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ON IMPROVING ROTH’S THEOREM IN THE PRIMES
ERIC NASLUND

Abstract. Let A C {l,..., N} be a set of prime numbers containing no non-
trivial arithmetic progressions. Suppose that A has relative density o = |A|/7(N),
where 7 (N) denotes the number of primes in the set {1, ..., N}. By modifying
Helfgott and De Roton’s work [Improving Roth’s theorem in the primes. Int. Math.
Res. Not. IMRN 2011 (4) (2011), 767-783], we improve their bound and show that

(loglog log N)®
loglog N

§1. Introduction. In 1936, Erdos and Turan [3] conjectured that if a set A C
N = {1,2,3...} does not contain a non-trivial k£ term arithmetic progression
then |
lim sup — Z 1a(x) =0,

x—>o00 X
n<x

or in other words its natural upper density is zero. In 1953, Roth [10] proved this
result for three-term arithmetic progressions. Quantitatively he showed that any
progression-free set of integers A satisfies

AN{1,2,....N S —
| { }|<<loglogN

Roth’s theorem has been improved significantly over the last 60 years by Heath-
Brown, [7], Szemerédi [12], Bourgain [1, 2] and most recently Sanders [11], who
obtained the bound

N(loglog N)>

AN{l,2,...,N
| { < log N

Moving to the set of prime numbers, which we will denote by P, we define the
relative density of aset A C P up to N to be
_1ANA{L2, ..., N}
T PN{1,2,..., N}

a(N) (1.1)

In 1939, Van Der Corput [13] showed that P contains infinitely many non-
trivial three-term arithmetic progressions. Green [4] proved an analogue of
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Roth’s theorem inside the primes, showing that if A C P contains no non-trivial
arithmetic progressions, then

logloglogloglog N 172
loglogloglog N

a(N) < (

where the notation f(N) <« g(N) means that there exists an absolute constant
C such that f(N) < Cg(N) for all N > 1. Helfgott and De Roton [8] improved
this density bound, removing two logs from the denominator and obtaining

logloglog N

N _—
aN) < (loglog N)1/3

(1.2)

Their result implicitly uses the best quantitative bound on Roth’s Theorem in

the integers, and when the proof is run through again with Sander’s bound, the

density recovered is

(logloglog N)°/?
(loglog N)1/2

Our main result is the following theorem.

a(N) K

(1.3)

THEOREM 1. Suppose that A C P N [1, N] has relative density o and
contains no non-trivial arithmetic progressions. Then

(logloglog N)®
loglog N

Our proof parallels that of Helfgott and De Roton, and we look at the
convolution of the indicator function of the set of primes and the indicator
function of a set ¥. We gain a factor of two in the exponent by using the L
norm, where k is a slowly growing function of N, rather than the L? norm.
Using this higher norm introduces several combinatorial difficulties which are
dealt with in §2 and in the proof of proposition 2. This L2¥ norm bound gives
greater control over the outliers, and allows us to choose a larger subset on which
the convolution is uniformly bounded from below. As in Helfgott and De Roton,
the bound on Roth’s theorem yields a lower bound on the size of the three term
progression operator applied to this uniform set. If the set X is chosen correctly,
the three-term progression operator of the convolution cannot be too far from that
of the indicator function of the primes, which gives the desired density bound for
the primes.

1.1. Preliminaries and notation. For two functions f, g : N — R, we write
f K g, or f(x) = O(g(x)) if there exists a constant C > 0 such that
| f(n)] < Cg(n) for all positive integers n. Often we will look at when f < g
for sufficiently large n, which means that there exists Ny, C > 0 with | f(n)| <
Cg(n) foralln > Ny.

