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The usual large-scale discretizations are applied to two or three spatial di-
mensions. The standard methods fail for higher dimensions because the data
size increases exponentially with the dimension. In the case of a regular grid
with n grid points per direction, a spatial dimension d yields nd grid points.
A grid function defined on such a grid is an example of a tensor of order
d. Here, suitable tensor formats help, since they try to approximate these
huge objects by a much smaller number of parameters, which increases only
linearly in d. In this way, data of size nd = 10001000 can also be treated.
This paper introduces the algebraic and analytical aspects of tensor spaces.

The main part concerns the numerical representation of tensors and the nu-
merical performance of tensor operations.
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652 W. Hackbusch

1. Introduction

Even now, the numerical treatment of fully populated n×nmatrices for large
n can lead to storage problems. In this case, various methods are known
to reduce the storage to O(n log∗ n) (see, e.g., Hackbusch 2009), provided
that the matrix satisfies certain conditions that enable data compression.
This is only one example for which polynomial complexity can be improved
to linear complexity O(n) or almost linear complexity O(n log∗ n). In this
paper we shall consider problems where even linear complexity O(n) is far
too large. Under optimal conditions, it will be possible to replace O(n) by
logarithmic complexity O(log n).
Except for very particular examples, it is impossible to compress the data

without compression error. The accuracy ε > 0 will influence the constant
hidden in O(log n). Again under optimal conditions, the complexity as a
function of n and ε will behave like O(log 1

ε log n).
While there is a tradition of tensor decompositions we aim for efficient

representations (see Section 1.4 for the distinction). The aspect of numer-
ical algorithms for tensors is also emphasized by Beylkin and Mohlenkamp
(2005).

1.1. Examples

In the following, we describe some examples where tensors appear in nu-
merical analysis. Furthermore, we give some ad hoc definitions. The precise
definitions will follow later.

1.1.1. Grid functions as tensors

AmatrixM = (Mij)1≤i,j≤n is not necessarily derived from a linear mapping.
If we solve a partial differential equation – say the Poisson equation with
zero boundary conditions – in the square Ω = (0, 1)2 by a difference method
with step size h = 1/(n+1), the solution uh is a grid function with values at
(νh, µh) for 1 ≤ ν, µ ≤ n. Hence, the ‘vector’ uh has the shape of a matrix,
(uνµ)1≤ν,µ≤n. Replacing the domain Ω = (0, 1)2 by the d-dimensional cube
Ω = (0, 1)d and using an analogous discretization, we obtain a system of
equations for a grid function uh with entries

ui1i2···id for 1 ≤ i1, i2, . . . , id ≤ n. (1.1)

Here, the data size is

N := nd.

Obviously, linear complexity O(N) for n = 106, d = 3 (N = 1018), or

n = 104, d = 100 (N = 10400), or n = 10, d = 106 (N = 1010
6
), for example,

far exceeds the available storage of any computer.
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Numerical tensor calculus 653

Considering the grid function uh ∈ RN as an element of the tensor space
Rn⊗· · ·⊗Rn of order d, we can make use of the tensor product of Rn vectors
defined as follows:

v := v(1) ⊗ · · · ⊗ v(d) has the entries v[i1i2 · · · id] = v
(1)
i1

· v(2)i2
· . . . · v(d)id

.

For instance, a monomial xν (x =(x1, . . . , xd) and ν ∈ Nd
0 multi-index)

restricted to the grid can be represented by v(1)⊗· · ·⊗v(d), where v(j) ∈ Rn

has the entries v
(j)
i = (ih)νj . Obviously, the required data size is dn (with d

as factor, not exponent!) Any product of the form v(1)⊗· · ·⊗v(d) is called an
elementary tensor. Algebraic tensors are sums of elementary tensors since
the algebraic tensor space is defined as the span of all elementary tensors.

1.1.2. Kronecker matrices

We continue with the example of the discrete Poisson equation in Ω =
(0, 1)d. The grid function discussed above is the solution of a linear system
Ahuh = fh. While fh has a similar shape to uh, the N × N matrix Ah

requires a closer look. The Laplace operator is the sum of the terms ∂2/∂x2j .
Discretize the second derivative by the second divided difference. In the one-
dimensional case, this leads to a tridiagonal n×n matrix L. The application
of second differences to the jth direction can be expressed by the Kronecker
product

L j := I ⊗ · · · ⊗ I︸ ︷︷ ︸
j−1 factors

⊗ L⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
d−j factors

,

where I is the n× n unit matrix. The Kronecker product is defined by1

A⊗B =


a11B · · · a1nB

...
...

an1B · · · annB


. (1.2)

Note that the matrices A and B of the respective sizes n1×m1 and n2×m2

lead to an n1n2 ×m1m2 matrix.
Hence, Ah =

∑d
j=1 L j can be represented by means of a small number

of much simpler building blocks. For the solution of Ahuh = fh it would
be helpful to represent the inverse matrix A−1h too. Although there is no

efficient exact representation of A−1h , we shall describe a very accurate ap-
proximation in Section 5.10, which requires only a few Kronecker products
of n× n matrices.

1 This definition requires a suitable ordering of the indices. However, the ordering is
only needed for the visualization in (1.2). The later, more mathematical definition in
Remark 2.4 works for general index sets without any ordering.
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1.1.3. Eigenvectors

Now we consider the eigenvalue problemAhuh = λuh, whereAh=
∑d

j=1 L j

contains terms of the form L j := I⊗· · ·⊗I⊗L(j)⊗I⊗· · ·⊗I. Such matrices
arise from the discretization of so-called separable differential operators in
a Cartesian domain Ω. In this case one easily proves that the complete set
of eigenvectors uh can be represented in the form

uh = v(1) ⊗ · · · ⊗ v(d), where v(j) is an eigenvector of L(j).

Hence, uh is an elementary tensor requiring only dn data. This is one of
the rare examples where a simple tensor representation applies without any
compression error.

1.1.4. Multivariate functions

Considering the previous partial differential equation without discretization,
we have to deal with multivariate functions u(x1, . . . , xd), f(x1, . . . , xd) and
the differential operator. If the underlying domain is a Cartesian product,
we can apply the tensor notation. Let u(j) be a univariate function whose
variable is denoted by xj . Then the elementary tensor u := u(1)⊗ · · · ⊗u(d)

is the multivariate function defined by

u(x1, . . . , xd) = u(1)(x1) · u(2)(x2) · . . . · u(d)(xd).

An example of an elementary tensor has already been mentioned. If u(x) =
xν is a monomial in d variables, we may write u = u(1) ⊗ · · · ⊗ u(d) with
u(j)(xj) = (xj)

νj . Correspondingly, a polynomial u becomes a sum of such
elementary tensors. For an analytic function it can make sense to consider
even infinite sums of elementary tensors.
The Kronecker product can easily be generalized to operators (e.g., to

differential operators). The precise definition will be given in Remark 2.4.

1.1.5. Operations

So far, the main subject of interest has been how to store certain tensors
efficiently. This is only one aspect. Another important aspect is the efficient
computation of tensor operations. We recall the example of the system
Ahuh = fh from above. In principle, such a linear system can be solved
iteratively by

um+1
h = um

h −Bh(Ahu
m
h − fh),

where Bh is a suitable (preconditioning) matrix. As mentioned above,
good approximations Bh of A−1h are available. To compute um+1

h , we
have to perform the matrix–vector multiplication Ahu

m
h , the subtraction

dh := Ahu
m
h − fh, another matrix–vector multiplication δh := Bhdh, and

again a subtraction um
h − δh. It will turn out that such an iteration is
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not feasible without some kind of truncation (approximation), which there-
fore becomes an important operation. For other purposes we need further
operations, such as scalar products, Hadamard products, or convolutions.
The aim is that the computational cost (measured in elementary arithmetic
operations) should be of a similar size to the storage size of the involved
operands.

1.2. Notations

Numbers. Z and N denote the integers and natural numbers, respectively,
while N0 := {0, 1, . . .} = N∪{0}.

Field. K denotes a general field. For numerical purposes, for which we need
approximations, only K = R and K = C are of interest. Since tensor spaces
over R may have properties different from those over C, the flexible choice
of K makes sense.

Vector spaces. V1, V2, . . . , Vd are the vector spaces generating the tensor
space V (see below). If other d-tuples of vector spaces are needed, we use
Wj , Xj , or Yj (1 ≤ j ≤ d). Tacitly, we assume that all spaces involved are
defined over the same field K. There are no restrictions of the vector space
concerning its dimension (any finite or infinite cardinality is admitted).
Vectors from Vj are denoted by v(j). A family of such vectors is indexed

by a further subscript: {v(j)µ : 1 ≤ µ ≤ r}.
The model space Kn is usually denoted in a different way. Let I be an

index set of cardinality #I = n. Then KI contains the vectors (vi)i∈I ,
vi ∈ K. Here, I may be a set without ordering. This fact is helpful if I is
a Cartesian product I1 × I2, etc. Even when #I1 = #I2 = · · · = #Id, the
notation Vj = KIj indicates the connection to j (the position of Vj is the
tensor product).

Tensor spaces. The standard notation is V =
⊗d

j=1 Vj . Even without men-
tioning this explicit definition, quantities V and Vj appearing in a statement

are tacitly related by V =
⊗d

j=1 Vj . If further tensor spaces are needed, the
analogous statement holds for

W =
d⊗

j=1

Wj , X =
d⊗

j=1

Xj , Y =
d⊗

j=1

Yj .

Bold capitals such as V are used for tensor spaces, while bold lower-case
characters denote tensors.
In the model case of Vj = KIj , the tensor space becomes V =

⊗d
j=1K

Ij =

KI with the index set

I := I1 × · · · × Id .
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In this case, the entries of a tensor v ∈ V are denoted by vi = v[i] =
v[i1, . . . , id] with i = (i1, . . . , id) ∈ I. Secondary subscripts, as in (1.1), are
avoided for the sake of readability.

Banach and Hilbert spaces. For the notation of the related norms ‖·‖ and
‖·‖j and their corresponding dual norms, see Section 3. Hilbert spaces and
the related scalar products are explained in Section 3.4. We let

L(X,Y ) and L(X,Y ) (1.3)

denote the space of mappings from X into Y , which are linear and, respec-
tively, linear and continuous. For Y = K, we obtain the algebraic dual or,
respectively, continuous dual space

X ′ and X∗.

List of symbols. The most important symbols not mentioned above are as
follows:

Hr hierarchical format (equation (7.2e))

HOSVD higher-order singular value decomposition (Section 6.3)

Mj(v),Mα(v) matricization (Section 2.6)

rank(v) tensor rank (Section 2.4)

rank(v) border rank (Definition 5.1)

rankj , rankα jth (αth) rank (Section 2.6)

Rr r-term format (equation (2.4))

Tr tensor subspace format (equation (6.2))

Tρ matrix product or TT format (equation (9.5))

Umin
j (v) minimal subspace (Section 6.4)

Vα tensor space
⊗

j∈α Vj (Section 7.3)

r, rj , rα, ρj ranks of formats Rr, Tr,Hr,Tρ (equations (2.5), (6.2), (7.2c))

#S cardinality of a set S

In the past few decades, tensor applications have occurred mainly outside
the fields of (applied) mathematics, so a terminology has been developed
which is not the standard mathematical one (e.g., tensors have become
‘multi-way arrays’). Here, the author has deliberately tried to introduce a
mathematical terminology suitable for (multi)linear algebra and analysis.

1.3. Matrix case

Let I1 and I2 be finite index sets. The tensor space KI1 ⊗KI2 of order two is
equivalent to the set KI1×I2 of matrices. Using matrix notation, the tensor
product of v ∈ KI1 and w ∈ KI2 is equal to

v ⊗ w ∼= v wT. (1.4)
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Remark 1.1. If V1 and V2 are two general but finite-dimensional vector
spaces, the tensor space V1 ⊗ V2 is isomorphic to the space of linear maps
L(V2, V1) from V2 into V1.

Proof. This follows, for example, from the isomorphism Vj
∼= Knj with

nj := dim(Vj) and L(V2, V1) ∼= Kn1×n2 . Another proof uses the fact that, for
finite dimensions, V2 and the dual space V ′2 are isomorphic (let φ : V2 → V ′2
the isomorphism). Then v(1) ⊗ v(2) can be identified with the mapping

(v(1) ⊗ v(2))(w(2)) := (φ(v(2)))(w(2)) · v(1)

(note that φ(v(2)) ∈ V ′2 and (φ(v(2)))(w(2)) ∈ K).

Many of the pleasant properties of matrix spaces (i.e., properties for
d = 2) do not extend to d ≥ 3, which characterizes the true tensor case. In
order to recover features from matrix theory, we shall describe techniques
mapping general tensors of order d ≥ 3 to matrices (see Section 2.6).

1.4. Decomposition versus representation

In this article we consider tensor representations and their use for tensor
operations. Most of the papers on tensor applications in the past have
discussed tensor decompositions. First, we try to explain the difference for
the example of matrices.
If an n×n matrix M is of rank k 
 n, it is advantageous to represent M

by the product ABT, where A,B ∈ Kn×k. Note that the choice of factor is
not unique. Any regular k × k matrix T generates factors A′ := AT−1 and
B′ := B TT with the property M = A′B′T. For the purpose of representing
an n×n matrix by two n×k matrices, all factorizations are equally welcome.
Another issue is the diagonalization of M by T−1DT . Here, the purpose

is not to replace the data M by T and D. Instead, we are interested in
the particular eigenvalues contained in D and the eigenvectors collected in
T . Here, T−1DT is a decomposition of M . Except for special cases and
modulo permutations, this decomposition is unique. The singular value
decomposition M = UDV T (U, V orthogonal matrices, D diagonal) is of a
similar nature.
Generally speaking, a representation of a tensor v is given by a mapping

ρ and a parameter tuple p such that

v = ρ(p).

The most important requirement is that the data size of p is much smaller
than dim(V). Injectivity of ρ is of minor interest. It is more important
that the mapping ρ should be well conditioned. At least in the finite-
dimensional case, surjectivity should hold in the sense that for all v ∈ V
there is a parameter tuple p with v = ρ(p). The previous example of the
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low-rank representation of a matrix corresponds to M = ρ(A,B). If we
allow parameters A,B ∈ Kn×k for any k, the mapping is surjective.
The decomposition involves the inverse mapping ρ−1. Given a tensor

v ∈ V, we are interested in the parameter p satisfying v = ρ(p). In the case
of a singular value decomposition, the computation performs ρ−1 : M �→
(U,D, V ). This explanation shows that the decomposition is an inverse
problem. It may be ill-posed (e.g., the singular value decomposition in the
case of approximately equal singular values).
In Sections 5–7 we shall discuss different types of tensor formats. We call

them ‘representations’ since we are only interested in the direction ρ : p �→ v.
In many fields of application they are called ‘decompositions’. In that case,
we are interested in the parameter p, since it reveals certain properties
of the object that has produced the tensor-valued measurement v. For
applications and analysis in this direction we refer to Cattell (1944), Tucker
(1966), Harshman (1970), Appellof and Davidson (1981), Henrion (1994),
De Lathauwer, De Moor and Vandewalle (2000b), Comon (2002), Smilde,
Bro and Geladi (2004), Kroonenberg (2008); see also the review by Kolda
and Bader (2009).

1.5. Software

In various places software has been developed:

http://anchp.epfl.ch/htucker (Kressner and Tobler 2012)

http://csmr.ca.sandia.gov/˜tgkolda/TensorToolbox (Bader and Kolda 2007)

http://esat.kuleuven.be/sista/cot/

http://esat.kuleuven.be/sista/tensorlab/

} (by L. Sorber, M. Van Barel
and L. De Lathauwer)

http://gitorious.org/tensorcalculus/pages/Home (by M. Espig et al.)

http://spring.inm.ras.ru/osel (TT toolbox by I. Oseledets)

http://www.eigenvector.com (by B. M. Wise and N. B. Gallagher)

http://www.models.life.ku.dk/nwaytoolbox (details by Andersson and Bro 2000)

1.6. Preview

We start with the definition of algebraic tensors in Section 2 and of topo-
logical tensors in Section 3, before discussing numerical issues. Suitable
tensor formats are the key to efficient treatment, as explained in Section 4.
The concrete formats are the r-term representation in Section 5, the tensor
subspace format in Section 6, the hierarchical format in Section 7, and the
TT format in Section 9. Besides the efficient representation of a tensor,
we need algorithms that perform the standard tensor operations by means
of the underlying format parameters. This is explained in Section 5.2 for
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the r-term format. Operations in the important hierarchical format are dis-
cussed in Section 8. If the problem to be solved can be described by an
optimization formulation, optimization with respect to the format parame-
ters is discussed in Section 10. The multivariate cross approximation from
Section 11 determines the tensor parameters from a small number of evalu-
ations of the tensor. The tensorization described in Section 12 maps vectors
into tensors and profits from the tensor compression. In the optimal case,
this technique reduces the data size nd to O(log(nd)) = O(d logn). Finally,
in Section 13, we briefly mention three application fields.
For a survey of literature in this field we refer to Grasedyck, Kressner and

Tobler (2013).

2. Algebraic tensors

Let Vj (1 ≤ j ≤ d) be d vector spaces (over the same field K). In Section 2.1

we recall the definition of the algebraic tensor space V = a
⊗d

j=1 Vj , where
the suffix a indicates the algebraic nature. Later, in Section 3, we shall
consider the topological tensor space ‖·‖

⊗d
j=1 Vj associated with a norm

‖·‖. Note that the vector spaces may be of any finite or infinite dimension.
The choice of underlying field K is arbitrary.

2.1. Basic definitions and properties of tensors

Let vector spaces Vj (1 ≤ j ≤ d) be given. The notation of the tensor space

V = a
⊗d

j=1 Vj means that there is a multilinear map ⊗ : V1×· · ·×Vd → V
such that

V = span

{
d⊗

j=1

v(j) : v(j) ∈ Vj

}
. (2.1)

The multilinear mapping ⊗ is universal in the sense that, for any multilinear
mapping ϕ : V1 × · · · × Vd → U into some vector space U , there is a unique
linear (not multilinear!) mapping Φ : V → U such that ϕ = Φ ◦ ⊗, that is,
the following diagram is commutative:

V1 × · · · × Vd

⊗
��

ϕ �� U

a
⊗d

j=1 Vj

Φ

������������

This characterization fixes the tensor space V up to (tensor space) iso-
morphisms; see Greub (1975, Chap. I, Sec. 2). Any product of the form⊗d

j=1 v
(j) is called an elementary tensor.
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An equivalent definition may use the following properties.

Proposition 2.1.

(a) The algebraic tensor space V is characterized by the following proper-
ties.

(i) The span property:2

V = span

{
d⊗

j=1

v(j) : v(j) ∈ Vj

}
.

(ii) Multilinearity: for all λ ∈ K, v(j), w(j) ∈ Vj , and j ∈ {1, . . . , d},

v(1) ⊗ v(2) ⊗ · · · ⊗ (λv(j) + w(j))⊗ · · · ⊗ v(d)

= λv(1) ⊗ v(2) ⊗ · · · ⊗ v(j) ⊗ · · · ⊗ v(d)

+ v(1) ⊗ v(2) ⊗ · · · ⊗ w(j) ⊗ · · · ⊗ v(d).

(iii) Linearly independent vectors {v(j)i : i ∈ Bj} ⊂ Vj (1 ≤ j ≤ d)

produce linearly independent vectors {
⊗d

j=1 v
(j)
ij

: ij ∈ Bj} in V.

(b) Properties (i) and (iii) yield the equivalent statement that any bases

{v(j)i : i ∈ Bj} of Vj define a basis {
⊗d

j=1 v
(j)
ij

: ij ∈ Bj} of V.

(c) A simple consequence is that

dim(V) =
d∏

j=1

dim(Vj) (2.2)

(note that dim(Vj) = #Bj may be infinite cardinalities).

For completeness we remark that for d = 0 the empty tensor product is
defined by the field

⊗0
j=1 Vj = K. For d = 1 the tensor space

⊗1
j=1 Vj = V1

coincides with the generating vector space.

Remark 2.2. We have the following two degenerate cases.

(a) If dim(Vj) = 0 for some j, V = {0} follows from (2.2).

(b) If dim(Vj) = 1 for some j, V = a
⊗d

j=1 Vj is isomorphic to the tensor
space

V[j] = a

⊗
k �=j

Vk

of order d− 1, where
⊗

k �=j =
⊗

k∈{1,...,d}\{j}.

2 Note that span{vi : i ∈ I} is the set of all finite linear combinations, even when the
index set I is infinite.
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Consequently, the non-degenerate case is characterized by dim(Vj) ≥ 2
for all 1 ≤ j ≤ d.
In the case of identical vector spaces V := Vj for 1 ≤ j ≤ d, symmet-

ric tensors are defined by the property
⊗d

j=1 v
(j) =

⊗d
j=1 v

(π(j)) for any

permutation π of the set {1, . . . , d}. Similarly, antisymmetric tensors are

defined by the property
⊗d

j=1 v
(j) = sign(π)

⊗d
j=1 v

(π(j)). The latter type
is very important for quantum chemistry, since Pauli’s principle requires
antisymmetric functions for electrons. We shall not go into details con-
cerning the numerical treatment of (anti)symmetric tensor, and refer to
Mohlenkamp (2010) and Beylkin, Mohlenkamp and Pérez (2008).

2.2. Spaces of linear maps

By definition (2.1), elementary tensors form a spanning system. This yields
the following remark, which simplifies the definition of linear maps.

Remark 2.3. Let Φ be any linear mapping from the tensor space into
some vector space U . Then Φ is uniquely defined by its action on elementary
tensors.

The notation L(X,Y ) denotes the set of linear mappings fromX to Y (see
(1.3)). The vector space Vj may, in particular, coincide with L(Xj , Yj). In
the case of Xj = Knj and Yj = Kmj , we get the matrix space L(Xj , Yj) =
Knj×mj . The last statement of the next remark is proved in Hackbusch
(2012, Example 3.53).

Remark 2.4. Let Xj , Yj be any vector spaces and set Wj = L(Xj , Yj).
Define the corresponding tensor spaces by

W = a

d⊗
j=1

Wj , X = a

d⊗
j=1

Xj , Y = a

d⊗
j=1

Yj .

Then W can be interpreted as a subspace of L(X,Y) via3(
d⊗

j=1

A(j)

)(
d⊗

j=1

x(j)

)
=

d⊗
j=1

[
A(j)x(j)

] {
A(j) ∈ Wj = L(Xj , Yj),

x(j) ∈ Xj .

For finite dimensions, equality W = L(X,Y) holds, whereas W � L(X,Y)
is a proper subspace in the infinite-dimensional case.

In the case of matrices, the tensor product
⊗d

j=1K
nj×mj is also called

the Kronecker product (see Section 1.1.2).

3 Here we make use of Remark 2.3. This equation defines the linear map
⊗d

j=1 A
(j).

Any element of W is a linear combination of such elementary tensors
⊗d

j=1 A
(j).
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The (algebraic) dual of a vector space is V ′ = L(V,K) containing the
functionals on V . Setting Xj = Vj and Yj = K, we can apply the previous

remark. Here, we have to exploit that
⊗d

j=1K = K (see Remark 2.2).

Together, we obtain the following result (Hackbusch 2012, § 3.3.2.2).

Remark 2.5. Let V = a
⊗d

j=1 Vj . The tensor space W = a
⊗d

j=1 V
′
j can

be interpreted as a subspace of V′ via(
d⊗

j=1

ϕ(j)︸︷︷︸
∈V ′

j

)(
d⊗

j=1

v(j)︸︷︷︸
∈Vj

)
=

d∏
j=1

ϕ(j)(v(j))︸ ︷︷ ︸
∈K

.

Equality W = V′ holds only in the finite-dimensional case.

Consider a fixed index j ∈ {1, . . . , d} and let ϕ(j) ∈ V ′j . We can extend

the action of ϕ(j) to V by

ϕ̂(j) := id1 ⊗ · · · ⊗ idj−1 ⊗ ϕ(j) ⊗ idj+1 ⊗ · · · ⊗ idd,

where idk ∈ L(Vk, Vk) is the identity map. Remark 2.4 can be applied with

Yj = K and Yk = Vk for k �= j. Note that
⊗d

k=1 Yk =
⊗

k �=j Vk because of

Yj = K (see Remark 2.2). Therefore,

ϕ̂(j) ∈ L

(
a

d⊗
k=1

Vk, a

⊗
k �=j

Vj

)
with ϕ̂(j)

(
d⊗

k=1

v(k)

)
= ϕ(j)(v(j)) ·

⊗
k �=j

v(k).

