)A(;",t ZE*X;J—I+ZﬁiA)A(;,t—i+”;",t;k*a (28
i=1
where k., need only satisfy the condition that k., / T3 5 0as T — oo and,
where recoloring is used, is such that k. > k, (notice that k,. does not need to
be the same as k7 ), used in the recoloring scheme (27). We conjecture that the re-
sults stated in Theorem 4 relating to the wild bootstrap Z;* statistic will also hold
for 3 r» although stronger restrictions on the short-run dynamics of the process
would need to be imposed.'?

5.1. Numerical Results

Tables 3 and 4 report results analogous to those in Tables 1 and 2, respectively,
for the Z ; and t4pF tests outlined earlier, together with their bootstrap analogues,
Z;‘ and ¢}, respectively, for data generated according to the data generating
procedure (DGP)

XT,[:aXT,T—1+MT,Ia tzls"'aTa
ur,; =pur,—1+er,—ver 1,

with X7 0o=0and er; =o7,-1671,, With e ; ~ NIID(0, 1) and o7 ;— generated
according to either case (a) (constant volatility); case (b) (one-time change in
volatility) with o1 =4 and 7 = 0.75; or case (c) (near-integrated autoregressive
SV) with w1 = 10 and ¢ = 10, with either (i) @ = 0.0 (no leverage) or (ii) @ = —0.5
(strong leverage), from Tables 1 and 2.'* Results are reported for p =4 = 0 and
for p = +£0.5, ¥ =0, and for ¥ = 0.5, p = 0. In all cases, 67,1 = 1 forz <0
and u7 o is drawn from the corresponding stationary distribution assuming a unit
conditional variance.

The standard tests were run using the nominal asymptotic 0.05 level criti-
cal values appropriate for the homoskedastic case for the level results (a = 1)
in Table 3 and were again size-adjusted (such that the exact level of the tests
was 0.05) for the corresponding local power results in Table 4 (a = 1 —c¢%/T).
For Z; and 2,*, we employed the Andrews (1991) SC long-run variance esti-
mator with quadratic spectral kernel and AR(1)-automatic bandwidth selection.
For tapr and t},, the lag truncation lengths in (26) and (28) were (individu-
ally) determined using the modified Akaike information criterion (MAIC) of Ng
and Perron (2001) with in each case a maximum lag of | 12(T /100)1/4] used
throughout. The bootstrap Z; and typp tests were constructed as outlined previ-
ously, using the estimated c.d.f.s of 2;“ and 14,5, respectively, for M = 499 boot-
strap replications. The bootstrap samples were constructed using either a fixed
recoloring lag length of 4, k,. = 4, or by setting the recoloring lag length equal
to the lag length chosen according to the MAIC criterion used in constructing
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TABLE 3. Level of bootstrap and standard unit root tests, dependent errors: (a) constant volatility model; (b) single
volatility shift model; (c) near-integrated autoregressive stochastic volatility (AR-SV) model

Demeaned case Detrended case
ke =4 kye = MAIC ke =4 kye = MAIC
P J T IADF Z LaDF zr LipF zr IADF Z LipF zr LipF z

Case (a) Constant volatility model
0.0 0.0 100 4.1 5.9 6.7 6.7 5.2 4.8 43 7.0 11.2 12.0 5.6 4.8
0.0 0.0 250 3.8 5.0 5.4 5.7 5.0 44 39 5.6 7.2 7.3 5.1 4.4
0.5 0.0 100 3.8 2.5 6.5 6.9 5.3 5.8 4.3 1.2 9.9 9.3 5.8 5.9
0.5 0.0 250 4.1 2.6 5.5 5.5 49 4.8 3.8 1.5 6.3 6.4 4.8 49
-0.5 0.0 100 3.8 29.8 6.0 10.7 5.0 6.5 39 52.5 9.6 21.3 5.1 10.3
-0.5 0.0 250 4.0 24.1 54 7.6 4.9 5.2 35 439 6.7 10.6 4.8 6.2
0.0 0.5 100 34 33 5.8 6.6 4.8 5.4 3.0 1.9 7.5 9.9 4.4 5.8

0.0 0.5 250 3.5 33 4.7 5.0 4.5 4.5 2.8 2.7 4.9 6.2 4.0 5.0
0.0 -0.5 100 55 47.9 6.1 15.3 5.7 12.0 7.9 74.5 10.4 30.1 7.7 23.4
0.0 -0.5 250 5.0 40.0 59 10.7 5.8 8.8 4.7 67.1 6.1 15.7 5.6 12.5

Case (b) Single volatility shift model
0.0 0.0 100 1.7 7.7 5.1 8.4 4.3 2.1 2.5 10.2 8.0 13.5 4.1 2.9

0.0 0.0 250 2.8 7.9 5.0 6.1 4.5 3.0 2.3 9.8 54 7.9 4.6 2.9
0.5 0.0 100 1.6 1.0 52 72 4.5 32 1.8 0.5 7.5 9.7 4.4 29
0.5 0.0 250 2.7 22 4.9 6.2 4.5 3.7 2.7 1.6 5.4 7.4 4.8 3.7
-0.5 0.0 100 1.6 37.2 4.7 13.0 39 4.8 2.2 50.3 7.5 20.9 3.8 7.3
-0.5 0.0 250 2.5 323 4.8 8.2 4.2 4.5 2.3 47.0 52 12.1 4.4 5.0

0.0 0.5 100 1.5 2.4 4.9 8.0 4.0 3.0 1.4 1.9 6.2 11.3 3.9 3.1
0.0 0.5 250 2.4 4.2 4.7 5.5 4.2 32 2.1 3.7 4.8 6.7 4.4 3.5
0.0 -0.5 100 29 53.0 5.6 17.5 4.6 8.3 52 67.5 9.5 28.6 6.6 15.1
0.0 —-0.5 250 2.9 48.8 4.8 11.5 4.6 6.2 2.8 65.5 53 16.5 4.9 8.2
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0.0
0.0
0.5
0.5
-0.5
-0.5
0.0
0.0
0.0
0.0

0.0
0.0
0.5
0.5
-0.5
-0.5
0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.5
0.5
-0.5
-0.5

0.0
0.0
0.0
0.0
0.0
0.0
0.5
0.5
-0.5
-0.5

100
250
100
250
100
250
100
250
100
250

100
250
100
250
100
250
100
250
100
250

6.2
6.4
59
6.0
6.3
6.6
5.8
6.4
7.9
7.3

6.6
59
54
59
6.5
6.1
5.7
6.0
7.9
6.5

Case (c)(i) Near-integrated AR-SV model with no leverage (o = 0)

