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Relevant sample quantities such as the sample autocorrelation function and extremes
contain useful information about autoregressive time series with heteroskedastic
errors. As these quantities usually depend on the tail index of the underlying het-
eroskedastic time series, estimating the tail index becomes an important task. Since
the tail index of such a model is determined by a moment equation, one can es-
timate the underlying tail index by solving the sample moment equation with the
unknown parameters being replaced by their quasi-maximum likelihood estimates.
To construct a confidence interval for the tail index, one needs to estimate the com-
plicated asymptotic variance of the tail index estimator, however. In this paper the
asymptotic normality of the tail index estimator is first derived, and a profile em-
pirical likelihood method to construct a confidence interval for the tail index is then
proposed. A simulation study shows that the proposed empirical likelihood method
works better than the bootstrap method in terms of coverage accuracy, especially
when the process is nearly nonstationary.

1. INTRODUCTION

Consider a first-order autoregressive model (AR(1)) with autoregressive condi-
tional heteroskedastic errors of order one (ARCH(1)) given by

Y, =aY_i+\Jo+bY] &, .1

for t = 1,...,n, where {g} is a sequence of independent and identically dis-
tributed random variables with zero mean and unit variance, a € R, w > 0 and
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b > 0. Because financial and econometric time series often exhibit certain styl-
ized facts, such as heteroskedasticity and heavy tails (see Cont and Tankov (2004)
for more details), model (1.1) was introduced by Weiss (1984) to capture the
time-varying risk and fatter tails in modeling financial time series. Some par-
ticular studies on this model include Borkovec and Kliippelberg (2001), which
showed that the sequence has heavy tails under Conditions H1 and H2, given
below; Borkovec (2000, 2001), which studied the properties of extremes and
sample autocovariance and sample autocorrelation functions; parameter estima-
tion, pursued by Guo and Phillips (1998), Ling (2004), and Chan and Peng
(2005); and Kliippelberg and Peng (2006), which proposed an empirical likeli-
hood method to construct a confidence region for the parameters.
Assuming that {Y;} follows model (1.1), which satisfies two conditions,

Condition H1: Elog(|a ++/be1|) <0, and

Condition H2: ¢ has a symmetric, positive and continuous Lebesgue density
on R.

Proposition 2 of Borkovec and Kliippelberg (2001) showed that there exists a
unique constant o > 0 such that

E(ja+vbei|") =1. 1.2)

More technical explanations on Condition H2 can be found in Borkovec and
Kliippelberg. Under some additional conditions on the density and the distribu-
tion tail of &;, according to Theorem 3 of Borkovec and Kliippelberg, there exists
a constant ¢ > 0 such that

P(Y1>x)=cx *{l+0(1)} asx —> oo, (1.3)

that is, Y7 has a regularly varying tail with index a.

The tail index o plays an important role in understanding properties of {Y;}
such as extremes, sample autocovariance, and autocorrelation functions. Although
o can be estimated by the Hill estimator for dependent data as shown in Drees
(2000), it can only achieve the v/k convergence rate instead of \/n, where k =
k(n) — oo, k/n —> 0, and both the choice of k and the asymptotic variance
depend on the underlying dependence structure of the sequence {Y;}. Therefore,
it is difficult to construct a confidence interval for the tail index based on the Hill
estimator. In view of (1.2), one can simply estimate a by solving the equation

fl+\/l§§t

>

ni

‘o, (1.4)

where &, = (Y, —aY;—1)/4/ c?)+l;Yt2_1 and (0, a, l;)T is the quasi-maximum like-
lihood estimator (QMLE) of (w, a, b)”; see Section 2 for details. Denote such an
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estimate by a. A similar estimator for the tail index of a generalized autoregres-
sive conditional heteroskedasticity (GARCH(1,1)) sequence has been studied by
Mikosch and Starica (2000) and Berkes, Horvath, and Kokoszka (2003).

In this paper we first derive the asymptotic limit of & with the /i convergence
rate under some regularity conditions. It turns out that the asymptotic variance
is rather complicated. Based on the asymptotic distribution of &, an interval es-
timate of o can be constructed via substituting the asymptotic variance of a by
its estimate. To bypass estimating the complicated asymptotic variance, one can
simply employ a bootstrap method to obtain critical points. It is known that the
bootstrap method for time series is computationally intensive, however. Here we
propose to employ the profile empirical likelihood method to construct a confi-
dence interval for a, which avoids estimating additional quantities such as the
asymptotic variance. Using the empirical likelihood for confidence interval is a
popular procedure in nonparametric statistics. For an overview of empirical like-
lihood method and related studies, see Owen (2001) and, more recently, Chen and
Van Keilegom (2009).

The paper is organized as follows. Section 2 presents the asymptotic limit of the
proposed tail index estimator and the profile empirical likelihood method for con-
structing a confidence interval for the tail index. A simulation study is conducted
in Section 3 to examine the finite sample behavior of the proposed method. All
proofs are presented in Section 4.