To denote (1/]S]) ), cg f(x), the expectation of f over the set S, we write
Eyes f(x). Given a function f : Z/NZ — C, where N is a prime, we define the
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Fourier transform to be

f @) = Ereznz f(x)e¥ /N,

The convolution operation is given by

(f*9)x) =Eyez/nzf (g — ), (1.4)

which is suitably normalized so that

Frg®) = fna®). (1.5)

The L* and ¢* norms are defined to be

Ik zynzy = Exezynzl fOHYE,

and

A . 1/k
||f||zk<Z/Nz>=( > If(x)l"> .

x€Z/NZ

When there is no ambiguity, we will omit the notation ¢X(Z/NZ) and
LKz /NZ), and simply write || - ||x. We will make use of the fact that the inner
product ( f, 8 2@ /NT) = Exez/nz f(x)g(x), satisfies Plancherel’s identity

Ecez/nzf(0)gt) = Y F1)2), (1.6)

teZ/NZ

from which we obtain || /|| ;2(g) = Hf”ZZ(G)' Given functions f, g, h: Z/NZ —
C, we let A(f, g, h) denote the three-term arithmetic progression operator
defined by

A(f, 8. h) =Eyaezynzf(x)gx + d)h(x + 2d).

If 14 is the indicator function of aset A C Z/NZ, then A(14, 14, 14) counts the
total number of three-term progressions in A, including the trivial progressions.
Foraset ¥ C Z/NZ, we let | 2| denote the cardinality of ¥, and u(¥) = |X|/N
denote the relative measure.

§2. Sieving the primes. Let A C [1, N] be a subset of the primes with
|A| = a(N/log N), and suppose that ¢ > (log N)~1/4. We will remove the
small primes using the ‘W trick’, which allows us to effectively apply certain
sieve results later on. Let W = [] p<z P be the product of the primes less than
z. Splitting into the different arithmetic progressions modulo W, there will be
exactly ¢ (W) non-trivial residue classes. By the pigeon hole principle there
exists an arithmetic progression AP(b) = {b +nW : 1 < n < N/W} with

N 1 W
log N ¢(W)  ¢(W)

IAP(D) N A| >« 2.1
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where the W /¢ (W) on the right-hand side appears since we are not including the
primes up to W. Let P be the least prime larger than 3N /W, so that 3(N/ W) <
P <6(N/W),andlet Ag C [1, P] be the set

m-—>b
AozinzT:meAP(b)ﬂA},

noting that an arithmetic progression in Ay can be lifted to a progression in
A. Using equation (2.1) along with some basic asymptotics for the number of
primes, we can find a lower bound for the size of Ag. Note that

logW = Zlogp =0(2) ~ z, (2.2)

DSz

so that W = e%, and

-1
s 1= -
Pz
where y = limx_,oo(zngx 1/n — logx) =~ 0.577 is the Euler—Mascheroni
constant. Choosing z = ‘l‘ log N, and N sufficiently large, we may assume that

sz<logW < 3z,
which means that the modulus has size N1/> < W < N'/3, and

logz < < 2logz. 2.3)

w
¢ (W)
Equation (2.3) along with the inequality P/6 < N/W implies that and
(Plogz)/6 < N/¢p (W), and so by (2.1) we have that

logz
6log N
log z
10log N
for N sufficiently large. Each arithmetic progression inside Ag corresponds to
an arithmetic progression in A, and so if Ag contains a three-term arithmetic
progression, then A must as well. With this in mind, we shift our attention to
the progressions inside Ag. Define a = (log N/logz)14, to be the normalized
indicator function for the set Ag, which is supported on [0, P /3] since we chose
P > 3N/ W. This function satisfies

|Ag| = aP —2logz

o
lalh = Enez/pzan) > 1. Q2.4)
and log N log N
(0] (0]
lal2 = Bnezypran)? = ~~ ez pzan) = —2—|al).
log z logz

In §3 we will examine the key quantity A(a, a, a) in detail, and show that it
cannot be too small when « is large. To do this, we will need a bound on the L%k
norm of the convolution of ¢ and an indicator function 1y, which is discussed in
the following section.
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2.1. Bounding the L** norm of the convolution. Our goal is to provide bounds
on the L2 norm of a * o where o is the indicator function of a set X.