(2.3)

2.3. Isomorphisms and transformations

We have to distinguish two types of isomorphisms. In the sense of a vector
space isomorphism, we have V1⊗V2⊗V3

∼= (V1⊗V2)⊗V3
∼= V1⊗ (V2⊗V3),

since all spaces have the same dimension. A stronger equivalence relation
is the following isomorphism. Two tensor spaces are isomorphic in the
sense of tensor spaces if they are of the same order, V = a

⊗d
j=1 Vj and

W = a
⊗d

j=1Wj with identical d, and if Vj
∼= Wj are isomorphic for all

1 ≤ j ≤ d.

Let {b′ (j)ν : ν ∈ Ij} and {b′′ (j)ν : ν ∈ Ij} be two bases of Vj . By Wj :=
�0(Ij) we denote the set of sequences (ai)i∈Ij with only finitely many non-
zero entries. Let φ′, φ′′ : Wj → Vj be the isomorphisms defined via

φ′(w(j)) =
∑
i∈Ij

w
(j)
i b
′(j)
i and φ′′(w(j)) =

∑
i∈Ij

w
(j)
i b
′′(j)
i .

The change from basis {b′ (j)ν } to basis {b′′ (j)ν } corresponds to the trans-

formation Tj := φ′′−1φ′ : Wj → Wj . The tensor space V = a
⊗d

j=1 Vj with
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the bases

b′ν :=
d⊗

j=1

b′(j)νj or b′′ν :=
d⊗

j=1

b′′(j)νj

(see Proposition 2.1(b)) is isomorphic to W = a
⊗d

j=1Wj . The basis trans-

formation from {b′ν} to {b′′ν} corresponds to

T :=

d⊗
j=1

Tj : W → W

with Tj from above.

2.4. Tensor rank

The rank of a matrix is a very useful quantity in linear algebra. If one tries
to generalize the rank to the tensor case d ≥ 3, different – but equivalent
– characterizations of the matrix rank lead to different and non-equivalent
rank concepts for tensors. Below we introduce the tensor rank as a non-
negative integer from N0. Another approach, used in Section 2.6, leads to
a tuple r = (r1, . . . , rd) from Nd

0. One may even introduce ranks rα for any
subset α ⊂ {1, . . . , d} (see (2.10)).
A possible characterization of the rank of a matrix M ∈ Kn×m is as

follows. If r = rank(M), then there exist r vectors aν ∈ Kn and bν ∈ Km

such that M =
∑r

ν=1 aνb
T
ν (see (1.4)) and there is no such representation

with fewer terms than r.
In the tensor case we follow the definition (2.1), which states that any

algebraic tensor has a representation

v =

r∑
ν=1

v(1)ν ⊗ · · · ⊗ v(d)ν

with some r ∈ N0 and v
(j)
ν ∈ Vj (v

(j)
ν = 0 is not excluded). Define the set of

all linear combinations of r elementary tensors by

Rr := Rr(V) :=

{
r∑

ν=1

v(1)ν ⊗ · · · ⊗ v(d)ν : v(j)ν ∈ Vj

}
(r ∈ N0). (2.4)

The span property (2.1) implies that V =
⋃

r∈N0
Rr. The sets Rr are nested:

{0} = R0 ⊂ R1 ⊂ · · · ⊂ Rr−1 ⊂ Rr ⊂ · · · ⊂ V for all r ∈ N.

The previous characterization of the matrix rank leads us to the following
generalization.
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Definition 2.6 (tensor rank). The tensor rank of v ∈ a
⊗d

j=1 Vj is de-
fined by

rank(v) := min{r : v ∈ Rr} ∈ N0. (2.5)

We may redefine Rr by Rr = {v ∈ V : rank(v) ≤ r}. We shall use the
shorter term ‘rank’ instead of ‘tensor rank’ (the terms ‘canonical rank’ or
‘CP rank’ are also used). Note that there is an ambiguity if v is a matrix
as well as a tensor (e.g., in (1.2)). If necessary, we use the explicit terms
‘matrix rank’ and ‘tensor rank’.

Remark 2.7. The tensor rank is invariant under (tensor space) isomor-

phisms of Vj . More generally, application of an operator A =
⊗d

j=1A
(j)

with A(j) ∈ L(Vj ,Wj) yields rank(Av) ≤ rank(v).

Proof. By definition, there is a representation v =
∑r

ν=1

⊗d
j=1 v

(j)
ν with

r := rank(v). Hence,

w = Av =

r∑
ν=1

d⊗
j=1

[A(j)v(j)ν ]

requires at most r terms, that is, rank(w) ≤ r. In the case of an isomor-
phism, apply the same argument to A−1w = v, where

A−1 =
d⊗

j=1

(A(j))−1.

Remark 2.8. Unlike matrix rank, the tensor rank has rather obscure
properties.

(a) In general, the determination of rank(v) is NP hard (H̊astad 1990).

(b) For finite-dimensional Vj , there is amaximal rank rmax (i.e., rmax is the
smallest integer with Rrmax = V), but in general rmax is not explicitly
known. For equal dimensions dim(Vj) = n, the inequalities

d

2(d− 1)
nd−1 +O(nd−2) ≥ rmax ≥ nd−1/d (2.6)

follow from Howell (1978).

(c) While random matrices have maximal rank with probability one, there
may be more than one tensor rank with positive probability. These
ranks are called typical.

(d) If v ∈ VR holds for the tensor space over the field R, it also belongs to
the larger space VC considered over C. Unlike the matrix case, v may
possess different ranks in VR and VC.
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(e) While the limit of matrices of rank ≤ r again has a rank bounded by r,
the tensor rank may increase in the limit. This means that, in general,
Rr is not closed (see Section 5.4).

2.5. Application: Strassen’s algorithm

It might be surprising that the rank of a tensor is connected with the com-
plexity of the matrix–matrix multiplication. As an illustration, we recall
the algorithm of Strassen.
The standard matrix–matrix multiplication of n × n matrices costs 2n3

operations. A reduction to 4.7nlog2 7 = 4.7n2.8074 proposed by Strassen
(1969) is based on the fact that two 2× 2 block matrices can be multiplied
as follows:[

a1 a2
a3 a4

] [
b1 b2
b3 b4

]
=

[
c1 c2
c3 c4

]
, ai, bi, ci submatrices with (2.7)

c1 = m1 +m4 −m5 +m7, c2 = m2 +m4,

c3 = m3 +m5, c4 = m1 +m3 −m2 +m6,

m1 = (a1 + a4)(b1 + b4), m2 = (a3 + a4)b1, m3 = a1(b2 − b4),

m4 = a4(b3 − b1), m5 = (a1 + a2)b4,

m6 = (a3 − a1)(b1 + b2), m7 = (a2 − a4)(b3 + b4),

where only seven multiplications of block matrices are needed.
We introduce a tensor v ∈ K4×4×4, whose entries are defined by

cν =
4∑

µ,λ=1

vνµλ aµ bλ (1 ≤ ν ≤ 4). (2.8a)

For instance, for ν = 1 the identity c1 = a1b1 + a2b3 shows that v111 =
v123 = 1, and v1µλ = 0 otherwise. Assume a representation of v in r terms:

v =
r∑

i=1

3⊗
j=1

v
(j)
i . (2.8b)

Insertion into (2.8a) yields

cν =
r∑

i=1

4∑
µ,λ=1

v
(1)
i [ν] v

(2)
i [µ] v

(3)
i [λ] aµ bλ

=
r∑

i=1

v
(1)
i [ν]

(
4∑

µ=1

v
(2)
i [µ] aµ

)(
4∑

λ=1

v
(3)
i [λ] bλ

)
,

that is, only r multiplications are needed. Algorithm (2.7) corresponds to a
representation (2.8b) with r = 7, implying rank(v) ≤ 7. In fact, Winograd

https://doi.org/10.1017/S0962492914000087 Published online by Cambridge University Press

https://doi.org/10.1017/S0962492914000087


666 W. Hackbusch

(1971) proves that rank(v) = 7. For a detailed discussion of the complexity
of matrix multiplication we refer to Landsberg (2012, Chap. 11).

2.6. Matricization and Tucker ranks

For the time being assume that Vj = Knj . Elements v ∈ V have the entries
v[i1, . . . , id] with 1 ≤ ij ≤ nj . We regroup the indices into a single index
ij and a (d − 1)-tuple i[j] := (i1, . . . , ij−1, ij+1, . . . , id). Define the matrix

Mj := Mj(v) ∈ Knj×n[j] with n[j] :=
∏

k �=j nk by the entries

Mj [ij , i[j]] := v[i1, . . . , id]

(the ordering of the indices will be irrelevant). Note thatMj : V → Knj×n[j]

is a vector space isomorphism. Mj transfers tensors into matrices and is
called matricization or unfolding. In particular, we can define the matrix
rank (the so-called Tucker rank or jth rank)

rj = rankj(v) := rank(Mj(v)) for 1 ≤ j ≤ d. (2.9)

Note that for matrices M we have M1(M) = M and M2(M) = MT.
Therefore r1 = r2 is the standard matrix rank. For d ≥ 3, however, all rj
may be different. We can form the tuple

r := (r1, . . . , rd) with rj from (2.9),

which is sometimes called the multilinear rank of v.

Example 2.9. Consider a tensor v from the 16-dimensional tensor space
V := K2 ⊗K2 ⊗K2 ⊗K2. Then, for example, M2(v) belongs to K2×8:

M2(v) =

(
v1111 v1112 v1121 v1122 v2111 v2112 v2121 v2122

v1211 v1212 v1221 v1222 v2211 v2212 v2221 v2222

)
.

Next, we consider α = {1, 3}. M{1,3}(v) belongs to K4×4:

M{1,3}(v) =



v1111 v1112 v1211 v1212

v1121 v1122 v1221 v1222

v2111 v2112 v2211 v2212

v2121 v2122 v2221 v2222


.

The boldface subscripts characterize the rows, while the other ones indicate
the columns.

Given a subset α ⊂ {1, . . . , d} and its complement αc := {1, . . . , d}\α
with4 α �= ∅ �= αc, the αth rank can be defined by

rankα(v) := rank(Mα(v)) with Mα(v)[iα, iαc ] := v[i1, . . . , id], (2.10)

4 Formally, we may set r∅ = r{1,...,d} := 1 for v �= 0 and r∅ = r{1,...,d} := 0 for v = 0.
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where iα = (ij)j∈α and iαc = (ij)j∈αc . The definition of such ranks can
already be found in Hitchcock (1927, p. 170).
Considering a matrix M ∈ Kn×m as a mapping M : Km → Kn, the rank

can be defined by rank(M) := dim(range(M)). The latter definition can be
exploited for general finite-dimensional vector spaces Vj . The tensor space

V =
⊗d

j=1 Vj is isomorphic (in the sense of vector spaces) to

V̂ := Vj ⊗V[j] with V[j] :=
⊗
k �=j

Vk.

In the finite-dimensional case, V̂ can be identified with the space L(V[j], Vj)
(see Remark 1.1). Therefore, a tensor v ∈ V corresponds to a mapping
v̂ ∈ L(V[j], Vj). Its range defines a subspace Uj ⊂ Vj . The definition
rankj(v) := dim(Uj) coincides with (2.9) for Vj = Knj . A similar definition
holds for the infinite-dimensional case (see (6.1) and Section 6.4).
The invariance property of Remark 2.7 also holds for the newly introduced

ranks.

Remark 2.10. rankj(·) and rankα(·) are invariant under tensor space iso-
morphisms.

The relation to the previously introduced tensor rank is given by5

rankj(v) ≤ rank(v), rankα(v) ≤ rank(v)

for all 1 ≤ j ≤ d and α ⊂ {1, . . . , d}.

3. Topological tensors

So far, the spaces have not been endowed with any topology. Now we assume
that Vj are normed spaces, or even Banach spaces (i.e., complete normed
spaces), where the norm is denoted by ‖·‖j . Further, the tensor space V is

equipped with a norm denoted by ‖·‖. In the case of the algebraic tensor
construction, V is uniquely defined by Vj (up to isomorphism). This is dif-
ferent for the topological case: the norms in (Vj , ‖·‖j) do not determine the

norm of (V, ‖·‖) in a unique way. Next, we shall discuss various properties
of ‖·‖ and define the projective and the injective crossnorms. The case of
Hilbert spaces will be investigated in Section 3.4.
For statements in this section without proof we refer to Hackbusch (2012,

§ 4), where complete proofs are given.

5 In the estimates, rank(v) can be replaced by the possibly smaller border rank defined
in (5.8).

https://doi.org/10.1017/S0962492914000087 Published online by Cambridge University Press

https://doi.org/10.1017/S0962492914000087


668 W. Hackbusch

3.1. Continuity of the tensor product

As mentioned above, we are free to choose some norm on the algebraic
tensor space Valg = a

⊗d
j=1 Vj and to define Vtop as the closure of Valg

with respect to the chosen norm. The notation for Vtop is ‖·‖
⊗d

j=1 Vj .
Since Vtop = Valg for the finite-dimensional case, the following discussion
is of particular interest for the infinite-dimensional case.
Even when the norm ‖·‖ of Vtop is not fixed by the norms ‖·‖j of Vj ,

there is an important restriction to the choice of ‖·‖. We must always
ensure continuity of the tensor product, that is, of the mapping⊗

: V1 × · · · × Vd → V via
(
v(1), . . . , v(d)

)
�→

d⊗
j=1

v(j).

For linear and multilinear mappings, continuity and boundedness are equiv-
alent, so the continuity of the tensor product can be expressed by∥∥∥∥∥

d⊗
j=1

v(j)

∥∥∥∥∥ ≤ C

d∏
j=1

‖v(j)‖j for all v(j) ∈ Vj (1 ≤ j ≤ d), (3.1)

where C is a fixed constant. This inequality states that the norm ‖·‖ cannot
be too strong. In fact, we shall characterize the strongest possible norm
in (3.3).

General assumption. In the following, we always assume that the conti-
nuity requirement (3.1) is satisfied.

We have not yet specified the completeness, or otherwise, of the normed
spaces Vj . In fact, completeness is irrelevant for the definition of ‖·‖

⊗d
j=1 Vj ,

as can be seen from the following remark.

Remark 3.1. Let Vj (1 ≤ j ≤ d) be Banach spaces, while V0,j are dense
subspaces. Then the topological tensor spaces generated are equal:

‖·‖

d⊗
j=1

Vj = ‖·‖

d⊗
j=1

V0,j .

3.2. Crossnorms and projective norms

One may attempt to define a norm on V by means of ‖·‖j by setting∥∥∥∥∥
d⊗

j=1

v(j)

∥∥∥∥∥ =
d∏

j=1

‖v(j)‖j for all v(j) ∈ Vj (1 ≤ j ≤ d). (3.2)

However, this definition concerns only the elementary tensors
⊗d

j=1 v
(j).

There exist different norms which coincide on the set of elementary tensors,
that is, condition (3.2) does not fix the norm ‖·‖.

https://doi.org/10.1017/S0962492914000087 Published online by Cambridge University Press

https://doi.org/10.1017/S0962492914000087


Numerical tensor calculus 669

Definition 3.2. A norm on V satisfying (3.2) is called a crossnorm.

Note that a crossnorm satisfies the continuity requirement (3.1) with the
constant C = 1.
Condition (3.1) describes an upper bound for norms on V. Therefore one

may ask for the strongest norm satisfying (3.1).

For v ∈ a
⊗d

j=1 Vj , define ‖·‖∧(V1,...Vd)
by

‖v‖∧(V1,...Vd) := ‖v‖∧ := inf

{
n∑

i=1

d∏
j=1

‖v(j)i ‖j : v =
n∑

i=1

d⊗
j=1

v
(j)
i

}
. (3.3)

This defines the projective norm on Valg, and Vtop := ∧
⊗d

j=1 Vj is the
corresponding Banach tensor space.

Theorem 3.3. ‖·‖∧ is a crossnorm satisfying the particular property (3.2).
Moreover, it is the strongest norm satisfying (3.1).

Proof. We give the proof of the last statement in the case of d = 2. Let
‖·‖ be a norm on V ⊗a W such that (v, w) �→ v ⊗ w is continuous. Then
(3.1) holds, that is, ‖v ⊗ w‖ ≤ C‖v‖V ‖w‖W . Let

x =
n∑

i=1

vi ⊗ wi ∈ V ⊗a W.

The triangle inequality yields

‖x‖ ≤
n∑

i=1

‖vi ⊗ wi‖.

Together with (3.1),

‖x‖ ≤ C
n∑

i=1

‖vi‖V ‖wi‖W

follows. Taking the infimum over all representations x =
∑n

i=1 vi ⊗ wi, the
inequality ‖x‖ ≤ C‖x‖∧ follows, that is, ‖·‖∧ is stronger than ‖·‖. Since ‖·‖
is arbitrary under the continuity side condition, ‖·‖∧ is the strongest norm.

3.3. Tensor spaces of functionals and injective norms

Another crossnorm is the injective norm, which we shall need in Section 6.4,
and for which the tensor space of the dual spaces must be defined.
Let V ∗j = L(Vj ,K) ⊂ V

′
j = L(Vj ,K) be the Banach space of the continu-

ous linear functionals on Vj with the dual norm

‖ϕ‖∗j = ‖ϕ‖V ∗
j
:= sup{|ϕ(v)| : v ∈ Vj , ‖vi‖j ≤ 1}.
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The algebraic tensor space a
⊗d

j=1 V
∗
j is a subspace of a

⊗d
j=1 V

′
j . Therefore

it can be interpreted as a subspace of the algebraic dual V′, as explained in
Remark 2.5. To ensure that a

⊗d
j=1 V

∗
j ⊂ V∗ holds too, we have to require

that ∥∥∥∥∥
d⊗

j=1

ϕ(j)

∥∥∥∥∥
∗

≤ C
d∏

j=1

‖ϕ(j)‖∗j for all ϕ(j) ∈ V ∗j (1 ≤ j ≤ d), (3.4)

that is, the tensor product is continuous with respect to the dual norms.
Again we can ask for the strongest dual norm ‖·‖∗ so that (3.4) is valid.

Since a weaker norm leads to a stronger dual norm, we can equivalently seek
for the weakest norm of V fulfilling (3.4).
The injective norm ‖·‖∨ is defined by

‖v‖∨(V1,...Vd) := ‖v‖∨ := sup

{∣∣∣∣∣
(

d⊗
j=1

ϕ(j)

)
(v)

∣∣∣∣∣ : ϕ(j) ∈ V ∗j , ‖ϕ(j)‖∗j = 1

}
.

Theorem 3.4. ‖·‖∨(V1,...Vd)
is a norm satisfying the particular crossnorm

property ∥∥∥∥∥
d⊗

j=1

ϕ(j)

∥∥∥∥∥
∗

=

d∏
j=1

‖ϕ(j)‖∗j . (3.5)

Moreover, it is the weakest norm satisfying (3.4).

We conclude that all norms with ‖·‖∨(V1,...Vd)
� ‖·‖ � ‖·‖∧(V1,...Vd)

satisfy

both requirements (3.1) and (3.4).

Definition 3.5 (reasonable crossnorm). A norm satisfying both iden-
tities (3.2) and (3.5) is called a ‘reasonable’ crossnorm.

Examples of reasonable crossnorms are ‖·‖∨ and ‖·‖∧.

3.4. Hilbert spaces

3.4.1. Canonical scalar product
Now we assume that Vj are (pre-)Hilbert spaces associated with scalar prod-
ucts 〈·, ·〉j and corresponding norms ‖·‖j . Further, the algebraic tensor space
Valg = a

⊗d
j=1 Vj is equipped with a scalar product 〈·, ·〉 and corresponding

norm ‖·‖ (hence it is a pre-Hilbert space). The closure with respect to ‖·‖
yields the topological Hilbert tensor space V = ‖·‖

⊗d
j=1 Vj .

In contrast to the Banach case, there is a canonical scalar product on Valg

uniquely generated by the scalar products 〈·, ·〉j . For elementary tensors

d⊗
j=1

v(j),
d⊗

j=1

w(j) ∈ Valg
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we define〈
d⊗

j=1

v(j),
d⊗

j=1

w(j)

〉
:=

d∏
j=1

〈
v(j), w(j)

〉
j

for all v(j), w(j) ∈ Vj . (3.6)

The statement of Remark 2.3 can easily be extended to bilinear6 maps:
a bilinear mapping is uniquely defined by its action on elementary tensors.
Since the scalar product is bilinear,6 definition (3.6) yields a bilinear6 map
〈·, ·〉 on Valg. We check that the other properties of the scalar product
(symmetry and positivity) also hold (Hackbusch 2012, Lemma 4.124).
The norm ‖·‖ derived from the scalar product has pleasant properties; in

particular, the general requirement (3.1) is met.

Remark 3.6. The norm ‖·‖ corresponding to the canonical scalar product
is a reasonable crossnorm.

Proof. It is a crossnorm, since∥∥∥∥∥
d⊗

j=1

v(j)

∥∥∥∥∥
2

=

〈
d⊗

j=1

v(j),
d⊗

j=1

v(j)

〉
:=

d∏
j=1

〈
v(j), v(j)

〉
j
=

d∏
j=1

‖v(j)‖2j .

Here Vj and V can be identified with their duals. Therefore, the equality
above also implies (3.5).

The standard examples of a Hilbert tensor space with canonical scalar
product are the L2 function spaces.

Example 3.7. Let Ij ⊂ R be intervals and let Vj := L2(Ij) be Hilbert
spaces with the usual L2 scalar product. Then the canonical scalar product
from (3.6) yields the L2 scalar product

〈f, g〉L2 =

∫
Ω
f(x1, . . . , xd) g(x1, . . . , xd) dx1 · · · dxd

of

L2(Ω) = L2

d⊗
j=1

L2(Ij) with Ω := I1 × · · · × Id.

3.4.2. Other scalar products and mixed spaces
The Hilbert tensor space can also be based on a scalar product different
from the canonical scalar product. The simplest example is the Sobolev
space H1(Ω) with the scalar product

〈f, g〉H1 = 〈f, g〉L2 +
d∑

j=1

〈
∂f

∂xj
,
∂g

∂xj

〉
L2

,

6 Or sesquilinear in the case of K = C.
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with Ω and 〈·, ·〉L2 as above. It is the topological tensor space

H1(Ω) = H1

d⊗
j=1

H1(Ij).

The canonical scalar product induced by the scalar products of H1(Ij) is
different from the H1(Ω) scalar product. It is the so-called mixed H1 scalar
product

〈f, g〉H1
mix

=
∑
ν

〈∂νf, ∂νg〉L2 with ∂ν =

(
∂

∂x1

)ν1

· · ·
(

∂

∂xd

)νd

,

where the sum is taken over all multi-indices ν = (ν1, . . . , νd) with 0 ≤ νj ≤
1. Note that the mixed derivatives for νj = 1 are of order d. The Hilbert
space

H1
mix(Ω) = H1

mix

d⊗
j=1

H1(Ij)

is a proper7 subspace of H1(Ω). Equivalently, the norm ‖·‖H1
mix

is strictly

stronger than ‖·‖H1 .
By definition (3.6), the canonical scalar product is well-defined on ele-

mentary tensors and, therefore, also on any finite linear combination. This
yields the following statement.

Remark 3.8. The algebraic tensor product a
⊗d

j=1H
1(Ij) is a subspace

of H1
mix(Ω). Consequently, a function f ∈ H1(Ω)\H1

mix(Ω) can be the limit
of a sum of r elementary tensors with arbitrarily slow convergence as r → ∞.
Therefore, the boundedness of mixed derivatives is a necessary condition for
fast convergence.

The existence of mixed derivatives for general f ∈ H1(Ω) is lost by the
closure with respect to the H1 norm.
Nevertheless, H1(Ω) can also be constructed by means of canonical scalar

products. For this purpose, define the Hilbert tensor spaces H1,j(Ω) for
j = 0, 1, . . . , d as the closure of

a

d⊗
k=1

Vk with Vk =

{
L2(Ik) for k �= j,

H1(Ij) for k = j,

with respect to the canonical scalar product

〈f, g〉(j) =
∫
Ω

∂f

∂xj

∂g

∂xj
dx1 · · · dxd

7 Let f be defined on [0, 2] such that f ∈ H1([0, 2]), but f /∈ H2([0, 2]). Then the bivariate
function F (x, y) := f(x+ y) belongs to H1([0, 1]2) but not to H1

mix([0, 1]
2).
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for 1 ≤ j ≤ d and 〈f, g〉(0) = 〈f, g〉L2 , that is, H1,0(Ω) = L2(Ω). Then the
intersection yields the Sobolev space

H1(Ω) =
d⋂

j=0

H1,j(Ω),

and the scalar product of H1(Ω) is the sum of the canonical scalar product
of H1,j(Ω):

〈f, g〉H1 =
d∑

j=0

〈f, g〉(j).

