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Abstract. The billiard in the exterior of a finite disjoint unionK of strictly convex bodies in
Rd with smooth boundaries is considered. The existence of global constants 0< δ < 1 and
C > 0 is established such that if two billiard trajectories haven successive reflections from
the same convex components ofK, then the distance between theirj th reflection points is
less thanC(δj + δn−j ) for a sequence of integersj with uniform density in{1, 2, . . . , n}.
Consequently, the billiard ball map (although not continuous in general) is expansive. As
applications, an asymptotic of the number of prime closed billiard trajectories is proved
which generalizes a result of Morita [Mor ], and it is shown that the topological entropy of
the billiard flow does not exceed log(s−1)/a, wheres is the number of convex components
of K anda is the minimal distance between different convex components ofK.

1. Introduction
Let K be a compact subset ofRd (d ≥ 2) of the form

K = K1 ∪K2 ∪ · · · ∪Ks, (1)

where Ki are compact strictly convex disjoint bodies inRd with smoothboundaries
0i = ∂Ki . We assume thats ≥ 3. Let

Q = Rd \K.

DenoteD = diam(K) anda = mini 6=j dist(Ki,Kj ). Clearly 0< a < D. Theouter unit
normalto ∂K atq ∈ ∂K will be denoted byn(q).

Let M be theunit tangent bundleoverQ. We will identify M with Q×Sd−1 and write
the points ofM in the formx = (q, v), whereq ∈ Q andv ∈ Sd−1. Thenatural projection
π : M −→ Q is given byπ(q, v) = q. Then∂M = π−1(∂Q) is the boundary of the
manifoldM. Let St be thebilliard flow on M (see [CFS]). Given x = (q, v) ∈ M, the
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202 L. Stoyanov

trajectoryγ (x) = {St (x) : t ≥ 0}, is the usual billiard curve described by the motion of a
point mass issued fromq in directionv. InsideQ the mass moves with constant velocity,
while reaching the boundary it bounces off according to the usual law of geometrical optic,
‘the angle of incidence equals the angle of reflection’. The billiard flowSt obtained in this
way is a special case of adispersing billiard. Similar billiards but in bounded domains
in Rd or the torusTd have been extensively studied in connection with some important
problems in physics (see [BSC], [Ch], [CFS], [CvE], [DS], [Si1], [Si3], [Wo] and the
references there). The motivation for the considerations in the present paper comes from
some problems in scattering theory (cf. for example [Bu], [ I ], [PS], [Sj]).

The natural phase space of the billiard is

M1 = {x = (q, v) ∈ ∂M : 〈n(q), v〉 ≥ 0}.
For x = (q, v) ∈ M1 denote byϕ(x) the angle betweenn(q) andv; then cosϕ(x) =
〈n(q), v〉. Let x = (q, v) ∈ M1 be such that the billiard trajectoryγ (x) has a common
point with ∂Q and let t > 0 be the minimal number for whichSt (x) ∈ ∂M. Define
B(x) = St (x). Clearly, ifB(x) = (p,w), thenp ∈ ∂Q is the point at which the ray issued
from q in directionv hits ∂Q andw is the reflection ofv with respect to thetangent plane
Tp(∂Q) to ∂Q at p. Let M ′ be the set of allx ∈ M1 for whichB(x) is defined. The map
B : M ′ −→ M1 is called thebilliard ball map.

In order to get a continuous flow, one has to consider the billiard flow on thequotient
spaceM̃ = M/ ∼, where∼ is the following equivalence relation onM: (q, v) ∼ (p,w)

iff q = p and eitherv = w or q = p ∈ 0 = ∂K andv andw are symmetric with respect
to the tangent planeTq(0) to 0 at q. ClearlyM̃ = π̃(M1), whereπ̃ : M −→ M̃ is the
natural projection. The projection of the billiard flowSt onM is a continuous flow onM̃
which is also called billiard flow. We will use the same notationSt for it. Also, avoiding
the cumbersome notatioñπ(x), St (π̃(x)), etc., we will writex andSt (x) instead. It will
be clear from the context whether we are considering points inM or in M̃.

Throughout,ρ̃ will be a metric onM̃ such that

ρ̃(π̃(q, v), π̃ (p,w)) ≤ max{‖q − p‖, ‖v −w‖} (q, v), (p,w) ∈ M.

Clearly such a metric exists. Givenx = (q, v) ∈ M, denote by(qj (x), vj (x)) the j th
reflection point of the forward trajectory{St (x) : t ≥ 0}, provided there are at least
j reflections, and bytj (x) be the correspondingtime of reflection, that isStj (x)(x) =
(qj (x), vj (x)). If x ∈ M1, thenBj (x) = (qj (x), vj (x)). In this case we will assume that
q0(x) = q andv0(x) = v.

Let κ0 > 0 be theminimal sectional curvatureof 0 = ∂K with respect to the outer unit
normal fieldn(q) of 0. It follows from the strict convexity ofKj for eachj thatκ0 > 0.
Finally, introduce the notation

l0 =
[

D2

a2

]
+ 2, ϕ0 = π

2

(
1− 1

l0

)
, κ = min

{
κ0, 2κ0 cosϕ0,

2

a

}
, (2)

δ = 1

(1+ aκ)1/(s−1)
, δ1 = 1

(1+ aκ)1/(D(s−1))
, C = 24(s − 1)D2(1+ aκ)2/(s−1)

a log(1+ aκ)
.

(3)
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Our main result in this paper is the following.

THEOREM 1.1. LetK be an obstacle of the form (1) and letn ∈ N andx = (q0, v0), x
′ =

(q ′0, v′0) ∈ M1 be such that for each integerj with 0 ≤ j ≤ n the pointsqj (x) andqj (x
′)

are well-defined and both belong to0ij for someij . Then

‖vj (x)− vj (x
′)‖ ≤ 12D

a
(δj + δn−j ) (0≤ j ≤ n), (4)

and there existsτ with |τ | ≤ ‖q0− q ′0‖ < D such that

ρ̃(St (x), St+τ (x
′)) ≤ C(δt

1+ δT−τ
1 ) (0 ≤ t ≤ T ), (5)

whereT = tn(x). Moreover, there exists another global constantC̃ > 0, independent ofx,
x ′ andn such that for everyi = 0, 1, . . . , n− l0+1 there existsj = i, i+1, . . . , i+ l0−1
with

‖qj (x)− qj (x
′)‖ < C̃(δj + δn−j ) and |tj (x)− tj (x

′)− τ | ≤ C̃(δ
j

2 + δ
n−j

2 ), (6)

whereδ2 = δa
1.

The obstacleK is said to satisfy thecondition (H) of Ikawa if the convex hull of
every two convex components ofK does not have common points with any other convex
component ofK. In the special case when the condition (H) is satisfied, a result similar to
the above theorem can be easily derived from the papers of Ikawa [I ] and Sjöstrand (see
§B in [Sj]).

In the proof of Theorem 1.1 (see §§2 and 3) we essentially use some ideas from Sinai
[Si1], [Si2], Ikawa [I ] (see also [Bu]) and Sjöstrand [Sj].

The billiard ball mapB defines a dynamical system on the setM0 of thosex ∈ M1

so that for eachm ∈ N bothBm(x) andB−m(x) are defined. ClearlyM0 is a compact
subset of∂M andB : M0 −→ M0 is a bijection. It is also clear that in generalB is not
continuous.

A natural invariant measure forB on M1 is theLiouville measuredν = cosϕ dq dv.
However in the situation under consideration,M0 has Lebesgue measure zero inM1, i.e.
in Q×Sd−1, so the Liouville measure is of little help when one considers the restriction of
B onM0. In the special case whenK is the union of three congruent disks inR2 centered
at the vertices of an equilateral triangle, an invariant measure onM0 was constructed by
Lopes and Markarian [LM ] (see also [ChM ]).

In some degenerate casesM0 is finite, and whenM0 is infinite it is probably the union
of a finite set and finitely many Cantor sets of Lebesgue measure zero. Though the points
of discontinuity ofB on M1 form a set of measure zero, it is not clear whether in general
the points of discontinuity ofB on M0 form a relatively small subset ofM0 (say, a subset
of first Baire category). So, it is not quite clear how to define the topological entropy of
B : M0 −→ M0.

On the other hand, the billiard flowSt is always continuous, so its topological entropy is
well-defined. It is reasonable to consider the billiard flow on its largest bounded invariant
set

L̃ = {St (π̃(x)) : x ∈ M0, t ∈ R}
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(this is actually the non-wandering set ofSt in M̃), and define thetopological entropyh of
St to be the topological entropyh(St ) = h(S1) of the flowSt : L̃ −→ L̃.

There is a natural way of coding the billiard trajectories using the boundary components
0i . Let

6 =
∞∏

j=−∞
F0,

where F0 = {1, 2, . . . , s} and let σ : 6 −→ 6 be theBernoulli shift on 6, i.e.
σ({ij }) = {i ′j }, wherei ′j = ij+1 for eachj . Givenx ∈ M0, for every integerj there

exists an (unique)ij ∈ {1, 2, . . . , s} such thatBj(x) ∈ 0ij . Definef (x) = {ij }. In this
way one gets a mapf : M0 −→ 6 such thatf ◦ B = σ ◦ f . In particular,6K = f (M0)

is an invariant subset forσ . It follows from Theorem 1.1 thatf is invertible, so it provides
acodingfor the billiard onM0. Using it, in §4 we prove the following.

THEOREM 1.2. For every obstacleK of the form (1) the topological entropyh of the
billiard flow St does not exceedlog(s − 1)/a.

For bounded two-dimensional dispersing billiards such result was obtained by Chernov
[Ch] using the estimate of the number of periodic points from [St]. In fact, Chernov [Ch]
showed that lim infPn(B)/n ≥ h(B), wherePn(B) is the number of periodic points ofB
with periodn andh(B) is the topological entropy ofB (in this case it is well-defined). It
was also proved in [Ch] that for bounded two-dimensional dispersing billiards the periodic
points form a dense subset of the phase space. An interesting (but probably difficult)
question is whether the same holds in the situation considered above. Theorem 1.3 below
shows that this is so when the condition (H) is satisfied.

