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Let T be a semicomplete digraph on n vertices. Let ax(T) denote the minimum number of
arcs whose addition to T results in a k-connected semicomplete digraph and let r(T) denote
the minimum number of arcs whose reversal in T results in a k-connected semicomplete
digraph. We prove that if n > 3k — 1, then ay(T) = r¢(T). We also show that this bound
on n is best possible.

1. Introduction

A directed graph D = (V, A) on at least k + 1 vertices is k-connected if D — X is strongly
connected for every subset X < V' such that | X| <k — 1. The connectivity k(D) is defined
to be the largest k for which D is k-connected. It is a trivial observation that if a digraph
without two-cycles on n vertices is k-connected, then n > 2k + 1.

Consider the following problems:

(1) Given a digraph D = (V, A) on at least k + 1 vertices for some natural number k, find
a minimum set F of new arcs such that the digraph D' = (V,A4 U F) is k-connected.
Let ar(D) = |F)|.

(2) Given a digraph D = (V,A4) on at least 2k + 1 vertices for some natural number k,
find a minimum set F < A4 of arcs in D such that the digraph D’ obtained from D by
reversing every arc in F is k-connected. Let ry (D) = |F]|.

In [3] problem (1) is solved completely in the sense that a min-max formula for a,(D)
is obtained and it is shown that an optimal augmenting set can be found in polynomial
time. Concerning problem (2) the situation is completely open for general digraphs. Even
the question as to whether r¢(D) is finite is open. (For some related conjectures see [4].)

We first point out a couple of easy observations we will use later. The first one is that
if F is a minimal augmenting set of arcs for problem (1), then no arcs in F are parallel
and no arc in F is parallel to an arc in A. Secondly, for problem (2) we remark that no
optimal reversing set of arcs contains an arc which is in a directed two-cycle in D.
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Note that if F is a set of arcs in a digraph D whose reversal makes D k-connected, then
the set F’ consisting of all arcs in F reversed is an augmenting set of arcs whose addition
to D results in a k-connected digraph. Thus we always have that a,(D) < rx(D).

It is not difficult to show that for each k > 1 there are digraphs for which each of the
numbers a;(D) and r¢(D) is finite and a,(D) < r¢(D). For example, one can take the class
of digraphs {Dy }x>1. Here, for each k > 1, Dy is obtained from a k-connected tournament
T, on vertices vy,vy,...,0,, Where n = 2k + 1 by adding two new vertices vy and v,4;
and the arcs {vwg : 1 < i< k—1}U{vpv; : k < j<nfU{vypvs :n—k+2<i<
nyU{vjone 11 < j<n—k+1}. It is not difficult to see that Dy is (k — 1)-connected and
that ax(D) = 1 and r, (D) = 2. Observe that D; has only one pair of non-adjacent vertices,
namely vg, v,11-

In this paper we show the existence of a class of digraphs where ax(D) = r¢(D), provided
that the number of vertices of D is sufficiently high. That is, we show that if D is any
semicomplete digraph on at least 3k — 1 vertices for some k = 2, then ay(D) = ri(D).
(A directed graph D = (V, A) is semicomplete if uv € A or vu € A (or both) holds for
any pair of distinct vertices u,v € V. A tournament is a semicomplete digraph without
two-cycles.)

In Section 3 we show a family of digraphs proving that this lower bound for the number
n of vertices is best possible. Our proof easily implies a polynomial algorithm for finding
an optimal set of arcs to be reversed. Note that the above equality for k = 1 (and n > 3)
is trivial, using the fact that there exists a directed Hamiltonian path in any semicomplete
digraph.

2. Definitions and preliminaries

Let G = (V,A) be a directed graph. A vertex u is an in-neighbour (out-neighbour) of
X cVifueV—X and ux (xu) is an arc for some x € X. The set of in-neighbours and
out-neighbours of X = V is denoted by N7(X) and N*(X), respectively. Observe that
G is k-connected if and only if, for any subset X = V with |V — X| >k, |[NT(X)| =k
and [N~ (X)| = k hold. We will use several times the well-known — and easy to check —
submodular property of the function |[NT| (and |N ™), which is the following:

INTOI+INT(Y) = INT(XNY) + NI (X UY) 2.1

for any two subsets X, Y < V.

In a digraph G = (V, A) with connectivity k(G) we call a subset X < V with |V — X| >
k(G) + 1 out-tight or in-tight, if INT(X)| = x(G) or [N~ (X)| = x(G), respectively. It is easy
to see that if X is — say — out-tight in G, then V — X — N*(X) is in-tight.