Note the embeddings

L2(Ω) ⊃ H1,j(Ω) ⊃ H1(Ω) ⊃ H1
mix(Ω).

Remark 3.9. The fact that H1
mix(Ω) � H1(Ω) leads to the difficulty that

the norm ‖·‖H1 of H1(Ω) does not satisfy condition (3.4), that is, the alge-

braic tensor product
⊗d

j=1(H
1(Ij))

′ of the dual spaces can be completed in

(H1
mix(Ω))

′ but it is not contained in the smaller space (H1(Ω))′.

4. Tensor formats

4.1. Formats in general

Let S be some mathematical set. In general, a representation of s ∈ S is
based on a mapping

ρS : PS → S, (4.1)

where the set PS consists of tuples p = (p1, . . . , pn) of parameters which are
assumed to be realizable in computer language implementations, that is, pj
are reals, integers, array of these types, etc. The (abstract) mapping ρS
only defines p ∈ PS and cannot be used in implementations.
Since most of the mathematical sets are infinite, surjectivity of ρS cannot

hold in general. One remedy is the replacement of S by a finite subset
S0 ⊂ S such that ρS : PS → S0 becomes surjective. For instance, we may
restrict the integers to an interval S0 = Z ∩ [−imax, imax]. A consequence
is that we have to expect problems when we try to perform the addition
imax +1. Another type of replacement S0 ⊂ S is known for the case S = R.
Here, the set S0 of machine numbers satisfies a density property: any real
number8 x ∈ S = R can be approximated by x0 ∈ S0 such that the relative
error is bounded by the machine precision.

8 Here, we ignore the problems of overflow and underflow, which is a difficulty of the
same kind as discussed above for integers.
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From now on we assume that the mapping ρS : PS → S is surjective
(possibly because S is replaced by a subset which again is called S).
There is no need to require injectivity of ρS . In general, the inverse ρ−1S (s)

of some s ∈ S is set-valued. Any p ∈ ρ−1S (s) may be used equally well to

represent s ∈ S. If the elements of ρ−1S (s) have different data size, we would

prefer parameters p ∈ ρ−1S (s) with a data size close to the minimum.
In the case of tensors (S = V), the mapping ρV fixes a certain tensor

format. In the case of algebraic tensors, the representation ρV is surjec-
tive. However, in practice we restrict ourselves to tensors which can be
represented by parameters p of acceptable data size. This can be justified
if a tensor v, which is hard to represent exactly, is well approximated by
ṽ = ρV(p̃) with p̃ of acceptable data size.
Below we introduce the ‘full format’, the most trivial and most costly

one. The next two sections describe two classical tensor formats. The r-
term format (also called the canonical format or CP format) is investigated
in Section 5. The tensor subspace format (or ‘Tucker format’) is described
in Section 6. More recent formats are the hierarchical format in Section 7
and, as a subset, the ‘TT format’ (or ‘matrix product format’) in Section 9.

4.2. Full format

If all entries v[i1, . . . , id] of v ∈
⊗d

j=1R
nj are stored explicitly, v is said to

be represented in full format. Obviously, this is only feasible if the tensor
space dimension N :=

∏d
j=1 nj is not too large. Since we exclude the trivial

cases nj ≤ 1 (see Remark 2.2(b)), the size of N ≥ 2d increases exponentially
in d. Here, the parameter p ∈ PS in (4.1) consists of all entries v[i1, . . . , id].
A variation of the full format is the sparse format (like the sparse matrix

format), where only the non-zero entries are stored. For instance, this for-
mat is used in the sparse grid approach: see Bungartz and Griebel (2004),
Garcke (2013), and Section 5.11.
The difficulties arising from the possibly huge data size can be avoided

by the functional representation, where a tensor v is given by a function

function v(i1, . . . , id),

which returns the value v[i1, . . . , id] for a single multi-index. Such an im-
plementation requires that a description by a subroutine is available. This
is particularly true if the tensor is the restriction of a d-variate function to
a grid. For instance, if v[i1, . . . , id] = f(i1h, . . . , idh) for 0 ≤ ij ≤ n and
h = 1/n, an implementation of the function f yields the desired function v.
Usually a functional representation cannot be evaluated for all entries.

In Section 11 we shall describe an approximation (‘multivariate cross ap-
proximation’) of a tensor based on a functional representation, which will
require only a much smaller number of evaluations.
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5. r-term format

5.1. Representation and storage

We recall that all algebraic9 tensors are linear combinations of elementary
tensors (see property (i) in Proposition 2.1); therefore they can be written
in the r-term format10 (also called the canonical or CP format):11

v =

r∑
ν=1

v(1)ν ⊗ · · · ⊗ v(d)ν . (5.1)

We recall the definition (2.4) of Rr. All tensors of the form (5.1) with fixed

r yield the set Rr. The representation of v requires only rd vectors v
(j)
ν .

Assuming Vj = Knj (1 ≤ j ≤ d), the storage required by representation
(5.1) is

storage ≤ r

d∑
j=1

nj (= rnd for nj = n).

Here, it is important that the exponent in nd has become a factor.
The storage cost is acceptable if r is of moderate size. For general tensors

this will not be true. The bound from (2.6) yields r = O(nd−1), that is,
the storage may become O(dnd), which is worse than the full format. For-
tunately, many tensors of practical interest are of small rank or can be well
approximated by low-rank tensors. Examples will be given in Sections 5.6–
5.11.
If we use the r-term format for practical purposes, we should not aim for

the minimal r = rank(v) because of Remark 2.8(a).
Often, we fix r and try to find a representation or an approximation in

Rr. Then we call r the representation rank. Note that the representation
rank is a property of the format and not of a particular tensor v ∈ Rr.
If the tensor describes a d-variate grid function with nj grid points in the

jth direction, the numbers nj may be large. The technique in Section 12

will show that the storage size nj per vector v
(j)
ν can be reduced further (in

optimal cases up to O(log(nj))).

9 Topological tensors which are not algebraic may have a representation (5.1) with r = ∞,
but in general this is not ensured.

10 r is a parameter which may be replaced by other expressions: 3n-format or 5-format.
11 We are free to move a factor from one vector in v

(1)
ν ⊗· · ·⊗v

(d)
ν to another vector. There

are some variants of the formulation (5.1) that try to overcome this non-uniqueness.

The vectors v
(j)
ν may be normalized by ‖v(j)ν ‖ = 1. Then a factor αν must be added:

v =
∑r

ν=1 ανv
(1)
ν ⊗ · · · ⊗ v

(d)
ν . Alternatively, the normalization may be expressed by

the side condition ‖v(1)ν ‖ = ‖v(2)ν ‖ = · · · = ‖v(d)ν ‖ in (5.1).
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In the case of matrices, the r-term format contains Kronecker products:

A =

r∑
ν=1

A(1)
ν ⊗ · · · ⊗A(d)

ν , (5.2)

where A
(j)
ν ∈ Rnj×mj . The corresponding storage requirement depends on

the representation of the matrices A
(j)
ν . The full representation of A

(j)
ν leads

to the bound r
∑d

j=1 njmj . Sparse matrices require only O(rnd) (assuming

nj = mj = n). Moreover, densely populated matrices may allow a hier-
archical matrix representation (Hackbusch 2009). The combination of this
matrix format with the r-term (Kronecker) tensor format is called the HKT
format in Hackbusch, Khoromskij and Tyrtyshnikov (2005), and requires
storage of O(rdn log∗ n).
Under certain conditions, the r-term representation (5.1) is unique: see

Kruskal (1977), De Lathauwer (2008), Stegeman (2010), Chiantini and Ot-
taviani (2012), Sørensen, De Lathauwer, Comon, Icart and Deneire (2012)
and Landsberg (2012, Chap. 12). This means that up to the ordering of

the terms, the elementary tensors v
(1)
ν ⊗ · · · ⊗ v

(d)
ν in (5.1) are unique. The

vectors v
(j)
ν are fixed up to a factor (see footnote 11). This property is

important if (5.1) is used as a decomposition (see Section 1.4).

5.2. Operations with tensors

As mentioned in the Introduction, the representation of tensors must be such
that operations between tensors are also supported. Generally speaking,
the cost of an operation should be of a similar size to the data size of the
operands.
Below we give a list of operations and show how they perform in the

r-term format.

5.2.1. Addition

The addition of two tensors,

v =

r∑
ν=1

d⊗
j=1

v(j)ν and w =
s∑

ν=1

d⊗
j=1

w(j)
ν , (5.3)

yields

x =
r+s∑
ν=1

d⊗
j=1

x(j)ν with x(j)ν :=

{
v
(j)
ν for ν ≤ r,

w
(j)
ν for ν > r.

Obviously, this operation requires no arithmetic but increases the represen-
tation rank.
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5.2.2. Scalar product

The canonical scalar product of the tensor v,w from (5.3) is performed by

〈v,w〉 =
r∑

ν=1

s∑
µ=1

d∏
j=1

〈
v(j)ν , w(j)

µ

〉
,

requiring rs scalar products in Vj and further rsd arithmetic operations.
The evaluation of the norm by means of 〈v,v〉 reduces the computational
cost by a factor of 1/2 because of symmetry.

5.2.3. Matrix–vector multiplication

Consider A from (5.2) with r = rA and v from (5.1) with r = rv. The
matrix-vector multiplication yields

Av =

rA∑
ν=1

rv∑
µ=1

(
A(1)

ν v(1)µ

)
⊗ · · · ⊗

(
A(d)

ν v(d)µ

)
, (5.4)

which is an rA · rv-term representation of the (exact) result. The computa-

tion requires d · rA · rv matrix–vector multiplication of the form A
(j)
ν v

(j)
µ .

5.2.4. Matrix–matrix multiplication

If A and B are two matrices of the form (5.2), their product is of a similar
shape to (5.4):

AB =

rA∑
ν=1

rB∑
µ=1

(
A(1)

ν B(1)
µ

)
⊗ · · · ⊗

(
A(d)

ν B(d)
µ

)
.

5.2.5. Hadamard product

The Hadamard product of two vectors12 v, w ∈ KI is the vector of the
entrywise products: v � w = (vi · wi)i∈I . The Hadamard product of v,w ∈⊗d

j=1K
Ij has the entries (v � w)[i1, . . . , id] := v[i1, . . . , id] · w[i1, . . . , id].

Hence, the Hadamard product of v ∈ Rr and w ∈ Rs yields

v�w =

(
r∑

ν=1

d⊗
j=1

v(j)ν

)
�
(

s∑
µ=1

d⊗
j=1

w(j)
µ

)
=

r∑
ν=1

s∑
µ=1

d⊗
j=1

(
v(j)ν �w(j)

µ

)
, (5.5)

which is again an rs-term representation. The computational cost amounts
to rs

∑d
j=1 nj .

12 For functions the Hadamard product is the standard one: (f · g)(x) = f(x) · g(x).
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5.2.6. Convolution

A convolution v � w between two vectors from Kn may, for example, be
defined by

(v � w)[i] =
n∑

k=1

v[k]w[i− k] (1 ≤ i ≤ n),

where the indices are to be understood modulo n. Using this definition for
all d directions of the tensor, the convolution of tensors is defined by (5.5)
with � replaced by �. Again the resulting representation rank is rs.

5.3. Truncation

All tensor-valued operations mentioned above yield a result with increased
representation rank. Without a reduction of the rank, repeated operations
would let the rank explode. Therefore, after an operation, one should try to
replace the result v ∈ Rs (s large) by an approximation ṽ ∈ Rr with smaller
representation rank r. We either fix the rank r or choose an accuracy ε > 0
and try to satisfy ‖v − ṽ‖ ≤ ε with an r as small as possible. In the first
case, we need a mapping Tr,s : Rs → Rr called truncation. In the second
case, the truncation Tε,s also determines the destination rank r.
So far, we have not defined Tr,s : Rs → Rr uniquely. The following

definition seems to be evident: define ṽ = Tr,sv by

‖v − ṽ‖ = inf
w∈Rr

‖v −w‖ (5.6)

for a suitable norm. Unfortunately, this infimum might not be attained, that
is, there is no ṽ satisfying the requirement. The reason is the fact that, in
general, Rr is not closed. In the next section, we study these problems in
more detail.

5.4. Non-closedness of Rr, border rank, instability

There is a simple counterexample which shows that R2 is not closed. The
assumptions are d ≥ 3 (avoiding the matrix case d = 2) and dimVj ≥ 2 (see

Remark 2.2(b)). Then there are linearly independent vectors v(j), w(j) ∈ Vj .
It can be proved that the tensor

v := v(1) ⊗ v(2) ⊗ w(3) + v(1) ⊗ w(2) ⊗ v(3) + w(1) ⊗ v(2) ⊗ v(3) (5.7a)

has tensor rank 3: see Hackbusch (2012, Lemma 3.41) and Buczyński and
Landsberg (2014). Next, we define the sequence of tensors

vn := (w(1) + nv(1)) ⊗ (v(2) + 1
nw

(2)) ⊗ v(3)

+ v(1) ⊗ v(2) ⊗ (w(3) − nv(3)),
(5.7b)
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which have rank(vn) = 2. The identity v − vn = − 1
nw

(1) ⊗ w(2) ⊗ v(3) is
easy to see. Hence, independently of the choice of norm, we obtain

lim
n→∞

vn = v.

This shows 3 = rank(v) = rank(limvn) > rank(vn) = 2; that is, the closure
R2 contains an element v ∈ R3\R2 proving the non-closedness of R2.
Tensor v from (5.7a) is also the counterexample for the minimization of

‖v − w‖ over w ∈ R2. Because of vn ∈ R2 and vn → v, the infimum is
infw∈R2 ‖v−w‖ ≥ limn→∞ ‖v−vn‖ = 0, but there is no minimizer ṽ ∈ R2

with ‖v − ṽ‖ = infw∈R2 ‖v − w‖ = 0 as rank(v) = 3. De Silva and Lim
(2008) prove that tensors v without a minimizer of infu∈Rr ‖v−u‖ are not
of measure zero, that is, there is a positive expectation that random tensors
v are of this type.
The observed properties lead to a modification of the tensor rank, where

Rr is replaced by its closure (Bini, Lotti and Romani 1980).

Definition 5.1. The border rank is defined by

rank(v) := min{r : v ∈ Rr} ∈ N0. (5.8)

In principle, the non-existence of a minimizer is not a problem from the
numerical point of view, since we only determine an approximation to the
exact minimizer, in any case. However, in this case the non-existence of a
minimizer is inextricably linked to numerical instability.

We introduce a condition number κ
(
(v

(j)
i )1≤j≤d1≤i≤r

)
for the representation

of v =
∑r

i=1

⊗d
j=1 v

(j)
i �= 0 by means of

κ
(
(v

(j)
i )1≤j≤d1≤i≤r

)
:=

(
r∑

i=1

∥∥∥∥∥
d⊗

j=1

v
(j)
i

∥∥∥∥∥
)
/

∥∥∥∥∥
r∑

i=1

d⊗
j=1

v
(j)
i

∥∥∥∥∥. (5.9)

A large condition number κ = κ
(
(v

(j)
i )
)
leads to numerical cancellation.

For instance, an entry v[i] – say of size O(1) – is a sum of terms of size
O(κ). As a result, log2(κ) binary digits are lost.
The infimum over all r-term representations of v ∈ Rr yields the number

κ(v, r) := inf

{
κ
(
(v

(j)
i )1≤j≤d1≤i≤r

)
: v =

r∑
i=1

d⊗
j=1

v
(j)
i

}
.

A sequence vn ∈ Rr (n ∈ N) is called stable in Rr if

κ((vn)n∈N, r) := sup
n∈N

κ(vn, r) < ∞;

otherwise, the sequence is unstable.
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Proposition 5.2. Suppose dim(Vj) < ∞ and v ∈
⊗d

j=1 Vj . A stable
sequence vn ∈ Rr with limvn = v exists if and only if v ∈ Rr.

Proof. One direction is trivial: if v ∈ Rr, the constant sequence with
vn = v is stable.
For the other direction assume that the sequence vn → v with vn ∈ Rr

is stable. Set C := 2κ((vn), r). After choosing a subsequence, we have

vn → v with representations vn =
∑r

i=1

⊗d
j=1 v

(j)
n,i such that

r∑
i=1

∥∥∥∥∥
d⊗

j=1

v
(j)
n,i

∥∥∥∥∥ ≤ C‖v‖.

Scale v
(j)
n,i equally, that is, ‖v(j)n,i‖ is independent of i. Then all v

(j)
n,i ∈ Vj ,

n ∈ N, are uniformly bounded. Again choosing a subsequence, limits v̂
(j)
i :=

limn→∞ v
(j)
n,i exist and

v = limvn = lim
r∑

i=1

d⊗
j=1

v
(j)
n,i =

r∑
i=1

d⊗
j=1

lim v
(j)
n,i =

r∑
i=1

d⊗
j=1

v̂
(j)
i ∈ Rr

proves the assertion.

Negation of the statement of Proposition 5.2 yields the next statement.

Conclusion 5.3. Any sequence vn ∈ Rr converging to v /∈ Rr must be
unstable.

In the example (5.7a,b), the condition number κ(vn, r) is of size O(n).
Hence, vn has an approximation error O(1/n) and is polluted by a cancel-
lation error O(n · eps), where eps is the machine precision. Obviously, the
best result is obtained for n ≈ √

eps. A similar error is known from the
numerical differentiation. In fact, there is a direct connection. Consider the
tensor-valued function

v(t) :=
(
v(1) + tw(1)

)
⊗
(
v(2) + tw(2)

)
⊗
(
v(3) + tw(3)

)
.

The derivative v′(0) at t = 0 is equal to v from (5.7a). Obviously, v′(0) can
be approximated by the divided difference n[v(1/n) − v(0)]. Since v(t) is
an elementary tensor for all t, the difference quotient belongs to R2.

5.5. Truncation (continued)

Since the minimization problem (5.6) can be ill-posed, one needs a stabiliza-
tion. Either the result Tr,sv = ṽ =

∑r
i=1 ṽi (ṽi being an elementary tensor)

has to satisfy a side condition
∑r

i=1 ‖ṽi‖ ≤ C‖v‖ or a penalty term is added

https://doi.org/10.1017/S0962492914000087 Published online by Cambridge University Press

https://doi.org/10.1017/S0962492914000087


Numerical tensor calculus 681

to the cost function: find Tr,sv = ṽ =
∑r

i=1 ṽi as minimizer of

‖v − ṽ‖2 + λ
r∑

i=1

‖ṽi‖2 (λ > 0). (5.10)

A method based on these modifications is described by Espig and Hackbusch
(2012). The computational cost of the method is

O

(
r(r + s)d2 + dr3 + r(r + s+ d)

∑d

j=1
rankj(v)

)
.

Another well-known method is the alternating least-squares method, where

one minimizes (5.10) first with respect to the vectors u
(1)
i in ṽi =

⊗d
j=1 u

(j)
i ,

then with respect to u
(2)
i , etc. However, all iterative methods may lead to

a local minimum, which is not a global one. In particular, the result may
depend on the starting values.

5.6. Analytic approximations

There are examples of practically important tensors for which approxima-
tions can be described by analytic tools. In these cases, error estimates
can also be provided. The first example is based on approximations by
means of exponential sums. For instance, we obtain approximations for the
function 1/‖x‖2 (x ∈ Rd, ‖·‖2 Euclidean norm: see Section 5.8). In the
case of d = 3, this is the important Newton or Coulomb potential. The
same tool yields exponentially accurate approximations of the inverse A−1

for operators (matrices) A arising from separable differential equations (see
Section 5.10).
The sparse grid technique is known as a method which can deal with

dimensions larger than d = 3. There is an analysis providing error bounds
for this approach. In Section 5.11 we mention how to interpret the sparse
grid results as tensors in the r-term format.

5.7. Exponential sums

5.7.1. Basic statements

Exponential sums are expressions of the form

Er(t) =
r∑

ν=1

ων exp(−ανt) (t ∈ R), (5.11a)

with 2r (real or complex) parameters ων and αν . Exponential sums are
a tool to approximate certain univariate functions; for details about their
computation see Braess and Hackbusch (2009).
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Assume that a univariate function f in an interval I ⊂ R is approximated
by some exponential sum Er with respect to the supremum norm in I:

‖f − Er‖I,∞ ≤ ε. (5.11b)

Then the multivariate function

F (x) = F (x1, . . . , xd) := f

(
d∑

j=1

φj(xj)

)
, (5.11c)

obtained by the substitution t =
∑d

j=1 φj(xj), is approximated equally well

by Fr(x) := Er

(∑d
j=1 φj(xj)

)
,

‖F − Fr‖I,∞ ≤ ε for I :=
d×

i=1

Ij , (5.11d)

provided that t varies in I:{
d∑

j=1

φj(xj) : xj ∈ Ij

}
⊂ I with I from (5.11b). (5.11e)

For instance, condition (5.11e) holds for φj(xj) = xj and Ij = I = [0,∞).
By the property of the exponential function, we have

Fr(x) := Er

(
d∑

j=1

φj(xj)

)
=

r∑
ν=1

ων exp

(
−αν

d∑
j=1

φj(xj)

)
(5.11f)

=
r∑

ν=1

ων

d∏
j=1

exp(−ανφj(xj)).

Expressing the multivariate function Er as a tensor product of univariate
functions, we arrive at

Fr =
r∑

ν=1

ων

d⊗
j=1

E(j)
ν ∈ Rr with E(j)

ν (xj) := exp(−ανφj(xj)). (5.11g)

Equation (5.11g) is an r-term representation of the tensor

Fr ∈ C(I) = ∞

d⊗
j=1

C(Ij).

The left suffix ∞ indicates completion with respect to the supremum norm
in I ⊂ Rd. The following simple but important conclusion shows that it is
enough to analyse the univariate function f and its approximation by Er.
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Conclusion 5.4. The multivariate function Fr(x) has representation rank
r independently of the dimension d. Also, the approximation error (5.11d)
is independent of the dimension d, provided that (5.11b) and (5.11e) are
valid.

The approximation of f(ξ) by a sum of Gaussians,

Gr(ξ) =
r∑

ν=1

ων e
−ανξ2 ,

is equivalent to the approximation of f(
√
ξ) by

Er(t) :=
r∑

ν=1

ων e
−ανt.

Conversely, the substitution t = ‖x‖2 in (5.11c) yields an approximation by
Gaussians:

Fr(x) := Er

(√√√√ d∑
j=1

x2j

)
=

r∑
ν=1

ων exp

(
−αν

d∑
j=1

x2j

)
=

r∑
ν=1

ων

d∏
j=1

e−ανx2
j ,

i.e., Fr =
r∑

ν=1

ων

d⊗
j=1

G(j)
ν with G(j)

ν (xj) := exp(−ανx
2
j ). (5.12)

Inequality (5.11b) implies

‖F − Fr‖D,∞ ≤ ε, where D := {x ∈ Rd : ‖x‖ ∈ I}.

5.7.2. Quadrature-based exponential sum approximations
Approximations by exponential sums may be based on quadrature rules.13

Assume that a function f with domain I ⊂ R is defined by the Laplace
transform:

f(x) =

∫ ∞
0

e−txg(t) dt for x ∈ I.

Any quadrature method Q(F ) :=
∑r

ν=1 ω
′
νF (tν) for a suitable integrand F

defined on [0,∞) yields an exponential sum of the form (5.11a):

f(x) ≈ Q(e−•xg) :=
r∑

ν=1

ω′νg(tν)︸ ︷︷ ︸
=:ων

e−tνx ∈ Rr.

The dot in e−•x indicates the variable t involved in the integration. Note
that the quadrature error f(x)−Q(e−•xg) is to be controlled for all param-
eter values x ∈ I.

13 Quadrature-based approximation is very common in computational quantum chem-
istry. For a discussion from the mathematical side see Beylkin and Monzón (2010).
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A possible choice of Q is the sinc quadrature. For this purpose one chooses
a suitable substitution t = ϕ(τ) with ϕ : R → [0,∞) to obtain an integral
over R:

f(x) =

∫ ∞
−∞

e−ϕ(τ)x g(ϕ(τ))ϕ′(τ) dτ.

The sinc quadrature can be applied to analytic functions defined on R:∫ ∞
−∞

F (x) dx ≈ T (F, h) := h
∞∑

k=−∞
F (kh) ≈ TN (F, h) := h

N∑
k=−N

F (kh).

T (F, h) can be interpreted as the infinite trapezoidal rule with step size h,
while TN (F, h) is a truncated finite sum.
The error analysis of T (F, h) depends on the behaviour of the holomorphic

function F (z) in the complex strip Dδ := {z ∈ C : |Im z| < δ} and the norm

‖f‖Dδ
=

∫
∂Dδ

|f(z)||dz|.