12.1 5.6 5.9 4.7 3.0 5.7 14.5 7.7
12.6 5.0 5.5 4.7 2.9 4.6 14.6 5.9
43 5.7 5.1 53 35 4.0 24 6.6
5.6 4.9 5.7 4.6 39 4.6 3.9 5.9
374 54 9.5 4.7 4.7 54 54.5 74
33.2 5.0 6.4 4.8 35 4.8 49.6 6.1
6.3 54 53 4.8 34 35 4.5 5.9
8.2 5.1 5.7 4.9 3.7 4.5 6.5 53
51.8 5.5 14.3 53 8.7 8.4 71.1 9.3
47.0 5.3 9.6 5.1 5.2 5.8 66.7 6.3
Case (c)(ii) Near-integrated AR-SV model with leverage (w = —0.5)
12.9 5.9 6.3 53 33 6.1 16.7 9.7
12.5 53 5.6 5.1 3.0 54 16.7 7.1
4.5 5.7 5.5 5.0 34 3.8 2.7 7.5
5.0 5.1 5.0 4.7 34 4.9 4.0 6.5
38.6 5.9 10.0 4.9 5.1 5.9 60.0 8.6
33.9 5.5 7.1 5.3 4.1 5.3 554 6.6
6.4 54 5.7 4.8 34 4.0 5.7 7.0
7.7 5.1 5.2 4.9 35 5.2 7.8 6.4
54.2 6.5 14.4 6.1 9.5 9.5 76.0 10.7
48.6 54 10.6 5.2 5.7 6.4 73.2 6.8

9.7
7.1
74
7.0
16.4
9.7
8.1
7.1
253
14.5

11.9
8.4
7.9
7.6

19.9

11.9
9.2
7.7

28.7

17.7

5.1
5.0
49
5.1
4.7
5.5
49
4.7
7.1
5.6

6.2
6.3
5.0
59
5.6
6.0
5.0
6.0
8.2
6.5

3.1
2.9
3.0
4.0
79
4.1
3.4
3.7
16.5
7.7

4.5
33
34
4.4
9.9
4.8
3.6
4.2
19.9
8.9
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TABLE 4. Power of bootstrap and standard unit root tests, dependent errors: (a) constant volatility model; (b) single

volatility shift model; (c) near-integrated autoregressive stochastic volatility (AR-SV) model.

Demeaned case:
Power, ¢* =13.5

Detrended case:
Power, ¢* =13.5

ke =4 ke = MAIC ke =4 kye = MAIC
p 7 T IADF Z LxpF Zf IxpF Zf IADF Z ipF Zf ipF Zf
Case (a) Constant volatility model
0.0 0.0 100 15.3 18.8 18.8 22.5 15.0 15.7 26.5 33.0 41.7 46.8 27.5 27.1
0.0 0.0 250 18.1 20.7 18.0 20.6 16.3 16.7 29.3 33.8 35.0 38.2 27.9 26.9
0.5 0.0 100 13.0 6.0 16.4 10.7 13.7 7.6 13.5 12.5 25.9 21.9 16.9 9.8
0.5 0.0 250 16.7 11.4 16.7 12.0 15.3 10.5 24.4 18.9 29.4 23.3 24.2 17.6
-0.5 0.0 100 14.9 30.1 17.1 47.1 13.6 34.7 25.2 41.5 35.8 72.8 24.6 55.4
-0.5 0.0 250 17.0 32.1 18.0 38.3 15.9 31.3 29.1 41.2 33.1 57.8 27.2 44.7
0.0 0.5 100 12.6 11.2 13.8 15.2 11.1 11.0 15.2 21.0 21.9 30.7 13.6 14.7
0.0 0.5 250 15.1 15.6 13.3 15.6 12.3 12.9 22.2 25.0 21.9 28.0 18.3 21.2
0.0 -0.5 100 16.3 29.2 19.1 58.0 17.5 48.7 21.6 38.9 322 84.1 27.3 75.0
0.0 -0.5 250 16.2 332 18.2 48.9 17.6 41.5 26.2 41.6 28.4 71.6 26.6 61.4
Case (b) Single volatility shift model

0.0 0.0 100 16.1 22.1 16.6 30.7 13.5 11.5 26.2 31.3 32.9 51.5 22.8 19.8
0.0 0.0 250 16.4 22.2 16.0 25.1 14.6 13.2 23.2 323 23.9 39.0 214 18.8
0.5 0.0 100 14.0 18.9 14.2 22.0 11.8 9.2 16.1 28.8 20.9 34.2 14.0 10.0
0.5 0.0 250 15.6 20.0 15.5 21.3 14.0 13.1 20.9 29.0 22.1 32.2 19.7 18.2
-0.5 0.0 100 15.8 23.1 15.7 429 13.0 20.1 26.3 28.7 30.0 67.6 21.2 39.5
-0.5 0.0 250 16.8 22.9 15.3 322 14.0 19.1 23.5 31.2 23.9 50.2 21.3 29.6
0.0 0.5 100 13.8 21.1 13.2 25.4 11.5 11.4 19.1 31.6 22.3 41.6 15.2 13.6
0.0 0.5 250 17.0 21.5 15.3 22.1 14.1 13.7 22.2 31.6 21.5 34.1 19.5 19.9
0.0 -0.5 100 16.4 22.8 17.6 52.0 154 30.9 22.8 27.6 32.1 78.4 25.6 59.1
0.0 -0.5 250 16.0 22.8 16.0 40.2 14.8 24.7 23.6 30.7 24.6 61.4 22.4 41.2
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0.0
0.0
0.5
0.5
-0.5
-0.5
0.0
0.0
0.0
0.0

0.0
0.0
0.5
0.5
-0.5
—0.5
0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.5
0.5
-0.5
-0.5

0.0
0.0
0.0
0.0
0.0
0.0
0.5
0.5
-0.5
-0.5

100
250
100
250
100
250
100
250
100
250

100
250
100
250
100
250
100
250
100
250

8.8
8.2
5.7
7.2
8.5
79
5.7
7.2
10.4
8.3

11.6
11.3

8.7
10.5
10.7
11.9

8.2
10.3
11.5
11.2

Case (c)(i) Near-integrated AR SV model with no leverage (& = 0)

