Mathematical Structures in Computer Science (2025), 35, e40, pp. 1-24

= ,
AMBRIDGE
doi:10.1017/50960129525100388 C G

UNIVERSITY PRESS

PAPER

Congruence relations on domains™

Mengjie Jin' and Qingguo Li?

1School of Mathematics and Statistics, Henan University of Science and Technology, Luoyang, Henan, 471023, China and
2School of Mathematics, Hunan University, Changsha, Hunan, 410082, China

Correspoding author: Qingguo Li; Email: ligingguoli@aliyun.com

(Received 17 April 2024; revised 9 October 2025; accepted 3 December 2025)

Abstract

Domains exhibit a variety of different aspects, some are order theoretical, some are topological, some
belong to topological algebra. In this paper, we introduce two kinds of congruence relations on domains:
I-congruence relation and II-congruence relation on domains. We obtain that there is a bijection from the
set of all kernel operators of domain P preserving directed sups onto the set of all I-congruence relations on
P which exclude P x P. There is also a bijection from the set of all closure operators of domain P preserving
directed sups onto the set of all IT-congruence relations on P which exclude P x P. Furthermore, between
two domains, we propose a new homomorphism called I-homomorphism and II-homomorphism, respec-
tively. We conclude that the kernels of I-homomorphisms and II-homomorphisms between domains are
I-congruence relations and II-congruence relations on domains, respectively. Therefore, we obtain the
I-homomorphism and I-isomorphism theorems, as well as II-homomorphism and II-isomorphism the-
orems for domains. Besides, we give a positive answer to an open problem on homomorphisms and
quotients of continuous semilattices posed by G. Gierz, et al.

Keywords: Domain; continuous semilattice; I-congruence relation on domains; I-homomorphism on domains;
II-congruence relation on domains; II-homomorphism on domains

1. Introduction

Congruence relations play an important role in algebraic structures, such as groups, rings, and
modules. One of the well-known fundamental facts about algebraic structures is that the surjective
homomorphisms between them are completely characterized as the quotients of their domains
modulo kernel congruences. From this, there are typical fundamental homomorphism and iso-
morphism theorems for algebraic structures. These are also true for certain ordered algebraic
structures.

Domain theory was first introduced by Dana Scott as a foundation for program semantics in
the 1970s. In Gierz et al. (2003), the authors proposed a certain kind of congruence relation on
continuous lattices, bounded complete domains corresponding to kernel operators which pre-
serve directed sups, respectively, and they raised an open problem: Does the same result hold
for continuous semilattices (see the second problem on page 92 of Gierz et al. (2003))? As far as
we know, this problem remains unresolved. Also, in Jung et al. (1992), the authors studied con-
gruence relations on algebraic distributive bounded complete dcpos, namely distributive Scott
domains. Furthermore, in Fiech (1996), Mahmoudi et al. (2017), and Mahmoudi et al. (2019), we
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can see some results about congruence relations on dcpos. Recently, we obtained some kind of
congruence relation on L-domains corresponding to strong homomorphisms among L-domains
in Jin and Li (2022). There are no more results about quotients of domains and related structures
according to the earlier literature.

In this paper, we introduce two kinds of congruence relations on domains called I-congruence
relation and II-congruence relation on domains. Then, we conclude that there is a bijection
between kernel operators preserving directed sups and I-congruence relations on domains which
do not contain P x P on domain P. There is also a bijection between closure operators preserving
directed sups and II-congruence relations on domains which do not contain P x P on domain P.
Meanwhile, we describe and characterize the unique order on the quotient set.

In contrast to I-congruence relations and II-congruence relations on domains, we propose a
new homomorphism between domains called I-homomorphism and II-homomorphism, respec-
tively. The relationship of I-homomorphisms and II-homomorphisms and their corresponding
congruence relations will be studied. Finally, we get the I-homomorphism and I-isomorphism
theorems, as well as II-homomorphism and II-isomorphism theorems for domains.

Evidently, the images of I-homomorphism and II-homomorphism from a domain, an
L-domain, a bounded complete domain, a continuous semilattice, and a continuous lattice also
have the same structure. Thus, we get the I-congruence and II-congruence relations on domains,
L-domains, bounded complete domains, continuous semilattices, continuous lattice, respectively.
In particular, we show that the I-congruence relation on L-domains is a generalization of the con-
gruence relation on L-domains in Jin and Li (2022). Furthermore, the I-congruence relation on
continuous lattices is precisely the congruence relation on continuous lattices defined in Gierz
et al. (2003). At last, we take examples to reveal that the I-congruence and II-congruence relations
on continuous lattices are different.

In addition, applying the above results to continuous semilattices, we obtain a positive answer
to the open problem on homomorphisms and quotients of continuous semilattices mentioned
above.

2. Preliminaries

To start with, we recall some standard definitions and notations of order theory and domain the-
ory to be used in this paper, for more details refer to Chajda and Snasel (1998), Chajda et al. (2009),
Davey and Priestley (2002), Gierz et al. (2003), Hofmann and Mislove (1977), Goubault-Larrecq
(2013), Kolibiar (1987), and Shum et al. (2008).

A binary relation R on a set X is any subset of X x X. We write x R y instead of (x, y) € R. R is
reflexive if x R x for every x € X. R is transitive whenever x R y and y R z, then x R z. R is antisym-
metric whenever x R y and y R x, then x = y. A reflexive, transitive, and antisymmetric relation is
called a partial order or an order for short and is usually written as <. A set with an order is called
a partially ordered set or a poset. A binary relation R is symmetric whenever xR y , then y Rx. An
equivalence relation on X is a binary relation on X which is reflexive, symmetric, and transitive.
An equivalence class or a block [x]r of x € X is the set of all y € X such that x R y. The quotient set
X/R is the set of all equivalence classes.

Next, we define a binary relation <g on the quotient set. In this paper, we will prove <g is an
order on the quotient set if R is a I-congruence relation and II-congruence relation on domains
(see Lemmas 3.5 and 5.7, respectively).

Definition 2.1. Let P be a poset and R an equivalence relation on P. Define a binary relation <g
on P/R as follows:

[x]r <r [y]r if there exist xy € [x]r and yp € [y]r such that xy < y.
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Let P be a poset and A C P. We say that x is an upper bound of A and y is a lower bound of A
inPifa<xforallac Aandy<aforall a € A, respectively. A has a supremum in P if A has the
least upper bound in P, and it is written as VA or sup A. Dually, A has an infimum in P if A has
the greatest lower bound in P, and we write it as AA or inf A. P is called a sup semilattice if any
elements x, y € P have a least upper bound x Vv y. We call P is a complete lattice if every subset B
of P has a least upper bound sup B and a greatest lower bound inf B. A subset D of P is directed
provided that it is nonempty and every finite subset of D has an upper bound in D. The poset P is
called a dcpo if every directed subset D in P has a supremum. A subset Q of P is called a subdcpo
whenever D is a directed subset of Q, supp D belongs to Q. P is called a complete semilattice if every
nonempty subset has an infimum and every directed subset has a supremum. Let x, y € P, we say
that x is way below y, in symbols x < , if and only if for all directed subsets D P for which sup D
exists, the relation y < supD always implies the existence of an element d € D such that x <d.

In the following, we introduce various types of domains.

Definition 2.2. (Gierz et al. (2003), Definition I-1.6). The poset P is called continuous if the set
{y e P|y < x} is directed and x =sup{y € P | y K x} for all x € P.

(1) A dcpo which is continuous as a poset will be called a domain.
(2) A domain which is a complete lattice is called a continuous lattice.
(3) A domain which is also a semilattice is called a continuous semilattice.

(4) A complete semilattice which is a domain as a poset is called a complete continuous semilattice
or alternatively a bounded complete domain.

(5) A domain in which every principal ideal | x is a complete lattice (in its induced order) is called
an L-domain.

Lemma 2.3. (Gierz et al. (2003), Exercise I-1.38). If P is a dcpo, then the following conditions are
equivalent:

1. |xis a continuous lattice for each x € P;
2. Pis a domain in which every nonempty set that is bounded above has a greatest lower bound;
3. Pisan L-domain.

This characterization of L-domains will be essential in Section 7 when we study I-congruence
relation on L-domains.
Now, we introduce a general statement about posets.

Proposition 2.4. Let P and Q be posets and f : P — Q a map. If f is surjective, then we have two
groups of equivalent statements:

(1) Forany A C P, f satisfies the equation: | f(Ngea {a) = Ngealf(a);
(2) Forany A C P, f satisfies the equation: f(Naea a) = Nacalf(a).
(1") For any A C P, f satisfies the equation: 1f(Naea 1) = Naeatf(a);

(2') Forany A C P, f satisfies the equation: f(Naea ta) = Naeatf(a).

Furthermore, f is order-preserving under any of the above four given equations.

Proof. We only prove the equivalence of (1) and (2). The proof of equivalence for (1') and (2) is
similar.
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First, we show that f is order-preserving under any of the above four given equations. Here,
we only prove that f is order-preserving when f satisfies the equation: | f(Ngea 4a) = Ngealf(a).
Let x,y € Pand x < y. Then, x € {xN |y. It implies that f(x) € L f(Jx N Ly) = |f(x) N Lf (). So,
fx) <f().

