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Abstract. We prove that uniqueness of the stationary chain, or equivalently, of the g-
measure, compatible with an attractive regular probability kernel is equivalent to either one
of the following two assertions for this chain: (1) it is a finitary coding of an independent
and identically distributed (i.i.d.) process with countable alphabet; (2) the concentration
of measure holds at exponential rate. We show in particular that if a stationary chain
is uniquely defined by a kernel that is continuous and attractive, then this chain can be
sampled using a coupling-from-the-past algorithm. For the original Bramson—Kalikow
model we further prove that there exists a unique compatible chain if and only if the chain
is a finitary coding of a finite alphabet i.i.d. process. Finally, we obtain some partial results
on conditions for phase transition for general chains of infinite order.

1. Introduction
In this work we consider chains of infinite order, or equivalently g-measures, on a finite
alphabet. These are processes specified by kernels of transition probabilities that can
depend on the whole past and include as special cases the finite order Markov chains,
stochastic models that exhibit phase transitions [1, 2, 15], and models that are not
Gibbsian [8]. An important question for this class of models is what properties distinguish
kernels exhibiting phase transition from kernels satisfying uniqueness. This work gives
necessary and sufficient conditions for the existence of phase transition for an important
class of chains of infinite order, namely, the attractive regular chains.

A probability kernel is called regular when it is strongly non-null and continuous
with respect to the past. The regularity of the kernel guarantees the existence of at
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least one chain compatible with the kernel. Attractiveness means that the transition
probabilities exhibit a monotonicity property and it is analogous to the attractiveness of
the specifications considered in statistical mechanics [24].

It was quite unexpected when Bramson and Kalikow [2] showed an example of a
family of regular and attractive kernels with more than one compatible chain. Some
interesting results are based on this example (which we refer to as the BK example).
For instance, [26] used the BK example to construct a C' expanding map of the circle
which preserves Lebesgue measure and such that the system is ergodic, but not weak-
mixing. Also using the BK example, Stenflo [30] showed a counterexample to a conjecture
raised by Karlin [18]. Lacroix [20] simplified the Bramson and Kalikow [2] proof of
phase transition and Hulse [15] showed a different example of a regular and attractive
kernel exhibiting phase transition using similar ideas to those in [20]. To the best of our
knowledge, Berger et al [1] exhibited the only non-attractive example of phase transition
that is not based on the BK example. Despite the importance of these works, none of them
give general sufficient conditions for the existence of phase transition, even for the special
(but important) case of attractive kernels.

In the present work, we prove that for attractive regular kernels, uniqueness of the
stationary chain compatible with a kernel is equivalent to either one of the following
two assertions: (1) the compatible chain is a finitary coding of a countable alphabet
independent and identically distributed (i.i.d.) process; (2) the concentration of measure
holds at exponential rate. Condition (1) means that the compatible chain is a factor of a
countable alphabet i.i.d. process whose mapping depends almost surely on a finite number
of coordinates with respect to the measure of the i.i.d. process. Condition (2) means that
phase transition yields loss of ‘good’ concentration of measure. We show that the regularity
of the kernel is essential for the three equivalences to hold and, in general, cannot be
relaxed. We also obtain some partial results for non-regular and non-attractive cases, which
are of independent interest.

The main ingredient for the proof of the existence of a finitary coding is the proof
that uniqueness of the compatible chain for regular and attractive kernels is equivalent
to the existence of a coupling-from-the-past (CFTP) perfect simulation algorithm. This
class of simulation algorithms was first introduced for Markov chains by Propp and
Wilson [25] and then generalized to several other stochastic models. Despite its simplicity,
our algorithm can generate samples of continuous and attractive chains under regimes in
which it was previously not known to be possible.

Finally, from a coding point of view, it is interesting to have a finitary coding from a
finite alphabet i.i.d. process. We show that this is possible in the original Bramson and
Kalikow [2] example if and only if there is a unique compatible chain, that is, choosing the
parameters of the model in such a way that uniqueness holds.

It is worth mentioning that Steif and van den Berg [29] obtained similar results for
a certain class of d-dimensional probabilistic cellular automata. Specifically, they proved
that if a random field is obtained as invariant measures of monotonic, exponentially ergodic
probabilistic cellular automata, then the random field is a finitary coding of a finite alphabet
i.i.d. random field. They used this result to show that there exists a finitary coding from
a finite alphabet i.i.d. process to the plus phase of a ferromagnetic Ising model strictly
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below the critical temperature. They also proved that for the plus phase of an Ising
model strictly above the critical temperature, there is no finitary coding from a finite
alphabet i.i.d. process. The situation for the critical temperature remains open. For the
BK example, it is not clear what is the quantity equivalent to the statistical mechanics
notion of temperature, and therefore we cannot make a one-to-one comparison with [29,
Theorem 1.1]. Nevertheless, we observe that our result for the original BK example does
not have a priori restriction on the parameters of the model or on the loss of memory of
the process.

This paper is organized as follows. In §2 we introduce the notation, definitions, the
necessary background, and two important examples. In §3 we state the main results. In §4
we introduce the attractive sampler, which is used to prove the theorems of §3. Finally, we
prove the results in §5.

2. Notation, standard definitions, and examples

2.1. Notation. For any set U we denote the sets of bi-infinite, right-infinite and finite
sequences of symbols of U by U2 =l 1.0.=1=2..} =N —ppl=1.=2..} and y* =
U j=1 U117} respectively. The elements of these sets will be denoted, respectively,
Uu=---UpujuoU_1U—_o -, u=u_qu_p--- and “:/1< =u_ju_p---u_gforany 1 <k <
+00. We also use the notation 2/ ™" = U=~ and " = !~ for any n > 1. Finally,
if u e U" and v € U™ we will use the notation uv for the string of length n + m belonging
to U™, obtained by concatenating both strings. This notation is extended to the case
where one of the strings is a right-infinite sequence, for example vu. Note that we are
using the convention that the past (negative indices) is on the right and the future (positive
indices) is on the left.

