
PROBLEMS AND SOLUTIONS

PROBLEMS

02+4+1 On the Hadamard Product of Square Roots of Correlation Matrices,
proposed by Shuangzhe Liu+ Show that forn 3 n positive definite correlation
matricesA andB ~with diagonal entries one!

A102 + B102 $
2cd

c2 1 d2 I,

where+ stands for the Hadamard product, $ stands for the Loewner ordering,
andc andd are positive numbers such that the eigenvalues ofA102 andB102 are
contained in the interval@d,c# +

It is a counterpart of the following inequality established by Zhang~2000!:

A102 + B102 # I+

Such observations on Hadamard products involving correlation matrices and
applications in multivariate statistical analysis can be traced back to Styan~1973!+
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02+4+2 On the Rank of a Matrix Useful in Goodness-of-Fit Testing of Struc-
tural Equation Models, proposed by Albert Satorra and Heinz Neudecker+ Let
A be ann 3 q matrix, M :5 In 2 AA1 andV~n 3 n! $ 0+ Show that

r ~MVM! 1 r ~A! 5 r ~V ! (1)

iff

col~A! , col~V !, (2)

wherer ~{! denotes rank of a matrix, col~{! denotes column space, andA1 is the
Moore–Penrose inverse ofA+

Show that an equivalent formulation of the problem is obtained whenM :5
In 2 A~A'WA!1A'W, with W positive definite andMVM changed toMVM ' + This
formulation of the problem is used in Satorra and Neudecker~2001! to obtain
the rank of a goodness-of-fit test for structural equation models when the vari-
ance matrixV of sample moments is singular+
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SOLUTIONS

01+4+1+ An Alternative GLS-Like Transformation in Regression Models with
AR(1)-Errors—Solution, proposed by O+ Linton and D+ Kristensen, the posers
of the problem+ First we note that the ordinary least squares~OLS! estimators,
Zb and [r, are consistent:
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Thus, Db is consistent also, because
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Using the assumption thatE~ut21Xt ! 5 0 we have that
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by a law of large numbers for the stationary mixing process~Xt ut21,Xt
2!+

Similarly,
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Provided also that[r 2 r 5 Op~T2102! and Zb 2 b 5 Op~T2102!, we have

MT ~ Db 2 b! 5
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t
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wherevt 5 ~Xt 0sX
2!~«t 1 rut rX! using the fact thatT21 (t Xt

2 P
&& sX

2+ Hence,

asvar@MT ~ Db 2 b!# 5 gv~0! 1 2 (
j51

`

gv~ j !,

wheregv~{! is the autocovariance function of the processvt +
For comparison, the asymptotic variance ofZbFGLS is

asvar@MT ~ ZbFGLS2 b!# 5
s«

2

E @~Xt 2 rXt21!2#
5

s«
2

sX
2@11 r2 2 2rrX #

,

and the asymptotic variance of OLS is

asvar@MT ~ Zb 2 b!# 5 gv*~0! 1 2 (
j51

`

gv*~ j !,

where the processv*t 5 Xt ut 0sX
2+

When Xt is serially uncorrelated, Db has asymptotic variances«
20sX

2,
ZbFGLS has variances«

20sX
2~1 1 r2!, and Zb has asymptotic variancesu

20sX
2 5

s«
20sX

2~1 2 r2!+ In this case,

asvar~ ZbFGLS! , asvar~ Db! , asvar~ Zb!

wheneverr Þ 0+
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It is easy however to find cases when asvar~ Db! . asvar~ Zb!+ Assuming that

E @«s«s' Xt Xt ' # 5 E @«s«s' #E @Xt Xt ' #

for all s,s', t, t ', we have

gv*~ j ! 5
gX~ j !

sX
4

r js«
2

12 r2

gv~0! 5
gX~0!

sX
4 s«

2S11
r2rX

2

12 r2 1 2rrXD
gv~ j ! 5

gX~ j !

