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IDENTIFICATION OF LINEAR
REGRESSIONS WITH ERRORS IN ALL
VARIABLES”

DAN BEN-MOSHE
The Hebrew University of Jerusalem

This paper analyzes the classical linear regression model with measurement errors
in all the variables. First, we provide necessary and sufficient conditions for iden-
tification of the coefficients. We show that the coefficients are not identified if
and only if an independent normally distributed linear combination of regressors
can be transferred from the regressors to the errors. Second, we introduce a new
estimator for the coefficients using a continuum of moments that are based on second
derivatives of the log characteristic function of the observables. In Monte Carlo
simulations, the estimator performs well and is robust to the amount of measurement
error and number of mismeasured regressors. In an application to firm investment
decisions, the estimates are similar to those produced by a generalized method of
moments estimator based on third to fifth moments.

1. INTRODUCTION

The efficacy of the classical linear regression model, which stands at the heart
of applied economics, can be compromised by measurement errors. Despite their
pervasiveness in data and the resulting endogeneity problems, measurement errors
are mostly ignored in practice.

The linear errors-in-variables model generalizes the linear regression model in
order to take measurement errors into account.' For the single regressor errors-in-
variables model, the conditions under which the coefficient can be identified and
estimated are well understood. Surprisingly, these conditions are not known for
the multiple regressor errors-in-variables model. This is the problem the present
paper addresses.
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In the case of the single regressor errors-in-variables model, Reiersgl (1950)
shows that the coefficient is not identified if and only if (i) the regressor is normal
and (ii) either one of the errors can be expressed as the sum of two independent
variables, one of which is normal. Hence, identification requires some nongaus-
sianity assumption and consistent estimation is usually based on higher moments.
Accurate estimation of the coefficient based on higher moments, however, requires
large samples and is particularly sensitive to outliers. Common practice is to ignore
higher moments and use the standard ordinary least squares (OLS) estimator,
based on second moments, which bounds the unknown coefficient and identifies
its sign.

The general conditions for identification of the multiple regressor errors-in-
variables model are not known. The main contribution of this paper is to provide
necessary and sufficient conditions for identification of the coefficients. The
coefficients are not identified by first and second moments, so that jointly normal
observables do not identify the coefficients (see, e.g., Koopmans, 1937; Reiersgl,
1945). Further, unlike the single regressor model, first and second moments do
not in general bound the coefficients, unless they all lie in the same orthant (see
Klepper and Leamer, 1984). The literature has based identification on nongaus-
sianity assumptions on the unobserved regressors. Cragg (1997), Dagenais and
Dagenais (1997), Erickson and Whited (2002), Geary (1941), Lewbel (2012),
and Pal (1980) identify the coefficients using rank conditions on third and higher
moments. Bekker (1986), Kapteyn and Wansbeek (1983), and Willassen (1979)
identify the coefficients using the assumption that no linear combinations of the
regressors are normal.

We show that the model may still be identified even if the unobserved regressors
are jointly normal. For nonidentification, a linear combination of regressors must
be not only normal but also transferable to the errors. Specifically, we show that
the coefficients are not identified if and only if (i) there is a normally distributed
linear combination of unobserved regressors that is (ii) independent of some other
linear combinations of regressors and (iii) some errors can be expressed as the sum
of two independent random variables, one of which is normal.

Our identification strategy uses characteristic functions to take advantage of
the model’s linearity in the regressors and errors. The literature that identifies
measurement error models that are nonlinear in the regressors uses additional
information such as instruments or repeated measurements (see, e.g., Hausman
etal., 1991; Hu and Sasaki, 2015; Schennach, 2007). A notable exception is Schen-
nach and Hu (2013) who show identification of a nonparametric function with
a scalar mismeasured regressor. Extending identification to nonlinear functions
of multidimensional mismeasured regressors, without any additional information,
would be a new result.

The second contribution of this paper is to introduce a new estimator for the
coefficients that uses information from all higher moments and that is not based
on a solution to a system of higher moment equations which, as mentioned earlier,
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requires large samples for accurate estimation.” Although identification is not
constructive (i.e., identification does not produce a closed form mathematical
expression for the unknown coefficients), we will nevertheless be able to mimic
the steps in the identification procedure to construct an estimator using a con-
tinuum of moment equations based on second-order partial derivatives of the log
characteristic function of the observables. The estimator is root-n consistent and
asymptotically normal.

The identification and estimation results allow all the regressors to have mea-
surement errors. If there are some regressors that are known to be perfectly
measured then there are other ways to identify the coefficients. For example,
Lewbel (1997) constructs instruments using the perfectly measured regressors and
Ben-Moshe, D’Haultfceuille, and Lewbel (2017) project off the perfectly measured
regressors and use them as instruments. The simulations and application focus
on the more empirically relevant setting in which some of the regressors are
mismeasured but others are not. We estimate the coefficients by first partialling out
the perfectly measured regressors and then applying our results to the residuals of
regressions of the outcome variable and mismeasured regressors on the perfectly
measured regressors. In the finite sample simulations, the estimator performs well
with small bias and decreasing standard deviation at root-n rate. The coverage
probabilities of the 95% confidence interval are close to the nominal level sug-
gesting that inference using the estimator is trustworthy. The estimates are robust
to the amount of measurement error, the number of mismeasured regressors, and
the distribution of the regressors.

Using data on firm investment decisions, the estimator produces results that are
similar to the generalized method of moments (GMM) estimator based on third,
fourth, and fifth moments. According to the neoclassical theory of firm investment,
these decisions should depend only on marginal returns to capital (Abel, 1983;
Abel and Eberly, 1994; Brainard and Tobin, 1968; Hayashi, 1982; Kaldor, 1966;
Mussa, 1977; Tobin, 1969). Empirical studies, however, show that measures of
marginal returns to capital explain very little about firm investment decisions
(see, e.g., Blanchard, Lopez-de Silanes, and Shleifer, 1994), and have spurred a
long-standing debate on why the theory is not confirmed by the data. Erickson
and Whited (2000) and Erickson, Jiang, and Whited (2014) provide evidence
that a linear regression with measurement error in marginal returns to capital
corroborates the theory. However, most of the literature contends that financial
constraints need to be incorporated into the theory (see, e.g., Fazzari, Hubbard,
and Petersen, 1988; Gilchrist and Himmelberg, 1995). These financial constraints
are unobservable and often measured by cash flows. We show that the estimated
coefficients are mostly insignificant in a linear regression with measurement errors
in both marginal returns to capital and in financial constraints. This suggests that

2In addition to estimation methods based on higher moments, estimation can be based on, for example, distributional
assumptions, instrumental variables, multiple measurements, small error variance, and so forth (e.g., Bickel and Ritov,
1987; Chesher, 1991; Hausman et al., 1991; Li, 2002; Schennach, 2004; Spiegelman, 1979).
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either the theory is missing something important or the linear errors-in-variables
model is inappropriate.

The paper is organized as follows. Section 2 contains the assumptions and
identification results. Section 3 presents a root-n consistent and asymptotically
normal estimator for the coefficients. In finite sample simulations in Section 4
and in data on firm investment decisions in Section 5, we compare our integrated
generalized method of moments IGMM) estimator to a GMM estimator based on
third to fifth moments and the OLS estimator. All the proofs are contained in the
Appendix.

Notation. The main tool of analysis is the log characteristic function ¢x+(u) =
In(E [ei”/X*]), where @y« (1) completely defines the p-dimensional random vector
X*, u is the transpose of u € R?, i = /—1is the imaginary unit, In(-) is the natural
log restricted to its principal branch, and E[-] is the expectation operator. The log
characteristic function of a jointly normal random vector X* ~ N(fty+, Xx+) with
mean pLy+ and covariance matrix Xy« is @y« (u) = ipty.u — %u’Zx*u. We use the
convention that X y+ can be zero (i.e., a normal random vector can be degenerate,
unless otherwise stated). The matrix X x= is positive definite if u’Xy+u > 0 for all
u # 0, sometimes written as X x+ > 0. The log characteristic function is sometimes
apolynomial in u of degree k denoted by Py (u), where Py is some generic constant.

Matrices and vectors are bolded. The concatenation of the matrices A; and A,
is denoted by (A1,4,). The p x p identity matrix is denoted by I,,, the standard
basis vector that has a 1 in the tth coordinate and 0’s elsewhere is denoted by e, =
,...,0,1,0,...,0), and amatrix of 0’s is denoted by 0. The dimensions of e, and 0
are the ones needed to make sense of an expression. The euclidean norm of a vector
u is ||u|| = vu'u and the operator norm of a matrix A is ||A[| = sup|ju| =1 ||Au]|.