After reversing an arc e (or a set E of arcs) of G, the new graph is denoted by G < e
(G < E). For an arc e = uv (or a set E of arcs) the oppositely directed arc vu (or the set
of the oppositely directed arcs of E) is denoted by ‘e ((]:7).

An arc e = xy is critical in a graph G = (V,A) with connectivity k if G — e is
not k-connected. This is equivalent to the property that there exist two non-empty sets
X, YcVwithXNnY =0, |V—-(XUY) =k—1 and the unique arc from X to Y in G
is e.
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The following two lemmas hold for any k-connected digraph G.

Lemma 2.1. Let G = (V,A) be a k-connected digraph and e a critical arc in G. Then there
exists a unique minimal out-tight set K and a unique minimal in-tight set B in G —e. There
is no arc from K to B in G—e and, in addition, G—e U f is k-connected for any arc f = uv
with u € K and v € B.

Proof. Suppose that there exist two different minimal out-tight sets K; and K, in G — e.
Since we can make this graph k-connected by adding the arc e = xy, K; and K, cannot
be disjoint and y € (V — K; — NT(K{)) N (V — K> — NT(K3)). This implies that in G —e
we have N~ (y) € V —K;UK,. Hence |V — (K UK;)| = k and NT(K; UK;) = k— 1, since
G — e is (k — 1)-connected. Thus, using the submodularity of the function |[N¥| in G —e
and the (k — 1)-connectivity of G — e,

k—1+k—1=|N*(K)|+INT(K2)| = [NT(Ki NKo)| + [NT(Ki UKs) =k —1+k—1.

This gives INT(K; N K3)| = k — 1, contradicting the minimality of K. The uniqueness of
B follows similarly.

To see the second statement, observe that for any out-tight set L and the unique
minimal out-tight set K we have K < L and B = (V — L — NT(L)). (In particular,
KNB=4¢) Ul

Lemma 2.2. Let G = (V, A) be a k-connected digraph and e a critical arc in G. The minimal
in-tight and out-tight sets in G — e are denoted by B and K, respectively. Let f = uv be an
arc withu € B and v € K for which G—f is k-connected. Then (G—e) < f = (G—e—f)UT
is k-connected.

Proof. By Lemma 2.1 we know that B and K are the unique minimal in-tight and out-
tight sets in G — e. There exist a unique minimal out-tight set K’ and a unique minimal
in-tight set B’ in G — f — e as well, since G — f is k-connected.

By Lemma 2.1 it is enough to prove that the unique minimal in-tight and out-tight sets
are the same in G — e and in G — f —e. It is obvious that K is out-tight and B is in-tight
in G —e— f as well, and hence we have K’ < K and B’ < B.

If K’ is a proper subset of K, we get that K’ is not out-tight in G — e but out-tight
in G — f —e. This would imply u € K’ = K, contradicting the facts that u € B and
BNK =0. O

3. The main theorem

Now we are ready to state and prove the main result.

Theorem 3.1. Let G = (V,A) be a semicomplete digraph with |V| = 3k —1 for some k = 2.
Then ay(G) = ri(G).
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Proof. As we mentioned, a;(G) < ri(G) for an arbitrary digraph. Also, note that for
any semicomplete digraph on at least 2k + 1 vertices rx(G) is finite, and in our case this
condition holds.

To see the other direction, let G = (V, 4) be a semicomplete digraph with n := |V| >
3k — 1. We shall prove that there exists a set H of arcs which is an optimal augmenting
set and for which G < H is k-connected. (Note that not every optimal augmenting set
will do; see the remarks at the end of Section 3.)

Let F be an optimal augmenting set — with respect to k-connectivity — for which
r(F) :=max{|J| : J € F;(G < TYU(F—J) is k-connected} is maximal. If r(F) = |F|, we
are done. Let H < F be a set of new arcs with |H| = r(F) such that (G < ﬁ) U(F—H)
is k-connected. We can assume that there exists an arce = xy € F — H. Let C = (G <
ﬁ) U(F — H) and let M := F — H. By the optimality of F, every arc e € M 1is critical —
with respect to k-connectivity — in C and, by the maximality of H, ‘@ is also critical for
every arc e € M.

Let us fix an arc e = xy € M. Now C — e is (k — 1)-connected but not k-connected.
(Hence in C — e a tight set has k — 1 in- or out-neighbours.) The unique minimal in-tight
and out-tight sets in C — e are denoted by B and K, respectively. Let D := C —e.

