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Abstract We show that, providing a metric spa&ehas a boundary that is in some sense
similar to the boundary of hyperbolic space, the iterates of a contragtiok — X
converge locally uniformly to a point in, or on the boundary ¥f, This generalises the
Denjoy—-Wolff theorem for analytic self-maps of the unit disc in the complex plane, and
also shows that iD is a bounded strictly convex subdomainRif, then any contraction

of D with respect to the Hilbert metric ab converges to a point in the closure bf

1. Introduction
A contractionof a metric spacéX, d) is a mapf : X — X that satisfies

d(fx, fy) <d(x,y). (ERY)

The contraction mapping theorem is thatfifmaps a complete metric spack, d) into
itself and satisfies the stronger condition

d(fx, fy) < kd(x,y), 1.2

where 0< k < 1, then the iterateg™ of f converge locally uniformly onX to the
unique fixed poing of f in X. The Denjoy—Wolff theorem describes the dynamics of a
contraction which satisfies (1.1) but not (1.2), and our aim in this paper is to generalise
this so as to describe the dynamics of a contraction of a metric spaed which, in
a certain sense, resembles hyperbolic space. We shall ekled larger spac& and
be content with the conclusion that the iteraf@sof f converge to some poirt in X.

We begin by describing the Denjoy—Wolff theorem. The hyperbolic plane is the open
unit disc A in the complex plane endowed with the Poirecgor hyperbolic) metrig

derived from the line element
2ldz|

1—z%
The Schwarz—Pick lemma is thatff: A — A is analytic, then either is a p-isometry
or a p-contraction in the sense of (1.1). Even though the contraction mapping theorem
is not applicable, it is easy to see that ifpacontraction f has a fixed pointg in A,

ds =
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then f* — ¢ locally uniformly on A. Now a contractionf : A — A need not have a
fixed point in A and when it does not, one can still conclude that there is a goint

the closed unit disc such thgt' — ¢ locally uniformly on A: this is the Denjoy—Wolff

theorem.

In [2] the author showed that the Denjoy—Wolff theorem is a purely geometric result,
and that analyticity is irrelevant, by showing that, for a large class of negatively curved
Riemannian spaces (of any dimension), the iterates of contractions satisfying (1.1) do
converge to a point in the closure of the manifold. In this paper, we give a generalisation
in a different direction and establish a general theorem, the key ingredients of which are,
roughly speaking:

(1) X is embedded in a reasonably good topological space
(2) the boundary ofX in X is metrically similar to the boundary of hyperbolic space;
(3) f is the pointwise limit of contractiong;, each of which has a fixed point iK.

It would be desirable to avoid (3) but this seems difficult.

We now state our result and, after the proof, we give some applications. In particular,
we show that our result includes the classical Denjoy—Wolff theorem as a very simple
special case. We shall also see that the result applies to a class of metric spaces introduced
by Hilbert. In the Klein model of the hyperbolic plane, the hyperbolic metric is given
by a cross-ratio and the geodesics are chorda ofHilbert noted that this cross-ratio
provides a metric for any bounded convex domdinof R* and our result yields a
Denjoy—-Wolff theorem for these spaces.

The general nature of the assumptions made in (1) are not surprising; the innovation
lies in the recognition that condition (2) can be given in a very general fanioh avoids
any smoothness assumptions on the space or the métreprecise content of (1) and (2)
on the metric spacéX, d), and the larger topological spageare as follows.

Assumption 1We require:

(1a) every closed bounded subset(&f, d) is compact;

(1b) X is a compact Hausdorff topological space; and

(1c) X is an open dense subset ¥fwhose relative topology coincides with the metric

topology.
With these assumptions, the boundagy of X is X — X.

Assumption 2Given that Assumption 1 holds, we require:

(2a) if w € X, and ifx, in X converges toc in 90X, thend(x,, w) — +00;

(2b) if x, andy, in X converge to distinct points and y, respectively, i0 X then, for
everyw in X,

d(xp, yu) — Maxd(x,, w), d(y,, w)} — +oo.