2. IDENTIFICATION

We provide necessary and sufficient conditions for identification of the coefficients
in the classical linear errors-in-variables model, without any additional information
such as instrumental variables or repeated measurements,

X = X'+,
{Y — BX'+e @

where X, X*, and 5 are real p-dimensional random vectors and Y and & are
real scalar random variables. The observable outcome Y is a linear combination
of the unobservable regressors X* and the unobservable structural error & while
X contains observable measurements of X* contaminated with unobservable
measurement errors 3. The vector § € IR? contains unknown nonzero coefficients
of interest. We assume that there does not exist a nonzero b € IR” such that ' X*
is degenerate; otherwise there is multicollinearity and the model is not identified
even without measurement errors.
We now introduce the distributional assumptions.
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Assumption 2.1. Let X* and (#, ¢) be independent and either let

(i) n1,...,np, and & be mutually independent or
(i) (,&) ~ N(0, X) with positive definite covariance matrix X.

The assumption states that the regressors X* and the errors (1, ¢) are independent
and that either the errors are mutually independent or the errors are jointly normal
with arbitrary covariance matrix. If the regressors and any of the errors are
allowed to be dependent then the coefficients are not identified without additional
information. If we assume that the regressors and the errors are independent but
impose no further assumptions on the errors then the log characteristic function of
the errors satisfies a partial differential equation with many functional solutions.
The techniques in this paper identify the coefficients when the log characteristic
function of the errors takes the form ¢, - (s) = P,(s) + Z’;Ll hi(sp), s € R for
some polynomial P, of finite degree a and continuous functions Ay, ...,h,.. In
the case of mutually independent errors, @y () = @ (Sp+1) + Zi:] ¢, (sx) and in
the case of jointly normal errors, @, . (s) = P2(s).

Next we define what it means for a random variable to be divisible by a
nondegenerate normal distribution and discuss how this concept will be used to
construct observationally equivalent models.

Definition 2.1. A random variable is divisible by a nondegenerate normal
distribution if its log characteristic function ¢ can be expressed as ¢(s) = @(s) —
%azsz, for s e R and 6® > 0, where _%stz is the log characteristic function of
a nondegenerate zero-mean normal distribution and @ is the log characteristic
function of some other distribution. Equivalently, the random variable can be
expressed as the sum of two independent random variables, one of which is

nondegenerate normal.

Suppose that ¢ is divisible by a nondegenerate normal distribution so that e =% +
Z for some independent random variables g and Z ~ N(0, o2). Derivatives of the
log characteristic function ¢, (s) = @z(s) — %ozsz evaluated at O relate the moments
of & and € producing E[e/] = E[#/], for all j # 2, and Var(g) = Var(s) — 0. Hence,
¢ is divisible by a nondegenerate normal distribution when there exists an € that
has the same moments as ¢ except for a smaller variance.

We will construct an observationally equivalent model by assuming that some
unobservables are divisible by normal distributions and adding these normal
distributions to other unobservables. Equivalently, as suggested in the previous
paragraph, we will decrease the variances of some unobservables, increase the
variances of other unobservables but leave the observable covariances unchanged.
The assumption of divisibility by a nondegenerate normal distribution guarantees
the validity of decreasing a variance of a random variable leaving it otherwise the
same.

The following assumption is on the validity of transferring nondegenerate
normal random variables between the regressors and errors.
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Assumption 2.2. There exist B € R”*?~D and b € R” such that,

(i) b'X* is nondegenerate normal,

(ii) b'X* and B’X* are independent,

(iii) (b,B) is nonsingular,

(iv) if Cov(B'X*,b'X*) < 0, then ¢ is divisible by a nondegenerate normal
distribut*ior/l, .

(V) if Cov;fi,gkX )

distribution, for k =1, ...,p.

< 0, then 5y is divisible by a nondegenerate normal

Assumptions 2.2(i)—(iii) state that the regressors can be decomposed into sums
of independent components spanning a p dimensional space and one of which is
normal. Assumptions 2.2(iv) and (v) state that if a covariance, depending on b, S8,
and X*, is negative then an error is divisible by a normal distribution.

The assumption is either satisfied for no values of b or infinitely many values of
b, some of which have arbitrarily small ||b||, because if b satisfies the assumption
then so does éb, for any § > 0. Equivalently, after defining B = B — b, the
assumption is either satisfied for no values of B or infinitely many values of
B, some of which are arbitrarily close to B, because if B = B — b satisfies the
assumption then so does B =868+ (1 —8)B = B —5b.

Most of the literature identifies the coefficients by assuming that no linear
combinations of the regressors are normal or imposes rank conditions on third
or higher moment equations (Assumption 2.2(i) does not hold). In the latter case,
identification (and estimation) is based on the solution to a system of moment
equations.

For any b, we provide a B (with two restrictions on covariances) such that (b, B)
is nonsingular and ’X* and B'X™ are uncorrelated.

LEMMA 2.1. Suppose,

Cov(X:,b'X*) ... Cov(X;‘,b’X*)
—Cov(X5,b'X") 0 0
B 0 0
0 0 —Cov(X:b'X"

If Y8 biCov(X;,b'X*) # 0 and Cov(X},b'X*) # 0, then (b,B) is nonsingular
and Cov(b'X*,B'X*) = 0.

Even if b'X* and B'X™ are uncorrelated, they may still be dependent. Bekker
(1986) provides the example of a two regressor model with X} ~ N(0,0{) and X} =
(X})? —o}. Then X} is normal (Assumption 2.2(i) holds) but there does not exist
a nonsingular matrix (B,b) such that B'X* and b'X* are independent (Assumption
2.2(ii) does not hold). Hence, the model is identified because the regressors cannot
be decomposed into the sum of two independent components, one of which is
normally distributed.
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Now suppose that X* is jointly normal and (B, b) is nonsingular with B’X* and
b'X* independent (Assumptions 2.2(i)—(iii) hold). Hong and Tamer (2003) show
that the model is still identified if the errors are Laplace because they are not
divisible by nondegenerate normal distributions (Assumptions 2.2(iv) and (v) fail).

To motivate the construction of an observationally equivalent model and to show
how the covariances in Assumptions 2.2(iv) and (v) are obtained, the following
lemma constructs a model with the same observable covariances as the underlying
model in (1).

LEMMA 2.2. Suppose that (1) holds and for_simplicity assume that Xt~

N(0,Xx+). Let b € R? with ||b|| small and define B = 8 —b.

(1) Suppose Assumptions 2.1(i), 2.2(iv), and 2.2(v) hold. Let Zi; ~
N(O,|Cov(X;,b'X*)/Bil), Z;, ~ N(O,|Cov(X{,b'X*)/Brl), and Zp ~
N(O,|Cov(B'X*,b'X*))). If Cov(X{,b'X*)/Bi > O, then define X =
Xy + Zik and i = i + 2}, otherwise define X = y(;; + Zix and
Mk =Nk +Z};. If Cov(B'X*,b'X*) <0, then define e =+ Zy; otherwise
define € = ¢ +Z». Then the observable covariances are,

Z‘X E;{,Y _ (Ex* +Zy] ﬂ/zx* >
Ixy o IxB  BEIxB+o?
_(Zx+Zi _ By
= o .
TpB  BIgpBtof
(i) Suppose Assumption 2.1(ii) holds. Define (7,5) ~ N(0,%) and X* ~

N(0,Zg+), where £ =2+ Q, Tz = Ty — Ry, and @ = (é’" sg,g)
n,e €

satisfies QB = Ry.c — Ex+b and Qe = B'Ex+b + B ,.c. Then the
observable covariances are,

Ix Zky _( Yy + Xy ﬁEX*"'Z;),a)
Xxy 0'1% Xy-B+Zye ﬂ/zX*lg"‘%2

~/
_ Z§:+Z’ﬁ g/):;(*i-z%’g '
Ty B+E5r BEIgBtof

Lemma 2.2 constructs infinitely many observationally equivalent models, one
for each choice of b € IR” as long as f2~> 0 and X3+ > O (see Klepper and Leamer,
1984). If [|b]| is small enough (i.e., B is close enough to B) then Xy« > 0 and
¥ > O because Xy > 0, X > 0, and ||R|| < ||b]| - Py. For example, ¥ > 0 implies
that 0»52 = 052 + B T xb+ /?SZ,,,,S >0.If ‘752 is small then this can restrict ||b|| (and
[1€2,.¢]) to be small.
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The construction in part (i) shifts the variance of € by |Cov(8'X*,b’'X™)| and
the variance of n; by |Cov(X},b'X*)/ Ek|, and compensates for these shifts with
opposing shifts in the variance of X}'. Depending on the direction of a shift, we
either add a nondegenerate normal distribution or assume divisibility by a nonde-
generate normal distribution by Assumptions 2.2(iv) and (v). The construction in
part (ii) in the case 2, , = 0 is the same as part (i) because 2, = Cov(B'X*,b'X"),
Qe = —COV(X*,b/X*)/Ek if k=, and €, , = 0 if k # j. The errors are
jointly normal by Assumption 2.1(ii) and hence automatically divisible by normal
distributions.

Constructing models that are observationally equivalent to (1) will be analogous
to the constructions in Lemma 2.2. The difference is that instead of adding and
subtracting variances, we add and subtract quadratic terms to log characteristic
functions.