14.7 18.1 22.2 14.9 11.8 18.1 20.5 314
16.2 16.1 20.9 15.3 11.1 16.4 20.9 22.1
52 16.3 14.8 13.8 8.5 13.5 13.8 23.6
9.8 15.5 16.7 14.6 10.8 14.9 16.4 21.1
18.7 17.0 36.1 13.7 21.5 18.0 20.5 29.8
19.0 15.5 29.3 14.9 171 15.9 21.2 21.8
9.5 15.8 17.8 13.6 10.5 15.5 17.9 23.6
12.6 14.9 18.4 14.2 12.0 13.8 19.6 20.7
18.6 19.5 48.1 17.4 354 18.5 18.8 323
18.4 16.0 38.1 15.6 22.9 15.8 21.0 22.2
Case (c)(ii) Near-integrated AR SV model with leverage (o = —0.5)
17.2 21.4 26.5 18.4 15.2 20.1 19.8 349
19.6 18.9 23.8 18.3 13.9 17.3 21.1 26.1
7.3 17.9 17.3 15.0 9.3 14.7 14.8 24.5
13.0 18.5 19.3 17.3 12.9 17.2 17.9 25.7
19.7 20.0 40.9 16.8 26.6 18.6 18.6 324
21.8 18.6 32.0 17.8 18.7 18.3 23.0 25.1
11.1 17.3 21.1 15.4 11.9 15.8 15.9 25.0
15.2 17.5 21.3 16.8 14.1 16.6 20.5 244
19.1 21.5 52.6 19.5 39.3 20.1 17.7 34.9
22.0 19.3 422 18.8 25.9 18.1 22.9 26.3

40.5
30.2
24.7
25.1
59.6
40.0
31.6
27.2
72.9
51.7

442
34.8
27.7
28.1
63.6
44.8
34.5
31.1
76.0
57.1

21.0
21.1
159
20.6
20.7
20.2
16.1
19.9
26.6
21.6

25.1
23.5
16.8
23.1
234
23.1
17.5
22.6
29.1
24.2

19.1
16.0

8.5
15.9
39.0
24.3
12.4
16.8
58.9
36.1

22.3
18.1

8.7
17.9
43.9
26.7
13.5
19.7
63.3
38.8
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tapr; the latter case will be denoted by k,, = MAIC. All simulations were
again run using 10,000 Monte Carlo replications and the rndKMn function of
Gauss 5.0.

Consider first the results for the constant volatility case in panel (a) of Tables 3
and 4. As has been well documented in the unit root literature (see, e.g., Perron
and Ng, 1996), the 2, test shows poor finite-sample level control relative to topr,
displaying very bad over (under) sizing for large negative (positive) values of p
and . However, a striking feature of the results in Table 3 is how much better
behaved is the bootstrap 2,* test, especially for k,, = MAIC. As an example, with
detrended data, constant volatility, and p = —0.5, ¥ = 0, the 2, test rejects the
unit root null around 44% of the time even for 7 = 250 whereas for Zl* with
kye = MAIC this figure is down to only 6%. Although the wild bootstrap clearly
delivers a vast improvement in the behavior of the 2; test, it is important to note
that Z* is still not as well behaved as the bootstrap tipr test. As with z¥, YDF
displays somewhat better size control for k,, = MAIC than for k,, = 4. Indeed,
the only case where 13, displays empirical size in excess of 6% when using
ky. = MAIC is for detrended data with ¢ = —0.5, where it has size of 7.7%. In
the same example, Z; and 2,* have sizes of 75% and 23%, respectively. Finite-
sample power (Table 4) for given values of p and ¢ tends to be slightly lower
for both 2;“ and 1, when using k. = MAIC, vis-a-vis k,. = 4, reflecting a
not unexpected finite-sample size-power trade-off in the choice of recoloring lag
length. Notice that the power of the Z; and tapr tests, although size-adjusted,
does vary with p and ¥, again consistent with what is found in Perron and Ng
(1996). Greater variation in power across p and 9 is seen both in and between
the bootstrap ¢, and Zt* tests. Recall that the bootstrap tests have not been size-
adjusted.

Turning to the results in panels (b), (c)(i), and (c)(ii) of Tables 3 and 4, we see
first from Table 3 that the bootstrap 2;‘ and 1}, tests that use k. = MAIC are
remarkably well behaved in terms of their empirical size throughout. The depen-
dence of the size of the tests on the form of heteroskedasticity present is much
weaker than was seen in Table 1. Moreover, the size distortions due to serial cor-
relation noted in panel (a) tend to be ameliorated in the presence of heteroskedas-
ticity with, if anything, a tendency to undersize in the Z,* test. This latter effect is,
however, not evident when using the fixed recoloring lag length. Like the results
in panel (a) of Table 4, power tends to be slightly lower for both 2;‘ and typp
when using k,. = MAIC, vis-a-vis k;. = 4, under heteroskedasticity. As with the
results in panel (a), the reported powers (size-adjusted in the case of Z; and tapr)
for a given test can vary significantly across p and 1, although interestingly the
dependence of the power of the tests on the form of heteroskedasticity present is
much less strong than was seen in Table 2, consistent with the impact on test size
under heteroskedasticity, noted previously. As with the results in Tables 1 and 2,
a comparison of the results in (c)(i) and (c)(ii) in both Tables 3 and 4 suggests
that leverage again has rather little impact on the behavior of either the standard
or bootstrap unit root tests.
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6. CONCLUSIONS

In this paper we have analyzed the large-sample behavior of the Dickey—Fuller
and Phillips—Perron classes of unit root statistics when the series under analysis
is a (near-) unit root process driven by globally heteroskedastic innovations,
empirically important examples of which include nonstationary autoregres-
sive stochastic volatility, models with random volatility jumps, near-integrated
GARCH processes, and explosive, nonstationary volatility. Deterministic models
of volatility are also permitted within our framework. Assuming that any leverage
effects become negligible as the sample size diverges, a wild bootstrap—based
solution was shown to solve the associated inference problem. We recommend
that the basic wild bootstrap be used in conjunction with a recoloring device as
our simulation results show that this greatly improves upon the finite-sample size
properties of the unit root tests when the innovations display weak dependence.
Numerical evidence presented suggested that our proposed bootstrap procedure
works very well in practice, even in the presence of near-integrated autoregressive
SV processes with leverage. A formal solution to the inference problem when
leverage effects are present but that does not presume a specific parametric model
for the volatility process is beyond the scope of this paper but represents an
important direction for further research to focus on.

NOTES

1. Here we use OLS detrending, as in Dickey and Fuller (1979). Other methods of detrending, such
as first-difference detrending or local-generalized least squares (local-GLS) detrending (see Schmidt
and Phillips, 1992 and Elliott, Rothenberg, and Stock, 1996, respectively), can also be used without
changing the key findings in this paper—all that would be required is to replace in Theorems 1-4
the OLS-based projection in (1) with the appropriate projection relevant to the method of detrending
employed. We focus our attention on OLS-based tests because they are by far the most popular tests
used in applied work.