sX
4 r js«

2SrrX 1
r2rX

2

12 r2D+
Assume also thatgX~ j ! 5 0, j . 1 ~e+g+, X is an MA~1!!+ We then get

asvar@MT ~ Zb 2 b!# 5
s«

2

sX
2

11 2rrX

12 r2 ,

whereas

asvar@MT ~ Db 2 b!# 5
s«

2

sX
2S11 2rrX 1 2r2rX

2 1
11 2rrX

12 r2 D+
Therefore, asvar~ Db! . asvar~ Zb! if and only if

2rrX
3 1 ~3 2 2r2!rX

2 2 2rrX 2 1 . 0+

There are many combinations ofr,rX that satisfy this inequality+ For example,
if r 5 0 then anyrX with 6rX6 . 1YYM3 will do+

Note that assumption~3! may be relaxed+ This has to be done carefully how-
ever+ For instance, if Xt 5 Yt21 we get that

MT ~ Zb 2 b! 5

T2102 (
t

Yt21ut

T21 (
t

Yt21
2
+

The denominator is well behaved, T21 (t Yt21
2 P

&& E~Yt
2!, but the numerator,

T2102 (
t

Yt21ut 5 T2102 (
t

(
i50

`

b iut ut212i ,

is not becauseut andut212i are correlated, E~ut ut212i ! 5 s«
2@ r i110~1 2 r2!# +

Thus, we cannot readily obtain asymptotic normality of the OLS estimator; the
estimator Db will inherit this property+
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01+4+2+ Nonorthogonal Hilbert Projections in Trend Regression—Solution, pro-
posed by P+C+B+ Phillips and Y+ Sun+

Part A: Brownian Motion Case

Define the operatorP as

PX~t ! 5 Zb 'Z~t ! 5SE
0

1

X~s!Z~s!' dsDSE
0

1

Z~s!Z~s!' dsD21

Z~t !;

then

P2X 5 SE
0

1

PX~s!Z~s!' dsDSE
0

1

Z~s!Z~s!' dsD21

Z~t !

5 FSE
0

1

XZ' dsDSE
0

1

ZZ' dsD21E
0

1

ZZ' dsGSE
0

1

ZZ' dsD21

Z~t !

5 SE
0

1

X~s!Z~s!' dsDSE
0

1

Z~s!Z~s!' dsD21

Z~t ! 5 PX+

In addition, it is easy to show that~PX,Y! 5 ~PY,X !+ ThusP is an orthogonal
Hilbert projector onto the manifold spanned byZ~t !+

Define the operatorQ as

QX 5 Db 'Z 5SE
0

1

dX~s!Z~1! ~s!'DSE
0

1

Z~1! ~s!Z~1! ~s!' dsD21

Z~t !+

ThenQ is idempotent because

Q2X 5 SE
0

1

d @QX#Z~1! ~s!'DSE
0

1

Z~1! ~s!Z~1! ~s!' dsD21

Z~t !

5 SE
0

1

dX~s!Z~1! ~s!'DSE
0

1

Z~1! ~s!Z~1! ~s!' dsD21

3 SE
0

1

dZ~s!Z~1! ~s!'DSE
0

1

Z~1! ~s!Z~1! ~s!' dsD21

Z~t !

5 SE
0

1

dX~s!Z~1! ~s!'DSE
0

1

Z~1! ~s!Z~1! ~s!' dsD21

Z~t !

5 QX+

But Q is not orthogonal because

~QX,Y! 5 SE
0

1

dX~s!Z~1! ~s!' dsDSE
0

1

Z~1! ~s!Z~1! ~s!' dsD21SE
0

1

Z~s!Y~s! dsD ,
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whereas

~X,QY! 5 SE
0

1

dY~s!Z~1! ~s!' dsDSE
0

1

Z~1! ~s!Z~1! ~s!' dsD21SE
0

1

Z~s!X~s! dsD,
and so~QX,Y! Þ ~X,QY! in general+

Therefore bothPX and QX are Hilbert projections ofX~t ! onto the space
spanned byZ~t !+ The difference lies in thatPX is an orthogonal projection
whereasQX is a nonorthogonal projection+ We now investigate the statistical
properties of these two projections+

First consider the distribution ofZb+ Because

Zb 2 b 5 SE
0

1

Z~s!Z~s!' dsD21E
0

1

Z~s!W~s! ds

in a linear functional of a Brownian motion, we know that Zb 2 b ; N~0,V1!,
where