Clearly in some cases we may haveh = 0. A reasonable conjecture seems to be that
h > 0 whenever the setM0 is infinite. Let us mention that for dispersing billiards in
bounded domainsQ the entropyh is always positive (cf. Sinai [Si3] and [Ch]). For such
billiards it is also known that a symbolic dynamics with an infinite alphabet always exists
[BSC] (see also [GO]).

In our situation, in general the mapf is not continuous and6K is not compact, sof
does not provide a symbolic dynamics for the billiard ball mapB. However, in the special
case when the condition (H) is satisfied, the billiard flowSt is an Axiom A flow,6K is
compact andf is a Lipschitz homeomorphism, so it does provide symbolic dynamics for
B. In fact, in this case it is easily seen that

6K = {{ij } : ij 6= ij+1 for all j },
so the restrictionσK of the Bernoulli shiftσ to 6K is a topological Markov chain with
entropy log(s − 1). Consequently, the billiard flowSt is naturally isomorphic to a
special flow overσK which gives an asymptotic for the distribution of the closed billiard
trajectories. Forn = 2 the latter was obtained by Morita [Mor ] using a result of Parry and
Pollicott [PP]. In fact, combining Theorem 1.1 above (or the earlier result of Ikawa [I ] and
Sjöstrand [Sj]) and a modification of the argument in §3 of [Mor ] (see §5 below), one gets
a generalization of Morita’s result to all dimensionsn ≥ 2.
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THEOREM 1.3. LetK satisfy the condition (H) and leth be the topological entropy of the
billiard flow St : L̃ −→ L̃. Then the flowSt on L̃ is naturally isomorphic to a special flow
overσK such that the corresponding closed orbits have the same periods. Moreover

#{γ : ehTγ ≤ λ}. logλ

λ
→ 1 asλ→∞,

whereγ runs over the set of all prime closed trajectories ofSt andTγ is the period ofγ ,
andlog(s − 1)/D ≤ h ≤ log(s − 1)/a.

2. Pseudo-billiard trajectories
Let K be an arbitrary obstacle inRd of the form (1). Throughout we will assume that
0 ∈ K and will denote byU0 theopen ball with centre0 and radius2D. ClearlyK ⊂ U0.

By a pseudo-billiard trajectorywe mean a curve of the formγ = ∪k
j=0[qj , qj+1] such

that:
(i) q0 6= q1, qk 6= qk+1 and for eachj = 1, . . . , k − 1, qj ∈ 0ij , whereij = 1, . . . , s

andij+1 6= ij for eachj ;
(ii) for eachj = 1, . . . , k eitherqj lies on the segment[qj−1, qj+1] (thenqj will be

called anintersection pointor a tangent pointfor the trajectory) or[qj−1, qj ] and
[qj , qj+1] satisfy the law of reflection atqj with respect to0ij (in which caseqj

will be called areflection pointfor the trajectory).
It is clear from this definition that in general a pseudo-billiard trajectory may intersect

the interior ofK (see Figure 1). As we will see below, in some cases it is more convenient
to consider certain pseudo-billiard trajectories instead of the corresponding proper billiard
trajectories in the exteriorQ of K.

We begin with the following simple but rather important lemma.

LEMMA 2.1. Let l0 andϕ0 be defined by (2). Then for every pseudo-billiard trajectory
q0, q1, . . . , ql0+1 there existsj = 1, 2, . . . , l0 such thatqj is a reflection point for the
trajectory andϕj < ϕ0, whereϕj is the angle between the segment[qj , qj+1] andn(qj ).

Proof. Given an arbitrary pseudo-billiard trajectoryq0, q1, . . . , ql0+1, assume thatϕj ≥ ϕ0

for all j = 1, . . . , l0. Then, according to (2),ψj = (π/2)− ϕj ≤ π/(2[D2/a2]). Denote
ej = qj+1− qj ; then‖ej‖ ≤ a for eachj = 1, . . . , l0. Since for 1≤ i < j ≤ l0 the angle
betweenei andej does not exceed

ψi + ψi+1 + · · · + ψj−1 < (j − i)
π

2[D2/a2] ≤
π

2
,

it follows that〈ei, ej 〉 > 0. Therefore

D2 ≥ ‖ql0 − q1‖2 =
∥∥∥∥ l0−1∑

j=1

ej

∥∥∥∥2

≥
l0−1∑
j=1

‖ej‖2 ≥ (l0− 1)a2.

This yieldsl0 ≤ (D2/a2)+ 1 < [D2/a2] + 2 which is a contradiction with (2). 2

Let n ≥ s. An n-tuple

α = (i1, i2, . . . , in) (7)
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will be called aconfigurationof lengthn if ij = 1, . . . , s for eachj and ij 6= ij+1 for
j < n.

Let (7) be a fixed configuration. Consider the open sets

Uα = {q ∈ U0 : a < dist(q,Ki1)}, Vα = {p ∈ Rd : a < dist(p,Kin )}.
For (q, p) ∈ Uα × Vα define

Fα(q; q̂;p) = ‖q − q1‖ +
n−1∑
i=1

‖qi − qi+1‖ + ‖qn − p‖

for q̂ = (q1, . . . , qn) ∈ K̂ = Ki1 × · · · ×Kin . Thus, one gets a map

Fα : Uα ×Ki1 × · · · ×Kin × Vα −→ R.

For a fixed (q, p) ∈ Uα × Vα there existsq̂ ∈ K̂ such thatFα(q, q̂, p) =
min

q̃∈K̂ Fα(q, q̃, p). In general̂q is not unique but thepseudo-billiard trajectory

γ (α)(q, p) = [q, q1] ∪
( n−1⋃

i=1

[qi, qi+1]
)
∪ [qn, p] (8)

is uniquely determined. This follows, for example, from the argument in §3 of [St]. Set

q0(q, p) = q, qn+1(q, p) = p,

and proceeding by induction onj , denote byqj (q, p) the point on the segmentγ (α)(q, p)∩
Kij which is closest toqj−1(q, p) (see Figure 1).

Define

vj (q, p) = qj+1(q, p)− qj (q, p)

‖qj+1(q, p)− qj (q, p)‖ ∈ Sd−1.

It is easily seen that for each 1≤ j ≤ n, either one of the segments[qj−1(q, p), qj (q, p)]
and [qj (q, p), qj+1(q, p)] intersects the interior ofKij , in which caseqj (q, p) will
be called anintersection pointof γ (α)(q, p), or these two segments satisfy the law of
reflection atqj (q, p) with respect to0ij = ∂Kij . In the latter caseqj (q, p) will be called
a reflection pointof γ (α)(q, p). Clearly a reflection point may be a point oftransversal
reflectionor a tangent point.

It is easy to derive from this definition that eachqj (q, p) is a continuous function of
(q, p) ∈ Uα × Vα , and if γ (q, p) is not tangent toKij at qj (q, p), thenqj (q, p) is
differentiable with respect toq andp in a neighbourhood of(q, p).

Let ξ
(α)
t (q, p) be the shift ofq along the trajectoryγ (α)(q, p) after timet . Denote by

ω
(α)
t (q, p) ∈ Sd−1 the direction ofγ α(q, p) at ξ(α)

t (q, p). At reflection pointsξ(α)
t (q, p),

one has to identify pairs of directions symmetric with respect to the corresponding tangent
plane. In others words, as for the billiard flowSt , one has to considerS(α)

t (q, p) =
(ξ

(α)
t (q, p), ω

(α)
t (q, p)) as a point inM̃. ClearlyS

(α)
t (q, p) is well-defined for 0≤ t ≤

T (α)(q, p), whereT (α)(q, p) is thelength of the trajectoryγ (α)(q, p). For t > T (α)(q, p)

we defineω(α)
t (q, p) = vm(q, p) andξ

(α)
t (q, p) = p+(t−T (α)(q, p))vm(q, p), while for
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FIGURE 1.

t < 0 we setω(α)
t (q, p) = −v + 2〈v, n(q)〉n(q) andξ

(α)
t (q, p) = q + tv. Givenp ∈ Vα

andq, q ′ ∈ Uα , set

tp(q, q ′) = T (α)(q ′, p)− T (α)(q, p).

The following estimates and some of the arguments in their proofs are the main
ingredients for the proof of Theorem 1.1.

LEMMA 2.2. Letm ∈ N, α be a configuration of the form (7) and let(q0, p0) ∈ Uα × Vα

be such that for eachj = 1, . . . ,m, qj (q0, p0) is not a tangent point ofγ (α)(q0, p0) to
0ij . Then

‖∂qξ
(α)
t+tp(q0,q)(q, p0)|q=q0‖ < C1δ

t , ‖∂pξ
(α)
t (q0, p)|p=p0‖ < C1δ

T−t (9)

for 0 ≤ t ≤ T , whereT = T (α)(q0, p0) andC1 is given by

C1 = 8D(s − 1)(1+ aκ)1/(s−1)

a log(1+ aκ)
. (10)

To prove Lemma 2.2, we first obtain a local estimate about‖vj (q0, p0) −
vj (q0, p)‖/‖p0 − p‖. Clearly this will provide an estimate for‖∂pvj (q0, p0)‖. In the
same way one obtains an estimate for‖∂qvj (q0, p0)‖.

Let

0= τ0(q, p) < τ1(q, p) < · · · < τn(q, p) < τn+1(q, p) = T (α)(q, p)

be such thatξ(α)
τj (q, p) = qj (q, p) for eachj = 0, 1, . . . , n, n+ 1.