In the present paper U is some Polish space and A is the finite ordered set {1, 2, . . ., s}
unless specified. A is called the alphabet. We define a partial order on A~N by saying that
a < b whenever a_; <b_; foreveryi > 1. In AN, the maximal element is s I=555 -
and the minimal elementis 1 :=111---.

2.2.  Chains of infinite order. A probability kernel, or simply a kernel, P on the alphabet

A is a function
P: AxA N [0,1]

(a,x) + Plalx)

such that
Y Palx)=1 forallxeA™.
acA
We say that a stationary stochastic chain X = {X};cz (of stationary law ) on A is
compatible with a kernel P if the latter is a regular version of the conditional probabilities
of the former, that is,
n(Xo=alX=5 =x) = Pal)

for every a € A and p-almost every x in A™N. When there is more than one stationary
chain compatible with P, we say that there is phase transition, otherwise we say that the
chain is unique. We follow the Harris nomenclature [13] and call the chains compatible
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with kernels chains of infinite order. These were first introduced in [23] under the name
chaines a liaisons completes. The existence of an invariant measure for these chains was
first studied by Doeblin and Fortet [7]. In ergodic theory, it was rediscovered by Keane [19]
who gave the name g-function to the kernel and g-measure to the chain compatible with
the kernel. For a comprehensive historical account and recent developments we refer the
reader to [9].

2.3.  Non-nullness, continuity rate, oscillations and attractiveness. ~We say that a kernel
P is strongly non-null if
inf P(alx) > 0.

acA,xeA™N

The continuity rate (or variation) of order k of a kernel P is

varg :=sup sup sup |P(b|a:,1)_c) — P(b|a:,1y)|.
beA a:zeA—k i’XeA*N -

We say that P is continuous if limy_, s vary =0. A compactness argument shows that

if the kernel is continuous, at least one compatible stationary chain exists (see, for

example, [19]). If P is strongly non-null and continuous, we say that P is a regular kernel.
Another characterization of kernels is given by the oscillation rate

0SCy 1= Z osc,(a),

acA

where
osc,(a) := sup{|P(alx) — P(aly)|:x, y e AN, x_; =y_; Vi#n}.

The sequences {vary}x>0 and {osc}r>o are related to the uniqueness of the compatible
stationary chain, as we will see in the examples below.

Finally, we say that a kernel P on A is attractive if for all a € A the value of
> j=a P(jlx) is increasing on x € AN,

Let us give two important examples taken from the literature, which we will repeatedly
use in the following to illustrate our assertions.

2.4. Binary autoregressive models. These models are extensively used in the statistical
literature [22], and are defined through the following parameters: a continuously
differentiable and increasing function v : R —]0, 1[ such that ¥ (¢) + ¥ (—¢)=1, a
summable sequence of non-negative real numbers {&,},>1, and a non-negative real
parameter y > 0. Consider the class of kernels P on the alphabet {—1, 41} such that

P(alx) := 1»”(“ Z Enx_p + Cl)/).
n>1
A straightforward computation shows that these kernels are attractive and regular.
Moreover, if ¢ is Lipschitz continuous, then one immediately obtains vary < C Zn>  &n

and osc, < C§, for some positive constant C. In this case, possible criteria for uniqueness
are &, = cn™® with @ > 3/2 and c any constant [16], orosc, <C >, ., & < 1[9].
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An important example of binary autoregressive models is when ¥ (t) = e~ "(e™" + ).
The resulting kernel is called the logit model in the statistics literature, and the one-sided
one-dimensional long-range Ising model in the statistical physics literature. For instance,
Hulse [15] used this model to give an example of phase transition in chains of infinite order.

2.5. The Bramson and Kalikow example [2]. Consider an increasing function ¢ :
[—1, +1] —]0, 1] such that ¢(¢) + ¢(—¢) = 1, an increasing sequence of odd positive
integers {m};>1 and a sequence {%;};>1 such thatA; > 0and }_;; A; = 1. We call the
class of kernels defined on the alphabet A = {—1, 41} by

1
P(+1ix) = rip| — x_i)

(+11x) ; ,¢(mj ;
the BK example [10]. The kernels of this class are attractive and regular. Attractiveness
and strong non-nullness follow directly from the definition of ¢ and simple calculations
yield var, < Z{j:m/>n} Aj, showing that P is continuous. When ¢ (1) = (1 — €)1{t > 0} +
€1{r < 0} for some € € (0, 1/2) and Ay = cr* for some r € (2/3, 1) andc = (1 —r)/r, we
call this model the original BK example, as it is precisely the model introduced in [2],
where it is proved that, taking the sequence {my };>1 increasing sufficiently fast, the kernel

P exhibits phase transition.

2.6.  Maximum and minimum phases for attractive kernels. Define, for any x € A™N,
the fixed past chain X* by
e Xn ifn <0,
" | @ with probability P(a|X> | ... XTx) otherwise.
X% is the non-stationary chain obtained by fixing the past x from time 0 to —oo, and
‘running P from this past’. For any x, j > 1, and n € Z, let X%/ be the process defined
by X537/ = ij 4 The attractiveness of P implies that for x = 1 and s, the sequence of
processes {X/} j=>11s stochastically non-decreasing and non-increasing, respectively [14],
and therefore, the weak limits
X™:= lim X/ and X"™:= lim X%/

Jj—>4o00 Jj—+oo
exist and are stationary. If P is continuous, then X™" and X™ are compatible with P.
We call X™" the minimum phase and X™** the maximum phase.