V1 5 SE
0

1

Z~s!Z~s!' dsD21SE
0

1E
0

1

Z~t !~s ∧ t !Z~s!' dt dsDSE
0

1

Z~s!Z~s!' dsD21

+

Next consider the distribution ofDb+ Because

Db 2 b 5 SE
0

1

Z~1! ~s!Z~1! ~s!' dsD21E
0

1

Z~1! ~s! dW~s!

is also a linear functional of a Brownian motion, we know immediately that
Db 2 b ; N~0,V2!, where

V2 5 SE
0

1

Z~1! ~s!Z~1! ~s!' dsD21

+

We now compare the distributions ofZb and Db whenp 5 1+ In this caseV1 5 6
5
_

and V2 5 *0
1 dr 5 1+ Therefore Db is a more efficient estimator thanZb and the

efficiency gain is 20%+

Remark. Note that Zb 'Z~t ! is the bestL2@0,1# functional approximation to
b 'Z~t ! and it is delivered by an orthogonal projection ofX~t ! onto the mani-
fold spanned byZ~t !+ On the other hand, Db 'Z~t ! is the better~more efficient!
statistical estimator ofb 'Z~t !, and it is delivered by a nonorthogonal projec-
tion onto the same space+

Part B: The Diffusion Process Case

Both Zb 'Z~t ! and Db 'Z~t ! are still Hilbert projections+ The proofs are essentially
the same as before and are omitted+
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We proceed to compute the distributions ofZb and Db+ First

Zb 2 b 5 SE
0

1

Z~s!Z~s!' dsD21E
0

1

Z~t !Jc~t ! dt ; N~0,V3!,

where

V3 5 SE
0

1

Z~s!Z~s!' dsD21

VarFE
0

1

Z~t !Jc~t ! dtGSE
0

1

Z~s!Z~s!' dsD21

5 SE
0

1

ZZ' dsD21 HE
0

1SE
0

1

Z~r !Lr,sZ~s!' dsD drJSE
0

1

ZZ' dsD21

andLr,s 5 EJc~r !Jc~s! 5 ~e~r1s!c 2 e6r2s6c!0~2c! is the covariance kernel of the
O-U process+

Next, the error processJc~t ! 5 *0
t e~t2s!c dW~s! in ~2! satisfies the linear dif-

ferential equation

dJc~t ! 5 cJc~t ! dt 1 dW~t !,

so we can write Db 2 b as

Db 2 b 5 SE
0

1

Z~1! ~s!Z~1! ~s!' dsD21SZ~1! ~1!Jc~1! 2E
0

1

Z~2! ~s!Jc~s! dsD
; N~0,V4!,

where the equality follows from integration by parts and

V4 5 SE
0

1

Z~1!Z~1!'D21SE
0

1E
0

1

Z~2! ~r !Lr,sZ~2! ~s!' dsdr

1 Z~1! ~1!L1,1 Z~1! ~1!' 2 2E
0

1

Z~1! ~1!L1,sZ
~2! ~s!' dsD

3 SE
0

1

Z~1!Z~1!'D21

+

When p 5 1, some algebra givesV3 5 ~302c5! @2c3 1 3c2 2 3 1 3~c 2
1!2e2c# andV4 5 L1,1 5 ~e2c 2 1!02c+ So V30V4 5 3@2c3 1 3c2 2 3 1 3~c 2
1!2e2c#0@c4~e2c 2 1!# + Figure 1 graphs the relative efficiency ofDb and Zb, i+e+,
V30V4 againstc+ It reveals that Zb is more efficient than Db for small values ofc+
As c approaches zero, Db becomes more efficient, which is consistent with our
results in Part A+ As c approaches zero from below, the linear diffusionJc be-
haves like the underlying Brownian motion and the estimator delivered by the
nonorthogonal projection is more efficient+ The cutoff value ofc is approxi-
mately23+80+ Whenc , 23+80, V3 , V4; when23+80 # c , 0, V3 $ V4+

PROBLEMS AND SOLUTIONS 1013

https://doi.org/10.1017/S0266466602004127 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466602004127


A. More Efficient Estimator

We now propose another unbiased estimatorNb, which is more efficient than
both Zb and Db+ Define Zc~t ! 5 Z~1!~t ! 2 cZ~t ! and