Fix for a moment(q0, p0) ∈ Uα × Vα such thatthe trajectoryγ (α)(q0, p0) does not
contain points tangent to0. For b > 0, denote byUb the ball with centerq0 and radius
b and byVb the ball with centerp0 and radiusb. Takeb < a/4 so small that for each
(q, p) ∈ Ub × Vb the trajectoryγ (q, p) has no tangencies to0. We may as well assume
thatb is so small that for each(q, p) ∈ Uα × Vα we have

τj−1(q0, p0) < τj (q, p) < τj+1(q0, p0) (j = 1, . . . , n). (11)
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Given j = 1, . . . , n, denote byϕj (q, p) the (smallest positive) angle between the
vector qj+1(q, p) − qj (q, p) and the unit normaln(qj (q, p)) to 0 at qj (q, p). Let
j1 < j2 < · · · < jk be the sequence of allj = 1, . . . , n with ϕj (q0, p0) < ϕ0. It
follows from Lemma 2.1 thatjl+1− jl ≤ l0 (1≤ l ≤ k), therefore

k ≥ n

l0
. (12)

In what follows we also assume thatb > 0 is chosen so small that

ϕjl (q, p) < ϕ0 for all (q, p) ∈ Ub × Vb, l = 1, . . . , k. (13)

Denote byX a sphere with centerq0 and radiusr ≤ a/2; then the sectional curvature
of X is 1/r ≥ 2/a. Denote byX′ the set of thoseq ∈ X such that there existsp ∈ Vb

for which the first segment[q0, q1(q0, p)] of γ (α)(q0, p) intersectsX at q. ThenX′ is an
open subset ofX andnX(q) = (q − q0)/‖q − q0‖ is the outer normal field toX′. Set
X′t = {ξ(α)

t (q0, p) : p ∈ Vb}, and fort ∈ [r, T ], denote byκt (p) theminimal sectional

curvatureof X′t atξ(α)
t (q0, p). WhenS

(α)
t (q0, p) is a reflection point ofγ (α)(q0, p), denote

κ+t (p) = lim
t ′↓t

κt (p), κ−t (p) = lim
t ′↑t

κt (p).

LEMMA 2.3. We have

κt (p) ≥ κ

1+ l0Dκ
(14)

for all p ∈ Vb andt ∈ [r, T ].
Proof. Fix p ∈ Vb and denotetl = τjl (q0, p). Sincejl+1−jl ≤ l0, we havetl+1 ≤ tl+l0D

for all l = 1, . . . , k − 1.
Let r ≤ t < t1(q0, p). Thenκt (p) = κ ′/(1+ tκ ′), whereκ ′ = 1/r is the sectional

curvature ofX′. Since for everyz > 0, the functionx 7→ x/(1+ zx) is increasing on
[0,∞), κ ′ ≥ 2/a ≥ κ andt ≤ l0D imply κt (p) ≥ κ/(1+ tκ) ≥ κ/(1+ l0Dκ).

Assume 1< j1. Thent2 ≤ l0D andκ+t1 ≥ κ−t1 ≥ κ/(1+ t1κ) (cf. Proposition A.1 in the
Appendix) imply that fort ∈ [t1, t2) we have

κt (p) ≥ κ+t1
1+ (t − t1)κ

+
t1

≥ κ/(1+ t1κ)

1+ (t − t1)κ/(1+ t1κ)
= κ

1+ tκ
≥ κ

1+ l0Dκ
.

Proceeding in this way, one shows that (14) holds for allt ∈ [r, t1). Next,
Proposition A.1, (13) and (2) yieldκ+t1 (p) ≥ 2κ0 cosϕj1(q0, p) ≥ 2κ0 cosϕ0 ≥ κ . Now,
repeating the above argument, one gets that (14) holds for allt ∈ [t1, t2], etc. Using a
simple induction, it follows that (14) holds for allt ∈ [r, T ]. 2

LEMMA 2.4. (Ikawa [I , Lemma 3.7])Let X and Y be the boundaries of two disjoint
compact strictly convex bodies inRd . SupposeX and Y are smooth and denote bynX

the unit outer normal field toX. Givenη ∈ X, let η(t) (t ≥ 0) be the shift ofη along
the billiard trajectory in the exterior ofY issued from(η, nX(η)). Supposeη, ζ ∈ X are
such that the trajectories{η(t) : t ≥ 0} and {ζ(t) : t ≥ 0} hit Y transversally atη(t1)

and ζ(t2), respectively, andt1 ≤ t2. Then‖η(i)(t2) − ζ(t2)‖ ≤ ‖η(t2) − ζ(t2)‖, where
η(i)(t2) = η + t2nX(η).
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FIGURE 2.

We also need the following lemma, the first part of which is a local version of
Lemma 3.6 of Ikawa [I ]. The proof is simple and we omit it.

LEMMA 2.5. Let Y be a smooth convex surface inRd with a unit normal fieldnY (p), let
p0 ∈ Y and letκ ′ > 0 be such that the minimal sectional curvature ofY at p is greater
thanκ ′ for eachp ∈ Y .
(a) There exists an open neighbourhoodW of p0 in Y such that wheneverq, p ∈ W we

have

‖(q + tnY (q))− (p + tnY (p))‖ ≥ (1+ tκ ′)‖q − p‖.
(b) If the neighbourhoodW of p0 is sufficiently small, then for allq, p ∈ W andt ≥ 0

we have‖q − p‖ ≤ ‖(q + tnY (q))− p‖.
The following is the main part in the proof of the central Lemma 2.2.

LEMMA 2.6.
(a) For δ given by (3) we have,

‖vi(q0, p0)− vi(q0, p)‖ <
12

a
δn−i‖p0 − p‖, 0 ≤ i ≤ n. (15)

for eachp ∈ Vb . Moreover, ifi = jl for somel = 1, . . . , k, then we have,

‖qi(q0, p0)− qi(q0, p)‖ <
3

cosϕ0
δn−i‖p0− p‖. (16)

(b) For everyp ∈ Vb we have,

|T (q0, p0)− T (q0, p)| ≤ ‖p0 − p‖, (17)

and

|τj (q0, p0)− τj (q0, p)| ≤ ‖qj (q0, p0)− qj (q0, p)‖ ≤ D (18)

for eachj = 1, . . . , n.
(c) Let δ1 be defined by (3). Then

ρ̃(S
(α)
t (q0, p0), S

(α)
t (q0, p)) ≤ C1δ

T−t
1 ‖p0 − p‖, 0 ≤ t, p ∈ Vb, (19)

whereT = T (α)(q0, p0) andC1 is given by (10).
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FIGURE 3.

Proof. Denoteδ0 = 1/(1+ aκ), and notice that forδ given by (3) we haveδ = δ
1/(s−1)

0 .
Let l1 ≤ l2 ≤ · · · ≤ lm be the sequence of all indicesl = 0, 1, . . . , n such thatql(q0, p0)

is a reflection point ofγ (α)(q0, p0). For convenience setl0 = 0 andlm+1 = n. Clearly, if
n ≥ 1, thenli+1 − li ≤ s − 1 for eachi, soi ≤ li ≤ (s − 1)i for eachi ≥ 1. In particular
n ≥ (m+ 1)(s − 1).

Given 1 ≤ j ≤ m, denoteηj = qlj (q0, p0), η
(r)
j = ξ

(α)
τlj

(q0,p)(q0, p0) and ζj =
qlj (q0, p) if τlj (q0, p0) ≤ τlj (q0, p) andηj = qlj (q0, p), η

(r)
j = ξ

(α)
τlj

(q0,p0)
(q0, p) and

ζj = qlj (q0, p0) otherwise. Letη(i)
j be the point symmetric toη(r)

j with respect to the
tangent planeTηj (∂K).

Let us prove (b) first. Let 1≤ j ≤ m. We may assumeτlj (q0, p0) ≤ τlj (q0, p);
the other case is similar. Lett = τlj (q0, p0), t ′ = τlj (q0, p) − t . Then the points

qlj (q0, p0) = ξ
(α)
t (q0, p0) and q ′ = ξ

(α)
t (q0, p) lie on the (strictly) convex surface

Y = {ξ(α)
t (q0, p

′) : p′ ∈ Vb} andqlj (q0, p) = q ′ + t ′nY (q ′), wherenY (q ′) is the outer
unit normal toY at q ′. This clearly impliest ′ ≤ ‖qlj (q0, p0) − qlj (q0, p)‖, which proves
(18).

To prove (17), we may assume thatT = T (α)(q0, p0) ≤ T (α)(q0, p); the other
case is similar. Thent = T (α)(q0, p) − T ≥ 0. Consider the strictly convex surface
Y = {ξ(α)

T (q0, p
′) : p′ ∈ Vb}. Clearly p0 ∈ Y and p′′ = ξ

(α)
T (q0, p) ∈ Y , while

p′ = p′′ + tnY (p′′). The convexity ofY now implies‖p0 − p‖ ≥ ‖p′′ − p′‖ = t .
Thus|T − T (α)(q0, p)| = t ≥ ‖p0 − p‖, which proves (17).

Next, we are going to prove (a). First notice that Lemma 2.4 yields‖η(r)
1 −ζ1‖ ≥ ‖η(i)

1 −
ζ1‖ ≥ (a/2r)‖q0−q‖. Let 1≤ j < n. Applying Lemmas 2.4 and 2.5 (see Figure 3 for one
possible configuration), one gets‖η(r)

j+1− ζj+1‖ ≥ ‖η(i)
j+1− ζj+1‖ ≥ (1+ aκ)‖η(r)

j − ζj‖.
Finally, for l = n, using Lemma 2.5(b) and (a), we have

‖p0 − p‖ ≥ (1+ aκ)‖η(r)
m − ζm‖. (20)

A simple induction now shows that‖p0 − p‖ ≥ (1+ aκ)m−j‖η(r)
j − ζj‖ for 1 ≤ j < m.

This yields

‖η(r)
j − ζj‖ ≤ δ

m−j

0 ‖p0 − p‖. (21)
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FIGURE 4.

Consequently, forj < m,

‖η(i)
j+1 − ζj+1‖ ≤ ‖η(r)

j+1 − ζj+1‖ ≤ δ
m−j−1
0 ‖p0 − p‖. (22)

Without loss of generality we may assume thatζj andηj+1 are on the same trajectory

(the case on Figure 3; the other case is similar). DenoteL = ‖η(i)
j+1 − ζj‖. Then

L = ‖ζj+1 − η
(r)
j ‖ by construction and so one of the vectorsvlj (q0, p0) andvlj (q0, p)

coincides with(1/L)(η
(i)
j+1 − ζj ) and the other one with(1/L)(ζj+1− η

(r)
j ).