By Lemma 2.2 and the choice of F we can assume that all the arcs from B to K in
C are critical. Since G (and hence C) is semicomplete, C contains every arc g = vu with
v € B and u € K. Thus, since the arcs bx, yl (b € B,l € K) are critical, it follows from
Lemma 2.1 that for any vertex b € B there exists a unique minimal out-tight set K in
C — bx and, similarly, for any vertex | € K there exists a unique minimal in-tight set B;
in C — yl.

It follows from the definition of K, and the fact that every vertex of B is an in-
neighbour of x, that for every b € B we have K, N B = {b}. Similarly, for every vertex
l € K we have BNK = {l}.

Claim 3.2. If |B| = k + 1, then K, N Ky = 0 for any two distinct vertices b,b' € B. If
K| =k + 1, then ByN\ By = 0 for any two distinct vertices I,I' € K.

Proof. By symmetry, it is enough to prove the first assertion. Suppose that K, and Ky
have a non-empty intersection X. In C — x we have

k—1+4k—1=|N*(Kp)|+ NT(Kp)| = INT(Kp UKp)| + [NT(X)| =k =1 +k—1,
since C — x is (k — 1)-connected and |V — (K, UKy )| = k — 1, because |B| = k + 1. Thus
INS(X)| = [N (X)| = k — 1, contradicting the k-connectivity of C. ]

Claim 3.3. Let K| (B}) be an out-tight (in-tight) set in C — yx. If K N K|, # 0, then
|V —(KUK})| < k—1 and, similarly, if BNBy # 0, then |V —(BUB)| < k—1. Furthermore,
KNK,=0or BNB,=0.

Proof. Assume that K NKj # 0 and |V — (K UK)| = k. Thus, using the k-connectivity of
C and the fact that y € K UK, we get [INJ(K UK})| = [N} (K UK})| > k. Furthermore,
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x ¢ KNKj, thus [INS(K NK})| = [N (K NK})| >k must hold. Hence in D we get
k—1+4+k=|N"(K)|+|NT(K))| >IN (KNK})|+ |NT(KUK})| >k +k,

a contradiction. The proof for By is similar.

Suppose now that K NK, # @ and BN B, # 0. (Here K, and By are the unique minimal
tight sets in C — yx). By the definition of K, B, K, By, there is no edge in C with tail in
K UK, and head in B N By, thus the k-connectivity of C implies |V — (K UK,)| >k + 1,
which was just proved to be impossible. L]

Case I. |B|<kand K| <k

By Claim 3.3 we can assume — without loss of generality — that K N K, = 0. Let
B =V —K, — N{_ (K,). Since K, is out-tight in C — yx it follows that B’ is in-tight
in C — yx and that |V — (K, U B’)] = k — 1. Note also that since every vertex of B has
an arc to every vertex of K and there is no arc from K, to B’ in C — yx, we must have
B'NK = {x} and K, NB = {y}.

Since C is semicomplete, and there is no arc from K, to B’ except yx, we get that every
vertex v in B’ — B is an in-neighbour of B (by the existence of the arc vy); hence, since B
is in-tight, |B’ — B| < k.

Let W := (V — (K UB))NK,. We claim that if |[B’ — B| =k then W = (. Indeed, if
W + 0, then W has at most k — 1 out-neighbours in C, because it has no out-neighbours
in B" and if there was an arc from W to K,NB, then B would have at least k in-neighbours
in D (each of the k — 1 vertices in B’ — B — x are in-neighbours of B in D), contradicting
the fact [N, (B)| = k — 1. Thus, since C is k-connected, we must have W = § (which
implies K, = {y}).

First assume that B N B’ # (). Now, counting each vertex in C, and applying Claim 3.3
to B’, we get

|V|=|B|+|B —B|+|V—-(BUB)| <k+k+k—1=3k—1.

We claim that at least one of the inequalities must be strict inequality, from which
[V| < 3k —2 will follow. Suppose, to the contrary, that equality holds above. This implies,
in particular, that |B’ — B| = k. Since this was shown to imply W = (), we can count |V|
in a different way, namely

V| <|B'—B|+|B|+|V —(BUK,))| <k+k+k—1,

and if BN (V — (B'UK,)) # 0, then strict inequality holds, since we counted at least one
vertex twice. Thus we may assume that BN (V — (B’ UK,)) = 0.

Now we see that in C there is no arc from V — (B’ UKy) to BN B, since B is in-tight
and already has k in-neighbours in B’ — B. This implies that every in-neighbour of BN B’
must be in B'— B — x. Thus B’ — B — x, a set of size at most k — 1, separates x from
BN B in C, a contradiction. Hence strict inequality must hold above and |V| < 3k — 2.

