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STEIN’S METHOD FOR NEGATIVELY ASSOCIATED
RANDOM VARIABLES WITH APPLICATIONS TO
SECOND-ORDER STATIONARY RANDOM FIELDS
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Abstract
Let &€ = (&1,...,&n) be a negatively associated mean-zero random vector with
components that obey the bound |§;| < B, i = 1,...,m, and whose sum W = Y 7 /&

has variance 1. The bound d; (L(W), £L(Z)) < 5B — 5.221-#]-0,7 is obtained, where Z
has the standard normal distribution and d; (-, -) is the L' metric. The result is extended
to the multidimensional case with the L1 metric replaced by a smooth functions metric.
Applications to second-order stationary random fields with exponential decreasing
covariance are also presented.
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1. Introduction

In this paper we extend the work of Goldstein and Wiroonsri [11] on positive association.
In particular, we provide nonasymptotic L' bounds to the normal for negatively associated
random fields in Z? using the same technique developed in [11]. We recall that the L!
(or Wasserstein) distance between the distributions £(X) and L(Y) of real-valued random
variables X and Y is given by

o
di (L(X), L(Y)) =/ IP(X <t) —P(Y <1)|de.
—00
A random vector § = (&1, ..., &,) € R™ is said to be positively associated whenever

cov(f(£).8(§) =0

for all real-valued coordinatewise nondecreasing functions f and g on R such that f(§) and

g(&) have finite second moments. A random vector & = (§1,...,&,) € R™ is said to be
negatively associated if, for any disjoint subsets A, B of [m] :={1,2,...,m},
cov(f(&i, i€ A),g’j, jeB) <0 (1.1)

for all coordinatewise increasing functions f: R4l — R and g: R/l — R such that f(&;,
i € A)and g(§;, j € B) have finite second moments. In general, a collection {§,: o € I}
of real-valued random variables indexed by a set I is said to be positively associated (respec-
tively, negatively associated) if all finite subcollections are positively associated (respectively,
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negatively associated). Positive association was introduced by Esary et al. [10] and can be
found frequently in probabilistic models in several areas, especially statistical physics. In some
of the literature, positive association is termed the ‘FKG-inequality’ or simply ‘association’
(see, e.g. [8] and [14]). Negative association was later introduced in [12] and has well-known
applications related to permutation distributions.

Over the last few decades, central limit theorems and rates of convergence have been
established for sums of positively associated random variables (see [4], [5], and [14]) and
negatively associated random variables (see [6] and [13]) under different assumptions. Recently,
Goldstein and Wiroonsri [11] developed an L' version of Stein’s method adapted to sums of
positively associated random variables with applications to statistical physics. Stein’s method
[18] is nowadays one of the most powerful methods used to prove convergence in distribution,
with the main advantages that it provides nonasymptotic bounds on the distance between
distributions, and that it can handle various situations involving dependence. Thus far, many
applications in several areas such as statistics, statistical physics, and applied sciences have been
developed using this method. For more detail about the method in general, see [7] and [16].

The one-dimensional result of [11] is stated below.

Theorem 1.1. (Goldstein and Wiroonsri [11].) Let & = (&1, .. ., &) be a positively associated
mean-zero random vector with components obeying the bound |&;| < B for some B > 0, and
whose sum W = Y_7" & has variance 1. Let Z be a standard normal random variable. Then

d\ (L(W), £(Z)) < 5B + ﬁZ%
T i

where (T,'j = ]E[E,%'j]

The multidimensional result was also obtained in [11] with the L! metric replaced by a
smooth functions metric, following the development of Chen et al. [7, Chapter 12].

For x € R”, let
P
=) |xil
i=1

be the L! vector norm, and for a real-valued function ¢(u) defined on the domain D, let
|¢loo = Sup,cp l@(x)|. We include in this definition the | - | norm of vectors and matrices,
e.g. by considering them as real-valued functions of their indices. Also, from this point, we
denote Ny = [k, o0) N Z for k € Z.

For m € Ny, let L3°(R?) be the collection of all functions z: R” — R such that, for all

k=(ky,....kp) € Ng with |k|; < m, the partial derivative
olkliy
O = ———
aklxl a Pxp
exists, and
|h|LOO(]RP) = max |h(k)|oo
" 0<|k|y<m

is finite. For f € Ly°(RP), let

J{m,oo,p = {h € L;?no(Rp) |h|L$(R1’) < 1},
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and for random vectors X and Y in R?, define the smooth functions metric

A3ty 0, (LX), LX) = sup  [Eh(X) — Er(Y)]. (1.2)

h€FHm, 00, p

For a positive semidefinite matrix H, we let H'/? denote the unique positive semidefinite
square root of H. When H is positive definite, we write H~'/2 = (H'/2)~1_ In the following
theorem we state the multidimensional result of [11].