2.7. Finitary process and B-process. Let Ty and T4 be the shift operators that act
respectively on % and AZ shifting the sequences by one unit: Tp;(u) = {u;1}iez and
Ta(a) = {ai+1}icz. A stationary process X (with stationary law p) on the alphabet A is a
stationary coding of a stationary process U (with stationary law IP) on U/ if there exists a
measurable function @ : U% — A% which is translation equivariant (that is ® (T3, (U)) =
T4,®(U)) and such that 4 =P o ®~!. We follow the nomenclature given in [28] and
call a process that is a stationary coding of an i.i.d. process a B-process. A stationary
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coding is called a finitary coding if there exist stopping times 61 :U* — N U {oo} and
605 : UL — N U {00}, both P-almost surely (a.s.) finite, such that

[®U)]o=[P(V)]p whenever U +902((IIJJ)) Vj:lz((UU)) I

This last assumption means that the event {0;(U) =k} N{6(U) =1} is FWUT )
measurable. In other words, the stopping times 01 (U), 6, (U) are checkable by looking only
at an a.s. finite number of U;. We call a process that is a finitary coding of an i.i.d. process
a finitary process (FP). We will often use the simplified notation 8; and 6, respectively for
01 (U) and 6, (U).

The notion of stationary coding comes from ergodic theory, and has a one-sided
analogue in the literature of stochastic processes, called the coupling-from-the past
algorithm. Such algorithms, which were first introduced in [25] for Markov chains, aim to
construct the function ® using the kernel P and an a.s. finite number of past values of an
i.i.d. process U. If a CFTP algorithm is feasible for a given kernel P, then the constructed
stationary measure p is an FP, because it is a particular finitary coding of U, for which we
can take 6o = 0 and 0 finite [P-a.s. For simplicity, in this case, we use the notation 6 := 6,
and say that 6 is the stopping time of the CFTP algorithm.

In the literature, sometimes a process is called finitary only if the set ¢/ is finite. We do
not assume this. In the special case of U/ being finite (or countable), we say that the process
is a finitary coding of a finite (countable) alphabet i.i.d. process.

2.8.  Exponential concentration of measure. Let f : A" — R be measurable. Define
8; f =sup{lf(a)) — fOD|:a;i=b;, Vi # j}

and let 6f be the vector with jth coordinate given by §; f. We say that the concentration
of measure holds at exponential rate for a stationary process X if, for all n > 0, € > 0, and
functions f,

(€, 16/ lleyv))
P(f(X}) —ELf(XD]| > &) < C exp{—% o
18717,
where g(e, [I8f |l¢, ) > 0 and C is a numerical constant.
In particular, inequality (2) implies that forallk e N,n >k, and & : Ak [0, 11,

where gi(€) > 0 and C is a numerical constant. We say that the ergodic theorem holds at
exponential rate for a stationary process X if it satisfies (3).

3.  Main results

THEOREM 1. Let P be an attractive regular kernel. The following are equivalent:
(1)  there exists a unique stationary chain compatible with P;

(2) XM g a finitary coding of a countable alphabet i.i.d. process;

(3)  the concentration of measure holds at exponential rate for X™*,
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From [14] we know that the maximum phase (respectively, the minimum phase)
is always a B-process regardless of being equal or different to the minimum phase
(respectively, the maximum phase). Therefore, the fact of being a B-process does
not distinguish the presence or not of phase transition. Theorem 1 shows that, for
a regular attractive kernel P, being a finitary coding of an i.i.d. process or having
concentration of measure at exponential rate is what distinguishes between existence or
not of phase transition.

We now show that Theorem 1 is optimal in the class of attractive chains, in the sense
that if we relax either continuity or strong non-nullness, we can find examples of stationary
chains that are FPs and with the ergodic theorem holding at exponential rate, although they
are not uniquely determined by their conditional probabilities.

3.1. Relaxing the strong non-nullness assumption. The following example shows that
in general we cannot relax the strong non-nullness condition. Before giving our example,
we need some more definitions. Let A = {—1, +1}. For any x € A™N, we define

K(i) = mln{] Z O:X_j_l e —1}

When we look into the past in x, £(x) counts the number of +1 before finding the first —1.
Let +1 be the pasts such that +1; = +1 for all j. We use the convention that £(+1) = cc.
Let {pi}i>0 be a monotonically decreasing sequence of [0, 1]-valued real numbers, and
let poo =lim; o p;. The kernel P is defined on {—1, +1} by P(—1|x) = py() for
any x # +1 and P(—1| +1) := pso. It is clear that this example is attractive. It is also
continuous. To see this, observe that

sup |P(ala”ly) — P(alaZ{z)| =0
y.zeA™N

for any a:,i € Ak, except for (+1)k. Hence,

sup  sup |P(ala’;y) — P(ala 2l = sup [P(al(+D*y) — Pal(+1)2)],

a”}eAk yzeA N y.z€A™N
and thus we obtain that

sup  sup |P(ala’,y) — P(alaZ}2)| = px — Poo,
ajeAk y,zeA ™
which goes to 0 by the definition of the sequence {pi}i>0. If poc =0, the chain is not
strongly non-null, and the degenerate chain with all symbols equal to 41 is trivially
stationary and compatible with P. If we further assume that ), ., ]_[f:_é (1 = pi) < o0,
there exists another class of stationary chains compatible with the kernel P. These
are the so-called remewal chains, obtained by concatenating i.i.d. blocks of the form
(=1, +1, ..., +1, +1) of random length. These blocks have length k 4 1 with probability
]_[f-‘:_é(l — pi)pk, and therefore have finite expected length. The existence of several
compatible chains is due to the fact that this kernel is not irreducible [3]. Therefore,
this chain has a degenerate type of phase transition. Nevertheless, the compatible chain
with probability one of having +1 is obviously a finitary coding of an i.i.d. process with
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a concentration of measure at exponential rate. This shows that if the strong non-nullness
assumption is removed, the existence of a finitary coding for the maximum phase does not
imply uniqueness of the compatible chain.