(1)=(2): For any ACP, we know that f(Nzeca Ja) € Ngealf(a). Conversely, let x e
Nacaldf(a). Then, x € |f(Ngea La) by (1). Thus, there is an element p € Nyeala such that
x <f(p). Since f is surjective, there exists an element px € P such that f(py) =x. Note that
x e lf(px) Nf(p) =L f(Ipx N {p). It follows that there exists an element y € | px N | p such that
x < f(y). So we conclude that y € Nzeala and x = f(y). This implies x = f(y) € f(Ngea {a). Thus,
MNaeA if(a) gf(mueA la). Therefore,f(ﬂaeA la)= maeAif(a)-

(2)=(1): For any ACP, we have f(Ngea la) S {f(Naea {a). By (2), f(Naea la)=
Nacadf(a) C | f(Ngea Ja). Conversely, since f is order-preserving, |f(Naeca 4a) S Naealf(a).
So, {f(Naeca $a) = Naealf(a). u

Next, we introduce the definitions and properties of Scott-continuous map, projection oper-
ator, closure operator, and kernel operator. Particularly, closure operator and kernel operators
provide powerful tools for constructing quotient structures of domains. Their importance will
become evident throughout the paper.

Definition 2.5. (Goubault-Larrecq (2013)). Let P, Q be posets and f: P — Q. f is called Scott-
continuous if f preserves sups of directed subsets, that is, f is order-preserving and f(sup D) =
sup f(D), for all directed subsets D C P for which sup D exists.

Definition 2.6. (Gierz et al. (2003), Definition O-3.8). Let L be a poset.

(1) A projection operator (shortly projection) is an idempotent, monotone self-map p: L — L.
(2) A closure operator is a projection ¢ on L with idf, <c.
(3) A kernel operator is a projection k on L with k < idy.

Lemma 2.7. (Gierz et al. (2003), Corollary 1-2.3). Let M be the image of a projection p:L — L
preserving sups of directed sets. If L is a domain, an L-domain, a bounded complete domain, a
continuous semilattice, and a continuous lattice, the same is true for the image M.

Lemma 2.8. (Gierz et al. (2003), Remark on Page 81). For a closure operator ¢ on a domain P
preserving sups of directed sets, then for all x, y € P, one has x < y implies c(x) < (p) c().

Lemma 2.9. (Gierz et al. (2003), Lemma I-2.4). A closure operator ¢: L — L on a dcpo L preserves
sups of directed sets if and only if its image c(L) is closed in L with respect to sups of directed sets.

Lemma 2.10. A kernel operator k: L — L on a dcpo L preserves sups of directed sets if and only if
(k x k)Y A)={(x,y) € L x L | k(x) = k(y)} is a subdcpo of L x L.

Proof. Assume first that (k x k)"!(A) is a subdcpo of L x L. Let D be a directed subset
of L. As k is a kernel operator, it is order-preserving, sup; k(D) < k(sup; D). Define D=
{(d,k(d) | d € D)}. Then D is directed in (k x k)~}(A). Since (k x k)7!(A) is a subdcpo of L x L,
sup D = (sup; D, sup; k(D)) € (k x k)~1(A). It means that k(sup; D) = k(sup; k(D)). Note that
k(sup; k(D)) < sup; k(D), which implies that k(sup; D) < sup; k(D). So, sup; k(D) = k(sup; D),
that is, k preserves sups of directed sets. Conversely, assume that k preserves sups of directed sets.
Let D be a directed subset in (k x k) "1(A). Set
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Dy ={d; € L| there exists an element d, € L such that (dy, d,) € D},
D, ={d, € L| there exists an element d; € L such that (d, dy) € D}.

Then, sup D = (sup Dy, sup D,). We claim that (sup Dy, sup D;) € (k x k) "1(A). It is easy to see
that k(D;) = k(D). Now, as k preserves sups of directed sets,

k(sup D1) = sup k(dy) = sup k(d2) = k(sup D),
dieD; d,eD,

which implies that (sup Dy, sup D;) € (k x k)~'(A). So, (k x k)~!(A) isasubdcpoof L x L. I

Remark 2.11. Let P be a dcpo and Q a poset. From the proof of Lemma 2.10, we could conclude
that for a Scott-continuous map f : P — Q between P and Q, ker(f) ={(x,y) € P x P|f(x) =f(y)}
is a subdcpo of P x P.

We now introduce the definition and properties of Galois connection. Galois connection is one
of the most efficient tools in dealing with domains and plays a central role in I-homomorphism
and II-homomorphism on domains.

Definition 2.12. (Gierz et al. (2003), Definition O-3.1). Let S and T be two posets. We shall say that
a pair (g, d) of functions g : S — T and d : T — S is a Galois connection or an adjunction between S
and T provided that

(1) both g and d are monotone, and
(2) the relations g(s) > t and s > d(t) are equivalent for all pairs of elements (s,t) € S x T.

In an adjunction (g, d), the function g is called the upper adjoint and d the lower adjoint.

Theorem 2.13. (Gierz et al. (2003), Theorem O-3.6). For every pair of order-preserving functions
between posets, g:S— T and d: T — S, the following conditions are equivalent:

(1) (g, d) an adjunction;

(2) dg <idsand idr < gd.
Moreover, these conditions imply

(3) d=dgd and g = gdg,
(4) gd and dg are idempotent.

Proposition 2.14. (Gierz et al. (2003), Proposition O-3.7). For an adjunction (g, d) between posets
S and T, the following conditions are equivalent:

(1) d is surjective;
(2) dg=ids.

Likewise, the following statements are equivalent:

(1*) g is surjective;
(2%) gd=idp;
(3*) dis injective.

Lemma 2.15. (Gierz et al. (2003), Theorem O-3.3). Any upper adjoint preserves existing infs, any
lower adjoint preserves existing sups.
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Lemma 2.16. (Gierz et al. (2003), Theorem IV-1.4). Let S be a poset, T a domain, and g the upper
adjoint of d: T — S. Then the following statements are equivalent:

(1) g is Scott-continuous;
(2) dpreserves &, that is, if t K t* in T, then d(t) < d(t*).

Let P, Q be posets and f : P — Q. The kernel of f is denoted by ker( f) = {(x,y) € P x P|f(x) =
f(»)}. In the following theorem, we investigate the relation between the kernels of kernel operators
and closure operators, and the kernels of upper adjoints and lower adjoints. These are crucial for us
to characterize the I-homomorphism theorem (see Theorem 4.3) and II-homomorphism theorem
(see Theorem 6.9).

Theorem 2.17. Let P be a poset and R an equivalence relation on P. Then we have two groups of
equivalent statements:

(1) R is the kernel of a kernel operator k: P — P;
(2) there is an adjunction (g, d) between P and some T with k =d o g and R = ker(g).
(1) R is the kernel of a closure operator c: P — P;
(2) there is an adjunction (g, d) between some S and P with c =g o d and R = ker(d).

Proof. We only prove the equivalence of (1) and (2).

From Proposition O-3.10 in Gierz et al. (2003), k : P — P is a kernel operator on P if and only
if there is an adjunction (g, d) between P and some T where k = d o g. Next, we prove that R =
ker(g). For any (x, y) € R, we have k(x) = k(y). That is, dg(x) = dg(y). Thus, gdg(x) = gdg(y). By
Theorem 2.13, g(x) =g(»). So, (x, y) € ker(g). Conversely, if (x, y) € ker(g), then g(x) =g(»); it
implies that dg(x) = dg(y). Thus, k(x) = k(y). So, (x, y) € R. Therefore, R = ker(g). O

3. I-Congruence Relations on Domains

In this section, we investigate the I-congruence relation on domains. First, we propose the concept
of I-congruence relation on domains. Then we obtain that there is a bijective correspondence
between all kernel operators which preserve directed sups and I-congruence relations which do
not contain P x P on a domain P. Furthermore, we describe and characterize the unique order
on the quotient set. At last, we get a complete picture of the I-congruence relation on domains.
In addition, we take some examples to illustrate that the conditions of I-congruence relation on
domains are mutually independent and not a single one can be omitted.

Let R be an equivalence relation on a poset P. Then we call that R satisfies the dual-link property
or the co-link property if for any a, b, by € P, the following condition holds: if a < band b R b, then
there exists an element a; € P such that a; < by and aR a;.

Definition 3.1. (Mahmoudi et al. (2017)). Let P be a dcpo and R an equivalence relation on P.
We say that R is a dcpo congruence if P/R with a suitable order is a dcpo and the quotient map
q: P — P/Ris Scott-continuous.

Definition 3.2. An equivalence relation R on a domain P is called a I-congruence relation if either
R =P x P or it satisfies:

1. Ris a subdcpo of P x P;
2. each block of R has the smallest element;
3. R satisfies the dual-link property.
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Now, we can give a more complete picture of I-congruence relation on domains and how they
relate to kernel operators.

Theorem 3.3. Let P be a domain and RC P x P an equivalence relation. Then the following
conditions are equivalent:

(1) Ris a I-congruence relation on P;

(2) R="P x P or there is a kernel operator k on P preserving sups of directed sets such that R =
(k x k)"Y(A), where A is the diagonal of P x P;

(3) P/Ris a singleton set or P/R with a suitable order is a domain in such a way that the quotient
map q : P — P/R is an upper adjoint preserving sups of directed sets.

Proof. (1) = (2): If R=P x P, it naturally holds. Otherwise, for any p € P, from Condition 2 of
Definition 3.2, inf [p]r exists and inf [p]g € [p]r. Define a map k: P — P by k(p) = inf [p]r, where
p € P. Then, k is well defined and k(p) < p. In fact, k(p) is the smallest element in [p]g. It implies
k(k(p)) = k(p), that is, k is idempotent. Next, for any x, y € P, suppose that x < y. Then, k(y) R y.
By Condition 3 of Definition 3.2, there exists an element u € P with u < k(y) and u R x. Whence,
k(x) = k(1) < u < k(y). It shows that k is monotone. Thus, k is a kernel operator.