Theorem 1.2. (Goldstein and Wiroonsri [11].) Withm, p € Ny, let {§; ;: i € [m], j € [p]} be
positively associated mean-zero random variables bounded in absolute value by some positive
constant B. Let § = (81, 82, ..., Sp), where S = Zl<i<m & j for j € [p] and assume that
¥ = var(S) is positive definite. Then

sty oo, (LETV2(S — ES)), £L(2))

1 3 —1/2,3 ¢
< <6+2«/§)p BIZTV23 "%

j=1

3001 B 2
H(LelreY T e
j=1ikelm], i#k

3001
+ <2f2p33|z—‘/2|§o + (ﬁ + 5)p2|2_1/2|§0> Yoz
jlelpl. j#l

where Z ~ N (0, 1,) is a standard normal vector in R?.

The results above have been applied to second-order stationary random fields, assuming
exponentially decreasing covariance, and to four models in statistical physics: Ising and voter
models, bond percolation, and contact process. In this paper we prove similar results adapted
to negative association.

Stein’s method has been used previously for negative association and some related concepts.
In [13], Stein’s method was used in normal approximation for sums of pairwise negative
quadrant-dependent random variables which allows the derivation of a central limit theorem
for pairwise negative quadrant-dependent random variables with Lindeberg’s condition. We
note that when m = 2 in (1.1), negative association and negative quadrant dependence are
equivalent; see [12]. In [9], Stein’s method was used to obtain the total variation distance
between a compound Poisson distribution and sums of positively associated or negatively
associated random variables.

Our main results in the one-dimensional and multidimensional cases are stated in Theo-
rems 1.3 and 1.4, respectively.

Theorem 1.3. Let & = (&1, ..., &,) be a negatively associated mean-zero random vector with
components obeying the bound |§;| < B for some B > 0, and whose sum W = 7" & has
variance 1. Let Z be a standard normal random variable. Then with o;; = E[&;§;],

d\ (LW), L(Z)) 5B =52 ojj. (1.3)
i#
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Theorem 1.4. With m, p € Ny, let {§; j: i € [m], j € [p]} be negatively associated mean-
zero random variables satisfying |&; ;| < B for some B > 0. Let § = (81, $2, ..., S)p), where
S; = Zlfifm & j for j € | p] and assume that & = var(S) is positive definite. Then

sty o, (LZTV2(S — ES)), £(2))

5 B P
<ZPBIETPL Y 0%
j=1

3 B _ p
—(5p3B|z 3+ P71z 1/2|§O>Z > coviEj. b )

j=likelm], ik

2 _ _
—(§p3B|z V23 + pAE 1/2|§o> oz (1.4)
J.lelpl, j#

where Z ~ N (0, I,,) is a standard normal random vector in RP.

Remark 1.1. We note that the differences between our results, in Theorems 1.3 and 1.4 for
negative association and those in Theorems 1.1 and 1.2 of [11] for positive association are that the
signs of the covariance terms are reversed and that the constants are different. Nevertheless, in
Section 3 we have an example where these changes do not contribute to the rates of convergence.
We also note that the bounds in the four theorems above are particularly useful when the
variables are bounded and (positively or negatively) associated. However, let us compare
the one-dimensional results in Theorems 1.1 and 1.3 with the classical result for independent
and identically distributed variables X;, i € [n], with EX; = 0, var X; = o2 > 0, and
|Xi| < K for some K > 0. With W = (3_; X;)/(0+/n), both Theorems 1.1 and 1.3 yield
di(LW), L(Z)) < 5Ko~"'n"1/2. The classical Berry—Esseen theorem provides the bound
sup, g |P(W < x) —P(Z < x)| < CK3073n71/2 with the smallest constant C = 0.4748
obtained by Shevtsova [17]. Though the rates of convergence in n are the same, the constants are
different and actually the two distances are not comparable as it is known that sup, . |[P(X <
x)—PY < x)| < +2cd(L(X), L(Y)) for some ¢ > 0 but not conversely; see Proposition 1.2
of [16].

The remainder of the paper is organized as follows. In Section 2 we use Stein’s method to
prove the two main results, Theorems 1.3 and 1.4. We state our results for negatively associated
random fields whose covariance decays exponentially, in Section 3. One similar advantage of
the four theorems stated in this section is that, unlike many results based on Stein’s method,
they may be applied without the need for coupling constructions.

2. Proofs of main theorems

In this section we prove our main results, Theorems 1.3 and 1.4, using similar techniques
as in [11]. For this purpose, we first state the following two lemmas proved in [12] and [6],
respectively. In Lemma 2.1 we state that two disjoint sums of negatively associated random
variables are negatively associated. This will be used throughout the remainder of the paper.
Lemma 2.2 allows us to bound |cov(f(&;:i € A), g(§;: j € B))| by a linear combination of
—cov(§;,&;) withi € A, j € B when A and B are disjoint.

