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Abstract The billiard in the exterior of a finite disjoint uniaki of strictly convex bodies in

R? with smooth boundaries is considered. The existence of global constanis9 1 and

C > 0Ois established such that if two billiard trajectories hawgeiccessive reflections from

the same convex componentskof then the distance between th¢ih reflection points is

less tharC (87 4 8"~/) for a sequence of integejswith uniform density in{1, 2, ..., n}.
Consequently, the billiard ball map (although not continuous in general) is expansive. As
applications, an asymptotic of the number of prime closed billiard trajectories is proved
which generalizes a result of Moritdpr], and it is shown that the topological entropy of
the billiard flow does not exceed lag-1) /a, wheres is the number of convex components

of K anda is the minimal distance between different convex componenks. of

1. Introduction
Let K be a compact subset Bf (d > 2) of the form

K=KiUKyU---UKj,, (1)

where K; are compact strictly convex disjoint bodies Rf with smoothboundaries
I'j = 0K;. We assume that> 3. Let

0=RI\K.

DenoteD = diam(K) anda = min;; dist(K;, K;). Clearly 0< a < D. Theouter unit
normalto 0K atqg € K will be denoted by:(g).

Let M be theunit tangent bundlever Q. We will identify M with Q0 x S¢~1 and write
the points ofM in the formx = (¢, v), whereg € Q andv € $*~1. Thenatural projection
7 : M — Qisgiven byn(q,v) = gq. ThenaM = =—1(3Q) is the boundary of the
manifold M. Let S; be thebilliard flow on M (see CFS]). Givenx = (¢,v) € M, the
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trajectoryy (x) = {S;(x) : t > 0}, is the usual billiard curve described by the motion of a
point mass issued from in directionv. Inside Q the mass moves with constant velocity,
while reaching the boundary it bounces off according to the usual law of geometrical optic,
‘the angle of incidence equals the angle of reflection’. The billiard ffpwbtained in this
way is a special case ofdispersing billiard Similar billiards but in bounded domains
in R? or the torusT¢ have been extensively studied in connection with some important
problems in physics (se®§EC], [Ch], [CFS], [CVE], [DY], [Si1], [Si3], [Wo] and the
references there). The motivation for the considerations in the present paper comes from
some problems in scattering theory (cf. for exam@a]| [I], [PS, [S]])-

The natural phase space of the billiard is

My ={x=(q,v) € IM : (n(q),v) > O}.

Forx = (q,v) € M; denote byp(x) the angle betweem(¢) andv; then cog(x) =
(n(q),v). Letx = (¢,v) € M be such that the billiard trajectosy(x) has a common
point with 9Q and letr > 0 be the minimal number for whicl,(x) € dM. Define
B(x) = S;(x). Clearly, if B(x) = (p, w), thenp € 3 Q is the point at which the ray issued
from ¢ in directionv hits 9 Q andw is the reflection ob with respect to théangent plane
T,(3Q)todQ at p. Let M’ be the set of alk € M1 for which B(x) is defined. The map
B : M’ —> M3 is called thebilliard ball map.

In order to get a continuous flow, one has to consider the billiard flow oqulo&ent
spaceM = M/ ~, where~ is the following equivalence relation a¥f: (g, v) ~ (p, w)
iff g = p and eithen = w org = p € I' = 9K andv andw are symmetric with respect
to the tangent plang, (") to " atg. Clearly M = 7 (M1), wherex : M —> M is the
natural projection. The projection of the billiard floSy on M is a continuous flow o/
which is also called billiard flow. We will use the same notatiror it. Also, avoiding
the cumbersome notatich(x), S; (7 (x)), etc., we will writex andS; (x) instead. It will
be clear from the context whether we are considering poinis or in M.

Throughoutz will be a metric onM such that

p((g,v), 7 (p, w)) <maxlg — pll, lv—wl} (g,v),(p,w) € M.

Clearly such a metric exists. Given= (¢, v) € M, denote by(g;(x), v;(x)) the jth
reflection point of the forward trajectords;(x) : ¢+ > 0}, provided there are at least
J reflections, and by; (x) be the correspondingme of reflectionthat is S, ) (x) =
(gj(x),vj(x)). If x € My, thenB/(x) = (g;(x), v;j(x)). In this case we will assume that
go(x) = g andvo(x) = v.

Letxp > 0 be theminimal sectional curvaturef I' = 9 K with respect to the outer unit
normal fieldn(q) of I. It follows from the strict convexity oK ; for eachj thatxg > 0.
Finally, introduce the notation

D? 1 2
h=|—%|+2, <p0=z 1——), & =min{«kg, 2x0COSyo, — ¢, (2)
a? 2 lo a

5 1 5 1 _ 24 — DD’ +an)?/6D
T AraoleTD T Qg an¥@6-h T T alog(1+ax)

3)
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Our main result in this paper is the following.

THEOREM1.1. LetK be an obstacle of the form (1) and lee N andx = (go, vo), x’ =
(99, vp) € M1 be such that for each integgrwith 0 < j < n the pointsy; (x) andg;(x")
are well-defined and both belongl‘qj for somei;. Then

llvj (x) — v ()] < 127D<5f +6") (0= j<n), (4)
and there exists with |7| < [lgo — (|l < D such that

A(S(x), St (x) <C1 48] 7) (0=t <T), (5)
whereT = 1,(x). Moreover, there exists another global constant 0, independent of,
x"andn suchthatforevery=0,1,...,n—Ilg+1thereexisty =i,i+1,...,i+lp—1
with

lgjx) —q;HIl < C@ +8"7) and |tj(x) —1;(x") — 7| < C(S5+85 '), (6)
wheres, = §1.

The obstacleK is said to satisfy theondition (H) of Ikawa if the convex hull of
every two convex components &f does not have common points with any other convex
component oK. In the special case when the condition (H) is satisfied, a result similar to
the above theorem can be easily derived from the papers of IKdwad Spstrand (see
8B in [S]]).

In the proof of Theorem 1.1 (see 882 and 3) we essentially use some ideas from Sinai
[Si]], [SiZ], Ikawa [I] (see alsoBu]) and Spstrand 5j].

The billiard ball mapB defines a dynamical system on the 8&f of thosex € M;
so that for eaclm € N both B (x) and B~ (x) are defined. Clearlyfp is a compact
subset odM and B : Mg —> My is a bijection. It is also clear that in genelis not
continuous.

A natural invariant measure f@& on M is theLiouville measurelv = cosp dq dv.
However in the situation under consideratidfiy has Lebesgue measure zero\, i.e.
in 0 x $¥~1, so the Liouville measure is of little help when one considers the restriction of
B on Mp. In the special case whefi is the union of three congruent disks? centered
at the vertices of an equilateral triangle, an invariant measur@@was constructed by
Lopes and MarkariarLM ] (see also ChM]).

In some degenerate caskf is finite, and when\ is infinite it is probably the union
of a finite set and finitely many Cantor sets of Lebesgue measure zero. Though the points
of discontinuity of B on M1 form a set of measure zero, it is not clear whether in general
the points of discontinuity oB on Mg form a relatively small subset dffp (say, a subset
of first Baire category). So, it is not quite clear how to define the topological entropy of
B : Mg — Mpy.

On the other hand, the billiard flogy is always continuous, so its topological entropy is
well-defined. It is reasonable to consider the billiard flow on its largest bounded invariant
set

L={S(#(x)):x € Mo,teR}
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(this is actually the non-wandering set%fin ), and define théopological entropy: of
S; to be the topological entropy(S;) = h(S1) of the flowsS; : L — L.

There is a natural way of coding the billiard trajectories using the boundary components
I';. Let

o0
=[] ro.

j=—o0

where Fp = {1,2,...,s} and letec : ¥ — X be theBernoulli shifton X, i.e.
o({ijh = {i}}, wherei} = i;41 for eachj. Givenx e My, for every integerj there
exists an (unique); € {1,2,...,s} such thatB/ (x) e ;. Define f(x) = {i;}. In this
way one gets a map : Mo —> X such thatf o B = o o f. In particular,Xx = f(Mo)
is an invariant subset fer. It follows from Theorem 1.1 thaf is invertible, so it provides
acodingfor the billiard onMp. Using it, in 84 we prove the following.

