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This paper proposes some tests for fitting a regression model with a long memory
covariate process and with errors that form either a martingale difference sequence
or a long memory moving average processlependent of the covariat&he

tests are based on a partial sum process of the residuals from the fitted regres-
sion The asymptotic null distribution of this process is discussed in some detail
under each set of these assumptidr®e proposed tests are shown to have known
asymptotic null distributions in the case of martingale difference errors and also
in the case of fitting a polynomial of a known degree through the origin when the
errors have long memaryhe theory is then illustrated with some examples based
on the forward premium anomaly where a squared interest rate differential prox-
ies a time dependent risk premiuifhe paper also shows that the proposed test
statistic converges weakly to nonstandard distributions in some.cases

1. INTRODUCTION

A discrete timestationary stochastic process is said to have long memory if its
autocorrelations tend to zero hyperbolically in the lag parameasahe lag tends
to infinity. The importance of long memory processes in econometnairol-
ogy, and various other physical sciences is abundantly demonstrated by Beran
(1992 1994 and Baillie (1996 and the references therein

This paper investigates the problem of fitting a parametric model to the regres-
sion function when the explanatory variable has long memory and when the
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errors either form a martingale differences or a long memory pro&eseeral
previous studies have emphasized the importance of regression mode] fitting
not only in econometrics but also in more general statistical applicatsee
e.g., Bates and Watt{s1988 Seber and Wild1989. However the analysis is
often limited to the least squares methodology when the explanatory variables
are either nonrandom or independent and identically distrib(ited.) and/or
weakly dependent

To proceed furtheret g be a positive integer and andY be random vari-
ables with X representing a covariate variable anithe response variable with
E[Y| < co. Let u(x) := E(Y|X = x) denote the regression functioh, j =
1,...,0, be some known functions of, andh’ := (hy,...,hy). The problem of
interest here is to test

Ho: u(x) = B'h(x), Ox&E R, forsomeB € R

against the alternativel, is not true based on thel observations X;,Y;),
t=1,...,T. This is a classical problenand literature is full of tests that have
been investigated under various weak dependence assumfgeme.g., the
review paper by MacKinnagrl992.

Here we are interested in investigating the large sample behavior of tests
based on the partial sum process

.
Vr() =2 (= BhOX)I (X =X), XER,
t=1

when{X;} forms a long memory moving average and when the efers=
Y; — B’'h(X;)} either form a homogeneous martingale difference sequence or a
long memory moving average process both cases the error process} is
assumed to be independent of the covariate proP&gs For the convenience
of the exposition we takg to be the least squares estimator/iinderH,
throughout this papeffhe proces3/’; has its roots in the CUSUM process of
the one sample modédk is also known as a marked process with marks being
the residualgY, — 8’h(X,)}. In the decade of the 1990several authors pro-
posed tests based on this process for regression and autoregressive model check-
ing (see e.g., among othersAn and Cheng199% Su and Wei 1991, Stute
1997 Stute Gonzalez Manteigaand Presedo Quindinill998 Stute Thies
and Zhy 1998 Diebolt and Zuber1999 Koul and Stute1999. Most of these
papers deal with either ati.d. covariate and errors setup or an autoregressive
framework with ii.d. errors

The errors{e;} are said to form a homoskedastic martingale difference
sequence if

{e,} are mean zero finite variance martingale differences &it&#?| %_,)

ad, (1.1)
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where 7, := o — field{e,,s = t} ando2 is a constant
They are said to form a long memory moving average process if

&t = Eb]-{t*j’ bS:S_(l_d)L(s)’ 1StST5 821’

j=t

for some 0< d < %, 1.2)

whereL is a slowly varying function at infinity and.(s) is positive for all
larges and where/;, t € Z := {0,£1,£2,...,} are ii.d. standardized random
variables(r.v.’s), independent ok, t € Z.

Throughout this paper the covariate procEgs € Z, will be assumed to be
a stationary long memory moving average of the form

Xi =0+ 2 bl,t—sfs’ bLs = Si(lidl)l—l(s), s=1,

s=t

for some 0< d, < %, (1.3)

wherelL ; is another slowly varying function at infinity_,(k) is positive for all
largek, &, s € Z, are ii.d. standardized.v.’s, and independent di/;, s € Z},
and@ is some constaniNote thatEey = 0, EX, = 0, and

2b32<00’ Ebis<00,
s=0 s=0
CoV(ey, ry) = KE2D(k), Cov( X, Xpsp) = k™ E29[ (k),
otez, k=1,

where C(k), L,(k) are slowly varying functionspositive for all largek, and

such that
L f >
- +u2)" 1D qu= _
Ill—ljlo L2(K) . (u+u?) du= Beta1l— 2d,d),
. I:l(k) foo 2
= + —(1—dy) = — X
iLngo 2(k) . (u+u2) du= Betal— 2d,,d,)

We shall additionally assume the following

|Ee€Yo| = C(1+ |u|)~% forsomeC,8>0, Ou€ER, (1.4)
Eléo|" < oo, for somer > 2, (1.5)

Throughout this papeG will denote the distribution function oX.

In the case when both the errors and the covariates.iade Btute et al
(1998 have shown that under the null hypotheste sequence of processes
T~Y2y; converges weakly to a continuous Gaussian process with an unknown
and complicated covariance functjomhich makes this asymptotic null distri-
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bution infeasible They then propose a transformation of the process along the
lines of Khmaladz&1981) that converges weakly t@.B(G) underH,, where
B is a standard Brownian motion ¢6,1]. In this paperwe find this continues
to be the case when the errors form a homogeneous martingale difference
sequencél.l) having finite fourth moment and when the explanatory variable
is a long memory proceg4.3), having finite third moment and independent of
the errorsas indicated in Section. 2

Now consider the case whék;} is as in(1.3) and the error process follows
the long memory moving average mod#I2) underH,. In this case the nature
of the limiting null distribution ofV+ depends on the nature of the vector func-
tion h and on whethed + d, > 3 andd + d; < 3. In particular from Lemma
4.2, which follows under a mild moment condition om(X,), it follows that
(L(T)THY2)=1P.(x) converges weakly td(x)Z, whereZ is N (0,o2(d)) r.v.,

with
. Betal-2d,d) . )
o?(d) = —d(2d T H := Eh(Xy)h(X,),
v(X) := Eh(Xy) 1 (X = X),
J(x) = G(x) — Eh(Xy)'H v (x), X E R. (1.6)

Consequentlywhen sup|J(x)| # O, e.g., as in the case of fitting a poly-
nomial regression of order two or higher through the ori¢fie test that rejects
Ho whenever

supVr(x)|

L(T) T 20-(d) sup 3y ()|

Zy/2 1.7)

will be of the asymptotic sizex. Herg z, is 1001 — «)% percentile of the
N(0,1) distribution