Lemma 2.1. (Joag-Dev and Proschan [12].) Increasing functions defined on disjoint subsets
of a set of negatively associated random variables are negatively associated.
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Lemma 2.2. (Cai and Wang [6].) Let A and B be disjoint finite sets, and let &, j € AU B,
be negatively associated random variables. If f: Rl — R, g: RIBl — R are partially
differentiable with bounded partial derivatives then

of
%

g

|cov(f(§i:iEA),g(SjijeBmf_ZZ ‘ag-
o] J

icA jeB

cov(§;, &;).

e¢]

We note that the difference between the proofs below and the ones in [11] results from the
fact that Lemma 2.2 requires A and B to be disjoint, unlike the one for positive association.
Therefore, we add a few more steps in the proofs to handle this situation. In the proof that
follows, we use the alternate form of the L! distance (see, e.g. [15]):

di(L(X), L(Y)) =Zu£ [EA(X) — EA(Y)|, 2.1

where L. = {h: |h(y) — h(x)| < |y — x|}

Proof of Theorem 1.3. For given h € L, let f be the unique bounded solution to the Stein
equation

f'(w) —wf(w) = h(w) — Nh, (2.2)

where Nh = Eh(Z) with L(Z) the standard normal distribution. Then (see, e.g. Lemma 2.4
of [7])

2 ,
|floo < \/; and | f"|oc < 2. (2.3)

In the proof below we will use the notation o;; = E[£;&;] and ol.z = var(§) fori # j € [n].
Asvar(W) = 3" 07 + > i2j0ij = 1, we obtain

ELf'(W)] = E[Z of f'(W) + Zai,-f/(m}

i=1 i)
= E[Z ELfW) +D o f W)+ (o7 — S?)f/(W)]-
i=1 i#j i=1

Now letting Wi=w— &, write

E[Wf(W)I=E & f(W)

i=1

=E) &SV +&)

i=1

=EZ[sif<W'>+s? /0 £ +us,->du]
i=1
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Recalling the Stein equation (2.2) and subtracting the two equations above, we obtain

E[h(W) — Nh] = ELf'(W) — Wf(W)]
m 1 ) m
= E[Z & ( [O (f' W) = f'(W' + u)) du) +Y (0 —EDS'(W)
i=1 i=1
+ Y o f (W) — Z&f(wi)}. (2.4)
i#j i=1

Using the second inequality in (2.3), we bound the first term in (2.4) by
m 1 & .
= ‘EZg?/ / f (W' +1)dt du
i=1 Y0 Ju
m L pl&il
< 2EZ$?</ / dtdu)
i=1 0 ulkil
m
=E) |&P
i=1
m
<BE) &
i=1

=5(1-T o). @5)

i#j

m 1 .
‘EZE? /0 (f' (W) = f1 (W' + ug)) du
i=1

To handle the second term in (2.4), using the triangle inequality, we first bound it by the
three terms denoted by 1, I5, and I3:

< [EY f[(WHie? — &) +‘EZ(f’(W)—f/(Wi))(aiz—él-z)

i=1 i=1

‘E D WP — &)

i=1

EY W6 =D +EY_If' (W) — f'(Whlo? — &

i=1 i=l1

IA

EY F W) —EH|+ED I (W) — f(WHlo}

i=1 i=1

IA

+EY If'(W) — f(WHIE
i=1

=1L+ 0L+ 1.

Note that W' and &; are coordinatewise increasing functions defined on disjoint subsets of &,
and, hence, negatively associated by Lemma 2.1. Now, for /1, applying Lemma 2.2 with

x%,  |x| < B,

X) =
§(x) Bz, |x| > B,
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and using the second inequality in (2.3), we have

< —4B Z cov(W!, &) = —4B Z 0ij- (2.6)

i=1 i#i

> cov(f/(Wh), g(&))

i=1

I =

For I, and I3, applying again the second inequality in (2.3), we obtain

m m
L <|f"lee Y ofEIW—W/|<2BY o} = 2B<1 — Zo,,) 2.7

i=1 i=1 i#j
and
m m
I < |f"loo Y BEHW — W <2B) E& = 23(1 - Zaij). (2.8)
i=1 i=1 i#j

For the third term in (2.4), using the negativity of the covariances o;;, i # j, and the first
inequality in (2.3), we obtain

2
< —[Ef (W) oij < —\/; > oy 2.9)

‘EZm,f/(W)
i#] i#]

i#]

The final term in (2.4), using again the fact that the pair (W', &) is negatively associated
and applying Lemma 2.2 and the first inequality in (2.3), now yields

2 & , 2
< —\/;;cov(éi, wh = _\/;ZGU" (2.10)

i#]

‘EZ&J‘(W")
i=1

D covE, f(WH)
i=1

Summing the bounds (2.5)—(2.10), taking supremum over z € L, and using the form of the
L'-distance given in (2.1), we obtain

d\(L(W), £L(Z)) <5B—9B Y ojj — \/gza,-j.
i#] i#]

Using the fact that dy (-, -) < 2 and that o; ; are negative, we can assume that B < 0.4 and,
thus, the last expression is bounded by the right-hand side of (1.3). ]

Next we use the following result, which is slightly different from Lemma 2.6 of [7] due to [3],
to prove Theorem 1.4. Let Z be a standard normal random vector in R”. For i: R? — R, let
Nh =Eh(Z) and, for u > 0, define

(T,h)(s) =Eh(se™ + V1 —e 2Z).

We write D2h for the Hessian matrix of # when it exists.