PROPOSITION 2. Given z, N, P and a(n) as above, let k be an integer in
the range 1 < k < %logl/3 z. Suppose that 0 = 1y /u(X) is the normalized
indicator function of a set . C [—P /3, P/3] C Z/PZ. Then for N greater than
some fixed No, we have the bound

log N\ 1172k
la * ol < k+ (g—) DI
log z

We will make use of a theorem of Klimov on the Selberg sieve. Theorem 3 of
[9] is as follows.

THEOREM 3 (Klimov). Let 1 < i < k, 1 < n < M, vg < v <
\/_/(long M), for a fixed vo, and define My(q;,l;) to be the number of
integers n for which p { gin + 1;, for each p < v, and each 1 <i < k. Then if
Uy = 0(exp(log v)) for a fixed constant B > 0, for k > 2, we have

1\ ¢ logl
T(-27)(0-5) (o (P55))
)4 logv
where uy = max(q;, u; j), ui,j = |liqj — ljqi| (1 < j < k), and p(p) is the
number ofn € {1, ..., p} such that

My(qi, ;) <

k
n(qin 4+ [;) = 0mod p.
i=1

We elect to reference the above theorem, rather than Theorem 5.7 from
Halberstam and Richert [6], as Klimov’s result allows us to make the dependence
on the number variables explicit. As a direct corollary, we have the following
result.

LEMMA 4. Letk > 2, and let W and b satisfy logb < 21log P and log W <
2log P, where P = Py for some fixed Py. Suppose that we have k pairwise
distinct b;, all relatively prime to W, such that b; < b for 1 < i < k, and that
k <log P/(12loglog P). Then

{n < P:by+nW,..., by +nW all prime}|
3! 1\ *
log" P » p p

where the constant does not depend on k.

Proof. In Theorem 3,1letq; = W,l; =b;, M = P,v = P1/3, and so that
ug < 2bW. To apply Klimov’s theorem, we must have v < VP / (long(P)),
and ug = O(exp(logB v)). The first condition follows from the assumption that
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k < log P/(121oglog P). The upper bound from ug is satisfied with B = 15
since log(2bW) < Slog P < 151og v by the hypothesis of the lemma. It follows

that
loglogup 0 loglog N
logv log N
and so
p(p) _
Mu(W. bi) < P ]‘[( b ) ~1/p7
)4
as desired. O

We note that if k > log P/(12loglog P), the term 3*k!/log" P will be larger
than one, and so the bound is weaker than the trivial upper of P. Using this
lemma, we prove Proposition 2.

Proof. By the definition of the L?* norm and the convolution, we have that
la* 013 = Exl(a % o) (1) = Ex|Eyo (Nax — »)*
Expanding the sum, |la * o ||%§ is bounded above by
Eypylo QDI+ lo (va) [ Exa(x — y1) - - -alx — yau).

Since a is supported on [0, P /3], and o is supported on [— P /3, P /3], there can
be no wrap around inside Z/ PZ, and we have the upper bound

log N 2k
Exa(x —y1)---alx —yx) < 1/P(10g?) AL Y2, -yl (2.5)
where

A, y2, ., y) ={n < P:b+m—yDW,...,b+ (n— yyu)W all prime}.

The size of this set of primes is bounded above by the number of n < P such
that b 4 (n — y;)W is prime, and so by the Brun—Titchmarsh inequality

lA( )| < 2P
YI’)’2,,y2k ~ ’
¢ (W) log(P/W)
which we combine with the inequalities P/ W > N'/3 and W/¢p(W) < 2logz
to obtain 2Pl
0gz
og N

However, we will need our sieving lemma in the case where each of the y; is
distinct. Let