T T
jT(X) = Gr(x) — Tt Zlh(xt)’ﬁ;lﬂT(X), Gr(x) = T Zl I (X; = x),
(1.8)

T
vr(X) = Zlh(xt)l (X=x, 7r(x):=T (x), xER;

]
Hri= ShXOh(X),  Fri= T Hy.
t=1

https://doi.org/10.1017/50266466604203036 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466604203036

MODEL CHECKING WITH LM DESIGN 489

Also note that ifEh(Xy) = 0, thenJ(x) = G(x), and the test that rejects,
whenever

LT 20 @) SgHﬁT(X)I =7, (1.9)

would also be of the asymptotic size

In the preceding discussipd is an estimator ofl based on the residuafs
such that/log(T)(d — d)| = op(1), eg., the local Whittle estimatorTheo-
rem 12 of Koul and Surgaili§2000 shows that in the case of linear regression
models with the errors and covariates a$lir2) and(1.3), this estimator satis-
fies the required conditiarA similar analysis shows that this continues to be
the case undet,,.

There arehowevey some interesting cases when giiix)| = 0, e.g., when
the regression model being fitted has a nonzero interdepim Lemma 43
and Corollary 41 in Section 4 one obtains the following fact when fitting a
simple linear regression model whege= 2, h(x)" = (1, x). If d + d; > 1,then
{L(T)L(T)T9 %}~ 1Y (x) converges weakly t&(x)(ZZ, — U), whereU is
as in Corollary 41 in Section 4

V(x) = g(x) + é (K(x) = 6G(x),  a?=Var(Xp),

K(X) := EXyl (X = X), X E R,

Z, Z, are independent mean zero Gaussiais with respective variances?(d),
o?(dy), andg is density ofG whose existence is guaranteed(tiy) (cf. Girai-

tis, Koul, and Surgailis 1996. It is interesting to note tha¥(x) = 0 if and
only if G is N (6,0?) distribution The distribution of the.v. ZZ, — U is not
easy to characterizenainly because of the complicated nature of the U.
This in turn makes implementation of tests basedygrrelatively difficult in
these cased he limiting null distribution is even harder to characterize in the
cased + d; < 3. See Lemma 4 in Section 4 for some special casésgen-
eral the Stute et al(1998 transformation is not available when the errors fol-
low the long memory mod€(l.2).

The testing procedures given by equatidn7) and equation2.6), which
follows, are illustrated with an application to the well-known forward premium
anomaly in international financ&he anomaly refers to the fact that the regres-
sion of spot exchange rate returns on the lagged forward premium invariably
produces a negative slope coefficigimistead of unity as implied by the theory
of uncovered interest rate paritgeveral authorsncluding Baillie and Boller-
slev(1994 2000 and Maynard and Phillip&2001), have documented the long
memory characteristics of the forward premiussithough spot returns gener-
ally appear to have little serial correlatiadbheung(1993 has also found empir-
ical evidence for long memory in some spot returns sefiég occurrence of
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long memory in both spot returns and the forward premium then gives rise to
the possibility of a balanced regressi@and some of the motivation and evi-
dence for this are further discussed in Sectio®8 using similar data to Cheung
(1993 we find evidence for long memory behavior in both spot returns and the
forward premiumand in one case for Canada versus the United Sttitese is
also evidence of long memory in the regression residi&ks show how the
tests for misspecification can be formed for two of the currencidsch are
found to have different regression features

We now briefly address some aspects of the asymptotic power of the preced-
ing proposed testd et y be a real valued function oR satisfying

0 < Ey?(Xy) < o, (1.10)
A(x) == Ey(Xo)l (Xg = X) = »" () H'Eh(Xo) v (Xo) # O,
for somex € R. (1.11)

Then the following claims holdAll of the preceding tests are consistent against
any fixed alternativew(x) = B'h(x) + y(x). The test(2.6) that is valid for the
martingale difference errors has nontrivial asymptotic power against the sequence
of alternativesu(x) = B’h(x) + T~ Y2y(x). The test(1.7), valid under(1.2)

and (1.3) when sup|J(x)| # 0, has nontrivial asymptotic power against the
sequence of alternativgs(x) = 8’h(x) + L(T)T9 Y2y (x). In fact the asymp-

totic power of this test against these alternatives is

P<J(X)Z > z,/,5UpJ(2)| + A(X), for somex € R)
z
+ P(J(x)Z < —2,,25upJ(2)| + A(x), for somex € ]R).

An example where the conditiorf$.10) and(1.11) hold is whenXg has six
finite moments h(x)’ = (X, x2), y(x) = ax3 a € R. Another class of exam-
ples is given by all those's that satisfy(1.10) and haveEh(Xq)y(Xo) = 0
and sup|Ey(Xo)1 (Xy = x)| # 0. An example wherg1.10) does not hold is
whenvy(x) = a’h(x), a € RY.

In the discussion that followX ande stand for copies 0K, andeg, respec-
tively, and all limits are taken a& — oo, unless specified otherwisBy = we
denote the weak convergenceDf—oo,00] with respect to the uniform metric
and by—p the finite-dimensional weak convergence

2. THE TRANSFORMED fiT PROCESS UNDER MARTINGALE
DIFFERENCE ERRORS

This section first discusses the weak convergence of the prO?}essderHo
when the covariate process has the long memory stru¢iu8g and when the
errors are the martingale differencékl), independent of the covariate pro-

https://doi.org/10.1017/50266466604203036 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466604203036

MODEL CHECKING WITH LM DESIGN 491

cess The distribution of this limiting process depends on the null model and
hence is unknownThen a transformatiofli; of Vr is given such thaf; con-
verges weakly tareB(G), whereB is the standard Brownian motion 60,1].
Consequently tests based on suitably normalized prdgessll be asymptot-
ically distribution free A computation formula for the specific test based on
the supremum norm is also given

Recall the notation froni1.6) and(1.8) and let

T T
Vr(X) i= letl(xtsx)’ Zri= Z:lh(xt)st-

Assume that

H+ is almost surely positive definite for all = g. (2.2)

Then almost surelythe least squares estimatfrsatisfies3 — 8 = Hr 1Z;,
and we obtain

.
Vr(x) = gl(vt — Bh(X) 1 (X, =X)

.
= Vr(¥) = (B = B) Zh(X)1 (X =x) = Vr(x) = ZrHi w(x)

= Vr(x) — 25 Hr b (). (2.2)

Under(1.1), (1.3), and the assumed independence betweghand{s,}, the
covariance terms in the variancesf(x) and Z; will be zero so that the long
memory aspect ofX,} is dominated by the martingale structure of the errors
Hence

Cov(Vr(X),Vr(y)) = Te2G(x Oy), EZ; Z4 = Tol2H.