Indeed, if (x, y) € R, then k(x) = k(y), and vice versa; therefore, we see that (k x k)"1(A) =R.
From Condition 1 of Definition 3.2, (k x k) "!(A) is a subdcpo of P x P. So, k preserves sups of
directed sets by Lemma 2.10.

(2)= (3): If R=P x P, then P/R is a singleton set. Otherwise, assume that there is a kernel
operator k on P preserving sups of directed sets such that R = (k x k)7!(A). Since the image
of a kernel operator k on P preserving sups of directed sets is a subdcpo of P (see Gierz et al.
(2003), Proposition O-3.12), R is a dcpo congruence (see Mahmoudi et al. (2019), Corollary 4.7)
and P/R with the relation defined by [x]r <p/r [y]r if and only if k(x) <k(y) is a dcpo and
q: P — P/R preserves sups of directed sets (see Mahmoudi et al. (2019), Theorem 4.1). By the first
isomorphism theorem for dcpos (see Mahmoudi et al. (2019), Corollary 5.6), (P/R, <p/r ) = k(P)
and since k(P) is a domain by Lemma 2.7, we obtain that P/R is a domain as well. Applying
Decomposition Theorem for dcpos (see Mahmoudi et al. (2019), Theorem 5.3), there is a Scott-
continuous map f : P/R — P given by f([p]r) = k(p) for any [p]r € P/R, and k= f o q. Based on
Proposition O-3.10 in Gierz et al. (2003), (g, f) is an adjunction. Therefore, g is an upper adjoint
preserving sups of directed sets.

(3) = (1): We need to check the conditions of I-congruence relation on domains in Definition
3.2.If P/R is a singleton set, then we can directly get that R = P x P. Otherwise, since the quotient
map g preserves sups of directed sets, we have R is a subdcpo of P x P by Remark 2.11.

Since q is an upper adjoint, there exists an order-preserving map h: P/R — P such that (g, h)
is an adjunction. Let p € P. For any element x € [p]r, we have that g(x) = q(p), and it follows that
ho q(x) = h o q(p). Because (g, h) is an adjunction, ko g(p) = ho g(x) <xand qo ho q(p) = q(p)
by Theorem 2.13. Thus, h o g(p) is the smallest element in [p]g.

Letv,a, b € P. Assume thata < band b Rv. Then, q(a) < q(b) =q(v). So,ho q(a) <hoq(v) <v
and h o q(a) R a by Theorem 2.13. Thus, R satisfies the dual-link property. U

From the above theorem, we immediately get that there is a bijective correspondence between
the kernel operators of P which preserve directed sups and I-congruence relations which do not
contain P x P on P.

Corollary 3.4. Let P be a domain. Then the rule ki (k x k)"1(A), where A is the diagonal of
P x P, associates with a kernel operator, its kernel congruence, and induces a bijection from the set
of all kernel operators of P preserving directed sups onto the set of all I-congruence relations on P
excluding P x P.
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For a domain P and a I-congruence relation R on P, by Theorem 3.3, the quotient set P/R is
a singleton set or P/R with a suitable order is a domain. In order to clarify the order on P/R, we
have the following lemma.

Lemma 3.5. If P is a domain and R is a I-congruence relation on P, then <g (see Definition 2.1)
is an order on P/R. Furthermore, it is the unique order on P/R such that the quotient map q is an
upper adjoint.

Proof. Obviously, <p is reflexive.

Assume that [x]gr <gr [y]r and [y]r <gr [x]r. Then there exist x1, x; € [x]r, y1, and y» € [y]r
such that x; <y; and y, < x;. It means that x; < y; and y; R y,. Since R satisfies the dual-link
property, then there exists an element x3 € [x]r such that x3 < y,. Thus, x3 <y, <x;. Since R
is a I-congruence relation on P, there exists an order <p,g on P/R such that the quotient map
q: P — P/Risan upper adjoint preserving sups of directed sets by Theorem 3.3. Thus, [x3]r <p/r
[y2]r <p/R [x2]r. Because [x3]r = [x2]Rr, we have that [x]r = [x3]r = [y2]r = [Y]r.

At last, for the transitivity of <g, suppose [x]r <gr [y]r and [y]r <gr [z]r. Then there exist x; €
[x]r, 1, ¥2 € [y]r and z; € [z]r such that x; <y; and y, < z,. Because R satisfies the dual-link
property, there exists x; € [x]g with x5 < y,. That is, x; <y, <z,. Thus, [x]gr <gr [z]r-

Therefore, <g is an order on P/R.

Suppose that <p,p is an arbitrary order on P/R such that g is an upper adjoint. Then there is an
order-preserving map f : P/R — P such that (g, f) is an adjunction. For any x, y € P, if [x]r <p/r
[¥Ir, then f([x]r) < f([y]r), that is, fq(x) < fq(y). Since gfq(x) = q(x) and gfg(y) = q(y), we have
that [x]r <g [ylr by the definition of <. It follows that <p,rC<p. Conversely, assume that
[x]r <r [y]r. Then there exist xy € [x]r and yo € [y]r such that xy < yo. Thus, q(x) = q(x0) <p/r
q(y0) = q(y). It means that [x]r <p/r [y]r. Thus, <RC<p/r. Therefore, <g==<p/r. O

For a domain P and a I-congruence relation R on P, we get that inf [p]r exists and inf [p]r € [p]r
for any element p € P by Definition 3.2. So, we could define a new relation on P/R as follows:

[x]r 5111 [y]r if inf [x]r <inf[y]g for all elements x, y € P.

Furthermore, we obtain the following proposition.

Proposition 3.6. If R is a I-congruence relation on a domain P, then for all elements x, y in P, the
following conditions are equivalent:

(1) [x]r <r [¥lrs
) [xlr <} &s

3) [x]r 5122 [y]r which is defined by the condition that for any element b € [y]R, there exists an
element ay, € [x]R such that a, <b.

Proof. Itis easy to prove that (2) = (1) and (3) = (1).

(1) = (2): Since [x]r <g [y]r, there exist x € [x]r and yy € [y]r such that xy < yo. Note that
inf [y]r R yo and xp < yp, then there is an element ¢ € [x]g such that ¢ <inf[y]gr, which implies
that inf [x]r < ¢ <inf[y]g; hence, (2) holds.

(1) = (3): Since [x]r <gr [y]r, there exist x € [x]r and yg € [y]r such that xy < yo. For any ele-
ment b € [y]r, because b R yp and xo < yo, there exists an element a;, € [x]r such that a, < b. Thus,
(3) holds. O

Theorem 3.7. Let P be a domain and R an equivalence relation on P. Then the following are
equivalent:
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2
1 {oc}
0 N

(P/R,<Rr)

Figure 1. The Hasse diagrams in Example 3.9.

(1) Ris a I-congruence relation on P;

(2) P/Ris a singleton set or (P/R, <g) is a domain such that the quotient map q: P — P/R is an
upper adjoint preserving sups of directed sets;

(3) P/R s a singleton set or for any element p € P, [p]r has the smallest element, and (P/R, 5112 )
is a domain such that the quotient map q: P — P/R is an upper adjoint preserving sups of
directed sets;

(4) P/Ris a singleton set or (P/R, 51% ) is a domain such that the quotient map q: P — P/R is an
upper adjoint preserving sups of directed sets.

Proof. By Theorem 3.3, it is straightforward to check that (2) = (1), (3) = (1), and (4) = (1).

If R is a I-congruence relation on P, then <p is an order on P/R by Lemma 3.5. Moreover, from
Proposition 3.6, §R=§}2=§}2(. Hence, we only need to prove (1) = (3). Again by Theorem 3.3, R
is a I-congruence relation if and only if R = P x P or there is a kernel operator k on P preserving
sups of directed sets such that R = (k x k)"}(A), where A is the diagonal of P x P. Recall that the
proof of (2) = (3) of Theorem 3.3, the order on P/R is defined as follows:

[x]r <p/r [y]r if and only if k(x) < k(y) for all x, y € P.

Now it remains to prove that inf [p]r = k(p) for any element p € P. As R = (k x k) 1(A)andkisa
kernel operator, we can see that k(p) € [p]r. Furthermore, let x € [p]r. It means that k(p) = k(x) <
x. So, k(p) is the smallest element in [p]g. Whence, inf [p]r = k(p). 0

Remark 3.8. All results about the I-congruence relation on domains do not rely on continuity;
hence, these conclusions remain valid when the domain is replaced by a dcpo.

We now illustrate by examples that Conditions 1, 2, and 3 given in Definition 3.2 are mutually
independent.

Example 3.9. Let N={0,1,2, - -} with the natural order and P =N @ {oo}. Then it is easy to
verify that P is a domain. Consider an equivalence relation R on P consisting of exactly two blocks
N and {oo}. In particular, Conditions 2 and 3 of Definition 3.2 hold. However, Condition 1 does not
hold.

In fact, we could see that the quotient set P/R = {N, [co]r}. Then, (P/R, < ) is a domain and the
quotient map q: P — (P/R, <p) is not Scott-continuous. By Theorem 3.3, R is not a I-congruence
relation on domain P. It implies that Condition 1 given in Definition 3.2 does not hold. The Hasse
diagrams see Figure 1.

Example 3.10. Suppose that the poset P is given in the following:
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d {d}
b c {bv C}

a {a}
P (P/R,<Rg)

Figure 2. The Hasse diagrams in Example 3.10.

d {c,d}
b c {b}
a {a}
p (P/R,<Rg)

Figure 3. The Hasse diagrams in Example 3.11.

P={a, b, c,d} and the order <p is defined as follows: a <b,a <c¢,b<d,and c <d.

