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Abstract We study familiesG (%, -) of entire functions that are approximated by a
sequence of familie§;, (1, -) of entire functions, wheré € C is a parameter. In order

to control the dynamics, the families are assumed to be of the same constant finite type.
In this setting we prove the convergence of the hyperbolic components in parameter
space as kernels in the sense of Caatiory.

1. Introduction
In iteration theory, founded by Fatou and Julidl] 13, there has been much
progress on the iteration of rational functions in the last few decades; for an overview
see f, 21. However, even though Fatou studied the iteration of entmascendental
functions, the transcendental case has only recently received much attention; see the
expositions 1, 3, 8, 9. The theory develops along the lines of the rational case, but
often other and generally more complicated methods of proof need to be used. There
is also a variety of phenomena that do not occur in the rational case. One question is:
which results carry over from the rational case and which do not?

An interesting approach to this question was suggesteddlinafid is illustrated
in [5, 15, 1§. The polynomialsP, (A, z) = A(1+(z/n))" converge uniformly on compact
sets of the complex plan€ to the exponential& (1, z) = Le* asn tends to infinity. In
[6] a combinatorial description is given how external rays to the connectedness loci of the
P, (%, -) converge to certain ‘hairs’ in thparameter plandor E (%, -). Furthermore, the
pointwise convergence of hyperbolic components is showA,i6,[15. In thedynamical
plane the convergence of Julia sets with respect to the Hausdorff metric is shodh]in [
for the above families for suitable values of the paramgtefhe convergence of Julia
sets was obtained irf] for polynomials of constant degree, ihq for rational functions,
and has now been generalized to larger classes of functionsi4egq, 17, 2D

In this paper we are interested in convergence of hyperbolic compongrasameter
spacefor entire functions of thesame constant finite typgor the exact definition see

§3).
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MAIN THEOREM. LetG : C x C — C andG,, : C x C — C be holomorphic families of
functions of the same constant finite type, such thaiGheonverge toG uniformly on
compact subsets @ x C asn tends toco. Then every hyperbolic componefitof the
family G is the kernel of a sequendél,} of hyperbolic components of the famili€s.

The convergence as kernels in the sense of Capdltry is a stronger notion than
the pointwise convergence that has been used up to now. We show in Example 2 that,
in general, the hyperbolic components cannot be expected to converge in the Hausdorff
metric. Note that the methods i§,[6, 19 cannot be used in this general setting since they
make use of explicit properties of the exponentials and the approximating polynomials.
The paper is organized as follows. First we recalj2nsome basic facts from iteration
theory. Then we introduce families of constant finite type, their hyperbolic components
and the notion of kernel convergencesth Furthermore, the Main Theorem is illustrated
with examples.§4 is dedicated to the proof. The convergence of singular values is shown
in §4.1 and is then used to prove the first part of the Main Theorefidip. The proof
is completed irg4.3.

2. Background and Moativation

We begin by recalling some basic notions and refe3t{a4] 8, 2] for details and proofs.
Let O(D) denote the set ofiolomorphicfunctions f : D — C, whereD c C is a
domain. A functionf € O(C) is calledentire, and it is either a polynomial or an entire
transcendental function. Consider an entire functioand let /" denote its:th iterate.

Let ¢ be a point on the Riemann sph@e If f is transcendental andis not equal
to the essential singularityo or f is a polynomial, thenf°"(¢) is defined for allz € N
and we callo*(¢) := {f"(¢) | n € N} the (forward) orbit of ¢. The point¢ is called
k-periodicif all iterates are defined anfi**(¢) = ¢. It is called attracting (or repelling)
if [(f°%)(¢)| is smaller (respectively larger) than one. To every attracting periodic orbit
071 (¢) there belongs &asin A(0O"(¢)), defined as the set of all pointse C whose
orbits accumulate og.

The Julia set 7 (f) of f is the closure (with respect tﬁ) of the set of repelling
periodic points off. The Fatou setF(f) of f is its complement irC, and clearly any
basinA(O™(¢)) is a subset of the Fatou s&t f). The Julia set is a non-empty perfect
set, and both7(f) and F(f) are completely invariant undef. Note that we regard
both these sets as subsets(bf

A point v € C is called asingular valueof f if, for every neighborhoodJ of v,
there exists a branch of the inverse pfthat is not holomorphic oi/. Let sing f)
denote the set of alinite singular values off. This set consists of thénite critical
valuesof f and, if f is transcendental, also of tHimite asymptotic valuesf f. It is
an important property that each basin of an attracting periodic orbit contains at least one
singular value.