3.2.  Relaxing the continuity assumption. For a discontinuous attractive kernel P, the
maximum and minimum phases are always distinct and not consistent with the kernel
P [14]. Hence, strictly speaking, we do not have a phase transition where there is more than
one chain compatible with P. In fact, this means that considering discontinuous attractive
chains does not make much sense from the point of view of non-uniqueness. Nevertheless,
we can still ask if the maximum and minimum phases of a discontinuous attractive kernel
can be finitary codings of i.i.d. processes. The example below shows that, in general, this
could happen.

Leta € {—1, 1}7N and let —1 be the pasts such that —1 j =—1forall j. More generally,
forany z € {—1, 137N (respectively, u € {—1, 1}*) we denote by —z (respectively, —u) the
sequence of symbols obtained by switching the signal of each coordinate. Let {€, },cn be a
non-increasing sequence of positive numbers such that lim,, .~ €, = € with 0 <€ < 1/2.
We define P by

P(laZ}(+1D)) =1 — ¢, = P(—1]| —aZi(—1)),
P(laZ}(=1) =€, = P(=1| —aZp(+1)),

and put P(1|x) =1/2 for all the remaining pasts x. Clearly P is strongly non-null,
attractive, and non-continuous. Also, let

Pi(lla) = lim P(lla_,(+D)=1—¢,

P-_(=lla) = lim P(-lja_,(-D)=1-e.

By [14, Lemma 2.3], the maximum phase X*D is consistent with P, and therefore it is
the i.i.d. process with probability 1 — € for 1. Analogously, the minus phase X(~1 is the
1.i.d. process with probability 1 — € for —1.

Theorem 1 is a direct consequence of Theorems 2—4 below.

THEOREM 2. Let P be an attractive continuous kernel. If there exists a unique stationary
chain compatible with P then there exists a feasible CFTP algorithm using a countable
alphabet i.i.d. process that simulates this chain.

Observe that for this theorem we do not require strong non-nullness of the kernel.
As an immediate application of Theorem 2, our attractive sampler given in §4 perfectly
simulates binary autoregressive and BK processes introduced in §2 in their uniqueness
regime. Notice that for the binary autoregressive and BK processes, for any n > 0, we can
exhibit kernels having continuity rate vary = O(1/k") for which the unique compatible
stationary chain can be perfectly simulated. In particular, in the BK example vary can be
taken so that it converges arbitrarily slowly to 0. As a comparison, in the work of Comets
et al [5] the condition Zk>0 ]_[i-:é(l — varg) = 400 is assumed to guarantee that their
CFTP algorithm is feasible, that is, the stopping time is a.s. finite. This condition does not
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hold if vary = O(1/k") with sufficiently small 5. In other words, in the class of regular
attractive chains, our perfect simulation algorithm (attractive sampler) is optimal. This is
particularly clear for the binary autoregressive model with ¢ (r) = (1 + r)/2, which is also
considered in [5]. In this case, when ) .., &, + ¥ <1, the criterion of Ferndndez and
Maillard [9] implies uniqueness, and therefore, our attractive sampler works whereas the
algorithm in Comets et al [5] is not guaranteed to work in general.

The following theorem relates the stopping times of an FP to its concentration property.

THEOREM 3. If X is an FP then the concentration of measure holds at exponential rate
for X. Explicitly, using the same notation as in (1) and (2), if 61 and 0, are the stopping
times of the FP and r1 and ry are positive numbers such that

P{01 > r1} U {62 > r2}) <€/6lI5f lle,av)),

then

2¢?
P(F(XD) — ELF(XD)]| > €) <4 {— i _ }
O = B DI € = o = S B = )71/ oy

The above theorem holds for any FP (we assume neither regularity nor attractiveness)
and it is of independent interest. We note that, instead of Theorem 3, the blowing-up
property of FPs proved in [21] could be used together with our Theorems 2 and 4 to
prove the equivalence between the uniqueness of a compatible chain and the existence
of a finitary coding from a countable alphabet i.i.d. process to the compatible chain. This
is because in [21] it is proved that if a process is FP then it satisfies the blowing-up property,
which implies that the ergodic theorem holds at exponential rate. Nevertheless, we think
that Theorem 3 gives us more explicit information about the process relating the stopping
time to the concentration of measure. For instance, if a process can be sampled using a
CFTP algorithm and the stopping time has finite expectation, we have the following useful
corollary, which is obtained simply taking r{ = oo and r, = 0.

COROLLARY 1. Let X be a process that can be simulated by a CFTP algorithm with a
stopping time 0. IfE[0] < oo, then for all € > 0 and all functions [ : A" — R,

2¢2
B(F(X)) — BLF(X)]| > €) < 4e {— } )
e P10+ EWD216£12,

As an example of application of the above result, if a probability kernel has summable
continuity rate varg, we can construct a CFTP algorithm with stopping time 6 such
that E[0] < C Z,fil vary, where C is a numerical constant [5]. We refer the reader
to [6, 11, 12] for bounds on probability of 6 for different conditions and not necessarily
regular kernels.