Lemma 2.3. Form > 3 and h € L3 (RP), the function

g(s) =— /M[Tuh(s) — Nh]du
0
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solves
tr ng(s) —5-Vg(s) =h(s) —
and, for any 0 < |k|; < m,

Bl < 5P,

lg
|k|

Furthermore, for any A € RP and positive definite p x p matrix X, f defined by the change of
variable

fls)=g(Z""(s — 1) 2.11)
solves
rED?f(s) — (s —A) - Vf(s) = h(Z~"*(s — 1)) — Nh, (2.12)
and satisfies

|kl
p k
1f® e < =— T 12\ o)

In particular, if h € Hyy 00, p then

plkh

Ikl Zx-2E fralio < k| < m. (2.13)

1P <

We apply the same technique as in the univariate case, along with Lemmas 2.2 and 2.3, to
prove our main multivariate theorem below.

Proof of Theorem 1.4. Given h € #3 o, p, let f be the solution of (2.12) given by (2.11)
with A = 0. Writing out the expressions in (2.12) yields

E[h(Z~Y28) — Nh]

p p
E[ZZ ,18 IrT f(S)—_ZS,-%f(S)]
J= = =

14
EZZ// 2f(S)+IE: > Z,za e f(S) — EZS,—f(S) (2.14)

j= Ji.lelpl, j#l

—

We consider the first term in (2.14) and deal with each term under the sum separately for
j=1,..., p. Letting oi?j = var(§; ;) and 0; .k, ‘= cov(&; j, & ), we have

32
¥ i—f(S
j’jasz.f( )

Il
Ms

o2 32 32
,ﬁf(SH > a,-,,-;k,j@fw)

ikelm), ik

—

I
Ms

92 “
5,182f(5>+ > oi,j;k,jWﬂSHZ(o,%j 7)) 2f<S) (2.15)
J i=1

i,ke[m], i#k

https://doi.org/10.1017/jpr.2018.13 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.13

204 N. WIROONSRI

Now, with S;,; == §; — & j, we write the summands of the third term on the right-hand side
of (2.14) as

9 - 9
S,-gjfm = Zéi,ja—sjﬂ&

3

Zé”a F(St, ey Ssisees Sp)

92
+Z§z%j/o mf(slv--wsj*[ +uéij,...,Sp)du. (2.16)
i=1 j

Substituting (2.15) and (2.16) into (2.14) and letting
Sj*i = (Sl, ey Sj—la Sj*ia Sj+l’ e, S[,),
we obtain

E[h(Z~28) — Nh]

=E stf <—2f(5)——zf(sl,...,sj*,-+u§i,j,...,s,,))du
iois 0o \ds% 0s%
p m pm 9 -
+EY Y (oF - &) ” 2f<S) ZZE:’,‘/TJC(S]*I)
j=1i=1 j=1i=1 S
p
—HEZ > o ki 2f(S)—|—IE > z”a e f(S). (217
=1ikelm],i#k JJelpl, j#l

Now we handle the five terms in (2.17) separately. For the first term, using (2.13) we have

p m ) 1 82 32
25 [ (Lo Do St s )
j=1i=1 j j
L : L oréij 93
=‘EZZ&/// mf(slw--,sj*i+t,...,Sp)dtdu
j=1i=1 0 Jug ; 0S5
1/2 |Slj
<2 IZ |OOEZZ§]/ f dr du
J= 1i=1 |§1/
3
SR 2 3T
- 6 0o i,j
j=1i=1
p3 p m
=GB YD R
j=1li=1
p3 p
—-1/2,3
=% /|°°32<Zf¥f_ > o,»,,-;k,j>, (2.18)
j=1 i,ke[m], i#k
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where we have used the almost sure bound on the variables §; ;, and that their sum S; over i
from 1 to m has zero mean in the last two inequalities, respectively.

For the second term in (2.17), we first bound it by the three terms denoted by I, I, and I3:

p m 82
DRI

" 52 .
< EZZ(G& _éiz,j)ﬁf(S/*’)
j=1i=1 j
P m 32
+EY D (o - sm( 2f(S/*l —Ff(S)N
j=1i=1 '
P m 2
<Y e ( zf(Sf*’) 5,,)‘-!—1@220” (a LS89 - s2f(S)>‘
j=1i=I j=1i=1 J

p m
+EY D&

JRY
(azf(S) s;.f(s))‘

Then we write I; as

I =

mn 92 .
. .:1C0V<¥12'f(sj ),g(‘fi,j)>',

j=1i

where

2
. |xI < B,
gx )_{BZ x| > B.