A typical error bound of TN (F, h) is of the form C1 exp(−
√
2πδαN) with

C1 = C1(‖F‖Dδ
) involving the width δ of Dδ, while α describes the decay

of F : |F (x)| ≤ O(exp(−α|x|). For a precise analysis see Stenger (1993) or
Hackbusch (2009, §D.4). Sinc quadrature applied to the integrand F (t) =
F (t;x) := e−ϕ(t)x g(ϕ(t))ϕ′(t) from above yields

TN (F, h) := h

N∑
k=−N

e−ϕ(kh)x g(ϕ(kh))ϕ′(kh).

The right-hand side is an exponential sum (5.11a) with r := 2N + 1 and

ων := h g
(
ϕ((ν − 1−N)h)

)
ϕ′
(
(ν − 1−N)h

)
, αν := ϕ

(
(ν − 1−N)h

)
.

Since the integrand F (•;x) depends on the parameter x ∈ I, the error
analysis must be performed uniformly in x ∈ I to prove an estimate (5.11b):
‖f − Er‖I,∞ ≤ ε.
Even when the obtainable error bounds possess almost optimal asymp-

totic behaviour, they are inferior to the best approximations discussed next.

5.8. Approximation of 1/x and 1/
√
x

Negative powers x−λ belong to the class of those functions which can be well
approximated by exponential sums in (0,∞). Because of their importance,
we shall consider the particular functions 1/x and 1/

√
x. For the general

theory of approximation by exponentials we refer to Braess (1986). The first
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Table 5.1.

r ‖1/x− Er,[1,10]‖[1,10],∞

1 8.556× 10−2

2 8.752× 10−3

3 7.145× 10−4

4 5.577× 10−5

5 4.243× 10−6

6 3.173× 10−7

7 2.344× 10−8

statement concerns the existence of a best approximation and its stability14

expressed by positivity of its terms.

Theorem 5.5 (Braess 1986, p. 194). Given the function f(x) = x−λ

with λ > 0 in an interval I = [a, b] (including b = ∞) with a > 0, and r ∈ N,
there is a unique best approximation Er,I(x) =

∑r
ν=1 ων ,I exp(−αν,Ix) with

ε(f, I, r) := ‖f − Er,I‖I,∞ = inf

{∥∥∥∥∥f −
r∑

ν=1

bν e
−βνx

∥∥∥∥∥
I,∞

: bν , βν ∈ R

}
.

Moreover, this Er,I has positive coefficients: ων , αν > 0 for 1 ≤ ν ≤ r.

In the case of f(x) = 1/x, substitution x = at (1 ≤ t ≤ b/a) shows
that the best approximation for I = [a, b] can be derived from the best
approximation in [1, b/a] via the transform

ων,[a,b] :=
ων,[1,b/a]

a
, αν,[a,b] :=

αν,[1,b/a]

a
, ε(f, [a, b], r) =

ε(f, [1, b/a], r)

a
.

(5.13a)
In the case of f(x) = 1/

√
x, the relations are

ων,[a,b] =
ων,[1,b/a]√

a
, αν,[a,b] :=

αν,[1,b/a]

a
, ε(f, [a, b], r) =

ε(f, [1, b/a], r)√
a

.

(5.13b)
Therefore, it suffices to study the best approximation on standardized inter-
vals [1, R] for R ∈ (1,∞). The coefficients {ων , αν : 1 ≤ ν ≤ r} for various
values of R and r are given in Hackbusch (2005).

For examples of convergence, we first consider a fixed interval [1, R] =
[1, 10]. The error ‖1/x−Er,[1,10]‖[1,10],∞ is shown in Table 5.1. We observe
an exponential decay O(exp(−cr)) with c > 0.

14 Stability refers to the condition number κ((v(j)i )1≤j≤d
1≤i≤r ) from (5.9). With respect to the

maximum norm we have κ((v(j)i )1≤j≤d
1≤i≤r ) = 1, since all vectors v

(j)
i are non-negative.
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Table 5.2.

r R∗
r ε(1/x, [1,∞), r)

9 28387 2.611× 10−5

16 2.027× 10+6 3.659× 10−7

25 1.513× 10+8 4.898× 10−9

36 1.162× 10+10 6.382× 10−11

49 9.074× 10+11 8.172× 10−13

Table 5.3.

r R∗
r ε(1/

√
x, [1,∞), r)

9 7.994× 10+6 3.072× 10−4

16 4.129× 10+9 1.352× 10−5

25 2.17× 10+12 5.898× 10−7

36 1.15× 10+15 2.564× 10−8

49 6.10× 10+17 1.116× 10−9

If R varies from 1 to ∞, there is a certain finite value R∗ = R∗r depending
on r, such that ε(f, [1, R], r) as a function of R strictly increases in [1, R∗],
whereas the approximant Er,[1,R] as well as the error ε(f, [1, R], r) is constant
for R in [R∗,∞). This implies that the approximation Er,[1,R∗] is already
the best approximation in the semi-infinite interval [1,∞). Table 5.2 shows
R∗r and ε(1/x, [1, R∗r ], r) = ε(1/x, [1,∞), r). We verify that ε( 1x , [1,∞), r)

behaves like the function 25 exp(−π
√
2r). The function f(x) = 1/

√
x has

similar asymptotics, as shown in Table 5.3. Here, ε(1/
√
x, [1,∞), r) behaves

like 4 exp(−π
√
r). The observed asymptotic behaviour mentioned above is

better than the upper bound in the next theorem.

Theorem 5.6. Let f(x) = x−λ with λ > 0. The asymptotic behaviour of
the error ε(f, I, r) is

ε(f, I, r) ≤
{

C exp(−cr) if I = [a, b] ⊂ (0,∞),

C exp(−c
√
r) if I = [a,∞), a > 0,

where the constants C, c > 0 depend on I. For instance, for λ = 1/2 and
a = 1, the upper bounds are

ε(1/
√
x, [1, R], r) ≤ 8

√
2 exp

(
−π2r/

√
log(8R)

)
,

ε(1/
√
x, [1,∞), r) ≤ 8

√
2 exp

(
−π
√
r/2
)
.

For general a > 0 use (5.13a,b).

Proof. For details about the constants see Braess and Hackbusch (2005,
2009). The latter estimates can be found in Braess and Hackbusch (2009,
equations (33) and (34)).

5.8.1. Multivariate functions derived from 1/
√
x

The function

P(x) :=
1

‖x‖ =
1∥∥∑3

j=1 x
2
j

∥∥ for x ∈ R3
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is called the Newton potential in the context of gravity and the Coulomb
potential in the context of an electrical field. Mathematically, 4πP is the
singularity function of the Laplace operator ∆ =

∑d
j=1 ∂

2/∂x2j for d = 3.

It usually appears in a convolution integral P � f . If f is the mass (charge)
density,

4π

∫
R3

f(y)

‖x− y‖ dy = 4π(P � f)(x)

describes the gravitational (electrical) field induced by f .
Obviously, it is impossible to approximate P uniformly on the whole R3

by exponential sums. Instead, we choose some η > 0 which will be fixed in
Lemma 5.7. Take an optimal approximation Er of 1/

√
t on I := [η2,∞).

Following the strategy from (5.12), we substitute t = ‖x‖2 =
∑3

j=1 x
2
j and

obtain

Er,I(‖x‖2) =
r∑

ν=1

ων,I

3∏
j=1

exp(−αν,I x
2
j ),

that is, Er,[η2,∞)(‖·‖2) =
∑r

ν=1 ων,I
⊗3

j=1E
(j)
ν ∈ Rr with E

(j)
ν (ξ) = e−αν,I ξ

2
.

The uniform estimate∣∣P(x)− Er,[η2,∞)(‖x‖2)
∣∣ ≤ ε

(
1√· , [η

2,∞), r

)
=

ε

η
,

where η ≤ ‖x‖ < ∞ and ε := ε

(
1√· , [1,∞), r

)
,

excludes the neighbourhood Uη := {x ∈ R3 : ‖x‖ ≤ η} of the singularity. In
Uη we use∣∣P(x)− Er,[η2,∞)(‖x‖2)

∣∣ ≤ P(x) for x ∈ Uη and

∫
Uη

P(x) dx = 2πη2.

Lemma 5.7. Assume ‖f‖L1(R3) ≤ C1 and ‖f‖L∞(R3) ≤ C∞. Then∣∣∣∣
∫
R3

f(y)

‖x− y‖ dy −
∫
R3

Er,[η2,∞)(‖x− y‖2)f(y) dy
∣∣∣∣ ≤ 2πη2C∞ +

ε

η
C1

holds with

ε := ε

(
1√· , [1,∞), r

)
for all x ∈ R3. The error bound is minimized for η = 3

√
(C1ε)/(4πC∞):∥∥∥∥

∫
R3

f(y)

‖x− y‖dy−
∫
R3

Er,[η2,∞)(‖x−y‖2)f(y)dy
∥∥∥∥
R3,∞

≤ 3
22

2
3 3
√
π︸ ︷︷ ︸

=3.4873

3

√
C2
1C∞ ε

2
3 .
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Inserting the asymptotic behaviour ε = 8
√
2 exp(−π

√
r/2) from Theo-

rem 5.6, we obtain a bound of the same form C exp(−c
√
r) with c =

√
2π/3.

The observed behaviour is better:

O

(
exp

(
−2π

3

√
r

))
.

We conclude from Lemma 5.7 that the convolution P � f may be replaced
by Er,[η2,∞)(‖·‖2) � f , while the accuracy is still exponentially improving.
In the following, we assume for simplicity that f is an elementary tensor:

f(y) = f1(y1) · f2(y2) · f3(y3).
The convolution with Er(‖x−y‖2) can be reduced to three one-dimensional
convolutions:∫

R3

f(y)

‖x− y‖ dy ≈
∫
R3

Er,I(‖x− y‖2)f(y) dy

=
r∑

ν=1

ων,I

3∏
j=1

∫
R
exp(−αν,I (xj − yj)

2)fj(yj) dyj .

For numerical examples related to integral operators involving the Newton
potential, see Hackbusch and Khoromskij (2007).

5.9. Application to operators and matrices

Under suitable conditions, univariate functions can be extended to matrix–
valued arguments. For instance, functions defined on the spectrum σ(M)
of a diagonalizable matrix M can be extended to f(M) (Hackbusch 2009,
§ 13). The next proposition studies the conditioning of f(M) with respect
to perturbations of f.

Proposition 5.8. Let M = UDUH (U unitary, D diagonal) and assume
that f and f̃ are defined on the spectrum σ(M). Then the approximation
error with respect to the spectral norm ‖·‖2 is bounded by

‖f(M)− f̃(M)‖2 ≤ ‖f − f̃‖σ(M),∞. (5.14)

The estimate extends to self-adjoint operators. For diagonalizable matrices
M = TD T−1, the right-hand side becomes ‖T‖2‖T−1‖2‖f − f̃‖σ(M),∞.

Proof. Since f(M)− f̃(M) = Uf(D)UH−Uf̃(D)UH = U [f(D)− f̃(D)]UH

and unitary transformations do not change the spectral norm,

‖f(M)− f̃(M)‖2 = ‖f(D)− f̃(D)‖2 = max{|f(λ)− f̃(λ)| : λ ∈ σ(M)}
= ‖f − f̃‖σ(M),∞

follows.
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The supremum norm on the right-hand side in (5.14) cannot be relaxed
to an Lp norm with p < ∞. This fact is what makes the construction of
best approximations with respect to the supremum norm so important.
Under stronger conditions on f and f̃ , general operators M ∈ L(V, V ) can

be admitted (Hackbusch 2009, Satz 13.2.4). The next proposition applies
to general matrices (not necessarily diagonalizable).

Proposition 5.9. Let f and f̃ be holomorphic in a complex domain Ω
containing σ(M) for some operator M ∈ L(V, V ). Then

‖f(M)− f̃(M)‖2 ≤
1

2π

∮
∂Ω

|f(ζ)− f̃(ζ)| ‖(ζI −M)−1‖2 dζ.

Proof. Use Cauchy’s formula:

f(M) :=
1

2πi

∫
∂D

(ζI −M)−1f(ζ) dζ.

5.10. Application to the inverse of a matrix

The inverse ofM can be considered as the application of the function f(x) =
1/x to M, that is, f(M) = M−1. Assume that M is Hermitian (self-adjoint)
and has a positive spectrum σ(M) ⊂ [a, b] ⊂ (0,∞]. As approximation f̃
we choose the best exponential sum

Er,I(x) =
∑r

ν=1
ων,I exp(−αν,Ix) on I,

where I ⊃ [a, b]. Then

Er,I(M) =
∑r

ν=1
ων,I exp(−αν,IM)

approximates M−1 exponentially well:

‖f(M)− f̃(M)‖2 ≤ ε

(
1

x
, I, r

)
. (5.15)

The approximation of M−1 seems rather impractical, since matrix ex-
ponentials exp(−tνM) must be evaluated. However, the interesting appli-
cations are matrices which are sums of certain Kronecker products. The
matrix

M =
d∑

j=1

I ⊗ · · · ⊗M (j) ⊗ · · · ⊗ I ∈ Rd, M (j) ∈ KIj×Ij (5.16)

(factor M (j) at the jth position) has the exponential

exp(M) =
d⊗

j=1

exp(M (j)). (5.17)
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Let M (j) be positive definite with extreme eigenvalues 0 < λ
(j)
min ≤ λ

(j)
max for

1 ≤ j ≤ d. Since the spectrum of M is the sum
∑d

j=1 λ
(j) of all λ(j) ∈

σ(M (j)), the interval I = [a, b] containing the spectrum σ(M) is given by

a :=
d∑

j=1

λ
(j)
min > 0 and b :=

d∑
j=1

λ(j)
max.

In the case of an unbounded self-adjoint operator, b = ∞ is chosen. Let

Er,I(x) =
∑r

ν=1
ων,I exp(−αν,Ix)

be the optimal exponential sum approximation of 1/x on I. These prepa-
rations lead us to the following statement.

Proposition 5.10. Let M (j) ∈ KIj×Ij be positive definite matrices with

extreme eigenvalues λ
(j)
min and λ

(j)
max. Then the inverse M−1 of M from (5.16)

can be approximated by

B :=
r∑

ν=1

ων,I

d⊗
j=1

exp(−αν,IM
(j)).

The error is given by

‖M−1 −B‖2 ≤ ε

(
1

x
, [a, b], r

)

with a :=
∑d

j=1 λ
(j)
min, and b :=

∑d
j=1 λ

(j)
max.

Proof. Apply (5.15) with f(x) = 1/x and f̃ = Er,I toM. For exp(−αν,IM)
appearing in B := Er,I(M) use the representation (5.17 ) with the error
estimate ‖M−1 −B‖2 ≤ ε

(
1
x , [a, b], r

)
.

We still need to compute the exp(−αν,IM
(j)). As described in Hack-

busch (2009, § 13.3.1) and Gavrilyuk, Hackbusch and Khoromskij (2002),
the hierarchical matrix technique allows us to approximate exp(−αν,IM

(j))
with a cost that is almost linear in #Ij . The total number of arithmetic
operations is

O

(
r

d∑
j=1

#Ij log
∗#Ij

)
.

For #Ij = n (1 ≤ j ≤ d), this expression is O(rdn log∗ n) and depends

only linearly on d. For identical M (j) = M (k) (1 ≤ j, k ≤ d), the cost
O(rdn log∗ n) reduces to O(rn log∗ n).

Proposition 5.10 can in particular be applied to the Laplace operator and
its discretizations, as detailed below.
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Remark 5.11.

(a) The negative Laplace operator15 ∆ : H1
0 ([0, 1]

d) → H−1([0, 1]d) has a

d-term format with M (j) = −∂2/∂x2j and λ
(j)
min = π2, λ

(j)
max = ∞.

(b) A finite difference16 discretization in an equidistant grid of step size
1/n yields the tridiagonal matrix17 M (j) = n−2 · tridiag{−1, 2,−1}
with extreme eigenvalues

λ
(j)
min = 4n2 sin2

(
π

2n

)
≈ π2, λ(j)

max = 4n2 cos2
(

π

2n

)
≈ 4n2.

This approach to the inverse allows us to treat cases with large n and d.
Grasedyck (2004) presents examples with n = 1024 and d ≈ 1000. Note
that in this case the matrix is of size M−1 ∈ RM×M with M ≈ 103000.
The approximation method can be extended to any separable differential

operator in tensor domains D =×d
j=1Dj with an appropriate spectrum.

Definition 5.12. A differential operator L =
∑d

j=1 Lj is called separable
if Lj contains only derivatives with respect to xj and has coefficients which
only depend on xj .

So far, we have applied the exponential sum Er ≈ 1/x. Analogous state-
ments can be made about the application of Er ≈ 1/

√
x. Then r-term

approximations of A−1/2 can be computed.

5.11. Sparse grid methods

For a review of sparse grids we refer to Bungartz and Griebel (2004) and
Garcke (2013). Here, we only sketch its relation to tensor representations.

To simplify the notation, we assume that the tensor space V =
⊗d

j=1 Vj

uses identical spaces V = Vj possessing a nested sequence of subspaces:

V = V(�) ⊃ V(�−1) ⊃ · · · ⊃ V(2) ⊃ V(1).

Typical examples are finite element spaces V(�) of functions, say, on the in-

terval [0, 1] using the step size 2−� and n := 2� subintervals. While the usual
uniform discretization by V = ⊗dV(�) has a dimension of order 2�d = nd, the

15 The reference to H1
0 ([0, 1]

d) indicates vanishing Dirichlet values.
16 A finite element discretization with piecewise linear elements in the same grid leads to

a finite difference matrix M (j) with an additional scaling by a factor of 1/n, but the
identity matrices in I ⊗ · · · ⊗ M (j) ⊗ · · · ⊗ I are to be replaced by the mass matrix
tridiag{1/6, 2/3, 1/6}. Therefore, the construction of the approximate inverse has to
be modified: see Hackbusch (2012, § 9.7.2.6).

17 In this case, a cheap and exact evaluation of exp(M (j)) can be obtained by diagonal-
ization of M (j).
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sparse grid approach uses the sum of tensor spaces,

Vsg,� =
∑

∑d
j=1 �j=�+d−1

⊗d

j=1
V(�j).

The background is the estimation of the interpolation error18 byO(2−2��d−1)
for suitably regular functions (Bungartz and Griebel 2004, Theorem 3.8).
This is to be compared with dim(Vsg) ≈ 2��d−1 = n logd−1 n (Bungartz
and Griebel 2004, (3.63)). The basis vectors in Vsg,� are elementary tensors⊗d

j=1 b
(j)
k,�j

, where �j denotes the level, b
(j)
k,�j

∈ V(�j). Since the number of

terms is limited by the dimension of Vsg,�, the tensor v ∈ Vsg,� belongs to

Rr with r = dim(Vsg,�) ≈ n logd−1 n. However, the size of the represen-

tation rank r can be reduced to O(n(d−1)/d) without changing the sparse
grid approximation (Hackbusch 2012, § 7.6.5). Hence, the sparse grid error
bound from above can be achieved by tensors from Rr with representation
rank r = O(n(d−1)/d).

5.12. Conclusion

If a tensor can be represented in the r-term format v =
∑r

ν=1 v
(1)
ν ⊗· · ·⊗v

(d)
ν

with moderate r, this is usually the best possible choice. The storage size
rdn is better than for the alternative formats, provided that r compares
with the different ranks of the other formats. The computational cost of
the operations is either O(rdn) or O(r2dn), whereas the other formats lead
to higher powers of r.
There are important tensors which can be represented very well in the

r-term format, that is, the accuracy improves exponentially with r.

Since there is no orthogonality of the vectors19 (v
(j)
ν )ν=1,...,r, one has to

ensure that the condition number κ
(
(v

(j)
i )
)
from Section 5.4 is not too large.

The main disadvantage is the approximation within Rr, which need not
exist as best approximation. The truncation procedure may require a stabi-
lization. In any case, it is an iterative process which is not fully reliable.

6. Tensor subspace format

The following tensor subspace format is often called the Tucker format
(Tucker 1966). Algebraically, it uses the concept of suitable subspaces as
explained in Section 6.1. For the numerical realization, the subspaces are
described by means of bases (see Section 6.2).

18 Any Lp norm with 2 ≤ p ≤ ∞ can be chosen.
19 One can force the vectors (v

(j)
ν )ν=1,...,r to be orthogonal, but then r increases greatly.
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6.1. Tensor subspaces

Among all subspaces of a tensor spaces V =
⊗d

j=1 Vj , there are special
subspaces of tensor product form,

U =
d⊗

j=1

Uj , Uj ⊂ Vj ,

which we call tensor subspaces (i.e., U is a subspace of V and a tensor
space). Given a tensor v ∈ V, we may ask for a tensor subspace U such
that v ∈ U. Even when the spaces Vj are infinite-dimensional, Uj is finite-
dimensional for the tensors of interest.

Remark 6.1. For algebraic tensors v ∈ V = a
⊗d

j=1 Vj there are finite-
dimensional subspaces Uj ⊂ Vj such that v ∈ U. In particular, the inequal-
ity dim(Uj) ≤ rank(v) holds.

Proof. Given any r-term representation

v =

r∑
ν=1

d⊗
j=1

v(j)ν ,

set Uj := span{v(j)ν : 1 ≤ ν ≤ r}, which implies dim(Uj) ≤ r. Since
r = rank(v) is a possible choice, the inequality follows.

As we shall see in more detail in Section 6.4, any algebraic tensor v
possesses subspaces Umin

j (v) of minimal dimension (‘minimal subspaces’).
Minimality is defined by the following two conditions:

v ∈
d⊗

j=1

Umin
j (v) and v ∈

d⊗
j=1

Uj implies Umin
j (v) ⊂ Uj .

In the case of the finite-dimensional spaces Vj = Knj , the matricization
Mj(v) ∈ Knj×n[j] (see Section 2.6) can be used to characterize Umin

j (v) by
the range of the matrix:

Umin
j (v) = range(Mj(v)).

This identity implies that

rankj(v) := dim(Umin
j (v)) (6.1)

is the Tucker rank introduced in (2.9). For all cases different from Vj = Knj ,
we shall use (6.1) as definition of the jth rank rj (in the general case the
definition of Umin

j (v) is provided in Section 6.4). The previous properties
can be summarized in the following remark.
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Remark 6.2. The statement of Remark 6.1 can be strengthened: among
all subspaces Uj with v ∈

⊗d
j=1 Uj , there are minimal subspaces Umin

j (v),

whose dimension is rankj(v).

The proof of Remark 6.1 uses the subspaces Uj = span{v(j)ν : 1 ≤ ν ≤ r}
of an r-term representation. In the case of r = rank(v), it can be shown
that Uj = Umin

j (v) (Hackbusch 2012, Proposition 7.8).

For a given tuple r = (r1, . . . , rd) ∈ Nd
0 we define the set

Tr :=
{
v ∈

d⊗
j=1

Uj : Uj subspace with dim(Uj) ≤ rj

}
. (6.2)

Remark 6.3.

(a) v ∈ Tr holds if and only if rankj(v) ≤ rj for 1 ≤ j ≤ d.

(b) T(1,...,1) is the set of elementary tensors and coincides withR1 from (2.4).

(c) Tr ⊂ Ts holds for tuples r and s with rj ≤ sj .

(d) For d = 2, the identity T(r,r) = Rr is valid for all r ∈ N0.

Proof. By definition, v ∈ Tr implies the inequality rankj(v) ≤ rj . The
opposite implication follows by Remark 6.2. Parts (b) and (c) are trivial.
Part (d) is left to the reader.

6.2. Practical representation and storage

Assume v ∈
⊗d

j=1 Uj . The subspaces Uj have to be described as a span of

vectors {b(j)i : 1 ≤ i ≤ rj}. In the most general case, this set may be a frame,
but usually one chooses a basis (in that case, rj coincides with dim(Uj)).

In the latter case, the tensors
⊗d

j=1 b
(j)
ij

for all 1 ≤ ij ≤ rj form a basis

of
⊗d

j=1 Uj (see Proposition 2.1(b)). Hence, there are unique coefficients

a[i1, . . . , id] such that

v =

r1∑
i1=1

· · ·
rd∑

id=1

a[i1, . . . , id]
d⊗

j=1

b
(j)
ij

. (6.3)

Representation (6.3) of v is called a tensor subspace format or Tucker for-
mat.
Among all possible choices for a basis, an orthonormal basis 20 promises

numerical stability and further advantageous properties. In that case, (6.3)
may be called an orthonormal tensor subspace format.

20 Here, Vj is assumed to be a Hilbert or pre-Hilbert space, so that orthonormality can
be defined.
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The following remark summarizes some of the properties of the format.