2. METHODOLOGY AND MAIN RESULTS

To estimate the parameter 8 = (w,a,b)” in model (1.1), one finds @ that maxi-
mizes

no((Yi—aYio)® o1 )
b0=2, { oprTy "2 @b
where L, (0) takes the form of conditional Gaussian log-likelihood. Because &,
may not be normal, the estimator 0 is usually known as the QMLE. Therefore,
based on (1.2), the estimator & for the tail index « is the solution to equation (1.4).
Throughout, we use 6y and ag to denote the true value of 4 and a, respectively.

Applying Taylor expansion to the difference between n=!' ¥/, |a + \/Zg[yzo
ao

ap+ Vbo(Yi—apY;_1)

and n_IZ;‘:l lao + /bo€:|*°, we obtain the term E% \/W
i—1

In order to derive the asymptotic normality of &, we have to ensure that || % |ag+
Vholi—apYiz1) |“0]] < 0o, which can be fulfilled by assuming that ap > 1. The con-
1/100+b0Yi271
dition ag > 1 also ensures that P(|Y| > x) ~ 2cx~%0, as argued by Borkovec and
Kliippelbrg (2001, p. 1232).
The following theorem shows the asymptotic normality of the proposed tail

index estimator a.
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THEOREM 2.1. Under Conditions HI, H2, and

Condition H3: oo > 1, Ele1|* < oo for some 6 > max{og/2, 1},
V(@ = ag) = N(O. do),

where dy equals the variance of the limit distribution given in (4.31) in Section 4.

Remark 2.1. Conditions H1 and H2 ensure the existence of a unique strict
stationary solution of model (1.1); see, for example, Borkovec and Kliippelberg
(2001). Condition a > 1 ensures E||%Z,,1 (bo, a0)|| < oo, where Z; 1(0p, ap) is
defined below. The requirement of E|e;|* < oo is used to ensure that the joint
asymptotic distribution of the QMLE and the estimator of «( is normal.

To construct a confidence interval for the tail index a, an obvious approach is to
estimate the asymptotic variance dy. Due to the complexity, one can simply em-
ploy a bootstrap method. Alternatively, we seek an empirical likelihood method to
bypass estimating the asymptotic variance. A direct application of the empirical
likelihood method to equation (1.4) cannot capture the variance of the plug-in es-
timator 6. However, the asymptotic variance dy of the tail index estimator & really
depends on the asymptotic variance of 0 as shown in the above theorem. Hence,
the Wilks’ theorem fails for the empirical likelihood method. Here we propose
the profile empirical likelihood method.

Note that the QMLE 4 is a solution to the score equations

n
Y Z,j0)=0 for;j=2,3,4,
t=1

where
220) = & { (Y, =a¥i1)* /(0 +bY2,) +log (0+bY2 ) },
230) = & { (i —a¥i-1)? [ (0+bY2,) +log (0+bY2 ) |,
2,40) = 5 {(¥—a¥i-1)*/(0+bY2,) +log (0+bY2 ) }.

Hence, using (1.2), we can estimate 8 and a simultaneously by solving the equa-

tions
n
> Zi,j=0 forj=1,2.3,4, (2.1)
=1
where
o

b(Yy—aY;_

Z,100,0) = a+M —1.

1/a)+bY[2_1
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This simultaneous estimation procedure motivates us to apply the empirical like-
lihood method to the above four equations and then profile the nuisance parame-
ter 8. This is the so-called profile empirical likelihood method based on estimating
equations proposed by Qin and Lawless (1994).

Specifically, based on equations (2.1), define the empirical likelihood function
of 0T, a)T as

n

n n
L@O,a) :sup{H(np,) p1>0,...,p, >0, Zp, =1, Zp,Z,(Q,a) :O},
t=1 t=1 t=1

where Zt(gﬂa) = (Zt,l(ara):zt,z(e)’ Zt,3(0)5 Zt,4(9))T fOr 1= 15"'7’1- By
virtue of the Lagrange multipliers, it is clear that p, = n™ {1 + AT Z;(0, &)} !
forr=1,...,nand

n
10,a) = —2log L0, a) =2 ng{l —I—/ITZ;(@,a)},
t=1

where A = 1(0, a) satisfies

4 Zl(eaa)

; 1+ 4720, 0)

2.2)

Since we are interested in the tail index a, consider the profile empirical likelihood
function /,(a) = [@(a), o), where @ = 0(a) := argming [ (0, ). First we show the
existence and consistency of 0 (ag).

PROPOSITION 2.1. Under conditions of Theorem 2.1, with probability tend-
ing to 1, 1(0, ag) attains its minimum value at some point 0 in the interior of the
ball ® = {0 : |10 —6o|| < Cn=Y @Y for any given y € (1,0) and C > 0, where o
is given in Theorem 2.1. Moreover 0 and J. = A(0, ag) satisfy

01n(0,2) =0 and 2,(0,2) =0, 2.3)
where

1 & Zi0,a0)

W0, =~y —
Q1 (6. 4) nt§’11+/1TZt(9,a0)

and

12 1 P T
Q2n(0;/1)= th(eao){aezt(e,ao)} A.

ni
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The next theorem, Theorem 2.2, establishes the Wilks theorem for the proposed
profile empirical likelihood method, which can then be used for interval estima-
tion of the tail index as stipulated in Corollary 2.1.