Several remarks may be helpful. First, (1b), (1c) and (2a) imply (1a). Next, a simple
application of the triangle inequality shows that neither (2a) nor (2b) dependiorthe
sense that they hold either for all in X, or for now in X. Finally, providing that there

are at least two points ifX, (2b) implies (2a) because (from the triangle inequality)

d(-xnv yn) S max{d(xnv w)v d(yi‘h U))} + mln{d(er w)7 d(ynv w)}
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Thus, in effect, it suffices to assume that (1b), (1¢) and (2b) hold. Our theorem on the
dynamics of a contraction now follows.

THEOREM 1. Suppose that the metric spack, d) and the topological spac& satisfy
Assumptions 1 and 2, and that the contractjpn X — X satisfies condition (3). Then
the iteratesf” of f converge locally uniformly oiX to some point in X.

§82 and 3 contain two simple special cases of Theorem 1,5dnmbntains its proof.
§5 is concerned with the more substantial special case of Hilbert's metric, and for the
proof of this we require an interesting variant of the classical intersecting chord theorem
of Euclidean geometry; this is given §6.

2. Euclidean contractions of the real line

Let X = R with the Euclidean metrie/, and let X be [-oo, +0oc0] with the usual
topology. Assumption 1 holds as does Assumption 2 becausgahdy, converge to
distinct boundary points andy, thenx andy can only be+oo and —oo, so that for
sufficiently largen,

d(xl‘lﬂ )’n) - max{d(-xnv U.)), d(ynﬂ w)} - mln{d(xnv 'l,U), d()’n» w)} - +OO

Given a contractionf : R — R with respect to the Euclidean metric, we put
fn=@-nYf. Thenf, — f pointwise onX and, by the contraction mapping
theorem,f, has a fixed point irR. We deduce that the iterates of a Euclidean contraction
f : R — R converge locally uniformly oiR to a point in oo, +00].

3. The classical Denjoy—Wolff theorem

Let X be the unit discA in the complex plane with hyperbolic metrit; and letX be
the Euclidean closure of with the Euclidean metric; these satisfy Assumption 1. Next,
the hyperbolic metric is known to satisfy (2b); indeedyjfand y, are sequences X
converging to distinct points andy in 34X, then, using the cosine formula in hyperbolic
geometry, we obtain

coshd(x,, y,) = coshd (x,,, w) coshd(y,, w) — cosf, sinhd (x,, w) sinhd(y,, w),

wheref, (the angle atw in the triangle with verticesv, x, andy,) converges to some
angle® with cosf £ 1. This shows that

d(-xi‘h yn) - d(xns w)+d(ynv U))+0(1), d(xi‘h w) - +OO, d(ynv w) - +OO (31)

so that Assumption 2 also holds.

Now consider an analytic map: X — X and exclude the case wheghnis a (Mobius)
isometry of (X, d); then f is ad-contraction. We take; = (1— j1)f and as this is
an analytic map ofX into (but not onto) itself, this is also @&-contraction. Further, as
fi mapsX (= A) into a compact subset of itself, we see that> |f;(z)| on the unit
circle; thus, by Roudis theorem,f; has a fixed point inX and (3) holds. Theorem 1
is now applicable and this gives the classical Denjoy—Wolff theorem.

https://doi.org/10.1017/50143385797086434 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385797086434

1260 A. F. Beardon

A horoball based at; is a Euclidean disc im\ internally tangent to the unit circle
at ¢; these play an important role in all proofs of the Denjoy—Wolff theorem. Indeed, if
an analytic contractiorf does not have a fixed point in, then there is a unique point
¢ in the closed unit disc such that, for each horolfalbased at, f(H) c H (Julia’s
lemma) and it is this that guarantees that if an ogtiit), f2(z), ... accumulates only on
the boundary ofA, then it must converge top. The same idea will appear in our proof
of Theorem 1.

4. The proof of Theorem 1

By assumption, eaclf; has a (necessarily unique) fixed pointin X, and the proof
divides into two cases according to whether the sequepd®s (i) a limit point inX,

or (i) a limit point in 3X. As X is compact one of these cases must arise, and we shall
see that the two cases correspond to the casesX and¢ € 9X, respectively. We
begin the proof of Theorem 1 with several propositions, the first of which shows that
dX reflects the nature of the boundary of hyperbolic spdceach of these propositions
we assume, without explicit mention, that the hypotheses in Theorem 1 hold.

PROPOSITION4.1.

(i) If x, andy, are sequences iX converging to distinct points and y, respectively,
in dX then,d(x,, y,) — +oo.