The following theorem establishes identification of the errors-in-variables
model with either mutually independent errors or with jointly normal errors,
extending Reiersgl (1950) from the single regressor model to the multiple regressor
model.

THEOREM 2.1.

(1) Suppose that (1) and Assumption 2.1(i) hold. Assume that E [e*e] < o0
and E[e*H] < oo, k = 1,...,p, for some A > 0. The vector B is not
identified if and only if Assumptions 2.2(i)—(v) hold.

(ii) Suppose that (1) and Assumption 2.1(ii) hold. The vector B is not
identified if and only if Assumptions 2.2(i)—(iii) hold.

We provide a broad outline of the proof leaving the details to Section A.3 of the
Appendix. The log characteristic function of (1) is,

ox,v(8) = ox+ (L, B)S) + @y o (5), s e RH, 2

where @y () = @ (sp41) + Zi:] @n, (s1) is separable when the errors are mutually
independent (Assumption 2.1(i) holds) or ¢, .(s) = —%S/ES is quadratic when
the errors are jointly normal (Assumption 2.1(ii) holds). Sufficient conditions
for identification are then obtained by strategically choosing the arguments s
(which represent linear combinations of Y) and taking derivatives, thus eliminating
¢y, (s) from the equation. To prove necessity of these conditions, we construct an
observationally equivalent model by using Assumptions 2.2(i)—(iii) to decompose
X* into the sum of two independent components, one of which is normal, and
then transferring the normal component from the regressors to the errors by
Assumptions 2.2(iv) and (v) or Assumption 2.1(ii).

The sufficiency part of the proof analyzes characteristic functions in neigh-
borhoods of the origin (no moments need to exist). The necessity part of the
proof, however, constructs an observationally equivalent model by defining log
characteristic functions on their domains. The necessary and sufficient conditions
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coincide because the errors (but not necessarily the regressors) have analytic
characteristic functions so that relationships can be extended from neighborhoods
of the origin to domains of functions by analytic continuation.’*

Theorem 2.1(i) in the case of a single regressor does not need the assumption
that the errors have analytic characteristic functions (Reiersgl, 1950).

Corollary 2.1. Suppose that X = X* +n and Y = BX* + ¢. Assume that X*, ¢,
and 1 are mutually independent. The coefficient B is not identified if and only if (i)
X* is nondegenerate normal and (ii) either n or ¢ is divisible by a nondegenerate
normal distribution.

The main difference between Theorem 2.1(ii) and Bekker (1986) is that he
assumes 3 and e are independent while we allow n and ¢ to be arbitrarily
dependent. To show necessity, Bekker (1986) sets up a system of equations with
more parameters than equations but does not explicitly provide multiple solutions
to the system while we explicitly construct an observationally equivalent model.

3. ESTIMATION

In this section, we mimic the steps from our identification proof to estimate f
in the errors-in-variables model (1). The estimator uses a continuum of moment
conditions based on second derivatives of the log characteristic function of the
observables, which has the potential to be more efficient than estimators based
on third and higher moments because the characteristic function completely
characterizes the distribution of the underlying random variables. The estimator
is root-n consistent and asymptotically normal.

Consider the following second derivatives of the log characteristic function (2)
evaluated at s = (b, — 1)v, for b € B C IR?, less the derivatives evaluated at s = 0,

%px,y(s)

askl aSp_H

P
=Y B (Cov (X,f] ,X,t) L Por@
k=1

Cov(Xy,, V) + s=(b,—1)v

—(b— , 1<k <p,
auklauk u=(b ﬂ)v) =M =p

3%x,y(s)
3Sk1 3Sk2
9% x+(u)
Bukl Bukz

Cov(X,, Xy,) + s=(b,—1)v

= Cov (X}, X;,) + u—t—ppn 1 <ki <ky <p.

3The assumption that the errors are analytic (E[¢*¥!] < oo and E[¢*!] < 00) can be replaced by the assumption
that the errors are subgaussian or bounded.

4Székely and Rao (2000) provide examples where relationships in a neighborhood of the origin do not extend to
domains of nonanalytic characteristic functions.
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The left sides of the equations are expressed in terms of covariances and second
derivatives of the log characteristic function of the observables (X,Y) and the
arguments b. The right sides of the equations are expressed in terms of covariances
and second derivatives of the log characteristic function of the unobservables X*,
the unknown coefficients B, and the arguments b. We can interpret the above
expressions as measures of nongaussianity since they are all identically O for any
value of b for which (b — B)’X* is normal.
The estimator is now based on the following moments,

H(b,v) =
3%px v (s) 3% px v (s)
Cov(X;, X ——— =~y - - -, COV(X_1, X)) + ——— 5=, - 1)1
( ov(X1,X3) + 35195, | =" ov(X,_1,X,) + 95, 105, | ® 1)
0% ¢x. v (s) 9gx.y(s) ’
Cov(X,,Y) + ——L2 s=@, s - - -, Cov(X,,, ¥) + A s=,—1yv | » )
05108p41 05,0841

where H(b,v)' is the conjugate transpose of H(b,v) € CPP+D/2x1,
We impose the identifying assumption that no linear combinations of X* are
normal (i.e., Assumption 2.2(i) does not hold).

Assumption 3.1. There does not exist a nonzero b € B such that ' X* is normal.

If Assumption 3.1 holds then 8 is identified from the moments H(b,v) =0 (i.e.,

H(b,v) = 0 if and only if b = B). Variation in % implies that (X,Y) is not
jointly normal and is a necessary condition for the assumption to hold.

Now to estimate the coefficients using the moments H(b,v), we can fix v
and choose how to weight each of the moments based on minimizing a norm.
Then, we can choose how to weight v € R based on minimizing another norm.
Carrasco and Florens (2000) and Carrasco and Kotchoni (2017) analyze the
latter of these choices taking the former as given. They show that the optimal
weight on a continuum of moment conditions is the inverse of an asymptotic
covariance operator in Hilbert space. This inverse is discontinuous and so its
estimation requires some regularization. In this setting, only a few papers analyze
which regularization technique to use and how to choose regularization parameters
to estimate the optimal weights. Further, estimates are usually sensitive to the
regularization technique and the choice of regularization parameters (which can be
data intensive). We opt for the simpler IGMM estimator, which uses the optimal
GMM weight matrix for each v and exponentially decaying weight on v,

-~

B= argmin/oo H,(b,v)W,)H,(b,v)T (v)dv, “@)
beB —00

where 77 (v) = e="/2/4/27 is the density of a standard normal distribution, H, (b, v)
is the natural sample analog of H(b,v), W, (v) is a random positive definite matrix

approaching the optimal GMM matrix weight &(v,v)~!, where /nH,(B,v) 4
N@,2(v,v)) and H,(b,v)W,(v)H,(b,v) is the optimal GMM norm (see
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Section A.5 of the Appendix for further details). Exponentially decaying weights
reflect that the characteristic function is more accurately estimated closer to
the origin and contains more information about the underlying distribution
closer to the origin. They are commonly used in estimation of parameters using
characteristic functions (see Yu, 2004).

Next we assume random sampling and impose regularity conditions.

Assumption 3.2. We observe a sample {X;, Y;}?_, of independently and identi-
cally distributed draws from the distribution of (X, Y).

Assumption 3.3.

(i) B belongs to the interior of the compact set B,

(i1) E[e"Y] < 00 and E[e*XH] < 00, k =1, ...,p, for some A > 0,

(i) E [eiv(b/X_Y )]0 for all b € B and v almost everywhere,

@iv) W, K W (v) almost everywhere for W(v) positive definite,

(v) H(b,vYW®H(®b,v) € L*(7) and all elements of 2LV w()H(®,v) €
L?(rr), for all b € B, where L*(n) = {g: R — IR | [g(g)
7 (v)dv < oo}, and

i) [T HBIYWWE B x(dy  and [T [0 G B.W()
Q(v, w)W(w) b (,B ;W) (V) (w)dvdw are nonsingular and finite.

Using Assumption 3.1 to show identification, a random sample by Assumption
3.2, and Assumption 3.3’s regularity conditions, the following theorem establishes
that B is root-n asymptotically normal.

THEOREM 3.1. Suppose that (1) holds, either Assumption 2.1(i) holds or
Assumption 2.1(ii) holds, and Assumptions 3.1, 3.2, and 3.3 with W) =
(Q(v,v))~! hold. Then,

N ﬂ)eN(OSU / —(ﬂv)Sl L) R0 )2 (w,w)

Bb’ (/3 W)JT(V)JT(W)dvdw> S )

where S = ([ A (B, v)Q~ Ly, v) 2 e (ﬂ,v)ﬂ(v)del and v, w) is defined in

oo db
Section A.5 of the appendix.