Provided {z7 ;} spans the space of an intercept, the statistics T (&T - 1) and tpF will be (exact)
similar with respect to X7 . Consequently, in such cases, the asymptotic null distributions given for
these statistics in the text remain valid if the assumption that X7 ¢ is of op, (Tl/ 2) is dropped.

2. If f=01in (2) and }?T,t is consequently replaced by X7 ; in calculating d7 and tpf, then éz
reduces to B in (5).

3. Some authors, e.g., Stock (1994, p. 2745), replace (6) by the condition that the average condi-

/
tional variance, 7! ZZ‘ETJsH—l E (”2T t|ZT,,_1>, converges a.s. to o2(s' —s) as T — oc. The two

formulations are, however, equivalent under rather general conditions (see the discussion in Hall and
Heyde, 1980) and may be considered interchangeable for our purposes.

4. Where appropriate, elements of the examples in Section 2 could occur simultaneously. For
example, combining Examples 1 and 2, yields a jump-diffusion volatility process.

5. That is, the abrupt single variance break model, where o7 ; = 6o+ (01 —0o) 1(z > [z T]), I(-)
denoting the indicator function, and, hence, Q (s) := o9 + (o1 — o) L(s > 7).

6. Paralleling note 2,(Bg|Z) reduces to Bg when =0 in (2) and, commensurately, X 7,1 replaces
)A(TJ in calculating a7 and tpf.

7. Hansen (1995) provides a theory of nonparametric (adaptive) variance estimation. Where
volatility displays a (possibly countable) number of jumps, as is allowed under the class of volatility
processes considered in this paper, then, so far as we are aware, nonparametric (adaptive) variance
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estimation is infeasible. If, however, the limiting volatility process has continuous sample paths,
Hansen’s theory may provide an alternative way of estimating the quantiles of the heteroskedastic
unit root distribution.

8. Provided z7 ; spans the space of an intercept, the bootstrap samples may be initialized at
X;,o = 0. Where this is not the case, one may set X;,o =Xr,0.

9. The value @ = —0.5 appears to be reasonably large, relative to observed levels of leverage.
For example, Omori, Chibo, Shephard, and Nakajimaa (2007) report a 95% interval for leverage
in the Tokyo Stock Exchange Price Index (5 January 1998, through 30 December 2002) of €
[—0.59,—0.11].

Other values of ¢* and other combinations of the parameter values given in Section 4.3 for
cases (b) and (c) were also considered, as were experiments for smooth transition volatility shifts and
near-integrated GARCH processes but qualitatively add little to the reported results.

10. Recoloring has also been used in the context of the Z&T and Z; statistics by Lee and Phillips
(1994), who construct an estimate of the long-run variance using prewhitened data and then recolor
the resulting estimator. They show that this can improve upon the finite-sample size properties of the
Z ar and Z; tests relative to using standard kernel estimators of the long-run variance.

11. Chang and Park (2003) suggest estimating the stationary lag dynamics under the unit root null
hypothesis, i.e., by fitting the autoregression A)A(T,, = 2?:1 i A)A(T,t_,- +ur k- This equation dif-
fers from the usual ADF regression (26) through the omission of X 7,1—1 from the set of regressors.
However, in a number of Monte Carlo experiments we found that the inclusion of X T,1—1 generally
led to improved finite-sample behavior in the resulting tests.

12. Notice that the recursion in (22) reduces to the scheme in (27) when k& = 0.

13. For instance, Chang and Park (2003) and Cavaliere and Taylor (2007) require that the lag poly-
nomial satisfies c(z) # 0 for all |z| < 1. This condition is likely to be violated in the case of seasonally
adjusted data, where the lag polynomial will usually be noninvertible at some or all of the seasonal
frequencies. Conversely, this condition is not required for the Z& r and Z; tests or for their bootstrap
analogues.

14. Results for the other parameter configurations of cases (b) and (c) from Tables 1 and 2 were
qualitatively similar to those reported and, hence, are omitted.
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APPENDIX

To simplify exposition, results are proved for the case of no deterministic variables. The re-
sults stated in the main text hold simply by replacing Bg, by its detrended counterpart, ég,
throughout. Moreover, without loss of generality we set X7 ¢ = 0, as the proofs trivially
extend to the case where X ¢ is of op(Tl/z).

Before moving to the main proofs, we first state and prove some preparatory results.

LEMMA AL If X7 () :== X7, 5 X (+) in the space D|0, 1] endowed with the
Skorokhod topology, and if 0 < g < BT” where 0 < B < oo and 0 <7y < 1, then

T—q

1
sup o N X7tk — X124
k=1,....q =1

5o. (A.D)

Proof. When X (-) has continuous sample paths a.s., the proof follows from Lemma A.1

in Hansen (1995) using the inequality supy 7! Zth_lq X7, 0—k — X7, < MaxX<T;1<4
X7 i—k — X1t ’ We now prove the result in the general case.

Because X (-) lies in Dg[0, 1] and X7 (-) := X7, 7.} converges weakly, the associ-
ated sequence of probability measures is tight. A necessary condition for tightness in the
space Dg[0, 1] endowed with the Skorokhod topology (cf. Billingsley, 1968, Thm. 15.2)
is that for all & > 0 and 5 > O there exist a 0 € (0, 1) and an integer Ty such that, for
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all T > Ty,

P | inf{ max sup ’XT $)—Xr (s’)| < ﬁ, (A.2)
s (i=1,..r 5,8 €[si—1,8;) 2

where I1s denotes a partition of [0, 1] of the form {s1, ..., s,} withr < |1/J] and min; §; >
0, 0; :=s; —si—1 (we set so =0 and s, = 1 in what follows). Now, let 6 be such that (A.2)
is satisfied for large 7 and let 7; := |5;T],i =0,...,r. We have

v
0| ™

1 T=4 1 r TinT=q)

T Y ’XT,t+k_XT,l|=? Yo > | Xrawk—Xry
t=1 i=lt=T;_1+1

Ti—q

1 r

=7 X 2 |Xrew—Xr

T
i=1t=T;_1+1

1 Z TinN(T —q)
+f2 > X7 — X7
i=1i=T,—g+1

= Ry (k) + Ry (k)
with Ry7 (k) and Ryp (k) defined implicitly. Moreover,

{ s [Xr()-X7 («);},

sup  Ry7 (k) < max
= [si—1,8i)

k=0,...,q Lor
2q
sup  Rop (k) < — sup |X7(s)],
k=0, ....q OT sep0,1]
which implies
T-q

1
sup N |X7i—k— X7, < max { sup  |X7(s)—Xr (s’)!}
k=0,...,q 1 =1 i=Loor | s,57€lsi—1,5)

2q
+—- sup |[X7 ()]
ST sep0,1]

for sufficiently large 7. By the arbitrariness of I1,

1 72
sup T 2 ‘XT,t+k_XT,t
k=0,....qg * (=1

sinf{ max { sup | X7 (s)— X7 (s/)|}+§; sup |XT(s)|}

s (i=heor {s,5elsi—1,5:) sel0,1]

IIs |i=1,...,r 5,5 €[Si_1,5i 6Ts€[0,1]

: / 2q
=1nf{ max { sup | X7 (s)— X7 (s)|}}+ sup | X7 ()],
)
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and, hence,

1 72a
P( sup > X7k — X1 25)
k=0,....q * =1

< P|infq max sup | X7 ()= X7 (s7)] >
I |i=1,...,r s,8"€lsi—1,8;) 2
2q 3
+P| = sup |X7(s)|>=
(OTselo,u 2
<TI0y <y
2
for large T'. .