THEOREM1.2. For every obstaclek of the form (1) the topological entropy of the
billiard flow S; does not exceddg(s — 1)/a.

For bounded two-dimensional dispersing billiards such result was obtained by Chernov
[Ch] using the estimate of the number of periodic points fr@t).[In fact, Chernov Ch]
showed that liminf, (B)/n > h(B), whereP,(B) is the number of periodic points &
with periodn andi(B) is the topological entropy aB (in this case it is well-defined). It
was also proved inQh] that for bounded two-dimensional dispersing billiards the periodic
points form a dense subset of the phase space. An interesting (but probably difficult)
question is whether the same holds in the situation considered above. Theorem 1.3 below
shows that this is so when the condition (H) is satisfied.

Clearly in some cases we may have= 0. A reasonable conjecture seems to be that
h > 0 whenever the sely is infinite. Let us mention that for dispersing billiards in
bounded domaing the entropyx is always positive (cf. Sinaidi3] and [Ch]). For such
billiards it is also known that a symbolic dynamics with an infinite alphabet always exists
[BSC] (see alsoGO]).

In our situation, in general the mapis not continuous an& g is not compact, s¢
does not provide a symbolic dynamics for the billiard ball nBagHowever, in the special
case when the condition (H) is satisfied, the billiard flswis an Axiom A flow, 2k is
compact andf is a Lipschitz homeomorphism, so it does provide symbolic dynamics for
B. Infact, in this case it is easily seen that

g ={{ij}:ij #ijroforall j},

so the restrictiorrg of the Bernoulli shifto to Xk is a topological Markov chain with
entropy logs — 1). Consequently, the billiard flows, is naturally isomorphic to a
special flow over g which gives an asymptotic for the distribution of the closed billiard
trajectories. Forn = 2 the latter was obtained by Morit&pr] using a result of Parry and
Pollicott [PF]. In fact, combining Theorem 1.1 above (or the earlier result of Ikajvar{d
Sjostrand §j]) and a modification of the argumentin 83 d¢r] (see 85 below), one gets
a generalization of Morita’s result to all dimensiong 2.
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THEOREM1.3. Let K satisfy the condition (H) and lét be the topological entropy of the
billiard flow S; : L —> L. Then the flows, on L is naturally isomorphic to a special flow
overog such that the corresponding closed orbits have the same periods. Moreover
log A
#y : My < k}.% — 1 asi — oo,
wherey runs over the set of all prime closed trajectoriesSpland 7,, is the period ofy,
andlog(s —1)/D < h < log(s — 1)/a.

2. Pseudo-billiard trajectories
Let K be an arbitrary obstacle iR of the form (1). Throughout we will assume that
0 € K and will denote by theopen ball with centr® and radius2D. Clearly K c Up.

By apseudo-billiard trajectorywe mean a curve of the form = U];-=O[qj', gj+1] such
that:

()  qo#q1,qr #qr+1andforeacty =1,...,k—1,q; € I';;, wherei; =1,...,s
andi; 1 # i for eachy,

(i) foreachj = 1,...,k eitherqg; lies on the segmeri;;_1, g;+1] (theng; will be
called anintersection poinbr atangent pointfor the trajectory) ofg;_1, ¢;1 and
[q/, qj+1] satisfy the law of reflection a; with respect tal';; (in which casey;
will be called areflection poinfor the trajectory).

It is clear from this definition that in general a pseudo-billiard trajectory may intersect
the interior ofK (see Figure 1). As we will see below, in some cases it is more convenient
to consider certain pseudo-billiard trajectories instead of the corresponding proper billiard
trajectories in the exteriap of K.

We begin with the following simple but rather important lemma.

LEMMA 2.1. Letlp and ¢g be defined by (2). Then for every pseudo-billiard trajectory
q0. q1, - - ., qip+1 there existsj = 1,2,..., o such thatg; is a reflection point for the
trajectory andy; < ¢o, wherey; is the angle between the segment, ¢;+1] andn(g;).

Proof. Given an arbitrary pseudo-billiard trajectapy, g1, . . ., gi,+1, assume thag; > ¢o
forall j = 1,...,1o. Then, according to (2)y; = (7/2) — ¢; < 7/(2[D?/a?]). Denote
ej =qj+1—qj;thenlle;|| <aforeachj =1,...,l. Sinceforl<i < j <lgthe angle

betweere; ande; does not exceed

. . v T
‘ﬂi+‘ﬂi+1+--~+1//j—l<(]—l)Z[T/az]SE,

it follows that(e;, e;) > 0. Therefore

lo—1 2 lo—1
D? > gy —qull®= | Y ej| =Y llejl* = (o — Da®.
= =
This yieldslp < (D?/a?) + 1 < [D?/a?] + 2 which is a contradiction with (2). ]
Letn > 5. Ann-tuple
o= (i1,i2,...,1In) 7
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will be called aconfigurationof lengthn if i; = 1,...,s for eachj andi; # i;;, for
Jj <n.
Let (7) be a fixed configuration. Consider the open sets

Uy =1{q € Up:a <distlg, Ki,)}, Vu={peR?:a<distp,K;))}.

For(q, p) € U, x V, define

n—1
Fu(q:G: p) = llg — qull + Y _ llgi — qivall + llgn — pl
i=1

forg = (q1,....qn) € K = K, x --- x K;,. Thus, one gets a map

Foy:Uy xKjj x---x K;, x Vo — R.
For a fixed (g, p) € U, x V, there exists§ € K such thatF,(q,§,p) =

minqek Fy(q. g, p). In general is not unique but thpseudo-billiard trajectory

n—1

v, p) =g, 11V ( Ul cﬁ+1]> Ulgn, pl ®)

i=1
is uniquely determined. This follows, for example, from the argument in §3tHhf Het
qo(q, p) =4, 4qn+1(q, p) = p,

and proceeding by induction gndenote by ; (¢, p) the pointon the segmept® (¢, p)N
K;; which is closest tg;_1(q, p) (see Figure 1).
Define

qj+1(q, p) —q;(q, p) c g1

vi(g, p) = lgj+1(q, p) —q;i(q, Pl

It is easily seen that for eachd j < n, either one of the segmeritg;_1(q, p), g;(q, p)]
and [q(q, p), qj+1(g, p)] intersects the interior oK;,, in which caseg;(g, p) will

be called arintersection pointof ¥ @ (g, p), or these two segments satisfy the law of
reflection atg; (¢, p) with respecttd’;, = dK;;. In the latter case; (g, p) will be called
areflection pointof y @ (q, p). Clearly a reflection point may be a point wénsversal
reflectionor atangent point

It is easy to derive from this definition that eagh(g, p) is a continuous function of
(q,p) € Uy x Vo, and if y(q, p) is not tangent toK;; atg,(q, p), theng;(q, p) is
differentiable with respect tg and p in a neighbourhood ofg, p).

Let St(a)(q, p) be the shift ofy along the trajectory @ (q, p) after timer. Denote by
(g, p) € "~ the direction ofy®(q, p) at£ (g, p). At reflection pointst'® (¢, p),
one has to identify pairs of directions symmetric with respect to the corresponding tangent
plane. In others words, as for the billiard flosy, one has to conside?t(“)(q, p) =
& (q, p), 0™ (q, p)) as a point ind. Clearly S (q, p) is well-defined for 0< ¢ <
T (g, p), whereT ) (q, p) is thelength of the trajectory “)(q, p). Fort > T @ (q, p)
we defines*’ (¢, p) = vw(q. p) ands\* (q. p) = p+(t—T“ (g, p)vm(q. p), while for
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FIGURE 1.

t < Owe seta),(“)(q, p) = —v + 2(v,n(q))n(q) andg,(“)(q, p) = q + tv. Givenp € V,
andg, ¢’ € Uy, set
tp(q.4) =T p)—T“@q. p).