Moreover from Lemma 54, proved in the last section of this papame obtain

that T-Y2); converges weakly td\i;, where W is a Gaussian process on

R with mean zero and covariance functiof[G(x Oy) — »(X)’H v (y)],

X, ¥ € R. Because of the complicated nature of this covariance function and
the factG is unknown the close form of the distribution of this limiting pro-
cess is unknowrnilo overcome this we now consider a transformation/gfx)
whose limiting null distribution is like that of.B(G). Let

H(x) := Eh(X)h(X)'l (X = x),

N
Hr (%) := T D h(X)h(X)'1 (X, = x), X € R.

Assume that

H(x,) is positive definite for some, < co. (2.3)
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Then H(x) is positive definite for alk = x,.
For a real valued functiofi define the transforpfor X = X,

TH(x) =10 = h(y)H(y) {fh(z)l (z= y)f(dZ)} G(dy),
y=x

T () = Vr(x) = h(y)’HT‘l(y)Uh(Z)l (zzy)VT(dZ)}GT(dy)-
y=x
Whenever7 is applied to a Brownian motigrihe inner integral is to be inter-
preted as a stochastic integr@ecause? is a linear functional 7B(G) is a
centered Gaussian process fact Stute et al(1998 observe thafB(G) =
B(G) in distribution They also prove that in the case of théd. errors
and ii.d. design T~Y27; converges weakly t@.B(G), on D[~o0, X,], SO
that the asymptotic null distribution of the test based on,syf7+(x)|/
[Ts2Gr(xo)]Y? is known wheres? := T-1 3, 82. A similar result is estab-
lished when fitting an autoregressive model of order one in Koul and Stute
(1999.

This continues to be true when the errors form martingale differences as in
(1.1) and the procesX; has long memory as if1.3), independent of the errars
In view of Lemma 54 in Section 5the proof of this claim is similar to that in
Stute et al(1998. .

A computational formula foff7 is as follows Let X(;,, 1= j = T, denote the
orderedX;’s in ascending order ang,’s denote the correspondirgy’s. Also,
let, forl=sj=T-1,

T i
Heri= Hr (X)) = > h( X)) (X)) Ji = > h(Xg) Het"h(Xp))-
t=s s=1

Then for all x < X1),

M-

.
Tr(x) = {l (X =) —T71 X h(X9)' Hr {X)h(X) 1 (X = X, DX)] &

s=1

-
Il

1

—

,_.
Il

.
= {' Xy = X) = 2, h(X(g) Hr 2 (X)) h(Xe) 1 (X = Xy DX)} M-
1 s=1

(2.4)

From(2.4), one sees that if for some2j =T — 1, X(j) = X < X(j+1), then
Tr(x) = S, where

j t T i
S = > {1_ > h(x(s)),H:;‘I'lh(X(t)) = X 2 h(x(s))'HQTlh(X(t))ﬁt
t=1 s=1 t=j+1s=1
j T
= 2[1_t7tt]ﬁt_ E jjtﬁt- (2.5)
t=1 t=j+1
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We shall now give a further simplification of this formula in the case of fit-
ting a simple linear regression modegl= 2, hy(x) =1, h,(x) = x. Let

.
Mysi= >, X, M= (T—s+1) myg,
t=s
T
m, = EX(Zt)9 M= (T—s+1)my,
t=s
ms o

2

.
Ti=my — 1=s=<T; =T 1> 8&2
t=1

T-s+1

Note thatrZ = 0. Thus in calculating the preceding entities we must stay away
from the last observatioWe will compute our test statistics withy = X—_1).

Then
i1
Ji = 21 — [My s = Xy My s+ (X(s) = My ) X
S= S

is well defined for 1= j = T — 1. Thus the proposed test of the asymptotic
level 0 < o < 1 is to reject the null hypothesis of a linear fit if the statistic

max ||

1=j=T-1
st[1—(1/T)1Y?
is larger thanb,, the upper 100l — @)% quantile of the suffB(u)|;
O=u=1}.

Dyi= T V2 (2.6)

3. APPLICATION TO THE FORWARD PREMIUM ANOMALY

This section considers some applications of the t@s® and(2.6) to the well-
known forward premium anomaly in financial economics and international
finance The anomaly refers to the widespread empirical finding that the returns
on most freely floating nominal exchange rates up until the early 1990s appear
to be negatively correlated with the lagged forward premium or forward dis-
count This implies that a nonnegative interest rate differential would on aver-
age result in an appreciating currency for the country with the higher rate of
interest which violates the important theory of uncovered interest paritys
rejection has been found to create considerable problems for subsequent mod-
eling and understanding in international finanéegood survey of the litera-

ture on the forward premium anomaly is provided by ENg&96. The papers

by Baillie and Bollersle1994 2000 and Maynard and Phillip2001) empha-

size the role of long memory processes in this context and how inappropriate
inference that ignores the nature of the long memory aspects may have been
partly responsible for the anomaly
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In the following discussionS denotes the spot exchange rate at tithe
whereask; refers to the forward exchange rate at titnéor delivery at time
t + 1. Corresponding logarithmic values are denoted by the lowercase variables
s andf;, respectivelyand all the rates are denominated with th&.\dollar as
the numeraire currencyhe uncovered interest rate parity theory assumes ratio-
nal expectationgisk neutrality free capital mobilityand the absence of taxes
on capital transfersA common test of the theory is to estimate the regression

As g =a+B(fi—s)+ U (3.1)

and to test the hypothesis that= 0, 8 = 1, andu,, are serially uncorrelated
However the uncovered interest rate parity condition can be derived from a
discrete time consumption-based asset pricing modehich includes a time
dependent risk premiunthe risk adjusted real returns over current and future
consumption streams of the representative investor are giv&[th — S.1)/

Pi1] X U'(C1)/U’(Cy) = 0, whereU'(C,, 1)/U’'(C;) equals the marginal rate

of substitution in terms of utility derived from current and future consumption
andP, represents the price levél Taylor series approximation to second-order
terms implies the alternative regression function

1
As g =a+B(fi—s)— > Var,(s1) + Covi(Si+1, Prs1)

+ CoVe(St41,Gt41) + U1, (3.2)

whereq;; denotes the logarithm of the intertemporal marginal rate of substi-
tution. Under the null hypothesis of uncovered interest patty= 0, 8 = 1,
andu, 4 is serially uncorrelatedJsually the Jensen inequality terms Ves;, 1)
and Coy(s.+1, pr+1) are considered statistically negligible and are ignolregor-
tant the covariance term Ceis,, 1,0;1) has the interpretation of being a time
dependent risk premium and may have long memory