Let R be an equivalence relation consisting of exactly three blocks {a}, {b,c}, and {d}. Then
the block {b,c} does not have the smallest element. In particular, it is easy to check that R
satisfies Condition 3 of Definition 3.2. Furthermore, we could see that the quotient set P/R =
{[alr, []r, [d]Rr}. Then (P/R, <R ) is a domain and the quotient map q: P — (P/R, <r) is Scott-
continuous. It means that R is a subdcpo of P x P by Remark 2.11. Hence, Condition 1 given in
Definition 3.2 holds. The Hasse diagrams see Figure 2.

Example 3.11. Take the domain P in Example 3.10. Let R= Ap U {(c, d), (d, c)}. Then R is an
equivalence relation on P and satisfies Condition 2 of Definition 3.2. Furthermore, we could see that
the quotient set P/R = {[a]R, [b]r, [c]r}. Then, (P/R, <g ) is a three-element chain and the quotient
map q: P — (P/R, <g) is Scott-continuous. Hence, R satisfies Condition 1 given in Definition 3.2.
We could know that b < d and ¢ Rd, but b is the only element in the block {b} and b £ c. So, R does
not satisfy the dual-link property. The Hasse diagrams see Figure 3.

4. I-Homomorphisms on Domains

In this section, we first define the I-homomorphism on domains, and later on, we will show that
the kernel of a I-homomorphism on domains is a I-congruence relation on domains.

Definition 4.1. Let P and Q be posets. A Scott-continuous map f:P— Q is called a
I-homomorphism if card(f(P)) =1 or it is an upper adjoint.

Theorem 4.2. Let M be the image of a I-homomorphism f : P — Q. If P is a domain, an L-domain,
a bounded complete domain, a continuous semilattice, and a continuous lattice, the same is true for
the image M.

Proof. If card(f(P)) =1, then M is a singleton set. It implies that M is a continuous lattice.

Otherwise, f is an upper adjoint. Then there exists an order-preserving map g: Q — P such that
(f,g) is an adjunction between Q and P. Since for any pair of adjunctions ( f, g), the image of f
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is order-isomorphic with the image of gf which is a kernel operator and, of course, a projection
map, by Lemma 2.7, this theorem trivially holds.

Theorem 4.3. (I-Homomorphism theorem). Let P and Q be domains, and let f:P— Q be
a I-homomorphism on domains. Then ker(f)={(x,y) € P x P|f(x)=f(y)} is a I-congruence
relation on P and f(P) = P/ker(f).

Proof. 1f card(f(P)) =1, then ker(f) =P x P, and it is a I-congruence relation on P and f(P) =
P/ker(f). Otherwise, f is an upper adjoint, based on Theorem 2.17, the kernel of an upper adjoint
is the kernel of a kernel operator and by Theorem 3.3, ker(f) is a I-congruence relation on P
and f(P) = P/ker(f), because the kernels of kernel operators are characterized as I-congruence
relations on P. U

By Theorem 4.3, we get the following corollary.

Corollary 4.4. (I-Isomorphism theorem). Let P and Q be domains and f : P — Q be a surjec-
tive I-homomorphism on domains. Then, ker(f) ={(x,y) € P x P | f(x) =f(y)} is a I-congruence
relation on P and Q = P/ker(f).

5. lI-Congruence Relations on Domains

In this section, we investigate the II-congruence relation on domains. First, we propose the
concept of II-congruence relation on domains. Additionally, some necessary conditions for an
equivalence relation to be a II-congruence relation on domains are given. Then, we obtain that
there is a bijective correspondence between the closure operators which preserve directed sups
and II-congruence relations which do not contain P x P on domain P. Furthermore, we describe
and characterize the unique order on the quotient set. At last, we get a complete picture of the
II-congruence relation on domains. Furthermore, we take some examples to illustrate that the
conditions of II-congruence relation on domains are mutually independent and not a single one
can be omitted.

Let R be an equivalence relation on a poset P. Then we call that R satisfies the link property
(see Blyth and Janowitz (1972) and Mahmoudi et al. (2017)) if for any a, b, a; € P, the following
condition holds: if a < b and a R a;, then there exists an element by € P such that a; < by and
bRb.

Definition 5.1. An equivalence relation R on a domain P is called a II-congruence relation if either
R =P x P or it satisfies:

1. Risa subdcpo of P x P;

2. forany p € P, [p]r is a directed subset of P;
3. R satisfies the link property;

4. {sup [plr | p € P} is a subdcpo of P.

Proposition 5.2. Let P be a domain and R an equivalence relation on P. If R satisfies Conditions 1
and 2 in Definition 5.1, then each block B of R is a subdcpo of P. Moreover, B has a top element.

Proof. Let B be a block of R. If D C B is directed, note that there is an element p € P such that

B = [p]r. Define D ={(d,p) | d € D}. Then D is directed in R. Since R is a subdcpo of P x P,
sup D = (sup D, p) € R. It implies that sup D € [p]r = B. That is, B is a subdcpo of P. Furthermore,

https://doi.org/10.1017/5S0960129525100388 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129525100388

12 M. Jin and Q. Li

from Condition 2 of Definition 5.1, B is directed in P, we deduce that sup B exists, and hence,
sup B € B. It shows that B has a top element. U

Now, we can give a more complete picture of II-congruence relation on domains and how they
relate to closure operators.

Theorem 5.3. Let P be a domain and RC P x P an equivalence relation. Then the following
conditions are equivalent:

(1) Risa II-congruence relation on P;

(2) R=P x P or there is a closure operator ¢ on P preserving sups of directed sets such that R =
(¢ x ¢)"Y(A), where A is the diagonal of P x P;

(3) P/Ris a singleton set or P/R with a suitable order is a domain in such a way that the quotient
map q: P — P/R preserves sups of directed sets and the way-below relation < and for any
elements x, y € P, q satisfies the following equation:

g(txN1y)) = 1q(x) N 1g(y).

Proof. (1) = (2): If R=P x P, it naturally holds. Otherwise, by Theorem 2.12 in M. Mahmoudi,
H. Moghbeli & K. Piéro (2017), Lemma 2.9 and Proposition 5.2, (2) holds.

(2) = (3): If R=P x P, then P/R is a singleton set. Otherwise, assume that there is a closure
operator ¢ on P preserving sups of directed sets such that R=(c x ¢)"}(A). Since the image
of a closure operator k on P preserving sups of directed sets is a subdcpo of P (see Lemma
2.9), R is a dcpo congruence (see Mahmoudi et al. (2019), Corollary 4.7) and P/R with the par-
tial order [x]r <p,r [y]r if and only if c(x) < c(y) is a dcpo and gq: P — P/R preserves sups of
directed sets (see Mahmoudi et al. (2019), Theorem 4.1). By the first isomorphism theorem for
dcpos (see Mahmoudi et al. (2019), Corollary 5.6), (P/R, <p/r ) = c(P), we obtain that P/R is a
domain as well since ¢(P) is a domain by Lemma 2.7. Applying Decomposition Theorem for
dcpos (see Mahmoudi et al. (2019), Theorem 5.3), there is a Scott-continuous map f : P/R — P
given by f([p]r) = c(p) for any [p]r € P/R, and c=f o q. For x, y € P, suppose that x < y in P.
Let D C P/R be a directed subset and [y]r <p/r sup D. Define D = {c(d) | [d]r € D}. Since f is
Scott-continuous, we get that D is directed in ¢(P) and

f)=c(y) <f(supD)= sup f([d]r)= sup c(d)=supD.
[dlreD [dlreD
As x < y, we have that c(x) < (p) ¢(y) < sup D by Lemma 2.8. It implies that there exists an ele-
ment [d]r € D such that ¢(x) < c(d). That s, [x]r <p/r [d]r. Thus, [x]gr < [y]r. This indicates that
q preserves the way-below relation <.

Finally, we show that for any x, y € P, g(1x N 1y)) = 1g(x) N 1q(y). Since q is Scott-continuous,
it is order-preserving, and we get that g(1xN 1y)) € 1q(x) N 1q(y). Conversely, assume that
[2]r € 19(x) N 19(y). Then [x]z <p/r [z]z and [yl <p/ [2]x. It means that c(x) < c(z) and c(y) <
c(z). Since ¢ is a closure operator, x < ¢(x) < c(z), y < c(y) < ¢c(z), and c(c(z)) = c(z). Therefore,
c(z) € fxN1y. By (2), R=(c x ¢)"1(A). So, we conclude that c(z) € [z]r. Hence, q(c(z)) = [z]r.
It follows that $gq(x) N 1q(y) € g(+x N 1y)). Whence we have that g(1x N 1)) = 1q(x) N 1q(»).

(3) = (1): We need to check the conditions of Definition 5.1. If P/R is a singleton set, we can
directly get that R =P x P. Otherwise, first, since the quotient map g preserves sups of directed
sets, we could show that R is a subdcpo of P x P by Remark 2.11.

Let p € P. Then, p € [p]r. So, [p]r is nonempty. For any elements x, y € [p]r, we have that
q(x) = q(y) = q(p). It implies that g(p) € tq(x) N 1q(y). As q(1+xN1y) =1g(x) N 1q(y), there
exists an element z € 1x N 1y such that q(z) = g(p). Therefore, [p]r is directed.
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Let u, a, b € P. Assume that a < b and u R a. Then, q(u) = q(a) < q(b). Note that g(b) € 1q(u) N
1q(b). Again since g(1u N 1b) = 1q(u) N 1+4(b), there is an element v € $u N 1b such that g(v) =
q(b), which means that u <vand bR v.