(i) If x, andy, are sequences i, if x, converges to a point in 84X, and if for all n,
d(x,, y,) < M, theny, — x.

Proof. Of course, (i) is an immediate consequence of Assumption 2 and it is given here
to compare it with (ii). If (i) fails, then there is some subsequence,afhich converges

to some pointv in X, wherev # x. If v € X, this contradicts (2a); it € 39X, this
contradicts (i). O

PROPOSITION4.2. Suppose that; — x, wherex; andx are in X. Thenf;(x;) — f(x).
Proof. This follows directly from the assumption thgt — f and the inequalities
d(fj(x;), f(x) =d(fi(x)), f;(x) +d(fi(x), f(x)) =d(x;, x) +d(fj(x), f(x)). U

ProPOSITION4.3. If x € X and some subsequence ©f(x) converges ta; in X, then

f@&)=¢.

Proof. Becausef is a contraction, the sequendéf”(x), f"T1(x)) is decreasing with
n and so converges to some lindit By letting n tend tooo through the subsequence
{n1, ny, ...} on which f*(x) — ¢, we see thas = d(¢, f(¢)). By lettingn tend tooco
through the subsequen¢e; + 1, no + 1, ...} we see thab = d(f(¢), f2(¢)), so that

dCf(©) =d(f (&), F2(©)).
As f is a contraction, this implies that(¢) = ¢. (|

PrROPOSITION4.4. Suppose that some subsequencéapf converges ta; in X. Then
f() =¢ and f* — ¢ locally uniformly onX.
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Proof. We may assume that; — ¢ as j — oo through some subsequende =
{j1, J2, ...} of the positive integers. Taking the limit gs— oo throughJ we have,
from Proposition 4.2,

Next, we show thatf” — ¢ pointwise onX. Consider anyx in X and letB be
the closed ball with centre and radiusd(x, ¢). As f is a contraction that fixes, f
maps B into itself. Further,x € B so that the orbitO(x) of x (that is the sequence
x, f(x), f2(x),...) lies in B. Now B is compact, sa?(x) certainly has limit points
(in B) and from Proposition 4.3, any such limit point is a fixed pointfof As f is a
contraction, it has at most one fixed point and so we conclude that the seqénce
converges tg. This shows thatf” — ¢ pointwise onX.

To prove that the convergence is locally uniform Bntake any positives, and any
compact subseK of X and coverk with a finite number of open ball®(w;, ¢/2),

j=1,...,r, of radiuse/2. If n is sufficiently large then, for each f"(w;) lies within
a distances /2 of ¢, and hencef (B(w;, ¢/2)) C B(¢, ¢). We deduce that, for thesg
f(K) C B(¢, &) and this completes the proof. O

Proposition 4.4 show that if the sequengenas a limit point; in X, then¢ is a fixed
point of f and f* — ¢ locally uniformly on X. Proposition 4.3 shows that if, for some
x in X, the sequencg”(x) has a limit point¢ in X, then againf(¢) = ¢, and (as in
the proof of Proposition 4.4)f" — ¢ locally uniformly on X. It follows that for the
remainder of the proof we may assume
(a) that the sequeneg accumulates only odX; and
(b) for all x in X the sequencg™(x) accumulates only oaX.

We come now to the definition of horoballs in this abstract situation. From (a), we
may suppose that there is some subsequenoéa,, wherej € J andJ = {j1, jo, ...},
that converges to the poigtin 9X. We also select a point in X and, forj in J, we
let B; be the closed ball ik with centreq; and radiusd(a;, y). Given this initial data
(namelya; converging to¢, and the pointy) we define the horoball by saying that
x € H if and only if x (in X) is the limit of some sequence,, wherex; € By, and
k € J. For clarity, we suppress the notational dependencl oh a;,  andy.

ProPoOsSITION4.5. With the notation abovef (H) C H.

Proof. Takex in H with x = limx; andx;, € Bx. As f; is a contraction that fixes;,

and asy; lies in the ballB; with centrea;, we see thaff;(x;) € B;. By Proposition 4.2,
fi(xj) = f(x), so thatf(x) € H as required. O

PROPOSITION4.6. If a sequence), in H converges ta on X, thena = ¢.