We now come to the last ingredient for the proof of Theorem 1.

THEOREM 4. Let P be a regular kernel and X a process compatible with P that satisfies
the concentration of measure at exponential rate. Then X is the unique stationary process
compatible with P.
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Finitary Exponential

> . ——p Uniqueness
process Theorem 3 concentration Theorem 4
Theorem 2

FIGURE 1: The chain of implications stated by Theorem 1.

Note that, for this result, we do not assume that the kernel is attractive, and therefore
Theorem 4 constitutes an interesting characterization of uniqueness for chains of infinite
order. We cannot, in general, relax the strong non-nullness condition in this theorem,
because by the example given just after Theorem 1, where the kernel has only one null
transition probability, there exists a chain that satisfies the ergodic theorem at exponential
rate but it is not the unique chain compatible with the kernel.

Now, Theorem 1 follows from the sequence of implications shown in Figure 1 that holds
when the kernel is attractive and regular.

From the coding point of view, it is natural to ask if Theorem 1 can be strengthened to a
finitary coding from a finite alphabet i.i.d. process. This is indeed the case for the original
BK example.

THEOREM 5. Let P be the original BK example. Then there exists a unique chain
compatible with P if and only if the compatible chain is a finitary coding of a finite alphabet
i.i.d. process.

4. The attractive sampler

Assume that we are given an attractive continuous kernel P for which there exists a unique
compatible stationary chain. The alphabet is A = {1, ..., s}. As stated in Theorem 2,
there exists a CFTP algorithm that samples from its stationary law. Here we construct one
such CFTP algorithm and call it the attractive sampler. First, let us consider the kernel P
on A x A introduced in [14] and defined by

P((x0=a,y0 = b)|(x, y)) := Y _ P(ilx) A Y _ P(ily), 5)
i=a i=b

for any pair of pasts x and y in AN and any pair of symbols a and b in A. Note that, for
any a, bin A,

P((a, b)|(x. y)) = P((xo=a. yo =b)|(x. ))
= P((x0=a, yo = b)|(x, y)) — P((xo = a+ 1, yo = b)|(x, y))
— P((xo=a, yo= b+ DI, y)
+ P((xo=a+1,y=b+ DI, ).

This kernel defines a coupling between the kernel { P (a|x)}4,ec4 and {P(a] X)}ue 4. To see
this, first observe that

> P@, )l ) =P((@ = 1,0 = 5)|x, y)) = P(sly).

a=1
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and then observe that

> P s =Dl y) = P(@ =1,b' =5 = D, ) — P((d' = 1,6 = 5)|(x. y))

a=1
=[P(s — 1]y) + P(s|y)] — P(sly)
= P(s — 1|X)'

Now, continuing the recursion, we show that » 5 _, P((a, b)|(x, ¥)) = P(bly) for any
b € A. The same holds for the sum over b, that is, Z‘;,:l 15((a, b)|(x, X)) = P(a|X) for
any a € A. This means that P defines a coupling between the chains with respective fixed
pasts.

A straightforward but tedious computation shows that P is indeed continuous and we
can use the result of Kalikow [17] stating that continuous kernels can be written as a
countable mixture of Markov kernels of increasing order. Formally, for f’, there exists
a sequence of non-negative numbers {A;}x>0 with >, Ax = 1, a sequence of Markov
kernels {P¥1};- 1, where P is a k-step Markov kernel, and a probability distribution
P%on A x A such that

P((a, b)I(x, y)) =20 P (@, b)) + Y P ((a, b)I(xZ, y2)).
k>1

We will now use this representation of P to define our algorithm. First, we introduce a
series of partitions of [0, 1] that will be used to define the finitary coding.
For any k € N, (x:,}, y:,i) cA*x A%anda,bec {1, ..., s}, define

eyt = Y Y PH(o=c.yo =T yI)

c<a—1d<s

+ 3 PM(o=a, yo = DI} yo )

d<b
and
=3 Y Po=c.yo=d)+ Y Pxo=a. yo=a)).
c<a—1d<s =
Let ’"{k(]) =0and, forae{2,...,s}, Va :=rM . Notice that

r ey = e yTh =P “((xo—a Yo =b)(xZ} y2 )
For any integer k > 0, we set
RM =Ml yThelo i@ b e A’ Tl yThea  x Aty (©

Denote the elements of R*! by t{k < t2[k] <- t|[7k3] = = 1 and define t(gk l.—o. Now, for
all k € N, define the following set of intervals:

k—1
k k .
I[klz{[§ vy +Akt/[ ., § :Ai+th][-]|::] efl, ..., |R[k]|}}
=0

and
T = {20, 2o j e 1, . RO
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Finally, let 7 = k>0 7k Observe that the set Z has a countable number of elements;
therefore we can identify its elements by /;, j € N. We define the update function
F:ANx AN N> AxAby

F((x, ), /)
k 11y Lkl =1 -1 0 0
= 2 @onfy e Ut octoch ectochrowlh, o).
(a,b)eA? keN

Now, let L = {L} jez be an i.i.d. process with values on N such that
P(Lo=j)=supl; —inf I;. 7
We observe by construction that

P(F((x, y), Lo) = (a, b)) = P((a, b)|(x, y)),

which justifies the name ‘update function’ for F.