4. MONTE CARLO SIMULATIONS

In this section, we compare the finite sample performance of the IGMM estimator
to the OLS estimator and a GMM estimator based on third to fifth moments
allowing for various amounts of measurement error and for some mismeasured
and perfectly measured regressors. The IGMM and GMM estimators produce
results that have small bias and decreasing standard deviation at root-n rate.
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These estimators are robust to measurement error and the number of mismeasured
regressors. When there is measurement error, the OLS estimator produces results
that are severely biased with zero coverage probability of the 95% confidence
interval.

The data {X;,Z;,Y;}!_,, forn € {500, 1,000, 2,000}, are simulated 100 times from
the errors-in-variables model,
{ X =X"+, ®)

Y =B8'X"+yZ+e,
where (X*,Z), 5, and ¢ are mutually independent. The vector X* contains unob-
served mismeasured regressors and the vector Z contains perfectly measured
observed regressors. The regressors (X*,Z) are multidimensional x? distributed
with 10 degrees of freedom and covariance matrix adjusted to have diagonal
elements (variances) equal to 3 and off-diagonal elements (covariances) equal
to 1, the structural error & is standard normal, the measurement errors 5 are
either identically zero (no measurement errors), independent normal with variance
1 (independent measurement errors), or jointly normal with covariance matrix
having diagonal elements equal to 1 and off-diagonal elements equal to 1/2
(dependent measurement errors).

The parameters in B and p are all equal to 1. Denote the dimension of X (and )
by N, and the dimension of Z (and y) by N,, and let N, = 1,2,3 and N, + N, = 4.
The estimators all use the preliminary step of partialling out the perfectly measured
regressors Z. We compare three estimators that use the residuals of the regressions
of YonZ and X on Z:

(a) the IGMM estimator in (4) with starting values for the optimization
coming from the GMM estimates,’

(b) the GMM estimator based on third, fourth, and fifth moments (see
Erickson, Parham, and Whited, 2017),° and

(c) the OLS estimator that ignores measurement error.

The integral for the IGMM estimator is estimated by 252 H, (b, vy)' W, (v)H,
(b,v), where vy, ...,vsy are 50 independent draws from a standard normal dis-
tribution, H,(b,v;) is the sample analog of H(b,v;) in (3), and W,(v)) is the
sample analog of (Sl(vj,vj))_1 in (A.21) with the unknown B replaced by the
GMM estimator.” The weights 7(v) = e~*"/2/+/27 decay rapidly and are not data-
driven. The estimates are sensitive to these weights and we view the choice of
the weights as similar to the choice of bandwidth in other nonparametric settings
like deconvolution. By allowing the weights to depend on the data, the estimator
could take into account how information decays as |v| grows and how well the

5The estimator produces similar results when the starting values for the optimization are the GMM estimates, the
OLS estimates or the underlying coefficient values.

0The estimates use the STATA function “xtewreg” available on the authors’ websites.

TThe results are similar when using the identity matrix as the weight matrix.
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characteristic function is estimated as |v| grows. Incorporating these weights into
the estimator as in Carrasco and Florens (2000) has the potential to improve the
IGMM estimator even further (see also the discussion surrounding (4)).

px.y(s)
Bsk] 3sk2
derivatives as suggestive evidence that no linear combinations of the unobserved
regressors are normal.

Using 100 simulations each of sample size n € {500, 1,000, 2,000}, Tables 1
and 2 report the bias, standard deviation (std), and coverage probability (cp) of the
95% confidence interval of the estimates for 8; = 1 in Model (6). The confidence
intervals use 50 bootstrapped samples to estimate standard errors. Table 1 displays
the results when N, = N, = 2 and for various amounts of measurement errors and
Table 2 displays the results for a varying number of mismeasured and perfectly
measured regressors.

When there is no measurement error, the OLS estimator is unbiased, has smallest
standard deviations, and has coverage probabilities that are close to the nominal
level of 95%. However, when there is measurement error, then the OLS estimator
has large bias that does not improve with sample size. The standard deviations
are deceptively small and the coverage probabilities are zero. The OLS estimator
has incorrect rejection rates and coverage probabilities and inference based on this
estimator will not be trustworthy.

The IGMM and GMM estimators perform well in all the simulations. They
have small bias and standard deviations that decrease at the root-n convergence
rate in Theorem 3.1. The coverage probability is close to the nominal level for

We plot the sample analogs of to confirm variation in these second

TABLE 1. Performances of the IGMM, GMM, and OLS estimators with N, =
N, =2 and various amounts of measurement errors

(67.0y;.7,)=(0,0) (02.00,.0,)=(1,0) (07.0y;.0,)=(1,1/2)
n IGMM GMM OLS IGMM GMM OLS IGMM GMM OLS

500 bias 0.02 0.01 0.00-0.06 -0.10 -025 -0.11 -0.15 -0.33
std 0.10 0.09 0.03 0.15 0.16 0.03 0.16 0.19 0.04
cp 090 072 092 094 0.64 0.00 0.92 0.59 0.00
1,000 bias 0.01 —-0.01 0.00-0.05 -0.05 -025 -—-0.08 —0.08 —0.33
std 0.07 0.06 002 0.13 0.13 0.03 0.13 0.14 0.03
cp 095 083 097 0.88 0.73 0.00 0.89 0.68 0.00
2,000 bias 0.00 0.00 0.00-0.04 -0.03 -025 -0.06 —-0.05 —-0.33
std 0.05 0.04 0.02 0.09 0.09 0.02 0.09 0.09 0.02
cp 095 084 093 091 0.77 0.00 0.90 0.79 0.00

Note: Bias, standard deviation, and coverage probability (cp) of the 95% confidence interval are
estimated from 100 simulations each with sample size n. The confidence intervals use 50 bootstrapped
samples to estimate standard errors. The measurement errors are jointly normal with covariance matrix
having diagonal elements anz and off-diagonal elements oy, 5, .
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TABLE 2. Performances of the IGMM, GMM, and OLS estimators with a varying
number of mismeasured regressors Ny and perfectly measured regressors N,

Ny, Np) = (1,3) (No.N;) = (2,2) (Nx,Np) = (3, 1)
n IGMM GMM OLS IGMM GMM OLS IGMM GMM OLS

500 bias —-0.03 -0.06 -029 -0.06 -0.10 -0.25 -0.08 —0.11 —0.20
std 0.18 0.15 0.03 0.15 0.16 0.03 0.14 0.16 0.04
cp 0.95 0.77 0.00 0.94 0.64 0.00 0.90 0.43 0.00
1,000 bias -0.03 -0.02 -029 -0.05 -0.05 -025 -0.07 -0.07 —-0.20
std 0.15 0.11 0.02 0.13 0.13 0.03 0.13 0.12 0.03
cp 0.90 0.81 0.00 0.88 0.73 0.00 0.88 0.59 0.00
2,000 bias —0.02 001 -029 -0.04 -0.03 -025 -0.05 -0.06 —0.20
std 0.11 0.06 0.01 0.09 0.09 0.02 0.09 0.08 0.20
cp 0.92 0.90 0.00 0.91 0.77 0.00 0.89 0.74 0.00

Note: Bias, standard deviation, and coverage probability (cp) of the 95% confidence interval are
estimated from 100 simulations each with sample size n. The confidence intervals use 50 bootstrapped
samples to estimate standard errors. The measurement errors are independent standard normals.

the IGMM estimator but sometimes far away for the GMM estimator, suggesting
that inference using the GMM estimator might not be trustworthy. Table 1
shows that the bias and standard deviation increase with measurement error but
remain relatively stable. Table 2 shows that the number of mismeasured regressor
increases bias by a little but has a negligible effect on the standard deviation. We
experimented with different distributional choices and covariance matrices for the
regressors and errors, producing results that were qualitatively similar to the ones
presented in Tables 1 and 2.

5. APPLICATION

Investment is a large component of a country’s GDP (e.g., investment accounts for
about 15% of U.S. GDP) and hence is central to our understanding of economic
activity (see, e.g., Abel, 1990). Despite an elegant theory for firm investment
decisions and extensive empirical research, some key variables and/or mechanisms
that drive these investment decisions have not been identified.

The neoclassical theory of firm investment under convex adjustment costs
implies that firm investment should be a function only of marginal returns to
capital. The intuition is that a firm should increase capital when its value is greater
than its cost and decrease capital when its value is less than its cost (Keynes, 1936).

Consider the linear regression model,

Y=Bq"+e, (6)

where Y is firm investment, ¢* is marginal returns to capital, and ¢ is an error.
Empirical studies that regress investment on observed measures of marginal
returns to capital explain little about investment decisions. This rejection of the
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theory has been interpreted as a sign that financial constraints should be included
in the model,

Y =814"+ B.FC* +¢, W)

where FC* is financial constraints.
Another common explanation for the theory’s failure is that marginal returns to
capital are measured with error,

qg=q"+ng )

where g is the ratio of market to book value of equity plus liabilities, and 7, is
measurement error.
We investigate the possibility that financial constraints are measured with error,

FC =FC* +npc, )

where FC is cash flows, often used as a measure for financial constraints (see, e.g.,
Cao, Lorenzi, and Walentin, 2019; Gilchrist and Himmelberg, 1995), and ng¢ is
measurement error.