Nb 5 SE
0

1

Zc~t !Zc~t !
' dtD21SE

0

1

Zc~t ! dX~t ! 2 cE
0

1

Zc~t !X~t ! dtD+ (3)

Recall thatdJc~t ! 5 cJc~t ! dt 1 dW~t !, so we may linearly transform the
model~2! to

dX~t ! 2 cX~t ! dt 5 b ' @Z~1! ~t ! 2 cZ~t !# dt 1 dW~t !, t [ @0,1# , (4)

in which the innovationsdW~t ! are independent+ The estimator Nb in ~3! is the
“least squares” estimator ofb in the system~4!+ It follows from ~3! and~4! that

Nb 2 b 5 SE
0

1

Zc~t !Zc~t !
' dtD21SE

0

1

Zc~t ! dW~t !D; N~0,V5!+

where

V5 5 SE
0

1

Zc~t !Zc~t !
' dtD21

+

When p 5 1, V5 5 ~*0
1~ct 2 1!2 dt!21 5 30~c2 2 3c 1 3!+ Figure 2 graphs

V30V5 andV40V5 againstc+ It shows that Nb is indeed more efficient than bothZb
and Db for all values ofc , 0+

Define the operatorM as

MX 5 SE
0

1

dX~t !Zc~t !
' 2 cE

0

1

X~t !Zc~t !
' dtDSE

0

1

Zc~t !Zc~t !
' dtD21

Z~t !+ (5)

Figure 1. V30V4 as a function ofc+
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Then, becauseZ~t ! is continuously differentiable,

E
0

1

dZ~t !Zc~t !
' 2 cE

0

1

Z~t !Zc~t !
' dt 5E

0

1

Zc~t !Zc~t !
' dt,

we have

MZ 5 SE
0

1

dZ~t !Zc~t !
' 2 cE

0

1

Z~t !Zc~t !
' dtDSE

0

1

Zc~t !Zc~t !
' dtD21

Z~t !

5 Z~t !

and by virtue of the definition~5!

M 2X 5 MMX

5 SE
0

1

dX~t !Zc~t !
' 2 cE

0

1

X~t !Zc~t !
' dtDSE

0

1

Zc~t !Zc~t !
' dtD21

MZ~t !

5 SE
0

1

dX~t !Zc~t !
' 2 cE

0

1

X~t !Zc~t !
' dtDSE

0

1

Zc~t !Zc~t !
' dtD21

Z~t !

5 MX+

SoM is a Hilbert projection+ In addition, it is easy to see that~MX,Y! Þ ~X,MY!
in general+ Therefore, Nb 'Z~t ! 5 MX is a nonorthogonal Hilbert projection+ How-
ever it delivers the minimum variance unbiased trend estimator in this case+

Remarks.

~a! The transformed system~4! is the continuous time version of the traditional
Cochrane–Orcutt transformation of a discrete time regression model to remove
autoregressive errors+

~b! The results obtained here clearly apply for any differentiable deterministic se-
quence Z~t ! for which *0

1 ZZ' dt, *0
1 Z~1!Z~1! , and *0

1 Zc Zc
' dt are positive

definite+

Figure 2. V30V5 andV40V5 as a function ofc+
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01+4+3 The Limit Distribution of Cointegration Rank Tests of “Wald” Type—
Solution,1 proposed by Anders Rahbek+ Notation and results in Johansen~1996,
Chs+ 10 and 11! are used in the solution+

~a! For p 5 1 Sij 5 Mij , and thus~2! becomes6rS00 2 ~ r 1 1!S01S11
21S106, showing

that l 5 r0~ r 1 1! and hencer 5 l0~1 2 l!; this relation is monotonically
increasing on@0,1!+

~b! In Johansen~1996! it is shown that ther biggest eigenvaluesZl1, + + + , Zlr converge
in probability to the eigenvalues of the matrixSbb

2102Sb0S00
21S0b Sbb

2102 and that
the remaining~n 2 r ! eigenvaluesl j , j 5 r 1 1, + + + , n converge in probability
to zero+ Furthermore, T Zlr11, + + + ,T Zln converge weakly to the eigenvalues of
*0

