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PROBLEMS AND SOLUTIONS

PROBLEMS

02.4.1 On the Hadamard Product of Square Roots of Correlation Mattices
proposed by Shuangzhe LiSBhow that forn X n positive definite correlation
matricesA andB (with diagonal entries one

2cd
c2+d?2”

Al/2 ° Bl/2 >

wheree stands for the Hadamard produet stands for the Loewner ordering
andc andd are positive numbers such that the eigenvalues'tfandBY?2 are
contained in the intervdld, c].

It is a counterpart of the following inequality established by Zh&2@00:

A1/2 ° Bl/2 =1.

Such observations on Hadamard products involving correlation matrices and
applications in multivariate statistical analysis can be traced back to St9@B.
REFERENCES
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02.4.2 On the Rank of a Matrix Useful in Goodness-of-Fit Testing of Struc-
tural Equation Modelsproposed by Albert Satorra and Heinz Neudecket
A be ann X g matrix, M := I, — AA" andV(n X n) = 0. Show that

r(MVM) + r(A) = r(V) (1)
iff
col(A) C col(V), ()

wherer (-) denotes rank of a matrixol(-) denotes column spacandA* is the
Moore—Penrose inverse &f

Show that an equivalent formulation of the problem is obtained vWer
I, — A(AYWATA'W, with W positive definite andViVM changed tdMVM'. This
formulation of the problem is used in Satorra and Neude¢k@dl) to obtain
the rank of a goodness-of-fit test for structural equation models when the vari-
ance matriXV of sample moments is singular
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SOLUTIONS

014.1. An Alternative GLS-Like Transformation in Regression Models with
AR(1)-Errors—Solutionproposed by OLinton and D Kristensenthe posers
of the problemFirst we note that the ordinary least squaf@®s.S) estimators
B andp, are consistent

T_lE xtut
t p E(Xu) _

PrP=Tosxe 7B
t

T E 01 [(B— B)xt + p(Uqg — O q) + &)
t p E(U_q8) _

p—p= - = >
E(u

T,:LEL,]tz_l (t)

t=2

Thus 3 is consistent alsdecause

2 X & 2 Xi Xi-1 2 XiU—q
~ t A~ t t
— — + — _ (A= R
B—B S X2 p(B—PB) S X2 (p—p) S X2
t t t
2 X Xy
A 5 t P
+(p—p)(B—B)—— —>0.
(p=p)(B—B) S %2
t
Using the assumption th&i(u;_; X;) = 0 we have that
T*E XiUp 1
t p E(XiU4) _

H
T 1Y X2 E(X?)
t

by a law of large numbers for the stationary mixing proc€xsu,_,, X2).
Similarly,

T 2 X X
t p E(Xi Xi1) _

- = px.
T13 X2 E(xy)
t
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Provided also thap — p = O,(T "Y2) andB — B = O,(T ¥2), we have

1
sztst ?Extxt—l
NT(B-B) = 1 +pNT (B~ ,8)1—+0p(1)
— _ 2
Tg TEK
1
W IR
= +p - px +0,(1)
1 T X2
=R :

1 T
=—= Do+ 0p(1),
T t=1
wherev, = (X, /o2) (g, + pU;px) Using the fact thaT 13, X2 5 ¢2. Hence

asvaf\VT (B~ B)] = v,(0) + 221n(j>,
=

wherey,(-) is the autocovariance function of the process
For comparisonthe asymptotic variance @rg s is

o? o?

E[(X — pX_1)?]  o2[1+ p?—2ppy]’

asvaiﬁ(BFGLS -p)=

and the asymptotic variance of OLS is

asvaf VT (B — B)] =7,.(0) + 23 v, (j),
j=1

where the process, = X, U,/o2.
When X, is serially uncorrelated 3 has asymptotic variancwz/(rx,
BroLs has variancer2/a2(1 + p?), and 8 has asymptotic variance?/o2 =
a?/d2(1 — p?). In this case

asvaX BroLs) < asval §) < asval )

wheneverp # 0.
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It is easy however to find cases when agy@r > asvar ). Assuming that
Eleses X X¢'] = E[eses JE[ X X¢]

for all s,8/,t,t’, we have

() = yx(i) plo?
()= 1

0 2.2
7,(0) = ’X—(4)03<1+ s +2PPX)
o 1-p

o) p°pk
v,(j) = p p’03<ppx+1_p2 :

Assume also thagx(j) = 0,] > 1 (eg., Xis an MA(1)). We then get

N a2 1+ 2pp
asvaf\T (B —B)] = =5 ——5,
Oy 1_ pP
whereas
~ o? 1+2
asvafVT (B —B)] = e <1+ 2ppy + 2p%p% + 1_—?)
X

Therefore asval 8) > asvaf ) if and only if
2pp3g+ (83— 2p?)pi— 2ppx —1>0.