As S§7* and & ;j are increasing functions defined on disjoint subsets of &, by Lemma 2.1,

(S7 & ;j) are negatively associated for all 7, j. Applying Lemma 2.2 and using bound (2.13),
we obtain

et
8s18s2 0ol 0% |

p m
Z Z( Z cov(S, & j) + cov(Sjs, 511)) '
Z Z Oi,j k1 + Z Z Oi,ji k., j

J.lelpl, j#l ik j=like[m], i#k

—%p3|2‘“2|208( > oy ¥ Uz:f:k,f) @19

Julelpl, j#l j=likelml, i#k

I

IA

cov(Sy, &, j) + ‘8 3f‘ ' ' COV(Sj*iagi,j))‘

IA
W
=
_»
¥
=
[\S}
5 G
>}
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Again using (2.13), we have

3f‘ E[Sjsi — Sjl
i (0.¢]

P m 53
L = ZZ“&J’ 553
J

j=li=1
)4 m 33
=23 o] B
J=1i=1 §j oo
P’ -
< ?|z—1/2|go3 Z(Z,-,j - ) Ui,j;k.j) (2.20)
Jj=1 i,ke[m], i#k
and
Pom a3 ,
<)Y @f’ E&71Sjui — ;1 (2.21)
j=li=1'""j '
P’ 1723
<Ly Y s,
j=li=1
P’ -
= ?|z—1/2|g03 Z(zm - > ai,j;k,,). (2.22)
j=1 ikelm), ik
For the third term in (2.17), again applying Lemma 2.2 and arguing as for /; in (2.19), we
have
)4 m
tja F(87*) (2.23)
V4 m
chov@ i 5 (S/*’)>‘ (2.24)
j=li=1
pm 52
< ZZ( > ‘as,as,-f‘mmv@’f’ Si) + ‘ f _covtEi. Sj*»)‘
j=li=1 Ye[p]\{j}
I 5122 - ot
e A1 D2 Z ZCOV(&',/‘, S + ZZCOV(&,;, Sjxi)
Jlelpl, j#l i=1 j=1i=1
LG (D VD SLTIVED S DRy
J.lelpl, j#Li k=1 j=like[m], i#k
1 B P
= _§P2|Z 1/2|§o( Z Zj,l + Z Z Ui,j;k,j)- (2.25)
Jilelpl, j#l j=1ikelm), ik

For the fourth and the fifth terms in (2.17), again using (2.13), we obtain

p 2 2 P
0 P
E E Ui,j;k,j@f < —?|Z 17212, E E Oi,jik.j (2.26)
J

j=1ikelm), ik j=1ikelm], ik
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and
2

d p? 1
E ) )f e D2 F i 2.27
. . -”lasjas,f( )| = 2| Ioo' X (2.27)
Jlelpl, j#l Jlelpl, j#l

Summing the bounds (2.18)~(2.27), we find that |[E[z(X~!/2S) — N#&]| is bounded by the
right-hand side of (1.4). Taking the supremum over & € #3 «,, and using definition (1.2) of
ds, ., yields the claim. g

3. Applications

In this section we follow the same structure as in [11, Section 2.1] with positive association
replaced by negative association. In particular, we apply our main theorems in Section 1 to
second-order stationary negatively associated random fields with exponential covariance decay.

First we introduce the definitions and notation used in [11] that will also be used here.
Let {Xj: j € 7%} be a negatively associated random field on the d-dimensional integer
lattice Z¢ and assume that the field is second-order stationary. We recall that a random field
{Xj: j € Z is called second-order stationary when EX2 < oo for all j € Z¢, and the
covariance cov(X;, Xj) = R(j — i) foralli, j € R? with R(-) given by

R(k) = cov(Xo, Xx). 3.1)

We let 1 € Z? denote the vector of all Is, and write inequalities such as @ < b for vectors
a,b € R? when they hold componentwise. For k € 74, n € Ny, define the ‘block sum’
variables, over a block with side length n, by

Se= Y Xj, (3.2)

JEB}

where By = {j € 7%: k < j < k4 n1}. Note that B = By + k.
For R(-) given in (3.1), we have

var(Sp) = Y cov(Xi, Xj) =n"A,, (3.3)
i,jeBy

where A, = (l/nd)zi,jeB?R(i — j). Since the field is negatively associated, R(k) < O for
all k # 0, which implies that 0 < A,, < R(0) for all n € Nj. For simplicity, in this paper we
assume that inf,, A, > 0, which implies that A, is of constant order. With this assumption, we
may include A, in our bounds without affecting the rate of convergence.

With S} defined in (3.2), we consider the standardized variables

ST —ES?
wp =k "k keZ® neN, (3.4)
d
ntA,

that have zero mean and variance 1. In the following theorem we provide a bound of order
n~4/2d+2) with an explicit constant on the L'-distance between the distribution of W} and the
normal, under the assumption that the covariance function R(-) decays at an exponential rate
in the L!'-norm in R¥. Since all norms in R? are equivalent, we use the L'-norm in order to
simplify our calculation.
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Theorem 3.1. Let d € Ny and {Xj: j € 74} be a negatively associated second-order
stationary random field with covariance function R(k) = cov(Xj, Xj ) forall j, k € 74,
and suppose that, for some K > 0, |X ;| < K almost surely for all j € 72, Assume that there
exist A > 0 and ko > 0 such that

—Rk) < koe MU forall k € 77 /{0} (3.5)

and inf, A, > 0, where A, is given in (3.3). Let

ek eZA
W= G T @ e =Gt 20,7 — @up)?, (3.6)
and
Cixod = % (3.7

Then, for any k € 74 with Wy as given in (3.4) and Z a standard normal random variable,