We use data from Erickson et al. (2014) for the years 1992—-1995.% There is a lot
of variation in the second derivatives of the empirical log characteristic function.
This is strong evidence that the observables are nongaussian and is a necessary
condition for no linear combinations of the unobserved regressors to be normal
(and hence identification of the coefficients in the models).”

Table 3 compares the IGMM, GMM, and OLS estimators in three models, with
standard errors of the IGMM estimator calculated from 100 bootstrapped samples.
Model 1 is based on (6) and (8) and excludes a variable for financial constraints,
Model 2 is based on (7) and (8) and assumes that financial constraints are perfectly
measured, and Model 3 is based on (7), (8), and (9) and allows both marginal
returns to capital and financial constraints to have measurement errors.

Ignoring measurement errors, the OLS estimates of the effects of marginal
returns to capital and financial constraints on investment decisions are always
positive and significant at the 5% level. This supports the majority of the literature
that both marginal returns to capital and financial constraints are important
determinants of investment decisions.

In Model 1, which excludes financial constraints, the IGMM and GMM esti-
mates are similar, and agree that the effects of marginal returns to capital on
investment decisions are positive and significant. These estimates are larger than
the OLS estimates, which suffers from attenuation bias.

In Model 2, which assumes that financial constraints are perfectly measured, the
IGMM and GMM estimates of the coefficients on marginal returns to capital are
all positive, significant, and similar. The estimates of the coefficients on financial

8Erickson et al. (2014) collect the data from the 2012 Compustat Industrial Files. There are 2,850, 3,031, 3,279, and
3,425 observations in 1992, 1993, 1994, and 1995, respectively.

9Erickson et al. (2014) provide evidence for nongaussianity by showing that the observed data are highly skewed.
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TABLE 3. Estimates of firm investment decisions based on marginal returns to
capital and financial constraints

B1 (returns to capital) B> (financial constraints)
Year OLS GMM IGMM OLS GMM IGMM

Model 1: Y = Big* +¢, g =q* +14

1992 0.014** 0.015%* 0.029** —
(0.001) (0.002) (0.008)

1993 0.016** 0.029** 0.030"* —
(0.001) (0.008) (0.006)

1994 0.017** 0.036** 0.032** —
(0.002) (0.012) (0.009)

1995 0.017** 0.075* 0.083** —
(0.002) (0.037) (0.023)

Model 2: Y = Bi1g* + BoFC* + &, g = qg* + 14

1992 0.012** 0.017** 0.029** 0.077** 0.056 —0.001
(0.002) (0.007) (0.005) (0.019) (0.043) (0.032)
1993 0.013** 0.039** 0.034** 0.064** —0.047 —0.026
(0.002) (0.008) (0.008) (0.012) (0.037) (0.031)
1994 0.012** 0.040** 0.051** 0.111** —0.017 —0.070
(0.002) (0.017) (0.015) (0.016) (0.078) (0.077)
1995 0.014** 0.055** 0.120** 0.106** —0.023 —-0.215
(0.002) (0.025) (0.032) (0.016) (0.082) (0.118)

Y = Bi1g* + B FC* +¢,

Model 3: 4= q* +ng FC=FC*+ e

1992 0.012* 0.011* 0.017** 0.077* —0.119* 0.082
(0.002) (0.003) (0.006) (0.019) (0.060) (0.147)

1993 0.013** 0.008 0.027** 0.064** 0.029 —0.003
(0.002) (0.009) (0.010) (0.012) (0.141) (0.167)

1994 0.012** 0.003 —0.008 0.111* 0.138 0.629**
(0.002) (0.007) (0.012) (0.016) (0.142) (0.200)

1995 0.014* 0.004 0.010 0.106™* 0.061 0.386
(0.002) (0.008) (0.025) (0.016) (0.129) (0.236)

Note: Standard errors are in parentheses under the estimate. The IGMM standard errors use 100
bootstrapped samples. Double asterisks indicate significance at the 5% level.

constraints are all insignificant. Hence, allowing for measurement error in marginal
returns to capital restores the validity of the neoclassical theory that returns to
capital, and not financial constraints, are the main drivers of investment decisions
(see Erickson and Whited, 2000).
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In Model 3, which allows for measurement errors in both marginal returns to
capital and financial constraints, the IGMM and GMM estimates of the coefficients
are mostly insignificant. This suggests that the theory is missing an important
component, or that the linear regression model allowing for measurement errors
in both the regressors is inappropriate due to nonlinearities, or that the regressors
and unobservables are statistically dependent. One possible direction to pursue is
a nonlinear model that allows for measurement errors in both marginal returns to
capital and financial constraints (see, e.g., Schennach and Hu, 2013).

6. CONCLUSION

We provide necessary and sufficient conditions for identification of the coefficients
in the linear errors-in-variables model. This extends Reiersgl (1950) from a linear
errors-in-variables model with a single mismeasured regressor to multiple mismea-
sured regressors. We mimic the identification procedure to produce a new estimator
for the coefficients using a continuum of moments based on second derivatives of
the log characteristic function of observables. Monte Carlo simulations provide
evidence that the estimator has potential to perform well in practice and could be
a competitive alternative to already available estimators. We apply the estimator
to data on firm investment decisions and show that the relationship between
investment and the regressors, marginal returns to capital and financial constraints,
depends on whether or not the regressors contain measurement errors.
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APPENDIX

A.1. Proof of Lemma 2.1

The matrix (b, B) is nonsingular because,

p
det(b, B) = (—1)P ! (Cov(X}.b'X*))P 2 " bCov(X}.b'X*) # 0,
k=1

where the inequality is by the assumptions that Zi{;]bkCov(X*,b’X*) # 0 and
Cov(X*,b'X*) # 0. Next,
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Cov(X%.b'X*)Cov(X},b'X*) — Cov(X},b'X*)Cov(X},b'X*)

Cov(d'X*,B'X*) = : =0,
Cov(X,b'X*)Cov(X},b'X*) — Cov(X},b'X*)Cov(Xy,b'X*)

where the first equality follows by substituting in for B.

A.2. Proof of Lemma 2.2

(i) Denote dy = Cov(X},b'X*) = Z” 1 bjoxxs- Then Cov(B'X*b'X*) = Y X _, dipx.
2_ 2 P 2 _ 2 dk 2 2 dk ~ o~

of =07+ diBro % = O~ B % = % +3 and TR Xr = oKX Then the

observable variances and covariances are,

2 _ 2 2, dk 2 dk, 2 2
oh =0 Hof = 0% + 5+ 05~ T =0k o

p
ox, Yy = Zﬁkgx*x* Zﬂkax*x* + (/3/0 +di)
k=1 -
N P P
:Zﬁ X*X* —f—Zb UX*X* Zﬁko'x;(kx;,
k=1 j=1 k=1

p
22
(TX*X* + 08 Z Bi (UX*

<o

Il
M~
=
=
l?bz

dy ~ o~
+ =)+ Zﬁkﬁjaxng* +(o7 + deﬂk)
ko k) k=1

PP b b
=Z X;g ZZ kbGx*x*+ng/§jUX§X;+(03+22bj,3kgxzxf)

k#j k=1j=1

= Z(EZ +bi B+ Ekbk)a)%; + Z(Ekbj + EkE/ + bkﬁ/)ax;x; +o2
k=1 kj

p D
= Z Zﬁkﬂjax,jx; +o?.

Also, a~ >0, 0~k > 0, and Zw > 0 for small enough ||b|| becausecr >0, a >0, g+ >
0. and [dj = 1B1] -1 I -~
(ii) Using Qy B = Ry « — Tx+b and Q; = B'Zx+b +ﬂ/ﬂn’g, we obtain the observable
variances and covariances,
Yy = Zi* +Zﬁ =Xy — Q)+ Ty +2y) =Ty + Xy,
z:X,Y = Z}“{*ﬂ"’ Zﬂ,}? =(Zx* — ﬂ")ﬂ—f— (Zr],s +Szr],s)
=Sy B—Txeb— QB+ Ty s+ Qe =Zx B+ Ty,
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of =B S B+0? =B Sy — @B+ (07 + Q)
=By B+bZxib—28Txib—B QB +02+Q: =B ExB+02.

Choose 4, = 0. Then, $ - 0and T > 0 for small enough ||b]| because X > 0, Xy >0,
and [|€2]| < [1B]] - Po.

A.3. Proof of Theorem 2.1

Assume, without loss of generality, that all random variables have zero means. This simply
avoids the extra term lzp aoxsk in some of the expressions. Recall that we assume that
Br#0,fork=1,...,p, and that there does not exist anonzero b such that b’ X* is degenerate.
Otherwise, there is multicollinearity and b'X* can be added to 8’X* and subtracted from &
to obtain an observationally equivalent model even in the linear regression model without
measurement errors (i.e., 17 0).