Remark A.1. Lemma A.1 is a basic ingredient needed for proving Theorems A.1 and
A.21in this Appendix. Theorem A.1 generalizes an important result given in Hansen (1992a,
Thm. 3.3), demonstrating that Ll mixingales are (asymptotically) uncorrelated with arrays
having a limit in the space Dg|[0, 1] endowed with the Skorokhod topology, even if the
limit X (-) is not a.s. continuous (the continuous case is covered by Hansen’s theorem).
Theorem A.2 then shows that the squared innovation process is useful for estimating the
integrated variation of the process [y Q (r—)dB (r).

THEOREM A.1. Suppose that Xt (-) := X1,|T.| = X () in the space Dpl0,1]
endowed with the Skorokhod topology. Moreover, for a random array {er ;} and a se-
quence of nondecreasing sigma fields {Ff ,} to which {er } is adapted, assume that

suptE‘E (ET,t|‘7'_; t_m)‘ — 0asm — oo. Then

1 [Ts]

Y Xrery
t=1

sup Zo.

5€[0,1]

T

Proof. The proof uses some of the arguments employed to prove Lemma A.1. Specif-
ically, recall that (using the same notation as in the proof of Lemma A.1) for given ¢, 7,
there exists a d € (0, 1) such that

P | inf{ max sup | X7 ()= X7 (s)] EE
s | i=Lowr | s,5elsi_1,51) ’

for T large enough. Moreover, let Ty; := T; A [Ts] and rg :=min{i € {1,...,r}: T; >
| T's]}. Then, similarly to Hansen (1992a, proof of Thm. 3.3) we may write

1 [Ts] 1 Is Ti
sup T Z XT,teT,t = sup T 2 2 XT,teT,t
sel0, 1T+ =1 Sel0 AT 4 i=1r=T;_1+1
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Txi
< sup 2 T,Ti_ 1+1 Z er,t
s€[0,1] =Ti_1+1
1 Is Tsi
+osup 1= X X (Xra—Xrgi41)er
sel0, 117 i=1r=T;_;+1

Tsi
z €Tt

T, Ti—1+1

< sup Z\ T.T;_ 1+1|
s€l0,1]j=1

+ sup 2 2 X7, = X717, 41]
sefo,11 T == Ti—1+1

T;
< Z | X7,7,_ 1+1\ Y, ety
i=1 t Ti—1+1
1 [Ts]
+‘XT,T,S_1+1 sup |— Y, ery

selo | T =1 7 41

1 r
+?i§

< sup |X7 ()]
sef0,1]

T;
Y }XT,z—XT,T,-,
_1+1

1 I;

,
X <2 T D eTy
i=1]" =T +1

+ 2 2 | X7, — X771,

z—lt Ti—1+1

+2 I?ax

1 t
2 €Tt
i=1

)

Because X7 (-) converges weakly, supsepo 171X7 (s)] = Op(1). Moreover, max;
)T—lzf. er,‘ 5 0 in probability (Hansen, 1992a, Cor. to Thm. 3.3) and 7!

(A.3)

i ‘Zt T +1€T ,} — 0. To see the latter result notice that, as in Andrews (1988,
proof of Thm. 1), for any ¢ > 0O there exists a constant B < oo such that

(1 zr: i > i ZZTI_T 1+1€Tt
E| = er.s — N 6T E|— =1
T3 =1 41 T ;T
1 & B &
<= 2 L6T] (7+7)
T,; ’ LéiTJl/z 2
_ B 12,
=7 Y 16T

—

which, for T sufficiently large, is less than ¢.
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Finally, to show that the last term on the right-hand side of (A.3) also converges to zero
in probability, consider the inequality

1 r Tl
72 X |Xra=Xrgq
i=1t=T;_1+1
< max max ‘XT, X771, 1+l|

i=1,..,rt=T;_1+1,...,T;

By the arbitrariness of I1, the term max; max;, |X T, = XT,T:_ 1 +1 ‘ can be made arbitrar-
ily small, and hence the desired result follows as, in addition, 7~ 2 - |eT ,| =0p (1)
because et ; is uniformly integrable.

THEOREM A.2. Under Assumptions 1-3,

Vr ()=

LT,

Dour, = Ve, (A4)
TS
where V (s) := [§ Q(r)?dr.

Proof. Let {7 ; := eTt 1 and write Vr (s) = ap 271 ZILT;J OF - 18Tt = VT (s)+
VT (s), where Vi (s) —aTzT 1ZLT” O‘T[ | and VT (s) —aTzT IZLT” OF .- 16T,
= a_zT_IZLT” UT,,fT,t+1 - aTzT UT’LTSJfT,LTxJ+1 +arp T UT,ofT,l’ where
we put ¢ 741 := 0. By Assumption 2, a}laT ) et Q(-), and an application of the
continuous mapping theorem (CMT) yields V7 (s) = aT2f0 aT(r)2dr - fO Q(r)2 dr.
Regarding Vzbw (s), we have

212 —27—1_2
S[L(l)pl]‘aT ot rs)¢T 175 )+1—ap" T UT,ofT,l‘
s€l0,

<2 sup
s€[0,1]

=0p (1)

sup ‘T_lfT,LTsJ

ar 0
T " |Ts] se[0.1]

because from Assumption 1, supse[o,l]a;za% \rs) = Op (1) and, from Assumption 2,
{C7,¢} is a uniformly integrable MDA. Moreover, {¢7;} is also a uniformly integrable L!

mixingale (as shown, e.g., in Hall and Heyde, 1980, p. 19); hence, as a;zar (-)2 2L (-)2
we can make use of Theorem A.1 to obtain

b [Ts]
sup ’VT (s)| = sup 2 O'T (—1ST .t
s€l0,1] sel0,1]]a
1 LTs]
= sup +op €)) % 0,
selo.11|azT =
as required. n
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A useful corollary of Theorem A.2 is the following result for the sample second moment
of {ug ;}.