K1

—aary foralln = ma{CYE GG 38)
n

di (LWy), L(Z)) < rwo.d> Conod

where

_ (LK G 20mp\ L s
e LdT12 garan '
n

The bound in (3.8) is of order n =4/ 4+2) recalling that A,, is bounded away from 0 and oo and,
hence, does not contribute to the rate. We also extend Theorem 3.1 to the multidimensional case.
For any p € Nj and indices ki, ..., k, in Z4 such that B;jl_, i € [p] are disjoint, Theorem 3.2
provides a bound in the metric dg, , , to the multivariate normal for S = (S”1 s -+, Sy )under
exponential decay of the covariance function. We note the difference between assumption (3.9)
below and the one of Equation (30) of [11]: werequire B} , i € [p]heretobe disjoint, otherwise
there exist j € 74 that belong to both B,'C'i and B,’cll for some i, j,and (X;, Xj) is positively
associated to which Theorem 1.4 is not applicable. The same issue does not arise in the positively
associated case as a pair of the same variables has positive covariance. In the following result
and its proof, constants will not be tracked with precision, but will be indexed by the set of
variables on which it depends.

Theorem 3.2. Ford € Ny, let {Xj: j € 7%} be a negatively associated second-order stat-
ionary random field with covariance function R(k) = cov(Xj, Xj ) for all j, k € 74, and
suppose that there exist constants K > 0, kg > 0, A > O such that | X j| < K almost surely for
all j € 79,

—R(k) < koe MU forall k € 77 /{0},

and inf,, A, > 0, where A, is given in (3.3). For p e Ny letky, ..., k, € 74 be such that

min k, — k > n. 3.9
q,s€lpl, g#s kg = Ksloo = 39
Let S" = (S”1 e, SZ,,)’ where Sz is defined as in (3.2) and X be the covariance matrix of S".

Then, forn > (p — I)Kovfe_)‘A,jl with vy, as in (3.6), X is invertible and

1

127 < :
* T nd-1;nA, — (p — Drgrde?)

(3.10)
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Furthermore, with

Yn =127 los forn > (p— Drovie ™A' and B, g =dynA,,

n

there exists a constant Cy yy.4,p,k Such that, for

n > max{B.J, B/ (p — Digvie™ A1), (3.11)

n

we have
Aty o, , (LET2(S" —ES")), L(Z))
(2d+4)/(d+1) (2d+3)/(d+1)
= Ciko,d,p.K A(d*l)/(d‘l’l) d/(d+1) Ad/(d+]) (3d+2)/(2d+2)

1d+1 2d+3)/(d+1
WZ /( )1//( )/ ( ))

+ (3.12)

nd/(2d+2)

where Z is a standard normal random vector in RP.

Since A, is of constant order, | X ~!/2|, is of order at most n~%/2 by (3.10). This implies
that ¥, is of, at most, constant order and, thus, so is B, 4. Therefore, the last term on the
right-hand side of (3.12) is the only one that contributes to the rate of convergence of order
n—4/2d+2) 5 the other terms converge to 0 at much faster rates. We note that the bounds
in Theorems 3.1 and 3.2 have the same order as the ones of Theorems 2.1 and 2.2 of [11],
respectively. However, compared to the results of [11], the constant of bound (3.8) is greater,
and bound (3.12) has extra terms that do not contribute to the rate.

To prove Theorems 3.1 and 3.2, we use the same technique as in [11], decomposing the
sum Sy over the block B} into sums over smaller, disjoint blocks whose side lengths are at
most some integer /. That is, for 1 <[ < n, we uniquely writen = (m — 1)l +r withm > 1,
1 < r < and correspondingly decompose By into m disjoint blocks DZ & i € [m]¢, where
there are (m — 1)¢ ‘main’ blocks having all 51des of length /, and m¢ (m — 1)? remainder
blocks having all sides of length » or / with at least one side of length 7.

To be more precise, for k € Z¢ and i € [m]?, set Dé,k = Dﬁ + k — 1, where

Di={j ez (iy— DI+1<j; <ilforis #m,
m—DI+1=<j; <(@m—1l+rforiyg =m}.
It is easy to see that, fori € [m — 1]d, the vectors indexing the ‘main blocks’, we have

D} = B{;_yy, 4 forie[m—1], (3.13)

and if r = [ then Dl is given by (3.13) for all i € [m]d Furthermore, it is straightforward to
verify that the elements of the collection { D! ik i € [m]¢} is the partition of By
Letting

‘i:il,k = Z (X¢ —EX,) fori e [m]’, Wi = Z Jnia,
teD,{,k pctme i
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we see that &', has zero mean, and W} as in (3.14) agrees with its representation as given
in (3.4), and has zero mean and variance 1. For simplicity, we will drop the index k in Eik
when k = 1, as we do for D; ¢, and also suppress n in &', .

As the elements of {§; x: i € [m]?} are increasing functions of disjoint subsets of {X jiJ €
7%}, they are negatively associated by Lemma 2.1. We prove Theorems 3.1 and 3.2 with the
help of the following three lemmas. The first, Lemma 3.1, bounds the sum of the covariances
between §&; ! & and E ! I defined in (3.14), over i, j € [m]?. Next, we state Lemma 3.2, proved
in [11], which is used in the proof of Lemma 3.3, that bounds the covariance between two

nonoverlapped block sums of size n¢.