Now combining (21) and (22) gives

‖vlj (q0, p0)− vlj (q0, p)‖ ≤ 1

L
‖(η(i)

j+1 − ζj )− (ζj+1 − η
(r)
j )‖

≤ 1

L
(‖η(r)

j − ζj‖ + ‖η(i)
j+1 − ζj+1‖)

≤ 1

a
δ
m−j

0 ‖p0− p‖ + 1

a
δ
m−j−1
0 ‖p0− p‖

<
4

a
δ
m−j

0 ‖p0− p‖.
Hence the inequality

‖vlj (q0, p0)− vlj (q0, p)‖ <
4

a
δ
m−j

0 ‖p0− p‖ (23)

holds for anyj < m. It also holds forj = m; this follows trivially from (20).
To prove (15), consider an arbitraryi = 0, 1, . . . , n. The casem = 0 is trivial, so

we will assume thatm ≥ 1. There existsj = 0, 1, . . . ,m with lj ≤ i < lj+1. Then
n− i ≤ lm+1 − lj ≤ (m+ 1− j)(s − 1). From this, (23) and (3) one gets

‖vi(q0, p0)− vi(q0, p)‖ = ‖vlj (q0, p0)− vlj (q0, p)‖ <
4

a
δ
m−j

0 ‖p0 − p‖

<
4

aδ0
δ
(n−i)/(s−1)

0 ‖p0− p‖ = 12

a
δn−i‖p0 − p‖,

which proves (15).
Finally, let l = ri for somei = 1, . . . , k. Thenϕl < ϕ0 and alsol = lj for some

j = 1, . . . ,m. Consider the triangleηj ζjη
(r)
j (see Figure 4). We haveψ ≥ (π/2) − ϕ0.
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Clearly ifψ > π/2, then by (21),‖ηj−ζj‖ < ‖η(r)
j −ζj‖ < δ

m−j

0 ‖p0−p‖. Letψ ≤ π/2.
Then, using (21) again, we get

‖ql(q0, p0)− ql(q0, p)‖ = ‖ηj − ζj‖ = sinψ ′

sinψ
‖η(r)

j − ζj‖ ≤ 1

cosϕ0
δ
m−j

0 ‖p0− p‖.

As above,n− l = n− lj ≤ (m+ 1− j)(s − 1), therefore

‖ql(q0, p0)− ql(q0, p)‖ ≤ 1

δ0 cosϕ0
δ
(n−l)/(s−1)

0 ‖p0 − p‖ ≤ 3

cosϕ0
δn−l‖p0− p‖,

which proves (16).
It remains to prove (c). Givent ∈ (0, T ], taker with 0 < r < min{t, a/2} and, as

before, denote byX the sphere with centreq0 and radiusr. Then the inequalities in (a)
hold. There existsj = 0, 1, . . . ,m such that

t ′ = τlj ≤ t < t ′′ = τlj+1. (24)

Set l = lj . Without loss of generality we may assume thatηj = ql(q0, p0) and
ζj = ql(q0, p); the other case is considered similarly. With this assumption, (11) implies
t ′ ≤ τl(q0, p) < t ′′. Then there existsp′ ∈ [p0, p] such thatτlj (q0, p

′) = t .
First, suppose thatj < n. Set t̃ = t − t ′, v′ = vlj−1(q0, p0), η′ = ηj + t̃ v′,

w = vlj (q0, p), w′′ = vlj (q0, p0), η′′ = ηj + t̃w′′, ζ ′ = qlj (q0, p
′), w′ = vlj (q0, p

′)
(see Figure 5). Using (22) and (24) for the pairsp0, p

′ andp′, p, we get

‖ξ(α)
t (q0, p0)− ξ

(α)
t (q0, p)‖

≤ ‖ξ(α)
t (q0, p0)− ξ

(α)
t (q0, p

′)‖ + ‖ξ(α)
t (q0, p

′)− ξ
(α)
t (q0, p)‖

= ‖η′ − ζ ′‖ + ‖ζ ′ − η′′‖ ≤ δ
m−j

0 ‖p0 − p′‖ + δ
m−j

0 ‖p′ − p‖ = δ
m−j

0 ‖p0− p‖.
Therefore

ρ̃(S
(α)
t (q0, p0), S

(α)
t (q0, p))

≤ ρ̃(S
(α)
t (q0, p0), S

(α)
t (q0, p

′))+ ρ̃(S
(α)
t (q0, p

′), S(α)
t (q0, p))

= ρ̃((η′, v′), (ζ ′, v′′))+ ρ̃((ζ ′, w′), (η′′, w′′))

≤ 4

a
δ
m−j

0 ‖p0− p′‖ + 4

a
δ
m−j

0 ‖p′ − p‖ = 4

a
δ
m−j

0 ‖p0− p‖.
Notice thata ≤ tl+1− tl ≤ D. As in the proof of (a) above we haven− l = lm+1 − lj ≤
(m+1−j)(s−1). Moreovertl ≤ t ≤ tl+1 impliest+(n−l)D > T , son−l > (T −t)/D.
Thereforem+ 1− j > (n− l)/(s − 1) > (T − t)/(s − 1)D, which implies

ρ̃(S
(α)
t (q0, p0), S

(α)
t (q0, p)) <

4

aδ0
δ
(T−t )/(s−1)D

0 ‖p0 − p‖ <
12

a
δT−t

1 ‖p0− p‖.

This proves (19) in the case whenj < m.
Finally, consider the case whenj = m, i.e. t ≥ τlm(q0, p0). Let l = lm. If

t ≤ τl(q0, p), then (19) follows trivially from the above argument. So, we will assume
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FIGURE 5.

that t ≥ max{τl(q0, p0), τl(q0, p)}. Notice that in this case (23) implies‖ω(α)
t (q0, p0) −

ω
(α)
t (q0, p)‖ = ‖vm(q0, p0)− vm(q0, p)‖ < (4/a)‖p0−p‖. So, in order to prove (19), it

remains to show that

‖ξ(α)
t (q0, p0)− ξ

(α)
t (q0, p)‖ < C1δ

T−t
1 ‖p0 − p‖. (25)

Again without loss of generality one may assume thatηm = ql(q0, p0) and ζm =
ql(q0, p). Then for t ′ = t − τl(q0, p) we haveξ

(α)
t (q0, p0) = ηm + t ′vl(q0, p0) and

ξ
(α)
t (q0, p) = ζm+ t ′vl(q0, p), and clearly‖ξ(α)

t (q0, p0)− ξ
(α)
t (q0, p)‖ ≤ ‖p0−p‖ holds

for t ≤ T ′ = min{T , T (α)(q0, p)}. In this case we haveT − t ≤ 2D, so

3δT−t
1 ≥ 3δ2D

1 =
3

(1+ aκ)2/(s−1)
≥ 3

1+ aκ
≥ 1.

Therefore (cf. (10))

‖ξ(α)
t (q0, p0)− ξ

(α)
t (q0, p)‖ ≤ ‖p0 − p‖ ≤ 3δT−t

1 ‖p0− p‖ < C1δ
T−t
1 ‖p0 − p‖.

Let t > T ′. Consider the pointsp′ = ξ
(α)

T ′ (q0, p0) and p′′ = ξ
(α)

T ′ (q0, p). For
v′ = vl(q0, p0) andv′′ = vl(q0, p), according to (23) we have‖v′−v′′‖ < (4/a)‖p0−p‖.
Then

‖ξ(α)
t (q0, p0)− ξ

(α)
t (q0, p)‖

= ‖(p′ + (t − T ′)v′)− (p′′ + (t − T ′)v′′)‖
≤ ‖p′ − p′′‖ + (t − T ′)‖v′ − v′′‖ ≤ ‖p0− p‖ + (t − T ′)

4

a
‖p0 − p‖

=
(

1+ 4(t − T ′)
a

)
‖p0− p‖.

Using the fact thatδ−1
1 = (1+ aκ)1/D(s−1), one easily checks thatλ(u) = (4D(s − 1)/

a log(1+ aκ))δ−u
1 − (4u/a) − 1 ≥ 0 for all u ≥ 0. Thus, 1+ (4u/a) ≤ C2δ

−u for all
u ≥ 0, where

C2 = 4D(s − 1)

a log(1+ aκ)
.
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Consequently,‖ξ(α)
t (q0, p0) − ξ

(α)
t (q0, p)‖ < C2δ

T ′−t
1 ‖p0 − p‖ for all t ≥ T ′. Since

T ′ ≤ T −D, it follows that (cf. (10) again)

‖ξ(α)
t (q0, p0)− ξ

(α)
t (q0, p)‖ < C2δ

T−t−D
1 ‖p0 − p‖ = C2(1+ aκ)1/(s−1)δT−t

1 ‖p0− p‖
≤ C1δ

T−t
1 ‖p0− p‖.

This proves (25) which implies (19). 2

Recall that forq, q ′ ∈ Uα andp ∈ Vα, tp(q, q ′) = T (α)(q, p) − T (α)(q ′, p). This
clearly impliestp(q, q ′)+ tp(q ′, q ′′) = tp(q, q ′′).

COROLLARY 2.7.
(a) For eachq ∈ Ub we have‖vi(q0, p0) − vi(q, p0)‖ < (12/a)δi

1‖q0 − q‖ for
1 ≤ i ≤ n, and if i = jl for somel = 1, . . . , k, then

‖qi(q0, p0)− qi(q, p0)‖ <
3

cosϕ0
δi

1‖q0− q‖.

(b) For everyq ∈ Ub we have|T (q0, p0)− T (q, p0)| ≤ ‖q0− q‖, and

|τj (q0, p0)− τj (q, p0)| ≤ ‖qj (q0, p0)− qj (q, p0)‖ ≤ D

for j = 1, . . . , n.
(c) Let δ1 be defined by (3). Then for everyq ∈ Ub we have

ρ̃(S
(α)
t (q0, p0), S

(α)
t+τ (q, p0)) ≤ C1δ

t
1‖q0− q‖, 0 ≤ t ≤ T , (26)

whereT = T (α)(q0, p0), τ = tp0(q0, q) andC1 is given by (10).

Proof. Parts (a) and (b) follow immediately from the corresponding parts of Lemma 2.6,
changing the roles ofq and p and replacing the configurationα by −α =
(in, in−1, . . . , i2, i1).