I ={(1,...,yu%) : yi < P/2, with [ or less distinct coordinates y;},
<

={(y1,---,y2k) : yi < P/2, with exactly [ distinct coordinates y;},
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so that we may bound our quantity from above by a sum from » = 1 to 2k, and
over (y1, ..., y2k) € I or J.. We split this into two cases. When r < 2k, we
will bound above by the sum over I, and when r = 2k, we will use a sum over
elements in the set Jox. For r < 2k, we are looking at

2k—1

szH Yo Y el loGal Y atx =y -atx — yu) (2.7)

r=1 (y1,...yx)€lr

which by (2.5) and (2.6) is

log N 2k—12k—1 1
<<( > Yopxw 2 leGulletawl
r=1

]
0z Oty )€l

Each term in the sum over r on the right-hand side may be bounded above by
1/|2|?%=" since

1
% 2 OV 100201 = 1573 By O 01) -0 (1)
015w Y2k ELr
1
DES

If |Z| = 1, the lemma is trivial, and if | X| > 2 we have

2"2‘:1 Lo
il Dl CIE -1 R

which implies that the quantity in (2.7) is

< (logN)Zk_1 2
log z =]
To bound the cardinality of A(y1, ..., ya) for (y1,..., yk) € Jok, we apply
Lemma 4. The conditions of the lemma are satisfied as b, W < N!/3 and k <

log P/(12loglog P) since k < % log!/3 z. Thus, for any 2k-tuple (y1, ..., yx) €
J2ks
32k (2k)!P p(p) A
AL y20 -0 y20] K Gog P ]_[( )(1 - ;> .28

On the right-hand side of equation (2.8) p is defined so that p(p) = 0if p <z
p(p) =2kif p>zand p{ (y; — y;) foralli # j. The product over all p > z
where p(p) = 2k is extremely well behaved, and we have that

ne-3)0-5) "
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is bounded from above and below by absolute constants. To see why, note that

w1(1-2)(0-2) " pE ) EEE)

p>z p p>z j=1 p>z j= 1
-22((G) ()
P>z j=2 P

and as k < 1 log z, we have the lower bound

£25(() - (D " 5

p>z j=2 =2 P
21
—(logz)j Z _
J: ‘] I’l>Z
log? z
> — g )
Z

and similarly we have the upper bound

£250() - (5)) =0

p>z7j

as2k(1/ p) < 2k / p)/ forall Jj. From these bounds, it follows that for a constant

independent of &,
1 —2k 1 —2k
[](1—592)<y——) <« (log2)* ] (1—£§2)<y——> .
» D D P>z p p
plyi—yj
Since |y; — yj| < P, and any integer y < P can have at most log, P prime

factors greater than z, we see that there are at most (2k)? (log P/log z) primes
greater than z which could divide some difference y; —y;. For each p that divides
yi — y; for some i, j, the worst case is when p(p) = 1, and we may assume that
this is the case to obtain an upper bound. As (1—1/p)~! < z/(z — 1) for p > z,

we have
1\ 2 (4k?)(2k—1)log P /log 7
I (-7)0-3) <) |
P P P z—1

plyi—y;

Recall that log P < log N < 4z since z = }Llog N. The exponent is bounded

above by
log P log P
42k — 18T < gx3-08
log z log z
32k3
log z

<4z,
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where the final inequality follows from the assumption that £ < %(log )13,

Since
z \¥
z—1

for z > 2, we obtain the inequality

—2k
[ (-5)(0-3) " e

p>z p
plyi—yj

and so equation (2.8) becomes

(log z)%
AOn, y2, ..., < C3%* k)1 P—=22

A1, y2 y2i)| (2k) (log P\

for an absolute constant C. Thus, for any (yy, ..., y) € Jox,

Exa(x — y1)---a(x — yy) < C3%*(2k)!.