THEOREM 2.2. Under conditions of Theorem 2.1, the random variable
I,(ap), with 6 given in Proposition 2.1, converges in distribution to 22(1) as
n — OQ.

COROLLARY 2.1. For any 0 < ¢ < 1, let u. denote the ¢th quantile
of a x*(1) random variable and define the empirical likelihood confidence
interval with level ¢ as 1. = {a|ly(a) < uc}. Then P(ap € Ic) —> ¢ as
n—> oo.

3. SIMULATION STUDY

In this section we examine the finite sample behavior of the proposed profile em-
pirical likelihood method and compare it with the naive bootstrap method in terms
of coverage probabilities and interval lengths.

Consider model (1.1) with (a,w,b) = (0,1,0.5), (0,1,0.9), (0.5,1,0.5), and
g ~ N(0,1) or t(v)/+/v/(v —2). Although the true value of the tail index a can
be obtained via numerically solving the integration in (1.2), we draw 100,000
random samples of size n = 10,000 for the errors in (1.1) and solve equation (1.2)
for each random sample with the right-hand side replaced by the sample average
to obtain a, say a. Then the true value ag is calculated as the average of these
100,000 a’s.

Next we draw 1,000 random samples with size n = 500 or 2,000 from model
(1.1). To compute the bootstrap confidence interval based on &, we draw B = 200
bootstrap samples with size n from &1, ..., ¢, with replacement, say £}, ...,&;.
Then we generate observations from model (1.1) with 8 and &, s replaced by the
QMLE and & ’s, respectively. Based on these generated observations, the boot-
strap version of a is obtained. Hence, the percentile bootstrap confidence interval
with level ¢ is obtained via the B bootstrapped estimators of . Denote it by / f .
In Table 1, we report the coverage probabilities of the proposed profile empirical
likelihood interval /. and the percentile bootstrap interval / é’ at levels ¢ = 0.9
and 0.95. The average interval lengths for both intervals are reported in Table 2.
From these two tables, we observe that (i) the proposed profile empirical like-
lihood method performs much better than the percentile bootstrap method when
(a,w,b)=1(0,1,0.9) and (0.5,1,0.5),i.e.,a’+bis large; (ii) the proposed profile
empirical likelihood method has a shorter interval length than the percentile boot-
strap method when n = 500, but both methods have a similar interval length when
n = 2,000; (iii) the bias of the tail index estimator a becomes smaller when n is
large. Moreover, the computation of the proposed empirical likelihood method is
less intensive than the bootstrap method, which repeatedly estimates the model
(1.1) and solves equation (1.4).
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TABLE 1. Empirical coverage probabilities of the proposed profile empirical
likelihood interval I and the percentile bootstrap interval / é’ at levels ¢ = 0.9
and 0.95. The true value of the tail index a, the sample mean, and sample
standard deviation of & are, respectively, given in the last three columns of the

table
(n,a,w,b, ) Ioo 10y Ioos I8gs ap  E@ SD@)
(500,0,1,0.5,N(0,1))  0.891 0.896 0934 0925 4735 5175 1.572
(500,0,1,0.9,N(0,1))  0.892 0799 0953 0.860 2.305 2414  0.420
(500,0.5,1,0.5,N(0,1))  0.893 0.867 00956 0.896 2989 3.129  0.599
t(10)
(500,0,1,0.5, J(llof)g) 0.850 0.892 0908 0921 4.013 4444 1237
!
(500,0,1,0.9, J%) 0.874 0810 0925 0866 2255 2380 0.413
3
(500,0.5,1,0.5, fm) 0.894 0.863 0937 0880 2881 3.029 0.593
(2,000,0,1,0.5,N(0,1)) 0915 0919 0952 0952 4735 4803 0513
(2,000,0,1,0.9,N(0, 1)) 0916 0.820 0953 0860 2305 2321 0.183
(2,000,0.5,1,0.5,N(0,1))  0.905 0.875 0947 0929 2989 3.025 0.271
t(10
(2,000,0,1,0.5,4%1 o) 0.877 0906 0932 0940 4.013 4.106 0.485
(2,000,0,1,0.9, &(110%) 0.878 0.768 0936 0.820 2255 2281  0.200
+(10)
(2000.0.5.1.05.755) 0868 0.859 0923 0908 2.881 2917 0305

TABLE 2. Average interval lengths of the proposed profile empirical likelihood
interval /. and the percentile bootstrap interval / é’ at levels ¢ =0.9 and 0.95