From the above proof, we can see that for all p € P, sup [p]r exists. Finally, we need to prove
that {sup [p]r | p € P} is a subdcpo of P. Let D C {sup [p]r | p € P} be a directed subset. It is also
directed in P. So, sup D exists. We claim that sup D = sup [sup D]g. Clearly, sup D € [sup D]r.
It is enough to show that x < sup D for all x € [sup D]r. Suppose not, there is an element x €
[sup D]g such that xp £ sup D. Since P is a domain, there exists an element y < xo but y £ sup D.
By (3), as q preserves the way-below relation <, we infer that g(y) < q(x¢) = q(sup D). Because q
is Scott-continuous and D is directed,

q(y) < q(xo) = g(sup D) = sup q(d).
deD
Thus, there exists d € D such that q(y) < q(d). Note that q(d) € 1q(y) N 1q(d)) = q(ty N 14d)), it
implies that there is an element z € 1y N 1d such that g(z) = q(d). Thatis, y <z,d <z,and dR z.
Since d is the largest element in [d]g, y <z=d. Hence, y < d < sup D, which is a contradiction.
Whence x < sup D for all x € [sup D]gr. Therefore, sup D = sup [sup D]g. It follows that sup D €
{sup [plr | p € P}. So, {sup [p]r | p € P} is a subdcpo of P. U

From the above theorem, we immediately get that there is a bijective correspondence between
the closure operators of P preserving directed sups and II-congruence relations which do not
contain P x P on P.

Corollary 5.4. Let P be a domain. Then the rule c— (c x ¢)"1(A), where A is the diagonal of
P x P, associates with a closure operator its kernel congruence and induces a bijection from the set
of all closure operators of P which preserve directed sups onto the set of all II-congruence relations
on P excluding P x P.

Proposition 5.5. Let P be a domain and R a II-congruence relation on P. Then each block B of R is
a convex subset of P (i.e., foralla,b,p e P,if a,be Band a <p <b, then p € B).

Proof. Take elements a, b, p € P such that a <p < b and a Rb. By Theorem 5.3, there exists an
order <p,g on the quotient set P/R such that the quotient map q: P — P/R is Scott-continuous,
so it is also order-preserving. Then g(a) = q(b) and g(a) < q(p) < q(b). It implies that g(a) =
q(p). Thus, a R p. It also follows from the analogous result for posets (see Blyth and Janowitz
(1972)), and dcpos (see Mahmoudi et al. (2017)), because R is, particularly, a poset congruence,
respectively a dcpo congruence. 0

From Proposition 5.2, Theorems 5.3 and 2.12 in Mahmoudi etal. (2017), we obtain the
following corollary.

Corollary 5.6. Let P be a domain and R # P x P an equivalence relation on P. Then the following
conclusions are equivalent:

(1) Risa II-congruence relation on P;

(2) (a) each block of R has a top element and the set of all elements is a subdcpo of P,
(b) R satisfies the link property.

For a domain P and a II-congruence relation R on P, from Theorem 5.3, the quotient set P/R

is a singleton set or P/R with a suitable order is a domain. In order to clarify the order on P/R, we
have the following lemma.
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Lemma 5.7. If P is a domain and R is a II-congruence relation on P, then <p is an order on P/R.
Furthermore, it is the unique order on P/R such that for any x, y € P, the quotient map q satisfies
the following equation:

g(txN1y)) = 1q(x) N 1g(y).

Proof. Obviously, <p is reflexive.

Assume that [x]r <g [y]r and [y]r <r [x]r. Then there exist x1, x2 € [x]r, ¥1, ¥2 € [y]r such
that x; <y; and y» <xp. It means that x; <y; and x; Rx,. Since R satisfies the link property,
there exists an element y3 € [y]g such that x, < ys5. Thus y, <x, < y3. By Proposition 5.5, [y]r
is convex, then we have that x; € [y]r. As equivalence classes are mutually disjoint, we get that
[x]r = [y]r. The antisymmetry of <g is proved.

At last, for the transitivity of <g, suppose [x]r <gr [y]r and [y]r <gr [z]r. Then there exist x] €
[x]r, Y1, ¥2 € [y]r, and z; € [z]g such that x; < y; and y, < z;. Because R satisfies the link property,
there exists z; € [z]g with y; < z;. Thatis, x; < y; <z;. Thus, [x]r <gr [z]&.

Therefore, <y is an order on P/R.

Suppose that <p/p is an arbitrary order on P/R such that for any x, y € P, g satisfies the equa-
tion g(tx N 1y) = 1q(x) N 1q(y). For any x, y € P, if [x]r <p/r [y]r, then [y]r € 1q(x) N Pq(y) =
q(1x N 1y). It implies that there exists z € 1x N 1y such that z € [y]g. Note that x < z. So [x]r <gr
[y]r by the definition of <r. Thus, <p/rC<p. Conversely, assume that [x]r <g [y]r. Then there
exist xp € [x]gr and yp € [y]r such that xy <yp. Thus, [y]r € g(1x0 N 1y0) = 1q(x0) N +q(yo). It
follows that [x]gr <p/r [y]r. S0 <RC=<p/r. Therefore, <r=<p/z. O

For a domain P and a II-congruence relation R on P, we get that for any element p € P,
sup [p]r exists and sup [p]r € [p]r by Proposition 5.2. So, we could define a new relation on P/R
as follows:

[x]r <k VIR if sup [x]r < sup [y]r for all elements x, y € P.

Furthermore, we obtain the following proposition.

Proposition 5.8. If R is a II-congruence relation on a domain P, then for all elements x, y in P, the
following conditions are equivalent:

(1) [x]r <r [ylrs

(2) [xlr <k [ylgs

(3) [x]r <% [ylr which is defined by the condition that for any element a € [x]g, there exists an
element b, € [ylr such that a < b,,.

Proof. It is easy to prove that (2) = (3) and (3) = (1).

(1) = (2): Since [x]r <gr [y]r, there exist x € [x]r and yy € [y]r such that xy < yo. Note that
sup [x]r Rxp and xo < yp, then there is an element ¢ € [y]r such that sup [x]r < ¢, which implies
that sup [x]r < ¢ < sup [y]r; hence, (2) holds. O

Theorem 5.9. Let P be a domain and R an equivalence relation on P. Then the following are
equivalent:

(1) Risa II-congruence relation on P;

(2) P/R is a singleton set or (P/R,<p) is a domain such that the quotient map q:P— P/R
preserves sups of directed sets and the way-below relation < and for any x, y € P, q satisfies
the following equation:

g(txN1y) = 1q(x) N 1q(y);
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(3) P/Ris asingleton set or for all element p € P, sup [p]r exists and (P/R, <} ) is a domain such
that the quotient map q : P — P/R preserves sups of directed sets and the way-below relation
<K and for any x, y € P, q satisfies the following equation:

g(tx N 1y) = 1q(x) N 1q();

(4) P/R is a singleton set or (P/R, <y ) is a domain such that the quotient map q:P — P/R
preserves sups of directed sets and the way-below relation < and for any x, y € P, q satisfies
the following equation:

q(txN1y) = 1q(x) N 1q(y).

Proof. By Theorem 5.3, it is straightforward to check that (2) = (1), (3) = (1), and (4) = (1).

If Ris a II-congruence relation on P, then <g is an order on P/R by Lemma 5.7. Moreover, from
Proposition 5.8, <g=<p=<}. Hence, we only need to prove (1) = (3). Again by Theorem 5.3, R
is a IT-congruence relation if and only if R= P x P or there is a closure operator c on P preserving
sups of directed sets such that R = (¢ x ¢)"}(A), where A is the diagonal of P x P. Recall that the
proof of (2) = (3) of Theorem 5.3, we define the order on P/R below:

[x]r <p/r [y]r if and only if c(x) < c(y) for all x, y € P.

Now it remains to prove that sup [p]r = c(p) for any element p € P. As R=(c x o)~ 1(A) and ¢ is
a closure operator, we can see that c(p) € [p]r. Furthermore, let x € [p]g. It follows that x < ¢(x) =
c(p). So, c(p) is the largest element in [p]r. Whence sup [p]r = c(p).

We now illustrate by examples that Conditions 1, 2, 3, and 4 given in Definition 5.1 are mutually
independent.

Example 5.10. Consider P and R as in Example 3.9. In particular, R satisfies Conditions 2, 3 and 4
of Definition 5.1, but it does not satisfy Condition 1 of Definition 5.1.

In fact, sup [0]g = sup [00]gr =00. So, [0]g <} [00]r and [oco]r <} [0]r, but [0]r # [o0]R.
Hence, we conclude that 5% is not an order on P/R. By Theorem 5.9, R is not a II-congruence
relation on the domain P. It implies that Condition 1 given in Definition 5.1 does not hold.

Example 5.11. Consider P and R as in Example 3.10. Then R is an equivalence relation on P
and satisfies Conditions 3 and 4 of Definition 5.1. For the block {b, ¢}, it is not directed. So, R
does not satisfy Condition 2 of Definition 5.1. Furthermore, we could see that the quotient set
P/R={[alr, [c]r, [d]r}. Then, (P/R, <gr) is a domain and the quotient map q: P — (P/R, <p)
is Scott-continuous. It follows that R is a subdcpo of P x P. Hence, Condition 1 given in Definition
5.1 holds.

Example 5.12. Take a domain P, as given in the following:
P={a, b, c} with theordera <b, a <c.

Consider R is an equivalence relation composed of two blocks {a, b} and {c}. Then, (P/R,<p) is a
domain. It is easy to show that Conditions 1, 2, and 4 in Definition 5.1 hold. For Condition 3, we
can see that a < c and a R b, but c is the only element of the block {c} and b £ c. Hence, R does not
hold the link property. The Hasse diagrams see Figure 4.