To illustrate the preceding testing procedure® now consider instances
where both the forward premium and spot returns appear to have long memory
characteristicsBaillie and Bollerslev(2000 and Maynard and Phillip€2001)
discuss the case of an unbalanced regression when spot returns are close to
being uncorrelatedwhereas the forward premium is a long memory process
However a number of authorsncluding Booth Kaen and Koveos(1982),
Cheung(1993, and Lo(1991), have argued that asset and exchange rate returns
in general may exhibit long memory behavian which case the regression
may not be unbalanceth particular Cheung(1993 provides convincing evi-
dence for the presence of long memory in spot returns for certain currencies in
the initial part of the post—Bretton Woods era of floating exchange .rates
argues that slow adjustments to purchasing power parity can cause the long
memory property of spot returns

A more general motivation is to use a model where both the spot and for-
ward rates have a common stochastic trend term z,_, + v, whereu, is a
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long memory procesg hens = z, + uy, andf, = z; + u,, where bothuy; and
uy; are short memory processddence this type of model defines the spot
exchange rate as being determined by fundamemaliong run equilibrium
valug z, that follow an integrated process with a long memory noise compo-
nent This is an empirically very reasonable model because it is well known
that price levels and money supplies follow this type of process see Baillie
Chung and Tieslayu1996. The model is also similar to the theoretical formu-
lation of Mussa(1982, with the v, process partly determining the state of dis-
equilibrium in the goods market and speed of adjustment coeffiditait Mark,
and Wu(1987) further consider this model in an unobserved components frame-
work. The spot returns are then the sum of a short memoogsibly white
noise component and a long memory componkrghould be noted that if the
variance of theu;; component dominates that of the componentthe spot
returns may appear approximately uncorrelated in small sample $Shiesvould
explain the mixed findings on the order of integration of the spot returns that
have been reported in the literatukéowever there is very widespread empir-
ical evidence that forward premiums are invariably long memory processes and
Baillie and Bollersle 1994 2000 and Maynard and Phillip2002 find them
well described by ARFIMADp,d,q) processesso that(1 — L)4(f, — s) is a
stationary and invertiblé(0) process The presence of long memory compo-
nents in both the spot returns and forward premium will then suggest the pos-
sibility of a balanced regression

The regression in equatioi3.1) was fitted to a very similar sample period
and currencies to those of Cheufi®93, where some spot returns appeared to
exhibit long memoryThe first example uses monthly observations on the Cana-
dian $-US. $ spot and the one-month forward rate from January 1974 through
December 1991which realizes a total of = 215 observationsAs expected
there is strong evidence of long memory in the forward premiwith the
Ljung—Box statistic on the first 20 lags bei20) = 80352 The first twelve
autocorrelation coefficients of the forward premium series a86,©@.74, 0.63,
0.55, 0.52, 0.50, 0.49, 0.47, 0.43, 0.36, and 028, respectivelyThe application
of the local Whittle estimator resulted in an estimated value .@6 Gor the
long memory parameter in the forward premitim

The monthly Canadian $-8. $ spot returns over the same period also have
evidence of long memory with thd estimate in an ARFIMAL, d,0) model
being 012 and the robudt statistic being significant at the@ level We test
the hypothesidi, with h(x) = (1, x)’, with x representing the lagged forward
premium The OLS estimates @& were(—2.606 —1.432) with standard errors
of (0.811 0.407'. Hence the regression gives rise to the usual negative slope
coefficient that is consistent with the anomadljung—Box tests on the autocor-
relations of the standardized residuals and also on their squares failed to reject
the hypothesis that the residuals were serially uncorrelated and without auto-
regressive conditional heteroskedasti¢®yRCH) effects Hence it seemed rea-
sonable to assume that the errors form a martingale difference seqiéigce
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justifies the application of the test statisfit: of (2.6) to fit the model(3.1) to
this data For the Canadian forward premium regressi@i = 5.83, which
indicates a clear rejection of the null hypothesis

A further example of the methodology is provided by the monthly British
pound-US. dollar over the same time perioflhe maximum likelihood estima-
tion (MLE) of the long memory parameter from an ARFIMA model on spot
returns gives a value of.293 with standard error of.080, which indicates
long memory in spot returnsConsistent with previous studies of Baillie and
Bollerslev (1994 and Maynard and Phillip2001) and the evidence for Can-
ada given previous)ythe British forward premium also exhibits evidence of
long memorythe MLE of the long memory parameter beingt® with a stan-
dard error of Ql24. Estimation of the traditional forward premium anomaly
regression(3.1) confirms evidence of the standard anomalous negative slope
coefficient Moreover there is also evidence of substantiaérsistent autocor-
relation in the residuaJsvhich can also be represented as a long memory pro-
cess An interpretation of this finding can be seen from equati82), where
the last covariance ternCov (s, 1,0:+1), IS associated with a time dependent
risk premium Hence variables associated with the risk premium may give rise
to the long memory process in the residudlthough there are many possible
models for a risk premiurfor the sake of illustration of the methodology in
this paperit is worth noting that several authguch as Giovannini and Jorion
(1987 and Hodrick(1989, have used the lagged squared forward premium to
represent the risk premium

This motivates fitting the second degree polynomial to the British pound—
U.S. dollar data with long memory errarise., testing forHy with h(x) = (x, x2)’,
where agairx represents the lagged forward premidrhe ordinary least squares
(OLYS) estimates of3 were (—2.414, —0.244)" with standard errors 0f0.835
0.129'. To test for further misspecification of this regressitime statistic in
(1.7), with L(T) = 1, was calculated to be.B2, based on the MLE of the long
memory parametet in the error process equal ta262 Thus again regression
also appears to be misspecifietl possible implication of this result is that
further economic variable terms associated with a risk premium should be
included The value of the statistic ifil.7) appeared to be relatively stable to
alternative semiparametric estimatedadbtained from local Whittle estimation
and still led to a clear rejection of the null hypothesis

4. SOME GENERAL RESULTS ABOUT \A)T-PROCESS UNDER LONG
MEMORY MOVING AVERAGE ERRORS

Now, we shall discuss the asymptotic null distribution 1of when (1.2) and
(2.3) hold. Towards this goalwe first need to determine the magnitudelgf x).
It turns out that this depends on the nature of the vector fundti@amd on
whetherd + d, > % ord + d, < 3. To make things a bit more precisee first
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state some general rate results and then use them to determine the magnitude
of V1(x). We need to introduce some more notation

T T
Wr = Zl(h(xt)_Eh(Xt))st’ S = let,

.
Ur =D (X — 0) ey, = Eh(X).
t=1

For a given positive sequen@ — oo, by Up(a;l) (up(a;l)), we mean a
sequence of stochastic procesSagx), x € R, such thatar super|Vr(X)]
is bounded converges to zepdn probability

With the preceding notatigr{2.2) can be rewritten as

Vr(X) = V() = (uSr + Wr)'Hr 1o (). (4.1)
Recall from Koul and Surgaili§1997) that undern1.4) and(1.5), the distri-
bution functionG and the density are infinitely differentiable The last fact

together with(4.2), which follows implies the infinite differentiability of the
functions

p(u) == Eh(X+u) =th(X)g(x— udx,  u= (),

v(u;X) ;= En(X+ ul(X+u=x)= fj h(y)g(y — u) dy,

forxER,uER.