(n,a,w,b,er) Ino 1(?9 To.9s 1(1);,95
(500,0,1,0.5,N(0, 1)) 3.974 4.876 4.615 6.468
(500,0,1,0.9,N(0, 1)) 0.999 1.151 1.170 1.461
(500,0.5,1,0.5,N(0, 1)) 1.917 1.924 2.308 2.419
1(10)
(500,0,1,0.5, \/(11078) 3.345 4.596 3.896 6.136
1(10)
(500,0,1,0.9, %) 0.930 1.207 1.086 1.524
t(10)
(500,0.5,1,0.5, m) 1.895 2.028 2.273 2.543
(2,000,0,1,0.5,N(0,1)) 1.701 1.666 2.041 2.065
(2,000,0,1,0.9,N(0,1)) 0.506 0.517 0.576 0.635
(2,000,0.5,1,0.5, N(0,1)) 0.871 0.795 1.045 1.007
1(10)
(2,000,0,1,0.5, ‘/(1107)8) 1.442 1.446 1.722 1.804
1
(2,000,0,1,0.9, \/W/]%; 0.465 0.506 0.524 0.632
t
(2,000,0.5,1,0.5, m) 0.895 0.819 1.072 1.036
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4. PROOFS

First, we establish several lemmas.

LEMMA 4.1. Under conditions of Proposition 2.1, we have

sup sup||Z; (0, ao)|| =0, (n'/?"). 4.1)
1<t<nfe®

Proof. Put

8(t,0) = (Z:2(0), Z: 30), Z: 4(0))" .

Then it is easy to verify that

2
_ 2 - (Yt_aYt—l)
g(t,0) = (w+bY> ) (1 - W’ =2(Y; —aY—1) Y1,
2 T
Y —aY,_
1_% Y12—1 ) 4.2)
w+bY.
Note that
2
_ (Yt—aY,_l)
oo—i-be_l
o Wi—ag¥im)® | (Yi—agYi—1)* (Y, —aY,—1)?
w0+bOYt2_1 CUO"'bOle_l w+bY12_1

=1 —gtz + [Z(a —ap)y\/ wo —I—boYtz_lé,‘;Y,_] —(a —ao)ZYt2_1:|/(w() —I—boYtz_l)
+|@=w0)+ (b—bo)Y2, |

2
X [\/a)o—l—boYtz_lS,+(a—a0)Yt_1:| /[(w+bY;2_1)(w0+bOYt2_1)} 4.3)

and

Yr—aY,—1)Y,—1 = [Yt —apY;—1 + (ao —a)Y[_l] Yio1

=/ wo+boY? Yi—1e+(ap—a)Y7 . (4.4)

By (4.3), we have for n large enough,

sup|Z;2(0)] = C1 (147 +n7"/ e |+~ ) 45)
0e®
and
up|Z;,4(0)] < C1 (147 +n ™"/ ey +n=1/2 ) 4.6)
0e®
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for some C; > 0. Since E|e1|* < oo and d/y > 1, it follows from (4.5) and (4.6)
that

sup sup|Z,2(0)| =0, (n'/?) and  sup sup|Z 4(0)| =o0p(n'/?").

1<t<n0e® 1<t<n0e®
Similarly, it follows from (4.4) that

sup sup |Z,3(0)] = o, (n'/?7).

1<t<n0e®

Hence,

sup sup [|g (1, 0)|| = o, (n'/?"). @.7)

1<r<n6e®

Observe that

a—i—«/E(Y, —aY,_])/‘/w—i-bY[z_l

Y, —aY,— Y, —aopY,— b(Y; —apY;—
a—i—x/l;(tat])—(ta()tl) +[(r“0tl)
\/a)-i-bYtz_l \/0)0+b0Y,2_1 \/a)()-l—b()Ytz_l

a+b(Y, —a¥_1) (\/w0+b0Y,2_1 - \/w+bY,2_1)/(\/w+bY,{l Voo +b0Y,2_1)
a0
++b(ao —a)Y;—1/4/@o +boY? +be,

a0

a0

< ‘a+«/1§g, “y ’«/15 (\/wo +boY2 e+ (ao _a)Yt—l) [(w0 = @)+ (bo —b)Y;2_J/
a0
X [\/w—{—bytz_l \/wo—}—boYtz_] (\/wo +boY,2_| + \/w+be2_|>}
< [a+vber| " 40712 [Vber | (Vormin{en, bo}) 1% +n7 Iy /min{en, bo) | 4s)
uniformly for r > 1. Using (4.8) and Ele|* < oo for d > ag, we have
Y, —aY;_
sup sup||a+\/z$|“°—ll =0p(n1/2y). 4.9)
1<t<nfe® /w+ble_15t
Hence, the lemma follows from (4.7) and (4.9). n

LEMMA 4.2. Under conditions of Proposition 2.1, we have

(i) supgeo || 1 Sy 5710.00) ~E{ 571 00,00} || = 0,(1);
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LS0210.00)2] 0,00) ~ E{Z1(60. 00) 2] (G0, 00)} | = 0,(1):

(i) 31, Z:(00,00) = N(0.E{ Z1 00, 00)Z] (00, 0) } ).