Lemma 3.1. Let {X;: j € 7%} be a second-order, negatively associated stationary random
field with covariance function R(k) = cov(Xj, Xjg) for all j € 74 and k € 7%/{0},
where R(-) satisfies the exponential decay condition (3.5). Forn > 2 and 1 <1 < n, let
n= (m— 1)l +r forintegersm € Nyand 1 <r <. Then, fori € [m]and k € 74 with &k
given by (3.14), we have

Koya,an’

Z B[] & ) < =
i,jelmld,i#j
where kg is given in (3.5), and y q in (3.6).

Proof. We note that the difference between (3.5) of this paper and Equation (22) of [11]
is only the sign on the left-hand side of the inequality. Thus, the proof follows immediately
from the proof of Lemma 2.4 of [11] with E[§/ &% ;] and R(k) replaced by —E[¢/ ;&} ;] and
—R(k), respectively. ]

Lemma 3.2. (Goldstein and Wiroonsri [11].) Foralln € Ny and A > 0,

n—1
Z (n — |a))e™™4% s decreasing as a function of |q| € No.
a=—n+1

In the following, we will use the identities

1 n
3 - kywt = wr =D =nw+wh) 21 (3.15)
(w—1)?
and :
n— 2 _ n+1
23— byt = L )(’; _2;;; 2 foru# . (3.16)
b=1

Lemma 3.3. Let {X;: j € 74} be a second-order stationary random field with covariance
function R(k) = cov(Xj, X k) for all j € Z¢ and k € Z4 {0}, where R(-) satisfies (3.5).
Let n € Na, and ky and ks be vectors in Z¢ such that

k1 — k2|00 > 1.
Then with A and kg as in (3.5), and v, as in (3.6),

— cov(S,’{’l, S,’{’z) < Kovfefkndfl.
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Proof. Using the definition of S}/ and the fact that X ;, j € 74 are second-order stationary,
we have

nel (p1+kD) — (@1 +k))
—cov(Sg,, Sg,) = — Z R :
PLoeoPd=001a=0\ | (pa +k3) — (g4 +ky)
n—1 ai +(k%_k{)
<k Y, (—la)---(n—laal)exp | =i :
ag,...,ag=—n+1 ag + (kg _ k;) .
d n—1
=[] Y 0 laihe MK kD ail, (3.17)
i=laj=—n+1

Applying Lemma 3.2, we have

n—1
2 gl . . .
Z (n — |a;j e ME—ki)tail g decreasing function of |ki1 — ki2|. (3.18)
a,-:—n—H

Hence, the ith sum appearing in the product (3.17) is maximized when kl.l = kl.z. As ki —k3|oo >
n, there must exist at least one i for which |ki2 — kl.1| > n, and whose corresponding sum is
bounded by its value when |kl.2 - ki] | is exactly n, using (3.18). The product of these sums, by
(3.18) again, is maximized when there is just a single coordinate achieving n as its absolute
difference, and where this difference in all other terms achieves equality at 0. Therefore, by
symmetry, (3.17) is bounded by the case where kl-1 = kl.2 fori € [d — 1] and kﬁ — kcll = n, and,
thus,
d—1 n-—1

n—1
— COV(SZ], Slrclg) < ko 1_[ Z (n— |al,|)e—)»\ai\ Z (n — |ad|)e—Mud+n\
i=1 aj=—n+1 ag=—n+1
n—1
<wkou)?' D (= laghe Mt (3.19)
ag=—n+1

where we have applied (3.16) in the final inequality and v, is given in (3.6).
Now considering the sum in (3.19), we obtain

n—1 n—1
Z (n — |a|)ef)»|a+n| — Z (n — |a|)ef)»(u+n)
a=—n+1 a=—n+1
n—1 n—1
Z(n —q)e Mmatn 4 Z(n — g)e Hatn),
a=1

a=0

For each sum, making a change of variable and applying (3.15), we obtain

n—1 n—1
Z(n — q)e Matn) — g=n Z(n —a)et
a=1

a=1
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e Met(n — 1 —net +eM)

" —1)?
B et 4+ n(l — er)erl—m _ gr-m
- (e —1)?
and

n—1 n—1

Z(n — a)e MaT) — peM 4 e Z(n —a)e M

a=0 a=1

—A A=A _ 1 _ —A —An
:ne_’\"—i—e e (n ne”* +e” ")
(e=* — 1)
—An A A — 1= —A —An
=ne*)‘”+e e*(n ne” " +e ")
 —1)?
B e (1=2m) _ r(=n) 4 p(eh _ 1)er1=m)
B (" —1)?
Summing these two terms yields
n—l1 A(1=2n) | ok _ Har(1-n) 2
S —fape et €T €
A 1)2 — (er 1)2 2
a=—n+1 (" —1) (=1
Substituting the last bound into (3.19) yields the claim. ]