The following estimates and some of the arguments in their proofs are the main
ingredients for the proof of Theorem 1.1.

LEMMA 2.2. Letm € N, « be a configuration of the form (7) and lefo, po) € Uy x V4,
be such that for eachi = 1,...,m, g;(qo, po) is not a tangent point of *) (g, po) to
L. Then

1005, (0. @> POla=aoll < C18", 19,5 (@0, P)ip=poll < 18" (9)

for0 <t < T, whereT = T (g, po) andCy is given by

_ 8D(s = (A +an)/67V

alog(l+ ax) (10)

To prove Lemma 2.2, we first obtain a local estimate ab@uf(go, po) —
vi(qo, pII/llpo — pll. Clearly this will provide an estimate fdid,v;(qo, po)ll. In the
same way one obtains an estimate[féyv; (g0, po)ll.

Let

0=10(q, p) <T1(q, p) < -+ < (g, p) < Tat1(q, p) = T (g, p)

be such thagr(f‘)(q, p) =qj(q, p) foreachj =0,1,...,n,n+ 1.

Fix for a moment(go, po) € U, x V, such thathe trajectoryy (g, po) does not
contain points tangent td'. Forb > 0, denote byU, the ball with centegg and radius
b and byV, the ball with centerpg and radiush. Takeb < a/4 so small that for each
(g, p) € Up x V the trajectoryy (¢, p) has no tangencies 0. We may as well assume
thatb is so small that for eacty, p) € U, x V, we have

Tj_1(q0, po) < Tj(q, p) < Tj41(q0, po) (j=1,...,n). (11)
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Givenj = 1,...,n, denote byp;(q, p) the (smallest positive) angle between the
vectorg;y1(q, p) — q;(g, p) and the unit normak(g;(g, p)) to I' at g;(q, p). Let

J1 < j2 < --- < jix be the sequence of ajl = 1,...,n with ¢;(g0, po) < ¢o. It
follows from Lemma 2.1 thaf;11 — j; <lo (1 <1 < k), therefore
k=2 (12)
lo

In what follows we also assume that- 0 is chosen so small that

(g, p) <o forall(g,p)eUy,xV,, [1=1,...,k. (13)

Denote byX a sphere with centery and radius- < a/2; then the sectional curvature
of X is 1/r > 2/a. Denote byX’ the set of thosg € X such that there exists € V,
for which the first segmeritjo, g1(qo, p)1 of y® (qo, p) intersectsX atg. ThenX’ is an
open subset ok andnrx(q) = (¢ — q0)/llg — qoll is the outer normal field t&’. Set
X, = {é,(a)(qo, p) 1 p € V), and fort e [r, T], denote by, (p) the minimal sectional
curvatureof X/ at& (go. p). WhenS* (qo, p) is a reflection point of @ (qo. p), denote

kKt (p) =limk(p), Kk (p) =limk(p).
t')t t't
LEMMA 2.3. We have
K
> 14
ke (p) = 1+ oDk (14)
forall p € Vj, andt € [r, T].

Proof. Fix p € V}, and denote = t;,(qo, p). Sincejiy1—ji < lo, we have; 1 < +IgD
foralli=1,...,k—1.

Letr <t < t1(qo, p). Thenk;(p) = «'/(1 + t«’), wherex’ = 1/r is the sectional
curvature ofX’. Since for every; > 0, the functionx +— x/(1 + zx) is increasing on
[0, 00), k" = 2/a > «k andr < loD imply «;(p) > k/(1+tk) > /(1 + loDk).

Assume 1< ji. Thens < oD and;c,j > k;, > k/(1+ 1) (cf. Proposition A.1 in the
Appendix) imply that for € [#1, r2) we have

Kfl_ - k/(1+ 1) K K

= > .
1+(t—t1)/<,4l' T 1+ (@ —t)k/(1+ti) 1+t = 14 1gDxk

ki (p) =

Proceeding in this way, one shows that (14) holds forralle [r,f1). Next,
Proposition A.1, (13) and (2) yield,j(p) > 2x0C0Spj, (g0, p) = 2x0COSpo > k. Now,
repeating the above argument, one gets that (14) holds forallz, 2], etc. Using a
simple induction, it follows that (14) holds for alle [r, T]. |

LEMMA 2.4. (Ikawa [, Lemma 3.7])Let X and Y be the boundaries of two disjoint
compact strictly convex bodies B¢. SupposeX and Y are smooth and denote b
the unit outer normal field t&X. Givenn € X, letn(r) (+ > 0) be the shift ofy along
the billiard trajectory in the exterior ot issued from(n, nx()). Suppose), ¢ € X are
such that the trajectorie$n(¢) : + > 0} and{¢(¢) : ¢+ > 0} hit Y transversally at;(¢1)
and ¢ (r2), respectively, andy < ro. Then|n(r2) — ¢ (12)|| < IIn(t2) — ¢(t2)|l, where
N (t2) = n + 12nx ().

https://doi.org/10.1017/50143385799126543 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799126543

Exponential instability for a class of dispersing billiards 209

FIGURE 2.

We also need the following lemma, the first part of which is a local version of
Lemma 3.6 of Ikawal]. The proof is simple and we omit it.

LEMMA 2.5. LetY be a smooth convex surfaceld{ with a unit normal fielduy (p), let

po € Y and let«’ > 0 be such that the minimal sectional curvatureYoht p is greater

thank’ foreachp € Y.

(@) There exists an open neighbourhd@dof pg in Y such that whenever, p € W we
have

(g + tny(q)) — (p + tny (p) | = L+ 1«")llg — pl.

(b) If the neighbourhoodV of pg is sufficiently small, then for alf, p € W andr > 0
we havelg — pll < Il(g +tny(q)) — pl.

The following is the main part in the proof of the central Lemma 2.2.

LEMMA 2.6.
(a) Foré given by (3) we have,

12 .
lvi (g0, po) — vi(go, p)Il < ;5”_’ lpo—pll, 0<i<n. (15)

for eachp € V,, . Moreover, ifi = j; forsome =1, ..., k, then we have,

8"l po — pll. (16)

3
llgi (g0, po) — gi(go, )|l < c0S70

(b) Foreveryp € V, we have,

IT (g0, po) — T (qo, p)| < llpo — pl, (17)
and
Izj (g0, po) — Tj(qo0, )| < llgj(qo, po) — qj(qo, p)Il < D (18)
foreachj =1,...,n.
(c) Letéy be defined by (3). Then
58 (q0. po). S\ (qo, p)) < C18] 'lipo—pl, 0<t,peVp 19

whereT = T®(qo, po) andCy is given by (10).
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FIGURE 3.

Proof. Denotesg = 1/(1 + ax), and notice that foé given by (3) we havé = 83/(5_1).

Letly <l <--- <1, bethe sequence ofallindicks- 0, 1, . .., n such thaty; (go, po)
is a reflection point of ) (go, po). For convenience sé& = 0 andl,, .1 = n. Clearly, if
n > 1,thenl;11 —; <s —1foreach, soi <I; < (s — 1)i foreachi > 1. In particular
n>m+(s—1).

Given 1 < j < m, denoten; = qi;(qo, po). n}” = Sr(f:)(qo,p) (g0, po) and ¢; =

a1, (qo. p) it 71,(q0. po) < 7,(q0. p) andn; = qi;(qo. p), 0\’ = St(,'j Yao.pp) (90- P) @Nd

¢j = qi;(qo, po) otherwise. Letnﬁ.” be the point symmetric t@ﬁ.’) with respect to the
tangent plané; (0K).

Let us prove (b) first. Let 1= j < m. We may assume;, (o, po) < 7;(qo, p);
the other case is similar. Let = 7, (qo, po), = 7,(q0, p) — t. Then the points
q1;(qo. po) = £“ (g0, po) andq’ = £ (qo, p) lie on the (strictly) convex surface
Y = (£ (qo. ') : P’ € Vp} andgy, (qo, p) = ¢’ + t'ny(q"), whereny(¢') is the outer
unit normal toY atg’. This clearly implies” < |lq;;(qo, po) — qi1,(qo, p)|l, which proves
(18).