Let (X*,n,¢,B) and x* 1,8, ﬂ ) be observationally equivalent. Then,

()= () ()= (7)x
The log characteristic function of (X, Y) is the functional equation,

ox,v(8) = ox= ((Up. B)S) + 0y (8) = o3+ (Up. B)) + 95 2(),  seRPFL (A

where Assumption 2.1 that X* is independent of (1, €) is used to separate log characteristic
functions. Hence,

ox+ ((Ip. B)S) — g5 (I, B)s) = g(s), (A2)
where either by Assumption 2.1(i) (independent errors), g(s) = Z:i gr(sx), where
8k(sk) = @ (sx) — o (sp), for k= 1,...,p, and gp11(sp4-1) = Yz(sp+1) — %(sp+1) or
by Assumption 2.1(ii) (joint normality of the errors), g(s) = — fs s, where = X — X is

a (p+1) x (p+ 1) symmetric matrix. .

(i) Sufficiency: Assume that § is not identified (i.e., 8 # B). We show that Assumptions
2.1(i)~(v) hold. The first derivatives of (A.2) evaluated at s = (I, 0)'u + —B. D)v=(u—
Bv),v) are,

dpx+ (W) g+ (W) , ~
W w=w+(B—Bw) ~ ka w=u = g (ux — Brv), k=1,....p,
p
dpx+ (W) B )
2P e B _I;ﬂk o | = G O
Next, the derivatives with respect to v evaluated at u = — (8 — ﬁ)v are,
~ e *( ) ~
Z B, = Br) P e _ﬂklg;g (=Bk,v)s ki =1,...,p,
owg 3wk2 1
k=1
2

> By (B, — Bro)
ki, ko

=0=8y1 1.

Wy, W, g

https://doi.org/10.1017/50266466620000250 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466620000250

654 DAN BEN-MOSHE

Hence, g}/ (sy) = 2o, where o) = —ZJBZ ZZZZ] (Bry — Ekz)Cov(X*,X,fz), fork=1,...,p,
and apyg = %Zkl,kz Bi, (Bi, — gkz)Cov(X*l,XZZ). Integrating the above equations, we

obtain gi(sx) = aks]% in a neighborhood of the origin. 10 By analytic continuation g (sx) =
aks/%, sr € R, fork=1,...,p+ 1. Substituting back into (A.2), we obtain,

- p+1 p+1
ox* (Up, B)S) — 5+ (Up, B)) = D _ galsp) = ) _ sy (A3)
k=1 k=1

Next, substitute s = ((u — Bv),v), s = (=B, 1)’v, and s = (,0)’ into (A.3), respectively,

p p
ox+ (W +bv) — g ) = Y gl — Bv) + gpy1(v) = Y oy — B +ap i1V,
k=1 k=1
(A4)
p ~ P
oxsBv) = Y gk (B + o1 () = Y BV a1, (A5)
k=1 k=1
p p
ox- () — g @) = D grw) = o, (A.6)
k=1 k=1

where b = f§ — ﬁ By (A.5) and Marcinkiewicz (1939), b'X* is normal.!! If there does
not exist a nonzero b € R” such that #’X* is normal then b = 0 and B is identified.
Hence, nonidentifiability implies that 5’X* is nondegenerate normal (Assumption 2.2(i)
holds).Substitute (A.5) and (A.6) into (A.4) to obtain,

ox+ (W +bv) = oy () + ox+ (bv) —2vd'u, (A7)
whered = (oq E] e apﬁp),. Next, let B € RP*®~1 have full column rank and satisfy
dB=0, (A8)

and substitute u = Bw, for w € RP~!, into (A.7), to obtain,
@x* (Bw+bv) = ox= (Bw) + px= (bv). (A9)

Hence, nonidentifiability implies that B’X* and b’'X* are independent (Assumption
2.2(ii) holds). Now, if (B,b) is singular, then some nonzero linear combination of
the columns of B is equal to b, which implies that ’X* is independent of itself
and b'X* is degenerate. Hence, nonidentifiability implies that (B,b) is nonsingular
(Assumption 2.2(iii) holds).Next substitute s = ((Bw +bz— v)’,v)’ into (A.2) and simplify

10K hatri and Rao (1972) show that gi(sx) = aks% in a neighborhood of the origin using finite differences (and
continuity of the log characteristic function) instead of derivatives so no moments need to exist up to this point
in the proof.

1TEven without analytic continuity, (A.5) holds in a neighborhood of the origin so ' X* is normal by Marcinkiewicz
(1939).
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to obtain,

P P
~ 1
0= dkﬂk+Eb/)JX*b—f—osz)vz+(b’EX*b—22 diby)vz — 2d Bwv.
k=1 k=1

Using (A.8) and equating coefficients, we obtain,

p p

1 ~

Eb/>:X*b = § diby = — § diBx —apt1 > 0.
k=1 k=1

By the second equality o, | = — Zi;] dy B By the first equality and (A.8), d solves the
p linear equations,

dB b)=(0 1p'zyp).

But by Assumption 2.2(ii), 0 = Cov(B'X* b’X*) = B’Cov(X*,b’X*). Noting that
b'E y+b = b'Cov(X*,b'X™), we obtain the solution d = 1cov(x*,b'X*). By Assumption
2.2(iii), (B,b) is nonsingular so that this is the unique solution. Hence, oy = dj/ Ek =
%Cov(X*,b/X*)/Ek, fork=1,....p,and ap| = —Zizldkﬁk = —fCov(ﬁ/X* b'X*).

Recall that g (sk) = @5, (sk) — @n (k) = aks]%, fork=1,....p+1, soif =20, =
2Z[£:1dkﬂk = Cov(B'X* b’X*) < 0, then ¢ is divisible by a nondegenerate normal
distribution (Assumption 2.2(iv) holds) and if 2oy, = 2dy./ Ek = Cov(X},b'X*)/ Ek > 0, then
Nk 1s divisible by a nondegenerate normal distribution (Assumption 2.2(v) holds).

. 2_ .2 P 2 _ 2 de 2 _ 2 di ~~ —
Finally, o = o7 + "y _; diBr. T = O B OX* = Oy + B and GX;:X; = oxpxr-

Hence, ||b|| needs to be small enough so that ag >0, Gﬁk >0, and Xy« >0, which follows
by 62 > 0,02 >0, Zxs > 0,and |di| < [[B]] || Zx]|.
Necessity: Assume that Assumptions 2.2(i)—(v) hold. We show that B is not identified
by constructing an observationally equivalent model that satisfies (A.1). By Assumptions
2.2(i)—(iii), there exists a nonsingular matrix (B, b) such that B’X* and b'X* ~ N (0, b/Z&*b)
are independent with &' X y+b > 0 and ||b|| small. Let Zjx ~ N(0,|Cov(X},b'X*)/ B,
e~ N, |Cov(X*, 'X*)/Bk]), and Z, ~ N(0, |Cov(B'X*, /X*)l)bemdependentrandom

varlables Define ﬂ B—b. IfCov(Xk, ’X*)/,Bk > 0, then define Xk —Xk +Z; and ng =
Mk +Z},;; otherwise define X}/ —Xk +Zyj and T = ng + Z4 ;. and if Cov(B'X*,b'X*) <0,
then define ¢ =+ Z;; otherwise define € = ¢ + Z;.

Then g3+ (u) = gx+@) — Yh_ oxud. @5, (k) = @ (s) + ogsy, and @x(spq1) =
Pe(Sp1) +tpi [% 1> Where a = 3Cov(X}.b'X*)/ By and a4 | = — 3 Cov(B'X*,b'X*).

Substitute s = ((I,0)' (B,b),(—B,1))W',z,v)' = ((Bw +bz — Bv)',v)' € R’ into
(A.1) to obtain,

p
ox,v(5) = 0= (Up. B)S) + Y iy (510) + 92 (5py1)
k=1

p
= oz Bw+b2)+ Y _ g5, Bow+biz— Bv) + ¢z (v)
k=1
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P
= | ox=Bw+b2) = > ax(Bjw +br2)*
k=1

P
+ Z [gonk (Biw + bz — Biv) + ax (Byw + bz — ﬂkv)z] + [(pg ) -I—apHvz]

k=1
p ~ 1
= ox(BW)+ Y 0y Bpw+biz— i) +0e ) — 5B Exb?
k=1
p P P
—2) aBiBiwv =2 Bibiv+ Y By’ + o1
k=1 k=1 k=1
4 ~ 1
= ox- (BW) + 3 gn Biw +bia— Biv) 96 (V) — 20/ Syeb
k=1

1 ~
— Cov(B'X*,b'X*)wv— Cov(b'X* b'X*)zv + EcOv(ﬁ’X*,b’X*)v2

1
- EcOv(ﬁ’X*,b’X*)v2
p

- 1
= gx+BW) + Y o (Biw + bz — Bv) + e (v) — 51;/>:X*1;(v+z)2
k=1

p
= ox+(Up, B)s) + Z @i (Sp) + e (Spt1)s
k=1

where By = (Bgy, ..., Bgp—1 ) is the kth row of B. The fourth, sixth, and last equalities follow
by Assumptions 2.2(i) and (ii) that B’X* and b’X* are independent (so Cov(B'X* b'X*) =
0) and b’ X* is normal.