Let the concatenation of pairs of symbols be understood coordinatewise, that is,
(a, b)(c, d) = (ac, bd) whenever (ac, bd) is well defined. Using this notation, we define,
for any —oo < k <[ < 400, the successive iterations of F as

Fieay((x, ¥), L) = F(Fiey—n(&, ¥), LD -+ Faog (&, ), Lo, ), L),

where Fli r((x, X)’ Ly) = F((x, X)’ Ly). Notice that for any (x, X)’ we can obtain a
coupling {(Xl.i, X,-X)}izo by observing that

Fio.n(@, ), L) = (XF, X7).
Furthermore, we define, for any i € Z, the random variable
Oli]:=min{j > 0: F_ji)((a, b), Li_;) € {(1, 1), ..., (s, 5)} forall (a, b) € A=},
An important observation is that in the particular case of attractive chains,
6 :=6[0] =min{j > 0: F_jo)((L, ), L* ) € {(1, 1), ..., (s, )}}.
Finally, define the value of the coding function ® at time i € Z by
[® L)) = F-opi1.i1((L, 8), Li_e[i]l

The attractive sampler algorithm is defined by the pseudocode on the next page.

Observe that definitions above of 6 and & satisfy the requirements of a stationary coding
from L. In particular, it can be shown in a standard way (see, for example, [25] for the
Markovian case, or [5] for chains of infinite order) that if 6 is IP-a.s. finite (that is, the CFTP
algorithm is feasible), then the coding is finitary and the sample [® ()] is constructed
according to the unique stationary measure compatible with P. The compatibility and
the stationarity follow from the construction and the property of the update function. The
uniqueness follows from the loss of memory the chain inherits because of the existence of
a.s. finite stopping time 6[i] for any i € Z.

In the proof of Theorem 2 in §5.1 we will prove that for attractive continuous P, the
attractive sampler is feasible if P has a unique compatible chain.
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Attractive Sampler
1: Input: F; Output: 6[0], [®L)]o

2: Sample Lo with distribution P

3: 1 < 0,0[0] < 0,[®(L)]g <0

4 while F_; 0)((L, 5), L°) ¢ {(1, 1), ..., (s, 5)} do
5: i<—i+1

6:  Sample L_; with distribution P

7: end while

8 0[0] < i

9: [®(L)]o < Fi-io((L, 5), L))

10: return A[0], [®(L)]o.

5. Proof of the results
From §3 it is clear that Theorem 1 follows directly from Theorems 2—4.

5.1. Proof of Theorem 2. First we need the following lemma proved for the regular and
attractive kernels by Hulse [14]. Here, we drop the unnecessary non-nullness condition.

LEMMA 1. Let P be attractive and continuous and consider the update function F defined

in §4. If there exists a unique chain compatible with P, then foralli e A=1{2, ..., s},
Jim P(Fion((L, ), Lg) = (G, 1) = P(Fom (A, 5), Lp) = (1, ) =0. ®)

OBSERVATION 1. Remember that Fio,n)((1, s), Lg) 4 (X,IT, Xy), and therefore we have
that
P(F[O,n]((la £)a Lg) Z (lv 1))1 l S Aa

gives the law of X,17

Proof. Fora, b, c,d € A, we write (a, b) > (¢, d)ifa>cand b >d.

Because P is attractive, forallly, ..., lx, k€ N,and ay, ..., ar € A, we have that
P(Fo,n1 (L 8), LET) = (L ap), - .+, Fiowgi (L ), L™ = (1, ap))
and
P(Fionn1((L, ), L) = (ar, D, - .oy Fions (L ), Ly = (ax, 1))

are respectively non-increasing and non-decreasing in n € N. Therefore, both sequences
are convergent in n € N and their limits when n diverges define stationary chains. By
construction, for all b€ A and a € A~ the respective chains are compatible with the
kernels P™¥ and P™" given by

P™(pla) = lim P(bla_}s) and P™"(bla)= lim P(bla_}1).
n—oo n—oo

If the kernel P is continuous, PM* = PMin — p  and therefore both chains are
compatible with P. This implies that if there exists only one chain compatible with P,
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then we have, fori =2, ..., s,
nlggo P(Fo,n)((L, 5), Ly) = (i, 1)) = P(Fjo,n((A, 5), Ly) = (1, 1)) =0,
as we wanted. O

We now prove that, for attractive regular chains, convergence (8) implies that the unique
stationary chain compatible with P can be sampled by the attractive sampler algorithm. In
other words, we need to prove that uniqueness of compatible chain implies that 6[0] is
P-a.s. finite. We have

0
P©O[0] > n) = IP( () (Fjo( 9, L) ¢ (A, D), ... (s, s)}}>,
j=-n

which yields, using first the attractiveness and then the translation invariance of L,

P(O[0] > n) = P(Fl_n0)((L, ), L) ¢ {(1. D), ... (5. )}
= ]P(F[O,n]((lv £)7 Lg) ¢ {(1’ 1)1 e (S, S)})

Thus, we want to prove that
lim P(Fjon((, 5), Lg) ¢ {(1, D), ..., (s, )} =0.
n—-+00
Due to the attractiveness, our coupling guarantees that fora € A,
H:D(F[O,n]((l3 £)7 Lg) Z (av a)) = H:D(F[O,n]((l3 £)9 Lg) Z (av ]))
Taking the limit and using (8), we have for any a € A,
lim P(Fjo,n((L, 5), Ly) = (a, @) = Lim_P(Fo((L, ), L) = (a, 1))
n— 400 n——+00

= lim_P(Fpn (L, 5), Ly) = (1, a)).
n——+00

Now, forany a € A, letI'(a) = {(, j) € A2 i>a and j < a}. From the last equation, we
have that

lim P(Fjo,m((L, 5), Ly) € '(a)) =0,
n—+o00
and this implies that
lim  P(Flo,n((L, 5), Lg) ¢ {(1, D), ..., (s, )} =0,
n—+00

which concludes the proof.
5.2. Proof of Theorem 3. Let X be any process with alphabet A. For all x € A™N, let
X* be the process with fixed past x. Let y, z € A~N and (X2, X2) be a coupling between

the processes X2 and XZ. The following lemma, which we state without proof, is a direct
consequence of [4, Theorem 1].