It is not clear how one should define hyperbolicity in the general case of entire
transcendental functions. To avoid this difficulty we work in the class of functjon$
finite typefor which sing f) is finite. In this class it makes sense to cgllhyperbolic
if the complete forward orbit of all (finitely many) singular values is relatively compact
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in the Fatou set, in short, ©*(sing(f)) € F(f). The interesting question of how one
should define hyperbolicity in the general case is beyond the scope of this paper.

Functions of finite type have other nice properties; $e®[ 13. As for polynomials,
Sullivan’s classification of the components of the Fatou set holds, and in particular there
are no wandering domains or Baker domains (wHgi@} converges uniformly t@o).

3. Families of functions
Consider a familyG : C x C - C; (A,z) — G(1,z) of entire functionsG(a, -)
depending holomorphically on a complex parameteffo keep things simple we usually
takex € C, but any domaimt c C or M c C™ may in fact occur. We require thét is
of finite type independently of the parameter More precisely, we say that the family
G is of constant finite typef, firstly, |sing(G(4, -))| = N(G) < oo (counted without
multiplicity) independently of. and, secondly, the set si@@(%, -)) has aholomorphic
parametrizationon C. This means that there are analytic functions: C — C,
v = 1,..., N(G), such that singG(%,-)) = {s1(A), ..., sy (A)}. Throughout this
paper we assume that all families are of constant finite type. For such families it
makes sense to define lyperbolic componenbf G as a connected component of
H(G) :={x» € C| G(A, ) is hyperboli¢. Note thatH(G) is open; see Proposition 3.

Now consider a sequenag, : C x C — C; (1, 2) — G, (A, z) of families of entire
functions G, (%, -) of the sameconstant finite type a€;, that is, | sing(G, (4, -))| =
| sing(G (A, -))| = N(G), converging toG uniformly on compact subsets &f x C. In
order to avoid the pathological case of approximating polynomials by transcendental
functions (comparel[7]) we assume that th&, are families of polynomials iG is a
family of polynomials.

The notion of kernel convergence in the sense of Cédathbry is the following. A
domainH c C is thekernel of a sequencéH,} of domains if every compact subset of
H is contained in almost ever§,, and H is maximal with this property, that is, this
is not true for any domairff with H g H. Clearly kernel convergence is a stronger
notion than pointwise convergence, but weaker than convergence in the Hausdorff metric;
compare 18].

It follows from the definition of kernel convergence that the Main Theorem consists
of two statements, which we will prove separately.

MAIN THEOREM. Let G and G,, be as above.

(i) Any hyperbolic componentH of G is contained in the kernel of hyperbolic
component$H,} of theG,.

(i) Any bigger setd £ H is not contained in the kernel of thigd,}.

Example 1As an illustration we discuss the classical case offh@., z) ;= A(1+(z/n))"
converging toE (A, z) := Ae®, wherel € C* := C\ {0}, as suggested ir6].

Consider the parameter pla@ef the polynomialsP, (1, -). Since the origin is the sole
singular value of theP, (and of E) one can define the set&.(P,) :={x € C| P,(A, ")
has an attracting-periodic orbit which are open and mutually disjoint; see Figure 1.
The generic hyperbolicity conjecture asserts tHaP,) = |,y C«(P,) is dense in the
connectedness locu, := {» € C | J(P,(A,-)) is connecteld Note thatB, is the
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well-known Mandelbrot set and that th®, essentially look like Mandelbrot sets with
more limbs attached; see Figure 1 and comp&yes] 15.

FiGure 1. The hyperbolic components (dark domains)Paf P, Pis, P2se, Pessssand of E (lower right),
shown in a chart near infinity.

In complete analogy one can define the s€i$E) := {» € C | E(%,-) has an
attractingk-periodic orbi}. The setC1(E) is the cardioid-shaped regighe ¢ : |&| < 1},
the setsC,(E) are unbounded fok > 2 and have infinitely many components for
k > 3. The generic hyperbolicity conjecture for the exponential family asserts that
H(E) = Uiy Ck(E) is dense inC. On any hyperbolic component the unique attracting
periodic orbit depends analytically on see P] and Figure 1.