There are many combinations pfpy that satisfy this inequality~or example
if p = 0 then anypx with |px| > 1/4/3 will do.

Note that assumptio(8) may be relaxedThis has to be done carefully how-
ever For instanceif X; = Y,_, we get that

T2 EYt—lut
R t
VT =
t

The denominator is well behave@ 13, Y2, = E(Y;2), but the numerator

-|—71/22Yt71ut = T71/22 2 B'UgUp_q_i,
t t i=0

is not because; andu,_,_; are correlatedE (uU,_,_;) = o[ p' Y (1 — p?)].
Thus we cannot readily obtain asymptotic normality of the OLS estimata
estimatorB will inherit this property
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01.4.2. Nonorthogonal Hilbert Projections in Trend Regression—Soly{oo-
posed by F.B. Phillips and Y Sun

Part A: Brownian Motion Case

Define the operatoP as

1 1 -1
PX(t) = B'Z(t) = <JO X(s)Z(s)’ds)(f0 Z(s)Z(s) ds) Z(t);

then

P2X = <fol PX(s)Z(s) ds)(folZ(s)Z(s)’ ds)lz(t)
= Kflxz ds)(fIZZ’ ds>_lleZ' ds}(leZ’ ds>_lZ(t)
= <le(S)Z(S)' ds)(le(s)Z(s)’ ds)lZ(t) =PX
0 0

In addition it is easy to show thatPX,Y) = (PY, X). ThusP is an orthogonal
Hilbert projector onto the manifold spanned Eyt).
Define the operato® as

QX=p'2= <JO dX(s)Z(l)(s)’><f0 Z(l)(S)Z(l)(S)'dS> Z(t).

ThenQ is idempotent because

1 1 -1
Q2x=<f d[Qx]z<1>(s)’><f z<1>(s)z<1>(s)’d5> Z(t)
0 0

1 1 -1
= (f dX(s)Z“)(s)’)(f Z(l)(s)Z(l)(s)’ds>
0 0
1 1 -1
d @ gy (57D (s) d
X <J; Z(s)Z(s) )(fo ZW(s)Z2W(s) s) Z(t)
1 1 -1
= (f dX(s)Z”)(s)’)(f Z(l)(s)Z(l)(s)’ds> Z(t)
0 0

= QX
But Q is not orthogonal because

(QXY) = (f dX(s)Z(l)(s)’ds><f ZW(s)ZD(s) ds>_ <f Z(s)Y(s) ds>,
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whereas

1 1 -1 1
(X,QY) = (fo dY(s)Z(”(s)’ds)(fO Z<1)(S)Z(1)(s)’ds> (fo Z(s)X(s) ds),

and so(QX,Y) # (X,QY) in general

Therefore bothPX and QX are Hilbert projections oX(t) onto the space
spanned byZ(t). The difference lies in thaPX is an orthogonal projection
whereasQX is a nonorthogonal projectioM/e now investigate the statistical
properties of these two projectians

First consider the distribution ¢8. Because

1 -1 1
B—ﬁ=<fo Z(S)Z(s)’ds) fOZ(s)W(s)ds

in a linear functional of a Brownian motigmve know thatB - B ~ N(0,V,),
where

v, = < [[zzsr ds>1< [ [ zosavze dtds)( [[zzsr ds)l.

Next consider the distribution @. Because

B—-B= (fo Z(l)(s)Z(l)(s)’ds> fo ZD(s) dW(s)

i§ also a linear functional of a Brownian motiowe know immediately that
B — B ~ N(0,V,), where

1 -1
V, = <fo ZW(s)ZzM(sy ds) )

We now compare the distributions gfandg whenp = 1. In this caseV, = £
andV, = foldr = 1. Thereforef is a more efficient estimator tha{fﬁ and the
efficiency gain is 20%

Remark. Note that3'Z(t) is the best_,[0,1] functional approximation to
B’Z(t) and it is delivered by an orthogonal projectionXft) onto the mani-
fold spanned byZ(t). On the other hand3’Z(t) is the bettemore efficieny
statistical estimator oB’Z(t), and it is delivered by a nonorthogonal projec-
tion onto the same space

Part B: The Diffusion Process Case

Both B’Z(t) andf3’Z(t) are still Hilbert projectionsThe proofs are essentially
the same as before and are omitted
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We proceed to compute the distributionsand 3. First