Note that
J ; X
p00:= 20— [ hiygay
J
o= % = fR h(X)g(x) dx

We need the following lemmavhose proof can be deduced from the results of
Koul and Surgailig2002 (see also Ho and Hsing996 1997 Koul and Sur-
gailis, 1997 Giraitis and Surgailis1999.

LEMMA 4.1. Assume conditions (1.2)—-(1.5). Let¥), x € R, be any func-
tion with values inRY such that

[h(x)|| = C(1+ |x])*, forsomel=A<(r—2)/2. 4.2)
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Then, there exists & > 0 such that

Wi = aldy + Op(TH %) if d +dy > 4,

= 0,(T?), if d+d; <1 (4.3)
pr(X) = v(X) + 2 (X)(Xp — ) + Uy(THY27x), (4.4)
Vr(X) = G(X)Sr — g(X) Uy + U (T4 %) if d+dy > 2,

= G(X)S; + Uy(TY?), if d+d, < 1. (4.5)
Moreover,
Sr = Op(IL(M[THH2), Xy =6 = Op(|Ly(T)[THY2). (4.6)
Ur = Oy(|L(T)Ly(T)| T4 ), if d+dy > 2,

= Op(Tl/z), if d+d; < 3. 4.7)

It is also well known that under conditior$.2) and(1.3) alone one has the
following facts

LM T Y28 »p 2, Ly(T) T4 2(Xr = 6) =5 Zy, (4.8)

whereZ and Z, are stochastic integrals with respect to independent standard
Gaussian white noise& andW,, respectively

1 1
Z:= f_w{fo (T—x);ﬂ—mdr}W(dx),

1 1
Z,:= f { f (r—x);&w dT}Wl(dX), (4.9)
—o0 0
and therefore have independent normal distributions &#h= EZ, = 0 and
the respective variances?(d) ando2(d;), with o2(d) as in(1.6).
LEMMA 4.2. Assume the conditions of Lemma 4.1. Then,
LM T Y2 (x) =2 I(X)Z, JI(X):=G(X)— pw'H w(x), XER.

(4.10)

Proof Assume firstd + d; > 1. Use(4.1) and Lemma 4 (4.3)—(4.5) and
(4.7) together with well-known properties of slowly varying functions to obtain

Vr(x) = Sr(G(X) — w'Hi (X)) + Uy (Trd+7) (4.11)

for anyy > 0. Clearly by the ergodic theorenH; — H, as., and in view of
(2.1), we thus have

Hi'>HL as (4.12)
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Now (4.10) clearly follows from(4.11), (4.8) and (4.12), asd + 3 > d +
d; + y providedy > 0 is sufficiently small A similar argument with small
changes applies also in the cabe d; = 3.

Next letd + d; < 3. In this case we have the exact representation

Vr(X) = S(G(X) — w'H tw(x))
+ Sr[w'H ' (x) — w'Hy 1o (X))

:
+ %81[' (X; =x) = G(x) = (h(X;) = w)'H v (x)]

t=1

T ’
- <E 8t(h(xt)_ﬂ)> [Hr 71 (%) = H ()] (4.13)

The Glivenko—Cantelli type of argument along with the ET implies
w'H W (X) — w'Hy 1o (x) = up(). (4.14)

By (4.14), the second term on thehrs. of (4.13) is uy(|Sr|), and the fourth
term isup()Wr|) = uy(TY?) = uy(|Sr|) (see(4.4) and (4.6)). Finally, for the
third term one has the uniform bound

T

2 e (X =% = G(x) = (h(X) = w'H v (x)

t=1
= vr(X) = G(X) Sy = WrH v (x) = Uy (|t ) + Uy (T?)
= Up(TY?) = u(ISr))s
according to(4.5) and(4.3). [ ]

As noted in the introductign,emma 42 enables us to implement the tests
based orVr as soon as we can estimatand as long as sypJ(x)| is positive
e.g., the asymptotically distribution free tegt.7). However in some cased is
identically zerg as we shall now shaw

Case J(x) = 0. Note thatJ(x) can be written as

X
J(X) =f (1— p'H™h(y) dG(y).
Clearly J(x) = 0 implies u'H *h(y) = 1,G — ae. Assume alsdH *u # 0.
These two relations imply that the functiofi hy(x),...,hy(x)} are linearly

dependenG — ae. In other wordsthere exist some constarkg k,, ..., K,, not
all of them identically zerpand such that

q
ke+ 2 kih(x)=0 G-ae (4.15)
i=1
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If we assuméhy, ..., hq linearly independent4.15) implies that one of the func-
tions hy,...,hy is a constanG — ae. In other words we may assume in the
sequelh;(x) = 1. Then according to Lemma.4, we obtain

V(%) = G(X)Sy = g Uy + Up(T4 1)
— S/ [H 4+ (Hr P —H Y]
X [w(X) + () (Xg = 0) + Uy (THY27%)]
— [l + Oy(TH )] [H™ + 0, (V][ (X) + up(D)].
After cancellation of the main terf(x) — u'H v (X)) Sy = J(X) Sy, this yields
V() = =g00Ur = Srp/ (AT = H (X = S (Xq = ) w'H (%)
— Ur 'H ™0 (X) + O (T4 9%) + o, (|24 )
Sru/[H™ = Hr (%) = Sr(Xy — ) pw'H (%)
— Ur[9(X) + ' H T2 ()] + Op(TH4%) + 0, (U ). (4.16)

The next lemma discusses the particular agse2. It is particularly useful
in arriving at the null distribution of tests based dh when fitting a simple
linear regression model with a nonzero inter¢@povidedX; is a non-Gaussian
processlLet ¢ be a real valued function and Jdor x € R,