Proof. Write

0
th 100, a0) — *Zr 100, a0)

ow

_GO\/E(Yt —aY;—q)
2w+bY2 )"

b(Y; —aY;—
+[(t aYi—y)

1/a)—i—bY12_1

o0~/bo(Y —aogY;—
Y o0 (Y 20 z3/;) a0+
2(6()0~|—b0Yt_1)

\/%(YI —apY-1)

\/w0+bOY,2_|

aQ\/E(Y,—aY,_Q + \/E(Yt_aYt—l)
- 3/2
2(w+bv2 )Y Jo+by2
‘ «%(Yt—GOYr—l)
— |ao+

\Jwo+boYE,

_ aov/bo(Y; —apY,—1)
2o +bor2,) "

aog—1
sgn (ao +

_ GO«/E(Yt —aYi_1)
2wtbr2,)"

\/%(Yt_a()yt—l)

1/ @0 +b0Yt2_1

= 1,(t,0) + L(t,0).

X |ap+

For 0 = (w,a,b)”, define
\/_(ao—a)Y, 1 (b—bo)e;
d0) = (a—agp)+
. t ot b

1/w+bY2

Vbe;[wo— o+ (b — b)Y ]

ap—1
sgn (a+

ap—1
( b()(Y,—
sen [ ag+

ap—1
sgn (a—l—

Vho(Y; —

apY;—1)
\/ [20] +b0Y,2_]

\/E(Yt —aYi_1)
,/a)—i—bYtz_l
apYr—1)
1/600+b0Yt2_]
Vb(Y, —

aYi—p)
\Jo+bYE,

ap—1
( bo(Y —
sgn |ap +

apYi-1)
A/ @0 +[?()Yt2_1

(4.10)

\/w+b 1(\/a)—l—bY 1+\/600+b0

5

When | < ag < 2, by the inequality that for any x, y € R

|1x + yI“~sgn(x +y) — x| sgn(x)| < 2]y|*!
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(see Lemma 4 of Arcones, 1996), we have for n large enough,

aov/b|Y; —aY,_|
sup |11(¢,6)| < sup 5
e EC) (w+bYt_1)‘

12

— sup 060\/5(@0+b0Y,2_1) / - (ap—a)Yi—y

- 3/2 !

0c® (w+bY? ) / v/ @o+boY?

x/_(do—a)Yz 1 (b_b())‘?t
\/oo—|-bY2 \/E+“/b_0

Ve, [wo— o+ (b — b)Y ||

\/co-l—b L (ororZ + Jon+bor2,)

< o (lerl+Cn ™12 ) [0™127 (1 Jey )]

|d@)""

(a—ap) +

ag—1

for some C, > 0. When n is large and a > 2, we have

aov/b|Y, —aY;_i|
)3/2

sup|11(t 0)| < sup
E peb 2 (w+bY2

Vb*(ag—a*)Y;—y . (b* —bo)e;
w* +b* Y2, Vb* + /by

op—2

X (ao 4 /bog; + (a* —ap) +

Vb*e [wg — * + (bo— b)Y ]
\/w +b*Yt21<\/w +b*Y; 1+\/wo+boYt 1)
Vb(ag—a)Y,— (b_bO)gt

Jo+bYE, NN
«/_8,[(»0—60+(b0—b) ]

\/w+b 1(\/cu+b l—i—\/wo—l-bo )

op—2
< Ca (el + ™) {laol + VVboler +n =12 (11l }
xn” V2 (1+ &)

x |(a—ap)+
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for some C3 > 0, where 0* = (w*,a*,b*)T lies between 6y and 6. Hence, it
follows from E|e;|2* < oo that

n
Esup |I1(z,0)| = o(1),

=] 0O

which implies that

1 n
= sup |11 (1,0)] 2 0. @.11)
t:19€®

Similarly, when n is large, we have

sup |2 (1,0)] < sup 22
0O feo 2

Vb(ag—a)Y,_ + (vb—/bo) (Y; —agY;_1)
(w+bYt2_1)3/2

1/2
_JI?O(YI—GOYt—l) ((w0+b0Ytz—l) / 1 )

32 2
/wo_i_boytz_l (w—|—bY12_l) / w0+b0Yt—l

ag—1

x/lTO(Yz —apY;—1)

Voo +boY?

< [Cn‘l/zy +Cn™ Y27 (g1 + /boler] sup (g +boY2 ;)2
0e®

] .
. Vo (Yr —apY,—1)

agn >
“wO+b0Yt—l

which gives 1 37| Esupy g |12(1,0)] = o(1), ie.,

X |ap+

ap—1

1 1

- VBo(Y —ag¥,_1)
@+or2 ) (oo +bor2 )™

0+
’/w0+b0Y12—1

ap—1

X

< [Cn_l/zy Lo~V |g,|]

1 n
= sup|L(t,0) 2 0. 4.12)
t:10€®

It follows from the law of large numbers that

0

1 & 0
- 3 55 Z1.1(0, 00) LN E{le,l(909a0)}~
t=1
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Combining this with (4.10), (4.11), and (4.12) yields

n

1 0 0
-3 %Zt,l(eaao) _E{awzl,l(%’ao)}| =op(1). (4.13)