(c) Notice thatT = T (−α)(p0, q0). Changing the roles ofq andp and using Lemma
2.6(c) withα replaced by−α, one gets̃ρ(S

(−α)
t (p0, q0), S

(−α)
t (p0, q)) ≤ C1δ

T−t
1 ‖q0−q‖

for all t ≥ 0 andq ∈ Ub. Fix q ∈ Ub for a moment and denoteq ′ = S
(−α)
T (p0, q).

Notice that S
(−α)
t (p0, q0) = S

(α)
T−t (q0, p0), while S

(−α)
t (p0, q) = S

(α)
T−t+τ (q, p0).

Thereforeρ̃(S
(α)
T−t (q0, p0), S

(α)
T−t+τ (q, p0)) ≤ C1δ

T−t
1 ‖q0 − q‖ for all t ≥ 0, and so

ρ̃(S
(α)
t (q0, p0), S

(α)
t+τ (q, p0)) ≤ C1δ

t
1‖q0− q‖ for 0≤ t ≤ T .

Proof of Lemma 2.2.The second inequality in (9) follows from (19), while the first follows
from (26). 2

3. Exponential instability of the billiard
In this section Theorem 1.1 is proved.

Givenx = (q, v) ∈ M ′, let (qj (x), vj (x)) = Bj (x), providedBj(x) is defined. Denote
by tj (x) the correspondingtimes of reflection, that isStj (x)(x) = Bj(x).

Let x = (q0, v0) ∈ M1, x ′ = (q ′0, v′0) ∈ M1 andn ∈ N be as in Theorem 1.1. Then for
eachj = 0, 1, . . . , n there existsij ∈ {1, 2, . . . , s} with qj (x), qj (x

′) ∈ 0ij . Defineα by
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(7). Sinceq0 = q0(x), q ′0 = q0(x
′) ∈ 0i0, it is clear that bothq0 andq ′0 belong to the set

Uα (cf. §2). In fact the whole segment[q0, q
′
0] is in Uα. Also, the points

p0 = qn(x), p′0 = qn(x
′)

are in0in , so[p0, p
′
0] ⊂ Vα.

It follows from the assumptions aboutx andx ′ thatS(α)
t (q0, p0) = St (x) for 0 ≤ t ≤

T (α)(q0, p0) = tn(x) andS
(α)
t (q ′0, p′0) = St (x

′) for 0 ≤ t ≤ T (α)(q ′0, p′0) = tn(x
′).

Moreover,

‖q0− q ′0‖ ≤ diam(Ki0) < D, ‖p0 − p′0‖ ≤ diam(Kin) < D.

Given q ∈ Uα , p ∈ Vα , denote by6q (respectively6p) the set of thosep ∈ Vα

(respectivelyq ∈ Uα) such thatγ (α)(q, p) is tangent to0 at qj (q, p) for at least one
j = 1, . . . ,m. Clearly6q is closed inVα. Using the strict convexity of the components
of ∂K and some arguments from Chapter 3 in [PS], it can be easily shown that6q is
always contained in a finite disjoint union of submanifolds ofVα of dimensiond − 1. In
particular6q has Lebesgue measure zero inVα . Moreover, for arbitrary pointsp,p′ ∈ Vα ,
Thom’s transversality theorem (cf. for example [GG, Chapter 2]) shows that almost all
(with respect to theC∞Whitney topology) smooth curvesp(r), 0 ≤ r ≤ 1, with p(0) = p

andp(1) = p′ are transversal to6q and therefore have only finitely many common points
with 6q . The sets6p have similar properties.

Given p,p′ ∈ Vα, denote byL(p, p′) the infimum of the lengths of smooth curves
p(r), 0 ≤ r ≤ 1, in Vα such thatp(0) = p andp(1) = p′. In the same way one defines
L(q, q ′) for q, q ′ ∈ 0α . It follows easily from the definitions ofUα andVα that, in general,

L(q, q ′) < 11D, L(p, p′) < 11D (q, q ′ ∈ Uα;p,p′ ∈ Vα).

Since[q0, q
′
0] ⊂ Uα and[p0, p

′
0] ⊂ Vα , we have

L(q0, q
′
0) = ‖q0− q ′0‖, L(p0, p

′
0) = ‖p0− p′0‖.

LEMMA 3.1. For all q, q ′ ∈ Uα andp,p′ ∈ Vα we have

|T (α)(q, p)− T (α)(q, p′)| ≤ L(p, p′), |T (α)(q, p)− T (α)(q ′, p)| ≤ L(q, q ′),

and therefore|T (α)(q, p)− T (α)(q ′, p′)| ≤ L(p, p′)+ L(q, q ′).

Proof. Consider a smooth curvep(r), 0 ≤ r ≤ 1, in Vα with p(0) = p and
p(1) = p′ such thatF = {r ∈ [0, 1] : p(r) ∈ 6q } is finite. It then follows from
Lemma 2.6(b) that the functionI = [0, 1] \ F 3 r 7→ T (α)(q, p(r)) is differentiable and
‖(d/dr)T (α)(q, p(r))‖ ≤ ‖p′(r)‖ for eachr ∈ I . SinceT (α)(q, p(r)) is continuous on
[0, 1], it follows that

|T (α)(q, p)− T (α)(q, p′)| ≤
∫ 1

0

∥∥∥∥ d

dr
T (α)(q, p(r))

∥∥∥∥ dr ≤
∫ 1

0
‖p′(r)‖ dr.

This holds for every curvep(r) connectingp and p′ and transversal to6q , therefore
|T (α)(q, p)− T (α)(q, p′)| ≤ L(p, p′).
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In the same way one shows that|T (α)(q, p)− T (α)(q ′, p)| ≤ L(q, q ′). Consequently

|T (α)(q, p)− T (α)(q ′, p′)| ≤ |T (α)(q, p)− T (α)(q, p′)| + |T (α)(q, p′)− T (α)(q ′, p′)|
≤ L(p, p′)+ L(q, q ′),

which completes the proof of the assertion. 2

LEMMA 3.2. Let q, q ′ ∈ Uα andp,p′ ∈ Vα be arbitrary points and letτ = tp′(q, q ′).
Then

‖vi(q, p)− vi(q
′, p′)‖ ≤ 12

a
(δn−iL(p, p′)+ δiL(q, q ′)) (0 ≤ i ≤ n), (27)

and

ρ̃(S
(α)
t (q, p), S

(α)
t+τ (q

′, p′)) ≤ C1

(
L(p, p′)
δ
L(p,p′)
1

δT−t
1 + L(q, q ′)

δ
L(q,q ′)
1

δt
1

)
(28)

for all 0≤ t ≤ T − L(p, p′)− L(q, q ′), whereT = T (α)(q, p).

Proof. Consider an arbitrary curvep(r), 0 ≤ r ≤ 1, in Vα with p(0) = p,p(1) = p′
which is transversal to6q . Then F = {r ∈ [0, 1] : p(r) ∈ 6q} is finite. For
r ∈ I = [0, 1] \ F it follows from Lemma 2.6(a) that∥∥∥∥ d

dr
vi(q, p(r))

∥∥∥∥ ≤ 12

a
δn−i‖p′(r)‖.

Therefore

‖vi(q, p)− vi(q, p′)‖ ≤
∫ 1

0

∥∥∥∥ d

dr
vi(q, p(r))

∥∥∥∥ dr ≤ 12

a
δn−i

∫ 1

0
‖p′(r)‖ dr,

which yields

‖vi(q, p)− vi(q, p′)‖ ≤ 12

a
δn−iL(p, p′) (0 ≤ i ≤ n). (29)

Again, letr ∈ I = [0, 1] \ F . Denote

T ′ = inf{T (α)(q, p(r)) : 0≤ r ≤ 1}.
It then follows from Lemma 3.1 that 0≤ T − T ′ ≤ L(p, p′).

Let 0 ≤ t ≤ T ′ and let (r ′, r ′′) be an open interval contained inI . Fix, for a
moment, an arbitrarily smallε > 0. For everyr ∈ (r ′, r ′′) there existsb = b(r) > 0
so that (19) holds withq0 = q and p0 = p(r). Hence there exists a finite sequence
r ′ < r0 < r1 < · · · < rk < r ′′ such that‖r ′ − r0‖ < ε, ‖r ′′ − rk‖ < ε,∣∣∣∣ k−1∑

i=0

‖p(ri+1)− p(ri)‖ −
∫ r ′′

r ′
‖p′(r)‖ dr

∣∣∣∣ < ε (30)

and ρ̃(S
(α)
t (q, p(ri)), S

(α)
t (q, p(ri+1))) < C1δ

T ′−t
1 ‖p(ri) − p(ri+1)‖ for each i =

0, 1, . . . , k − 1. Setli =∑i−1
j=0 ‖p(rj )− p(rj+1)‖. Then

ρ̃(S
(α)
t (q, p(r0)), S

(α)
t (q, p(rk))) ≤

k−1∑
i=0

ρ̃(S
(α)
t (q, p(ri)), S

(α)
t (q, p(ri+1)))

≤ C1δ
T ′−t
1

k−1∑
i=0

‖p(rj )− p(rj+1)‖.
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Combining this with (30), gives

ρ̃(S
(α)
t (q, p(r0)), S

(α)
t (q, p(rk))) ≤ C1δ

T ′−t

(∫ r ′′

r ′
‖p′(r)‖ dr − ε

)
,

and lettingε → 0, one gets

ρ̃(S
(α)
t (q, p(r ′)), S(α)

t (q, p(r ′′))) ≤ C1δ
T ′−t
1

∫ r ′′

r ′
‖p′(r)‖ dr.

Summing up over all connected components(r ′, r ′′) of I , one obtains

ρ̃(S
(α)
t (q, p), S

(α)
t (q, p′)) ≤ C1δ

T ′−t
1

∫ 1

0
‖p′(r)‖ dr

for all t ≥ 0. From this andδT ′−t ≤ δ−L(p,p′)δT−t it follows that

ρ̃(S
(α)
t (q, p), S

(α)
t (q, p′)) ≤ C1δ

−L(p,p′)
1 δT−t

1 L(p, p′), t ≥ 0. (31)

Next, fix a curveq(r), 0 ≤ r ≤ 1, in Uα which is transversal to6p and such that
q(0) = q, q(1) = q ′. ThenE = {r ∈ [0, 1] : q(r) ∈ 6p} is finite andJ = [0, 1] \ E is
open in[0, 1].