In [6] it is shown that the hyperbolic components converge pointwise. Furthermore,
symbolic dynamics is set up to show that certain external rays taBtheonverge to
‘hairs’ in M(E) .= {» € C | J(E(A,")) = @}. This gives a very nice connection
between the Mandelbrot s& and the parameter plane &f.

The Main Theorem states that the hyperbolic components a?tlvenverge as kernels
to those ofE. In fact we conjecture that in this example they actually converge in the
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Hausdorff metric; compare Figure 1 and see alkg}.[

We get a large class of examples for the application of the Main Theorem as follows.
Take polynomialsp andg and consider the familie§,(x,z) = 1 - p(z) - P,(A, ¢(2))
converging uniformly on compact sets@(x, z) = A - p(z) - E(}, q(z)), wherex € C*.

It is not difficult to check thatG and G,, are of the same constant finite type and the
Main Theorem can be applied. Note that the cage) = ¢(z) = z is considered inJ0]
and see 19| for figures and more examples.

We proceed by showing that, in general, the hyperbolic components do not converge
in the Hausdorff metric.

Example 2. Consider the families
1
G z)=1A+2r)z+z° and G,(r,z) = <1+)»2 - ;) z+7%

For everyn € N the polynomialG, (0, -) is hyperbolic, butG (0, -) is not. The set of
parameter values for which the origin is an attracting fixed poiri oforms a hyperbolic
componentH,. Its boundary is given by the parameter values for which the origin is an
indifferent fixed point, that is, the boundaryf{is € C | |1+ % — (1/n)| = 1}. For every

n € N this is a Cassini-type curve, and for the limit family one obtains the lemniscate
{» € C | |1+ A?| = 1}; see Figure 2. Hence, there are hyperbolic compon&itsind

H? of G that are not a limit in the Hausdorff metric of hyperbolic componefisof

the familiesG,,.

H? H?

Ficure 2. The limit of the hyperbolic components of the attracting fixed point 0 of the functibnsf
Example 2 is the union of the two kernets! and H2.

4. Proof of the Main Theorem

It is no coincidence that the Main Theorem works only for families ofdame constant
finite type The reason is that one needs to have good control of the singular values. An
important ingredient is the proof of the convergence of singular values in the dynamical
plane given ing4.1, which works for entire functions in general. By applying this result
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to the class of functions of the same finite typ&4n2 we get robustness of hyperbolicity,
which gives statement (i) of the Main Theorem as a corollary. Statement (ii) also uses
the convergence of singular values and is provegdir3.

4.1. Convergence of singular valuesFor the following one does not even need that
the functionsf, and g be of finite type—uniform convergence is sufficient. Lemma 1
has been obtained independently by Kisakalifl.[

LEMMA 1. Let{f,} converge tg uniformly on compact sets and lete C be a singular
value ofg. Then there exists a sequengae,},cy such thatlim w, = w andw, is a

n— o0
singular value off, for almost every: € N.

Proof. Supposew is a critical value. Then there exists some C such thatg(c) = w
and g’(c) = 0. It follows from Roucl@’s theorem that there is a sequeneg},cn
satisfying lim,_.oc ¢, = ¢, lim, o fu(c,) = w and £, (c,) = 0 for almost every: € N.
We choosew, := f,(c,) and are done.

Assume now thatv is an asymptotic value (this implies thatis transcendental and
consequentlyso € J7(g)) and that the statement is false. Then there exists a simply
connected neighborhoo c C of w such thatW does not contain any singular value
of f, for anyn € N. As w is an asymptotic value, there exists an unbounded domain
U such thatw € a(g(U)) butw ¢ g(3U N C). We may assume thdf = gU) C W.
Then U is the kernel of the sequenc{g‘n(U)}neN We write Un = f,(U). Now, for
everyn € N there exist functions:, € O(U,) satisfyingh, o f, = id|,. Clearly,
(lim, o h,) o g = id|y, hence,h = lim,, . h, € OU) is not constant.W does not
contain any singularity off,"%, thush, extends holomorphically t&V.