Let B be a nonempty subset of a set P. Recall that the equivalence relation on P with B being
its only nontrivial block is called the Rees equivalence relation and denoted by Rp (see Mahmoudi
etal. (2017)). That s, p Rp q if and only if p = q or p, q € B. To simplify the notation, we write P/B
and [p]p instead of P/Rp and [p]r,, respectively.
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b c {c}

P (P/R,<Rg)

Figure 4. The Hasse diagrams in Example 5.12.

P

ai

ao

2
1
0

Figure 5. The Hasse diagrams in Example 5.13.

Example 5.13. Let N={0,1,2,---} and P=NU{oo}U{a, | ne N}U{T}. The order < on P is
defined as follows:

e n<ooforallneN;

e 0=<1I=<2=<---=n=<--+;
e n<ayforallneN;

e =aj=ay=---=ay=---;
o ay <TforallneN;

e« 00T,

Then, P is a domain. Consider Ry is the Rees equivalence relation with the nontrivial block
B={a,|neN}U{oo, T}.

Now, we could see that Conditions 2 and 3 of Definition 5.1 hold. Moreover, sup [p]p exists for all
p € P. However, {sup [plg | p € P} is not a subdcpo. So, Condition 4 given in Definition 5.1 does
not hold. For Condition 1, we get that the quotient set P/B with the relation <g; is a domain and
the quotient map q: P — (P/B, <, ) is Scott-continuous. It implies that Rp is a subdcpo of P x P.
Whence Rp satisfies Condition 1 of Definition 5.1. The Hasse diagrams see Figure 5.

6. ll-Homomorphisms on Domains

In this section, we define the concept of II-homomorphism on domains, for which analogs of the
homomorphism and isomorphism theorems of universal algebras hold.

Definition 6.1. Let P and Q be posets. A Scott-continuous map f:P— Q is called a II-
homomorphism if card(f(P)) =1 or it preserves the way-below relation < and for any x,y € P,
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f satisfies the following equation:
M AxNy) =11 ) N1 ().

Proposition 6.2. Let P and Q be posets and f : P — Q a map. If P is actually a sup semilattice, then
the following are equivalent:

(1) for all elements x, y € P, f satisfies the following equation:

T xN1y) =11 () N1 ();

(2) for all elements x, y € P, we have that f(x V y) = f(x) V f(y), that is, f preserves sups of finite
sets.

By Proposition 2.4, if f is surjective, then the above conditions are equivalent to the following
equation:

F(hxN 1Y) = () N 1f(), forall x,y € P

Proof. (1) = (2): Letx, y € Pand x <y. Then, y € tx N 1y. Whence

f etftxnty) =) N 1f ).

It implies that f(x) < f(y). Thus, f is order-preserving. The same argument gives that f(x V y) is
an upper bound of f(x) and f(y). Let z be another upper bound of f(x) and f(y). Then, z € 1f(x) N
() =1f(1x N 1y). It means that there is an element p € $x N 1y such that f(p) < z. Note that
x,y <p. Since P is a sup semilattice, x VV y exists and x vV y < p. We get that f(x Vv y) <f(p) <z.
Hence, f(x Vv y) =f(x) V f(»). Thus, f preserves sups of finite subsets.

(2)=(1): Since f preserves sups of finite sets, then f is order-preserving. So,
M (tx N ty) SAf(x) N 1f(y). Conversely, let ze 1f(x) N 1f(y). Then, f(x) <z and f(y) <z.
It implies that f(xVvy)=f(x)Vf(y)<z. Note that xVyetxnty. It follows that
flxvy)ef(txN1y). Thus, ze€ +f(1xN 1y). Hence, 1f(x) N 1f(y) S 1f(tx N 1y). Therefore,
N AFG) = 1f(1x N 1), -

Theorem 6.3. Let P and Q be posets and f : P— Q a map. If P is a complete lattice, consider the
following conditions:

(1) f is a II-homomorphism;
(2) f preserves sups of arbitrary subsets and the way-below relation <.

Then, (2) = (1). Furthermore, if f is surjective, (1) = (2).

Proof. Since P is a complete lattice, the map f preserving sups of arbitrary subsets implies it is
Scott-continuous and preserves sups of finite sets. Thus, (2) = (1) by Proposition 6.2. When f is
surjective, the whole proof will be complete if we prove the following.

(1) = (2): If card( f(P)) = 1, then it is easy to verify that f preserves sups of arbitrary subsets
and the way-below relation < by the assumption that f is surjective. Otherwise, since f is Scott-
continuous and preserves sups of finite sets, we have that f preserves sups of nonempty subsets. It
suffices to prove that f preserves sups of the empty subset. We know that sup ¥ = L. So, f(sup ) =
f(L). Note that f(_L) is a lower bound of f(P) and f(L) € f(P). Therefore, f(_L) is the smallest
element in f(P). As f is a surjective map, f(P) = Q. This implies that f(_L) is the smallest element
in Q. Thus, sup f(¥) =f(L). It follows that f(sup @) = sup f(¥). Whence we get that f preserves
sups of arbitrary subsets. O
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Lemma 6.4. If f : P— Q is an order-preserving map between posets which has an upper adjoint,
then it is Scott-continuous and for all x, y € P, f satisfies the following equation:

fxN1y) =1£x) N 11 ()

Proof. Since f has an upper adjoint, there is an order-preserving map g: Q — P such that (g, f)
is an adjunction. By Lemma 2.15, f preserves existing sups. So it is Scott-continuous. Thus, for
all x,y e P, tf(1xN1y) S 1f(x) N1f(y). Conversely , let z € 1f(x) N 1f(y). Then f(x) <z and
f(y) <z.So, x < g(z) and y < g(2). It follows that g(z) € fx N 1y. Hence, fg(z) € f(1x N 1y). Note
that fg(z) <z by Theorem 2.13. Therefore, z € 1f(1x N 1y). This implies that 1f(x) N 1f(y) C
1f(1x N 1y). Whence we get that for all x, y € P, f satisfies the equation: 1f(tx N 1y) = 1f(x) N

O

).

Theorem 6.5. Let P be a dcpo and Q a poset. Ifamap f : P — Q is surjective, then the following are
equivalent:

(1) f has an upper adjoint;
(2) f is Scott-continuous and for all x, y € P, it satisfies the following equation:

fxnty) =1f ()N 11 ()

Proof. It remains to prove that (2) = (1). For each g€ Q, as f is surjective, f_l(q) #0. Let
dy, dy € f~1(g). Then, f(d;) = f(d2) = q. It implies that g € 1f(d1) N 1f(d2). Since f(1dy N 1dy) =
1f(d1) N 1f(da), there exists d3 € 1d; N 1d; such that f(d3) = q. So, f~1(q) is directed. Because P
is a dcpo, sup f~1(q) exists. Define a map g : Q — P by g+ sup f~!(q), where g € Q.

Claim 1: g is order-preserving.

Let g1, 92 € Qand q; < g. Slncef is surjective, there exist p;, p» € P such that f(p;) =g and
f(p2) = q2. For each element x € f~1(q;), we get that f(x) = g1. So, g2 € 1/(x) N 1f(p2). As f(Tx N
tp2) = Tf(x ) N 1f(p2), there exists an element y € txN1p2 such that f(y) = ¢2. Note that x <y
and y € f~!(qy). It implies that x < sup f~!(g2). Thus, sup f~1(g1) < sup f~1(g2). It follows that
g(q1) < g(q2). Hence, the map g is order- preservmg

Claim 2: (g, f) is an adjunction.

For all pairs of elements (p,q) € P x Q, first, let f(p) < g. Then there exists an element x €
P such that f(x) =g. So, g € 1f(p) N 1f(x) =f(1p N 1x). Thus, there is an element y € 1p N tx
such that f(y) = q. Hence, p <y <supf~1(q). So, p < g(q). Second, let p < g(q). Since f is Scott-
continuous,

f0) =f(g(q) =f(supf~(q) = sup f(f~(9)) =
Thus, (g, f) is an adjunction. O

Proposition 6.6. Let P be a dcpo and Q a poset. For a Scott-continuous map f : P — Q which
satisfies the following equation:

M (txN1y) =1/ N 1f ()
for all x,y € P, consider its image f(P) in Q with the induced order. Then the following properties
hold.
(1) If X is a subset of f(P) and f~1(X) has a sup in P, then X has a sup in f(P) and supsp) X =
f(supp f7H(X))

(2) If P is a semilattice, a lattice, a bounded complete dcpo, a complete lattice, respectively, then
the same holds for f(P).
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Proof. (1) Let X Cf(P) and suppf }(X) exist. For f:P— f(P), we have that f(1xN1y)=
P () N 1 yp)f () for all x, y € P. By Theorem 6.5, we deduce that f has an upper adjoint g.
So, f(supp f (X)) =sup f(f1(X)) = sups(p) X by Lemma 2.15.

(2) We only prove (2) for P which is a semilattice because the other cases are covered by (1).
Suppose that P is a semilattice. Let g1, g2 € f(P). Then, g(q1), g(q2) € P. Since P is a semilattice,
g(q1) Apg(q2) exists. We claim that f(g(q1) Apg(q2)) =q1 Af(p) q2- Note that g(q1) Ap g(q2) <
8(q1) and g(q1) Ap g(92) < g(q2), it implies that f(g(q1) Ap g(q2)) < g1 and f(g(q1) Ap g(q2)) < q2.
Thus, we conclude that f(g(g1) Ap g(g2)) is a lower bound of g; and g;. Let g € f(P) be another
lower bound of g; and g,. Then there exists an element p € P such that f(p) = g. It means that
f(p) < q1and f(p) < g2. Whence p < g(g1) and p < g(q2). Thus, p < g(q1) Ap g(q2)- So, f(p) =g <
f(g(q1) Ap g(g2)) by the monotonicity of f. Therefore, f(g(q1) Ap g(g2)) is the largest lower bound
of g1 and g in f(P). It follows that f(P) is a semilattice. O

By Lemma 2.16 and Theorem 6.5, we can get the following corollary directly.