Proof. As v; € H, it is the limit of some sequence,, whereu,, € B,, andm € J, so

that we can pick some,, satisfyingd (u,,, v1) < 1. Putm = k(1) and relabel,, asv};
thus

d(vi,v1) <1, v] € Biqy.
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As v, € H, it is the limit of some sequenag, wherer,, € B,,, so that we can pick some
t,, satisfyingd(t,,, v1) < 1, wherem > k(1). Putm = k(2) and relabel,, asv,; then

dy,v2) <1, vy € By, k(2) > k().

Continuing in this way, we construct a strictly increasing sequen@e, k(2), ... of
positive integers, and a sequenggvs, ... such that for all,

d(U,;, vn) < 1, v,’, (S] Bk(n)~
As v, — «, Proposition 4.1(ii) implies that, — «. As v, € By, we see that

d(v)), akmy) < d(y, axmy) < max{d(y, axm), d(y, v))},

so that
d (v, army) —max{d(y, akm),d(y, v,)} < 0.

This contradicts Assumption 2(b) unless= ¢ (= limq;); thus, as asserted,=¢. O

We can now complete the proof of Theorem 1. Take anyp X and construct the
horoball % from the initial data ofa;, where j € J, ¢ and the pointy. As y € B,
for everyn, we see thaty € H, and by Proposition 4.5, the entire sequernfey),
n=12 ...liesinH. From (b) this sequence has all its limit points &k and, from
Proposition 4.6, such a limit point can only lge As X is compact, it follows that
lim, f"(y) = ¢. It is now clear thatf” — ¢ pointwise onX since, given anyw in X,
we haved(f"(y), f"(v)) < d(y, v), and Proposition 4.1(ii) now shows th#t (v) — ¢.

It remains to show that this convergence is locally uniformXrand it suffices to
show that if AV is any X-open set containing, and if B is a closed ball inX with
centrey, then f"(B) c N for all sufficiently largen. However, if this fails, then (on a
subsequence) there are poingsin B for which f”(x,) lies in the compact seX — N/
and so converges to somein dX, wherev # ¢. As this violates Proposition 4.1(ii),
the proof of Theorem 1 is complete. O

5. Contractions in Hilbert's geometry

From now on we shall be working in Euclidean spake The Euclidean distance
betweenx and y will be denoted byjx — y|, and the cross-ratiax|, x», x3, x4] of the
four distinct pointsa, x, y, b in R* is given by

la —yl-|x — b

la,x,y,b] = (5.1)

la —x|-|y—bl
For distinct pointsx and y in R¥, L,, will denote the Euclidean line through and

y, and (x, y) and [x, y] will denote the open and closed segments, respectively, with
endpointsx andy. If x andy lie in a convex domairD in R, andx # y, the chord

of D determined byr andy is the intersectiorL,, N D. We shall adopt the convention
that when we say thal, x, y, b) is a chord ofD, we mean thak andy are inD, a
andb are ind D, and thata, x, y, b occurin this order along L.,; note that, in this case,

la — y| > |a — x| and|x — b| > |y — b| so that logg, x, y, b] > 0.
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We can now define Hilbert's metrid for a bounded convex domai® in RX.
Distinct pointsx andy in D determine a chorda, x, y, b) of D and, following Klein's
construction of a model of hyperbolic geometry, Hilbert noticed that the function
defined by

log[a, x, y,b] if x £y
d("’y):{o if x =y,
is a metric onD; this is the Hilbert metric oD, and more details can be found it-g.

Next, a subdomairD of R¥ is strictly convexf, for all « andb on the boundary D

of D, the open segmerit, b) lies in D. With this, we can state the particular form that

Theorem 1 takes when applied to Hilbert's metric on a strictly convex subdomain.

THEOREM la. Let D be a bounded, strictly convex, subdomairRsf and suppose that
f:D — D is a contraction with respect to the Hilbert meticof D. Then the iterates
f" of f converge locally uniformly o® to some point in the Euclidean closure ab.