SinceW € C we may choose two points if, say¢; and ¢, such thatz; # ¢,
{¢1, 22} € Cand{g(¢1), g(¢2)}INW = #. We may also assume thigf, (¢1), f, ()INW =
@ for everyn € N.

By construction, we have, (W) N {1, {2, 0o} = @. By Montel's theorenth, },<y is a
normal family onW. On U c W we haveh := lim,,_ o0 hy, Which yieldsh = lim,,_, &,
uniformly on compact subsets ¥ andz € O(W). The functioni|; is not constant,
hence: is a hon-constant holomorphic function @. The property:, o f, = id carries
over toh: hog =id|y. Now Uucw impliesU = h(U) < C. ButU was supposed to
be unbounded, a contradiction. O

The following lemma is well-known for rational maps on the Riemann sphere, but is
more complicated to show in the current situation; skt 16, 17].

LEMMA 2. Let g be a hyperbolic entire function and I¢if,,} be a sequence of entire

functions converging tg uniformly on compact subsets @f. Then for every set
K C F(g) there exists some numbeg € N such thatk € F(f,) for everyn > no.

4.2. Proof of (i). We return to functions of constant finite type. Combining the two
lemmas fromg4.1 we obtain the following.
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ProPosITION3. Hyperbolicity is a structurally stable property in the class of functions
with the same number of singular values, that is, the set of hyperbolic functions is open
in this class.

As a consequence we obtain part (i) of the Main Theorem.

CoROLLARY 4. For families of the same constant finite type every hyperbolic component
H of the limit family G is contained in a kernel of a sequen¢#,} of hyperbolic
components of the families,,.

It is for this part of the proof that the families need to be of #agneconstant finite
type.

Example 3. Consider the families

9 3—2in An—2\ ,
G,(A,z2) =z A+ 5 z+ 3 z
n n

converging uniformly on compact subsets @i, z) = Az2, wherex € C*. Clearly

the limit family is not of the same constant type as the approximating families. Every
G, () has the point as a rationally indifferent fixed point and, hence, is not hyperbolic.
Consequently, the hyperbolic componéiit of G cannot be contained in the kernel of

a sequence of hyperbolic components of the

4.3. Proof of (ii). The essential step is to show the following.

THEOREM 5. Let H C C be the kernel of a sequen¢#,, },.n of hyperbolic components
of the familiesG,,. Then either:

(i) G, ) is not hyperbolic for any. € H; or

(i) H c H for some hyperbolic componeht of the familyG.

Remarkn this theorem it is not required that the families are of $heneconstant finite
type. In fact,| sing(G,)| > | sing(G)| is allowed.

Proof. The outline of the proof is as follows. We assume that the statement of the
theorem is false. Then there exists a hyperbolic compoﬁent the family G such that
HNAH # (). We choose a fixedg € HN 3H and construct an open neighborhoBd
of A for which we prove that in facB C H. This is done by repeatedly using Montel’s
theorem to show the normality of certain families of holomorphic functionsBoriWe
conclude thatg € ﬁ, which is a contradiction.

From now on letig € HN dH be fixed. Note that there is an open neighborhékd
of 1o such thatU; € H N H, for (almost) everyn € N. Since a Julia set is honempty,
perfect, and the closure of the set of repelling periodic points, there are two distinct
repelling periodic points(1o), ¢(ko) € J(G(ro,-)) \ {oo}. By the implicit function
theorem each repelling periodic point has a holomorphic parametrization on some open
neighborhood ofrg. Consequently, there exists an open neighborhbedc U; of
Ao and functionsp and ¢ holomorphic onU, such that for eaclh € U, the points
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p(X) and g(r) are distinct repelling periodic points @ (A, -) with the property that
p),q) € J(G(A, ) \ {oo}.