To prove (17), we may assume that = 7@ (g0, po) < T®(qo, p); the other
case is similar. Then = T (g, p) — T > 0. Consider the strictly convex surface
Y = (%0, p) : p € Vi). Clearlypo € Y andp” = £ (g0, p) € Y, while
p = p” + tny(p”). The convexity ofY now implies|po — pll > |lp” — P/l = t.
Thus|T — T (g0, p)| = > || po — pll, which proves (17).

Next, we are going to prove (a). First notice that Lemma 2.4 yiﬁl;é@—gln > ||nf) —
¢ill > (a/2r)llgo—q|l. Let1< j < n. Applying Lemmas 2.4 and 2.5 (see Figure 3 for one
possible configuration), one gets!), — ¢l > 1%}, — ¢jall = A+an)ln|” — ¢l
Finally, for! = n, using Lemma 2.5(b) and (a), we have

Ipo — pll = A+ a)n = gl (20)

A simple induction now shows théipo — p|| > (1 + ax)™~/ ||n;.’) —¢jlliforl<j <m.
This yields

I — ¢l < 85 llpo — pll. (21)
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FIGURE4.

Consequently, foy < m,
. i
IS0y = ¢jeall < 0y = &ival < 85 lipo — pll. (22)
Without loss of generality we may assume thatindn ;11 are on the same trajectory
(the case on Figure 3; the other case is similar). Deriote- ||r;§.l}rl — Zjll. Then

L =|¢j1— n;-r)ll by construction and so one of the vecters(qo, po) anduvy; (qo, p)

coincides with(1/L)(n\'); — ¢;) and the other one wittl/L)(¢;41 — 1)
Now combining (21) and (22) gives

1 .
) "
llvz; (g0, o) — v1;(qo. P)II < zll(nj'+1 &) = G —n)

1 .
< 20 = ¢l + Infly = gl
j— 1,1
<=8y ’llpo— pl+ =8¢ ' “llpo— pl
a a
4 .
< =385 llpo— pl.
a
Hence the inequality
4 .
llvi; (go. po) — vi;(qo. p)I| < 5581 llpo — pll (23)
holds for anyj < m. It also holds forj = m; this follows trivially from (20).
To prove (15), consider an arbitraty= 0,1, ...,n. The casen = 0 is trivial, so
we will assume thain > 1. There exist§ = 0,1,...,m with[; < i < Il;41. Then

n—i<lyy1—1; <(m+1-j)s—1. Fromthis, (23) and (3) one gets

4 .
llvi (qo. po) — vi(go. P)Il = llvi; (go. po) — vi;(qo. )|l < ;881 Nlpo — pl
4

< —9

(n—i)/(s—1)
%o 0 | Po

12,
—-pll= ;8 lpo — pll,

which proves (15).
Finally, let! = r; forsomei = 1,...,k. Theng; < ¢o and also/ = [; for some
j =1,...,m. Consider the trianglejgjr;y) (see Figure 4). We have > (r/2) — ¢o.
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Clearlyify > /2, then by (21)n; —¢;Il < I\ —¢;Il < 8~ Ipo—pll. Lety < x/2.
Then, using (21) again, we get
siny’ ()

llg1(q0, po) — qi(qo. P = llnj — ¢jll = ———lIn; " = ¢l <

. 8" 1 po — pll.
siny o "llpo—pll

cosyo

As abovepn —I=n—1; <(m+1— j)(s — 1), therefore

1 3
86 Pllpo = pll < ——6""llpo - pll,

— <
llg:(go, po) — qi(qo, p) Il < 55050 coSp0

which proves (16).

It remains to prove (c). Given € (0, T'], taker with O < r < min{¢, a/2} and, as
before, denote by the sphere with centrgy and radius-. Then the inequalities in (a)
hold. There existg =0, 1, ..., m such that

=gy, <t<t"=1,,. (24)

Set! = [;. Without loss of generality we may assume that = ¢;(go, po) and
¢; = qi(qo, p); the other case is considered similarly. With this assumption, (11) implies
t" < 7(qo, p) < t". Then there existp’ € [po, p] such thatr; (qo, p') = 1.
First, suppose thaj < n. Setr = 1 — 1, v = v;,_,(q0, po), 0 = nj + 1V,
w = v;;(q0, p), w" = vi;(qo, po), N = nj +tw”, ¢ = qi;(qo, p'), w = vi;(qo0, p)
(see Figure 5). Using (22) and (24) for the paits p’ andp’, p, we get

16 (g0, po) — £ (g0, P
< 115 (g0, po) — £ (g0, P)II + 16 (g0, P") — £ (g0, P
=0 =N+ 18 = 0"l <85 llpo— P+ 85 10" — pll =85 ' llpo— pll.
Therefore

55 (g0. po). S (g0. p))
< 58 (qo, po). S (qo. p')) + A(S (q0. P). S (qo. p))
= (), (V") + A W), (" w))

4 4 4
5;881 ’Ilpo—p’ll+;881 ’Ilp’—p||=;5g' lpo — pl.

Notice thate < #41 —# < D. Asiin the proof of (a) above we hawe— | =1[,,,1 —; <
(m+1—j)(s—1). Moreover; <t < tjy1impliest+(n—1)D > T,son—1 > (T —t)/D.
Thereforen +1—j > (n—10)/(s — 1) > (T —t)/(s — 1) D, which implies

(T-1)/G-1D
80

B 4 12 .
55 (g0, po). S (q0. p)) < —~ Ipo = pll < ==81"llpo = pll.

3o

This proves (19) in the case whégn< m.
Finally, consider the case wheh = m, i.e.t > 1,(qo0, po). Letl = I,. If

t < 1(q0, p), then (19) follows trivially from the above argument. So, we will assume

https://doi.org/10.1017/50143385799126543 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799126543

Exponential instability for a class of dispersing billiards 213

7)o, po)

7(0) (qO ) pl )

FIGURES.

thatr > maxX{t;(qo, po), t1(qo, p)}. Notice that in this case (23) impli¢|&)§“)(q0, po) —

(g0, P)I = llvm (g0, po) — vm(qo, p)Il < (4/a)lpo— pll. So, in order to prove (19), it
remains to show that

16 (qo. po) — & (0. p)Il < €187 1po — plI. (25)
Again without loss of generality one may assume that = ¢;(qo, po) and ¢,, =

a1(qo, p). Then for’ = 1 — 5(qo, p) we havet ™ (g0, po) = nm + t'vi(go, po) and

£“(qo. p) = tm +1'vi(qo. p), and clearly|&’ (go. po) —&* (q0. p)Il < I po— pll holds
forr < T' = min{T, T (qo, p)}. In this case we havé — r < 2D, S0O

3
> > 1
A+ a)?6-D — 14ar —

3] ' > 3520 =
Therefore (cf. (10))

1€ (g0, po) — £ (g0, PII < llpo — pll < 38T "1Ipo — pll < C18I " Ipo — pI.

Letr > T'. Consider the pointp’ = é}of)(qo, po) and p”’ = é;of)(tIo, p). For
v/ = v(qgo, po) andv” = v;(qo, p), according to (23) we havp’ —v”|| < (4/a)l|l po—p|.
Then

15 (g0, po) — & (qo0. P)|
=(p'+ @ —=THW)— "+ @ —TH")I

4
<lp =PI+ =THIV =" < llpo—pll+ & — T’);Ilpo -l
A4t - T
= (1+ Y llpo — pll.