Corollary 6.7. Let P be a domain and Q a poset. For a map f : P — Q, consider the following two
conditions:

(1) f has an upper adjoint g and g is Scott-continuous.

(2) f preserves sups of directed subsets and the way-below relation < and for all x, y € P, satisfies
the following equation:

M Axn 1Y) =11 ) N 11 ().

Then (1) = (2), and if the map f:P— Q is surjective, then the above two conditions are
equivalent.

Theorem 6.8. Let M be the image of a II-homomorphism f : P — Q.If P is a domain, an L-domain,
a bounded complete domain, a continuous semilattice, and a continuous lattice, then the same is true
for the image M.

Proof. 1If card(M) =1, then the conclusions naturally hold. Otherwise, for f : P — f(P), there
exists a Scott-continuous map g : f(P) — P which is an upper adjoint of f by Corollary 6.7. Since
f:P— f(P) is surjective, we have that f o g = idfp) by Proposition 2.14. Whence f(P) is a Scott
retract of P. Because P is a domain and the property of being a domain is preserved under Scott
retracts, it follows that f(P) is also a domain. As the various completeness properties are preserved
under II-homomorphisms (see Proposition 6.6), we get the conclusions immediately. 0

Theorem 6.9. (II-Homomorphism theorem). Let P and Q be domains, and f : P — Q be a II-
homomorphism. Then, ker(f) ={(x,y) € P x P | f(x) =f(y)} is a II-congruence relation on P and
f(P) Z P/ker(f).

Proof. If card(f(P)) =1, then ker(f) =P x P, it is a II-congruence relation on P. Otherwise,
for f : P— f(P), we have that f is a surjective II-homomorphism. It implies that there exists a
Scott-continuous map g : f(P) — P which is an upper adjoint of f by Corollary 6.7. Based on
Theorem 2.17, the kernel of a lower adjoint is that of a closure operator and by Theorem 5.3 ker( f)
is a II-congruence relation on P and f(P) = P/ker( f), because the kernels of closure operators are
characterized as II-congruence relations on P. U

By Theorem 6.9, we get the following corollary.
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Corollary 6.10. (II-Isomorphism theorem). Let P, Q be domains and f : P — Q be a surjective II-
homomorphism. Then ker(f) ={(x,y) € P x P|f(x) =f(y)} is a II-congruence relation on P and
Q= P/ker(f).

7. Applications

This section is devoted to giving some applications of the results of domains to continuous
semilattices, L-domains, bounded complete domains, and continuous lattices.

Evidently, the kernels of I-homomorphisms and II-homomorphisms between domains and
I-congruence relations and II-congruence relations on domains are practically the same thing
on account of the I-homomorphism theorem, respectively II-homomorphism theorem. By
Theorems 4.2 and 6.8, the images of I-homomorphism and II-homomorphism from an L-domain,
a bounded complete domain, a continuous semilattice, and a continuous lattice also have the
same property. Thus, we can give the definition of I-congruence relation and II-congruence rela-
tion on L-domains, bounded complete domains, continuous semilattices, and continuous lattices,
respectively. These conclusions are consistent with those on domains.

Applying the above results to continuous semilattices, we obtain a positive answer to an open
problem on homomorphisms and quotients of continuous semilattices in Gierz et al. (2003) (the
second problem on page 92 of Gierz et al. (2003)). Furthermore, for I-congruence relation on
continuous semilattices, we have a more complete picture.

Theorem 7.1. Let P be a continuous semilattice and R # P x P an equivalence relation on P. Then,
the following conditions are equivalent:

(1) Ris a I-congruence relation on P;

(2) (a) Ris closed in P x P under the formation of finite infs and directed sups,
(b) for x € P, [x]R has the smallest element in P.

Proof. (1) = (2): It remains to prove that R is closed in P x P under finite infs. Since R is a I-
congruence relation, we conclude that the quotient set P/R with a suitable order is a continuous
semilattice in such a way that the quotient map q: P — P/R is an upper adjoint preserving sups
of directed sets by Theorem 3.3. From Lemma 2.15, g preserves finite infs. Let (a, b), (¢, d) € R.
Then, g(a) = q(b) and g(c) = q(d). Note that g(a) A q(c) = g(a A ¢) and q(b) A q(d) = q(b A d). So,
qa A ¢) =q(b A d). It follows that (a A ¢, b A d) € R.-Whence Ris closed in P x P under finite infs.

(2) = (1): We only need to prove that R satisfies the dual-link property. Let a, b, b* € P.
If a<b and bR b*, then (a,a), (b, b*) € R. As R is closed in P x P under finite infs, (a,a) A
(b, b*) =(a,a A b*) € R. It implies that a A b* < b* and a Ra A b*. Thus, R satisfies the dual-link
property. U

Second, we consider the case of L-domains. For I-congruence relation on L-domains, we find
that it is a generalization of the congruence relation on L-domains introduced in Jin and Li (2022).

Lemma 7.2. Let P and Q be posets and f : P — Q a map. For arbitrary subset A of P, if f satisfies
the following equation:

i/f(maeA ~La) = maeA»Lf(al

then f preserves existing infs.

Proof. By Proposition 2.4, f is order-preserving. Assume that A is an arbitrary subset in P for
which inf A exists. As f is order-preserving, we have that f(inf A) is a lower bound of f (A). Suppose
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q is another lower bound of f(A) in Q. Then, q € Ngealf(a). Since |f(Ngea La) =Ngealf(a),
q € 1f(Naea la). Thus, there is an element x € Nyeal a such that g < f(x). Note that x < g, for
any a € A, which implies that x <inf A. So g < f(x) < f(inf A). Thus, f(inf A) = inf f(A). |

Theorem 7.3. Let P and Q be posets and f : P — Q a map. Consider the following two conditions:

(1) f is an upper adjoint;
(2) for arbitrary subset A of P, f satisfies the following equation:

\Lf(maeA »l«a) =MNgea »Lf(a)
Then, (1) = (2). Furthermore, if P is an L-domain and f is a surjective map, then (2) = (1).

Proof. (1) = (2): Let A C P. Since f is an upper adjoint, it is order-preserving, we have | f(Nzea
1a) € Ngealf(a). Conversely, let g € Ngealf(a). Then, g < f(a), for any a € A. Again since f is an
upper adjoint, there exists an order-preserving map g : Q — P such that (f, g) is an adjunction.
Thus, g(g) < a, for any a € A. It follows that g(q) € Nzeala. So, fg(q) € f(Naca | a). Because g <
f8(@), q € 1f(Naea La). Hence, Naealf(a) € | f(Naea | a). Therefore, | f(Naea L a) = Nacalf(a).

Assume that P is an L-domain and f is a surjective map. If for arbitrary subset A of P, f satisfies
the equation: | f(Naea 4 @) = Naealf(a), then define a map g: Q — P by g+ inff~1(q), where
q€Q.

Claim 1: For any q € Q, inf f~1(g) exists.

Since f is surjective, there exists an element p € P such that f(p) = . Then, |p N f~1(q) # @. As
Pisan L-domain, inf ({ p N f~1(q)) exists by Lemma 2.3. For any x € f " 1(g), f(x) = ¢ = f(p). Thus,
f)elfx)nlf(p)=1f(lxN|p). Hence, there is an element p, € | x N |p such that f(x) <
f(px). Because py < x, we have f(py) < f(x). So, f(x) =f(px) = q. That is, p, € {p N f~1(q). Thus,
inf (Jp N f~1(q)) < px < x. It follows that inf (} p N f~1(q)) is a lower bound of f~!(q). Let y € P
be another lower bound of f ~!(g). Then for any z € |p N f~1(q), y < z. So, z <inf ({p N f~1(q)).
Therefore, inf f~1(g) = inf ({p N f1(q)).

Thus, g is well defined.

Claim 2: g is order-preserving.

Let q1,q2 € Q and q; < q,. For any a € f~!(q2), f(a) = 2. Since f is surjective, there exists
an element p,, € P such that f(pg,) = q1. Thus, f(pg,) € {f(pg,) N 1f(a) = 1f(Ipg N Ja). It fol-
lows that there is an element b € |p,y N |a such that f(py,) <f(b). So f(pg,) <f(b) <f(pg,)s;
hence, f(pg,) =f(b) = q1. Note that b € f~!(q1) and b < a. Then, inff ~*(g1) < a. So, inff (1) <
inff~1(gy), that is, g(q1) < g(q2).

Claim 3: (£, g) is an adjunction.

For all pairs of elements (p,q) €P x Q, first, let g(q) <p. Then inff~!(q) <p. Thus,
f(inff~1(g)) < f(p). By Lemma 7.2, f preserves existing infs. Hence,

finff~1(q)) = inff(f (@) = q <f(p).

Second, let g < f(p). Then g(q) < gf(p). Since g(f(p)) = inff ' (f(p)) =inf (Up Nf~'(f(p) <p,
we have g(g) < p. Thus, (g, f) is an adjunction.
So f is an upper adjoint. Thus, (2) = (1). O

Theorem 7.4. Let P be an L-domain and R+ P x P an equivalence relation on P. Then the
following conditions are equivalent:

(1) Risa I-congruence relation on P;

(2) (a) R is a subalgebra of P x P (i.e., R is closed in P x P under the formation of infima of
nonempty sets bounded from above and directed sups);
(b) for x € P, [x]R has the smallest element in P;
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(3) P/R with a suitable order is an L-domain in such a way that q: P — P/R preserves sups of
directed sets and for arbitrary subset A of P, q satisfies the following equation:

q(Naeca $a) = Nacalq(a).