By Roucle’s theorem repelling periodic points are persistent. Hence, we can choose a
fixed open neighborhoof# C U, of 1 such that for (almost) eveny € N the following
is true. For each. € B there exist unique repelling periodic points(x) andg, (1) of
G, (%, -) with the same periods gg1) andg (1), and, furthermore, the mapg andg, are
holomorphic onB and converge there uniformly t@ andg, respectively. In particular,
Pn(A), ¢a(X) € T(G, (X, ) \ {oo}. SinceB C H, for (almost) every: € N, and since
H, is a hyperbolic component @ ,, we conclude thap, (1), g, (1) € C\sing(G, (1, -)).
Let
=P T,0n,2) = — P )
Q()») - P(k) 4n ()V) — DPn ()V)
After conjugatingG (A, -) and G, (4, -) with T(%, -) and T, (%, -), respectively, we may
and will assume that sing, (1, -)) € C\ {0, 1} for eachA € B. Note that—after this
conjugation—0 and 1 are repelling periodic points of all functions in question and, hence,
we may and will assume thd0, 1} ¢ J(G(A, -)), T (G, (A, -)).

Letsy, ..., s, € O(C) be the parametrizations of the := | sing(G)| singular values
of G(A,-) and lets, 1, ..., Su.m, ... € O(C) be the parametrizations of thé(G,) > m
singular values ofG, (1, -). From now on we fixu € {1,...,m}. Note that due to
Lemma 1 and Montel's theorem we havg, — s, uniformly on compact sets oB
(after renumbering the, , if necessary) since we hawg, C C\ {0, 1}.

For A € B we know thats, , ¢ J(G,(%, -)), and the invariance of the Julia sets yields
GV (A, sp.p) € T(Gu(2,+)) and, in particularGS” (2, s,,,) € C\ {0, 1} for all » € B. In
other words{G¢"(x, s,.,) | n € N} is a normal family for any fixed. We call the limit

T(A,z):=

SpuiB > Cidr S0 = lim G (A, 5,.,(0))
n—oo

and conclude that in facs, , (1) = G°"(%, s,,(1)) because of the uniform convergence
on compact sets of the, (1, -) to G(1, -) and of thes, , tos,. G”(x,-) is an entire
function, henceG’ (4, s, (1)) # oo for eachi € B. If GV(4, s, (1)) =0, 1 for somev
then G would not be hyperbolic oB N H, a contradiction. We conclude that indeed

Su.u(A) =G (A, 5,(0) € C\ {0, 1}

for all » € B andv € N. In other words{S, ,(A) | v € N} is a normal family so that
there exists a limit function, which we denote By.

For this limit function we have eithe$, = 0,1, 00 or S,(B) € C\ {0, 1}. Since H
is a hyperbolic component @ (1, -) we have onB N H that Su(A) = a(x), wherea(r)
is an attracting periodic point of, say, peripdof G (%, -). ConsequentlyS, = 0, 1.

In the case thaf, = oo, the identity theorem shows thad is an attracting periodic
point of G(A, -) for everyA € B. This implies thatG (4, -) is a polynomial and thato
is a superattracting fixed point. Hence, the basinmtontains the singular valug, ().

We consider the case théf, # oo. It follows from Rouclé’s theorem that, fok e
BN H, there are attracting periodic points(2) of G, (%, -) with a,(A) — a()). By the
implicit function theorem attracting periodic points have a holomorphic parametrization,
hence, we may assume thatis a holomorphic function o N H. But sinceB C H,
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we conclude that;, has a holomorphic extension @ such thata, (1) is an attracting
periodic point of periogp of G, (%, -) for all A € B. In particular,a,(B) ¢ C\{0, 1} and
{a, | n € N} is a normal family which converges ahn H to the well-defined function
a. This means that we can exteado the whole ofB. Due to the uniform convergence
of the G, (%, ) to G(4, -) the pointa() is a non-repelling point o& (A, -) for all A € B.
Sincea()) is attracting onB N H we conclude from the maximum modulus principle
that it is even attracting on the whole 8fC H,.

Summing up the discussion, we conclude that

Su() € F(G(%, )

for all » € B. Sinceu was arbitrary we have shown that the forward orbits of the
singular values are relatively compact(G (%, -)). This means thaB is contained in
a hyperbolic component af and, henceB C H. O

Proof of (ii). According to Corollary 4 every compact set i is contained in some
hyperbolic component#l, of the G,,. Let H be the kernel of the sequen¢él,}, in
particular, H ¢ H. We have to show thall = H, that is, thatd c H. According
to Theorem 5 this is the case 6f(A, -) is not hyperbolic for allx € H. The latter
contradicts the assumption that the hyperbolic compoiieig a subset ofd. O
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