Remark 6.4.

(a) The coefficients a[i1, . . . , id] in (6.3) form the so-called core tensor a ∈⊗d
j=1K

rj .

(b) If Vj = Knj , the basis vectors b
(j)
ij

(1 ≤ ij ≤ rj , 1 ≤ j ≤ d) require a

storage of
∑d

j=1 rjnj ≤ rdn, where n := maxj nj and r := maxj rj .

(c) The storage of the core tensor a amounts to
∏d

j=1 rj ≤ rd.

(d) The minimal rj of any tensor subspace representation (6.3) is the jth
rank of v (then Uj = Umin

j (v)).

(e) If Vj = Knj , a singular value decomposition of the matricization

Mj(v) =

rankj(v)∑
i=1

σ
(j)
i b

(j)
i (v

(j)
i )T with σ

(j)
i > 0

yields an orthonormal basis {b(j)i : 1 ≤ i ≤ rj} of Uj = Umin
j (v).

(f) If {b(j)i : 1 ≤ i ≤ rj}, 1 ≤ j ≤ d, are bases, the different ranks of v ∈ V

and a ∈
⊗d

j=1K
rj coincide:

rank(v) = rank(a) and rankj(v) = rankj(a) for 1 ≤ j ≤ d.

(g) If {b(j)i : 1 ≤ i ≤ rj}, 1 ≤ j ≤ d, are orthonormal bases, the scalar prod-
uct 〈v,w〉V in V coincides with the Euclidean scalar product 〈av,aw〉
of the corresponding core tensors. The corresponding norms satisfy
‖v‖V = ‖a‖.

Proof. Statements (a)–(d) and (g) are either trivial or have already been
mentioned.
Concerning (e), note that {b(j)i : 1 ≤ i ≤ rankj(v)} spans the range of

Mj(v), which coincides with Umin
j (v).

Part (f) follows from the fact that u ∈
⊗d

j=1 Uj �→ a ∈
⊗d

j=1K
rj is a

tensor space isomorphism (see Remarks 2.7 and 2.10).

The disadvantage of the tensor subspace representation can be seen from
part (c). If d becomes large, the storage (and the computational cost of
operations) increases exponentially. If d ≤ 3, the size rd may be tolerable;
otherwise, the hierarchical format from Section 7 is more advisable.
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6.3. Higher-order SVDs

Remark 6.4(e) indicates a possibility of computing an orthonormal basis of
Umin
j (v). Equivalently, one can diagonalize the matrix21

Mj(v)Mj(v)
H =

rankj(v)∑
i=1

(σ
(j)
i )2 b

(j)
i (b

(j)
i )H.

The basis {b(j)i : 1 ≤ i ≤ rankj(v)} from Remark 6.4(e) is called the HOSVD
basis (HOSVD: higher-order singular value decomposition).
If v is given in full tensor format, the generation of Mj(v)Mj(v)

H is

rather costly: O(nj
∏d

k=1 nk) operations. If v is represented by (6.3) with
respect to another basis (or frame), the generation of Mj(v)Mj(v)

H costs

O(rj
∏d

k=1 rk) scalar products 〈bi,bi′〉 and the same number of arithmetic
operations. Of course, if the bases are orthonormal, the computation of
〈bi,bi′〉 can be avoided.

6.4. Minimal subspaces

The minimal subspace Umin
j (v) is defined in Section 6.1 for the case Vj =

Knj . For the general case we give two equivalent definitions. First, v ∈
a
⊗d

j=1 Vj is assumed to be an algebraic tensor. We recall that V′[j] =

(
⊗

k �=j Vk)
′ = L(

⊗
k �=j Vk,K) is the algebraic dual space. A functional ϕ[j] ∈

V′[j] gives rise to a mapping ϕ̂[j] ∈ L(V, Vj) via

ϕ̂[j]

(
d⊗

k=1

u(k)

)
:= ϕ[j]

(⊗
k �=j

u(k)

)
· u(j)

(see (2.3)). The general definition of the minimal subspace is

Umin
j (v) :=

{
ϕ̂[j](v) : ϕ[j] ∈ V′[j]

}
. (6.4)

Now we assume normed spaces (V, ‖·‖) and (Vj , ‖·‖j). Furthermore, V[j]

must be equipped with a norm ‖·‖[j] such that

‖·‖ is not weaker than the injective norm ‖·‖∨(Vj ,V[j])
. (6.5)

Condition (6.5) holds in particular if ‖·‖ is a reasonable crossnorm (see
Definition 3.5).

Lemma 6.5. Assume (6.5) and ϕ[j] ∈ V∗[j] (i.e., ϕ[j] is a continuous func-

tional). Then, ϕ̂[j] ∈ L(V, Vj) is also continuous.

21 In the case of K = C, ·H denotes the complex conjugate version of the transpose ·T.
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Proof. By definition, ‖v‖∨(Vj ,V[j]) = supϕj
supϕ[j]

|(ϕj ◦ϕ[j])(v)| holds with
suprema taken over ϕj ∈ V ∗j and ϕ[j] ∈ V∗[j] with ‖ϕj‖∗j = ‖ϕ[j]‖∗[j] = 1.

Since

sup
ϕj

sup
ϕ[j]

|(ϕj ◦ ϕ[j])(v)| = sup
ϕ[j]

sup
ϕj

|ϕj(ϕ̂[j](v))|

and supϕj
|ϕj(vj)| = ‖vj‖j , we conclude that

‖v‖∨(Vj ,V[j]) = sup
ϕ[j]

‖ϕ̂[j](v)‖j .

Hence, any ϕ̂[j] derived from ϕ[j] ∈ V∗[j] with ‖ϕ[j]‖∗[j] ≤ 1 satisfies

‖ϕ̂[j](v)‖j ≤ ‖v‖∨(Vj ,V[j]) ≤ C‖v‖,

where the last inequality follows from (6.5). For general ϕ[j] ∈ V∗[j] we

have ‖ϕ̂[j](v)‖j ≤ C‖v‖‖ϕ[j]‖∗[j], that is, ‖ϕ̂[j]‖Vj←V ≤ C‖ϕ[j]‖∗[j] and ϕ̂[j] ∈
L(V, Vj).

Since ϕ[j] ∈ V∗[j] is continuous, it is also well-defined for topological tensors

v ∈ V. The second definition replaces V′[j] by V∗[j]:

Umin
j (v) =

{
ϕ̂[j](v) : ϕ[j] ∈ V∗[j]

}
. (6.6)

Although, in general, V∗[j] is smaller than V′[j], both definitions (6.4) and

(6.6) coincide for algebraic tensors v. The proof uses the fact that Umin
j (v) is

finite-dimensional and, by the Hahn–Banach theorem, functionals on finite-
dimensional subspaces can be extended to continuous functionals. If v is a
topological tensor but not algebraic, at least two of the subspaces Umin

j (v)
are infinite-dimensional.
Next, we consider a sequence vn ∈ V of tensors of a normed tensor space

‖·‖
⊗d

j=1 Vj , which converges weakly to v ∈ V:

vn ⇀ v, i.e., ϕ(vn) → ϕ(v) for all functionals ϕ ∈ V∗.

Each vn, as well as v, gives rise to subspaces Umin
j (vn) and Umin

j (v). Their
dimensions are subject of the following theorem.

Theorem 6.6. Under condition (6.5), weak convergence vn ⇀ v implies

dim(Umin
j (v)) ≤ lim inf

n→∞
dim(Umin

j (vn)). (6.7)

Proof. Restrict the sequence to a subsequence such that dim(Umin
j (vn) is

weakly increasing. Then the right-hand side of inequality (6.7) becomes
limn→∞ dim(Umin

j (vn)). If the limit is infinity, (6.7) is a trivial estimate.

Otherwise, for a finite limit N := limn→∞ dim(Umin
j (vn)) we disprove the

inequality dim(Umin
j (v)) ≥ N+1. In the latter case, select N+1 functionals
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ϕ[j],ν ∈ V∗[j] such that

v(j)ν := ϕ[j],ν(v) ∈ Umin
j (v) (1 ≤ ν ≤ N + 1)

are linearly independent. Then there are functionals ϕj,ν ∈ V ∗j such that

ϕj,ν(v
(j)
µ ) = δνµ. Hence, det(ϕj,ν(ϕ[j],µ(v))) = 1. The composition ϕj,ν ◦

ϕ[j],µ belongs to V∗, since ϕ[j],µ : V → Vj and ϕj,ν : Vj → K are continuous.
Hence, (ϕj,ν ◦ ϕ[j],µ)(vn) → (ϕj,ν ◦ ϕ[j],µ)(v) implies

det(ϕj,ν(ϕ[j],µ(vn))) → 1.

Therefore, for n sufficiently large, the N + 1 vectors ϕ[j],µ(vn) ∈ Umin
j (vn)

are linearly independent, in contradiction to dim(Umin
j (vn)) ≤ N.

6.5. Closedness of Tr and existence of best approximations

As seen in Section 5.4, non-closedness of Rr causes numerical problems. In
contrast to Rr, we can prove that Tr is closed. It is even weakly closed, that
is, weak convergence vn ⇀ v of vn ∈ Tr already implies that v ∈ Tr.
Theorem 6.7. Assume (6.5). Then Tr is weakly closed for any r ∈ Nd

0.

Proof. We note that vn ∈ Tr implies

dim(Umin
j (vn) ≤ rj and lim inf dim(Umin

j (vn)) ≤ rj .

From (6.7) we conclude dim(Umin
j (v)) ≤ rj , that is, v ∈

⊗d
j=1 U

min
j (v) ⊂ Tr.

Weak convergence is important, as can be seen from the proof of the next
statement.

Theorem 6.8. Assume that (V, ‖·‖) is reflexive and satisfies (6.5). Then,
for any v ∈ V, the minimization problem

inf
u∈Tr

‖v − u‖ = ‖v − ubest‖

has a solution ubest ∈ Tr.
Proof. Choose a sequence un ∈ Tr with ‖v − un‖ → infu∈Tr ‖v − u‖.
In the case of reflexive Banach spaces, there exists a weakly convergent
subsequence un ⇀ ubest for some ubest ∈ V with the property infu∈Tr ‖v −
u‖ = ‖v − ubest‖. Theorem 6.7 implies that ubest ∈ Tr.
The requirements of Theorem 6.8 (reflexivity and (6.5)) are satisfied in

particular if V is finite-dimensional.
Supposition (6.5) does not hold for tensor spaces likeH1(Ω), as mentioned

in Remark 3.9. Nevertheless, the statements of Theorems 6.6–6.8 can be

proved. In this case, equip the algebraic tensor space Valg
[j] :=

⊗
k �=j Vk with
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the L2 norm on I1×· · ·×Ik−1×Ik+1×· · ·×Id. LetV[j] be the completion with

respect to this norm. Vj carries the norm H1(Ij). Then one verifies that the
injective norm ‖·‖∨(Vj ,V[j])

satisfies condition (6.5). Hence, Theorems 6.6,

6.7 and 6.8 can be applied.
The fact that a best approximation also exists in the infinite-dimensional

case indicates that the conditioning of the minimization problem does not
deteriorate with increasing dimension.

6.6. Truncation by HOSVD

Now we assume the special case of the Euclidean norm (and Euclidean scalar
product) in Vj and V. The following ‘truncation’ of v ∈ Ts to Tr with r ≤ s
is an approximation v of by u ∈ Tr, which can be determined explicitly by
means of the HOSVD bases.
Let {b(j)i : 1 ≤ i ≤ rankj(v)} be the HOSVD bases of v, and transform

the tensor with respect to these (orthonormal) bases:

v =

rank1(v)∑
i1=1

· · ·
rankd(v)∑
id=1

a[i1, . . . , id]
d⊗

j=1

b
(j)
ij

.

Fix any new representation ranks rj ≤ rankj(v), which define the tuple
r = (r1, . . . , rd). Then the truncation to Tr is defined by

uHOSVD =

r1∑
i1=1

· · ·
rd∑

id=1

a[i1, . . . , id]
d⊗

j=1

b
(j)
ij

; (6.8)

that is, all terms with ij > rj for at least one j are omitted. Note that the in-

dices ij > rj belong to the smallest singular values σ
(j)
ij

of the singular value

decomposition of Mj(v) (see Section 6.3). Here uHOSVD is the orthogonal

projection of v onto the subspace spanned by
⊗d

j=1 b
(j)
ij

for 1 ≤ ij ≤ rj .

The next lemma describes an error bound as well as an estimation by the
best approximation error. As a result, the truncation result is quasi-optimal,
that is, optimal up to a fixed factor.

Theorem 6.9. The approximation uHOSVD defined above satisfies the es-
timate

‖v − uHOSVD‖ ≤

√√√√√ d∑
j=1

rankj(v)∑
i=rj+1

(σ
(j)
i )2 ≤

√
d‖v − ubest‖, (6.9)

where ubest ∈ Tr yields the minimal error, that is,

‖v − ubest‖ = min
u∈Tr

‖v − u‖.
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For a proof see Hackbusch (2012, Theorem 10.3). The first part of (6.9)
is given by De Lathauwer, De Moor and Vandewalle (2000a, Property 10),
while the second part is shown by Grasedyck (2010a).
There are two different practical applications of this result. First, one can

fix the rank tuple r and apply the truncation. Then (6.9) yields an upper
bound of the truncation error. Second, one can fix a tolerance ε and collect

the smallest σ
(j)
i such that

d∑
j=1

rankj(v)∑
i=rj+1

(σ
(j)
i )2 ≤ ε2.

Then the truncation is performed with respect to the adaptively determined
ranks rj .
The truncation from above is symmetric with respect to the directions j.

There exists another variant which is based on a certain sequence of direc-
tions. For the ordering j = 1, . . . , d the sequential truncation is defined as
follows. Again, we assume that desired ranks rj are given. We start with
the representation

v =

s1∑
i1=1

· · ·
sd∑

id=1

a0[i1, . . . , id]
d⊗

j=1

b
(j)
ij ,old

.

• j = 1. Determine the HOSVD basis {b(1)i : 1 ≤ i ≤ rank1(v)} of v.
Transform the representation so that

v =

rank1(v)∑
i1=1

s2∑
i2=1

· · ·
sd∑

id=1

a1[i1, . . . , id]b
(1)
i1

⊗
d⊗

j=2

b
(j)
ij ,old

.

Set

v1 =

r1∑
i1=1

s2∑
i2=1

· · ·
sd∑

id=1

a1[i1, . . . , id] b
(1)
i1

⊗
d⊗

j=2

b
(j)
ij ,old

.

• j = 2. Determine the HOSVD basis {b(2)i : 1 ≤ i ≤ rank2(v1)} of v1.
Transform v1 with respect to the new HOSVD basis:

v1 =

r1∑
i1=1

rank2(v1)∑
i2=1

s3∑
i3=1

· · ·
sd∑

id=1

a2[i1, . . . , id]b
(1)
i1

⊗ b
(1)
i2

⊗
d⊗

j=3

b
(j)
ij ,old

,

and set

v2 =

r1∑
i1=1

r2∑
i2=1

s3∑
i3=1

· · ·
sd∑

id=1

a2[i1, . . . , id]b
(1)
i1

⊗ b
(1)
i2

⊗
d⊗

j=3

b
(j)
ij ,old

.

• j = 3, . . . , d is analogous to j = 1, 2. The final result is ũHOSVD :=
vd ∈ Tr.
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One advantage of the second variant is that the cost is lower, since the
intermediate tensors vj already have smaller ranks, r1, . . . , rj−1. The cor-
responding error analysis yields the following result (see Hackbusch (2012,
Theorem 10.5)). Note that the first part in (6.10) is an equation, not an
inequality as in (6.9).

Theorem 6.10. The singular values σ̃
(j)
i appearing in the second variant

satisfy σ̃
(j)
i ≤ σ

(j)
i , where the latter values are those from (6.9). Then

‖v − ũHOSVD‖ =

√√√√ d∑
j=1

∑
i>rj

(σ̃
(j)
i )2 ≤

√
d‖v − ubest‖. (6.10)

Remark 6.11. The truncation errors (6.9) and (6.10) are expressed in the
norm corresponding to the underlying scalar product (usually the Euclidean
norm ‖·‖2). Although in high dimensions there is no useful estimate of the
maximum norm ‖·‖∞ by ‖·‖2 , one can prove ‖·‖∞ estimates for smooth
functions (Hackbusch 2013).

If one is aiming for the best approximation, then iterative methods are
available: see De Lathauwer, De Moor and Vandewalle (2000c, Alg. 4.2),
Ishteva, De Lathauwer, Absil and Van Huffel (2009) and Eldén and Savas
(2009). However, there is no guarantee that the limit is the global minimum.

6.7. Transfer from Rr into Tr
If v is given in the r-term format

∑r
i=1 v

(1)
i ⊗ · · · ⊗ v

(d)
i , there is a trivial

translation into the subspace format. Define frames by means of b
(j)
i := v

(j)
i

(note that the vectors (v
(j)
i ) need not be linearly independent) and define

the core tensor by a[i, . . . , i] = 1 for all 1 ≤ i ≤ r and a[. . .] = 0 otherwise.
Then (6.3) is the subspace representation of v. The core tensor has a special
‘diagonal’ form. In particular, a is sparse (only r of the rd entries may be
non-zero). Unfortunately, this property is lost after a change of bases (e.g.,
after an orthonormalization).

6.8. Hybrid format

The representation (6.3) of v involves the core tensor a ∈
⊗d

j=1K
rj , which

by itself is described in the full format. Therefore, it requires a storage size
of
∏d

j=1 rj . In particular, for large d, this is unsatisfactory. One may try
to represent a by a format other than the full format. One verifies that
a tensor subspace format for a does not help, since altogether one obtains
a new tensor subspace representation of v, which is improved only if the
subspace Uj is of higher dimension than necessary, that is, if Uj � Umin

j (v).
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However, one may try to find an r-term representation of a. Then the
storage cost is reduced to r

∑d
j=1 rj . The resulting format is called the

hybrid format.
The hybrid format of v can be equally well obtained from the r-term

representation of v =
∑r

ν=1 v
(1)
ν ⊗ · · · ⊗ v

(d)
ν . The r vectors (v

(j)
ν ) spanning

the subspace Uj need not be linearly independent. Instead one chooses a

basis of Uj and writes each v
(j)
ν as a linear combination of the basis. In the

end, one obtains the hybrid representation of v.

6.9. Conclusion

The tensor subspace format is more closely related to matrix properties,
since the subspaces may be defined via matricization. A consequence is the
weak closedness of the set Tr, which also establishes the existence of a best
approximation in infinite-dimensional cases.
Stability of the tensor subspace representation can be enforced by the

choice of orthonormal bases {b(j)i : 1 ≤ i ≤ rj} of the subspaces.
Only simple and reliable linear algebra tools are applied, for instance the

singular value decomposition or equivalently the diagonalization of rj × rj
matrices with rj not too large. They yield the HOSVD basis, which allows
us to define the minimal subspaces and the quasi-optimal truncation to
lower dimensions than rj .

The drawback is the appearance of the core tensor a ∈
⊗d

j=1K
rj , whose

memory requirement increases exponentially in d. The use of the hybrid for-
mat of Section 6.8 may be a help in this respect, but imports the drawbacks
of the r-term format.

7. Hierarchical tensor format

7.1. Introduction

We want to keep the advantages of the tensor subspace format, but we
have to overcome the appearance of the costly core tensor. We follow the
idea of replacing spaces by subspaces and apply it also to intermediate
tensor spaces. The concept is demonstrated for the particular example of
V =

⊗4
j=1 Vj . This tensor space is isomorphic to (V1 ⊗ V2) ⊗ (V3 ⊗ V4),

which is a tensor space of order two generated by V{1,2} := V1 ⊗ V2 and
V{3,4} := V3 ⊗ V4. This setting allows us to introduce again subspaces of
V{1,2} and V{3,4}. More precisely, we start with subspaces Uj ⊂ Vj (as
for the tensor subspace format). Then U1 ⊗ U2 is already a subspace of
V{1,2}. To achieve an improvement compared with the tensor subspace
format, we introduce a (proper) subspace U{1,2} of U1 ⊗ U2. Similarly,
U{3,4} ⊂ U3 ⊗ U4 is chosen. For any v ∈ U{1,2} ⊗U{3,4}, we can introduce
the one-dimensional subspace U{1,2,3,4} := span{v} ⊂ U{1,2} ⊗U{3,4}. The

https://doi.org/10.1017/S0962492914000087 Published online by Cambridge University Press

https://doi.org/10.1017/S0962492914000087


Numerical tensor calculus 703

following picture illustrates the construction:

U{1,2,3,4} ⊂ U{1,2} ⊗U{3,4} ⊂ V
� �

U{1,2} ⊂ U1 ⊗ U2 U{3,4} ⊂ U3 ⊗ U4

� � � �
U1 ⊂ V1 U2 ⊂ V2 U3 ⊂ V3 U4 ⊂ V4

(7.1)

In diagram (7.1) two structural elements are of importance: (a) the binary
tree structure, (b) the association of each vertex with a subspace. The
tree will be defined in Section 7.2, while the subspaces are discussed in
Section 7.3.
Under a different name, the hierarchical format has been described by Shi,

Duan and Vidal (2006). Compare also Lubich (2008, p. 45). Computational
issues and truncation are discussed in Hackbusch and Kühn (2009). Another
name for this format is the ‘hierarchical Tucker format’, since the formation
of subspaces is also applied in the tensor subspace (= Tucker) format.

7.2. Dimension partition tree

The tree in (7.1) is related to the set

D = {1, . . . , d}

of directions (d = 4 in (7.1)). It describes how the set D is partitioned into
disjoint subsets:

{1, 2, 3, 4}
� �

{1, 2} {3, 4}
� � � �

{1} {2} {3} {4}

For the later application of singular value decompositions it will be impor-
tant that the tree is a binary tree. Further conditions are not required
(e.g., the tree need not be balanced). The vertices of the tree which are
non-empty subsets of D will be denoted by α.

The exact definition of the dimension partition tree TD is given by the
following properties:

• D is the root of TD,

• α ∈ TD is a leaf if and only if #α= 1, that is, α= {j} for some j ∈D,

• if α is no leaf, it has two sons α1 and α2 with α = α1∪̇α2,

where ∪̇ denotes the disjoint union. The leaves define the set L(TD). Any
binary tree has 2d−1 vertices (d leaves and d−1 vertices from TD\L(TD)).
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7.3. Nested subspaces and Hr

For all α ∈ TD we introduce the notation Vα := a
⊗

j∈α Vj . In the case

of leaves α = {j}, V{j} = Vj are identical notations. Next, we consider
subspaces Uα ⊂ Vα for all vertices α ∈ TD. As indicated in (7.1), they
have to satisfy the nestedness condition

Uα ⊂ Uα1 ⊗Uα2 (α ∈ TD\L(TD), α1, α2 sons of α). (7.2a)

Their dimensions are denoted by

rα := dim(Uα) (α ∈ TD) (7.2b)

and collected in the tuple

r := (rα)α∈TD
. (7.2c)

Usually, at the root α = D, UD coincides with the span of the tensor v
to be represented. Therefore,

rD = 1 (7.2d)

is the standard value. In exceptional cases, where more than one tensor has
to be represented in the same format, rD > 1 may occur.
In analogy to the sets Rr and Tr introduced earlier, we now define the

set Hr for a tuple r:

Hr = {v ∈ UD ⊂ V : there are subspaces (Uα)α∈TD
satisfying (7.2a–c)}.

An equivalent definition is

Hr = {v ∈ V : rankα(v) ≤ rα for all α ∈ TD} (7.2e)

(see (2.10) for rankα), as we shall see next.

7.4. Minimal subspaces

In Section 6.4 we introduced the minimal subspaces Umin
j (v) for j ∈ D

corresponding to the leaves of TD. Now we extend the definition to all
α ∈ TD. The complement of α is denoted by αc := D\α. For α = D, we
define Umin

D (v) := span{v}. Otherwise, we generalize (6.4) by

Umin
α (v) :=

{
ϕ̂αc(v) : ϕαc ∈ V′αc

}
,

where ϕ̂αc ∈ L(V,Vα) is defined via

ϕ̂αc

(⊗
j∈D

v(j)
)
:= ϕαc

(⊗
j∈αc

v(j)
)
·
⊗

j∈α
v(j)

(see (2.3)). One easily verifies that

Umin
α (v) ⊂ Umin

α1
(v)⊗Umin

α2
(v) (α ∈ TD\L(TD), α1, α2 sons of α),

that is, the minimal subspaces satisfy the nestedness condition (7.2a) (Hack-
busch 2012, Corollary 6.18).
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By definition (2.10), the corresponding dimension rα = dim(Umin
α (v)) is

the αth rank: rα = rankα(v). Altogether, we obtain the following state-
ment.