Now we can assume that BN B’ = () holds. As we observed, |B'| = |B’— B| < k, and by
a similar argument we get that |K,| = |K, — K| < k. Thus we can count as follows:

V| =|B|+ K, + |V —(K,UB)| <k +k+k—1<3k—1.
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However, we saw that W # () implies |B’| = |B’ — B| < k — 1 and hence |V| < 3k — 2. If
W =0, then K, = {y} and we can count as follows:

VI <|B|+ K, +|V—(K,UB) <k+1+k—1=2k<3k—2.

This contradiction proves that Case I cannot occur.

CaseIl. |[B|=>k+1lor|K|=k+1.
By symmetry we can assume that |B| > k41 holds. Let T := N (B). By the definition of
B, |T|=k—1.

First, observe that for every b € B the minimality of K, implies that the subgraph
induced by K} is strongly connected if |[Kj| = 2.

Recall that by the remark just before Claim 3.2 we have K,NB = {b} for every b € B. By
Claim 3.2 the sets K, (b € B) are pairwise disjoint. Let #":= {K,, : b € B} be the family
of these out-tight sets. Clearly |.#'| = [B|. Let .#:={K' :K' € #,K'N(V —B—T) # 0}.
Let A ;= A4 — M. Let m := |.4#|. For any set K’ € ./ we have K' N T # (), otherwise the
digraph induced by K’ is not strongly connected. Thus m < k—1. Letr := |V —B—T|, and
s:=|B|. Let Z := {v € B : K, € A"}. We have |Z| = s —m, and since C is semicomplete,
Z also induces a semicomplete digraph and

max{dz(z):z€Z} = (s—m—1)/2. (3.1)

(Here 6z denotes the out-degree in the subgraph induced by Z.) Moreover, there is an
arc from any z € Z to any vertex in V — B — T, and any out-neighbour of z in B or
V — T — B is clearly an out-neighbour of K, as well. This implies

(s—m—1)/24r <k, (3.2)
and hence
WVi=r+k—1+s<r+k—142k—r)+m+1=3k—r+m. (3.3)
The members of .# are pairwise disjoint and none of them can contain x, thus
m<r—1, (3.4)

and
[V <3k—1 (3.9)
follows.

We claim that at least one of the inequalities (3.1)—(3.4) is strict, which will imply that
(3.5) is also strict, i.e. |V| < 3k — 2, a contradiction.

If equality holds in (3.5), then, in particular, equality holds in (3.1) and (3.2), which
means that there is no two-cycle in Z and the average out-degree in Z equals the maximum
out-degree. This gives that Z induces a regular tournament (a digraph D = (V',A4') is
regular if there exists a natural number ¢ such that the in-degree and the out-degree
equal t for every vertex v € V'), and any vertex z € Z has precisely k out-neighbours in
Z JU(V —B—T). This implies that there is no arc from Z to B—Z. Since B was a minimal
in-tight set in D, B is strongly connected, hence B — Z = @), which gives m = 0; hence
r =1and s = 2k — 1, if (3.4) holds with equality. In particular, B induces a (k — 1)-regular
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tournament in C. We can also conclude that K, N T = § for all b € B. For suppose
t € TNK, for some b € B. Let b’ € B— b be an in-neighbour of b in the (k — 1)-regular
tournament induced by B. Now, either bt is an arc, contradicting that K, has precisely k
out-neighbours in C (recall that x is also an out-neighbour of b and that K, N Ky = 0),
or tb’ is an arc, contradicting that K;, has precisely k out-neighbours in C.

Now we can conclude that no vertex b € B has an out-neighbour in T and hence the
only in-neighbour of T in C is x, a contradiction, since C is at least 2-connected (clearly
T # 0, since k > 2).

This final contradiction in Case II proves that there exists an arc f with tail in B and
head in K which is not critical in C. Thus, deleting e and f and adding T would yield a
k-connected digraph by Lemmas 2.1 and 2.2, which contradicts the choice of F. ]

We remark that our proof is constructive in the sense that starting from an optimal
augmentation — which can be obtained in polynomial time by [3] — we can easily get in
polynomial time an optimal set to be reversed.

One may argue that perhaps if we restrict ourselves to only adding arcs between
adjacent vertices, then we could have ay(D) = ri (D) for any digraph D, provided both
numbers are finite and the number of vertices in D is large enough. This is not true,
however, as can be seen from the following example.