Using the fact thas;* = (1 + ax)/P¢~1), one easily checks thatu) = (4D(s — 1)/
alog(l+ ax))é;" — (4u/a) —1 > Oforallu > 0. Thus, 14 (4u/a) < C267" for all
u > 0, where
4D(s — 1)
274 log(1+ax)’
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Consequently||£“ (qo, po) — £ (g0, p)II < C287 ~|lpo — p| forall+ > T'. Since
T' < T — D, it follows that (cf. (10) again)

15 (g0, po) — £ (g0, P)I < C281~"~P I po — pll = C2(1+ a)¥ VI~ pg — p||
< C18] "lpo— pll.
This proves (25) which implies (19). |

Recall that forg, ¢’ € Uy andp € Vy, t,(q.q") = T“(q, p) — T (q’, p). This
clearly impliest, (¢, ¢") +1,(q", 9") = t,(q, q").
COROLLARY 2.7.

(@) For eachq € U, we have|vi(qo, po) — vi(q, po)l < (12/a)8}llqo — ¢|| for
1<i<n,andifi = j;forsomd =1,...,k, then

illgo—qll.

3
llgi (g0, po) — qi(g, po)ll < 0570
(b) Foreveryg € U, we havegT (qo, po) — T (g, po)l < llgo — ¢, and

Ij(q0, po) — 7j(q, po)l < llgj(qo, po) —qj(q, po)ll < D

forj=1,...,n.
(c) Leté; be defined by (3). Then for evary U, we have

A5 (g0, po), S (q, po)) < C18Lllgo—gll, O0<t<T, (26)
whereT = T®(qo, po), T = t,,(q0, ¢) andC1 is given by (10).

Proof. Parts (a) and (b) follow immediately from the corresponding parts of Lemma 2.6,
changing the roles ofy and p and replacing the configuratioe by —a =
(inyin—1,...,02,101).

(c) Notice thatl’ = T%(po, go). Changing the roles af and p and using Lemma
2.6(c) witha replaced by-a, one gets (S (po, q0), S~ (po, 9)) < C18{ 'llgo—q||
forallt > 0 andg € Up. Fix g € U, for a moment and denotg = S}_“)(po, q).
Notice that S\ (po,q0) = Sy, (q0. po), while S"(po.q) = S, .(q. po).
Therefore(Sy, (q0. po). S5, . (q. o)) < C18] 'lligo — ¢l for all + > 0, and so

A5 (qo, po), S'L.(q, po)) < C18Lllgo — gl forO <1 < T.

Proof of Lemma 2.2The second inequality in (9) follows from (19), while the first follows
from (26). ]

3. Exponential instability of the billiard
In this section Theorem 1.1 is proved.

Givenx = (g, v) € M’, let(g;(x), v;(x)) = B/ (x), providedB’ (x) is defined. Denote
by #; (x) the correspondinimes of reflectionthat isS;; (r)(x) = B/ (x).

Letx = (g0, vo) € M1, x" = (gg, vy) € M1 andn € N be as in Theorem 1.1. Then for
eachj =0,1,...,nthereexists; € {1,2,...,s} with g;(x), g;(x") € T;;. Definea by
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(7). Sincego = qo(x), gy = qo(x) € Ty, itis clear that bothyo andg| belong to the set
U, (cf. §2). In fact the whole segmefio, ¢, is in U,. Also, the points

Po=qu(x), pH=qn(x)

areinl;,, so[po, pgl C Va.

It follows from the assumptions aboudtandx’ thatS,("‘)(qo, po) = S;(x)for0O<r <
T (g0, po) = t,(x) and St(a)(q(/), py) = Si(x)for0 <1 < T(O‘)(q(’), Py = ta(x).
Moreover,

llgo — gl < diam(K;,) < D, |po — ppll < diam(K;,) < D.

Giveng € U,, p € V,, denote byx, (respectivelyX,) the set of those € V,
(respectivelyg € U,) such thaty @ (g, p) is tangent toI" at qj(q, p) for at least one
j=1,...,m. ClearlyX, is closed inV,. Using the strict convexity of the components
of 9K and some arguments from Chapter 3 R, it can be easily shown that, is
always contained in a finite disjoint union of submanifoldd/gfof dimensiond — 1. In
particular:, has Lebesgue measure zerdin Moreover, for arbitrary pointg, p’ € Vg,
Thom'’s transversality theorem (cf. for examp@G, Chapter 2]) shows that almost all
(with respect to th€ > Whitney topology) smooth curvesr), 0 < r < 1, with p(0) = p
andp(1) = p’ are transversal t&, and therefore have only finitely many common points
with 2,. The set, have similar properties.

Given p, p’ € V,, denote byL(p, p’) the infimum of the lengths of smooth curves
p(r),0 <r < 1,inV, such thatp(0) = p andp(1) = p’. In the same way one defines
L(q,q)forq,q’ € T,. Itfollows easily from the definitions d¥,, andV, that, in general,

L(g.q") <11D, L(p.p') <11D (q.q" € Uy; p,p' € Vo).
Since[qo, 941 C Uy and[po, pjl C Vo, we have
L(qo0. 90) = llgo — qoll.  L(po. pp) = llpo — poll-
LEMMA 3.1. Forall ¢, ¢’ € U, andp, p’ € V,, we have
1T, p) =T, Pl < L(p, p), 1T, p)— T, p)| < L(g, 4,
and therefore 7 (¢, p) — T (¢, p)| < L(p, p) + L(q. ¢

Proof. Consider a smooth curve(r),0 < r < 1, in V, with p(O) = p and
p(1) = p’ such thatF = {r € [0,1] : p(r) € X,} is finite. It then follows from
Lemma 2.6(b) that the functioh= [0,1]\ F > r — T¥(q, p(r)) is differentiable and
1(d/dr)T@(q, pr)Il < |Ip’ ()| for eachr € I. SinceT®(q, p(r)) is continuous on
[0, 1], it follows that

1 1
/ d o
|T<“><q,p)—T<“>(q,p)|sfo HET( >(q,p<r>)‘drs/0 1P/l dr.

This holds for every curve(r) connectingp and p’ and transversal t&,, therefore
IT@(q, p) — T (q, p)| < L(p, p).
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In the same way one shows th&t® (g, p) — T“(¢’, p)| < L(q, ¢'). Consequently
IT%g, p) = T, pHI < 1T g, p) = T (q, pHI +1T (g, p) = T (¢, p)
<L(p,p)+L(q.q9"),

which completes the proof of the assertion. ]
LEMMA 3.2. Letq,q' € Uy and p, p’ € V, be arbitrary points and let = 7,/(¢, ¢").
Then
/ / 12 n—i / i 2 .
lviq. p) = vilg', PO = — @' L(p. p) +8'Lg.q)) O=i=n) (27)
and

(28)

. Lp,p) r— Lg.q")
p(St(“)(q,p),St(i)t(qCp’))SCl( D-P gt 192 5t

Lip,p) "1 L(g.q")
8y o
foral0<r<T — L(p, p') — L(q.q"), whereT = T®(q, p).

Proof. Consider an arbitrary curve(r),0 < r < 1, in V, with p(0) = p, p(1) = p’

which is transversal t&,. ThenF = {r e [0,1] : p(r) € X,} is finite. For
r e I =[0,1]\ F it follows from Lemma 2.6(a) that

d 12, .,
d—vi(q, prN|| < —=8""lp M.
r a
Therefore
1 1
, d 12 n—i ,
lvi(g, p) —vi(g, p)Il < d—vi(q,p(r)) dr < —3§ lp" () dr,
0 r a 0
which yields
/ 12 n—i / .
lvi(g, p) —vi(q, pHIl < ;8 L(p,p)) (O<i<n). (29)

Again, letr € I = [0, 1]\ F. Denote
T = inf{T(“)(q, p(r):0<r <1}

It then follows from Lemma 3.1 that& 7 — T’ < L(p, p/).