Proof. By Proposition 2.4 and Theorems 3.3, 7.3, we get that (1) < (3).

(1) = (2): We need to prove that R is closed in P x P under nonempty sets bounded above
infs. Since (1) and (3) are equivalent and P is an L-domain, we have that g preserves nonempty
sets bounded above infs by Lemma 3.5. Let A be an arbitrary nonempty sets bounded above in R.
Set

A1 ={a; € P | there exists a, € P such that (a;, ay) € A},
Ay ={ay € P | there exists a; € P such that (a;, a,) € A}.

Then A; and A, are nonempty sets bounded above in P. Since P is an L-domain, inf A; and inf A,
exist. As g preserves nonempty sets bounded above infs, we have

q(inf A;) =infgq(A;) = inf q(A;) = q(inf A).

Thus, (inf A;,inf A;) € R. So Ris closed in P x P under the formation of infima of nonempty sets
bounded from above.

(2)= (1): It is enough to prove that R satisfies the dual-link property. Let g, b, b* € P. If
a<b and bRDb* then (a,a), (b, inf [b]r) € R. Note that (b, b) is an upper bound of (a,a) and
(b, inf [b]r) in R. By Condition (a) of (2), (a, a) A (b, inf [b]r) = (a, a A inf [b]r) € R. So, inf [a]r <
a A inf [b]gr <inf [b]g < b* and a R inf [a]r. Therefore, R satisfies the dual-link property. U

Let P be an L-domain and R an equivalence relation on P. If R is a congruence relation defined
in Jin and Li (2022), recall Proposition 4.3 in Jin and Li (2022), we know that each block of R is
a complete lattice. It follows that each block of R has the smallest element. So it is a I-congruence
relation on P. Therefore, I-congruence relation on L-domains is a generalization of the congruence
relation on L-domains introduced in Jin and Li (2022).

Now we consider the case of continuous lattices. For a continuous lattice P, there are var-
ious equivalent ways of looking at I-congruence relations and II-congruence relations on P,
respectively.

In Gierz et al. (2003), it introduced a kind of congruence relation on continuous lattices, cor-
responding to kernel operators which preserve directed sups (see Theorem I-2.15 of Gierz et al.
(2003)). Next, we will show that it is in fact the I-congruence relation on continuous lattices.

Lemma 7.5. (Gierz et al. (2003)). Let f : P — Q be a map between posets of which P is a complete
lattice. Then f preserves infs of arbitrary sets if and only if f is order-preserving and has a lower
adjoint.

Theorem 7.6. Let P be a continuous lattice and R an equivalence relation on P. Then the following
conditions are equivalent:

(1) Risa I-congruence relation on P;
(2) Risclosed in P x P under the formation of arbitrary infs and directed sups;

(3) P/R with a suitable order is a continuous lattice in such a way that the quotient map q: P —
P/R preserves infs of arbitrary sets and sups of directed sets.

Proof. From Theorem I-2.15 in Gierz et al. (2003), (2) < (3). For R=P x P, since P is a continu-

ous lattice, P x P is also a continuous lattice. So, P x P is closed under the formation of arbitrary
infs and directed sups. By Theorem 3.3 and Lemma 7.5, (1) < (3). O
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Figure 6. The Hasse diagrams in Example 7.8.

Theorem 7.7. Let P be a continuous lattice and R an equivalence relation on P. Then the following
conditions are equivalent:

(1) Ris a II-congruence relation on P;

(2) (a) Ris closed in P x P under the formation of arbitrary sups,
(b) {sup [plr | p € P} is a subdcpo of P;

(3) P/R with a suitable order is a continuous lattice in such a way that the quotient map q: P —
P/R preserves sups of arbitrary sets and the way-below relation <.

Proof. By Theorems 6.3 and 5.3, (1) and (3) are equivalent.

(3) = (2): We only need to prove Condition (a) of (2). Assume that there is an order <p/g
on the quotient set P/R such that q: P — (P/R, <p/r ) preserves sups of arbitrary sets and the
way-below relation <. Let A be an arbitrary subset in R. Similar to the proof of (1) = (2) in
Theorem 7.4, we have (sup Aj, sup Az) € R. So, R is closed in P x P under the formation of
arbitrary sups.

(2) = (1): Since R is closed in P x P under arbitrary sups, we would get that R is closed
in P x P under directed sups. Thus, R is a subdcpo of P x P. Let p € P and x, y € [p]g. Then,
(x,9), (x,x) € R. It implies that (x,y)V (x,x) =(x,x VvV y) € R. So, xV y€ [plr; hence, [p]r is
directed in P. It remains to prove that R satisfies the link property. For x, y,u € P, if x <y and
x Ru, then (x, u), (y,¥) €R. So, (x,u) V (y,y) = (y,u V y) € R, which implies that u <u Vv y and
yRuV y. Thus, R satisfies the link property. O

At last, we give examples to show that the I-congruence relation and II-congruence relation on
continuous lattices mentioned above are different.

Example 7.8. Consider P in Example 3.11. Then P is a continuous lattice. Let R be an equivalence
relation comprising exactly two blocks {b, ¢, d} and {a}. Then P/R = {{b, ¢, d}, {a}} with the order
<R is a two-element chain. Note that the block {b, c, d} does not have the smallest element. So, R
is not a I-congruence relation on continuous lattices. But it is straightforward to check that R is a
IT-congruence relation on continuous lattices. The Hasse diagrams see Figure 6.

Example 7.9. Take N={0,1,2,---}. Let P=NU {a, b}, where the order <p is defined as follows:

e 0<1<2<...<n<-...
e n<aforallneN;
e n<bforallneN;
e a<hb.
Obviously, P is a continuous lattice. Let R= A U {(a, b), (b, a)}. Then R is an equivalence relation
on P. Clearly, we can see that the quotient set P/R with the order <g is also a continuous lattice
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Figure 7. The Hasse diagrams in Example 7.9.

and the quotient map q: P — (P/R, <p) preserves infs of arbitrary sets and directed sups. Then,
R is a I-congruence relation on continuous lattices by Theorem 7.6. However, {sup [p]r | p € P} =
N U {b} is not a subdcpo of P. So, Condition 4 given in Definition 5.1 does not hold. Thus, R is not a
II-congruence relation on continuous lattices. The Hasse diagrams see Figure 7.

Acknowledgments. We would like to thank the anonymous reviewers for their professional comments and valuable
suggestions.

Competing interests. The authors declare that they have no known competing financial interests or personal relationships
that could have appeared to influence the work reported in this paper.

References

Blyth, T. S. and Janowitz, M. F. (1972). Residuation Theory, vol. 102 of International Series of Monographs in Pure and
Applied Mathematics, Pergamon Press.

Chajda, I. and Snasel, V. (1998). Congruences in ordered sets. Mathematica Bohemica 123 95-100.

Chajda, I., Snasel, V. and Jukl, M. (2009). Congruences in ordered sets and LU compatible equivalences, Acta Universitatis
Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica 48 153-156.

Davey, B. A. and Priestley, H. A. (2002). Introduction to Lattices and Order, Second edn. Cambridge University Press.

Fiech, A. (1996). Colimits in the category DCPO. Mathmetical Structures in Computer Science 6 455-468.

Gierz, G., Hofmann, K. H., Keimel, K., Lawson, J. D., Mislove, M. and Scott, D. S. (2003). Continuous lattices and domains,
vol. 93 of Encyclopedia of Mathematics and its Applications, Cambridge University Press.

Goubault-Larrecq, J. (2013). Non-Hausdorff Topology and Domain Theory, vol. 22 of New Mathematical Monographs,
Cambridge University Press.

Hofmann, K. H. and Mislove, M. W. (1977). The lattice of kernel operators and topological algebra. Mathematische Zeitschrift
154) 175-188.

Jin, M. and Li, Q. (2022). Quotients of L-domains. Journal of Pure and Applied Algebra 226 106837.

Jung, A., Libkin, L. and Puhlmann, H. (1992). Decomposition of domains. In: Proceedings of the Conference on Mathematical
Foundations of Programming Semantics 91, Lecture Notes in Computer Science, vol. 598, 235-258.

Kolibiar, M. (1987). Congruence relations and direct decomposition of ordered sets, Acta Universitatis Szegediensis. Acta
Scientiarum Mathematicarum 51 129-135.

Mahmoudi, M., Moghbeli, H. and Pié6ro, K. (2017). Natural congruences and isomorphism theorems for directed complete
partially ordered sets. Algebra Universalis 77 (1) 79-99.

Mahmoudi, M., Moghbeli, H. and Piéro, K. (2019). Directed complete poset congruences. Journal of Pure and Applied Algebra
223 4161-4170.

Shum, K. P., Zhu, P. and Kehayopulu, N. (2008). III-Homomorphisms and III-congruences on posets. Discrete Mathematics
308 5006-5013.

Cite this article: Jin M and Li Q (2025). Congruence relations on domains. Mathematical Structures in Computer Science
35(e40), 1-24. https://doi.org/10.1017/S0960129525100388

https://doi.org/10.1017/5S0960129525100388 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129525100388
https://doi.org/10.1017/S0960129525100388

	
	Introduction
	Preliminaries
	I-Congruence Relations on Domains
	I-Homomorphisms on Domains
	II-Congruence Relations on Domains
	II-Homomorphisms on Domains
	Applications