1 dBB'~*0
1 BB' du!21*0

1 BdB' , whereB is a standard Brownian motion of dimen-
sion n 2 r+ Using the relation [r 5 Zl0~1 2 Zl! from ~a!, therefore [ri converges in
probability for i 5 1, + + + , r, whereas a first-order expansion~see, e+g+, Brockwell
and Davies 1991, p+ 201! of l0~12 l! givesT [rj 5 T Zl j 1 op~1! for j 5 r 11, + + + ,n+

~c! Note initially that the eigenvalue problem in~2! has the same eigenvalues as the
dual one given by

6S~ r!6 :5 6rS11M11
21S11 2 S10S00+1

21 S0165 0 (29)

and then follow the outline of the proof of Theorem 11+1 in Johansen~1996!+
Consider first the case of rankr 5 0 and use the following simple results:

M11
21S11 5 Ip 1 OP~T21!, S10 5 S1«

w
&& E

0

1

GdW' , and

S00+1 5 S00 1 oP~T2102! P
&& S00 5 V,

where, in general, G 5 b4
' CWandW is ann-dimensional Brownian motion with

covarianceV+ When r 5 0, G 5 G21W ~see Johansen, for definition of G, 1996,
p+ 45!+ In the limit ri solve 6r *0

1 GG' du6 5 0 and are hence zero+ With c 5 Tr,
likewise asT r `, the eigenvalue problem tends to

*cE
0

1

GG' du2E
0

1

GdW'V21E
0

1

dWG' * 5 0,

and the result follows by the definitionB 5 V2102W+
For the general case of rankr, note initially that then 2 r smallest eigenvalues

tend to zero and that ther largest are positive in the limit+ To see this, define
AT 5 ~b,b4T2102! and mbb 5 Var~b 'Xt ! and mimic Johansen~1996, p+ 158!,
using the following results:

b 'S11M11
21S11b 5 b 'S11AT~AT

' M11AT !21AT
' S11b

5 Sbb mbb
21Sbb 1 oP~1!,

S00+1 5 S00 2 S01AT~AT
' S11AT !21AT

' S10
P
&& S00+b

5 S00 2 S0b Sbb
21Sb0,

T21b4
' S11M11

21S11b4
w
&& E

0

1

GG' du,

T2102b4
' S11M11

21S11b 5 oP~1!+
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Then ther largest eigenvalues tend to the positive eigenvalues of

~Sbb mbb
21Sbb!2102Sb0S00+b

21 S0b~Sbb mbb
21Sbb!2102+

Note that these are different from the ones in Johansen~1996!+ For the study of
the limit of the scaled smallest eigenvalues, c 5 Tr use the results

b4
' S~cT21!b 5 2b4

' S10S00+b
21 S0b 1 oP~1!,

b4
' S~cT21!b4 5 cT21b4

' S11M11
21S11b42 b4

' S10S00+b
21 S01b41 oP~1!,

b 'S~cT21!b 5 2Sb0S00+b
21 S0b 1 oP~1!+

Asymptotically as in Johansen~1996, p+ 159!, ci solve the limit of

6cT21b4
' S11M11

21S11b42 b4
' S10SS01b46 5 0,

where

S 5 S00+b
21 2 S00+b

21 S0b~Sb0S00+b
21 S0b!21S0b S00+b

21

5 S00+b
21 @I 2 a~a 'S00+b

21 a!21a 'S00+b
21 # ~Johansen, 1996, Lemma 10+1!

5 S00+b
21 @S00+b a4~a4

' S00+b a4 !21a4
' # ~skew projection!

5 a4~a4
' Va4 !21a4

' +

The last line follows by the identitya4
' S00+b 5 a4

' S00 2 a4
' S0b Sbb

21Sb0 5
a4
' V 2 a4

' aSb0 5 a4
' V+ Hence by finally using

b4
' S10a4 5 b4

' S1« a4
w
&& E

0

1

GdW'a4

~cf+ Johansen, 1996, Lemma 10+3! one finds as desired thatci in the limit solves

*cE
0

1

GG' du2E
0

1

GdW'a4~a4
' Va4 !21a4

'E
0

1

dWG' * 5 0+

NOTE

1+ An independent solution has been proposed by Paolo Paruolo, the poser of the problem+
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