Proposition 7.1. Any algebraic tensor v ∈ V belongs to the set Hr with
r = (rankα(v))α∈TD

. The appropriate subspaces are Uα = Umin
α (v).

7.5. Coding of the subspaces

So far, the set Hr has been described algebraically. To obtain the hierarchi-
cal format we have to describe its parametrization. There will be three types
of data: (a) description of the subspaces Uj (1 ≤ j ≤ d), (b) description of
the subspaces Uα (α ∈ TD\L(TD)), (c) description of v.

7.5.1. Subspaces Uj

Each subspace Uj is described by a basis22 {b(j)1 , . . .} as in the case of the
tensor subspace format (see Section 6.2). The data size is

d∑
j=1

rj dim(Vj) ≤ rdn, where n := max
j

dim(Vj) and r := max
j

rj .

For α = {j} we identify the notations b
(j)
i and b

(α)
i as well as rα and rj .

7.5.2. Subspaces Uα for α ∈ TD\L(TD).
Since α /∈ L(TD), there are two sons α1, α2 and the corresponding subspaces
Uα1 ,Uα2 . By induction, Uα1 and Uα2 are already defined by means of the

bases22 {b(α1)
i : 1 ≤ i ≤ rα1} and {b(α2)

i : 1 ≤ i ≤ rα2}. Uα is fixed by a

basis {b(α)
i : 1 ≤ i ≤ rα}, but since b

(α)
i are tensors of order #α > 1, it is

not advisable to store these tensors explicitly. Instead we make use of the
nestedness property Uα ⊂ Uα1 ⊗Uα2 . The tensors

{b(α1)
i ⊗ b

(α2)
j : 1 ≤ i ≤ rα1 , 1 ≤ j ≤ rα2}

form a basis ofUα1⊗Uα2 . Hence, the tensor b
(α)
� ∈ Uα has a representation

b
(α)
� =

rα1∑
i=1

rα2∑
j=1

c
(α,�)
ij b

(α1)
i ⊗ b

(α2)
j . (7.3)

It is sufficient to store the coefficients c
(α,�)
ij , which form the coefficient

matrix

C(α,�) = (c
(α,�)
ij )1≤i≤rα1

1≤j≤rα2

∈ Krα1×rα2 for 1 ≤ � ≤ rα.

22 In general a frame is also possible, but a basis is the standard choice. In the case of a
frame, the number of vectors b

(j)
i may be larger than rj = dim(Uj).
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The obvious data size of all matrices {C(α,�) : 1 ≤ � ≤ rα} is rα1 ·rα2 ·rα ≤ r3

for r := maxα rα. Since #(TD\L(TD)) = d − 1, the overall storage cost is
smaller than

(d− 1)r3 < dr3.

Remark 7.2. To obtain a uniquely defined coefficient matrix, we have to
introduce an ordering of the sons α1, α2 of vertex α. A reverse ordering
would replace the coefficient matrix C(α,�) by its transpose (C(α,�))T.

7.5.3. Tensor v

The tensor v ∈ V, which is to be represented, is of the form

v =

rD∑
i=1

c
(D)
i b

(D)
i . (7.4)

Since the basis {b(D)
i } is (implicitly) given, it suffices to store the coefficient

vector c := (c
(D)
i ) ∈ KrD . Note that usually rD = 1 (see (7.2d)). The data

size rD is negligible.

7.5.4. Storage cost

Adding the data sizes of the different parts, we obtain the storage cost

d∑
j=1

rj dim(Vj) +
∑

α∈TD\L(TD)

rα1 · rα2 · rα + rD ≤ drn+ dr3,

where n := maxj dim(Vj), r := maxα rα, and α1, α2 are sons of α.

7.5.5. Transfer from other formats

As an exercise, we consider the transfer from the r-term format into the
hierarchical format.
Assume v =

∑r
ν=1 v

(1)
ν ⊗ · · · ⊗ v

(d)
ν and define Uj as the span of the

frame with b
(j)
i := v

(j)
i for 1 ≤ i ≤ r. This defines the subspaces Uα with

rα := dim(Uα) ≤ r for α ∈ L(TD).
By induction, the subspaces Uα1 ,Uα2 for the sons α1, α2 of the vertex

α ∈ TD\({D} ∪ L(TD)) are described by b
(α1)
i and b

(α2)
i (1 ≤ i ≤ r). Set

Uα := span{b(α)
i : 1 ≤ i ≤ r}, where b

(α)
i := b

(α1)
i ⊗ b

(α2)
i .

This again implies rα := dim(Uα) ≤ r. Finally, UD := span{v} yields
rD = 1. This proves the following statement.

Remark 7.3. v ∈ Rr belongs to Hr with rα = r for α �= D and rD = 1.
The choice of bases of Uj ⊂ Vj from above leads to the coefficient matrices

C(α,�) = I (r × r identity matrix).

https://doi.org/10.1017/S0962492914000087 Published online by Cambridge University Press

https://doi.org/10.1017/S0962492914000087


Numerical tensor calculus 707

Further, the tensor subspace format Tr can be embedded into the hierar-
chical format. Here, we choose Uα := Uα1⊗Uα2 of maximal dimension. As
a consequence, the cost is as high as for Tr. The intermediate dimensions
are rα =

∏
j∈α rj .

For the embedding of the sparse grid format see Hackbusch and Kühn
(2009).

7.6. Basis transformations

7.6.1. Transformation rules

Since the bases {b(α)
� : 1 ≤ � ≤ rα} for α ∈ TD\L(TD) are given only

implicitly via the coefficient matrices C(α,�) (see (7.3)), a transformation of a
basis must be expressed indirectly by a change of the coefficient matrices. A
standard transformation of a frame or basis leaves the subspace unchanged.
However, in later applications, truncations omitting certain basis vectors
are also of interest. To obtain a compact notation, we introduce the tuple
Cα of coefficient matrices:

Cα :=
(
C(α,�)

)
1≤�≤rα ∈

(
Krα1×rα2

)rα for all α ∈ TD\L(TD).

For a vertex α ∈ TD we consider the following ‘old’ and ‘new’ frames and
subspaces:

Bnew
α =

[
b
(α)
1,new, . . . ,b

(α)
rnewα ,new

]
, Unew

α = range{Bnew
α },

Bold
α =

[
b
(α)
1,old, . . . ,b

(α)

roldα ,old

]
, Uold

α = range{Bold
α },

The replacement Bold
α �→ Bnew

α creates new coefficient matrices C
(α,�)
new (see

Lemma 7.4). Moreover, if α �= D, the coefficient matrices C
(β,�)
old associated

with the father β ∈ TD of α must be renewed to form C
(β,�)
new , since these

coefficients refer to Bnew
α (see Lemma 7.5). If α = D, the coefficient vector

c(D) must be transformed instead (see Lemma 7.7).
We distinguish three different situations.

Case A. Bold
α and Bnew

α generate the same subspace Uα = Unew
α = Uold

α .

Then there are transformation matrices T (α) ∈ Krnewα ×roldα , S(α) ∈ Kroldα ×rnewα

such that

Bold
α = Bnew

α T (α), i.e., b
(α)
j,old =

rnewα∑
k=1

T
(α)
kj b

(α)
k,new (1 ≤ j ≤ roldα ), (7.5a)

Bnew
α = Bold

α S(α), i.e., b
(α)
k,new =

roldα∑
j=1

S
(α)
jk b

(α)
j,old (1 ≤ k ≤ rnewα ). (7.5b)

In the standard case, Bold
α and Bnew

α are bases. Then roldα = rnewα = dim(Uα)
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holds, and T (α) and S(α) are uniquely defined satisfying

S(α) := (T (α))−1.

In the case of frames, the representation ranks roldα , rnewα ≥ dim(Uα) may be
different, so that T (α) and S(α) are rectangular matrices. If rnewα > dim(Uα)
(resp. roldα > dim(Uα)), the matrix T (α) (resp. S(α)) satisfying (7.5a) (resp.
(7.5b)) is not unique.
There may be reasons to change the subspace. In Case B we consider

Unew
α ⊂ Uold

α , and in Case C the opposite inclusion Unew
α ⊃ Uold

α .

Case B. Assume Unew
α � Uold

α . This is a typical step when we truncate the

tensor representation. Note that a transformation matrix S(α) satisfying
(7.5b) exists, whereas there is no T (α) satisfying (7.5a).

Case C. Assume Unew
α � Uold

α . This occurs when we enrich Uold
α with

further vectors. Then a transformation matrix T (α) satisfying (7.5a) exists,
but no S(α) with (7.5b).

In Cases A and B, the transformation matrix S(α) exists. Then (7.5b)
proves the following result.

Lemma 7.4. If (7.5b) holds for α ∈ TD\L(TD), the new basis vectors

b
(α)
k,new have coefficient matrices C

(α,k)
new defined by

Cnew
α = Cold

α S(α), i.e., C(α,k)
new =

roldα∑
j=1

S
(α)
jk C

(α,j)
old (1 ≤ k ≤ rnewα ). (7.6)

The arithmetic cost of (7.6) is 2rnewα roldα rα1rα2 (where α1, α2 are sons of α).

Next, we consider the influence of a transformation upon the coefficient
matrices of the father. Here, we rename the father vertex as α ∈ TD\L(TD)
and assume that the bases Bold

α1
and Bold

α2
for at least one of the sons α1, α2

of α are changed into Bnew
α1

and Bnew
α2

. If only one basis is changed, set

S(αi) = T (αi) = I for the other son. Since the transformation matrix T (αi)

is used, the following lemma applies to Cases A and C.

Lemma 7.5. Let α1, α2 be the sons of α ∈ TD\L(TD). Basis transforma-
tions (7.5a) at the son vertices α1, α2, that is, B

new
αi

T (αi) = Bold
αi

(i = 1, 2),
lead to a transformation of the coefficients at vertex α by

C
(α,�)
old �→ C(α,�)

new = T (α1)C
(α,�)
old (T (α2))T for 1 ≤ � ≤ rα. (7.7)

The arithmetic cost for (7.7) is 2rαr
old
α1

roldα2
(rnewα1

+ rnewα2
). If the basis is

changed only at α1 (i.e., T (α2) = I), the cost reduces to 2rαr
new
α1

roldα1
roldα2

.
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The next lemma uses the transformation matrix S(αi) from Cases A, B.

Lemma 7.6. Let α ∈ TD\L(TD) be a vertex with sons α1, α2. Assume

that the coefficient matrices C
(α,�)
old admit a decomposition

C
(α,�)
old = S(α1)C(α,�)

new (S(α2))T for 1 ≤ � ≤ rα.

Then C
(α,�)
new are the coefficient matrices with respect to the new bases

Bnew
αi

:= Bold
αi

S(αi) (i = 1, 2)

at the son vertices (see (7.5b)). Since the frame Bnew
αi

is not used in com-
putations, no arithmetic operations accrue.

At the root α = D, the tensor v is expressed by

v =

rD∑
i=1

c
(D)
i b

(D)
i = BDc

(D).

A change of the basis BD is considered next.

Lemma 7.7. Assume a transformation by Bnew
D T (D) = Bold

D (see (7.5a)).

Then the coefficient vector c
(D)
old must be transformed into

c(D)
new := T (D) c

(D)
old .

The arithmetic cost is 2roldD rnewD .

The proofs of the above lemmas are found in Hackbusch (2012, § 11.3.1.4).

7.6.2. Orthonormalization

The choice of orthonormal bases has many advantages, one being numerical
stability and another being the truncation procedure.
The orthonormalization procedure starts at the leaves and proceeds to

the root of TD. At the leaves α = {j}, the basis (frame) is given explicitly.
For instance, the QR algorithm yields a new orthonormal basis together
with the transformation23 Bnew

α T (α) = Bold
α for α = {j} ∈ L(TD). If β ∈ TD

is the father of α, change C
(β,�)
old according to Lemma 7.6.

Lemma 7.8. Let α ∈ TD\L(TD). Assume that the bases at the son ver-

tices α1, α2 are orthonormal. Then the scalar product 〈b(α)
� ,b

(α)
k 〉 coincides

with the Frobenius scalar product of the coefficient matrices:

〈b(α)
� ,b

(α)
k 〉 = 〈C(α,�), C(α,k)〉F :=

∑
i,j

C
(α,�)
ij C

(α,k)
ij .

23 Bnew
α corresponds to Q and T (α) to R in Bold

α = QR.
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Under the assumption of the previous lemma, one has to orthonormal-
ize the coefficient matrices with respect to the Frobenius scalar product,
Cnew

α T (α) = Cold
α , which is equivalent to Bnew

α T (α) = Bold
α . As before, Cold

β
must be updated for the father β of α according to Lemma 7.6. In the case
of α = D, we have to apply Lemma 7.7 instead.
The cost of orthonormalization is asymptotically 2dnr2+4r4(d−1) (Hack-

busch 2012, Remark 11.32).

7.6.3. HOSVD

In the case of the tensor subspace format, we have seen in Section 6.6
that the truncation is based on the singular value decomposition of Mj(v).
Similarly, we now have to use the HOSVD basis from Mα(v) for α ∈ TD.
The HOSVD computation has to take care of the indirect description of v.

Furthermore, we do not want to compute the HOSVD basis {b(α)
� : 1 ≤ � ≤

rankα(v)} itself, but rather the corresponding coefficient matrices coding
this basis.
We recall that the HOSVD basis can be obtained by a diagonalization of

Mα(v)Mα(v)
H (see Section 6.3). The key to the following computations is

to consider the Hermitian matrices Eα =
(
e
(α)
ij

)
∈ Krα×rα , which satisfy

Mα(v)Mα(v)
H =

rα∑
i,j=1

e
(α)
ij b

(α)
i ⊗ b

(α)
j ∈ Vα ⊗Vα,

making use of the isomorphism (1.4) between matrices and tensors from
Vα ⊗Vα.

Theorem 7.9. Assume that the bases {b(α)
i } are orthonormal24 and that

rD = 1. For α = D, the 1× 1 matrix ED is equal to

ED := c(D)(c(D))H ∈ KrD×rD (7.8)

with c(D) from (7.4). Let α1, α2 be the sons of α ∈ TD\L(TD). Given
Eα ∈ Krα×rα , we determine Eα1 and Eα2 from

Eα1 =

rα∑
i,j=1

e
(α)
ij C(α,i)(C(α,j))H, Eα2 =

rα∑
i,j=1

e
(α)
ij (C(α,i))TC(α,j).

This result, which is proved in Hackbusch (2012, Theorem 11.38), yields
a simple recursion proceeding from the root to the leaves. Note that only
the explicitly known data c(D) and C(α,i) are involved.

24 Eα can be determined for general bases (Hackbusch 2012, Theorem 5.14), but it is
more convenient to orthonormalize the bases first and then to apply this theorem.
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It can be shown that the bases {b(α)
i } are HOSVD bases if and only if

Eα is diagonal:

Eα = diag
{(

σ
(α)
1

)2
, . . . ,

(
σ(α)
rα

)2}
.

In the following, Σα denotes the diagonal matrix containing the singular

values σ
(α)
i , 1 ≤ i ≤ rα := rankα(v). For α = D (start of the recursion) we

have

σ
(D)
1 := ‖v‖,

which coincides with (7.8): Σ2
D := ED := c(D)(c(D))H ∈ K1×1.

Assume that at vertex α ∈ TD\L(TD) a new basis Bα = [b
(α)
1 , . . . ,b

(α)
rα ]

with Σα = diag{σ(α)
1 , . . . , σ

(α)
rα } is already determined. The corresponding

coefficient matrices are gathered in

C(α) = (C(α,�))1≤�≤rα

(note that in the previous step these matrices have been changed). Form
the matrices

Zα1 :=
[
σ
(α)
1 C(α,1), σ

(α)
2 C(α,2), . . . , σ(α)

rα C(α,rα)
]
∈ Krα1×(rαrα2 ), (7.9a)

Zα2 :=


 σ

(α)
1 C(α,1)

...

σ
(α)
rα C(α,rα)


 ∈ K(rαrα1 )×rα2 , (7.9b)

where α1 and α2 are the sons of α ∈ TD. Compute the left-sided singular
value decomposition of Zα1 and the right-sided one of Zα2 , that is, the
matrices U and V in25

Zα1 = UΣα1 V̂
T and Zα2 = ÛΣα2V

T. (7.9c)

The factors V̂ and Û are not needed. Only the matrices

U ∈ Krα1×rHOSVD
α1 , Σα1 = diag

{
σ
(α1)
1 , . . . , σ

(α1)
rHOSVD
α1

}
∈ KrHOSVD

α1
×rHOSVD

α1 ,

V ∈ Krα2×rHOSVD
α2 , Σα2 = diag

{
σ
(α2)
1 , . . . , σ

(α2)
rHOSVD
α2

}
∈ KrHOSVD

α2
×rHOSVD

α2

are of interest, where rHOSVD

αi
:= rank(Zαi) < rαi may occur. These data are

characterized by the diagonalizations of the matrices Eα1 and Eα2 :

Eα1 = Zα1Z
H
α1

=
∑rα

�=1(σ
(α)
� )2C(α,�)C(α,�)H = UΣ2

α1
UH,

Eα2 = ZT
α2
Zα2 =

∑rα
�=1(σ

(α)
� )2C(α,�)TC(α,�) = V Σ2

α2
V H.

25 In the special case of α = D, the matrices Zα1 and Zα2 coincide because of rD = 1.
Therefore, Σα1 = Σα2 follows.
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The inclusions range(C(α,�)) ⊂ range(U) and range(C(α,�)T) = range(V )
are valid by construction; hence, C(α,�) allows a representation C(α,�) =

UC
(α,�)
HOSVDV T. Since U and V are orthogonal matrices, the coefficient matrices

at vertex α are transformed by

C(α,�) �→ C
(α,�)
HOSVD := UHC(α,�)V ∈ KrHOSVD

α1
×rHOSVD

α2 (1 ≤ � ≤ rα). (7.9d)

According to Lemmas 7.6 and 7.4, the bases and coefficient matrices at the
son vertices α1, α2 transform as follows:

Bα1 �→ BHOSVD
α1

:= Bα1U and Bα2 �→ BHOSVD
α2

:= Bα2V,

CHOSVD
α1

:= Cα1U and CHOSVD
α2

:= Cα2V.
(7.9e)

Again, we write Bαi and Cαi instead of BHOSVD

αi
and CHOSVD

αi
and redefine rαi

by

rαi := rHOSVD

αi
.

To compute the HOSVD bases at all vertices, the algorithm starts at
the root and proceeds to the leaves. The underlying computational step at
vertex α ∈ TD\L(TD) is abbreviated as follows:

procedure HOSVD(α); (for α ∈ TD\L(TD) with sons α1, α2)
transform C(α,�) (1 ≤ � ≤ rα) according to (7.9d);
transform C(αi,�) (1 ≤ � ≤ rαi ; i = 1, 2) according to (7.9e);

define Σα1 := diag{σ(αi)
1 , . . . , σ

(αi)
rαi

} for i = 1, 2
according to (7.9c) with possibly new rα1 , rα2 ;

The complete computation of HOSVD bases at all vertices of TD is per-
formed by the call HOSVD∗(D) of the recursive procedure HOSVD∗ de-
fined by

procedure HOSVD∗(α);
if α /∈ L(TD) then
beginHOSVD(α); for all sons σ of α doHOSVD∗(σ) end;

(7.10)

As a result of HOSVD∗(D) we obtain the coefficient matrices C(α,�) which
define the HOSVD bases implicitly. The diagonal matrices Σα contain the
singular values.
The total cost of HOSVD∗(D) is asymptotically 3(d − 2)r4 + 2dr2n,

where r := maxα rα and n := maxj dim(Vj).
Algorithm (7.10) uses a recursion over the tree TD. Computations at the

sons of a vertex are completely independent. This allows an easy paral-
lelization, which reduces the computational time by a factor of d/ log2 d.

https://doi.org/10.1017/S0962492914000087 Published online by Cambridge University Press

https://doi.org/10.1017/S0962492914000087


Numerical tensor calculus 713

7.7. Truncation by HOSVD

The truncation is analogous to the procedure in Section 6.6. Apply the
procedure HOSVD∗(D) from (7.10) to install the HOSVD bases for the
hierarchical representation of v ∈ Hs. Let r = (rα)α∈TD

be another rank
tuple with r ≤ s. Then the truncation of v ∈ Hs to uHOSVD ∈ Hr is obtained

by omitting all contributions connected with basis vectors b
(α)
i for i > rα

(as in (6.8)). Since in the hierarchical representation the basis vectors are
replaced by the coefficient matrices, the following actions are required:

for all α ∈ TD do

for � > rα delete C(α,�);

for � ≤ rα replace C(α,�) ∈ Ksα1×sα2 by the

submatrix
(
c
(α,�)
i,j

)
1≤i≤rα1 , 1≤j≤rα2

∈ Krα1×rα2 ;

for j = 1 to d do delete bases vectors b
(j)
i for i > rj ;

(7.11)

Note that the remaining coefficients are unchanged; only those referring to

{b(α)
� : r + 1 ≤ � ≤ sα} are deleted by reducing the size of Cα.
After an HOSVD truncation the orthonormality of the bases is lost. This

is easily seen from Lemma 7.8. The truncation maps the matrices C(α,�)

into submatrices. Frobenius orthonormality of the original matrices is not
inherited by the submatrices.
The error analysis yields a result quite similar to Theorem 6.9. The

increased number 2d− 3 (compared with d in (6.9)) is due to the fact that
there are more vertices in TD, which gives rise to more projections.

Theorem 7.10. The approximation uHOSVD ∈ Hr defined above is quasi-
optimal:

‖v − uHOSVD‖ ≤
√∑

α

∑
i>rα

(σ
(α)
i )2 ≤

√
2d− 3‖v − ubest‖. (7.12)

Here σ
(α)
i are the singular values of Mα(v). The sum

∑
α is taken over all

vertices α ∈ TD\{D} except that only one son of D is involved.

Again there is a sequential variant. Although the established estimate
(e.g., in Hackbusch 2012, Theorem 11.61) looks worse than (7.12), in prac-
tice the following approximation ũHOSVD is better than uHOSVD from The-
orem 7.10.
In the previous version, the HOSVD bases are determined at all vertices

before the truncation starts. Now the HOSVD basis computation and re-
duction is combined in a single vertex before proceeding to the sons. The
call of HOSVD-TrSeq(D, r) performs the computation starting from the
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root D and proceeding to the leaves (Hackbusch and Kühn 2009):

procedure HOSVD-TrSeq(α, r);
if α /∈ L(TD) then
begin HOSVD(α); let

REDUCE(α1, rα1); REDUCE(α2, rα2);
HOSVD-TrSeq(α1, r); HOSVD-TrSeq(α2, r)

end;

Here, α1, α2 are the sons of α. HOSVD(α) determines the HOSVD basis
at α ∈ TD (assuming that the previous bases are already orthonormal). The

call of REDUCE(β, rβ) deletes all connections to the basis vectors b
(β)
i for

i > rβ (i.e., the coefficient matrices are deleted or the corresponding rows
or columns are omitted). The advantage of this variant is that the HOSVD
computation in HOSVD(α) always refers to the tensor actually modified.
One may hope that the use of the actual HOSVD is more efficient. In any
case, it is cheaper than the global version (7.11) since the size of the bases
is already reduced.
Above we have fixed the destination rank r. Instead one can prescribe a

tolerance ε > 0 and choose rα adaptively. The statement of Remark 6.11
also holds for the HOSVD truncations in the hierarchical format.

7.8. Closedness of Hr and existence of best approximations

The statements of Section 6.5 can be repeated without modification. The
proofs follow the same lines.

Theorem 7.11. Assume (6.5). Then Hr is weakly closed for any r ∈ NTD
0 .

Theorem 7.12. Assume that (V, ‖·‖) is reflexive and satisfies (6.5). Then,
for any v ∈ V, the minimization problem

inf
u∈Hr

‖v − u‖ = ‖v − ubest‖

has a solution ubest ∈ Hr.

Theorem 7.11 ensures that instabilities as in Section 5.4 do not occur.
The stable behaviour can be quantified by the following sensitivity analysis.

7.9. Sensitivity analysis

The hierarchical representation describes a tensor v ∈ Hr by means of bases

{b(j)i } at the leaves, coefficient matrices C(α,�) at vertices α ∈ TD\L(TD),
and a factor cD1 . We may ask how perturbations of these quantities influence
the tensor v. An analysis of the orthonormal case is given in Hackbusch
(2012, § 11.3.4.2). Here we concentrate on the case where all bases are
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HOSVD bases. Fix some τ ∈ TD and consider a perturbation26 δBτ of the

basis Bτ described by δBτ = [δb
(τ)
1 , . . . , δb

(τ)
rτ ]. The singular values σ

(τ)
i

from Στ are used for the formulation of the error:

ε :=

√√√√ rτ∑
i=1

(
σ
(τ)
i ‖δb(τ)

i ‖
)2

(τ ∈ TD). (7.13)

The weighting by σ
(τ)
i in (7.13) allows for the fact that basis vectors corre-

sponding to small singular values are of less importance.