COROLLARY A.1. For 62 :=T"! 2?:1 u%- p» we have the weak convergence result

w

ap’e2=vr() B v = [l Qe)dr=0Q%

Proof of Lemma 1. The proof of the FCLT given in the lemma can basically be ob-
tained as in Hansen (1995, Lem. A.6), although the continuity of the limiting volatility pro-
cess required under his Assumption 2 need not in fact be assumed. To see this fact, notice
first that X7 (s) = ay ' T V2 5 8 wg = 7=125 T8 a2l e, where fer ) is
a uniformly square integrable MDA with unit conditional variance. This partial sum can
therefore be written as the stochastic integral

X7 (s) = a7 /0 o7 (r)dST (1),

where St (-) is defined in (7). Because both o7 (s) and St (s) are adapted to Iy | 75|, and
under Assumptions 1-3 the joint convergence (a}laT “),St (~)) 3 (Q(-), B(-)) holds,

we may proceed as in Hansen (1992a, Thm. 2.1) where it is shown that if the following
condition holds:

[Ts]
sup 71 2 E(a% ;) <00 (A.5)
s€[0,1] =1 '

then we may apply Theorem 4.6 of Kurtz and Protter (1991) to obtain that on D3 |0, 1]
(ar'or (,57(). X7 () 3 (9 (.80, [ Qe-)ds (r)> : (A.6)
Condition (A.5) is trivially verified because, by construction, the conditional expectation

E(e%, | Z7,s—1) equals unity with probability one.
The joint convergence result in (A.6) finally implies that

. 1 12
X7 ()= /O Q(r—)dB(r) = ( /0 g(r)zdr) Bq (),
which establishes the invariance principle in (13). n

Proof of Theorem 1. Following Phillips (1987b), write the normalized first-order sam-
ple autoregressive coefficient as

X7 ()2 = X1 (0% —a;26?
2f01 X7 (5)%ds

T(ar—1)= (A7)
where X7 (s) := a}lT_1/2XT, |Ts| and 62:=1"1 ZZTZI “2T ,- By Lemma I,

w 1 1/2
X7 () B mg ()= (/0 Q(S)zds> Ba ().
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Moreover, from (A.6) and applications of the CMT,

X7 (1)2 = X7 (0)2 B (1) = Bo (0)?
( T(l) 7 (0) )g/lg(s)zds( a(1)? = Bq (0) ) )
Jo X1 (s)2 ds 0 fol Bg (s)zds

2= a% Vr (1) we can apply Corollary A.1 to

Next, consider the term 62. Because &
obtain a}z&z Bv )= f()] Q(s)zds. Combining this result with (A.8) and appealing to

the CMT we therefore have from (A.7) that

w Ba(1)? 3 Q(s)2ds — Bg (0)% [ Q(s)2ds — [ Q(s)*dr
2 Jo B (s)2ds [ Q(s)2dr

T (ar—1) -

B (1)2 = Bg (0)% -1
2 Jd Ba (s)2ds

as required.
To prove the result for the studentized statistic, tpf, observe first from (A.8) and the
CMT that

172 12 (Ba (1)* = B (0)* — 1
(szt 1> OLT—I </ Q(s) ds) ( ]/2).
2 (fol Bo (s)zds)

2

u
fo Q(s)%ds. Now, because aT2 2 = a;bz + OP(T_I) (see the proof of Theorem

2, which follows), the required result obtains from the fact that a_202 - fo Q (s)2 ds, as
demonstrated previously. |

Consequently, all that remains is to show that a;2& weakly converges to

Proof of Theorem 2. We present a proof of the results relating only to the 7'(a} — 1)-
based test; the extension of the proof to cover the studentized test is straightforward and,
hence, omitted. As in the proof of Theorem 1, it is useful to write the bootstrap unit root
statistic as

X5 (1) = X5 (0% —az2(6%)?
2 [0 X5 (s)%ds

T(ap—1)= (A9)

where X7.(-) = lT_1/2X* TAT:] = a}lT_l/zxtLTlJ uy, and 6*? = 17!

EIT=1(M}‘~J)2, ”?,z =17 Wy

We first establish a weak convergence (in probability) result for the scaled bootstrap
partial sum X7 (). To this aim we make use of the convergence VT ) By (+), which
follows from Theorem A.2 if

sup VT(s)—a 271 z uTt =
s€l0,1]

sup ‘VT )= Vr (s)| B o. (A.10)

SG
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To establish the validity of (A.10) it suffices to consider the standard equality iy ; =ur ; —
(a7 —1) X7,4—1, which implies that

5 ~ 2 ~
sup ‘VT(S)—VT(S)‘ST(aT—l) ( ZXTt 1)+2T|aT—1
5€[0,1]
1 OT,t
X sup sup =o0,(1)
i<T |arT1/? t<T< )T3/2 2 P

because (a) (a7 —1) is of Op(T~!) (Theorem 1), (b) a;l sup, <7 T_1/2|XT,,| and
ar?T=23T_ X3 | are all of Op(1) (Lemma 1 and the CMT), (c) sup,ay’
or,t = Op (1) (Assumption 2), and (d) T7-3/2 ZIT=1 ‘STJ’ = 0p (1) (from Assumption 1).

Because w; is Gaussian, conditionally on the sample, X ; () is a zero mean Gaussian
process with covariance kernel V7 (s,5”) :=E* (X5 (s) X5 (s)) = Vy (min(s, s”)), where
VT ()=ar Z2r-l ZLT di 2 , and where E* is used to denote expectation taken under P*,
the bootstrap probability measure. Now, as VT “) Bv (+) (see the preceding discussion),
where under Assumption 4, V is the covariance kernel of mgq of (13), it immediately
follows that X7. (-) 3 mgq (+) in probability, (cf. Hansen, 1996, among others).

Notice that from the CMT we also have the joint weak convergence result, (X } (1)2 -
X3 (0)%, fo X5 ()% ds) 5 p (mq (1)2 —mg (0)?, o mq (5)* ds).