(ii) Sufficiency: Assume that g is not identified. We show that Assumptions 2.2(i)—(iii)
hold. Let

Qe Q < [y Ziz T, X
2=(go" ”’8>, E=(y" H) Ty Th° A.10
(sz;w Qe o o %, of (A.10)

o
and substitute s = ((u — Bv)',v), s = (=B, 1)'v, and s = (u,0)’ into (A.2), respectively,

1 ~ 1~ o~ ~
ox @ +bv) = () — Su'Qyu +v(B' Ry — @) Ju— E(;9’9,,,3 —2Q), B+,

(A.11)
1~ ~
ox+(by) = —E(ﬂ’sz,,,s —29) B+ Qe (A.12)
1
pxr () = o () — Eu’ﬂnu, (A.13)

where b = f§ — B By (A.12) and Marcinkiewicz (1939), b’X* is normal. If there does
not exist a nonzero b € R” such that #’X* is normal then b = 0 and B is identified.
Hence, nonidentifiability implies that ’X* is nondegenerate normal (Assumption 2.2(i)
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holds).Substitute (A.12) and (A.13) into (A.11) to obtain,

Ox+ (U +bv) = gy ) + ox+ (bv) +v(B' @y — 2 . (A14)
Next, let B € RP*®@~1 have full column rank and satisfy

(B’ — @) )B=0, (A.15)
and substitute u = Bw, forw € ]Rl’_l, into (A.14) to obtain,

ox=(Bw +bv) = oy« (Bw) + @x+ (bv). (A.16)

Hence, nonidentifiability implies that B’X* and b’X* are independent (Assumption 2.2(ii)
holds). Now, if (B,b) is singular then some nonzero linear combination of the columns of
B is equal to b, which implies that b'X* is independent of itself and b’X* is degenerate.
Hence, nonidentifiability implies thgt (B,b) is nonsingular (Assumption 2.2(iii) holds).
Next substitute s = ((Bw +bz— Bv)’,v)’ into (A.2) and simplify to obtain,
~/ =/ 1~ ~ ~
=(B' Ry — 2, )Bwv— (R, ;b— B @yb—b'Ty+b)zv— E(ﬂ 8 —29;, B
+ Qe —b T yeb)?.

Using (A.15) and equating coefficients, we obtain,

(2. — B2y, 2 — @, .B) = (0.6 x:b)B.b) ™, 0.5 Zxb) (Bb) ™ B+b'Ey:b)
= (b/ZX*, b/EX*ﬂ) N

where the last equality follows because

(0.6'Sx+b)(B,b) "' = B’ Zx+B.b'Ty+b)(B.b) ' =b'Tx+(B.b)(B.b) "' =b'Tyx,

where 0 = Cov(b’'X*,B'X*) = b’ x+B by Assumption 2.2(ii) and (B,b) is nonsingular
by Assumption 2.2(iii). Hence, B' @, = Q. —b'Txx and Qe =b'Tx+p + Slgwﬁ Let
@y, = 0 and solve for & to obtain,

—Cov(XL px*y 0 . 0
By
o 0 g g 3 , (A17)
. . X*
—Cov(B,—",b/X*) 0
D
0 0 Cov(B'X* b'X*)

Finally, ||b|| needs to be small enough so that $>0and X 7 - 0, which follows by X > 0,
Zx+ > 0, and ||| < [IB]]- Po.

Necessity: Assume that Assumptions 2.2(i)—(iii) hold. We construct an observationally
equivalent model that satisfies (A.1). By Assumptions 2.2(i)—(iii), there exists a nonsingular
matrix (B,b) such that B’X* and b'X* ~ N(0,b’ X x+b) are independent with b’ X y+b > 0
and ||b|| small. Let Z1; ~ N(0, |C0v(X*, /X*)/Ek|) be an independent random variable.
Define B B—b,(®,%) ~ N(O Z) where Z Y 4+ with X and deﬁned in (A.10) and
(A.17), and if Cov(Xk, ’X*)/ﬁk > 0, then Xk —Xk +Z1; otherwise Xk —Xk +Zig.
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~ Then ¢gx (1) = px+ (W) + %u’ﬂnu, and @5 7(s) = —%s/fs. Substitute s = ((Bw + bz —
BvY,v) € R’ into (A.1) to obtain,

~ 1,
ox,v(8) = @z (Up. B)s) — 55" Xs

1 ~ Y Y _3
— o Bw b — (Bw b B (o | (Br by
X 2 Yz Of

oy v

1
= | ox=(Bw+bz) + > Bw +b2)' Ry (Bw +bz)}

Te Q)| (Bw+bz—By
_7((Bw+bz—ﬂv) v)|:(2/ o2 )+(SZ;178 Q )i|< Y )

=[x (Bw) — fb/): X*bz2]

1 Ty.e Bw—i—bz—ﬁv
_5((Bw+bz—ﬁv) V) (Z’ o2 ) ( )

e v

1 ~ ~
+5Bw +bz)' @y (Bw +bz) — 5(Bw +bz— Bv)' Ry (Bw +bz— Bv)

~ 1
- SZ;”(BW +bz— Bv)v— ngvz

—§0X*(Bw)—*((Bw+bz—;3v) v) (z/ EG";) (BW+bz—/3v)

e v
1 ~ -
- Eb’zX*bz2 — (R — B'2y)Bwy — (2 — B'@y)bzy

1 ~ ~ ~
— 5 (BB -2 B+

1
= gy (Bw) — 71/2 yb(v+2)?

_*((Bw—i—bz—ﬂv) ) (z/ Zﬁ) (Bw+bz_ﬂv)

& Vv
1 /
= ox+(Up, B)s) — 35 Xs,

where the fourth, sixth, and last equalities follow by Assumptions 2.2(i) and (ii) that B'X*
and b’X* are independent (so b’ X x«B = Cov(b’X*, B’X*) = 0) and b'X* is normal.

A.4. Proof of Corollary 2.1
Inthe case p =1, (A.2) is,
Ox+ (51 + Bs2) — 0 (51 + Bs2) = g1 (51) +82(52), (A18)

where g1(s1) = ¢55(s1) —@n(s1) and g2(s2) = @z(s2) — @e (s2)- By Khatri and Rao (1972),
g1(s1) = als% and go(s7) = azs% in some neighborhood of the origin.

Sufficiency: Assume that § is not identified. We show that X* is normal and either &
or 7 is divisible by a nondegenerate normal distribution. Substitute s = (—Ev, v) and s =
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(—Bv,v) respectively into (A.18) to obtain,

ox+ (bv) = g1 (—BV) + 82(v) = a1 B2v? + a2, (A.19)

— @z (—bv) = g1 (—Bv) + £2(v) = a1 B2V +apr?, (A.20)

where b= — E By Marcinkiewicz (1939), bX™ and bX* are normal. If X* is nongaussian,
then b = 0 and B is identified. Hence, nonidentification implies that X* and X* are
nondegenerate normal.

Using (A.18) and that X* and X* are nondegenerate normal,

1
( 2

~ 1
5% —0R)sT +(0F, B0z Psis2 + 5 (03, B

—U;%*ﬁz)sg =g1(s1) +82(s2),

(s1,57) € R2.

Equating coefficients, a)%* E = )%* B (bl =18 — E | needs to be small enough so that g
and Ehave the same sign), g1(s1) = als%, and gy (s2) = azs%, where o] = %a)%*b/ﬁ and
oy = —%o)%* Bb. If a1 =y =0, then b = 0 and B is identified. Hence, nonidentifiability
implies that either ¢ or 7 is divisible by a nondegenerate normal distribution.

Necessity: Assume that X* ~ N(0, a)%*) with a}%* > ( and either ¢ or 7 is divisible by a
nondegenerate normal distribution. We construct an observationally equivalent model that
satisfies (A.1). Define E = B — b for some small nonzero b € R so that 8 and E have the
same sign, and let Z; ~ N(0,|6/Blo.), Z| ~ N(0,|b/BloZ.), and Z, ~ N(0, |bBlo2) be
independent random variables. If b8 > 0, then define X* = X* +Z;, n =7+ Z),and ¥ =
&+ Z, otherwise define X* = X*+ 7|, f=n+2Z/, and ¢ =% + Z5.

Then ¢x. () = gx= ) —equ? = —(Aod +a)u?, gi(s1) = @y(s1) + ays?, and
0z(52) = @e(s2) +a2s%, where o] = %a)%*b/ﬁ and ap = —%bﬁa)%*. Now substituting
into (A.1) we obtain,

ox,y(51,52) = ox*(s1+528) + 05 (s1) + @e (s2)
1 1 bol, 1
= _EU}%* (s1 +52/3)2 + ((pﬁ(sl) — Zé(s%) + ((ﬂg(sz) + Ebﬁa)%*s%)
1l >2 o2 1 2 2
=-3 57 — OxxBS152 — Eax*szﬁ

1bok 5 1
—3 Txv% + Ebﬂa)%*s% +@5(s1) + @z (s2)
_ 1o Bo o loz2 2,
=73 X*E'Sl_Gx*ﬁSISZ—Eﬂﬂax*sz‘f'(ﬂn(sl)‘“ﬂi(sz)

2
= @5 (51 +528) + @5 (s1) + ¢z (52).