As above, this time using Corollary 2.7(a), one gets

‖vi(q, p′)− vi(q, p′)‖ ≤ 12

a
δi

∫ 1

0
‖q ′(r)‖ dr,

for all i = 0, 1, . . . ,m which yields‖vi(q, p′) − vi(q
′, p′)‖ ≤ (12/a)δiL(q, q ′) for

0≤ i ≤ m. This and (29) clearly imply (27).
We are now going to get an estimate forρ̃(S

(α)
t (q, p′), S(α)

t+τ (q ′, p′)) similar to (31).
This is a bit more subtle than (31).

It follows from Lemma 3.1 that for

T ′′ = inf{T (α)(q(r), p′) : 0 ≤ r ≤ 1}
we haveT ≥ T ′′ ≥ T (α)(q, p′) − L(q, q ′) ≥ T − L(p, p′) − L(q, q ′). Let 0≤ t ≤ T ′′
and let(r ′, r ′′) be an open interval contained inI . Fix, for a moment, an arbitrarily small
ε > 0. For everyr ∈ (r ′, r ′′) there existsb = b(r) > 0 so that (26) holds withq0 = q(r)

andp0 = p′. Hence there exists a finite sequencer ′ < r0 < r1 < · · · < rk < r ′′ such that
‖r ′ − r0‖ < ε, ‖r ′′ − rk‖ < ε,∣∣∣∣ k−1∑

i=0

‖q(ri+1)− q(ri)‖ −
∫ r ′′

r ′
‖q ′(r)‖ dr

∣∣∣∣ < ε (32)

and

ρ̃(S
(α)
t (q(ri), p

′), S(α)
t+tp′ (q(ri),q(ri+1))

(q(ri+1), p
′)) < C1δ

t
1‖q(ri)− q(ri+1)‖ (33)

for eachi = 0, 1, . . . , k − 1. Introduce the notation

si = tp′(q(r0), q(ri)), s′i = tp′(q(ri), q(ri+1)), li =
i−1∑
j=0

‖q(rj )− q(rj+1)‖.
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Clearly|si | ≤ ‖q(r0)− q(ri)‖ ≤ li for all i.
We will prove by induction oni that

ρ̃(S
(α)
t (q(r0), p

′), S(α)
t+si

(q(ri), p
′)) < C1δ

−li−1
1 δt

1li . (34)

It follows from (33) that (34) holds fori = 1. Assume that (34) holds for somei with
1≤ i ≤ k− 1. Using (33) witht replaced byt + si and the fact thatsi + s′i = si+1, we get

ρ̃(S
(α)
t+si

(q(r0), p
′), S(α)

t+si+1
(q(ri+1), p

′)) ≤ C1δ
t+si
1 ‖q(ri)− q(ri+1)‖

≤ C1δ
si
1 δt

1‖q(ri)− q(ri+1)‖
≤ C1δ

−li
1 δt

1‖q(ri)− q(ri+1)‖.
This and (34) fori imply

ρ̃(S
(α)
t (q(r0), p

′), S(α)
t+si+1

(q(ri+1), p
′))

≤ ρ̃(S
(α)
t (q(r0), p

′), S(α)
t+si

(q(ri), p
′))+ ρ̃(S

(α)
t+si

(q(r0), p
′), S(α)

t+si+1
(q(ri+1), p

′))

≤ C1δ
−li−1
1 δt

1

i−1∑
j=0

‖q(rj )− q(rj+1)‖ + C1δ
−li
1 δt‖qi − qi+1‖ ≤ C1δ

−li
1 li+1.

This proves (34) fori+ 1. Thus, (34) holds for alli = 1, . . . , k. From (34) withi = n and
(32) it follows that

ρ̃(S
(α)
t (q(r0), p

′), S(α)
t+sk

(q(rn), p
′))

< C1δ
−lk−1
1 δt lk < C1δ

−(
∫ r′′
r′ ‖q ′(r)‖ dr+ε)

1 δt

(∫ r ′′

r ′
‖q ′(r)‖ dr + ε

)
.

Now lettingε → 0, we get

ρ̃(S
(α)
t (q(r ′), p′), S(α)

t+tp′ (q(r ′),q(r ′′))(q(r ′′), p′)) ≤ C1δ
− ∫ r′′

r′ ‖q ′(r)‖ dr

1 δt
1

∫ r ′′

r ′
‖q ′(r)‖ dr.

Finally, applying the latter to each of the finitely many connected components(r ′, r ′′) of I

and summing up, one obtains

ρ̃(S
(α)
t (q, p′), S(α)

t+tp′ (q,q ′)(q
′, p′)) ≤ C1δ

− ∫ 1
0 ‖q ′(r)‖ dr

1 δt
1

∫ 1

0
‖q ′(r)‖ dr.

This clearly yields

ρ̃(S
(α)
t (q, p′), S(α)

t+tp′ (q,q ′)(q
′, p′)) ≤ C1δ

−L(q,q ′)
1 L(q, q ′)δt

1 (35)

for all t with 0≤ t ≤ T ′′.
Let 0≤ t ≤ T − L(p, p′)− L(q, q ′). Then 0≤ t ≤ T ′′, and so (35) and (31) imply

ρ̃(S
(α)
t (q, p), S

(α)
t+τ (q ′, p′))

≤ ρ̃(S
(α)
t (q, p), S

(α)
t (q, p′))+ ρ̃(S

(α)
t (q, p′), S(α)

t+tp′ (q,q ′)(q
′, p′))

≤ C1δ
−L(p,p′)
1 δT−t

1 L(p, p′)+ C1δ
−L(q,q ′)
1 L(q, q ′)δt

1.

This proves the lemma. 2
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We go on with the proof of Theorem 1.1. Using (27) withq = q0, q ′ = q ′0, p = p0,
p′ = p′0, and the fact thatL(q0, q

′
0) = ‖q0− q ′0‖ < D andL(p0, p

′
0) = ‖p0 − p′0‖ < D,

one immediately gets (4).
To prove (5), defineτ = tp′(q0, q

′
0). Then clearly |τ | ≤ ‖q0 − q ′0‖ < D.

Notice thatπ(St (x)) = ξ
(α)
t (x) for 0 ≤ t ≤ T and π(St+τ (x

′)) = ξ
(α)
t+τ (x

′) for
0 ≤ t + τ ≤ T (α)(q ′0, p

′
0). SinceT (α)(q ′0, p

′
0) − τ = T (α)(q0, p

′
0) ≤ T − D, it follows

thatπ(St+τ (x
′)) = ξ

(α)
t+τ (x

′) holds forD ≤ t ≤ T −D.
Let D ≤ t ≤ T − 2D. Thent ≤ T − L(q0, q

′
0) − L(p0, p

′
0) and so (28) holds. This

and the previous remark imply

ρ̃(St (x), St+τ (x
′)) ≤ C1D

δD
1

(δT−t
1 + δt

1). (36)

Next, assume that 0≤ t ≤ D. Then, using (36) witht = D, we get

ρ̃(St (x), St+τ (x
′)) ≤ ρ̃(St (x), SD(x))+ ρ̃(SD(x), SD+τ (x ′))+ ρ̃(SD+τ (x ′), St+τ (x

′))

≤ 2D + C1D

δD
1

(δT−D
1 + δD

1 ) < 2D + 2C1D < 3DC1

= 3DC1

δD
1

δD
1 <

3DC1

δD
1

(δT−t
1 + δt

1).

In the same way, forT − 2D ≤ t ≤ T , one obtains

ρ̃(St (x), St+τ (x
′)) ≤ ρ̃(St (x), SD(x))+ ρ̃(SD(x), SD+τ (x ′))+ ρ̃(SD+τ (x ′), St+τ (x

′))

≤ 2D + C1D

δD
1

(δ2D
1 + δT−2D

1 ) < 2D + 2C1DδD
1 < 3DC1δ

D
1

= 3DC1

δD
1

δ2D
1 <

3DC1

δD
1

(δT−t
1 + δt

1).

Hence for eacht ∈ [0, T ] we haveρ̃(St (x), St+τ (x
′)) ≤ (3DC1/δ

D
1 )(δT−t

1 + δt
1). Since

the constantC determined by (3) satisfiesC = 3DC1/δ
D
1 , (5) follows.

It remains to prove (6). Giveni, it follows from Lemma 2.1 that there existsj =
i, i + 1, . . . , i + l0 − 1 with ϕj (x) < ϕ0, whereϕj(x) is the angle between the vector
vj+1(x)−vj (x) and the unit normaln(qj (x)). Fix j with this property. The strict convexity
of the components ofK implies the existence of a global constantA > 0 such that if
ξ, ξ ′ ∈ 0i for somei = 1, . . . , s, then

‖ξ − ξ ′‖ ≤ A‖n(ξ)− n(ξ ′)‖. (37)

Set

ε = 12D

a
min{δj−1+ δn−j+1, δj + δn−j }.

It is sufficient to consider the caseε < 1
2 cosϕ0. Denotev = vj (x) − vj−1(x),

w = vj+1(x) − vj (x), ξ = qj (x), v′ = vj (x
′) − vj−1(x

′), w′ = vj+1(x
′) − vj (x

′),
ξ ′ = qj (x

′). Then‖v−v′‖ < ε and‖w−w′‖ < ε. Notice that‖w−v‖ = 〈w−v, n(ξ)〉 =
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2 cosϕj(x) ≥ cosϕ0. Therefore

‖n(ξ)− n(ξ ′)‖ =
∥∥∥∥ w − v

‖w − v‖ −
w′ − v′

‖w′ − v′‖
∥∥∥∥ ≤ ∥∥∥∥ (w − v) − (w′ − v′)

‖w − v‖
∥∥∥∥

+ ‖w′ − v′‖
∣∣∣∣ 1

‖w − v‖ −
1

‖w′ − v′‖
∣∣∣∣

≤ 2ε

2 cosϕ0
+ 2ε

2 cosϕ0(2 cosϕ0− ε)
<

3ε

cos2 ϕ0
.