1 -1 1
B-B= (f Z(s)Z(s)' dS) f Z(1)J.(t) dt~ N(O, V3),
0 0

where

V; = <folz(s)2(s)’ ds)1VarU:Z(t)Jc(t)dt}(folZ(s)Z(s)’ ds)1
1 -1 1 1 1 1
= <JO 727’ ds> {fo <L Z(r)A; sZ(s) ds) dr}(fo 27’ ds)

andA, s = EJ.(r)Js(s) = (e"*9¢ — el™sI%)/(2¢) is the covariance kernel of the
O-U process

Next, the error procesd(t) = [iet"9°dW(s) in (2) satisfies the linear dif-
ferential equation

dd(t) = c(t) dt+ dW(t),

so we can writeg8 — B as

1 -1 1
B—-B= (f ZW(s)zM(sy ds) <Z(1)(1)Jc(1) —| Z2@(9)3(s) ds)
0 0

-~ N(07V4)7

where the equality follows from integration by parts and

1 -1 1,1
vﬁ(J Zmz(”’) <f [ 220822 asar
0 0J0

1
+ZD (A, 2P (1) — 2J ZO (DAL ZP () ds)
0

1 -1
X <f Z(l>z(1)f> .
0

Whenp = 1, some algebra give¥; = (3/2c®)[2¢® + 3¢? — 3 + 3(c —
1)%e?*] andV, = Ay, = (€% — 1)/2¢c. SoVs/V, = 3[2¢® + 3¢? — 3 + 3(c—
1)%e*°]/[c*(e*® — 1)]. Figure 1 graphs the relative efficiency Bfandp, i.e.,

V5/V, againstc. It reveals thaiB is more efficient thar8 for small values of.

As c approaches zer@ becomes more efficientvhich is consistent with our
results in Part AAs ¢ approaches zero from belpthe linear diffusionJ, be-
haves like the underlying Brownian motion and the estimator delivered by the
nonorthogonal projection is more efficierithe cutoff value ofc is approxi-
mately —3.80. Whenc < —3.80, V5 < V,;; when—-380=¢c <0, V3 = V,.
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5 4 3, 2 1 0

FiGURE 1. V3/V, as a function ot.

A. More Efficient Estimator

We now propose another unbiased estimg&pwhich is more efficient than
both 3 andB. Define Z.(t) = Z®(t) — cZ(t) and

B=< i Zc(t)Zc(t)’dt> < [ zwaxw-cf zc(t)xmdt) -

Recall thatdJ.(t) = cJ(t)dt + dW(t), so we may linearly transform the
model(2) to

dX(t) — cX(t) dt = B’ [ZDP(t) — cZ(t)] dt + dW(t), t €[0,1], (4)

in which the innovationgiW(t) are independenfThe estimatog in (3) is the
“least squares” estimator @fin the systerm4). It follows from (3) and(4) that

B 1 -1 1
B—B= (f Z.(1)Z () dt> (f Zc(t)dW(t)> ~ N(O,Ve).
0 0

where

Vs = Uolzc(t)zc(t)' dt>_l.

Whenp = 1, Vs = (f§(ct — 1)2dt)™* = 3/(c2 — 3c + 3). Figure 2 graphs
V5/Vs andV,/Vs againste. It shows thafB is indeed more efficient than bofh
andp for all values ofc < 0.

Define the operatoM as

1 1 ) .
MX = <J; dX(t)Z.(t) — CJ;) X('t)Zc(t)’dt><fO Zc(t)ZC(t)’dt> Z(t). (5)
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FIGURE 2. V3/Vs andV,/Vs as a function ot.

Then because(t) is continuously differentiable

d = rdt = d
fo Z(H)Z(t) Cfo Z(t)Z.(1)" dt JOZC(I)ZC(I) t

we have

Mz = (fldzmz () - cflz(t)z (t) dt) (fz (D Z(1) dt>_lz(t)
= o C 0 c . c c
=Z(t)

and by virtue of the definitior{5)

M2X = MMX

= <Jldx(t)ZC(t)' - cflxa)zc(t)' dt> <J12C(t)Zc(t)’ dt)lMZ(t)
0 0 0

_ (fldX(t)Zc(t)’ _ cflxa)zc(t)’ dt) (flzc(t)zc(t)/ dt)lz(t)
0 0 0

= MX.

SoM is a Hilbert projectionin addition it is easy to see th&aMX,Y) # (X, MY)
in general Therefore 8’Z(t) = MX is a nonorthogonal Hilbert projectioriow-
ever it delivers the minimum variance unbiased trend estimator in this case

Remarks.