Let 0 < ¢+ < T’ and let(+’,r"”) be an open interval contained ih Fix, for a
moment, an arbitrarily smal > 0. For everyr ¢ (+/,r"”) there exist$ = b(r) > 0
so that (19) holds withjp = ¢ and po = p(r). Hence there exists a finite sequence
r'<rg<ry<---<rg <r”suchthailr’ —ro| < e, ¥’ —rill <e,
k

1 r
> pien = po0l = [ I @) ldr

i=0

"

<€ (30)

and 5(S“ (g, p(ri)), S (q, prix)) < C18] "'lpri) — plrigo)|l for eachi =
0.1.....k—1. Set; = Y4 llp(rj) — p(rj41). Then

k—1
A5 (g, ptro)). S (g, pari)) < > (S (q. pr)). S (q. p(ri+1))
i=0

k—1
< C18] Y lp(rj) = pCris)ll-
i=0
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Combining this with (30), gives

"

A8 (g, p(ro)). S (q. p(r))) < C16" ( / P ldr - e>,

and lettinge — 0, one gets

"

5@ (g, p()). @ (g p(r")) < 16T / IOl

Summing up over all connected compongntsr”) of 1, one obtains

1
55 p). (g, p')) < 18T /0 1P () dr

forall + > 0. From this and” —* < §—L(.P)§T~1 it follows that
A (q, ), S(q, p')) < C18; PP ST L(p, p), 1=0. (31)

Next, fix a curveq(r),0 < r < 1, in U, which is transversal t&, and such that
q(0) =¢q,q(1) =¢q'. ThenE = {r € [0,1] : ¢(r) € X,} is finite andJ = [0, 1]\ E is
open in[0, 1].

As above, this time using Corollary 2.7(a), one gets

12 . 1
lvi(g, p') —vi(g, pHIl < ;61/0 g’ ()l dr,

foralli = 0,1,...,m which yields|[v; (g, p") — vi(¢’, p)| < (12/a)8'L(q, q") for
0 < i < m. This and (29) clearly imply (27).

We are now going to get an estimate f@(rS,("‘)(q, ), S,(i), (¢’, p")) similar to (31).
This is a bit more subtle than (31).

It follows from Lemma 3.1 that for

T" =inf{Tq@r), p):0<r <1}

we havel > T" > T (q, p') — L(q.q") > T — L(p, p') — L(q.q'). LetO<t < T"
and let(r’, r") be an open interval contained in Fix, for a moment, an arbitrarily small
e > 0. For everyr € (', r"”) there exist$ = b(r) > 0 so that (26) holds withp = g (r)
andpg = p’. Hence there exists a finite sequente: ro < r1 < --- < r; < r’” such that
" —roll <€ Ir" —rll <e,

k-1 ’
Z lg(rit1) — gl — / g’ (Mlldr| <€ (32)
i=0 r

and
P @ED P ST (o ana @D D) < Cdilla () — g izl (33)

foreachi =0, 1, ...,k — 1. Introduce the notation
i—1

si =1y (q(ro), q(r)), 5] =ty (q(r), q(ri1), L= llg(r)) —q(rjsl.
j=0
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Clearly|s:| < llg(ro) — q(ri)ll < foralli.
We will prove by induction ori that
A5 (q(ro), p), S (q(ri), p)) < C187 "84 (34)

It follows from (33) that (34) holds for = 1. Assume that (34) holds for someavith
1 <i <k— 1. Using (33) withr replaced by + s; and the fact tha; + s/ = s; 11, we get

A (q(ro). ). S\, (q(rivn). p)) < C187 " g () — q(rig)
< C187 64019 (ri) — q(riz)|
< €18,"81lq(ri) — q(ris)|-
This and (34) fou imply
5SS (q(ro), ). S, (@ (rign). P))
< 5 (q(ro). p). S (@ (). p) + A\, (@ (o). P, S, (@ rign). P))
i—1
< C18, 780D g () — q i)l + C187"8" lgi — girall < Ca87"lisa.
j=0
This proves (34) foi + 1. Thus, (34) holdsforall =1, .. ., k. From (34) withi = n and
(32) it follows that

A8 (q(ro). p). S\, (g (). P))
r// f r//
< C181_lk_15’lk < Clﬁi(f’/ le ol dr+€)8t</ g (r)lldr + e).
r/

Now lettinge — 0, we get

- g enar g 7
PGPS gy @) PD) < Crdy i v drge / g’ ()l dr.
r/

Finally, applying the latter to each of the finitely many connected compo€nts) of 1
and summing up, one obtains

1 1
~ —Jo g’ d
B .S g P = PN [Cig o
This clearly yields
~ —L(q.q'
PG PSS @ P = Cuy M Lig. g5 (35)

foralltwithO<r <T”.
LetO<t<T—L(p,p")—L(g,q"). Then0< ¢t < T”, and so (35) and (31) imply

A, p). SLeta’ P)
< 5@ ). S @ PN+ 5@ P S @ )
< €8PS L(p, p) + €18, Lig. 46

This proves the lemma. ]

https://doi.org/10.1017/50143385799126543 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799126543

Exponential instability for a class of dispersing billiards 219

We go on with the proof of Theorem 1.1. Using (27) with= g0, ' = g4, p = po,
p' = py, and the fact thak (o, 99) = llgo — gll < D andL(po, py) = llpo — poll < D,
one immediately gets (4).

To prove (5), definer = t,(q0.q(). Then clearly|z| < llgo — g4l < D.
Notice thatm(S;(x)) = £®(x) for 0 < t < T and 7 (Si4.(x) = £%.(x') for
0<t+47 < T®(g pp). SinceT @ (qq, pp) — = T (q0, py) < T — D, it follows
thatr (S, . (x) = é,(f_), (x'yholdsforD <t < T — D.

LetD <t < T —2D. Thent < T — L(qo.qq) — L(po, py) and so (28) holds. This
and the previous remark imply

C1D
P8I Sie (@) < =561 48, (36)
1

Next, assume that & ¢+ < D. Then, using (36) with = D, we get

A(St (), Si47 (X)) < A(S;(x), Sp(x)) + A(Sp (), Sp+7 (X)) + H(Sp+7 (X)), Si47(x)))

C1D

<2D+ SLD(S{—D +68P) <2D 420D < 3DCy
1

clile 3DC

= 161D < !

D D
81 51

(61 "+ 8.

In the same way, fof — 2D <t < T, one obtains

A(St(x), Sp+2(x) < p(St(x), Sp(x)) + A(Sp(x), Sp+7 (X)) + H(SD+c (X)), Sr2 (X))

C1D
<2D+ SLD((S{D +6772P) < 2D 4 2C1 D8P < 3DC18P
1

3D 3D

= ClS%D < €1

sT=1 4 5.
5P 8P (01 v

Hence for each < [0, T] we haves(S;(x), i1 (x")) < (3DC1/<Sf)(<SlT" + 87). Since
the constan€ determined by (3) satisfies = 3DC1/57, (5) follows.

It remains to prove (6). Given, it follows from Lemma 2.1 that there exisjs =
iL,i+1,...,i+1lo—1withg;(x) < ¢o, Whereg;(x) is the angle between the vector
vjt1(x)—v;(x) and the unitnormal(g; (x)). Fix j with this property. The strict convexity
of the components oK implies the existence of a global constaht> 0 such that if
£, el forsomei =1,...,s,then

I — &'l < Alln) —n(g)]. (37)
Set
12D . . . .
€= " min{s/ "t "It 5/ 4 §" Ty,
a
It is sufficient to consider the case < %coswo. Denotev = v;(x) — vj_1(x),

w = vjp1(x) —vj(x), § = gj(x), vV = v;(x) —vj_1(x), w = vjp(x") —v; (),
& =gq;j(x"). Then|lv—7'| < e and|w—w'| < €. Notice thatjw —v|| = (w—v, n(§)) =

https://doi.org/10.1017/50143385799126543 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799126543

220 L. Stoyanov

2cospj(x) > cospg. Therefore

w —v (w—v) —
In) —nENH| = H — ” H
lw U|| lw — v ||w—v||
1
+lw" = -
vl |
2¢ 2¢ 3e

= + < .
2C0Spg  2C0Spo(2C0Spg —€) €0 gg
This and (37) imply
3Ae¢ 36AD

< 81 4§ ,
co§<po_aco§¢o( + )

lg; () —q; DI = 11§ = &'l <

which proves the first inequality in (6).
To prove the second inequality in (6), we may assumertiiaj > ¢, (x’) + t; the other
case is similar. Sef = n(S,j(x)th(x/)), and use (5) witht = ¢; (x). This gives

(x) T—1j(x)

1E = nll = 17(St, 00 () = 7Sy e NI < €L +8, ™)
<CE +8Y =C@h+85 ),
wheres, = 8¢ = §9/P. Since

cosp; (x') = 3[lw’ — v'|| > cosp;(x) — € > COSpg — 3 COSP = 3 COSpo,

we have
1§ —nll 15 —nll 2C n—
In—&'ll < = = R ( |+ 8577).
sin(m/2 — ¢;(x')) ~ cosp;(x’) 2
On the other hand, in this case clealriy(x) — ¢;(x") — 7| = ||n — &’||, so this proves the
second inequality in (6). O

4. Estimate of the entropy
In this section, Theorem 1.2 is proved. In what follows we use the Bowen-Dinaburg
definition of topological entropy (see for example §7.2\]).