This and (37) imply

‖qj (x)− qj (x
′)‖ = ‖ξ − ξ ′‖ ≤ 3Aε

cos2 ϕ0
≤ 36AD

a cos2 ϕ0
(δj + δn−j ),

which proves the first inequality in (6).
To prove the second inequality in (6), we may assume thattj (x) ≥ tj (x

′)+ τ ; the other
case is similar. Setη = π(Stj (x)+τ (x

′)), and use (5) witht = tj (x). This gives

‖ξ − η‖ = ‖π(Stj (x)(x))− π(Stj (x)+τ (x
′))‖ ≤ C(δ

tj (x)

1 + δ
T−tj (x)

1 )

≤ C(δ
ja

1 + δ
(n−j)a

1 ) = C(δ
j

2 + δ
n−j

2 ),

whereδ2 = δa
1 = δa/D. Since

cosϕj (x
′) = 1

2‖w′ − v′‖ > cosϕj (x)− ε > cosϕ0− 1
2 cosϕ0 = 1

2 cosϕ0,

we have

‖η − ξ ′‖ ≤ ‖ξ − η‖
sin(π/2− ϕj (x ′))

= ‖ξ − η‖
cosϕj (x ′)

≤ 2C

cosϕ0
(δ

j

2 + δ
n−j

2 ).

On the other hand, in this case clearly|tj (x)− tj (x
′) − τ | = ‖η − ξ ′‖, so this proves the

second inequality in (6). 2

4. Estimate of the entropy
In this section, Theorem 1.2 is proved. In what follows we use the Bowen–Dinaburg
definition of topological entropy (see for example §7.2 in [W]).

Consider the Bernoulli shiftσ : 6 −→ 6 and the mapf : M0 −→ 6K ⊂ 6 defined
in §1. Here6K = f (M0) is an invariant subset for the Bernoulli shiftσ but 6K is not
necessarily closed in6. Define the metricω0 on F0 = {1, 2, . . . , s} by ω0(i, i

′) = 0 if
i = i ′ and 1 otherwise. Then

ω({ij }, {i ′j }) =
∞∑

j=−∞
δ
|j |+1
1 ω0(ij , i

′
j )

defines a metric on6 which generates the Tichonov (product) topology on6. Hereδ1 is
the constant defined by (3). It follows easily from Theorem 1.1 thatg = f−1 : 6K −→
M0 is a continuous map. However, in general, it is not Lipshitz.

Consider the topological Markov chainσA : 6A −→ 6A determined by the matrix
A = {aij }si,j=1, aij = 0 if i = j and 1 otherwise. That is,

6A = {{bi} ∈ 6 : abibi+1 = 1 for all i}, (38)
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andσA is the restriction ofσ to 6A. It is known (cf. [W, Theorem 7.13] for example) that
h(σA) = logλ, λ being the maximal eigenvalue of the matrixA. In our case the maximal
eigenvalue ofA is s − 1, soh(σA) = log(s − 1).

It follows from the definition of6K that it is contained in6A, so 6K ⊂ 6A.
Consequently,h(σ,6K) = h(σ,6K) ≤ h(σA) = log(s − 1).

Let ε = δk
1 for somek ∈ N. We assume thatk is so big that 2Cε < a. Hereδ1 andC

are the constants defined by (3).
Set ε′ = 2Cεa + ε. Consider an arbitraryn ∈ N and choose a subsetE of 6K of

minimal cardinality which is(n+ 1, ε) spanning forσ on6K , i.e. |E| = rn+1(ε,6K, σ).
Definem = [(n+ k)D/ε] + 1. Then clearly 1/m < ε/(n + k)D. For eachy ∈ g(E) set
E′y = {Sj/m(B−k(y)) : 0≤ j ≤ m}, and letE′ = ∪y∈g(E)E

′
y . Then

|E′| ≤ |E|
(

(n+ k)D

ε
+ 2

)
= rn+1(ε,6K, σ)

(
(n+ k)D

ε
+ 2

)
. (39)

Let mn = [na]+1. We claim thatE′ is (mn, ε
′)-spanning forS1 on L̃. Indeed, consider

an arbitraryz ∈ L̃. Then there existsx = (q, v) ∈ M0 such thatz = π̃(q + t ′v, v) for
somet ′ ≥ 0. Forx there existsy ∈ M0 such thatg(y) ∈ E and

ω(σ j (f (x)), σ j (f (y))) < ε = δk
1, j = 0, 1, . . . , n.

This impliesil = i ′l for all l = −k,−k + 1, . . . ,−1, 0, 1, . . . , k + n, wheref (x) = (il)

andf (y) = (i ′l ). Applying Theorem 1.1 tôx = B−k(x) and ŷ = B−k(y), we get that
there existsτ with |τ | ≤ D such that

ρ̃(St (x̂), St+τ (ŷ)) ≤ C(δt
1+ δT−t

1 ) (0≤ t ≤ T ),

whereT = tn+2k+1(x̂). For t = tk(x̂) we haveSt (x̂) = x and therefore

ρ̃(x, Stk(x̂)+τ (ŷ)) < C(δ
T−tk(x̂)
1 + δ

tk(x̂)
1 ).

Take j0 such thatj0/m ≤ tk(x̂) + τ < (j0 + 1)/m. Thenz = Sj0/r (ŷ) ∈ E′. For
0≤ t ≤ na we have

ρ̃(St (x), St (z)) = ρ̃(St+tk(x̂)(x̂), St+(j0/m)(ŷ))

≤ ρ̃(St+tk(x̂)(x̂), St+tk(x̂)+τ (ŷ))+ ρ̃(St+tk(x̂)+τ (ŷ), St+(j0/m)(ŷ))

< C(δ
T−tk(x̂)−t
1 + δ

t+tk(x̂)
1 )+

∣∣∣∣(t + j0

m

)
− (t + tk(x̂)+ τ )

∣∣∣∣
< C(δ

tm+k(x)−t

1 + δ
tk(x̂)
1 )+ 1

m
.

Here we have taken into account thatT − tk(x̂) = tn+2k+1(x̂)− tk(x̂) = tn+k+1(x). Since
tk(x̂) ≥ ka andtn+k+1(x)− t ≥ (n+ k+1)a−[na] > ka for 0≤ t ≤ na, it follows from
the above estimates thatρ̃(St (x), St (z)) < 2Cδka

1 + (1/m) < ε′ for 0 ≤ t ≤ na. Thus,
for all integersj = 0, 1, . . . , [na] we haveρ̃(Sj (x), Sj (z)) < ε′. This means thatE′ is
(mn, ε

′)-spanning for the mapS1 on L̃, and according to (39),

rmn(ε
′, L̃, S1) ≤ |E′| ≤ rn+1(ε,6K, σ)

(
(n+ k)D

ε
+ 2

)
.

Sincemn/n → a asn → ∞, it now follows thatar(ε′, L̃, S1) ≤ r(ε,6K, σ), which
implies ah(S1) ≤ h(σ,6K) ≤ log(s − 1). Thereforeh(S1) ≤ (1/a) log(s − 1) which
proves the theorem. 2
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5. Billiards without singularities
Throughout we assume thatK is of the form (1) and satisfies the condition (H). Letρ be
the metric onM ⊂ Rn × Rn defined by

ρ((q, v), (p,w)) = max{‖q − p‖, ‖v −w‖}.
Under the condition (H), one can add the following to the statement of Theorem 1.1.

THEOREM 5.1. Let K have the form (1) and satisfy the condition (H). Then there exists
a global constantC2 > 0 with the following property. Ifn ∈ N andx = (q0, v0), x

′ =
(q ′0, v′0) ∈ M1 are such that for each integerj with 1 ≤ j ≤ n the pointsqj (x) andqj (x

′)
are well-defined and both belong to0ij for someij , then

ρ(Bj (x), Bj (x ′)) < C2(δ
j

1 + δ
n−j

1 ) (0 ≤ j ≤ n− 1) (40)

and there existsτ with |τ | ≤ ‖q0− q ′0‖ < D such that

|tj (x)− tj (x
′)− τ | ≤ C2(δ

j

2 + δ
n−j

2 ), (41)

whereδ2 = δa
1 andδ1 is defined by (3).

The inequality (40) in the above theorem follows from [I ] (see also [Bu]) and [Sj]. Here
we derive both (40) and (41) from Theorem 1.1.

Proof. It follows from the condition (H) that there existsψ0 ∈ (0, π/2) such that for any
three successive reflection pointsq1, q2, q3 of a billiard trajectory inQ the angle between
the vectorsq3−q2 andn(q2) is less than or equal toψ0. Using this and (4), it follows from
the last argument in §3 that there exists a constantC2 > 0 such that both (40) and (41)
hold. 2

In what follows we use the notation from the beginning of §4 and assume thatK satisfies
the condition (H). Then the mapf : M0 −→ 6K is clearly continuous. Thus,6K

is compact andf is a homeomorphism betweenM0 and 6K . In fact, it follows from
Theorem 5.1 thatg = f−1 : 6K −→ M0 is a Lipshitz map. We claim that

6K = 6A, (42)

6A being given by (38). Clearly6K ⊂ 6A. Let ξ = {ij } be a periodic element of6A. It
then follows from §2 of [St] that there exists a periodic pointx ∈ M0 of the billiard ball
mapB such thatf (x) = ξ . Henceξ ∈ 6K . Since the periodic elements of6A are dense
in 6A and both6K and6A are compact, (42) follows.

Proof of Theorem 1.3.The above remark shows thatf : M0 −→ 6K = 6A is
a homeomorphism which conjugates the billiard ball mapB : M0 −→ M0 and the
topological Markov chainσK : 6K −→ 6K . Consider the mapλ : 6K −→ R, defined
by

λ(ξ) = t1(g(ξ)) = ‖q1(g(ξ)) − q0(g(ξ))‖,
and let

6λ
K = {(ξ, t) ∈ 6K ×R : 0 ≤ t ≤ λ(ξ)}.
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Then the map3 : 6λ
K −→ L,3(ξ, t) = St (g(ξ)), is a homeomorphism which defines a

conjugacy between the special flow overσK on6λ
K and the billiard flowSt : L −→ L.