K(x) 1= E€(X) (X =X), wq = E€(X), o2 = Var(£(X)),

fur 1= SEC(X+ W/dUlco, V(0 1= 900 + 22 (K(X) = 11 G(X).
oy

LEMMA 4.3. Assume d+ d, > 3. Let£ be an arbitrary function such that
g >0, [€(x)| = C(1+ |x])", forsomer < (r— 2)/4. (4.17)
Assume g 2 and let
h(x)" = (1,€(x)), X E R. (4.18)
Then, there exists a > 0 such that
V(X)) = (Sr(Xq = 0) = Up)V(X) + Up(THH ), (4.19)

Remark 41. In the cas€/(x) = x, the statement of Lemma3lis valid under
the condition(4.2) instead of(4.17), i.e., provided the moment conditiofi.5)
holds for somea > 4.
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Proof of Lemma 8. Return to relatior{4.16). Let us first identify the expres-
sionsu’H 1 (x) and i'H v (x) for the casg4.18). Herg

1w
/"L, = (l’ ,UJ]_), M2 = E€2(X)’ H= ([.L )7
1

M2
H1=0',2( M2 _,U«1>.
M1 1

Let K(x) = —[*_€(y)g(y) dy. Then #(x)’ = (—g(x), K(x)), implying

p'H Y (X) = =07 2(r29(%) — n39(X) + py K(X) — pa K(X) = —g(X).
(4.20)

Also, in the case 0f4.18),

A= (Q-fRf(X)g(X) dX) =0,41), v(X)' =(G(x),K(x), (4.21)
implying

AH v (x) = Ui;(—/'LlMlG(X) + 11 K(x) = g—; [K(X) = u1G(x)].  (4.22)

To complete the proof of the lemmae need to examine the behavior of
Hr!— H™ 1 We have

I N ] ] ! 5 S
Hrit= S| ;o =ETTEY A, =T Y (X,
s;t\—¢ 1 t=1 t=1

st = det(Hy) = {2 — (0)2

Then
Hr'=H™ = Qi + Q,r,
where
10—y, —C+p of — sf
== : = HL
QlT S%<_€+I~Ll 0 Q2T 312'

The limiting behavior of¢? — u, will depend on the first Appell coefficient

.. OE€*(X+u)
M2 = au

= —IRF(X)Q(X)dx

u=0
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According to Lemma 4, under condition(4.17), we have

T
0% - M2 = L 2 (fz(xt) - E€2(Xt))

t—1

= j15(Xr = 0) + Op(THY27%) (k> 0).
Similarly, under the same conditipn
_ T
€=y = T 2 (g(xt) - Ef(Xt))
t=1

= ﬂl(>_(T - 9) + Op(Td171/27K), (D( > 0).
Hence we obtain
Q= >_(T -0 2 —h
. 5% —fy 0

We also have

) + Oy(THY27%) ([ > 0).

T T 2
512'_0'52:T_12€2(Xt)_(T_lze(xt)> _0'(,2
t=1 t=1

.
=T 12 (02(X) — EC3 (X)) = (py+ (€= py)® + pf

t=1
= f12( Xy = 0) = 2y 1y (X — 0) + Op(Tdrl/sz) (k> 0).

Clearly, this implies

1 1 o?—s?

_ _ 2y — fro o
st of ofst af

(X1 = 0) + Oy(TH"¥2x) (k> 0).

Hence we obtaiffor somex > 0,

HloHt = (X3 =0) [( fr2  —fua L 2mafa T (B2 T
of —f 0 of — i 1
€ 1 € 1

+ 0T Y2x),

Using the last result together witd.21) andu’ = (1, «,), after some algebra
and numerous cancellatianse obtain for somex > 0,

Sru'(H ™t = HrHw(x)

X:—6
= ST(U%;) {a[K O = pa GOOT) + Uy (TE870), (4.23)
Clearly the lemma follows from(4.16), (4.20), (4.22), and(4.23). |
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The following corollary describes the limiting distribution of the empirical
processVr under the conditions of Lemma3}

COROLLARY 4.1. Under the conditions of Lemma 4.3,
(L(TLy(T) T4 )71 (x) = V(x)(ZZ, — U),

where Z and Z are the same as in (4.9) and where U is the stochastic integral
(defined on the same probability space as Z anyl Z

1 1 1
U:= f f {f (1= x); 3D (r — xp); 3% dT}W(dx)Wl(dxl),
—oo v —o0 0
with W(dx) and W(dx) being mutually independent Gaussian white noises with

zero mean and variance(B/(dx))? = E(W,(dx))? = dx.

Remark 42. Recall thatZ andZ, are independent Gaussian.’s, whereas
the double Ito—Wiener integrd) is non-Gaussian and is well defined df+
d; > 3. See Avram and Taqq(i987) for the weak convergence to the multiple
Ito—Wiener integrals of the type and Dobrushin and Majof1979 for their
characteristic functions

LEMMA 4.4. Assume that h is of the form (4.18) and satisfies the condi-
tions of Lemma 4.3 and let4 d; < 3. Then

T Y2Vr(x) =5 G(%), (4.24)
whereg(x), x € R, is a Gaussian process with zero mean and covariance

Cov(G(x),G(y))

i Cov(eg, &) Cov(l (Xo = x) = G(x) — (h(Xo) — w)'H ™ (x),

t=—o0

I(X=y) = G(y) = (h(X) — w)'H Mw(y))

> Cov(eg, &) Cov(l (Xo=x) — G(X) — o7 2(€(Xo) — 1)

t=—o0

X (K(x) = 11 G(x), [ (X, =y) — G(y)
— o 2(0(X) — w) (K(y) — 11 G(y),  (4.25)

wheret, u,, o2, and K(x) are the same as in Lemma 4.3.
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Sketch of a Proof The lemma follows from(4.13), provided one shows
T
T2 e (1(X =% — G(x) — (h(X) — w'H v (x) = G(x), (4.26)
t=1
Srw' (H™ v (x) — Hi'og (%) = up(TY?),  (4.27)
T ’
<E e(h(X;) — ,U~)> (Hr'or(x) —H ' (x) = u(TY?).  (4.28)
t=1
From Lemma 4L (4.4) and the proof of Lemma.8, we have
Hr i (0 —H (%)
=[H™"+ (Hf ' = H™H]((x) + (7r(x) — (X)) = H ' (x)
= Op(|Art = H ] + op<sup|vT<x> - v(x)\)
= Uy(| X — 6)). (4.29)
Therefore by (4.6) and the property of slowly varying functions
St/ (H ' (x) — Hi 1o (%) = Up(|Sr (X — 0)) = up (T4 %4*x), (Ok > 0).