1 ~
= —70)%* %(sl +Bs2)? + e3(s1) +@z(s2)
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A.5. Proof of Theorem 3.1

The estimator in (4) minimizes the integral of a GMM norm. The proof of root-n asymptotic
normality is basically the same as the proof for any extremum estimator (see, e.g., Newey
and McFadden, 1994). See Carrasco and Florens (2000) for a proof in a general setting with
a continuum of moment conditions and with higher level assumptions.

Define
H(b,v)
9y y(s) 2y, y(s)
= Cov(X1, X))+ —=L | 1y COVX 1, Xp) + — = b 1y
( ov(X1,X2) + ds105, |*=— DY ov(Xp—1,Xp) + asp105p |* ®,—1)yv
020,y (5) ¢x, y(s) '
Cov(X1,Y)+ — =L i —1yps -, COV(Xp, YY)+ — 22 ,
ov(X1, ¥)+ 9510511 s=(b,—1)v ov(Xp, Y) + Bspasyrr || ®,— 1)y
H,,v)
_ 920x 1 (s) _ 020x 1 (s)
= CoviX, X))+ —2 2| p —1yvs e s COVX 1, Xp) + — = b 1y
ov(X1,Xp) + 35105 s=(b,—1)v ov(Xp—1,Xp) + 35p_105p |° b, 1)
Py Py '
— 0°x, y(s) —~ 0°x, y(s)
Cov(X1,Y)+ — =L i 1ypsees COV(Xp, YY)+ — 22 ,
ov(X1, ¥)+ 95105751 s=(b,—1)v ov(Xp, Y) + Bspasyrt || ®,—1yy

where b € B C R?, H(b,v)' is the conjugate transpose of H(b,v) € CPP+D/2x1 which is
finite for all b € B and v almost everywhere by Assumptions 3.3(ii) and (iii), H,(b,v)’ is
the conjugate transpose of Hy (b,v) € CP@+D/2x1 and

_ 1 o 1 o -
COV(Xklekz):;ZXiklxikz_ ;inkl ;inkz ’
i=1 i=1

i=1

_— 1 1 1
COV(stY)=;ZXikYi_ ;ink ;ZY,' )
i=1 i=1 i=1
— 1 i 'X._Y: 1 i 'X.—Y:
92¢x,y(s) (E Sy Xigy X y’)) (E i Xigy eV y’))
85'](1 askz s=(b’71)v B

. 2
(% Z:lzl elV(b/Xi7Yi))
1 ' Xi—Y;
_n i Xiklxikzew(b i
% Z:l:] eiv(b/X,'—Y,‘)

azas) (% Y Xiel"® XifY,-)) (% Y Vel ® X,-le-))
s=(b,—)v = : _ 2
n 'X.—Y.:
(E Y VX Y,))

1 b’ X:—Y:
ﬁ} ::’l 1 XikYieIV(b X, Y)
1\ vb'X;—Y;
= Zi:l eVB'X;=Y))

)

dsk0sp11
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Define

ob)=- / ” H(b,v)WW)H (b,v)7 (v)dv,
—00
On(b) =— /oo Hy (b,v)' Wy (v)Hy (b, v)7 (v)dv,
—00

where W, (v) LA W(v) almost everywhere for some positive definite matrix W(v) by
Assumption 3.3(iv) and m(v) > 0 is a probability density function. Then the IGMM
estimator is,

-~

B = argmax Q, (b).
beB

We show that under Assumption 3.1, Q is maximized if and only if b = $ or equivalently
that H(b,v) = 0 if and only if » = 8. The log characteristic function of (X, Y) is

ox.v() = ox+ (Up, B)s) + @y e(s),  seRPHL

where @y, £ (s) = @ (sp11) + ZZ:] @ni (k) when Assumption 2.1(i) holds and ¢y, (s) =

— %s/ Y¥s when Assumption 2.1(ii) holds. The second derivatives evaluated at s = (b, — 1)v
less the derivatives evaluated at s = 0 are,

3px, y(s)
Cov(Xy,,Y — | (p —
V(X )+ BsklaspH s=(b,—1)v
p 2
0“px+ (u)
=2 B (COV(XZ ’X/T>+ ——|u=0-py |, 1=ki=p
et 1 Qup, dug B
Cov(X,, Xk,) + Py b
5 . |s=(b,—1
10k 85k13Sk2 s=( WV
3oy ()
=Co (X*X*) g, 1<k <k <p,
VA Xy Xg, ) T Duk, g, u=b-B)v <ki<ky<p

where all derivatives are finite because of Assumptions 3.3(ii) and (iii). The above expres-
sions are equal to zero when b = B so Q is maximized at b = B because Q(B) = 0. Now
assume that 8 # B and Q(B) = 0. Then,

P )
0=3"A (COV (x;g1 ,XZ) 4 Sox )

u=<Eﬁ)v) - Ishkisp

= Qug, dug
gy (u)
_ % * X ~
0=Cov (X;. X}, ) + uc o, (=B 1Sk <k =p
and so
92y~ (u) -
s |1=B-pn = O (X X)Lk o<

We can now twice apply the fundamental theorem of calculus, because all the functions are
continuous by Assumptions 3.3(ii) and (iii), to obtain ¢x=((8 — B)v) = P»(v). Hence, by
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Marcinkiewicz (1939), (E — B)'X* is normal. This is a contradiction by Assumption 3.1.
Hence Q is uniquely maximized at b = f.

By Assumptions 3.2 and 3.3(i)(iii), we have 33‘;’;1 o, v) L 3 (b,v) and H,(b,v) L

H(b,v) almost everywhere and by the standard argument ﬂ £z B. We now use Assumption
3.3, consistency of B, and identification of 8 to show asymptotic normality.
Let n be large enough. The first-order conditions of (4) are,

0= f W) Ha (B ()
., 9b

 9H
_ / 91 B W) (Hn(ﬂ v 4 Hn

oo b B.v)(B - ﬂ))ﬂ(v)dv,

8b’ 7
where the first equality follows by Assumption 3.3(v), and the second equality by the mean
value theorem that uses Assumptions 3.3(ii) and (iii) (ﬂ is on the line segment joining ﬁ
and B). Rearranging and multiplying by /n,

= ~1
VB = (/ 00 % O b/ (. v)n(v>dv>
) (/ 8bn (B.v)Wy()/nH (B, v)n(v)dv>

where the matrix is invertible by Assumption 3.3(vi). Now we linearize H, (8, v) to obtain,
Vil (B = (-
\/’;% Xn: [akz(\’) (Xikl VEX=YD) _pxg eiV(ﬂ’X—Y)]>
i=1
a0 (X XD 1 XD
+ap(v) ( i Xity AVB'Xi=Y) _ ElXp, X, eiv(ﬂ’X—Y)])

ok, (V) (eiv(ﬂ’Xi—Yi) _E[eiv(ﬂ’X—Y)])} +op(1),

D)

where
E[X/q eiv(ﬂ/XfY)] E[szeiv(ﬂ/XfY)] 1
ay V)= —— e, V= —e———, (V)= ——— e,
(E[elv(ﬂ X—Y)])Z (E[elv(ﬂ X—Y)])2 (E[elv(ﬂ X—Y)])2
E[Xk1Xk2 eiv(ﬂ/X—Y)]E[eiv(ﬂ/X—Y)] _ 2E[Xk1 eiv(ﬂ/X_Y)]E[sz eiv(ﬂ’X— Y)]
A0k ky (V) = ;

(E[eiv(ﬂ’XfY)])Z
are finite by Assumptions 3.3(ii) and (iii). Using Assumptions 3.3(v) and (vi) to apply

Slutsky’s Theorem and Fatou’s Lemma, and also Assumption 3.2 to apply the Lindeberg—
Feller central limit theorem,
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V(B —p)
— N(O S </ f —(,B VWO)R(v, w)W(w) , (ﬂ w)n(v)rr(w)dvdw) )
o0 0b ob

1
where S = (f_oo b B, v)W(v) oy (ﬂ v)n(v)dv) and the terms in &(v,w) are of the
form,

Cov (Clk2 (v)}(k1 eiv(ﬁ’X* Y) + a, (V)Xk2 eiv(ﬂ/Xf Y)
+ag (V)Xkl sz eiv(ﬂ/X* Y) + a0k, ky (v)eiv(,B’Xf Y)7
g, )X e B 4y ()X M EXD)

+ag () Xey Xay € X agp g, (w)e™ B X Y)) . (A.21)
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