—r D oGl loGa)l S By yylo Dl lo (0] = 1.,
(V1505 Y2k ) € J2k

the sum over all the 2k-tuples in Jy; is < 1. Combining the work done so far, we
have proven that

2k (log N\*~!
axol|3 « 32k + = ( ) .
l |I2k (2k) 51 Ulogz

The stated result then follows from the fact that (n + m)1/2k < n1/2k 4 1/2k for
n,m,k > 1, and since

GH* N <4k, and BV < <2, O

§3. Main theorem. Leta, N, W, P and z be defined as in §2. Following [8],
we define

R = Specg(a) U{1} = {x € Z/PZ : [a(x)| = 8§} U {1},

and
B =B(R,e)={ne€Z/PZ:Vx € R, |nx/P| <€},

where ||x || denotes the distance from x to the nearest integer. The set B is called
a Bohr set with radius € and frequency set R. Set 0 = (1/u(B))1p to be the
normalized indicator function of the Bohr set B. By including the element 1
in the set R, it follows that & will be supported on [—P /4, P /4] inside Z/PZ
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when € < 4—1‘. Let 4 = a % o be our prime indicator smoothed out by the Bohr
set B. Note that

1
loll = ——Exez/pzlp =1,

w(B)

and

1(y)
Ihlly = Exez)pzEyez pz——-a(x —y)

w(B)

= llolltllall,

so that by (2.4), which gave the bound ||a||; > «/10, we have

o
hll > —. 3.1
1l = 75 3.1

Our goal is to show that there is little difference between the three-term
arithmetic progression operator applied to a and &, and then prove that A(k,
h, h) is large. Let

= |A(a,a,a) — A(h, h, h)|,
where A is the three term arithmetic progression operator. In Helfgott and
De Roton’s paper [8], equation (2.6) on page 7 states the following result.

LEMMA 5. For the above definition of A, €, 5 we have
ALe+80.

The proof of this lemma makes use of Green and Tao’s results on the
restriction theory of the Selberg sieve [5]. Applying Proposition 2 with 0 = a,
we find that

la*al2 <1,

and so ||a||4 < 1 since ||a *a||% = ||&||i by (1.6) and (1.5). This yields the bound
|R| < C48~*, on the size of the dimension of the Bohr set B, for an absolute
constant Cy, as

RI8* <) la@w* < Ca.
t
A well-known pigeon hole argument tells us that |B(R, €)| > Nel®l and so
log |B| > log N — |R||loge| > log N — C48_4|10ge|.

We note that an equation nearly identical to the above appears on page 9 of [8].
We chose to deduce it again since the bound on ||@||4 was obtained in a different
way. From now on, we will assume that €, § satisfy

Cs8*|loge| < logN, (3.2)

so that
|B| > N'/2.
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For k < %(log 2)!/3, Proposition 2 allows us to bound the ¢%* norm of 4. Using
the inequality
% log N > (loglog N)*3,

which holds for all N > 2, along with the fact that
k < 3(logz)'? < J(loglog N)'73,

we see that

log N>2k

N2> (logN)Zk > (
logz

and consequently

1 N 2k
|B|>N‘/2><°g ) .
logz

Proposition 2 then implies that

All2k = lla*olla < k. (3.3)

Using this bound L* normof h = a % o, along with Sanders bound on Roth’s
theorem, we are able to show that A (%, i, h) must be large.

PROPOSITION 6. There exists positive constants c1, Ny > 0 such that if N >
Ny, forany 1 < k < %(log 23 we have

) "9 1 5
A, h,h) > exp(—cl (—) <log —) )
k o

where g = (1 — 1/2k)_1.

To prove this proposition, we will make use of the following lemma which
allows us to find a large subset where the function 4 is bounded below uniformly.

LEMMA 7. Letq, p > 1 be suchthat1/q+1/p =1, andlet f : 7 PZ — R
be a function with || fll1 2 «, and || f|l, < C for some C. Then there exists a
subset L C 7./ PZ such foralln € L f(n) > /2, and

o \?
(E) < u(l).

Proof. Define L = {n : f(n) > «/2}, so that L is the largest possible set
satisfying the first condition. Then, if 17 (n) is the indicator function for L we
have that

o
a < Enez/pzf(n) < 5+ Enez/pzf(n)1L(n).