Now we have all the ingredients to prove Theorems 3.1 and 3.2. In the following, we use the
same technique as in Equation (44) of [11], that is, for any positive real numbers a and b, the
minimum of al? + b/ over real numbers [ is achieved at [y = (b/ad)'/@+D. Taking [ = [lo]
when /p > 1 and using the fact that [y /2 < < [y yields

' [ b 3 p \4/@+D) o ad\ 1/@+D
miny| a - ay — —_—
leN; )~ ad b

_ _1/Wd+1)pd/(d+1) 1/(d+1)
=a b (dd/(d+1> +2d ) (3.20)

Proof of Theorem 3.1. By second-order stationarity, it suffices to prove the k = 1 case. Let
n>2, Bi’ be the block of size n? as given in (3.2), and Wl" the standardized sum over that
block, as in (3.4). Forany 1 <[ <n, writtn = (m — 1)/ 4+ r, 1 <r <, and decompose W
as the sum of &; /\/n9 A, overi € [m], as in (3.14).

We apply Theorem 1.3, dealing with the two terms on the right-hand side of (1.3). For the
first term, using | X j| < K, the definition (3.14) of &;, and the fact that the side lengths of all
blocks Dﬁ are at most /, we have

&i

nA,

<B

with B = 2K1¢/\/nd A, foralli € [m]?.
Applying Lemma 3.1 for the last term and invoking Theorem 1.3 now yields

10K1?  5.2k0y3.a

di(L(Wr), L(Z2)) <
1(L(Wr), L( ))_nd/zA,l/z A,

(3.21)
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Applying bound (3.20) to the last expression, with lyp = C, lé (@+1),d/2d+2) apnd € A.ko.d AS
in (3.7), and substituting / = |/] into the right-hand side of (3 21) yields the result. It is easy

tocheck that 1 <y <nforn > max{Cf/gO a> A_%(ZIH)} O

To prove Theorem 3.2, we apply Theorem 1.4 and use the same techniques as in Theorem 3.1.
We remind the reader that for this result we do not explicitly compute the constants, but index
them by the parameters on which they depend.

Proof of Theorem 3.2. First we prove the claims that ¥ is invertible and | X ™! |, is bounded
by (3.10) whenn > (p — 1)/<ovfe’)‘/An. Applying Lemma 3.3, for all g € [p], we have
(p — Drgvie™

Tog— Y. |Zgsl=n? A, — (p = Diovie ™) >0 ifn > i

l<s<p,s#q

b

which implies that X is a strictly diagonally dominant matrix, and is therefore invertible by the
Gershgorin circle theorem; see, e.g. Theorem 15.10 of [2]. Another claim of (3.10) follows
from [1], where it was shown that bound (3.10) holds for the norm ||C |0 = max; Z‘}’:] lcijl,
which dominates |C .

Next we proceed as in the one-dimensional case. Forn > 2 and 1 <[ < n, we write
n=(m-—1)l+rwithm > 1land1 <r </, and decompose S} —ES" for g € [p] as the
sum over i € [m]¢ of the variables §i k, givenin (3.14).

Applying Theorem 1.4, we handle the three terms on the right-hand side of (1.4). Using
definition (3.14) of Si,k,, and the fact that | X;| < K, we have

|€i k,| < B,

where B = 2KI14 for all i € [m]d,q € [p] and, thus, using |Z_1/2|C>o = n_d/zwn and
¥ ;; = n?A,, we may bound the first term as

5 _ i Cp xl?Ay3
8p3Bn 3d[2y,3 Z T4 < %, (3.22)
q=1

For the second term, by Lemma 3.1, we have

3 B B p
- (EPBBn MRy 4 pPn d%%) Z Z El&; k,&j.k,]
e

i, jelmld, ij
Cpxl'Vs 2\ v i k& kg
—— (A o)y ¥ [T
g=li,jelmld,i#j

d—1,.3
< CA,Ko,p,K,dl ‘/fn + CA,Ko,p,dwn
- nd/? l '

(3.23)

Next, invoking Lemma 3.3 and assumption (3.9), we have

—Zgs = —cov(Sg . Sg) < kovie™*nd=l forq #s € [pl,
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and, hence, we may bound the last term as

2 3 —3d/2., 3 2 —d ;2
_(gp Bn—3/ ¥, +pn Y, Z 2:q{,s

q,s€lpl, q#s

CoxlYn  Cp¥y d.—n d—1
< PEr ) + v kovy e "n

d 2
CA,Kod,p,Kl 1/’3 CA‘Ko,d,pwn
n(d+2)/2 n :

(3.24)

By Theorem 1.4 and (3.22)—(3.24), we have

12 ld—1w3 ldw3
—_ n n
dts o, (LETPW), L(2)) < CA,KO,K,,,,d< o+ ey +

2 d 3 2
v, LA, w_)

n nd/2 l

Since the first three terms do not contribute to the rate, applying (3.20) to the last two terms in
the parentheses, we obtain

1 1/(d+1)
lo = ( ) nd/2d+2),

dwn AI‘[
which satisfies 1 < [y < n for the range of n given in (3.11), and substituting I = |lp| back
into the bound yields the result. O
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