It is left to demonstrate that a}z(&"‘)2 converges weakly in probability to fol Q(s)zds.
Similarly to the proof of Theorem A.2, letting ¢; := wtz — 1 we can write

lCt +AZ77"

] [v]s

1 2 Lo o L
. .
aT(” )= ZMT,twt = 2
T

with A% and A}} defined implicitly. Because, A} = Vr (1) By (1) and because for all

e >0,
>5)—P < >5>

=272 2 T
sup; < ap”lug  —ug I (1 P
<—= ’ LR L)

< Tt=1|Ct|

&

SACRENE

we simply need to establish that aT2T Zt U T ,(t converges to zero in probabil-
1ty Because uT ,(t is conditionally independent, conditionally on the sample and for
p’ such that 1 < p’ < min(2, p/2), as in Davidson (1994 pp. 172-173) we have
E*|T~ lzt a7 ”Tsz‘p < 277 PSI_ |ap ur | pE|Cf‘p < 2BT7P3I_, |ag"

uT,,] , B = Elé“,ll’ < 00. But T~ 1’2 {aT ur | 2 o (sup,<T|aT JT,|)2‘"
(T_IZIT:1 |3T,,’2p) 71-7 & 0 because sup, |aT or| = Op(D), -1

ZzT=1 |8T’,|2"3 =0p (1) (as E‘ST,[|2'5 < suptSTE|sT,t|p <oo)and p > 1.
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From the foregoing results and applications of the CMT it follows immediately that
T(ap—1) = p Zq.z.1 and, hence, that G*T’a converges uniformly in probability to Gq ;1.

the c.d.f. of Zg ; 1. The proof of the result that p;’& Bu [0, 1] then follows using exactly
the same arguments as are made in the proof of Theorem 5 of Hansen (2000). u

Proof of Theorem 3. The proof is qualitatively similar to the proof of Theorem
1; we therefore sketch the additional results needed for the 7' (&T — 1) statistic only.
First, notice that under Assumption 1" we are allowed to use the standard decomposition
ur; =crer;+er -1 —eér,;, where ér ; := Z]?OZO Cker.i—ks Ck 1= Z?ik+1 ¢;. To derive
the FCLT in (23), notice that the partial sum X7 (s) = a}l T-1/2 ZILSJ ug ; now equals

A1 /2- <|T e1/2~ e 1/2~
Xr(s) = aT]T 1/2c1 ZIL=§J OT t—1€T,t +aT1T 1/267"’0 - aTlT l/zeT,LTSJ where,
as in Theorem 1, the first term on the right-hand side converges weakly to cymq (s). If
—1p—1/2= <IT —1p—1/25
sup, |XT (s) — ar T 1/2c1 Z}JJ O'T,t—leT,t{ < ap T l/zeT,() + sup;—1, .7
’a;lT_]/ZETJ‘ is of op (1), then (23) follows by standard arguments. To prove this
result, consider the inequality

o]

1 .
CkeT,t—k
k=0

= arT1/2

1

|
<
= arT12

e
arT1/2

1
T,t + T2 T

t
> ket i—k
k=0

with r7, :=aj" (z;;gtﬂ EkeT,l_k‘. Now, forallr =1,...,T,

t
—1p—1/2 ~
ap' T / sup ZCkeT,,_k
t=1,...,T |k=0
— 1 1/2
< Ck|  sup (aT JTJ)T 2 sup et i—l,
=0 |t=1,...T t=1,...T

which converges to zero in probability. Regarding the second term, because for ¢, er ; is
a uniformly integrable MDA we may proceed, e.g., as in the proof of Theorem 3.15 in
Phillips and Solo (1992) to obtain that 7~1/2 sup;—1, .7 Irr,.| = 0O in probability.

It is left to show that aj 262 c2 fol Q(r)2 dr (when the limiting volatility process
is continuous this result follows from Lemma A.5 in Hansen, 1995, with wy, = 1).
As in Hansen (1995, eqn. (23)), a;2&2 = a;ZT_IZthl fre +a;2T_IZ[T:1gT’,
where g7 ; 1= 32, Zj?'io CjCjykeT,i—jeT,i—k—j and, setting &7, 1= E%J -1,

o0 [o/e]

. 22 _ 9 2 2,
fri= D, i€tk =207 11 +0F 1 D, k<T.1—k
=0 =0

—_——

I

2( 2 2
l (Ur,t—k—l _”T,t—l) ST.1—k -

+
™M
3

—

Q

=~
1
=~
L

|
Q

=~
L

~—

+
M8

k=0 k=0

M
fTb), fT,t
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Because a}zT_1 Zthl a% —1 202 by Assumption 2 and the CMT, we need to show
that a;ZT_IZ?ZIgT,,, T_IZLM?,:, and 617_~2T_1 Z?:l f},t, i = b,c, each con-
verge in probability to zero. To see that these convergence results hold, first notice that
because sup,E’E (fft|.7-'§ t_m)‘ <239, lckl = 0 as m — oo, by Theorem A.1,

7! 2,T=1 I 20. Second, by taking m = TV for 0 < v < 1 we have

by Theorem A.1, Assumption 2, and Assumption 1’(b). Similarly, we may write, for m =

T, 0<v <1,
1 T 1 T m ) ) )
C
27 ZfT,t < 27 Z ch (”T,t—k—l_“T,t—l)ﬁ—ZT,t—k
art i=1 art 1=1k=0
L L, 2
+ ZTZ DI (‘TT,z—k—l_UT,z—1)§T,t—k
art t—1k=m+1
L L, 2
= 27 2 2 (GT,t—k—l —UT,z—l)fT,t—k
arT (Z1k=0
2 00 T
o 1
T,t 2
+2sup—5= D, i 2 [T
t<T A7 k=m+1 =1
L« ¢ 2(2 2
=27 PP (”T,z—k—l—UT,t—l)fT,t—k +op (1)
ard 1=1k=0
as
00 5 ! T 00 5 1 T
El X aqf ™ X lrl|={ X |77 XECr |
k=m+1 =1 k=m+1 =1

00
<2 Y 2 — 0.
k=m+1
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Moreover,

1
a%T[

m

2
ZC (UTI k—1 ”T,t—l)éT,t—k
=0

M=

Il
-

00 ) 1 T )
<|{ X sup 2’( OF,1—k—=1 " OT,1— 1)5Tt k
k=0 k<maTT =1

where the last term can be made arbitrarily small, as in the proof of Lemma A.l.
This establishes that ‘aTzT 12 lth

is of op (1), as required. The proof that

aT lzt 181, = op (1) is entirely straightforward using the same argument as be-
fore in conjunction with the decomposition employed by Hansen (1995, p. 1127). u

Proof of Theorem 4. To save space, we prove the results for the Z& test only; the proof

extends straightforwardly to the Z; test. In what follows o(hqr 1) will be abbreviated
as wy,.