Theorem 7.13. Under the assumptions from above, δb
(τ)
i causes an error

δv of v, which can be estimated by

‖δv‖ ≤ ε.

The proof and a generalization to so-called weak HOSVD bases are given
in Hackbusch (2012, Theorem 11.53).

8. Operations in the hierarchical format

In Section 5.2, tensor operations are discussed for the r-term format. Now
we have to explain how to perform these operations for tensors given in the
hierarchical format. An auxiliary procedure is explained in Section 8.1.
The operation counts use the bounds

r := max
α

rα and n := max
j

dim(Vj).

Proofs, in particular for the cost of the operations, can be found in Hack-
busch (2012, Chap. 13).

8.1. Joining two hierarchical tensor representation systems

Let v′ ∈ Hr′ and v′′ ∈ Hr′′ be two tensors represented by different bases

(B′α)α∈L(TD), (B′′α)α∈L(TD), (C′α)α∈TD\L(TD), (C′′α)α∈TD\L(TD),

but with a common dimension partition tree TD. Let

{U′α}α∈TD
and {U′′α}α∈TD

be the different subspaces spanned by

(B′α)α∈L(TD) and (B′′α)α∈L(TD),

respectively. We want to construct a hierarchical system Hr which allows a
simultaneous representation of v′ and v′′. The desired subspaces {Uα}α∈TD

26 A typical perturbation is δb
(τ)
i = b

(τ)
i (i.e., b

(τ)
i �→ b

(τ)
i − δb

(τ)
i = 0).
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may be defined by

Uα := U′α +U′′α for α ∈ TD.

Then, Hr represents all tensors of UD = U′D + U′′D, that is, the tensors
v′,v′′ from above belong to the new, common basis systems. The proposed
subspaces Uα make sense, since they satisfy the nestedness condition (see
(7.2a)):

U′α +U′′α ⊂ (U′α1
+U′′α1

)⊗ (U′α2
+U′′α2

).

The least requirement is that

B′α =
[
b
′(α)
1 , . . . ,b

′(α)
r′α

]
∈ (U′α)

r′α and B′′α =
[
b
′′(α)
1 , . . . ,b

′′(α)
r′′α

]
∈ (U′′α)

r′′α

are frames spanning the respective subspaces U′α and U′′α. Since no linear
independence is required, the simple definition

Bα :=
[
b
′(α)
1 ,b

′(α)
2 , . . . ,b

′(α)
r′α

,b
′′(α)
1 ,b

′′(α)
2 , . . . ,b

′′(α)
r′′α

]
yields a frame generating Uα := U′α +U′′α. The cardinality rα := r′α + r′′α
is increased, but an advantage is the easy construction of the coefficients.
Consider a vertex α ∈ TD\L(TD) with sons α1, α2. The coefficient matrix

C ′(α,�) representing b
′(α)
� and the matrix C ′′(α,�) representing b

′′(α)
� yield the

block diagonal matrix

C(α,�) :=

[
C ′(α,�) 0

0 C ′′(α,�)

]
,

representing the new columns of Bα by those from Bα1 and Bα2 .
If v′ ∈ U′D is coded by the coefficient vector c′(D) ∈ Kr′D , the new coef-

ficient is
[
c′(D)

0

]
, while v′′ ∈ U′′D coded by c′′(D) ∈ Kr′′D is expressed by the

coefficient vector
[

0
c′′(D)

]
.

Because we are using frames, rα may be larger than dim(Uα). Therefore,
it is better to orthonormalize according to Section 7.6.2. Note that in this
case rD = 2 occurs. The joining of frames requires only a rearrangement
of data but no arithmetic operation. The orthonormalization costs about
2dnr2 + 4r4(d− 1) operations.

8.2. Addition

The first trivial case is characterized by v′,v′′ ∈ Hr, that is, both tensors

have a common representation v′ =
∑rD

i=1 c
′
ib

(D)
i and v′′ =

∑rD
i=1 c

′′
i b

(D)
i .

Obviously, v =
∑rD

i=1(c
′
i + c′′i )b

(D)
i requires only rD additions.

Otherwise, apply the procedure from Section 8.1 to obtain a common
representation. In the latter case, the addition increases the ranks rα and
a truncation is advisable.
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8.3. Scalar product

We assume that V =
⊗d

j=1 Vj is equipped with the canonical scalar product

(see Section 3.4.1). For Vα =
⊗

j∈α Vj , the canonical scalar product is

denoted by 〈·, ·〉α. For α = {j} we retain the scalar product27 〈·, ·〉{j} = 〈·, ·〉j
of Vj .
We start with the scalar product 〈u,v〉 of u ∈ Hr and an elementary

tensor v =
⊗d

j=1 v
(j). Define v(α) :=

⊗
j∈α v

(j) and use the recursion

〈
b
(α)
� ,v(α)

〉
α
=

rα1∑
i=1

rα2∑
j=1

c
(α,�)
ij

〈
b
(α1)
i ,v(α1)

〉
α1

〈
b
(α2)
j ,v(α2)

〉
α2
, (see (7.3))

where α1, α2 are the sons of α. The final result is

rD∑
i=1

cDi
〈
b
(D)
i ,v

〉
.

The recursion has an asymptotic cost of 2(d− 1)r3 + 2rn operations.
In the case of the scalar product 〈u,v〉 of two tensors in hierarchical

format, we have to distinguish two cases. If u,v ∈ Hr have a common rep-
resentation involving the same orthonormal bases, the immediate result is

〈u′,u′′〉 =
〈
c′(D), c′′(D)

〉
.

Otherwise, we have to determine all scalar products

β
(α)
�k :=

〈
b
′(α)
� ,b

′′(α)
k

〉
α

from the recursion

β
(α)
�k =

r′α1∑
i=1

r′α2∑
j=1

r′′α1∑
m=1

r′′α2∑
n=1

c
′(α,�)
ij c

′′(α,k)
mn β

(α1)
im β

(α2)
jn .

Note that β
(α)
�k can be explicitly determined at the leaves α ∈ L(TD). Then

〈u′,u′′〉 =
r′D∑
�=1

r′′D∑
k=1

c
′(D)
� c

′′(D)
k β

(D)
�k

is the final result. The computational work is about 2dr2n+6(d−1)r4+2r2.
Another possibility is to construct a common orthonormal representation

for u′,u′′, so that the first case applies. In general, the latter variant is a
bit more expensive, but may be advantageous in special cases.

27 Note that the scalar product 〈·, ·〉j is not necessarily the Euclidean one, but the indi-
cated cost corresponds to the case of Euclidean scalar products.
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8.4. General binary operation

Here we consider tensor spaces

V =
d⊗

j=1

Vj , W =
d⊗

j=1

Wj , X =
d⊗

j=1

Xj ,

and any bilinear operation

� : V ×W → X,

which satisfies28(
d⊗

j=1

v(j)

)
�
(

d⊗
j=1

w(j)

)
=

d⊗
j=1

(
v(j) � w(j)

)
, v(j) � w(j) ∈ Xj .

Let v ∈ Hr′(V) andw ∈ Hr′′(W) be two tensors described in two different
hierarchical formats, but with the same dimension partition tree TD. Since

v =
∑
�

c
′(D)
� b

′(D)
� and w =

∑
k

c
′′(D)
k b

′′(D)
k ,

we start from

v �w =

r′D∑
�=1

r′′D∑
k=1

c
′(D)
� c

′′(D)
k b

′(D)
� � b

′′(D)
k

and use the recursion

b
′(α)
� �b

′′(α)
k =

r′α1∑
i=1

r′α2∑
j=1

r′′α1∑
m=1

r′′α2∑
n=1

c
′(α,�)
ij c′′(α,k)mn

(
b
′(α1)
i �b′′(α1)

m

)
⊗
(
b
′(α2)
j �b′′(α2)

n

)
(see (7.3)), which terminates at the leaves of TD .
In the first approach we accept the frame b(α) consisting of the r′αr

′′
α

vectors b
′(α)
� � b

′′(α)
k (1 ≤ � ≤ r′α, 1 ≤ k ≤ r′′α) describing the subspace Uα.

Denote the elements of b(α) by b
(α)
m withm ∈ Jα := {1, . . . , r′α}×{1, . . . , r′′α},

that is, b
(α)
m = b

′(α)
� � b

′′(α)
k if m = (�, k). Then we obtain

b(α)
m =

∑
p∈Jα1

∑
q∈Jα2

c(α,m)
pq b(α1)

p ⊗ b(α2)
q with c(α,m)

pq := c′(α,�)p1q1 c′′(α,k)p2q2

for p = (p1, p2) ∈ Jα1 , q = (q1, q2) ∈ Jα2 . The new coefficient matrix C(α,m)

is the Kronecker product

C(α,m) = C ′(α,�) ⊗ C ′′(α,k) for m = (�, k).

28 The map �j = � : Vj ×Wj → Xj on the right-hand side is also denoted by �.
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The final result,

v �w =
∑

m∈JD

c(D)
m b(D)

m with c(D)
m := c′(D)

m1
c′′(D)
m2

for m = (m1,m2),

is represented in Hr(X) with representation ranks rα := r′αr
′′
α. Altogether,

the computational cost amounts to dr2N� + (d − 1)r4 + 1. Here, N� is a
bound for the cost of u� v for any u, v ∈ Vj .
An additional orthonormalization of the frame requires 2dnr4 + 4dr8 op-

erations. Because of the strongly increased ranks, a truncation is advisable.

8.5. Hadamard product, convolution, matrix–matrix multiplication,
matrix–vector multiplication

All these operations are of the form v �w, as discussed above. Therefore
the same recursion is used. The concrete operations u� v are to be applied
only at the leaves (i.e., for u, v ∈ Vj).

8.6. Entry-wise evaluation

For α ⊂ D = {1, . . . , d}, the index iα belongs to Iα = ×j∈α Ij . The
evaluation of

β
(α)
� := b

(α)
� [iα] =

rα1∑
i=1

rα2∑
j=1

c
(α,�)
ij b

(α1)
i [iα1 ]b

(α2)
j [iα2 ]

of the basis vector b
(α)
� is performed recursively from the leaves to the root:

procedure eval∗(α, i);

for � := 1 to rα do if α = {j} then β
(α)
� := b

(j)
� [ij ] else

begin eval∗(α1, i); eval
∗(α2, i); β

(α)
� :=

∑rα1
i=1

∑rα2
j=1 c

(α,�)
ij β

(α1)
i β

(α2)
j end;

Here, α1, α2 are the sons of α. Call eval∗(D, i). Then,

v[i] =

rD∑
�=1

c
(D)
� β

(D)
�

is the final result. The computational cost is 2dr3.
The same recursion applies to other functionals

⊗d
j=1 ϕ

(j) with ϕ(j) ∈ V ′j .

8.7. Functions of tensors, fixed-point iterations

In Section 5.9 we discussed functions f(A) of matrices; see also Higham
(2008). Since a matrix A may be a Kronecker tensor, this is also an example
of a function of a tensor. In particular cases there are fixed-point iterations
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converging to f(A). In the case of A−1, the Newton method yields the
iteration29

Xm+1 := 2Xm −XmAXm, (8.1)

which shows locally quadratic convergence. A possible starting value is
X0 := I. Equation (8.1) is an example of a fixed-point iteration.
If the desired tensor satisfies X∗ = Φ(X∗), the sequence

Xm+1 := Φ(Xm)

converges to X∗ if Φ is contractive. Assuming that the evaluation of Φ
involves only the operations studied in this section, Φ(Xm) is available.
However, since the operations cause an increase of the representation ranks,
the next iteration must be preceded by a truncation:

X̃m+1 := T (Φ(Xm)) (T : truncation).

The resulting iteration is called truncated iteration and has been studied
in Hackbusch, Khoromskij and Tyrtyshnikov (2008); see also Hackbusch
(2009, § 14.3.2). In essence, the error decreases as in the original iteration
until the iterates reach an X∗ neighbourhood of the size of the truncation
error (X∗ is the exact solution).
A useful and seemingly simple (nonlinear) function is the maximum of a

tensor v ∈ V =
⊗d

j=1R
Ij ∼= RI (I =×d

j=1 Ij):

max(v) := max{vi : i ∈ I}.
Since min(v) = −max(−v), this function allows us to determine the maxi-
mum norm ‖v‖∞ of a tensor. The implementation is trivial for an elemen-
tary tensor:

max

(
d⊗

j=1

v(j)

)
=

d∏
j=1

max(v(j)).

However, the implementation for general tensors is not straightforward. A
possible approach is based on the reformulation as an eigenvalue problem:
see Espig, Hackbusch, Litvinenko, Matthies and Zander (2013, § 4.1). The
tensor v ∈ V corresponds to a multiplication operator G(v) defined by
G(v)(f) = v� f . Let I∗ := {i ∈ I : max(v) = vi} be the index subset where
the maximum is attained. Then the eigenvalue problem

G(v)u = λu (0 �= u ∈ V)

has the maximal eigenvalue λ = max(v). The eigenspace consists of all
vectors u with support in I∗. In particular, if I∗ = {i∗} is a singleton, the

29 For a suitable modification see Oseledets and Tyrtyshnikov (2005) and Oseledets,
Savostyanov and Tyrtyshnikov (2009).
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maximal eigenvalue is a simple one and the eigenvector is a multiple of the
unit vector e(i

∗), which has tensor rank 1. Using the simple vector itera-
tion or more advanced methods, we can determine not only the maximum
max(v) but also the corresponding index.

9. Matrix product format

Matrix product states (MPS) have been introduced in quantum physics: see,
for example, Affleck, Kennedy, Lieb and Tasaki (1987) and Verstraete and
Cirac (2006). Since the re-invention by Oseledets and Tyrtyshnikov (2009a)
and Oseledets (2011b), this representation has been called the TT format.30

The TT representation is a special form of the hierarchical format31 (see
Section 9.3).

9.1. Basic TT representation

For simplicity, we restrict our considerations to the finite-dimensional case
of V =

⊗d
j=1 Vj with Vj = KIj . The tensor v ∈ V is given component-wise

by

v[i1i2 · · · id] =
ρ1∑

k1=1

· · ·
ρd−1∑

kd−1=1

v
(1)
i1k1

· v(2)k1i2k2
· . . . · v(d−1)kd−2id−1kd−1

· v(d)kd−1id
(9.1a)

for all (i1, . . . , id) ∈ I := I1 × · · · × Id. The scalars

v
(j)
kj−1,ij ,kj

can be considered as entries of a tensor of order three fromKKj−1⊗KIj⊗KKj ,
where

Kj = {1, . . . , ρj} for 0 ≤ j ≤ d. (9.1b)

In the cases of j = 1 and j = d we set

ρ0 = ρd = 1, v
(1)
i1k1

= v
(1)
1,i1k1

, v
(d)
kd−1id

= v
(d)
kd−1id,1

, (9.1c)

since

KK0 ⊗KI1 ⊗KK1 ∼= KI1 ⊗KK1 and KKd−1 ⊗KId ⊗KKd ∼= KKd−1 ⊗KId

30 The meaning of ‘TT’ changed from ‘tree tensor’ to ‘tensor train’.
31 In fact, the format called the extended tensor-train decomposition in Oseledets and

Tyrtyshnikov (2009b, equation (11)) is exactly the same as a particular form of the
hierarchical representation. A comparison of the TT and the general hierarchical format
is the subject of Grasedyck and Hackbusch (2011).
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(see Remark 2.2(b)). Rewriting v
(j)
kj−1ijkj

as v
(j)
kj−1kj

[ij ], we reformulate (9.1a)
as

v[i1i2 · · · id] =
ρ1∑

k1=1

· · ·
ρd−1∑

kd−1=1

v
(1)
k1

[i1] · v(2)k1k2
[i2] · . . . · v(d−1)kd−2kd−1

[id−1] · v(d)kd−1
[id].

(9.2)

Fixing the indices i1, . . . , id, we interpret v
(j)
kj−1kj

[ij ] as entries of the matrix

V (j)[ij ] :=
(
v
(j)
kj−1kj

[ij ]
)
kj−1∈Kj−1, kj∈Kj

∈ KKj−1×Kj (ij ∈ Ij)

(using (9.1c)). Then the entries v[i1, i2, . . . , id] can be regarded as matrix
products:

v[i1i2 · · · id] = V (1)[i1] · V (2)[i2] · . . . · V (d−1)[id−1] · V (d)[id] ∈ K . (9.3)

This representation justifies the term ‘matrix product representation’. Note
that V (1)[i1] ∈ K1×ρ1 ∼= Kρ1 is a row vector, while V (d)[id] ∈ Kρd−1×1 ∼=
Kρd−1 is a column vector.
For fixed kj−1 and kj , the entries v

(j)
kj−1kj

[ij ] define the vectors v
(j)
kj−1kj

∈
KIj = Vj (for all 1 ≤ j ≤ d, bearing in mind (9.1c)). Then (9.1a) is
equivalent to

v =

ρ1∑
k1=1

ρ2∑
k2=1

· · ·
ρd−1∑

kd−1=1

v
(1)
1,k1

⊗ v
(2)
k1k2

⊗ v
(3)
k2k3

⊗ · · ·⊗ v
(d−1)
kd−2kd−1

⊗ v
(d)
kd−1,1

. (9.4)

Formulation (9.4) can be used for general spaces Vj . Using Kj from (9.1b)
together with (9.1c), we shorten the notation (9.4) by

v =
∑

k0∈K0

· · ·
∑

kd∈Kd

d⊗
j=1

v
(j)
kj−1kj

with v
(j)
kj−1kj

∈ Vj .

Definition 9.1. Let V = a
⊗d

j=1 Vj and fix a tuple

ρ = (ρ1, . . . , ρd−1) ∈ Nd−1.

The TT format is defined by

Tρ = Tρ(V) :=



v ∈ V :

v =
∑

ki∈Ki
(0≤i≤d)

d⊗
j=1

v
(j)
kj−1kj

with v
(j)
kj−1kj

∈ Vj ,

and #Kj =

{
1 for j = 0 or j = d,

ρj for 1 ≤ j ≤ d− 1.




(9.5)

Theorem 9.2. Let v ∈ Tρ with ρ = (ρ1, . . . , ρd−1). Then the inequalities
ρj ≥ ρ∗j hold with ρ∗j := rank{1,...,j}(v) for 1 ≤ j ≤ d−1 (see (2.10)). Further-
more, a representation v ∈ Tρ∗ exists for the minimal rank parameters
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ρ∗ = (ρ∗1, . . . , ρ
∗
d−1). Therefore, an equivalent definition of Tρ is

Tρ = {v ∈ V : rank{1,...,j}(v) ≤ ρj for 1 ≤ j ≤ d− 1}.

The storage cost is obtained by adding the sizes of the matrices involved
in (9.3):

storageTT =
d∑

j=1

njρj−1ρj ≤ nρ2
(
n := max

j
nj , ρ := max

j
ρj

)

(ρd = 1). This cost has a worse asymptotic than the cost for the hierarchical
format (see also Section 9.3).

9.2. Related subspaces

Let D := {1, . . . , d}. The dimension partition tree TTT
D is as follows:

{1}  {2}

{1,2}  {3}

{1,2,3}  {4}

{1,2,3,4}  {5}

{1,2,3,4,5}  {6}

{1,2,3,4,5,6}  {7}

{1,2,3,4,5,6,7}

Here TTT
D consists of leaves {j} (j ∈ D) and interior nodes {1, . . . j} for

j ∈ D\{1}:
TTT
D = {{1, . . . j}, {j} : 1 ≤ j ≤ d}. (9.6a)

The first son of {1, . . . , j} is {1, . . . , j − 1}, and the second one is {j}:

S({1, . . . , j}) = {{1, . . . , j − 1}, {j}} (9.6b)

for 2 ≤ j ≤ d. According to Section 7.3, we have to introduce subspaces
Uα ⊂ Vα for all α ∈ TTT

D . For j = 1 we choose

U1 = U{1} = span{v(1)k1
: k1 ∈ K1}. (9.7)

Here, the vectors v
(1)
k1

(and later v
(j)
kj−1kj

) are those from the representation

(9.4). For j > 1, the trivial choice

Uj = Vj for j ∈ D\{1} = {2, . . . , d}
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is made. The next interior node is {1, 2} ∈ TTT
D . We set

v
{1,2}
k2

:=

ρ1∑
k1=1

v
(1)
1,k1

⊗ v
(2)
k1k2

and U{1,2} := span{v{1,2}k2
: k2 ∈ K2}.

In the general case,

v
{1,...,j}
kj

:=
∑

k0∈K0

· · ·
∑

kj−1∈Kj−1

j⊗
�=1

v
(�)
kj−1kj

is obtained recursively by

v
{1,...,j}
kj

=

ρj−1∑
kj−1=1

v
{1,...,j−1}
kj−1

⊗ v
(j)
kj−1kj

(kj ∈ Kj).

These tensors define the subspace

U{1,...,j} := span{v{1,...,j}kj
: kj ∈ Kj} for j ∈ D\{1}

(the case j = 1 has already been stated in (9.7)). Since

v
{1,...,j−1}
kj−1

∈ U{1,...,j−1} and v
(j)
kj−1kj

∈ Uj = Vj ,

we obtain the inclusion

U{1,...,j} ⊂ U{1,...,j−1} ⊗ Uj for j ∈ D\{1},
which is the nestedness condition (7.2a). Because of #Kd = 1 (see (9.5)),

there is only one tensor v
{1,...,d}
kd

= v which spans UD. This proves the last

requirement of (7.2a–d):

v ∈ UD and dim(UD) = 1.

9.3. From hierarchical format to TT format

Now we start from v ∈ Hr ⊂
⊗d

j=1K
Ij with underlying tree TTT

D from

(9.6a,b) and rank tuple r = (rα)α∈TTT
D
. The tensor is represented by the

bases {b(j)i } at the leaves, the coefficient matrices C({1,...,j},�) at the vertices

{1, . . . , j} ∈ TTT
D \L(TTT

D ), and the coefficients c
(D)
i . Then it can be shown

that the matrix product representation (9.2) with ρ� := r{1,...,�} has the
following coefficients:

v
(1)
k1

:= b
(1)
k1

for j = 1, (9.8a)

v
(j)
kj−1,kj

:=
∑rj

�j=1 c
({1,...,j},kj)
kj−1,�j

b
(j)
�j

for 2 ≤ j ≤ d− 1, (9.8b)

v
(d)
kd−1

:= c
(D)
kd

∑rd
�d=1 c

(D,1)
kd−1,�d

b
(j)
�d

for j = d, (9.8c)
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with 1 ≤ kj ≤ ρj for 1 ≤ j ≤ d− 1. The difference between the TT format
(9.2) and the hierarchical format is the choice of the subspace Uj . The
hierarchical format uses a subspace Uj ⊂ Vj , which in the best case is the
minimal one: dim(Uj) = rankj(v). The TT format works without a proper
subspace, that is, with Uj = Vj . If we introduce this (maximal) subspace

and the canonical basis b
(j)
� [i] = δ�i in the hierarchical format, (9.8b) and

(9.8c) become

v
(j)
kj−1,kj

[ij ] = c
({1,...,j},kj)
kj−1,ij

and v
(d)
kd−1

[id] = c
(D)
kd

c
(D,1)
kd−1,id

.

The latter comment shows the almost identical structure of the hierar-
chical data and the TT data. This implies that algorithms defined for the
hierarchical format transfer to those for the TT format, and vice versa.
Therefore, it is not necessary to explain how the tensor operations are per-
formed in the TT format.

9.4. Cyclic matrix products and tensor network states

The definition ρ0 = ρd = 1 in (9.1c) has the purpose of avoiding summations
over these indices. Instead, one can identify the indices of K0 = Kd and
allow ρd > 1:

v =

ρ1∑
k1=1

· · ·
ρd−1∑

kd−1=1

ρd∑
kd=1

v
(1)
kd,k1

⊗ v
(2)
k1k2

⊗ · · · ⊗ v
(d−1)
kd−2kd−1

⊗ v
(d)
kd−1,kd

. (9.9)

This results in a cycle instead of a linear tree. In the following we set D =
Zd, where 0 = d and hence ρ0 = ρd. Although this tensor representation
looks quite similar to (9.4), it has essentially different properties.

Proposition 9.3.