Let h be the topological entropy ofSt , i.e.h = h(S1). It follows from Theorem 1.2 that
h ≤ (1/a) log(s − 1). SinceB : M0 −→ M0 andσK : 6K −→ 6K are conjugate, we
haveh(B) = h(σK) = log(s − 1). Now applying a straightforward modification of the
argument in §4, one gets(1/D) log(s − 1) ≤ h. We omit the details.

It remains to establish the asymptotic #{γ : ehTγ ≤ λ} · logλ/λ → 1 asλ → ∞.
As mentioned in [Mor , Remark 3.1], this follows from Parry and Pollicott [PP] and the
following lemma.

LEMMA 5.2. There do not existc > 0, functionsµ : 6K −→ R andm : 6K −→ Z such
that

λ = µ ◦ σK − µ+ cm. (43)

Proof of Lemma 5.2.Suppose there existc > 0 and functionsµ andm which satisfy (43).
This implies that every periodic billiard trajectory inQ has a period (length) of the form
ck, k being an integer. Using an appropriate dilation inRd , we may assume thatc = 1.
This means that every periodic billiard trajectory inQ has integer length. We are now
going to show that this is impossible whens ≥ 3.

In what follows we consider configurations

α = (i0, i1, . . . , in−1, in = i0) (44)

such thatij ∈ {1, 2, 3} for all j . Clearly for everyα of the form (44) there exists a
uniquex = x(α) ∈ M0 with π(x) ∈ 0i0 such thatBn(x) = x andBj(x) ∈ 0ij for all
j = 0, 1, . . . , n. Let q1 ∈ 01, q2 ∈ 02 be such that[q1, q2] is orthogonal to01 at q1 and
to 02 at q2, i.e.d0 = ‖q1 − q2‖ = dist(K1,K2). By assumption, we haved0 ∈ N. Given
k ∈ N, define

αk = (1, 2, 1, 2, . . . , 1, 2︸ ︷︷ ︸
4k terms

, 3, 1),

and let

q
(k)
1 ∈ 01, q

(k)
2 ∈ 02, . . . , q

(k)
4k−1 ∈ 01, q

(k)
4k ∈ 02, q

(k)
4k+1 ∈ 03, q

(k)
4k+2 ∈ 01

be the successive reflection points of the corresponding billiard trajectory. Denote byTk

the length of this trajectory. Cutting the last two terms ofαk, one gets the configuration

βk = (1, 2, 1, 2, . . . , 1, 2︸ ︷︷ ︸
4k terms

).

Clearly the billiard trajectories

q
(k)
1 , q

(k)
2 , . . . , q

(k)
4k−1, q

(k)
4k and q1, q2, . . . , q1, q2︸ ︷︷ ︸

4k terms

both follow the configurationβk. It then follows from Theorem 5.1 that

‖q(k)
2k−1− q1‖ < Cδ2k, ‖q(k)

2k − q2‖ < Cδ2k, ‖q(k)
2k+3− q1‖ < Cδ2k−4. (45)
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for some global constantC > 0 independent ofk.
Next, consider the following periodic configuration which is a cyclic permutation of

αk−1:

α′k−1 = (1, 2, 1, 2, . . . , 1, 2︸ ︷︷ ︸
2k−2 terms

, 3, 1, 2, 1, 2, . . . , 1, 2︸ ︷︷ ︸
2k−2 terms

, 1).

Clearly the successive reflection points of the corresponding periodic billiard trajectory are

q
(k−1)
2k−1 , q

(k−1)
2k , . . . , q

(k−1)
4k−5 , q

(k−1)
4k−4 , q

(k−1)
4k−3 , q

(k−1)
1 , q

(k−1)
2 , . . . , q

(k−1)
2k−3 , q

(k−1)
2k−2 , q

(k−1)
2k−1 ,

and the length of this trajectory isTk−1. Another billiard trajectory which follows the same
configurationα′k−1 is

q
(k)
2k+3, q

(k)
2k+4, . . . , q

(k)
4k−1, q

(k)
4k , q

(k)
4k+1, q

(k)
1 , q

(k)
2 , . . . , q

(k)
2k−3, q

(k)
2k−2, q

(k)
2k−1.

Denote the length of the latter byT ′k−1. It then follows from Theorem 5.1 that

|Tk−1− T ′k−1| ≤ ‖q(k−1)
2k−1 − q

(k)
2k+3‖ + ‖q(k−1)

2k−1 − q
(k)
2k−1‖.

Using the latter and (45) fork andk− 1, one gets|Tk−1− T ′k−1| < 4Cδ2k−4. In fact,Tk−1

is the total minimum of the length function corresponding to the periodic configuration
α′k−1 (cf. §3 in [St]), soTk−1 < T ′k−1. Thus,

Tk−1 < T ′k−1 < Tk−1+ 4Cδ2k−4. (46)

On the other hand, we haveTk = T ′k−1 + ‖q(k)
2k−1 − q

(k)
2k ‖ + ‖q(k)

2k − q
(k)
2k+1‖, and (45) and

(46) implyTk−1+ 4d0 < Tk < Tk−1+ 4d0+ 4Cδ2k−4. Sinced0, Tk−1 andTk are integers
by assumption, the above is clearly impossible for largek – contradiction. This proves the
assertion. 2

Appendix. Curvature of convex wavefronts
LetX andY be smooth hypersurfaces inRd endowed with smooth unit normal fieldsnX(x)

andnY (y), respectively. We assume that bothX andY are convex with respect to the given
normal fields.

In what follows we use the notationl(q, v) = {q+ tv : t ≥ 0}, whereq, v ∈ Rd , v 6= 0.
Let q0 ∈ X be such that the rayl(q0, nX(q0)) hitsY transversally at some pointp0. Set

t0 = ‖p0 − q0‖. Consider an arbitrary smooth parametrizationq = q(u), u ∈ U , of X

nearq0. HereU is some open subset ofRd−1. Let q0 = q(u0).
For everyu ∈ U close tou0, the ray l(q(u), nX(u)) hits Y transversally at some

point p(u). Denote byf (u) the reflected direction ofnX(u) at p(u), i.e. f (u) =
nX(u) − 2〈nX(u), nY (u)〉nY (u), wherenX(u) = nX(q(u)), nY (u) = nY (p(u)). Then
for the angleϕ(u) betweenf (u) andnY (u) we have cosϕ(u) = 〈f (u), nY (u)〉.

Let γ (u) be the (billiard) trajectory formed by the segment[q(u), p(u)] and the ray
l(p(u), nX(u)). For t ≥ 0, denote bySt (u) the shift ofq(u) alongγ (u) after timet .
Set Xt = {St (u) : u ∈ U}. Clearly for t < t0 and t > t0, Xt is a smooth (local)
hypersurface. Denote byκ(t) theminimal sectional curvatureof Xt at the pointSt (u0) and
setκ−(t0) = limt↗t0 κ(t), κ+(t0) = limt↘t0 κ(t). Finally, letk0 be theminimal sectional
curvatureof Y atp0 and letϕ0 = ϕ(u0).

The following fact is a folklore. We prove it for the sake of completeness.
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PROPOSITIONA.1. κ+(t0) ≥ κ−(t0)+ 2 cosϕ0k0.

Proof. Fix, for a moment,t ′ and t ′′ with 0 ≤ t ′ < t0 < t ′′ and setq ′(u) = St ′(u),
q ′′(u) = St ′′(u), X′ = Xt ′ andX′′ = Xt ′′ .

Givena = (a1, . . . , ad−1) ∈ Rd−1, consider the vectorsv′ =∑d−1
i=1 ai(∂q ′/∂ui)(u0) ∈

Tq ′(u0)X
′, v′′ = ∑d−1

i=1 ai(∂q ′′/∂ui)(u0) ∈ Tq ′′(u0)X
′′, w = ∑d−1

i=1 ai(∂p/∂ui)(u0) ∈
Tp(u0)Y .

We are going to express the sectional curvatures ofX′,X′′ andY at the pointsq ′(u0),
q ′′(u0) andp(u0) with respect to the sections determined byq ′, q ′′ andw, respectively.

Let I ′ and II ′ be the first and the second fundamental forms ofX′ at q ′(u0).
ThenI ′(v′) = ∑d−1

i,j=1 v′iv′j g′ij (u0) and II ′(v′) = ∑d−1
i,j=1 v′iv′j b′ij (u0), whereg′ij (u) =

〈(∂q ′/∂ui)(u), (∂q ′/∂uj )(u)〉 b′ij (u) = 〈nX(u), (∂2q ′/∂uiuj )(u)〉.
The corresponding quantities forX′′ will be denoted byI ′′, II ′′, g′′ij , b′′ij and those for

Y by I (Y ), II (Y ), g
(Y )
ij andb

(Y )
ij .

We havep(u) = q ′(u) + (t (u) − t ′)nX(u) and q ′′(u) = p(u) + (t ′′ − t (u))f (u).
From these equalities one derives with some standard computations (see §10.1 in [PS]
for more details) thatI ′′(v′′) = I (Y )(w) − 〈nY (u),w〉2 + O(t ′′ − t0) and II ′′(q ′′) =
2 cosϕ0II (Y )(w) + II ′(v′) − O(t0 − t ′) + O(t ′′ − t0). On the other hand,I (Y )(w) =
I ′(v′)+ 〈nX(u0),w〉2 +O(t0− t ′). Combining the last three equalities gives

−II ′′(v′′)
I ′′(v′′)

= −2 cosϕ0II (Y )(w)− II ′(q ′)
I (Y )(w)− 〈nY (u0),w〉2 +O(t ′′ − t0)

+O(t0− t ′)+O(t ′′ − t0)

≥ 2 cosϕ0

(
− II (Y )(w)

I (Y )(w)+O(t ′′ − t0)

)
− II ′(v′)

I ′(v′)+O(t0− t ′)+O(t ′′ − t0)

+O(t0− t ′)+O(t ′′ − t0).

Now lettingt ′ ↗ t0 andt ′′ ↘ t0, we get

−II ′′(v′′)
I ′′(v′′)

≥ −2 cosϕ0
II (Y )(w)

I (Y )(w)
− II ′(v′)

I ′(v′)
≥ 2 cosϕ0k0+ κ−(t0).

This holds for everyv′′ ∈ Tq ′′(u0)X
′′, so the assertion follows. 2
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