(@) The transformed syster®¥) is the continuous time version of the traditional
Cochrane—Orcutt transformation of a discrete time regression model to remove
autoregressive errars

(b) The results obtained here clearly apply for any differentiable deterministic se-
quence Z(t) for which [;ZZ'dt [;Z®Zz®, and [;Z.Z,dt are positive
definite
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01.4.3 The Limit Distribution of Cointegration Rank Tests of “Wald” Type—
Solution?! proposed by Anders Rahbekotation and results in Johansgr996
Chs 10 and 1] are used in the solution

(@ Forp=1S§;=Mj, and thus(2) becomespSyo — (p + 1)S1Si1* Siol, showing
that A = p/(p + 1) and hencep = A/(1 — A); this relation is monotonically
increasing o 0,1).

(b) In Johanseri1996 it is shown that the biggest eigenvaluefsl,...,f\r converge

in probability to the eigenvalues of the matig3/23 4,305 305353/ and that

the remaining(n — r) eigenvalues\;, j = r + 1,...,n converge in probability
to zera Furthermore TA,41,..., TAn converge weakly to the eigenvalues of

J4dBB (/4 BB du)~f, BdB', whereB is a standard Brownian motion of dimen-

sionn — r. Using the relatiorp = A/ — }) from (a), thereforep; converges in

probability fori = 1,...,r, whereas a first-order expansi¢seg e.g., Brockwell
and Davies 1991p. 201) of A/(1— A) givesTp; = T?\J- +op(Dforj=r+1,...,n

Note initially that the eigenvalue problem {8) has the same eigenvalues as the

dual one given by

‘S( P)‘ = |P311M511311_ 3103370‘11331‘ =0 (2"

and then follow the outline of the proof of Theorem.11in Johanser{1996.
Consider first the case of rank= 0 and use the following simple results

~

(c

1

MifSpy = I+ Op(T 1), slo=sl€ﬁ>f GdW'. and
(0]

Soo1 = S0+ 0p(T72) R 00= 1,

where in general G = 8 CWandW is ann-dimensional Brownian motion with
covariance). Whenr = 0, G = I' "W (see Johanseffor definition of T, 1996
p. 45). In the limit p; SO|V€|pfolGG' du| = 0 and are hence zerwith s = Tp,
likewise asT — oo, the eigenvalue problem tends to

1 1 1
¢f GG'du—f de'(rlf dWG":O,
0 0 o]

and the result follows by the definitioR = Q~Y2W.

For the general case of ranknote initially that then — r smallest eigenvalues
tend to zero and that thelargest are positive in the limiffo see thisdefine
Ar = (B,B. T Y?) and ugg = Var(p’X;) and mimic Johansefl996 p. 158),
using the following results

B'S1Mi1 8118 = B'Si1 At (AT My Ar) AL S B

= Ypp g5 e + 0p(D),

So01 = S0~ SorAr(Ar S Ar) AT S)o -5 Sogp
=30~ 20;32;;;%250,

1
TilBiSanillSu.BLLfo GG’ du,

T Y281 S1M1*S118 = 0p(1).
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Then ther largest eigenvalues tend to the positive eigenvalues of

(Sps ps pp) 22 p02 0052 0p (S s s Zps) 2

Note that these are different from the ones in Joha($886. For the study of
the limit of the scaled smallest eigenvalugs= Tp use the results

BISWT B = =B Sio300s30s + 0p(1),

BiSWT MR, =¢T 1B S11M11 S11BL — Bl SioZ00S1B1 + 0p(1),
B'S(HT B = _2302501.5203 + 0p(1).

Asymptotically as in Johansgi996 p. 159), ¢; solve the limit of

|‘//T71,3i Sy Mfllsllﬁl — BLS103SnB.| = 0,

where

S = 3005~ 200s208(Zp0Z00sZ0s) DosSoas
= Soop[l — al(a’Sogsa) ta'Sees]  (Johansenl996 Lemma 101)
= Soap[Zoopas (@] Soopa, ) ra)]  (skew projection
=a,(a] Qo) tal.

The last line follows by the identityr] 3o = @[S0 — @ S0s25340 =
a Q — aj a3z, = a; Q. Hence by finally using

1
Bl Swa, = Bl S, - Jo GdW'a,
(cf. Johansen1996 Lemma 103) one finds as desired thét in the limit solves

1 1 1
‘z//f GG'du—f de'al(amal)*laif dwG
0 0 0

NOTE

1. An independent solution has been proposed by Paolo Parhe@oser of the problem
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