In our application of Theorem 1 to Hilbert's geometry, we taketo be bounded,
strictly convex, domainD in R¥ equipped with its Hilbert metrie/, and X to be the
Euclidean closure o equipped with the Euclidean topology. Clearly, Assumption 1
is satisfied provided that thétopology onD agrees with the Euclidean topology there,
and this is easily verified. Indeed, using the (trivial) relation

la—yl-1b—x[=1b—yl-la—x|+I|x—yl|-la—Dbl
we find that if (a, x, y, b) is a chord ofD, then

|x —y|-la —b|

expd(x,y) =1+ (5.2

Ib—yl-la—x|’
and this shows that the two topologies agreemnWe conclude thaf\sssumption 1 is
satisfied

Next, we turn our attention to condition (3). Any simply connected proper subdomain
D of the complex plane inherits a hyperbolic metig from A, and this metric satisfies
a monotonicity principle: ifD; C D, thenp, < p1, wherep; is the hyperbolic metric
on D;. Motivated by this and the connection that Hilbert's metric has with hyperbolic
geometry, we observe that Hilbert's metric also satisfies this monotonicity property.

LEMMA 5.1. Let D; and D, be bounded convex domainstf with Hilbert metricsd;
and d,, respectively, and suppose thBt Cc D,. Thend, < d;. Further, for distinct
pointsx andy in Dy, di(x,y) = da(x, y) ifand only if L, N Dy = Ly, N D>.

Proof. Take x and y in D;, and let these determine the chor@is, x, y, b;) of D;,
j=1,2. Thenay, a1, x, y, b1, b occur in this order along the ling,,, and

[a,x,y,b] <[d, x,v,b],
with equality if and only if [z, b] = [@’, b']. O
Lemma 5.1 has a useful corollary.

LEMMA 5.2. Suppose thatg € D and0 <1 < 1. Theng : x — xg+I(x —xg) IS a
d-contraction ofD.
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Proof. As g preserves cross-ratios and straight lines, it is an isomet® ofto g(D);
let these domains have Hilbert metri¢sandd’, respectively. Ag (D) lies in a compact
subset ofD, Lemma 5.1 implies that < d’ so thatd(gx, gy) < d'(gx, gy) =d(x, y). O

Lemma 5.2 enables us to show that condition (3) is satisfied. Giwéantraction
f, we select a pointg in D and, forn =1, 2, ..., define

[0 = g (f (X)), gn(x) =x0+ (1 —n~ ) (x — xo).

As the composition of two contractions is again a contractifinjs a d-contraction
of D. Further, asf, (D) lies in a compact subset dp, the argument used to prove
Proposition 4.4 shows thaf, has a fixed point inD; thus condition (3) is satisfied

We now consider Assumption 2. We know that (2a) will follow from (2b) but it seems
that a significant effort is required to establish (2b) and for this we need the following
result.

LEMMA 5.3. Suppose thab is strictly convex. Then the end-pointéx, y) and b(x, y)
of the chord(a, x, y, b) are continuous functions @k, y) on D x D — {(x, y) : x = y}.
In particular, if x, — x, y, —> y, x #2 y andx € aD, thena(x,, y,) — X.

Remark. The assumption of strict convexity is necessary. For exampleD it=
(=2,2) x (0,1), x, = n*+in?andy, = 1+ in% thenx, — 0, y, — 1 and
a(x,, y,) = 0 whereas:(0, 1) = —2.

Proof of Lemma 5.3Ve consider two sequencés,) and (y,) in D which converge to
distinct pointsk andy, respectively, and leta,, x,, v, b,) and(a, x, y, b) be chords of
D. We have to show that, — a andb, — b, and it suffices to show that, — a. As
x, —> X, y, — y andx # y, it is evident that any accumulation poimtof the sequence
a, lies on that half-lineL™ of Lz ; which has end-point and which does not contain
y. As a, lies in the closed sedD, so doesy; thusa € 3D N L. Now, by the strict
convexity of D, [a,b] N 3D = {a,b} anddD N LT = {a}; thusa = a anda, — a
as required. The last assertion in the lemma follows becausg y,) — a(x, y) and,
whenx € 9D, we havea(x, y) = x. The proof of Lemma 5.3 is complete. O

We return now to the problem of verifying Assumption 2 in the situation described
in Theorem 1la, and consider points x, andy, in D with x,, andy, converging tox
and y, respectively, ord D. Without loss of generality, we may assume that

d(-xnv w) S d(ynv w) = max{d(xi'h w)v d(ynv w)} (53)
Next, we denote the chords &f throughw andy,, and throughx, andy, by