-

sup
0e®

Write
0

0
2 Zr0)——2Z
P 1,2(0) P 1,2(00)

=3{(Y; —a¥,_1)’ = (Y, —ao¥-1)* } (0 + bY )
+3(Y; —ap¥i—1)* { (w+bYt2_1)_4 - (wo+boYt2_1)_4}

—4

+ (wo+b0Y[2_l)_2 - (w+bYtz—1)_2

= J1(t,0)+ Jo(t,0) + J3(t,0). 4.14)

It is easy to check that for n large enough,

(a0 — a)Yi—1[2(Y; —aoY,—1) + (ap—a)Y,—11| wo+boY2,
sup |J1(¢,0)| = sup 3 7
0e0 0e® wo+boY/ (w+0bY?2 )

< Cn™2 (205 e+ Cog ') (1605°). (4.15)
Since E|e1| < 00, it follows from (4.15) that
1 & p
=Y sup|Ji(t,0)] — 0. (4.16)
t:10€®
For J,(t,0), there exists a constant C4 > 0 such that for n large enough,

sup | J2(2,0)| = sup |3e2(w+bY2 ) [(w+bY,2_1)‘2+ (w0+b0Yl_1)—2}
0e® 0ec®

X [a)+a)o+ (b+b0)Yt2_1] [a)() —w+ (by —b)Ytz_J

< Cyn= V2 g2, (4.17)

Since E|¢; |2 < 00, we have

] n
= sup|h(,0)] -5 0. 4.18)
n t=l‘9€®
Similarly,
c 14
— ) sup|J3(t,0)] — 0. (4.19)
t1=10€0O
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Thus, it follows from (4.16), (4.18), (4.19), and the law of large numbers that

n

12660)%,2(9)—]]‘3{;021,2(90)}’ =op(D). (4.20)

nZ

sup
0e®

Similar to the proofs of (4.13) and (4.20), we can show the convergence in prob-
ability of the other terms in %Z?:l %Z, @, ap), i.e., (i) holds.
In order to prove (ii), it suffices to show that

1 n
Hsug - N Z1,i(0,00)Z1,j (0, a0) —E{Z1,i (6o, 20) Z1, (B0, 0)} | = 0, (1) (4.21)
€ =1

fori, j =1,2,3,4. Here we only show the case of i =3 and j = 4, since the other
cases can be proved in the same way. Write

Z1,3(0,00)Z1,4(0, 00) — Z1,3(60, 20) Z1 40, 20)
— 2(ag—a)¥*, {1 ~ —aY,_l)Z/(w+bY,2_1)} (w+bY2)

_2Yt3_1(Yl—a0Y,_1) (Yt—aoY,_l)z _ (Y,—aY;_])z
(w+bYt2—1)2 w0+b0Y12—1 w+byt2—1

-2

—2¥2 (Y —aoYimn) (6 = 1) { (0+bY2,) 2 = (w0 +bo¥2 ) 7}
=: L1(1,0) + La(t,0) + L3(1,0). 4.22)

For L1(t,0), there exists a constant Cs > 0 such that for large n,

sup [L1(z,0)]
0e®
2
B 2ag— )Y (ap—a)Yi— wo+boYE
s e 02 | T 2 +bY?
00 | (0+bY> ) \/@o+boY @TbY

< Csn™ V7 (14262 +2b5 ' COn ™17,
It follows from Ee? < oo that
1 & p
=Y sup|L(t,0)| — 0. (4.23)

=1 0e®
Further, there exists a constant C¢ > 0 such that, for n large enough,

sup | Lo (1,0)]
0e®

2
2Y} e\ Joo+boY? 5 (ag—a)Y,_; <w0+boyf_l>
& — 81+ >
\/w0+b0Y12_1 o+bY7

= sup
He® (w—|—bY12_1)2
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2Y 1€t«/wo+b0Y,2_1 {etz (a)—a)o—}—(b—bo)Ytz_])

(0+bY? )2 w+bY?

= sup
0e®

+ 2(ag—a)Y;_1e; (ag a)ZY,2_1 wO‘H’OYtz_]
- 2 2
\/COoeroY,z_] wo +bo¥ w+bY |
< C6n_1/2y (|8;|3+8t2+n_1/y |s,|) ,

which implies that 1 3 | E{supy.e |L2(t,0)|} —> 0. Hence,

1 n
- z sup | Lo (¢, 0)] 250. 4.24)
n,;—10e0

Similarly, we can show that

- 2 sup |L3(t,0)| - 0. (4.25)

1= 106

It follows from (4.22)—(4.25) that (4.21) holds for the case of i =3 and j = 4.
Next, we prove (iii). By the definition of Z; | (6o, a0) and (4.2), we have

T
1—¢} —2e,Y,_1  (1=&)Y2,

0
_15 > 5
wo+boY2, [y +boY?2 wo+boY2,

Since Z;(6y, a0) is a martingale difference sequence, (iii) follows from the central
limit theorem (CLT) for martingales (see Hall and Heyde, 1980). This completes
the proof of Lemma 4.2. u