(a) If ρj = 1 holds for at least one direction j ∈ D, the tensor repre-
sentation (9.9) coincides with the standard TT format (9.4) with the
ordering {j + 1, j + 2, . . . , d, 1, . . . , j}.

(b) The minimal subspace Umin
j (v) is not related to a single parameter ρk

in (9.9), that is, ρk cannot be interpreted as a subspace dimension.

(c) Inequality rankj(v) = dim(Umin
j (v)) ≤ ρj−1ρj holds for (9.9 ).

(d) In general, a cyclic representation with rankj(v) = ρj−1ρj does not
exist.

Proof. First, assume that j = d in part (a). Then ρ0 = ρd = 1 yields (9.4).
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Now, fix j = 1. Then the representation

v =

ρ1∑
k1=1

ρd∑
kd=1

v
(1)
kd,k1

⊗ v
[1]
kd,k1

holds with

v
[1]
kd,k1

:=
∑

k2,k3,...,kd−1

⊗d

�=2
v
(�)
k�−1k�

.

Both indices kd and k1 enter the definition of

Umin
1 (v) =

{
ϕ(v

[1]
kd,k1

) : ϕ ∈ V′[1]
}

in the same way, proving (b). Obviously, the dimension is bounded by
ρdρ1 = ρ0ρ1, as stated in (c).
Finally, if rankj(v) is prime, rankj(v) = ρj−1ρj implies that ρj−1 = 1 or

ρj = 1. Hence, by (a), (9.9) cannot be a proper cyclic representation.

According to Proposition 9.3(a), we call (9.9) a proper representation if
all ρj are larger than 1. In the cyclic case, the ranks ρj are not related
to the dimensions of Umin

j (v). Therefore we cannot prove an analogue of
Theorem 7.11 to show closedness of the format (9.9). In fact, non-closedness
is proved (see Theorem 9.4).
The cycle Zd is only one example of tensor representations based on graphs

(instead of trees). Examples32 are given in Hübener, Nebendahl and Dür
(2010, p. 5); in particular, multidimensional grid-shaped graphs are consid-
ered instead of the one-dimensional chain used in (9.4). For computations
in tensor networks we refer to Huckle, Waldherr and Schulte-Herbrüggen
(2013) and Espig, Hackbusch, Handschuh and Schneider (2012a). Hand-
schuh (2012) describes how tensors represented in one network can be trans-
ferred into another network topology.
Whenever the graph contains a cycle, statements as in Proposition 9.3(b)–

(d) can be made and instability must be expected because of Theorem 9.4.
If a connected graph contains no cycle, it describes a tree and corresponds to
the hierarchical format (with the possible generalization that the dimension
partition tree TD is not necessarily binary).
The following result is proved by Landsberg (2012, Theorem 14.1.2.2). It

implies that a similar kind of instability may occur as for the r-term format
(see Conclusion 5.3).

Theorem 9.4. In general, a graph-based format containing a cycle is not
closed.

32 In physics, graph-based tensor formats are used, in particular for spin systems. The fol-
lowing names are used: tensor network states, finitely correlated states (FCS), valance-
bond solids (VBS), projected entangled pair states (PEPS), etc.
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10. Optimization

Many problems can be written as minimization problems of the form

find x ∈ V such that J(x) = min
v∈V

J(v). (10.1)

Examples are linear systems Ax = b with x,b ∈ V :=
⊗d

j=1K
nj and

A ∈ M :=
⊗d

j=1K
nj×nj . Here, J takes the form

J(v) = 〈Av,v〉 − 2Re 〈b,v〉 (10.2)

if A is positive definite (Hackbusch 1994, § 10.1.4). Otherwise, use

J(v) = ‖Av − b‖2 or ‖B(Av − b)‖2

with a preconditioning operator B. The largest eigenvalue of a positive
definite matrix A and the corresponding eigenvector can be determined
from the Rayleigh quotient

J(v) =
〈Av,v〉
〈v,v〉 .

Fix some tensor format and the corresponding rank parameter, that is,
the set of tensors is F = F(V) ∈ {Rr, Tr,Hr,Tρ}. Instead of problem
(10.1), we want to solve

find xF ∈ F such that J(xF ) = min
v∈F

J(v). (10.3)

Falcó and Nouy (2012, Theorems 1 and 2) discuss the existence of min-
imizers. The advantage of the optimization approach is the fact that one
does not leave the fixed ranks of the format. In particular, no truncation is
needed to reduce an increased rank.
By definition, a tensor v ∈ F depends on certain parameters:

v = ρ(p1, p2, . . . , pm),

which may be grouped suitably. The standard iterative method for solving
(10.3) is a Gauss–Seidel-type method, which is called ALS (alternating least
squares) in the case of quadratic functions J(v). For fixed p2, . . . , pm, one
minimizes J(ρ(p1, p2, . . . , pm)) with respect to p1. Then p1 is fixed, and one
minimizes with respect to p2, etc. This method is discussed in Espig, Hack-
busch, Rohwedder and Schneider (2012b), Oseledets (2011a), Uschmajew
(2012), Holtz, Rohwedder and Schneider (2012b) and Mohlenkamp (2013).
Since the mapping ρ is not injective, we are interested in the tangent

space T (v) spanned by ∂ρ/∂pi and its geometric properties. Here we refer
to Uschmajew (2010) and Holtz, Rohwedder and Schneider (2012a). The
geometric structures in the infinite-dimensional case are discussed by Falcó,
Hackbusch and Nouy (2013).
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The tangent space is also of importance for the solution of the dynamic
problem d

dtv(t) = F (v(t), t). Here, the Dirac–Frenkel discretization is ap-
plied, which is the variational formulation

vF (t) ∈ F with

〈
d

dt
vF (t)− F(t,vF (t)), t

〉
= 0 for all t ∈ T (vF ).

For an error analysis of this discretization we refer to Lubich (2005), Koch
and Lubich (2010), Arnold and Jahnke (2012), Lubich and Oseledets (2013)
and Lubich, Rohwedder, Schneider and Vandereycken (2013).

11. Multivariate cross approximation

11.1. Matrix case

The (adaptive) cross approximation is a heuristic method which computes
a rank-k approximation to an n×m matrix and costs O(knm) operations:
see Bebendorf (2011) and Hackbusch (2009, § 9.4). Let M ∈ KI×J . In
essence, we choose r rows (index subset τ := {i1, . . . , ir}) and r columns
(index subset σ := {j1, . . . , jr}) and determine a matrix Rr of rank r which
interpolates on all rows from τ and all columns from σ, that is, R[i, j] =
M [i, j] for all index pairs with either i ∈ τ or j ∈ σ. The matrix Rr is
defined by

Rr = M |I×σ · (M |τ×σ)−1 ·M |τ×J , (11.1)

provided that the r × r matrix M |τ×σ is regular.
In practice, Rr is determined recursively as a sum of rank-one matrices.

The first matrix is R1 := E1 := M [·, j1]M [i1, ·]/M [i1, j1]. Here, i1 and j1
must be chosen such that M [i1, j1] �= 0. This rank-one matrix coincides
with M at the first cross defined by the index subset C1 := {(i, j) : i = i1
or j = j1}. Therefore the difference M1 := M − E1 vanishes at C1. Again,
E2 := M1[·, j2]M1[i2, ·]/M1[i2, j2] is a rank-one matrix interpolating M1 at
the second cross C2, provided that M1[i2, j2] �= 0. Set M2 := M1 − E2 and
R2 := R1+E2. R2 coincides with M at C1 ∪C2. Repeating this procedure,
we obtain Rr from above.
If rank(M) = r, there exist sets τ := {i1, . . . , ir}, σ := {j1, . . . , jr} such

that M |τ×σ is regular and the construction recovers M , that is, Rr = M .
The adaptive variant ACA (adaptive cross approximation) tries to choose

the indices i� and j� adaptively. The theoretically best choice is the total
pivot strategy (i�, j�) := argmax{|M�−1[i, j]| : (i, j) ∈ I × J}. The required
evaluation of all entries is not feasible for large-scale matrices. Instead,
pivot strategies are used which require only the evaluation of certain rows
or columns of M . If, for example, a column j� is selected, then i� :=
argmax{|M�−1[i, j�]| : i ∈ I} is a natural choice for the �th row.
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11.2. Order d ≥ 3

Let V = KI1 ⊗ · · · ⊗ KId and I := I1 × · · · × Id. The matricization Mα :
V �→ KIα×Iαc from Section 2.6 allows us to turn the tensor v into a matrix,
to which we can apply the cross approximation from above. The index
sets I and J in (11.1) are now Iα = ×j∈α Ij and Iαc = ×j∈αc Ij . This
shows that the ‘rows’ and ‘columns’ are not simple vectors but tensors in
Vα =

⊗
j∈α Vj and Vαc . Therefore, the factors M |I×σ and M |τ×J are not

directly representable. However, the matrix (M |τ×σ)−1 is still of size r× r.
The ‘columns’ M [·, iαc ] ∈ Vα and the ‘rows’ M [iα, ·] ∈ Vαc are the basis
vectors of the subspaces Uα and Uαc required in the hierarchical format. It
turns out that all constructions can be described by the parameters of the
hierarchical format. The above-mentioned adaptive strategies also apply to
the tensor case. Furthermore, the cross approximation can reconstruct a
tensor v of hierarchical rank r := (rankα(v))α∈TD

in Hr exactly. A detailed
description is given by Ballani (2012), Ballani, Grasedyck and Kluge (2013)
and Hackbusch (2012, § 15.4).
Other variants of the cross approximation are proposed by Espig, Grase-

dyck and Hackbusch (2009) and Oseledets, Savostyanov and Tyrtyshnikov
(2010).

11.3. Applications

11.3.1. Coding of multivariate functions

Let F (x1, . . . , xd) be a function defined for xj ∈ Ij and assume that there
is an implementation which evaluates F at least with a sufficient accuracy.
For instance, F (x1, . . . , xd) may be a complicated integral with parameters
xj , for which sufficiently accurate quadrature methods can be applied. If
we could evaluate F |G in a grid G contained in I := I1 × · · · × Id, F could
be approximated at any x1, . . . , xd. The cross approximation procedure can
be used to obtain a tensor vF describing the grid function F |G. The cost
for determining the tensor vF is less important, since this computation is
done only once. Afterwards, it is cheap to evaluate the tensor vF (instead
of the original implementation of F ). An example of such an application is
provided by Ballani (2012).

11.3.2. Pointwise functions of tensors

Let v ∈ V = KI1 ⊗ · · · ⊗KId , while ϕ : K → K. Define the function

Φ : V → V by Φ(v)[i] := ϕ(v[i]) for all i ∈ I = I1 × · · · × Id.

In the case of multivariate functions v, Φ(v) is the standard function com-
position ϕ ◦ v. In general, this is a difficult operation, since even for an
elementary tensor there is no simple expression for Φ(v).
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Assume that v is given in one of the formats. Since the evaluation i �→
v[i] is simple, ϕ(v[i]) is also easy to evaluate. Therefore, Φ(v) can be
approximated by cross approximation.

11.3.3. Truncation

The cross approximation may be used as a surrogate of the singular value
decomposition. In this sense, Savostyanov, Tyrtyshnikov and Zamarashkin
(2012) use the cross approximation to simplify the truncation procedure.

12. Tensorization

In this section we transform univariate grid functions into tensors. This
justifies the term ‘tensorization’. We are free to use any of the tensor formats
discussed above to represent the obtained tensors. In some cases, the r-
term format works (see Remark 12.2 and following text), but mainly the
hierarchical representation in form of the TT format is used.33

This tensorization was introduced by Oseledets (2010) (applied to matri-
ces instead of vectors). The first examples of data compression via tensoriza-
tion were presented by Khoromskij (2011). The first analysis was given by
Grasedyck (2010b).

12.1. Why regular grids are advantageous

It was emphasized right at the start of the Introduction (in Section 1.1.1)
that grid functions on tensor grids fit into the tensor setting. The use of
regular grids seems rather old-fashioned. In fact, the modern approach
tries to adapt the grid (or nodal points) to each particular situation. The
goal is to obtain the desired accuracy with a minimal number of degrees of
freedom. The related techniques include (a) local refinement (h-method),
(b) the adaptive hp-method, and (c) wavelet methods. The price to pay for
the (relatively) small number of unknowns is a more complicated system of
equations and higher computational overheads. In contrast, we recommend
a regular tensor grid if the underlying domain is a Cartesian product. The
overhead is minimal. As already seen, the tensor formats help to reduce
the size nd of grid points to O(dn). The factor n is caused, for example,

by the basis vectors b
(j)
i ∈ Vj = Kn. Below we shall reduce this factor n

by a quantity which, under suitable conditions, can become O(log n). The
‘suitable conditions’ are those that allow us to approximate a function (or a
grid function on a regular fine grid) by an hp-method or by wavelets. This
means that the compression, which is part of the design of an hp-method or a
wavelet method, is now applied to the tensor (after the discretization in the

33 The combination of tensorization and the TT format is called QTT by Khoromskij
(2011). The use of the tensor subspace format does not make sense in this context.
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regular grid). While the compression technique in the various discretization
methods increases the programming overhead, compression is now a simple
truncation by means of singular value decompositions. Because of its black-
box character, the overhead is minimal.

12.2. Basic isomorphism and properties

We restrict ourselves to the vector space Kn = KI with I = {0, 1, . . . , n−1}
and n = 2d. Let

V :=
⊗d

j=1
K2,

where K2 = KJ with J = {0, 1}. The isomorphism Ψn : KI→ V is given by

means of the binary integer representation k =
∑d

j=1 ij2
j−1 (0 ≤ ij ≤ 1):

Ψn : Kn → V

v �→ v with vk = v[i1 · · · id] for k =
d∑

j=1
ij2

j−1.

Obviously, the vector v and the tensor v have the same data size if we
use the full format for v. Instead we may try to use another format, either
for the exact tensor v or for an approximation vε obtained by truncation.
As shown below, this step can reduce the data size n to O(log n).

Remark 12.1. A direct tensorization of matrices is based on the isomor-
phism Ψ : Kn×n ∼=

⊗d
j=1K

2×2 via

M [k, �] = Ψ(M)[(k1, �1), . . . , (kd, �d)],

where k j and �j are the binary digits of k and � (Oseledets 2010).

12.3. Rank estimates by analytic tools

12.3.1. Approximation by exponential sums

Remark 12.2. If v ∈ Kn has the entries vk = ζk for some basis ζ, then
v = Ψn(v) is the elementary tensor

v(1) ⊗ · · · ⊗ v(d) with v(j) =

[
1

ζ2
j−1

]
.

The data size is reduced from n to 2d = 2 log2 n.

A simple consequence is that any (grid) function that can be approxi-
mated by exponential sums with r terms, as in (5.11a), allows an approx-
imation by a tensor from Rr. Since the basis ζ may be complex, the ap-
proximation may also be obtained by r Fourier terms.
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12.3.2. Ranks of the TT format

We recall that the minimal rank ρj appearing in the TT format is de-
fined by rank{1,...,j}(v), the matrix rank of the corresponding matricization
M{1,...,j}(v). This matricization can be simply expressed by the vector v:

M{1,...,j}(v) =




v0 v2j · · · v2d−1

v1 v2j+1 · · · v2d−1+1
...

...
...

v2j−1 v2j+1−1 · · · v2d−1


. (12.1)

Each of the 2d−j columns corresponds to the (grid) function v in the intervals
[k2jh, (k + 1)2jh) for k = 0, . . . , 2d−j − 1 and the step size h = 1/n.
The data size of a TT tensor is

O(dρ2), where ρ := max
j

ρj .

Note that there is no dependence on dim(Vj), since this is the constant 2.34

12.3.3. Approximation by global polynomials

Assume that v can be approximated by a polynomial vε (restricted to the
grid) of degree p. Then each column in (12.1) is also a polynomial of de-
gree p. Therefore their span has at most the dimension ρj ≤ p + 1. The
data size of the tensor vε is O(d(p+ 1)2).

12.3.4. hp-approximation

Assume a (grid) function in [0, 1] with singular (or less regular) behaviour
at x = 0. A possible hp-discretization uses the partition of [0, 1] into the
intervals (0, h], (h, 2h], (2h, 4h], . . . , (2jh, 2j+1h], . . . , (1/2, 1). If the function
is asymptotically smooth (Hackbusch 2012, § 14.2.3), an error of comparable
maximum norm can be obtained by an polynomial approximation of equal
degree p. Let vε be the tensor corresponding to the grid values of this
piecewise polynomial. We verify that all columns except the first one are
polynomials of degree p. Therefore they span a space of dimension ≤ p+1.
Whatever the first column is, it can increase the dimension only by one.
This proves the uniform rank bound

ρj = dim(M{1,...,j}(vε)) ≤ p+ 2.

If the point singularity is not at an end point of [0, 1] but in the interior,
two exceptional columns are present and ρj ≤ p + 3 follows. The original
result of Grasedyck (2010b) considers the case of multiple point singularities.

34 The data size of the hierarchical format contains the cubic factor r3, r := max rα. One
of the rα is now rj ≤ 2!
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12.4. Operations

We recall the isomorphism Ψn : KI→ V = ⊗dK2 mapping the vector v into
the tensor v.

12.4.1. Addition, scalar product, Hadamard product

The addition and the Hadamard product (both denoted by the symbol �)
satisfy Ψn(v � w) = Ψn(v) � Ψn(w). The cost of the tensor operations on
the right-hand side is discussed in Section 8 and is related to the data size
of the tensors (not of the vectors).
Also, the Euclidean scalar product can be transferred directly to the scalar

product of the tensors: 〈v, w〉 = 〈Ψn(v),Ψn(w)〉.
If matrices are represented in the TT format according to Remark 12.1,

a similar statement holds for the matrix–vector multiplication.

12.4.2. Convolution

The d-variate convolution can be performed in each direction separately:(
d⊗

j=1

v(j)

)
�

(
d⊗

j=1

w(j)

)
=

d⊗
j=1

(v(j) � w(j))

(see Section 5.2.6). The proof follows directly from the definition of the
multidimensional convolution. How the convolution v � w of two vectors is
related to a convolution v �w of the tensors v = Ψn(v) and w = Ψn(w) is
another question entirely. It is almost possible to reduce v �w to a d-fold
convolution of the K2 components. In addition, a carry-over procedure links
the jth direction with the (j + 1)th direction. The computational cost is
related to the data size of the tensors. Details can be found in Hackbusch
(2011) or Hackbusch (2012, § 14.3).

12.4.3. Fast Fourier transform

There is a close relationship between the FFT algorithm and the binary
structure of the tensorization. However, the performance of the algorithm
has to be combined with truncation step in between, since otherwise the
ranks may explode. A description of the algorithm is given by Dolgov,
Khoromskij and Savostyanov (2012b) and Hackbusch (2012, § 14.4).

12.5. Combination with other formats

As mentioned above, vectors from Knj appear in the tensor subspace format

as basis vectors b
(j)
i or as vectors v

(j)
i in the r-term format. Assume that

all nj are powers of two. Then the full representation of Knj vectors can be
replaced by the TT format. This reduces not only the storage cost but also
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⇒
(a) (b)

Figure 12.1. (a) Balanced tree with four leaves Vj = K16. (b) Extended tree.

all operations involving the vectors (see Section 12.4). However, in the case
of the tensor subspace format, the costly core tensor remains unchanged.
If we combine any hierarchical format (with Knj vectors in the leaves)

with the TT format, we again obtain an (extended) hierarchical format, as
illustrated in Figure 12.1.

13. Applications

We only have space for a brief sketch of the main lines of research and
references to the literature.

13.1. Linear systems of equations

Consider the system Au = f , where the ‘vectors’ u, f ∈ V and the ‘matrix’
A are given in some format. The iterative solution by

um+1 = um −B(Aum − f)

has already been mentioned in Section 1.1.5. Assuming that A is the dis-
cretization of an elliptic operator which is an isomorphism from H−1(Ω) to
H1

0 (Ω), a suitable preconditioning matrix B is the inverse of the discretiza-
tion of −∆. Instead we may use the accurate approximation discussed in
Proposition 5.10. However, the iteration um+1 = um −B(Aum − f), if per-
formed exactly, increases the representation ranks of the respective format
until the maximal rank is reached. Therefore, one has to insert truncations
T into a fixed or adaptively determined representation rank, for example,
um+1 = T (um −B · T (Aum − f)) (Khoromskij 2009).
The linear iteration discussed above can be accelerated by the conjugate

gradient methods or their variants. Note that the orthogonalization required
in these methods is performed only approximately if truncation is used. If
the convergence of the method is fast enough, the deviation from orthog-
onality does not harm the results. Different approaches involving different
formats are described by Ballani and Grasedyck (2013), Oseledets, Tyrtysh-
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nikov and Zamarashkin (2011), Kressner and Tobler (2010, 2011a, 2011b)
and Savas and Eldén (2013).
Another way to solve linear systems is based on the minimization of (10.2)

or of J(v) = ‖Av − b‖2 or ‖B(Av − b)‖2 with B as above (Espig et al.
2012b).

The linear system may take the shape of matrix equations. For the treat-
ment of the generalized Lyapunov equation we refer to Benner and Breiten
(2013).

13.2. Elliptic PDEs with stochastic coefficients

A source of multivariate problems is the elliptic boundary value problem

div a(x, ω) gradu = f(x) in D, u = 0 on ∂Ω,

where x ∈ D ⊂ Rm is the spatial variable, while ω ∈ Ω is a stochastic
variable. To ensure ellipticity, one has to assume 0 < a− ≤ a(x, ω) ≤ a+ <
∞ for almost all (x, ω) ∈ D×Ω. Under standard assumptions, the stochastic
behaviour can be approximated by the Karhunen–Loève expansion (infinite
singular value decomposition). The truncation to theM largest terms allows
us to replace ω by the parameters p = (p1, . . . , pM ). Finally, we obtain a
multi-parametric problem:

div aM (x,p) graduM = f(x) in D, uM = 0 on ∂Ω,

defining solutions uM = uM (x,p).
For the algorithms and analysis we refer to the survey by Schwab and Git-

telson (2011). Among many publications concerning this topic we mention
Khoromskij and Schwab (2011), Dolgov, Kazeev and Khoromskij (2012a)
and Espig, Hackbusch, Litvinenko, Matthies and Wähnert (2014).

13.3. Problems from quantum chemistry

The Schrödinger equation describes an eigenvalue problem in the subspace
of the antisymmetric functions, which are not well suited to the formats
discussed so far (see the end of Section 2.1). According to Remark 3.8, fast
approximation in a tensor format requires the mixed derivatives to be under
control. Here, the pioneering results of Yserentant (2010) are important.
The eigenfunctions possess mixed derivatives which, even after exponential
weighting, are L2 functions. Further, the results of Flad, Hackbusch and
Schneider (2006, 2007) show that the wavefunctions are well representable
in tensor formats.
The simpler Hartree–Fock or Kohn–Sham formulations are (nonlinear)

eigenvalue problems for a differential equation in R3. The standard ap-
proach in quantum chemistry is approximation by sums of Gaussians mul-
tiplied by polynomials. This ansatz yields relatively good approximations
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for already low dimension, but it does not behave very well asymptotically.
Approximations by regular grids (see Section 12.1) promise better conver-
gence, provided that the R3 functions appearing in the Hartree–Fock equa-
tion allow a favourable approximation in tensor formats. Indeed, the test by
Chinnamsetty, Espig, Flad and Hackbusch (2010) shows a good approxima-
tion in the r-term format. The general concept of the tensor approach for
Hartree–Fock is described by Flad, Hackbusch, Khoromskij and Schneider
(2010). A numerical realization is presented by Khoromskij, Khoromskaia
and Flad (2011).
An important part of many-electron problems is the calculation of many-

electron integrals. For such a tensor calculation of two-electron integrals
see, for example, Benedikt, Auer, Espig and Hackbusch (2011).
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G. Beylkin, M. J. Mohlenkamp and F. Pérez (2008), ‘Approximating a wavefunc-
tion as an unconstrained sum of Slater determinants’, J. Math. Phys. 49,
032107.

D. Bini, G. Lotti and F. Romani (1980), ‘Approximate solutions for the bilinear
form computational problem’, SIAM J. Comput. 9, 692–697.

D. Braess (1986), Nonlinear Approximation Theory, Springer.
D. Braess and W. Hackbusch (2005), ‘Approximation of 1/x by exponential sums

in [1,∞)’, IMA J. Numer. Anal. 25, 685–697.
D. Braess and W. Hackbusch (2009), On the efficient computation of high-

dimensional integrals and the approximation by exponential sums. In Multi-
scale, Nonlinear and Adaptive Approximation (R. A. DeVore and A. Kunoth,
eds), Springer, pp. 39–74.
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