https://doi.org/10.1017/etds.2013.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.7

Attractive regular stochastic chains 1581

LEMMA 2. (Chazottes et al [4]) Let (X2, X2) be couplings for each pair Y.z € AN If

o0
sup » ]P’(Xjf;é X5) <A <o,
pAXe j=1

then for all integers n > 1, functions f : A* — R, and € > 0,

2¢?
P(f(X]) —ELf (XD > ) <2 {— }
Lf (X7 FXDI > € exp A+ D20/ Py

Assume that the process X is a finitary coding of a sequence U, where U; € U for
any i € Z. Let 601, 65, and ® be the quantities involved in the finitary coding as defined
generically in §2 (and not necessarily as in §4, which is specific to the attractive sampler
algorithm). Let € > 0. Take two positive numbers r| and r; such that

P{01 > r1} U {62 > r2}) <€/6lI6f lle,v))-

Now, we want to show that we can approximate the FP by two (r; + r2)-dependent
processes, for which we have good control of the concentration of measure property.

For j € Z, let VI/] be a family of i.i.d. processes with values in / independent of each
other and of U. We define a process Y as

Lo i UL .
Y= [®(V}£§OUJJ._:12VP] /7™)]; forany j €Z,

where, for any i and j in Z, we use the notation Vi[j 12 for the sequence - - - Vl[fr]l Vi[j Fand
the notation Vyo]o’i for the sequence Vl[ill Vl[l ]2 -++ . Clearly, Y is stationary and if 6 < ry
and 6, < ry, then Yy = X¢. Moreover, Y is an (r; + r2)-dependent process, that is, for all
I,m>1 andyeAZ,

[ _ 1 yldridrd+m _ _l4ri4rdmy [0 I4ri4ry4+m _  l+ri+r+m
Py =0 Y hmt1 = Yidrtm+1 ) =P =YOPW, L 0w = Vit 141 )-

We will now use the equality
XD —ELf (XD = f(X]) — f(]) = ELf(X]) — f(¥])]
+ f(7) = ELF (YD) )
Consider the events
0] =(6:1(T/U) > r1} and 0J = (6(T}U) > ra}.
From the definition of §f, we have that
IF(X) = Fl < Z] UX; # Y08, f < Z; 1{0{ U 0J}s; f (10)
J= J=
and
[ELF (XD) — FOYON BN F (XD — FOIT <POY U ONNISS lleyayy <€/6. (1)
Observe that
P(f(X]) = ELf (XDl > €) < P(f(X]) — f(¥]) = ELfF(X]) — fF(Y] > 2¢/3)
+P( YY) —ELF(YPD] > €/3).

https://doi.org/10.1017/etds.2013.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.7

1582 S. Gallo and D. Y. Takahashi

Therefore, collecting (9)—(11), we have
P(| f(X]) — ELf(X]D]| > €)

o

n . .
> 1{0{ U 03)8; f — PO U OD 18 ey

>e/3)

j=1
+P(f (X)) —ELF YD > €/3). 12)
We will use Lemma 2 to obtain upper bounds for the two terms of the right-hand side of

(12).

Let us begin with the second term, and we will use the fact that Y is an (] + r2)-
dependent process. First we define a coupling (Y, Y), where Y and Y are copies of Y,
by
(. V) = (@ (v IE=u v =y e e o ey Ty forall j e Z,

+ry Tjor - +ry T j-r T

where VU1, VU1 and U, U’ are i.id. processes satisfying the following properties. For
j>0,Vil=V U1 For j <0, VUl is independent of V’ /] and both are independent of
the rest. The processes U, U’ are independent of \ Y U1 for all J€Z. Also {Uj}j<r,
and {U ]’ }j<r, are independent and for j >rp, Uj =U ]’ From the construction, for all

X,geA’Nandj>r1+r2,

P(Y; =YY% =y, ¥ =) =P(¥; =¥)) = 1.

Therefore, using the above coupling and the fact that Y is an (r; + rp)-dependent
process, we have A =ry + 231:1 P(0; > j) in Lemma 2. Hence,

8 18 lle av) }

(13)
18712, s

PAfAT) —ELFODI > €/3) < ZGXP{

where

2 1 ) -2
(e, 118f leyan) = §ez<1 +r+ Y PO > n) :
Jj=1
Note that r| and r; depend on € and [|5f ¢, ).
For the first term of the right-hand side of (12), let Z; = 1{0{ U Oé }. Observe that

rn+j )
—ri+Jj

measurable, the process Z is an (r] 4 r2)-dependent process. We define a coupling (Z, 7),
where Z and Z are copies of Z, by

the process Z = {Z;} jcz is stationary. Also, because the event O]j U Og is F(U

(Z;, Zj) = A{61(TU) = 11} U {62(T)U) = ra}),
1{6/(T/U) = ri} U (T U)) = )},

where U and U’ are i.i.d. processes with U; = UJ’. for j > ry and {U;};<,, and {U;.}jfrz
are independent. Therefore, in the same way as (13), by Lemma 2 we have that

2 j j € (€, 18/ ey av)
P( > 1{0] U 0§15, f = P(OY U 18 lleyv| > -) < 2exp{—%},
= 3 18£12,
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where g was defined in (13). Finally, we have
118
P(f(X]) —ELf (XD > €) = 4exp{—w}

17117,

which proves the theorem.