Proof of Theorem 2.1. Let g(z,0) be defined as in Lemma 4.1. Then
Lyn  g(t,0) = 0. By Taylor expansion, we have

o,
Zi (0o, o0) = ‘ao +v/boe;

n

=%Z£(f:9) rllZg(t 0) + — Z—g(te)(a ),
=1

t=1

where 0 lies between 0 and 6. By Theorem 1 of Ling (2004), we have that under
Conditions (H1)—(H3),0 -0y = O, (n~ 1/2) Thus, it follows from Lemma 4.2 that

. d |
0—6y= {Eaeg(l,eo)} Zg(t 00) +op(n~"?). (4.26)
t 1

By Taylor expansion, we have that for any o > 1,

‘00‘1‘ \/%31 a}
&—i—\/g(Yt

n

tzzl{(aJr\/E@a—
-3

1
n

&+bYE,

- |a0+ \/%gt’“}
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a—1

1 & * Vb*(Yt_a*Yt—l) * \/b*(Y,—a*Y,_l)
:72(1 a + sgn | a +
= w*+b* Y2, \Jor +b* YR,

&+\/Z(Yt_ayt—l)_a _\/%‘St

x A~
O+bY2,
a—1
1 * Nb*(Y—a*Y, 1) * Nb*(Y;—a*Y, 1)
=—Yala*+ sgn | a* +
il 0 b Y Vo +b* YA
b—bp)e =
X &—ao—{—@—k \[b(Y,—&Y;_l)
Vb+ /by
1 1 . Vb(ag—a)Y_,
\/Cf)-i-l;Yf_l \/(Uo-i-b()ytz_l \/a)()—l—b()Ytz_l

a—1

1 & £ \/b*(Yt—Cl*Yt_]) % \/b*(Yt—Cl*Yt_])
:fZa a + sgn | a +
=1 \Jor +brYE \Jor +brYE

(b bo)gt \/(ao—a)le

X a—ao—l—
b+\/ \/COO‘H’OY, 1

+VbLY, —agYi—1 + (ap — &) Yi—1]

(wo — @)+ (bo — b)

\/w+in 1\/600+b0Yt 1(\/6()+b 1+\/600+b0 1)
4.27)

where (*, a*,b*)7 lies between § and 6p. Since 0 —th =0, (n~1/?), using sim-
ilar arguments in proving Lemma 4.2(i), uniformly for all 1 < a < 24, the right-
hand side of (4.27) is

1 & -1
; Za ‘a0+ \/1708[ ‘ sgn <a0+\/lT08,>
=1

. (b bo)s; (wo — @) + (bo—l;) Yt2 1
— Y, Yi—1)
a—ap+ + /bo(Y; —apY; 2w+ boY? )32

bo(ap—a)Y,—
+\/_0( 0 ) t—1 +Op(}’l_1/2)
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a—1

1
sgn (ao + bogt)

= - (1 a0+ boe;

niZ

a—ao+

b b()) & +/boes (wo — &) + (b() —213) Ytz_1
by 2(w0+b0Yt_1)

+\/_O(Clo—a)Yt 1

\/w0+b0Yt_1

Since E|e1|[* < o0, it follows from the law of large numbers that

12 a—1
;Za ‘ao—l— v boer sgn (ao—l—\/boe,)
=1
Vboer ~/boe; Y,2_1 «/b_OYt—l

2(w0+b0Yt2—1) 2 (w0+b0Yt2—1) ’ 1/a)0—|-b()Y12_1
(a|ao+\/17082|a_lsgn(ao+ boez))

+o,(n712). (4.28)

X 1,8,,

Jhie  JheY:  JRY

2(a)0+b0Y12) ’ 2(0)()+b0Y12) ’ \/m

holds uniformly for 1 < a < 2. Therefore,

n
12(&4—\/25{(1_ a>
=i

= (@—ag)E |:(“ |a0 + \/l;ng}a_lsgn (ao + \/1%82)) (l — \/C%)]

x | 1,e2,

aog+/boes

€ 26
4+ (h—bo)E <a’ao+\/17082‘ Sgn(ao-k\ﬁe?z))[\/z— z(ﬁZ:)l’lz)H
i a0+ v/Bo2| " sen (a0 -+ Vo)
+ (wo — ®)E [ ( 2(wo+boY?) ) ] +or()
(4.29)

holds uniformly for 1 < & < 24. From (4.29), |0 — 6o = O, (n~"/), and the law
of large numbers, it follows that

n
2 a+Voe| —E‘aﬁ \/%gl‘“‘ = 0,(1).

sup

l<a<2d|M
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Since oy is the unique positive solution of E|ag + boe|* = 1, we have & BN 0.
Thus, it follows from Taylor expansion and (4.29) that, under the set of
|a —ap| < v for some v > 0 small enough,

1 & = .|
0==-Y3 la+Vbs
n

=1

%i(‘a+\/e,‘ —‘a0+\fst‘ )

t=1

i (‘“0+ \/%St‘& - 1)