(U, W, Yns Vn)y  (Gns Xy Yy D),

respectively (the reader is urged to draw a diagram). From the definitiah we see
that
ay — n’xn_bn'un_w’ n — Un
eXPU (i, ) — d(w, y)] = 12 P Z Ol Tl b Z 0l g

|an —)C,,| . |yn _bnl : |un _yn| : |w - Un|
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Recalling thaty, — x andy, — y, wherex andy aredistinct points ofa D, and (from
Lemma 5.3) that,, — x andb, — y, we see that there is some numiér(depending
only onw and D) such that

M n~— Un
eXpld (. 1) — d(w, y,)] = ('y v ') . (55)
lan — xnl |yn — by

Because of (5.3), (2b) is equivalent to
d(xp, yo) — d(w, y,) = +00,

so we seek a lower bound of the right-hand side of (5.5) that tendsxoasn — oc.
As
|an _xnl E |an _X| + |~)E _xn| - 0’

it suffices to show that for some positive numlerdepending only ow and D,
1y = val > m. (5.6)
|yn - bn'

If D were a Euclidean ball, the intersecting chord theorem would imply that

|yn - Un| _ |yn _an|
[Yn — bul |yn_un|’

and asa, is approximatelyx, andy, is approximatelyy, the ratio|y, — a,|/|y, — un|

would be bounded below by a positive quantity and (5.6) would follow (this shows that

a Denjoy—Wolff theorem holds for the Klein model of hyperbolic space). Of course, the
intersecting chord theorem fails for many strictly convex domains, but we can and shall
establish a version of it that does imply the validity of (5.6). The next section contains
our version of the intersecting chord theorem, stated and proved as an independent result,
and with this the proof of Theorem 1a will be complete.

6. The intersecting chord theorem

The intersecting chord theorem states that if two intersecting chords of a circle are divided
into segments of lengthg andd,, and length€; and¢,, respectively, thedid, = £145.

In this section we are concerned with the extent to which an analogous result is true,
or false, when the circle is replaced by a cuwebounding a bounded convex plane
domain D, where, of course, we only ask that, for some positive nunber

M™t< === <M. (6.1)

It is easy to see that we must restrict our attention to strictly convex domains, and even
then it is clear that no such result holds without further restrictions.

We shall now show that iD is a bounded, strictly convex domain then (6.1) holds
for all pairs of chords whose lengths are bounded below by some fixed positive number.
While this may not at first seem surprising, we emphasise that it is true without being
given any algebraic information (for example, the equatiom B%), and without any
analytic information (for example, the smoothness, or curvaturé,jf
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THE INTERSECTINGCHORD THEOREM. Let D be a bounded strictly convex plane domain,
and leta and 8 be intersecting chords ab with d;, d, ¢1 and ¢, as above. For each
positives, there is a positive numbeW such that, ifx and 8 each have length at least
then (6.1) holds.

Proof. Our proof uses the Hilbert metric fap. Take two chordsd, ] and [u, v] of D
that meet at a point in D. We may assume that these are labelled so that

la —x[ = |x =bl, |u—x|=]|x—v]

and we letc andw be the mid-points ofd, ] and [u, v], respectively; the reader should
draw a diagram, noting thate [a, x] and w € [u, x].
The triangle inequality for Hilbert's metric yields

—d(c,w) <d(c,x)—d(x,w) <d(c,w),

and hence

exp(—d(c, w)) < M
[u, w, x, v]

By the symmetry of the situation, it suffices to establish the upper bound only. Expressing
these cross-ratios as ratios of distances, and using| = |b—c| and|u —w| = |w —v|,

we easily see that
|lx — v |x — ul
S expd(c5 w)5
|x — b| |x —al

< expd(c, w)).

and hence that

v —ol-|x —ul _ [|x—ul) IDI\?
< < ) expd(c, w) < <5> expd(c, w), (6.2

[x =b|-|x —a|] — \x —a

where|D]| is the Euclidean diameter db.

Now each chord is parametrised by its endpoints. The space of chords can therefore
be identified with the compact spa8® x dD, and the spacé€ of pairs of chords, each
of length at least, is also compact. The strict convexity &f ensures that and w
(the mid-points of the chords) are i, and as the functiod(c, w) is defined (that is,
is finite) and continuous o4, it is bounded above there; thus by (6.2), the proof of the
theorem is complete. O
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