Let Ty and T, be disjoint 2-connected digraphs, let u € V(Ty), v € V(T,) be fixed
vertices and let D be the digraph obtained from T; and T, by adding new vertices
x,y,z and the following arcs {r—y|r € V(T)} U {y—sls € V(T2)} U {s—rls € V(T»),r €
V(T1)}U{r—x|r € V(T))—u}U{s—zls € V(T2) —v} U{x—>u,z—v,z—x}. It is not difficult
to see that ay(D) = 1 and that any arc which makes D 2-connected has tail x and head
in T, U z. On the other hand, it is also easy to see that ry(D) > 2. This example can be
modified to work for any k > 1.

If we add edges to D without increasing the number of out-neighbours of x and of
z, we can construct a semicomplete digraph D’ of any given size for which xz is an
optimal augmentation but reversing xz does not make D’ 2-connected. This — and similar
constructions for higher connectivity — show that we cannot reverse along an arbitrary
optimal augmenting set for k > 2.

It is also important to note that the problem of determining the optimal number
of arcs to be reversed to make an arbitrary digraph k-arc-connected was shown to be
polynomially solvable in [1].

4. The example

In this section we show that for any k > 3 there do exist semicomplete digraphs G for
which n = 3k — 2 but a;(G) < ri(G).

Let T’ be a (k — 1)-connected (k — 1)-regular tournament on 2k — 1 vertices {vo, ..., ak—2}
for some k > 3. Let N = {vy,...,ux_1} denote the set of in-neighbours of vy in 7"’. Replace
the vertex vy by a complete digraph D on k — 1 vertices {va—_1,..,v3—3}, and then add
k — 1 independent arcs {vvor_r+i}, i = 1,...,k — 1, from N to D, and add all the arcs of
form xy, x € D,y € T' —vy. Then add a new vertex w = v3;_, to this modified graph and
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the arcs xw, x € DU (T’ —1y), and wy, y € D. Finally, add one more arc e = wz where z
is an arbitrary vertex in T’ — vy. Let us denote the new graph of 3k — 2 vertices by T.

Claim 4.1. T is k-connected.

Proof. It is easy to check that replacing vy in T’ by D does not destroy the (k — 1)-
connectivity, hence T — w is (k — 1)-connected. The additon of a vertex w with at least
k — 1 out- and in-neighbours also preserves (k — 1)-connectivity. Thus T is (k — 1)-
connected.

Suppose that T is not k-connected. Then there exists a separating set S with size k — 1
in T. This yields that there exist two non-empty subsets A, B < V' such that AUB =V —§,
AN B =0, and there is no arc from A to Bin T —S. We have w ¢ S, otherwise S — w
would be a separating set of size k — 2 in T — w. Since there is an arc from any vertex of
T to w, w € A4 holds. This implies N*(w) = AUS. Since there is an arc from any vertex of
D to any other vertex, D N A = (), thus D = S. Furthermore, [D| =k — 1, and [NT(w)| = k
implies that z € A. However, T — D — w is strongly connected (at least (k — 2)-connected).
But now B is not reachable from z in T — D — w, a contradiction. ]

Since w has out-degree k in T, k(T —e) =k — 1, and a(T —e) = 1. However, it is easy
to check that the semicomplete digraph T — e cannot be made k-connected by reversing
only one arc. We need to reverse some arc with head w, but every vertex z of T' — g
has just k out-neighbours in T — e, so reversing the arc zw does not make the digraph
k-connected.

Note that some arcs can be deleted from T — e without changing the connec-
tivity and the values a; and r,. But not every two-cycle can be eliminated. This
suggests that for tournaments with at least 2k + 1 vertices perhaps ax = ry always
holds.

Finally, we make the easy observation that if a semicomplete digraph D has at least
2k 4+ 1 vertices then r,(D) is finite and, in fact, bounded by a function in k. To see this it
suffices to use the following two simple observations.

(a) If D is a k-connected digraph and D’ is obtained from D by adding a new vertex x and
arcs from x to a set X of k distinct vertices of D and arcs from a set Y of k distinct
vertices of D to x, then D’ is also k-connected.

(b) If T is a semicomplete digraph on at least 4k — 1 vertices, then T contains a vertex
with in-degree and out-degree at least k.

By observation (a) and (b), for every semicomplete digraph T, r.(T) < ri(T') for
some subdigraph T’ of T with |V(T’)] < 4k — 2. This provides a simple upper bound
for r(T) (and hence for ay(T)) as a function of k. It follows from [2, Theorem 4.2]
and the fact that T is semicomplete that to increase the connectivity of a semicomplete
digraph from k to k + 1 one needs to add at most 2k + 1 new arcs. This leads to a better
bound on ax(T), and by Theorem 3.1 for r,(T). We leave the details to the interested
reader.
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