=1

£ (e[ -1

1
n
n

2(‘a+\/et‘ —‘a0+\fst‘ )

t=1

4
- a0+\/170£t’a0{10g’a0+\/%£,’}(&—oco)

t=1

1 1
T n n

1 & a* 2
+E 2 ‘ao—i— b()et‘ {log‘ao—i— bost‘} (a —a0)2
t=1

=(a—ap)E [(& ’ao+\/17082 &_1sgn (a0+\/%82)> (1 —\/FOY]>I
\/wo-i-bole

e boerlt
+(b=b0)E | (dlao +ozz| " sen(an-+ /o)) L«/Fo 2(wo +boY?)
. ( |ao+f82| sgn a0+\ﬁ52))
+ (wg —d)E
2(w0+boY1)
n
% 2 (‘a0+\/%gt @0 1) +E(‘a0+\/%gl‘a010g‘ao+ bole(&—oco)
f:
+0p(n_1/2)

N - byY
=(a—ap)kE ((10|a0 + 4/ b0€2|a0 lsgn (ao + b052)) 1— ﬂ
1/6()()+b0Y12

. Poer Y2

+ (b—bo)IE (aolao—l-\/l%gﬂao—lsgn(ao—}—\/17062)) [25/2% - z(ﬁzoéz)ﬂ
i
VBo(ao|ag +/Boea| ™ sgnlao + v/Boe2))ea
+ (0o~ H)E
(wo+boY )
1
T

i (et +/Boer | = 1) +E(Jao + v/Boe1 | 10g |ag + v/Boe |) (& —ao)
op (n

—172), (4.30)
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where a* lies between & and ag. Put eg = E(|ag + +/Doe1]*° log |ag + +/boe1]). By
(4.30), we have, under the set of |& — ap| < v for some v > 0 small enough,

(= ag)
— JiG—wo)eE Vbo (aolao + ~/Boe2 |0 'sgn (a0 + v/Boe2) ) &2
0 2(wo + bole)

—1
+\/7l(&—ao)e()_IIE (ao‘ao-i-\/lToeg‘ao sgn(ao+\/170£2>) ﬂ—l
\J@o+boY?

(ao‘a0+ boea|” sgn(aﬁ\fgz)){ Vhoer ¥} & ﬂ

b—bo)ey'E
nb=bo)es 2(wo+bo¥?)  2Jbo

uM:

60[ <|a0+ o] —Elao + /boer| ") +0, (). 4.31)

Thus, by (4.26), a AN a0, and the central limit theorem for martingales (see
Hall and Heyde, 1980), the right-hand side of (4.31) converges in distribution to
a Gaussian distribution with variance dj, which is a function of 4. u

Proof of Proposition 2.1. This can be shown in the same way as Lemma 1 of
Qin and Lawless (1994) by using Lemmas 4.1 and 4.2. n

Proof of Theorem 2.2. Using the same arguments in the proof of Theorem 1
of Qin and Lawless (1994), it follows from Lemmas 4.1 and 4.2 that

A _ gl Q1n(90,0)+0 (n=172)
o—6) " op (n™17%) ’
where
001,(60,0) 901,(%,0)
[ S11812
Sn = (Mz‘z(%"’o 8(39 ) - (Szl 0 )
~E{Z1(00,00)Z] (00, a0)} E{ Z218pe0) |
T
E{@Z}E’?g,ao } 0

By the standard arguments of empirical likelihood method (see proof of Theorem
1 in Owen, 1990), it follows from Lemma 4.2 that

n
p(ao) =2 Y log {1427 Z,(0,a0) }
t=1

=20(37.07 - 0] ) (01,(60.0).0)"
+n(17,§T —GOT)Sn (ZT,éT —eoT)T +0p(1)
= _n(Q{ﬂ (90’0)’0) Sn_l (Q{n(G(),O), O)T +0p(l)

_ (wT S S\ T
=—(w'",0) (W,0)" +0,(1), (4.32)
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as n —> 0o, where W is a multivariate normal random variable with mean zero
and covariance matrix Sp;. Since

—1 — — _ — — _
S11 812 _ Slll—S“lSle 15215“1 S111S12A 1
Sa1 0 A71S 87! —-ATV )7

where A = SzlSl_]lSlz, we have

—(w”,0) (:3; S(l)2>_1 (w?,0)"
=—wT {Sl_ll — 5T S1,A71 85 8T } W
— {(_ S”)—I/ZW}TSHZ{SHI s SIZA_1521S1_11}S11{2{(_ S”)—l/ZW}
= (=)™ s Psnaten sy P H (< s) 7w

(4.33)

Since

—1/2 — —1/2 — —
tr(Sn/ SppA~'sy 8T ) = tr(A71S587S 1) =3,

we have tr (I— Sl_ll/zsle_ISﬂSl_l]/2> = 1. Hence, it follows from (4.32) and
(4.33) that I, (a0) =5 #2(1) as n —> oo. ]
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