Applying Holder’s inequality yields

Enezpzf 1) < [Lllglf1, < C(u(L))'/

by our assumption that || f||, < C. The lemma then follows from the resulting
inequality /2 < C(u(L))'/4. O
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Sanders improvement to Roth’s theorem [11] states that if & C [1, N] with
density &, then

5
A(lg, 1g,15) > eXp(—cS_l (log é) ) (3.4)

Using this result along with (3.3) and Lemma 7, we are ready to finish the proof
of Proposition 6.

Proof. By equation (3.3), it follows that ||A|2x < k. Applying Lemma 7 to
the function &, we obtain a subset L C Z/PZ with

q2k
w(L) > (%) ,

and i(n) > «/20 for all n € L, where 1/g2r = 1 — 1/2k. Restricting & to this
subset L, we obtain the lower bound
o3
Ah,h,h) > —A(lg, 11, 1p). 3.5
( ) 2 5L 1, 1) (3.5)

Applying the bound in (3.4) to our set L, we have that

o —4q2k 1 5
A(lp, 1, 1) > eXp(_C<E> <log —> >
a

for some constant ¢, since the density of L is >> («/k)9%*. By equation (3.5) it
follows that there is a constant ¢ such that

o —q2k 1 5
ACh, h, h) > exp(—cl (E) <log —) )
o

as desired. ]

Lemma 5 tells us that
|A(h, h h) — A(a,a,a)] < € + 85,

and Proposition 6 implies that A (h, i, h) must be very large. Recalling equation
(3.2), the requirement that €, § satisfy C48 *[loge| < % log N, we are ready to
put everything together and give a precise lower bound for the size of A(a, a, a).
We now prove Theorem 1.

Proof. Suppose that A C P contains no non-trivial arithmetic progressions.
Then Ag contains only the trivial three-term arithmetic progressions, and we
have that the three-term arithmetic progression operator is bounded above by

log N 2
logz )

1
Aa,a,a) < F( 3.6)

https://doi.org/10.1112/50025579314000175 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579314000175

ON IMPROVING ROTH’S THEOREM IN THE PRIMES 61

By equation (3.6), Lemma 5 and Proposition 6 , we must have

1 (logN\? % 1\’
— (e +e+8P> exp| —ci d log — . 3.7
P\ logz k o

In the above, for N sufficiently large, the term 1/P(log N/logz)*> will be
negligible compared with the right-hand side as we assumed that o >
(log N)~!/4. Choosing € and 8 small enough will lead us to a contradiction.
In particular, there exists a fixed postie constant n > 0, independent of N and &,
such that choosing

—q2k 1 5
o eraf () 2
k o

makes inequality (3.7) impossible. These values of €, § satisfy the necessary
constraint C4|log €|8™* < % log N as long as

o\ "9 1 5 1
exp(cz (Z) (log E) ) < ElogN (3.8)

for some new constant ¢, where the < has consumed 1. When

(log log log N)>/42
(loglog N)1/ax

o\ " 1 5
exp(cz<z> <log &> ) < log N,

and so inequality (3.8) holds for sufficiently large N. Letting 2k =

o> k(2€2)1/q2k

we have that

[logloglog N], which satisfies the necessary bound k < %(log 2)!/3, we have
that
loglog N 1/2k
<logloglogN> e
and so

(log log log N)>/ 4 S C(log loglog N)®
(loglog N)Vax = loglog N

for some constant C. This means that we will have a contradiction when N is
sufficiently large and the density « satisfies

(logloglog N)®
loglog N

k(2¢) 1/qok

for some absolute constant C, which proves the desired result. O

Remark 8. The proof suggests that we might need the condition N > Ny
for some fixed constant Ny in the main theorem. Note, however, that this is not
necessary given how the result is phrased, as the constant in the < will be so
large that it accounts for this.
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