To prove the theorem, we need to demonstrate that both Z& and the bootstrap statistic
T (a3 — 1) weakly converge to the heteroskedastic unit root distribution, Zg . 1. To show

that 7' (a7 — 1)3 Zq,,,1 we can simply adapt the arguments used for proving Theorem 2
(the proof is straightforward, given previous results, and is therefore omitted in the interest

of brevity). To prove the convergence Z& = ZQ . ;,1, because aT2 2802 (see the proof

of Theorem 1), if we can prove that a}zﬁz = E%Qz then the convergence Z& = Zo o1
follows from previously proved results using a simple application of the CMT, as shown
in Phillips (1987b). Hence, it is only left to derive the limit of 72, which can be done by
adapting the proof of Theorem 2 in Jansson (2002), which deals with the constant volatility
case, to the present nonstationary volatility framework. We prove the result by assuming
that the errors are observed, i.e., ii7 ; = ur,;; the proof for the AR(1) residuals then follows
by Theorem 3 in Hansen (1992b).

First, let 7, ;= T~ 12, ll lzk OCka+|h|UT, «—1- Because

T—|h|
1
= z chCJ z OT,t—k—10T,t+|h|—j—1ET,t—kET,t+|h|—j
k=0,=0 =1
1 Tl
= z cre 2 o2 2
kk+|h|T T,t—k—1°T,t—k
k=0 =1
1 T=lhl
+2 zCkC]H(J ¢k+lh|)* N OT —k—10T,t+{h|— j— 1 ET,—kET 14—
k=0j=0 =1
we may write
1 T—|h|

o0
a7 (n—7h) = Y, kChrh—— D OF4_ k1T i~k
k=0 ar =1
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oo o0
+ Y ki1 #k+1hl)
k=0;=0

L Tl
X

5 OT t—k—10T,t+|h|—j—1ET,t—kET t+|h|—j (A.11)
aTT =1

with, as before, {7 ; 1= 'ST ; — L. Regarding the first term on the right-hand side, as shown
in Jansson (2002, p. 1454) 'we have that, for any ¢ > 0,

o0 1 T=lnl )
E 26k0k+|h| 2 OF 1—k—15T, 1k
k=0 arT (5

Z 07 k1T ok

1
< Z |ckek+inl |E| 5=
a T

0
<( _1/2Cg +€) 2 |Ckck+|h||
k=0 k=0

for a finite constant C, independent of 2 and 7 (the last inequality holds by proceeding
as in the proof of Theorem 2.22 in Hall and Heyde, 1980, in the special case p = 1, using
the fact that under the conditions of the theorem, aTza% (16T, 1s a uniformly integrable
MDA). Regarding the second term on the right-hand side of (A.11), we can again proceed
as in Jansson (2002, p. 1455) and notice that, for all 4,

T—|h|
Z ZCkCJ]I(J Fk+1h) == Y OT(—k—10T 14+{h|—j—1ET,t—kET,t+|h|—j
£=0,=0 TT =1

o0 o0 1
< z 2 }Ckcj’ E<H(j¢k—|h|)2T

k=0j=0 ar

1/2
T=Jh| /

2
UT,t—k—lO-T,t+|h|—j—1ST,t—kgT,t+|h|—j>
=1

o0 00 T—|h|
<22 }Ckcj-!< 17 % E(1G#k—1hDoF, o

=1

1/2
2 2 2
x O'T,t+|h|—j—lST,t—kéT,t+|h|—j))

<3 %l (T at) < b (5 ) e

k=0j=0
. —4 2 2 2 2 _ -2
because, for j > k + |h|, E(ar O-T,t—k—lO-T,t+|h|—j—1gT,l—kgT,t+|h|—j) = E(E(ay

2 2 NP ) 2 -2 2 4/q
OF k=187 kLT 1+101= ) A7 OF 1y j 18T pn—j) < SUPLE ("T OT 1 ) =0
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By setting %= >, @p 75 we hence have that

a2 =< Y lonlaz?|5n— 7
h=—T+1

T-1

12 <
< 2 oyl ((T_ / Cc+8) > |excran]
K

h=—T+1

T1/2 (2 |ck|) 071

< suplo ()] (T71/2C, +2) > Z\%Ck ]

x>0 h=—00k=|

2
£ 3 ol 1/2<2|ck|> 2,
T 0

h=—00

which can be made arbitrarily small because sup,sq|w(x)| < oo, Z}?O olckl < oo, and
—27 2
A

qr = o (Tl/z) The proof is hence completed if we show that ar 2h——T+1

o ip > Q (322 cx)?. Consider the equality

5 T—1 T—1 1 T=Ihl o 5
ap” X onlh= D @hao 2 kO hOT k-]
h=—T+1 h=—T+1 47! (=1 k=0
T—1 | T=lhl

2 2
i a2 & kzockckﬂhl (UT,z—l —UT,t—k—l)
=T+ T = =

| Tl

T-1
2
+ z oy, PP Z zckck+|h|0T,t—l' (A12)
h=—T+1 471 =1 k=0

Under the stated assumptions, the last term in (A.12) satisfies

1 T—|h| co T T—1 0

2
Z o 2 ZCka+|h|JTz 1= OFill Y Oh Y CkChilhl
h=—T-1 aT =1 k=0 T /D h=—T+1 k=0
T—1 1 T ’

- Y o ZCka+|h| D VR YA

h=—T+1 k=0 aT t=T—|h|+1

w x 2 -

B2 Y | =028

k=0
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because a;zT_lzl U%’t_l K62 (Corollary A.1), ¥, wp Xk CkChy|n] — E% (Jansson,
2002, Lem. 6), and

T—1 %) 1 T )
D O Y k5 2, Oy
apT it

h="T+1 k=0 =T [h|+1

a—%t 1 T—-1 o0
< sup 5~ | sup Iw(X)I? > 1hL Y, lekCranl -
t=1,...,T \ ar ) x>0 h=—T+1 k=0

the right member of which converges to zero under the summability condition in
Assumption 1’(c). Regarding the first term on the right-hand side of (A.12), for m = BT,
0 <y <1, we may write

T-1 o T ,
2 o X cklk—fhl 5 2, (72 1m1—otimic)
h=—T+1 k=0 ar t=1
T-1 1 e, )
< Y wh26k6k+|h|7T > (UT,z—l—UT,z—k—1>
h="T+1  £=0 arT 5
T-1 o0 1 rdm 5
+ A Y (JT,t—l - UT,t—k—l)
h=—T+1  k=m+l arT [
T-1 1 Tl 5 )
< Y ol Z |ckCrtini| Sup -y > ”)'T,t—l —UT,t—k—1’
h=—T+1 k=0 <mapT (S
2 2 00 T-1
+ 2 sup (aT or ,) WP|CO(X)| Z ekl Z |Ck+|h||
t<T k=m4l  h=—T+1

| Tl
Ssupla)(x)|<2|ck|> swp 3, ‘a%,t_l—g%,,_k_1‘+o,,(1)=o,,(1)

x>0 h<m aT =1

p

|hl 2
‘Trz =07 1—k—1| = O- =

because by Lemma A.1, supy, <, aTzT ! Zt_l
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