Consider the Bernoulli shit : ¥ — X and the mapf : Mg — X C X defined
in 81. HereXx = f(Mp) is an invariant subset for the Bernoulli shiftbut g is not
necessarily closed i. Define the metrieog on Fp = {1,2,...,s} by w(i,i’) = 0 if
i =i’ and 1 otherwise. Then

o0
oli i = 87wl i)
Jj=—00
defines a metric o which generates the Tichonov (product) topologynHeres; is
the constant defined by (3). It follows easily from Theorem 1.1 that f 1 : £y —
My is a continuous map. However, in general, it is not Lipshitz.
Consider the topological Markov chairy : ¥4 —> X4 determined by the matrix

A= {Cl[j}ij:l, a;j = 0if i = j and 1 otherwise. That is,

4 ={{bi} € T : app,,, = Lforalli}, (38)

i+1
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ando 4 is the restriction o to X 4. It is known (cf. W, Theorem 7.13] for example) that
h(ca) = loga, A being the maximal eigenvalue of the matAx In our case the maximal
eigenvalue ofd iss — 1, soh(oa) = log(s — 1).

It follows from the definition of Zx that it is contained inNT4, SO Tx C Ta.
Consequently; (o, Xx) = h(o, Tg) < h(oa) = log(s — 1).

Lete = 8’{ for somek € N. We assume thdtis so big that Z¢ < a. Hered1 andC
are the constants defined by (3).

Sete’ = 2Ce® + €. Consider an arbitrary € N and choose a subsét of g of
minimal cardinality which ign + 1, €) spanning foo on X, i.e. |E| = ry41(€, g, 0).
Definem = [(n + k)D/e] + 1. Thenclearly Im < ¢/(n + k)D. For eachy € g(E) set
E, = {Sj/m(B7*(y)) : 0< j <m}, and letE’ = Uyc,(r)E}. Then

E'| < |E] (@ +2) = rus1(e. S, 0) (@ +z) . (39)

Letm,, = [na]l+ 1. We claim thai’ is (m,,, €’)-spanning forS1 on L. Indeed, consider
an arbitraryz € L. Then there exists = (¢, v) € Mg such that = 7 (g + ¢'v, v) for
somet’ > 0. Forx there existy € Mg such thag(y) € E and

o/ (f). 0/ (f(y)) <e=8], j=01...n
This impliesi; = i forall/ = —k,—k+1,...,-1,0,1,...,k 4+ n, wheref (x) = (i)
and f(y) = (i)). Applying Theorem 1.1t¢ = B~*(x) and$ = B~*(y), we get that
there existg with || < D such that

p(Si (%), Si4: () < C(8L + 5{*’) O=<r=<T),
whereT = f,12¢+1(X). Fort = (x) we haveS, (x) = x and therefore
POx Sy (M) < €Oy Y 487,
Take jo such thatjo/m < f(x) + v < (jo+ 1)/m. Thenz = Sj,/r(y) € E'. For
0 <t < na we have
P(S(x), St(2)) = P(St41,3)(X)s Stt(joym) (D))
= ﬁ(Stthk()E)()e)a St+tk()€)+t M) + ,5(St+tk()2)+r (s St+(j0/m)(}7))

< CETTHOT gy (t + ’Jn—°> —(t+ 4G + 1)

_ 2 1
< C((s;in+k(X) t_i_(s:tl{c(x))_i_ ;

Here we have taken into account that- # (x) = fp42¢+1(X) — 1% (X) = ty4x+1(x). Since
t(X) > ka andfyqx+1(x) —t > m+k +1)a — [na] > ka for0 < ¢t < na, it follows from
the above estimates thats; (x), S;(z)) < 2C8’{“ + (1/m) < € for0 < ¢ < na. Thus,
for all integersj = 0,1,..., [na] we haves(S;(x), Sj(z)) < €. This means thak’ is
(my, €')-spanning for the mag; on L, and according to (39),

- +k)D
Py (€' L. $1) < |E'| < ras1(e. Tk, 0) (—(” ) +2>.
€

Sincem,/n — a asn — oo, it now follows thatar(¢’, L,S1) < r(e, Tk, o), Which
impliesah(S1) < h(o, k) < log(s — 1). Thereforek(S1) < (1/a)log(s — 1) which
proves the theorem. ]
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5. Billiards without singularities
Throughout we assume that is of the form (1) and satisfies the condition (H). Leebe
the metric oM C R” x R" defined by

p((q,v), (p, w)) = maxllg — pl, llv—wl}.

Under the condition (H), one can add the following to the statement of Theorem 1.1.
THEOREMS5.1. Let K have the form (1) and satisfy the condition (H). Then there exists
a global constantC> > 0 with the following property. If: € N andx = (go, vo), x' =
(99, vp) € M1 are such that for each integgrwith 1 < j < n the pointsg; (x) andg;(x")
are well-defined and both belong I, for somei;, then

p(BI(x), BI(x')) < Co(8{ +87)) (0<j=<n—1) (40)
and there exists with |7| < [lgo — g(|l < D such that
1) — 1;(x") — 7| < Ca(8 +6577), (41)
wheresd; = §{ andéy is defined by (3).

The inequality (40) in the above theorem follows froh(see alsoBu]) and [Sj]. Here
we derive both (40) and (41) from Theorem 1.1.

Proof. It follows from the condition (H) that there exisi® € (0, 7/2) such that for any

three successive reflection poigts g2, g3 of a billiard trajectory inQ the angle between
the vectorg;z — g2 andn(g2) is less than or equal t9g. Using this and (4), it follows from

the last argument in 83 that there exists a consfant- 0 such that both (40) and (41)
hold. m]

In what follows we use the notation from the beginning of 84 and assumg thatisfies
the condition (H). Then the map : Mg — X is clearly continuous. Thustg
is compact andf is a homeomorphism betweey and Xx. In fact, it follows from
Theorem5.1thag = f~1: Sx —> My is a Lipshitz map. We claim that

Yk = Za, (42)

X 4 being given by (38). ClearlfEx C 4. Leté = {i;} be a periodic element df 4. It
then follows from 82 of $t] that there exists a periodic pointe Mg of the billiard ball
map B such thatf (x) = &. Hencet € Xg. Since the periodic elements &fy are dense
in 4 and bothXx andX 4 are compact, (42) follows.

Proof of Theorem 1.3The above remark shows thgt : Mg — g = X4 is
a homeomorphism which conjugates the billiard ball map. My — Mg and the
topological Markov chaimg : Xx —> Xg. Consider the map : Xx —> R, defined

by
ME) =1n(g)) = llq1(g€)) — qo(gENI,

and let

Yh ={(,1) ek xR:0<1 <A}
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Then the map\ : Zj}( —> L, AE, 1) = Si(g(&)), is a homeomorphism which defines a
conjugacy between the special flow owgr on Ej}( and the billiard flows; : L — L.