As d + d; < 3, this proves(4.27). In a similar way from (4.3), (4.6), and
(4.29), we obtain

T ’
<2 & (h(X) — M)) [Hr'7r(%) —H ™ (X)]

t=1
= Up(‘WT()_(T — 0)|) = Up(| Ll(T)|T1/2+d1—1/2)
= Uy (T%* ), (Ok > 0).

This proves4.28), asd; < 3.

The proof of the finite-dimensional distributional convergence of the sum in
(4.26) can be carried out using the ideas of Koul and Surgail&97) or Ho
and Hsing(1997. The proof of the tightness is carried out along the lines of
Dehling and Taqqu1989 and Koul and Surgaili€1997. It is important to
note that under conditions of Lemmad4the sum of the covariances {4.25)
is absolutely convergerfor anyx, y € R, due to CoVeg, &) = O(L?(t)t~129)
and Covl (Xo = X) + &€(Xo), | (X; = y) + cl(X,) = O(L3(t)t~ @24 for
any constantg, c. u

Case V(x) = 0. We shall consider the linear regression chég)’ = (1, x)
only. Then &, = 1, u; = 0, and the conditiorV(x) = 0 is equivalent toX
being normally distributed.e., that

g(x) = (277.0_2)71/2670(79)2/20-2.
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Thus assume in the rest of this section that the procgsisself is Gaussian
Here we must consider the following two subcases

Subcase 1d; + d, > %, d; + 2d, < 1. R
In this casethe leading term in the approximation of the proc®séx) has
the form

.
\}T(X) = g (1(X=x) — G(x) +g(x)(X; — 0)) + up(Tl/Z)'

t=1

Using standard Hermite expansions and the ideas in Csdrgd and Mielniczuk
(1996, one obtains in this case

T2V (x) = w(x),
where¥(x) is a Gaussian process with mean zero and covariance

Cov(¥(x),¥(y))

= > E(goe) E([1(Xo=x) — G(X) + g(x)X,]

t=—o0

X [I (Xt = y) - G(y) + g(y)xt])-

Subcase 2d, + d, > %, d; + 2d, > 1.
In this casesimilar calculations based on Hermite expansions indicate that

(L(T)Ly(T)To+2%22) 19 (x) — (1) g(X) Uy, — 22, + 222 — 2UZ,),

where the stochastic integrads Z,, andU are the same as in Corollaryldand
U, , and Z, are all defined on the same probability spaegth the last two
given by

1 1 1 1
ULz:J f f U <T—x>+<1d><r—x1>+<ldﬂ(v—xz)f“l)dT}
—o0—00 v —c0 0

X W(dx) W (dx; )W, (dx,),

1,1 1
Z,:= fwfoo{Jo (1 = %) 7T W (7 — xp) 7AW dT}Wl(dxl)Wl(dXZ)-

5. PROOF OF THE WEAK CONVERGENCE OF T ~2p;
UNDER MARTINGALE DIFFERENCE ERRORS

This section contains the proof of the weak convergende 82V to a Gauss-
ian process in the case of the martingale difference erfidrs result is stated
and proved in Lemma.8. The proof of this lemma is facilitated by Lemmas
5.1-53.
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Recall(1.3)—(1.5). Let

-1 o)
X = kzo by kéiks X = kZ_I by ik Xio = Xi,

dPG
G (x) := P(X; =x), g (x) = ?FEX), =1, p=0;
d
gi(x) = %

The following two lemmas are analogous to Lemmak &d 52 of Koul and
Surgailis(2002, and therefore their proofs can be deduced from that paper and
from Lemma 51 of Koul and Surgailig2001). Here we only give the proof of

the second part of LemmaZ%

LEMMA 5.1. Under assumptions of (1.4) and (1.5) witksr3, there exist a
positive integerd = 1 and a constant C such that for any |y, X € R,

9P (x| + P =C@+[x®)  p=012
|9 (%) — gi-1(X)| = CBZ(1+ [x]?)~L

LEMMA 5.2, Lety(x) := (1 + |x|®) ! and f(x), x € R, be a real valued
function such that

T =Cy(x),  [f(x) = f(y)|=Clx—yly(x) (5.1)

hold for any x y € R, |x — y| = 1. Then there exists a constant @epending
only on C in (5.1), such that for any, ¥ € R,

[F(x+y)| = Ciy()(@O]yP). (5.2)

Moreover, for any x < X,

fxz[f(u+v+w)—f(u+w)]du

= Cy(lol Do) @ w) [ 1+ w2 u 53

Proof We only prove the(5.3). First, consider|v| = 1; then by(5.1) and
(5.2), the Lh.s. of (5.3) does not exceed

Xo X2
C|v|f (1+|u+w|3)’1dusC|v|(1D|W|3)f @+ ul®tdu
X1 X1
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Next, consider|v| > 1. Then the lh.s. of (5.3) does not exceed

Cfxz(1+ lu+ov+w®) tdu+ Cfxz(1+ [u+w|®)tdu (5.4)
X1 X1

By (5.2), the first term of this bound does not exceed

c@adlv+ w\3)fxz(1+ [u® ) *du=Clv|3(10O |w\3)fxz(1+ [ul®)~*du.

The second term of5.4) follows similarly. This proves the lemma u

To state the next important result we now let

ni=1-2d, plxyl:= nyH—l'ulgdu, — o =X=y=oo.
LEMMA 5.3. Under the assumptions (1.3)—(1.5) with=r3, there exists a
constant C such that
[Cov(l (X, < Xg=Xp), | (X, < X, = X3))| = Ct™7u2(xq, X, | Y2 (Xy, X3]
(5.5)
for all positive integers t and for all-co = X; = X, =< X3 = 0.