5.3. Proof of Theorem 4. 'We say that a stationary process X has the positive divergence
property if
0 0
P(YZ,=a’,)
0 0
P(XZ, =a’,)

1
lim inf >0

liminf 5 2 P02, =dl,)log

acAnt!

for any ergodic process Y different of X.
The proof of Theorem 4 is based on the following lemmas. The first result is from
[21, Theorem 1].

LEMMA 3. (Marton and Shields [21]) Let X be a stationary process with ergodic theorem
holding at exponential rate. Then X has the positive divergence property.

We will now prove that two stationary chains compatible with the same regular
probability kernel cannot be distinguished by divergence rate.

LEMMA 4. Let X and Y be two stationary processes compatible with a continuous kernel
P. Let infgeAZ P(ao|a:<1>o) =8 > 0. Then the relative entropy rate

P(x°, =a’
lim > Px?, =a’,)log PX, Zas,) - “(;")
n—oon 41 weam PYZ,=a’,)
exists and is zero.
Proof. Let Z represent X or Y. Define, for k € N,
HX(Z(lk) =—- Z ]P(ng = a(lk) log P(ng = ao_k)-

ac Ak+1

Now, we can rewrite the relative entropy rate as
lim —— (Hx(Y°,) — Hx(X",))
n—oo pn 4+ 1 XU —n XAA—n) -
Define also, for k € N,
HX(ZolZZ) =— > P(X° =a’) logP(Zo=ap|Z ) =a_}).
acAk+1

By the chain rule and the stationarity of the processes,

n

Hx(Z%) = Hx(Zo) + Y Hx(Zo|ZZ}).
k=1

Therefore, the relative entropy rate is a difference between two Cesaro sums. To prove that
the relative entropy exists, it is enough to show that the limit

lim Hx(Zo|Z~})
n—0oo
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exists. To see that Hx(Zy|Z :,1,) converges, let iz be the measure associated with Z; then
Hx(Zo|ZZ,) = —Ex(log(uz(XolX2,)))-
By assumption, for all a € AZ,

—log(uz(aglaZ})) < —log 8,

and, therefore, by the dominated convergence theorem,
lim —Ex(log(pz(Xo|X~)))) = —Ex( lim log(uz(Xo|X~)))).
n—>0oo n—0oo
By continuity of P we have that, for all a € AZ,

nll)néo log(uz(agla=})) =log P(Yo = ao|Y-L, =a=)).

Hence,
Jim Hy(Zo|Z7,) = ~Ex(log(P (X0l X~3.)),
which concludes the proof. g

Proof of Theorem 4. If X has the concentration of measure holding at exponential rate,
then it satisfies the ergodic theorem at exponential rate (see equation (3)). By Lemma 3,
X has the positive divergence property. By Lemma 4, if X has the positive divergence
property, there is no other ergodic process compatible with P. Therefore, we conclude that
X is the unique stationary process compatible with P. O

5.4. Proof of Theorem 5. The kernel of the original BK example (see §2) is defined

through
1 &
P+l =Y A (— x_i)
5ol &
with ¢ () = (1 — €)1{t > 0} 4 €1{¢ < 0} for some € € (0, 1/2), an increasing sequence of
odd positive integers {m;} e, and Ay = crk for some r € /3, )andc=(1 —r)/r. In
other words, the BK example is given in the form of a countable mixture of Markov kernels
Pk > 1, of lacunary ranges. When uniqueness holds, we denote by XX the stationary
chain compatible with P.
The proof of Theorem 5 is based on Lemma 5 below, which implies that the XBX is
a finitary coding of a finite entropy i.i.d. process with countable alphabet. Then we can
use [27, Theorem 8] which states that countable state mixing Markov process having an
exponentially decaying return times state is finitarily Bernoulli. This implies, in particular,
that i.i.d. chains with finite entropy are finitary codings of i.i.d. chains on a finite alphabet.
We conclude the proof of the theorem by observing that if a process X is a finitary coding
of a process Y, which is itself a finitary coding of a process Z, then X is also a finitary
coding of Z.

XBK

LEMMA 5. The sequence L used in the attractive sampler for can be chosen to have

finite entropy.
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Proof. The sequence L used in the attractive sampler (see §4) derives from the choice of
a countable decomposition of the (maximal) coupling kernel P. In the present case, the
special form of the BK example will naturally yield the decomposition, as it is itself defined
through such decomposition.

Let us first rewrite the kernel P as

P(+1x) =€+ Y (1 —2€)kd{maj(x_,,) =1}, (14)
k>1

where . '
J J

maj(x~ ) = I{Zx_,- > 0} - I{Zx_,- < o}.
i=1 i=1

Representation (14) motivates the following way to write the coupling kernel:

P((a. b)I(x. y)) =20 P(a, b)) + Y I PM((a. b)I(xZ;. y21)).
k>1

where:

o Ao =2€ Ap, = (1 —2€)r; fork > 1and &; =0 foranyi ¢ {0, my, ma, ...};

o P, b)) = 11{a = b}; and

o P, D)7}, y7)) = la = maj(x7}) and b = maj(y;)}.

We observe that this kernel satisfies (5), and that the Markovian kernels of the
decomposition are deterministic with respect to the pasts (only Os and 1s in the transition
probabilities). It follows that, for any k > 1, the set RI"*! (see (6)) consists of only two

values, Rl = {0, 1}, and

7l = {[li;\mﬂ szim./“'

j=1 Jj=1

We also observe that
T = {0, €[; [e, 2€[}.

Therefore, the entropy of the i.i.d. process Lis € loge + Y oo ka log A +» which is finite
since ka =(1—2¢e)(1 —r)r*=! for some r € (2/3, 1). a
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