Let i be the topological entropy &, i.e.h = h(S1). It follows from Theorem 1.2 that
h < (1/a)log(s — 1). SinceB : Mo —> Mp andog : Xx —> X are conjugate, we
haveh(B) = h(og) = log(s — 1). Now applying a straightforward modification of the
argumentin 84, one getd/ D) log(s — 1) < h. We omit the details.

It remains to establish the asymptotig#: ¢"v < A} -logr/A — 1 asi — oo.
As mentioned in Mor, Remark 3.1], this follows from Parry and PollicoRf] and the
following lemma.

LEMMA 5.2. There do not exist > 0, functionsu : Xx — R andm : ¥x —> Z such
that

A= ook — i+ cm. (43)

Proof of Lemma 5.2Suppose there exist> 0 and functiong. andm which satisfy (43).
This implies that every periodic billiard trajectory @ has a period (length) of the form
ck, k being an integer. Using an appropriate dilatiorRifi we may assume that= 1.
This means that every periodic billiard trajectory ghhas integer length. We are now
going to show that this is impossible when- 3.

In what follows we consider configurations

o = (iOa i1, ...,ip—1,1lp = iO) (44)

such thati; € {1,2,3} for all j. Clearly for everya of the form (44) there exists a
uniquex = x(a) € Mo With 7 (x) € T, such thatB"(x) = x and B/ (x) € T, for all
j=0,1,...,n. Letg1 € I'1, g2 € 'z be such thalg1, ¢2] is orthogonal td™1 atg1 and
toI'2 atgp, i.e.dp = |lg1 — ¢2|| = dist(K1, K2). By assumption, we haw& € N. Given

k € N, define
ar=1(1,2,1,2,...,1,2,3,1),
—_—
4k terms
and let
k k k k k k
gy € T1, 45 € Ty, ...,qflk),l €I, qf;k) eI, qf;k)Jrl eI, ql(lkiz eln

be the successive reflection points of the corresponding billiard trajectory. Den@je by
the length of this trajectory. Cutting the last two termspf one gets the configuration

Be=21212..12).
—_—
4k terms
Clearly the billiard trajectories

k k k k
q;_ )7 qé )5 ey qz(lkllv ql(lk) and qlv q25 IR Ql, q2
_

4k terms
both follow the configuratiom. It then follows from Theorem 5.1 that

(k)

k k _
lgsy 1 — a1l < €%, llag — qall < C8%, g5 — g1l < C8%~4% (45)
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for some global constaidt > 0 independent of.
Next, consider the following periodic configuration which is a cyclic permutation of
of—1-
o_,=1,212...,1,231212,...,1,21).
2k—2 terms 2k—2 terms

Clearly the successive reflection points of the corresponding periodic billiard trajectory are

(k=1) (k—1) (k-1) (k=1) (k=1) (k—1) (k—1) (k=1) (k—1) _(k—1)
ok—1-92% >+ >Y9ak—5 9ap—4-92k—3-910 492 - 9u-3-92%—2 92%-1"

and the length of this trajectory % _1. Another billiard trajectory which follows the same
configurationy, _, is

(k) (k) (k) (k) (k) (k) (k) (k) (k) (k)
Dor+3 Dok+4 -+ - Dak—1 Dok > Dok 91 92 > -+ - Dok—3> Dok—2> Dok —-1-

Denote the length of the latter 5§/ ;. It then follows from Theorem 5.1 that

k—1 k k—1 k
1Tecs — Ti_al < llas 1 — ashall + lasg 1 — a5 4ll-

Using the latter and (45) fdrandk — 1, one get$Ty—1 — T} ;| < 4C8%*~4. In fact, T_1
is the total minimum of the length function corresponding to the periodic configuration
a4 (cf. 83in[St]), soTy—1 < T]_,. Thus,

Tie1 < T}_4 < Tr—1 + 4C5%* 74, (46)

On the other hand, we halg = T} _, + ||q§],§)_1 - qéﬁ)ll + ||6]g;§) - quillll, and (45) and

(46) imply Ti_1 + 4do < Ty < Ti—1 + 4do + 4C8%—4. Sincedy, Ti—1 andTy are integers
by assumption, the above is clearly impossible for largecontradiction. This proves the
assertion. m]

Appendix. Curvature of convex wavefronts

Let X andY be smooth hypersurfacesif endowed with smooth unit normal fields (x)
andny (y), respectively. We assume that battandY are convex with respect to the given
normal fields.

In what follows we use the notatidiy, v) = {g+fv : ¢t > 0}, whereg, v € R, v # 0.

Letgo € X be such that the raifqo, nx (go)) hits Y transversally at some poipt. Set
to = |lpo — qoll. Consider an arbitrary smooth parametrizatios- q(u), u € U, of X
neargo. HereU is some open subset Bf ~1. Letgo = ¢ (uo).

For everyu € U close toug, the rayl(q(u), nx(u)) hits Y transversally at some
point p(u). Denote by f(u) the reflected direction ofix(u) at p(u), i.e. f(u) =
nx W) — 2(nxu),ny (u))ny (u), whereny(u) = nx(qgw)), ny(u) = ny(p(u)). Then
for the anglep(1) betweenf (u) andny (1) we have cop(u) = (f (u), ny (u)).

Let y(u) be the (billiard) trajectory formed by the segméatu), p(«)] and the ray
I(p(w),nx()). Fort > 0, denote bys;(u) the shift ofg(u) alongy (u) after time:.
SetX, = {S;(u) : u € U}. Clearly fort < o andt > 19, X; is a smooth (local)
hypersurface. Denote () theminimal sectional curvaturef X, at the pointS; (zo) and
setk_(to) = lim; ~ k (1), k4 (to) = limy « (¢). Finally, letko be theminimal sectional
curvatureof Y at pg and letpg = ¢ (ug).

The following fact is a folklore. We prove it for the sake of completeness.
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PROPOSITIONA.1. k4 (fo) > «_(to) + 2 COSpoko.

Proof. Fix, for a momentt ands” with 0 < ¢/ < 19 < t” and setg’(u) = S, (u),
q"(u) = Sp(u), X' = X, andX” = X,

Givena = (a1, . .., aq—1) € R?~1, consider the vectons = Z?:‘]i ai(9q’ /dui) (uo) €
TyugX's v/ = Y9 ai@q" /dui) o) € TyugX", w = Y91 ai(@p/dui)(uo) €
Tpue)Y-

We are going to express the sectional curvature¥’oX” andY at the points;’(uq),
q" (up) andp(ug) with respect to the sections determinedgdyy” andw, respectively.

Let I’ and I1’ be the first and the second fundamental formsXéfat g’ (uq).
Thenl'(v) = Y{72, vjv) g}, (uo) and I1'(v') = Y vjv)b, (uo), whereg/ (1) =
((q"/0ui) (), (g /0u j) () b; (u) = (nx (u), (0%q"/dujuj) (w)).

The corresponding quantities far” will be denoted byl”, 11", g;}, blf;. and those for
Y by IV, 11, ¢ andb}”.

We havep(u) = q'(u) + (t(u) — t)nx(u) andq”(u) = pQu) + " — t(w)) f ().
From these equalities one derives with some standard computations (see §1R9] in [
for more details) that” (v"") = I'V(w) — (ny (), w)? + 0" — to) and I11"(q") =
2cospol IV (w) + I1'(V') — O(to — t') + O(t" — 19). On the other hand[") (w) =
I'(V) + (nx (uo), w)2 + O(to — t'). Combining the last three equalities gives

11"w")  —2cospol I (w) — 11'(q") / .
1" (") N I (w) — (ny (o), w)2 + Ot — tg) +O0(—1t)+ 0 o)
1Y (w)
- ZCOQPO( 1D w) + 00" - zo)>
17w

S TW)+0o—1) + 0" — to)
+O0(—t)+ 01" —1).

Now letting?’ 7 tg andt” N\ o, we get

11" " I W)  I1I'0)
— = = —2c0 - > 2 cospoko + k—(10).
"W — Spo I(Y)(w) 'y ~ SpoKko + (t0)
This holds for every” e T, X", so the assertion follows. O
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