Proof Fix a positive integeni. Let G(x,y) := G(y) — G(x), Gy(x); =
I(x=0), and

Ui 1 (X2, X3) = G_1(X — Xi,l—l’ X3 — >~(i,l—l) —Gi(x— >~(i,l,xs - Xu)
= Uifll)(xz, X3) + Ui,(IZ)(XZ’ X3),
Uifll)(xz’ X3) = G;(X; — >~(i,|—1, X3 — >~(i,l—l) —Gi(%— >~(i,l,xs - >~(i,|),

UifIZ)(Xz, X3) = G_1(X; — )~<i,|71, X3 — >~(i,|71) —Gi(x— >~<i,|71, X3 — Xi,lfl)-

(5.6)
Then one has the telescoping identity
(X < X = X3) — G(Xp, X3) = >, Ui 1 (X2, X3). (5.7)
I=1
It thus suffices to show the followingvherely is as in Lemma 3.
E[Ui,I(XZ’XS)]ZSCIU/(XZ’XBJ’ I :1,2’--"|07 (58)
E[USY (X, Xa)]2 = CI 1 70 (Xp, Xa], 1> 1o, q=12. (5.9)
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These bounds together with the orthogonality®¥) imply

oo

[CoV(l (X1 < Xo=X), [ (X < X; = X3))| = E EU, 14 (Xa, X3)Uo,| (X1, X5)
=1

= 2 EY2 [Up t1 (X2, X3)] 2EV? [Uo, 1 (Xq, X2)] 2
=1

oo
= C X (i + 1) T2 W22 (x| 2 (%, Xa 1,
I=1

= Ct7uM2(xq, Xo ] w2 (Xp, X5
Proof of (5.8). According to the definitionwe have
E[Ui,I(XZ’X3)]2
= 2[EG%(Xo — X 1—1, X3 — X 1—1) + EGP(Xo — Xi 1, %3 — Xi ;)]
= 2[EG_1(% = Xj1-1, X3 = Xi;1-1) T EG (X — Xi 1, X = X ;)]
s4G(x2,x3)SCfX3[1+ [ul*] "t du= Cu(Xxy, X3]. ]
X2

Proof of (5.9). Forq =1,
Uifll)(xb X3) = £X3[9|(U b - Xm) —g(u— Xi,l)] du.
Apply Lemmas 51 and 52 and(5.3) to obtain the following inequality
U O %00 = OB 1B P+ R0 [T+ JuP]  du

On the other handrom (5.6), the integrability ofg,, g/, which in turn follows
from Lemma 51, one also obtains

|Ui,(ll)(X2’X3)| =C(|b & 0OD.

These bounds together with the fact tifatd x®)(x 0 1) = x2? + x3, for any
x > 0, and the independence &f;} imply that

E[U (X2, Xa)]?
= C(EID 2+ Elby g [+ EIX, 1) [ [L+ 0] *au

= CbPu(Xy, Xa] = CI7 1 (Xp, X3].
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Note that here the second inequality follows fr&}X; ,|* = C, which in turn
follows from the Rosenthal inequality ard.5) with r = 3:

& 3 - o 3/2
E| > bé| =C> E|bk§k|3+C<2 E|bk§k2) =C.
k=¢ k=¢ k=0
This proves(5.9) for g = 1. -

Forqg = 2, apply Lemmas 3 and 52 to obtain

|Ui,(|2)(X2, X3)| =

f 3[gl(u - >~(i,|71) —g-1(u— )~(i,|71)] du

X3
= Cf bP(1+ [u—X;,_4/*) " du
X2

= Ch*(1 + |)~<i,lfl|3):u*(x2v X3].

Again, as |Uif,2)(x2,x3)| = 2, we obtain(5.9) for q = 2. This completes the
proof of (5.5). [ ]

Now consider the proces¥; and assume thatl.l) holds Note that
Vr(—o0) = 0, Vy(o0) = 3, &. Thus the process ~2V; is well defined in
D[—o0,0]. The next lemma gives the weak convergence of the prote¥8V;
to a continuous Gaussian limit IB[—oo,00]. Recall thatG stands for the dis-
tribution function ofX,.

LEMMA 5.4. Assume (1.1) witlsup Eef* < oo, (1.3), (1.4), and (1.5) with
r = 3 hold. Then,

T Y2y = 0,B°G inthe space D-oo,00], (5.10)
T Y2P. = W, inthe space D-oo,00], (5.11)

whereB ¢ G is a continuous Brownian motion dk with respect to times and
W is a continuous mean zero Gaussian procesR avith Wz (—o0) = 0 and
the covariance function

K(x,y) = a¢[G(xOy) —v(x)'H'»(y)], XxYyER.
Proof Apply the central limit theorem for martingaléslall and Heyde198Q

Corollary 31) to show that the finite-dimensional distributions converge weakly
to the right limit under the assumed conditions
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To prove the tightnesdix —co < X; < X, < X3 < co. Let Vy = T Y2y,
Then

[Vr(X3) = Vo (X2)]2[Vr(X2) — V(%))

T 2r T 2
=772 28t|(X2<XtSX3)] |:28t|(xl<xtsx2)
t=1 t=1

=T2 3 LYWW,
stk

whereYs = ¢l (X, < Xg = X3) andW; = gl (X3 < Xg = X»).

Now, if the largest index among, t,k, | is not matched by any othethen
E{Y;Y\WW} = 0. Also, because the two intervalx,, X3] and (x4, X, ] are dis-
joint, YW = O for all s, and because the errors are homoskedastic martingale
differences(see(1.1)), independent o;'s, we haveE{Y,W, Y2} = 0, for all
s<k, t <k Hence

E{T_Z > YsYthVVI} =T72 2 [E{YY, W2 + E{WLW Y]
stk s t<k
But, for a k fixed,
E{YY,WEH = E(eser82) El (Xo < X = Xa, X < X = Xg) 1 (X < X = Xo)
=0, s#t<Kk,
= 0Bl (X < Xs=%Xz)1 (X, < X =X,), s=t<k

A similar fact is true forE{W,W, Y,2}. Consequentlysumming ovek from 1 to
T, in view of the inequality(5.5), we have

E{[Vr(x3) — Vo (x2)]?[Vr(X2) — Vr(x1)]?}

=CT? 2 {(k—9) """ 2(Xq, Xo 1 u2(Xz, X3]

1=s<k=T
+ [G(%2) = G(X)][G(X3) — G(Xx)]}
= C{T 77w (Xq, %3] + [G(X3) — G(x1)]?}.

This together with Theorem 1R and equation§l12.5) and(12.10) of Billings-
ley (1968 and a chaining argument similar to that of Dehling and Tad®89
and Koul and Mukherje€1993 yields the tightness of the procegs. Details
are left out for the sake of breviti{fhis completes the proof db.10).

https://doi.org/10.1017/50266466604203036 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466604203036

MODEL CHECKING WITH LM DESIGN 511

To prove (5.11), first we note that from(2.2) and in view of the ergodic
theorem we obtain that

T Y20 = T ¥2[Vr(x) = Z5H (0] = T V225 [Ar 7 (0 — H 1 ()]
= T2 3 a1 (% = %) — NX)H (0] + Up(D),
t=1

whereu,(1) is a sequence of stochastic processesRorending to zero uni-
formly, in probability This together with(5.10) and the uniform continuity of
G andv(x) completes the proof of.11). n

NOTES

1. An alternative approach of estimating a parametric ARFIMA model with GARCH errors was
also pursued and the QMLE of the long memory parameter was found t®Beafd was statisti-
cally significant at the @5 level
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